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OPTAHM3AIIMOHHBINI KOMUTET KOH®EPEHIINU

IIpedcedamens:

Makumos N.Y. — pekrop Harmonasibnoro yausepcuteTa Y 30€KuCTaHA.

Conpedcedamenu:

Arorios IIILA.  — mupekrop Uncturyra maremaruku AH PY3.

3amecmumenu npedcedamens:

Cabypos X.X. — mpopekTop 10 Hay4dHOU pabore u mHHOBaImIM HY VY3,

Sukupos O.C. — jekan mareMaTndeckoro gakynabrera HYVY3,

Yaemrot opzromMumema.

Abnymnaes P.3. (Tamkenr), Axwmenos A.B. (Tamkent),
Bermmmmos P.B. (Tamkenr), Borupos I'"'U. (Tamkent),

[asues K.C. (®eprana), lanuxomkaes H.H. (Tamkent),
Hanaxomxkaes P. (Tamkenr), Hypmues J1.K. (Byxapa),
2Ka66opos H.M. (Tamxkent), Unmomxysos C. (Yprenu),
Ucnomos B. (Tamkenr), Kynaitbeprenos K.K. (Hykyc),
Owmmpos B.A. (Tamkent), Paxwmarymnaes M.M. (Hamanran),
Taxupos 2K.O. (Tamxkenr), Ypasbaes I'. (¥Yprend),

Xaqros A.P. (Tamxkent), Xaxmues 11.0. (Tamkenr),

Xanxyxkaes A.M. (Camapkany), XacanoB A.B.(Camapkany),
Xycan6oes 4. (Tamkent), MMapunos O.II. (Tamxkent).
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IIPOT'PAMMHBIN KOMUTET KOH®EPEHIINN

Conpedcedamenu:

Azamos A. — akagemuk AH PV3., (Vsbexucran),
Asmmvos HILA. - akagemuk AH PV3., (V36ekucran),
CanymmaeB A.  — akagemuk AH PVs., (V36ekucran).

Yaenvt npozpamMmHoO20 KomMumema.:

Apumnos M.M. — npocpeccop (Y3bekucran),
Amrypos P.P. — npocpeccop (Y3bekucran),
Bapucos A.K. — npocpeccop (Y3bekucran),
lanuxomkaes P.H.  — npodeccop (Yabexucran),
Jxammos AA. — pocpeccop (Y3bekucran),

Eropos I1.E. — npocbeccop (Poccust),
Umomnuazapos X.X.  — mpodeccop (Poccust),

Kabanuxun C.11. — anen-koppectiongiedT PAH (Poccus),
Kamnbpmenos T.I11. — akagemnk HAH PK (Kazaxcran),
Kam A.A. — upodeccop (CIIA),

Koxanos A.11. — upodeccop (Poccus),

Jlakaes C.X. — akagemuk AH PV3 (V36ekucran),
JInreuros C.H. — podeccop (CIIA),

Myparos M.A. — npocpeccop (Poccus),

Hapmanos A.41. — npocpeccop (Y3bekucran),

ITexy A.B. — nipocpeccop (Poccust),

Posukos V.A. — npocpeccop (Y3bekucran),
Cykoues @.A. — npocpeccop (Ascrpasust),
Dapmanos [1.K. — akagiemnk AH PV3 (V36ekncran),
dasizos K.C. — mpocbeccop (Y3bexucran),
Xamkuen [Tx.X. — akagemuk AH PVY3 (V36ekucran),
XammyxamenoB A.P.  — mpodeccop (Y3sbexncran),

Xynaitbepranos I — npodeccop (Y30ekucraH),

Yumun B.1. — podeccop (Yzbekucran

Y

(
Xymoiibepaues A.X. — npodeccop (Y3bekucran

(

(

)
),
)
Iagumeros X.M. — rpocpeccop (V3bekucran).

Cexpemapuam xongeperuuu:
Azmzor A., AmunoB bB., Bermaros A.C., Tlaitbyraes P., ZKypaes P., Kyaapos P.,
Mamaganues H., Paxmaros H., Xaiizapos @.
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BOCIIOMWHAHUNA Ob AKAJEMUKE T.A. CAPBIMCAKOBE

TamMvyxames Asmesnd CapbIMCakKOB — HU3BECTHBIN yUYeHBIH-MaTeMaTuK, JOKTOD
pUBHKO-MaTEMATHIECKIX HAYK, MPOdQeccop, akaJIeMuK AKajgeMun Hayk PecryOsmkum Y3-
bekucTan, jaypear l'ocymapcTBeHHbIX npemuit. Cpejin MaTeMaTHdecKoit o0IeCTBEHHOCTH
B Hareii crpane u 3a pybexkoMm T.A.CapbIMCakoB IMHUPOKO M3BECTEH KAK ABTOP HMCCJIEI0-
BaHMII B 00/IACTH TEOPUU BEPOSITHOCTEH, MaTeMaTHIeCKOro U (hyHKIIHOHAJIHHOTO aHAJI3a,
o0rrieit Tomostorun ¥ uxX npusokenuit. OH MOIOXKMT HAYAIO TEPCIEKTUBHOMY HayTHOMY
HaIPaBJEHUIO B MaTeMAaTUKe - TEOPUU TIOJIYIIOJIeN U UX TPUJIOXKEHU K TEOPUHU BEPOSITHO-
creit, pyHKIIMOHAJIBHOMY aHAJM3Y U OOIEil TOIIOIOI .

Byayun TajgaHTIUBBIM [1€1ar0NOM U YMEJIbIM OPTaHU3aTOPOM OH OKasaJl 0JIaroOTBOPHOE
B/IMHIE HA (POPMUPOBAHUE MHOTUX MATEMATHKOB HAIEil CTPaHbI.

T.A. Capsmvcakos pojguica 10 cenrsopsa 1915 1. B cesre [laxpuxan AHIMKaHCKON
obstactu. Ilocne nepeesna cembu B Kokamj oH yumiicd B BOCbMUJIETHEH IKOJIE€, KOTO-
pyio okorum1 B 1931 1. ITosmblii 2Keytamust Tpoao/KuTh obpasoBanue, T.A.CapbiMcageKoB
npueszkaer B TalllKeHT W MOCTylaeT B IOAroTOBUTEbHOE oTieseHne CpeiHea3naTcKo-
IO TOCYIapCTBEH-HOTO yHUBepcuTeTa (HbiHe Harmonaibaenblit YHUBepcuTeT ¥Y30eKucTaHa
um. Mupso Yiyroeka). B cenrsibpe 1931 1. ero 3a4ucimin CTYJIEHTOM I[IEPBOTO Kypca
dpu3nKo-MaTeMaTUIeCKoro (hakybTreTa.

B dopmuposanun T.A. CapbiMcakoBa Kak yIeHOI0 OOJIBIIYIO POJIb ChIIPaJl U3BECTHDII
maremaTtuk B.W. PomanoBckuii — npejcraBuresib BceMupHo nspectHoit [lerepOyprckoit
MaTeMaTu4deckoi mkoJibl. Hayunble nnrepecst, cioxkusimecs y B.M. Pomanosckoro ere
B [lerepOypre, nosyuniu majibheiinee pazsutre B CpejHea3snaTcKOM rOCY/IapCTBEHHOM
yHupepcurere. biectsamuit yaensrit u nejaror, B./.Pomanosckuit mpuo0OIaJ crocoOHbIxX
CTY/ICHTOB K HayYIHO-UCCJIE/IOBATE/ILCKOI pabore. Ero cojiepkareibHbIe U yBJ/IeKATETbHBIE
JIEKITUU 110 TEOPUU BepOsATHOCTel okasasu orpomuoe Biausiane Ha T.A. CapbimcakoBa. OH
MOTSIHYJICSI K TBOPYECKOil paboTe - pelnieHnio NHTEPECHBIX U BeChbMa, aKTYaJIbHBIX ITPO0JIeM
TEOPUU BEPOSTHOCTEH U ee MPUIOXKEHNH K BOIIPOCaM KJIACCUIECKOTO aHAIU3a.

B 1936 r., ycremso okoHYMB (pU3UKO-MaTeMaTudecKuil (hakyJIbTeT YHUBEPCUTETa,
T.A.CapbiMCakoB MOCTYIAET B ACIUPAHTYPY TJe MpojaosKaeT 3anmMmarbea y B.U. Po-
MaHOBCKOMY.

Hayunyto nesarenprocts T.A.CapbiMcakoB HaYa/I ¢ UCCIEIOBAHUS IPOOJIEM KIACCHIe-
CKOT'O aHaJIn3a, KacaloluXcsd paclpe/ie/IeHusd HyJlell KJIaCCUIeCKUX OPTOrOHAIBHBIX TTOJTU-
HOMOB. B m3ydenun stux Bompocos T.A. CapbiMcakoB BIlepBbIe IPUMEHNT METObI TEOPUU
BEPOATHOCTEH. DTO MO3BOJINIIO €MY, C OJTHON CTOPOHBI, TOOUTHCST HOBBIX ITyOOKUX Pe3y/Tb-
TaTOB, C JPYTOi - 3HAYUTE/ILHO IPOIIE MOJIYIUTh, & B OTJAEIbHBIX CAyYasdX U YIydIIUTh
paHee U3BECTHBIE PE3YJIbTAThl MHOTHUX 3aPYOEKHBIX MATEMaTUKOB.

[Ipumensist BEpOATHOCTHBIN METOJ B COYETAHUN ¢ HEKOTOPBIMEI M3BECTHBIMU TTO[8eX0,1a~
MU K IPUOJINKEeHHOMY HaXOXKJIEHUIO KOpHEil Kiaccudecknx moanaoMoB, T.A. CapbiMcakoB
BBIBOJIUT (DOPMYJIBI JIJIsT aCUMIITOTUICCKUX 3HAYCHHUIT KOPHEH 9TUX MOJMHOMOB U OICHKHU
UX HAMOOJIBIIEr0 KOPHS, a TaKKe Pl APYTUX BAXKHBIX U MOJE3HBIX COOTHOIIECHUIA.

Vkazanubie uccienosanus T.A.CapbiMcakoBa TPUBJIEK/IN BHUMaHUE U3BECTHBIX CIIe-
[UAJTCTOB 110 KJjaccudeckomy aHaym3y. OCHOBHBIE pe3y/abTaTbl 3TUX PabOT BOILIH B
KaHumaTckyto guccepramuio T.A.CapeimcakoBa Ha TeMy "Pacnpeneienne KopHeit nHTe-
rpaJjioB jguddepeHnuajIbHbIX YPaBHEHU BTOPOTO MOPSAJIKA U ACUMITOTHYECKOE PEIeHUe
HEKOTOPBIX ajredpanvdecKux ypaBeeHEeHU KOTOPYIO OH YCIIEITHO 3aiuTa B 1938 1.

Meton, npemioxkennbiit T.A.CapbiMcakoBbIM, OKA3aJICS TTPUTOTHBIM JIJTsT U3y ICHUST HE
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TOJIBKO KJIACCUYIECKUX OPTOTOHAJBHBIX IMOJMHOMOB, HO U (DYHKITUM, ABJIAIONIUXCSA KO0~
JIIOTIUMUCS pereHusaMu auddepeHnnaabHbIX YpaBHEHU BTOPOTO MOpdaka. B raibHeii-
meM, pa3BuBas cBoit Metoj1, T.A. CapbiMcakoB n3ydaeT pacipeje/ieHue KOpHei u Jipyrue
CBOICTBa MPOU3BOJILHON TOC/IEI0BATETLHOCTU TTOJUHOMOB. [lo/TydeHHbIe UM B 9TOM Ha-
[IPABJIEHUU PE3YJILTaThl UMEIOT TVIYOOKUE CBS3M C TEOPUEil TOTEeHIIHAIA.

Bosbimoe Biaustamne va Hayanyio jgesdresbHOCTh T.A.CapbiMcakoBa OKa3aJl BbIIAIOIIH-
cst MmareMaTuk, akagemMuk A.H.Kommoropos, Ha cemunrape KoToporo B MOCKOBCKOM TOCy-
JIapCTBEHHOM yHUBepcuTeTe B 1938 1. 0OH BBICTYIIJI € JOKJIAJOM II0 pe3yabTaTaM CBOUX
HaYYHBIX U3bICKaHWil. MexK Ty HUMU yCTaHOBUJINCH TE€CHBIE HAYYHbIE KOHTAKTHI.

C centsiops 1938 1. T.A. Capbimcakos - jorerT, a ¢ 1938 r. mo aBrycr 1941 1. - 3aBe-
Jyrommuiit kKadepoit obieit MaTeMaTUKM U OJHOBPEMEHHO 3aMECTHUTE b JIeKaHa (DU3NKO-
MaTemaTuydeckoro daxyiabrera CAIY.

B rojwt Boitabr 1941-1945 r.r. T.A.CapbiMcakoB, HAXOIICH Ha JeHCTBUTETHLHOM CTyKOe,
YIIOPHO TTPOJIOJIZKAJI 3aHUMATHCS BOIIPOCAME TEOPUU BEPOSITHOCTEH, MaTeMaTUIeCKON cTa-
TUCTUKH U UX NMPUIOKEHUsIMI. EMY y1a10ch MaTpUIHBIN METO/T HCCJIeI0BAHNSA KOHEIHBIX
nerneit Mapkosa, co3mgannbiii B.J. PomanoBckuM, pacinpocTpaHuTh Ha Cydail cIeTHBIX
nereit Mapkosa u 1erneit MapkoBa ¢ HeIPepPbIBHBIM MHOXKECTBOM COCTOSTHUIL, IT€pEHECTU
PsJ] KJIACCUYIECKUX TEOPEM TEOPUH BEPOATHOCTEH (3aKOH OOJIBIINX YUCE], NEHTPAIbHYIO
[PeJIeIbHYI0 TeOpeMy, 3aKOH MMOBTOPHOrO JjiorapudMa u jip.) Ha ciaydaii memeit Mapkosa
CO CYETHBIM, a TaKKe C HelPEPBIBHBIM MHOXKECTBOM COCTOSTHHIA.

B 1942 r. T.A.CapbiMcakoB yCIENTHO 3aIiuTH/I JOKTOPCKYTO Juccepraruio Ha Temy: "K
TEOPUU OJTHOPOIHBIX CTOXACTHYECKUX ITPOIECCOB CO CUETHBIM MHOYKECTBOM BO3MOYKHBIX
cocrosuamii". B HosiOpe TOro Ke roja emy Obljaa HMPHUCYXKJEeHa ydueHas CTeleHb JOKTOpa
pusHKoO-MaTeMaTHIECKIX HayK U IPUCBOECHO 3BaHue 1mpodeccopa.

B 1940-1950-e roasr T.A.CapbiMcakoB pa3BUBaeT TEOPUIO OTHOLPOIHBIX 1emneit Map-
KOBa ¥ €€ MMPUJIOXKEHUN K CUHONTUYIECKON MeTeoposioruu. V3 stux uccsreioBannit 0coObIit
UHTEPEC IPEJICTABIAIOT PE3YJIbTAThl, KACAIONNeCs CHHTe3a MeTOJIOB U3JI0YKEHUsST TeOPUN
nernieit Mapkosa o A.H.Koymoroposy u B.J1.Pomanosckomy. toru ucciemoBanuii mo oj1-
nopoabiM 1enisim Mapkosa T.A.CapbivcakoB nzioxkmit B MoHorpadun "OcHOBBI Teopun
mporieccoB Mapkosa omybsmkoBanuoit B Mockse B 1954 1. C fomo/tTHeHUSIME 3Ta MOHOT'DaA-
Jus ObL1a nepensmnana B 1988 r. B 1. TamkenTe.

Pan pabor T.A.CapbiMcakoBa MOCBAIIEH SPrOAMIHOCTH, PETYIAPHOCTH U JIPYTUM BO-
pocaM IpeJeIbHOTO TIOBEJIEHNsT BEPOITHOCTEN TIepexXo/ia Jijii KOHEYHbBIX, HO HEOTHOPO/I-
HbIX 1eneit MapkoBa, a TakzKe sl OJHOPOJIHBIX IIeTeil ¢ MHOYKECTBOM COCTOSHUN U3 KOHe'-
Horo muTepsajia. CTPyKTypHOE M3yUEHUE TOC/IEI0BATEILHOCTH CTOXACTUIECKUX MATPHUIL
MTO3BOJIUJIO €My CPOPMYIUPOBATH YTBEPKIEHU 00 IPTOINIECKUX CBOMCTBAX HEOIHOPO/I-
HBIX Teneit MapkoBa, KOTOpbIE B MOCJEIYIONEM MPOJIOIKII U PA3BUI aBCTPAJIUNCKUI
maremaTuk E. Cenera.

Beist nayunbie nsbickanus 1o 1ensym Mapkosa, T.A.CapbIMCakoB yCTaAHOBUIT PsiJl Pe-
3yJBTATOB IO JIMHEHHBIM OJHOPOJHBIM WHTETrPAJbHBIM YpaBHEHUsM. B mccire/IoBaHIAX
T.A.CapbiMcakoBa OTPa3WIMCh MAPOTA ¥ MHOTOIPAHHOCTD €0 HAYYIHBIX HHTEPECOB, yMe-
HIUe TADMOHMYECKU COYeTaTh INybOKIe TeopeTuiecKne pa3paboTKN ¢ KOHKPETHBIMU MTPaK-
TrIecKuME 3aadaMu. [losTomy Hecydaitno B Tedenue psija jer Tarmmvyxamasr AnreBud
¢ OOJIBIIIUM YBJIEUEHUEM U BEChbMa YCIEITHO 3aHUMAJICS PUIOYKEHHEM BEPOSITHOCTHDBIX
cxeM meneit MapkoBa kK cuHOnTH4YeckuM mporeccam Hag Cpenmeit u Ilepemneit Aswmeii.
Ogma u3 rraBabix ujeit T.A.CapbiMcakoBa cOCTOsIIa B TOM, UTO 9BOJIONUS BO BPEMEHH
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TeX NJIN MHbBIX THUIIM3UPOBaHHbBIX METCOPOJIOTUICCKUX CO6bITI/H71 TPaKTyeTCd KaK JUCKPET-
ubiit MapkoBckuii mporiecc. DTa njiest okasajaach BeChbMa IJIOJ0TBOPHON U IOJIyUIMIa Pe-
AJIN3AIIIO B COTPY/IHUYIECTBE C M3BECTHBIMU reodusnkaMu-cunontukamu B.A.Byraesbim,
B.A.J/Ixop/ikuo u jip. Beuin cocraBiieHbl BecbMa, MOJIE3HBIE IS TPAKTHIECKOTO TTPUIIO-
JKeHUs KaJIeHJIapHbIe THIBI CHHONTHYecKuX mporeccoB Ha Cpesneit u [lepeaneit Azu-
eil, 3yueHbl MUPKYJIAIUA aTMOCKHEPbI, UTO MO3BOJIMIO IIOCTPOUTH CXEMY JIMHAMUIECKOTO
dopmuaepoBanusa kimmara CpejgHeit A3uu B XOJOJHOM U TEIJIOM IOJYTOJIUSIX, W Pa3-
paboTaHbl IMPAKTHYECKNE PEKOMEHIAINN OOJILIIOr0 HApPOIHOXO3SHCTBEH-HOIO 3HAYCHUSI.
T.A.CapbiMcakoB BMeCTe € TPYIION COTPYIHUYABIINX C HUM yUYEHBIX OBLT YJIO0CTOEH
3BaHUs Jaypeara [ocyrapcTBeHHOW TpeMun. JTOT MUK paboT ObLI TOJJOXKEH B OCHO-
By (pyHIaMeHTaJbHON KoJumeKTuBHON MoHOrpadun "Cunonrudeckne mporecchl Cpemeit
Asum uzgannoii B Tamkenre B 1957 1.

8a MHOTOJIETHIOIO TJIOJIOTBOPHYIO HaydHYIO JedresbHocTh B 1960 1. T.A.CapbimcakoBy
OBLIO TPUCBOEHO TOYeTHOE 3BaHue " 3ac/IyKeHHbIi JledTe/Ib HayKN U TEXHUKHU Y 30eKucTa-

ma".

B konne 50-x-nagaje 60-X roj0OB HAYMHACTCS HOBBII 9TAIl B HAYYIHOW JCATETLHOCTU
T.A.CapbiMcakoBa, CBSIBAHHBIN C UCCACIOBAHUEM YIIOPSAIOYCH-HBIX TOIMOJOTUICCKIX BEK-
TOPHBIX ITPOCTPAHCTE.

[Tox Biusinnem pador M.I.Kpeiina, JI.B.KanTopoBuya n ux y4eHHKOB 110 TEOPUU TIOJTY-
YHOPSIIOUEeHHBIX TTpocTpancTB n ux npusaoxkennit T.A.Capbiv-cakos, M. 4. ArToHOBCK Uit
u B.I'.Bosrtgarckuii BBOJST HOBBI MaTeMaTUIeCKU 0OBEKT - TOIOJIOTMIECKOE TIOJIYIIOJE,
MU3yYaioT €ro CBONCTBA, U HAMEYAIOT OOIIMPHYIO NPOrpaMMy ero IMPUIOXKEHUH K oOIeit
TOMOJIOTHH, (PYHKITNO-HAJIHLHOMY aHAJIN3Y U T€OPUU BepoATHOCTel. Bokpyr sToro nampas-
nerus T.A.CapbiMcakoB 00bEIUHIT MHOTUX YICHBIX U TAJAHTIUBYIO MOJIOJEKD.

Torosioruteckoe MoJIymosie - pereTovHo yIopsiJ09eHHOe TOIMOJJIOIU-9eCKOe KOJIBIIO C
JACTUIHON OOPATUMOCTBIO OIEPAINHA YMHOXKEHUSI. TOT OOBEKT TO3BOJIUI 0000IUTE Ta-
K€ BayKHbIE MOHATHsI, KAK METPUIECKNE, HOPMUPOBAHHBIE U I'MJIbOEPTOBBI ITPOCTPAHCTBA.

Teopusi MeTpuUYecKX U HOPMUPOBAHHBIX MTPOCTPAHCTB HaJ| MOJIYIOJIAME JaJia BO3-
MOXKHOCTb METPH30BaTh BCSIKOE PErY/IsIPHOE TOTIOJIOTUIECKOe MPOCTPAHCTBO, 0OOOIIHUTH 1
YCIJINTH MHOTHE KJIACCHYeCKNe TeOpeMbl OOIeil TOMOIOTHH, TOMOJIOTTIECKOi anredpbl u
dbyukmmonaapnoro anaansa. C MOMOIIBIO TEXHUKNA MTPOCTPAHCTB, HOPMUPOBAHHBIX HA/T
nostyniosisivu, T.A.CapbiMcakoB MPEJIOKIIT TPOCTOE JTOKA3ATETHCTBO KJIACCHIECKON Teo-
pembr A H.TuxonoBa 0 HENMOJBUAKEEHON TOUYKE.

Nrorn mepsoro srana pa3BUTHA TEOPUU TOIOJOTMYECKUX IIOJYIOJIel U UX IIPH-
jgoxkennit mzjoxenbl B MoHorpadunm T.A.CapbimcakoBa "Tomosio-rudeckue  ajre6-
pol Bynsa"(Tamkent, 1963), mammcannoit uM B coaBropctBe ¢ M.¢.AHTOHOBCKMM 1
B.I".Bonrarckum u B 06CcTOATEIBHON 0030PHOI CTaThsl TEX K€ aBTOPOB, OITYOJIMKOBAHHO
B 1966 r. B x)xypHasie "Ycrmexu marema-tudecknx Hayk'. B 1967 r. aBTopbl MoHOrpadun
OBLIN YIOCTOEHBI BBICOKOI'O 3BaHUS JaypeaToB [ocymapcTBeHHOI mpemun Y30eKncrana
nM. Bepynn. Monorpadus 6b11a n3gana Ha anrimiickom sizbike B CIITA.

Obmas Teopus nosrynosieir u ajgredbp By mozsommiaa T.A.CapbiMcakoBy mepeiTu K
U3JI0YKEHUIO TeOPHUH BepoaTHOCTEl ¢ anrebpandeckoii Touku 3penus. B 1969 r. Boiuia ero
monorpadus "Tonosorngyeckue mosrymosist u reopus Beposraocreit" (Tamkenr), B Koropoit
JIaHHAsT KOHIEHIUs 00pesia CBOe CUCTEMATUICCKOE BOILIONIECHUE.

Nnes anrebpan3anuu moaxo/ia K M3yUE€HUI0 OCHOB TEOPUU BEPOSITHOCTEN HAIILIa CBOE
JasbHeiiee paspuTne B rocieayonmx padborax T.A.CapbiM-cakoBa U €ro yIeHUKOB, Ka-
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CAIOTIUXCST TEOPUU YIIOPSIOUEHHBIX are0p U ajiredpanieckKoro M3JI02KeHNsT OCHOB HEKOM-
MyTATHBHON (KBAHTOBOIT) TEOPUHU BEPOATHOCTEIL.

PaszBuTne Teopun HEKOMMYTATUBHOTO WHTEIPUPOBAHUS IIPUBEJIO K HEOOXOIMMOCTH T10-
CTPOEHUs] HEKOMMYTATUBHOIO aHaJjora ajrebp W3MepUMbIX (DYHKIWH (c/rydaiiHbIX BeJIu-
quH). DTO - agredGpbl U3MEPUMBbIX U JIOKAJIBHO U3MEPUMBIX OIIEPATOPOB, IPUCOEIMHEHHBIX
K airebpam don Heiimana n Karranckoro, Koropble 3aHUMAaIOT B TEOPUU HEKOMMY TATUB-
HOT'O MHTEI'PUPOBAHUS 1 KBAHTOBOI TEOPUU BEPOSITHOCTEN TAKOE YK€ MECTO, 9TO U aJredpbl
U3MEpPUMBIX (DYHKINI B KJIACCUICCKON TEOPUU MHTETPUPOBAHUS U TEOPUU BEPOSITHOCTEA.

B uccnenoBanusx, nposogumbix B 1mkose T.A.CapbiMcakoBa, ObLIN OIPE/IETIEHBI YIIO-
psI0YeHHbIE UHBOJIIOTUBHBIE U O3POBCKHUE aJIreOphl, OJIM3KUE 10 CBOMM CBOWCTBAM K aJl-
rebpaM M3MepUMbBIX U JIOKAJIHHO H3MEPUMBIX orlepaTopoB. [IpoBoanincs nceseoBaHust 1mo
TEOPHUH yHOPSIOYEHHBIX HOP/Ia-HOBBIX aaredp, KaK IPaBUIO, PeaTu3yIoMNXCsd B BUJE aJl-
rebp OrpaHUYeHHbIX U HEOTPAHUYIEHHBIX CAMOCOIPS2KEHHBIX OIEPATOPOB B I'MJILOEPTOBOM
[IPOCTPAHCTBE, & TaKyKe M0 PA3BUTUIO BEPOATHOCTHBIX aCIEKTOB 3TON TEOPUH.

Wrorn wmccieoBanuii 10 JAHHOMY HAIPABJIEHUIO OBLIN IOJBEIEHBI B KOJJIEKTUB-
Hoit MoHOrpadun "Yuopsyiodennsie anrebpbr” (aBropst - T.A.Capbivcakos, 111.A. Aoros,
. X Xamekues, B.M.Ywinn. Tamkent, 1983), nosydusiieii mupokoe MpU3HAHUE B HAY Y-
HBIX KpyTax.

BuaunrebHOe MecTO B uccienoBanuax 1.A.CapbiMcakoBa W ero KOJJIer 3aHuMaJa
TEOPHS OTIEPATOPHBIX AJINeOP U TEOPUsT HEKOMMYTATUBHOTO HHTEIPUPOBAHUSI. DTH TEOPUH,
n3ydJalolue CBOCTBa ajaredp OmepaTopoB B I'MJIBOEPTOBBIX ITPOCTPAHCTBAX, COCTOSTHUS
Ha ONEPATOPHBIX ajredpax, a TaKyKe BO3HUKAIOIINE 3/IeCh PACIIPe/IeJIeHUs BEPOSITHOCTEN
SIBJISTIOTCST MATEMATHIEECKIM allllapaToM KBAHTOBOI CTATUCTUIECKOI MeXaHUKH (110 3TOM
IPUYIIHE OHA HOCUT HA3BAHWME KBAHTOBOI TEOPUU BEPOSITHOCTEN ).

B mnociennue jecatuieTus B HEKOMMYTATHUBHOI TEOPUM BEPOATHOCTEN ObLIA J10-
CTUTHYTBHI 3HAYUTE/IbHbIe ycriexu. CyIecTBeHHbBIH BKJIa/l B €€ PA3BUTHUE BHEC/IA IIKOJIA
T.A.CapoivcakoBa. Tak, T.A.CapbIMCaKoBbIM U €ro yUYeHUKAMU OBLTU IOJIYYEHbI IEH-
TpajibHas TpeJie/ibHasi TeopeMa U YCUJICHHBIH 3aKOH OOJ/IBIIMUX 9UCesT JJIs CYMM cJiabo-
3aBUCHMBIX OIEPATOPOB, YCTAHOBJIEHBI I'PAHUIIBI IPUMEHNMOCTH 3TuX Teopuit. Chopmy-
JINPOBAHBl TaKxKe WHINBU-yaJbHAs SProJudeckas TeopeMa W TeopeMa O CXOIUMOCTHU
YCJIOBHBIX MaTeMaTUYeCKUX OXKWJIAHUN B MPOCTPAHCTBE U3MEPUMBIX OIEPATOPOB, WHTEe-
IPUPYEMBIX C KBaJIPaTOM, KOTOPBIE JIJI CJIydas OTPAaHUYEHHBIX OMepaTOPOB IPHU HEKO-
TOPBIX JIOTIOJTHUTE/ILHBIX TTPEIIOJIOKEHUAX OblIn ycranosienbl B paborax f.INCunas,
B.B.Anmenesnya, K.Jlenca, ®.Memona u ap.

B 1985 r. Boinuta B ceer monorpadus T.A.CapsivcakoBa "Bsejienne B KBAaHTOBYIO T€O-
puto BepositHocTeit" (TamkenT), B KOTOpoil Ha TpUMepe JIBYX BayKHEHIuX npocTpancTs 11
ayirebpe KOHEUHBIX MATPUIL U ajiredpe OrpaHuIeHHBIX JTUHEHHBIX OIepaTOpPOB B THILOED-
TOBOM ITPOCTPAHCTBE - JAHO CHCTEMa-TUIeCKOe N3JI0YKeHIe OCHOBHBIX IMOHSITUHN U METOI0B
HEKOMMYTATUBHON TEOpUN BEPOATHOCTEH.

[MTupora m MHOrorpanHoctTh Hay4Hbix nnrepecoB T.A.CapbiMcakoBa, yMeHUE rapMo-
HUYHO COYETATh TJIyDOKHE TeopeTUUecKre PazpadOTKU ¢ KOHKPETHBIMU MPAKTUIECKIMU
3aJIa9aMU [TOJIY YN €Ille OJ/IHO SPKOe IOTBEPK/IEHNE B UCCIEIOBAHUIX, TPOBOIUMBIX UM
B IIOCJIE/THIE I'OJIbl YKU3HU, 110 TEOPUHU KBAIPATUIHBIX OIEPATOPOB U UX IMPUJIOKEHUAM B
ouosioruu.

T.A.CapsbivcakoBbiM omyOnKoBaHo 6osiee 170 HaydIHBIX pabOT, BoceMb MOHOIpadumit
u gaBa yueOnnka. OH aBTOP MHOTUX MHTEPECHBIX HAYIHO-IIOMY/ISTPHBIX CTATEI.
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T.A.CapbIiMcakoB - BBLIAIOIIUICS OpraHu3aTop HayKW B Y30eKncTaHe, OIUMH U3 OCHO-
Bareseit Akajgemun HayK Y30ekucrana, ¢ 1943 1. - ee meiicrBurenbubIil wieH, B 1943-1946
IT. - BATIe-TPE3UJIEHT, a ¢ 1946 mo 1952 r. - mpe3nuaent.

[To waunmaruse u npu akrusHOM ydactuu T.A.CapeimcakoBa B 1963 1. 6bL1a 1IpO-
Besiena [V Bceecoroznasi kondepeHiiust 10 TOMOJJIOTUU U €€ HMPUIOKEHUSM, ObLIN TaKZKe
OPraHU30BaHbI PSAJ] BCECOIO3HBIX MATEMATUIECKUX CEMUHAPOB M IIKOJI: 110 SPrOJIMIECKOi
reopun (ceHTOph 1965 1), Ipej-cTaBIeHusIM TPYIIT U UX npuiaokeHusm (mait 1975 r.)
U JIp., KOTOPbIE B 3HAYUTEIBHON Mepe CTUMY/JIUPOBAINA PA3BUTUE COBPEMEHHBIX 00J1acTeit
MaTeMaTUKN B Y30eKuCcTaHe.

[TiroroTBOpHBIE HayuHble uccaegoBannst T.A.CapbIMCaKOB YCIEITHO COBMEIAJ C e/~
roruyeckoil u obmecrsennoii paboroii. Ilegarornyeckas gesrenbuocts T.A.CapbiMcakoBa
Hepas3pbIBHO CBsi3aHa ¢ MaremarudeckuM dakyiabrerom Taml'V (abire HarmonabHbi
yHuBepcuTer Y30ekucrana). [locse 3amuThbl TOKTOPCKON JUCCEPTAIN U JeMOOIIH3AIIN
u3 psajgos apmun B mioHe 1942 r. T.A.CapbiMcakoB BO3BpaTujcs Ha pabOTy B YHUBEp-
curer, rje BosraBml Kadeapy obmeit maremarnku (1944 - 1957 rr.), pyKOBOIMI Ka-
derpoii Teopun BepoATHOCTEH U MaTeMaTudecKoit craructuku. B 1943-1944, 1952-1958,
1971-1983 rr. T.A.Capbimcakor 661 pekropom TamlV. Ha sTom mocry ocobenno sip-
KO TPOSIBIJICA €0 TaJaHT yUIeHOTO-TIeJarora, BOCIUTATE/Is U opraHu3aTopa. B centadbpe
1964 r. o unurmatuse T.A.CapbiMcakoBa Ha MaTeMaTudeckoM daxynabrere Taml'y ObLra
oprannsoBata Kadejpa GyHKIM-OHAIBHOTO aHan3a (HbiHE Kadepa ajaredpbl 1 (DyHK-
[MOHAJILHOIO aHaJ/n3a), KOTopoil oH 3asemoBas 10 1994 roma. B 1979 r. 8 Uucruryre
maremaruku uM B.M.Pomanosckoro AH Vs6ekucrana (HbiHe VIHCTUTYT MaTeMaTuku mpu
HanmonasibHoMm yHUBepcuTeTe Y36ekncrana) Tak:ke 1o nauiparuse Tammyxamvesa Ai-
eBU4a OBLT OPraHU30BaH OTJIes QYHKIMOHAIBHOTO aHasm3a (¢ 1985 roja - orien aareGpst
u anaauza). Kosutektusbl Kadegpbl U OTjesa JeJalT MHOIOe Jisi TPOJIOJIZKEHUe JIeJT
T.A.CapbIMCOKOBa, B TOM YHCJIE JJjIsI IMOJINOTOBKH BBICOKOKBAJIM(MDUIMPOBAHHBIX CIIEIHA-
JINCTOB 110 COBPEMEHHBIM 00JIACTSAM MaTEeMATUKU - ajredpe, PyHKINOHAILHOMY aHAJU3Y,
MaTeMaTUIecKoil (hu3nke u JAPyrux.

T.A.CapbiMcakoB BHEC BECOMBIIl BKJIa[ B PA3BUTHE BBICIIIETO 0Opa30BaHust ¥Y30eKncTa-
Ha, Oymyun ¢ 1959 no 1960 rr. Ha mocty npencenarens [ockomurera, a ¢ 1960 mo 1971
IT. B JIOJZKHOCTU MHHHICTPA BBICIIIETO W CPEJTHEro CIelnaJIbHOro obpa3oBaHus Y30eKncTa-
na. C nmenem T.A.CapbIM-cakoBa CBS3aHO BOSHUKHOBEHHE U PA3BUTHE MATEMATHICCKUX
kadeIp B By3axX pPeciyO/IuKy.

T.A.CapbiMcakoB ObLT aKTUBHBIM yIACTHHKOM MHOTUX MEKIyHAPO/IHBIX HAYIHBIX U
OOIIECTBEHHO-TTOJIUTUICCKUX (DOPYMOB. BUTHBIN yUeHbBI U OOIECTBEHHO-TTOJTUTHICCKUI
JledTesb, OH MOceTH OKoJio 30 cTpaH MHUpa, IJie JOCTOWHO IPeJICTABIIA HAILY CTPaHY.

T.A.CapbIMCakoB IPUHAIJIEIKAT K YUCIY BBIJAIOIMXCA OOIIECTBEHHBIX U TOCYIap-
CTBEHHBIX JiedTesiell Y30eKucrana, BHECIIINX HEOTICHUMbIH BKJIaJI B PA3BUTUE HAYKH, KYJ/Ib-
TYPBI U BBICIIIEr0 00pa30BaHus B peciyo/inke. 3a O0/IbIINe 3aC/ Iy B PA3BUTUU MaTEMATH-
YeCKON HAYKM U BBICIIIEr0 00pa30BaHUs B Y30eKUCTaHe, TJI0J0TBOPHYIO MEArOTMIeCKYI0
JIesITeJIbHOCTh U TIOJATOTOBKY HAyYHBIX KaJIpOB eMy mIpucBoeHno 3Banue [epos Tpyma, on
HarpaxkKjeH MHOTMMHU opjieHaMu u Mepaamu. B 2002 rogy 3a BbLIAIONIUECT 3aCAyTH B
Jlejle pasBUTHsI HAyKW U obpasoBanum Y30ekucrana 1.A.CapbiMcakoB ObLT HArpaykieH
(mocmepTHO) opaenoM "Bytok xusmariaapu yayu".

2Kuznub 3amedareibaoro yuernoro T.A.CapbiMcakoBa SBJISIETCS IIPUMEPOM 0€33aBETHO-
ro ciayxkennst OTan3He U CBOEMY HapO/Ly.



Pecnybnukanckag HayuHas Konbepenuus CAPHIMCAKOBCKME YTEHUA, TamkenT-2021 17

O6 oaHOII KpaeBoil 3aja4e AJis CMEHIaHHOrO MapaboJ/io-TrurnepooImIecKoro
ypaBHEHUS C ABYyMs MEPIEeHANKYJISPHBIMUA JUHUSIMI N3MEeHEeHUs TUIIa

A6aynmaes A. C.!, Ilynaros C.?

L2Camapranacknit rocyapcTsennniii yausepenter, CaMapkan, Y36eKucTan,
suratjonpolatov@gmail.com

Paccemorpum ypaBuenue

0 — Uxx_uy+c(xay)uv ($>Oa y>0)7 (1)
T\ Uz — Uyy + SignaNtu, (zy < 0)

re c(z,y) < 0,c(z,y) € C¥ 0 < a < 1, \ -mpousBOJILHOE JIEHCTBUTE/ILHOE HHC-
j0. Ilycrs D -KoHeuHast OJHOCBsI3HAsT 00JIACTh IJIOCKOCTU X, Y OIPAHUYEHHAsA OTPE3KaMU
BBy, BypAg upsmbix © = 1, y = 1 u xapakrepuctkamu EF :x+y =0, BF 1z —y =
1, Agf - v —y = —1.

[IpumeMm cirepyromme 0003HAUEHUS:

=D(x >0,y <0),

=D(x <0,y >0),
Dy=D(\(z >0,y > 0),
Ji={(z,y) :y=0,0 <z <1},
Jo = {(x, )x—00<y<1}

Oo(x) = § —i%, Oi(x) = =2 1+Z_+1
Oa2(y) = +Z§’, Os(y) = 5= + 145
n t —a
Al [f(z /f —JO)\\/x—a (x —t)]
T — a
rie Ji(z) -bynknua Beccenst k-ro nopsiika nepsoro poja: a = const -IPOU3BOJIBHOE

Jaeticteutesibaoe uucyio n = 0, 1.
Bamaua Ay. Haittu dynkmnumio u(x,y), Kotopast:

1)u(x, y) € C(Dl m Cl(Dl U Jl) m Cl(DQ U Jg) ﬂ Cl(Dg U Jg)], 1= 1,_3;

2) ynossersopger ypashnenuto B D\J;, i = 1,3;
3) YJOBJIETBOPSIET YCJIOBHUIM

ul,_; = ¢(y) (2)
a1 (z) Ag{ulbo(2)]} + b1 (2) A} {ulb1(2)]} + cr(x)u(z, —0) = ay(z), 0 <2z <1, (3)
as(y) Ad, {ulb2(y)]} + ba(y) AL {ulbs(1)]} + ca(y)u(—0,y) = as(y), 0<y < 1; (4)

4) n JaJid KOTOpOﬁ BBIIIOJIHAIOTCA YCJIOBUA CKJIEMBAHUA

u(x, —0) = ay(x)u(z, +0) + 1 (z),
uy(z, —0) = fr(x)uy(z, +0) + 61 (z)u(z, +0) + o1(x)

u(=0,y) = az(y)u(+0,y) +2(y), (5)
Uy (—0,y) = Ba(y)us(+0,y) + d2(y)u(+0,y) + oa(y)
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rie go(y), @, bl, ¢,y Biy Vi, 0i, 05 - 3ajaHHble  (DYHKIUH, [OpUIeM  (,
! ! 2 2 2 s

al, b, ca;, B, v, 0, o; menpepbBEbL a;f; # 0, a? + b0 + 2 # 0,1 = 1,2
KPOME TOr'0 BBIIIOJIHAIOTCA CJICLYIOIINe HePABEHCTBA:

al(l) b1<0) [CL1<£L'> / S O, [bl(x)

L) 00 ) h) =0 (6)

o1 (#)(x) > 0. oy ()1 (2) + () ()ele) 4 - (@DBE] <0, (7)
as(y) 1 ba(y) )

A O R O A AT R ®

Ecim Buimosastiorest yenosus (1)-(8) rorga 3agadn Ay uMeeT eIMHCTBEHHOE DEIleHNe.
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€3, ¢. 539-541.

2. Cobenes C.JI. Ypasuenns maremarmdeckoir dpusuka. M.: TUTTJI, 1954, 443 c.

KpaeBble 3agaum aj1g mapaboJio-ruriepboImvecKoro ypaBHeHus C By MsI
napaJjujieJIbHbIMU JIMHUSAMU U3MEHEHUs TUMa

A6aynnaes U. A.', Aprukos B.?

CamapKaH/CKWil TOCY/IapCTBEHHBIN apXUTEKTYPHBIN CTPOUTE/ILHBIIT HHCTUTYT,
Camapran, Y30eKHCTaH,
iskandar-aa@inbox.ru;
CamapkaHJICKHT rocyrapcTBeHHbIN yHIBepcuTeT, CaMapkaH, Y30eKucTaH,

Paccemorpum ypasuenue

0= ] e —uy+ a(x,y)u, + b(z,y)u 2 Dy, (1)
Upy — Uyy + Uiy + bjuy +cu 2 Dy, i=2,3

rie Di-obnacth, orpanndennas orpeskamu AB, BBy, ByAg n1 AgA npsmbix y = 0,2 =
l,by = 1 ux = 0; Dy-XxapakKTepUCTUYECKHIl TPEYyroJIbHUK, orpaHI/IquHbHZ OTPE3KOM
AAg ocu y u nByms xapaktepuctukamu AC @z 4+y = 0, AgC 1y —x = 1 ypaBHe-
aust (1), BeIXOAAIIMME U3 TOUeK A M Ay U MepeceKaloNnMMUCsS B TOUKe C( 3 2) Ds-
XapaKTePUCTUIECKUI TPEYroJIbHUK, OTPAHUYEHHBIH 0Tpe3koM BBy u AByMsT XapaKTepu-
crukamu BE :x —y =1, ByE : © — 2 = —y ypasaenus (1), BBIXOASIMMA U3 TO9eK B n
By u nepecexaromumvucs B Touke £(3;1).

CoBokymHOCTh Obstacteit Dy, Dy u D3 BMecTe ¢ OTKpbIThIME OTpe3kamu AAg n BB
ob6ozaaauMm vepe3 D. OrHocuresibuo KoadbduimenTos B ypasHenun (1) IpejooKuM, 4To
a(x,y) € CH(Dy), b(x,y) € COP(Dy),0 < a < 1, a4, by, ¢; -IIPOU3BOJILHbIE TOCTOSTHHBIE.

Ypasuenue (1) B obmacru Dy; 3amenoii

ulasy) = o) el [ att )it}
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cBeJIeEM K yPaBHEHUIO

Vpx — Uy + C(C, y)'U = 07 (2>
e 0 0
1, 1 19 [
(o) = 1e(e.0) — 5gnate) + 550 [ alt)d+bGo.),

aB D;, 1 = 2,3 3aMeHOI
u(z,y) = v(w,y)e T Hhiy

1I0JIy9YUM ypPpaBHEHUE

Vgg — Vyy + A?v =0 (3)
rie
1 a; b;
2 _ 2 2 12 _ 4 _ Y%
)\j = 1_1(4Cj — CL]- — bj)? Oéj = 5, ﬁj = _57 ] = 1,2
[TosTomy BMecTo ypaBrenue (1) mccseyeM ypaBHeHHe
Ugy — Uy + b(z,y)u 2 Dy,
0= 2 : (4)
Uyy — Ugy + Uiy + )\ju 2D;, i=1,2

rie c(z,y) u A casanpl ¢ Kosddumuentamu ypasrenns (1) coorromennsym (1) u (2),
kpome toro, ¢(x,y) < 0.

Bamaua 1. Haiitu dyuknuio u(z, y), Koropas:

1) stBjIsieTCst Pery/IgpHBIM pelenreM ypasuenus (3) B obactu D, KpoMe TOYeK OTpes3-
koB AAg u BBy;

3) yIIOBJIETBOPSIET YCIOBHUSAM

1
ulgge =t1(y), 5 <y <1 (5)
1
ulgp = Ya2(y), 0 <y < B (6)
ulyp =), 0<z <1 (7)
4) u jy1st KOTOPOil BBIMOJIHAIOTCS YCJIOBUST CKJICUBAHUS
uz(=0,y) = B1(y)uz(+0,y) + 61 (y)u(+0,y) + o1(y)
u(l +0, y) = a2(y)u(1 -0, y) + '72(y)7 (9)

Uz (1+0,y) = Bo2(y)ua(1 = 0,y) + da(y)u(l — 0,y) + 02(y)

1 12 /
FrI/L/e @Z/J/l(y);/ ¢2(y)7 (,O(LU), Q;, /Bia Vis 5i7 0; - 3aJlaHHbIE (bYHKHHH7 npuaeMm ¢17 ¢2’ ¥,
a,, B;, 7, 0i, 0; HEIIPEPBIBHBI.
Bagaua 2. Haiitu yHKIUIO, YI0BIETBOPSIOILYIO BCEM YCJIOBUSIM 3ajad4a 1, Kpome (1)
1 (2), BMECTO KOTOPOTO JIOJIZKHBI BBIIOJTHAIOTCS YCIOBHS

1 1
ulac =1(y), 0=y < 5o ulgp = 4a(y), 5

,Z[OKa3bIBaIOTCH TeOpeMbI CyH_[eCTBOBaHI/IH 1 € JMHCTBEHHOCTH peHIeHI/IH 3aJa4e 1.
AHATOTTYIHO MCCIIEIYIOTCS 3a0a9€e 5.

7

<y<1
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napobosia-runepbosmmyeckoro turma,// Kpaesble 3a/1atua MeXaHUKU CIUIOMIHBIX cpeJl. Tori-
kent: @am, 1982 c. 87-89.

2. Kepedos A.A. 3agaua keBpe Jijisi OJHOTO CMEIIAHHO —TIOPOOOIMIECKOrO ypaBHe-
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N3omerpus [og-anredp, NOCTPOEHHBIX OTHOCUTEJIBHO 0-KOHEYHBIX Mep

A6aynnaes P.!, Manamunos B.2

TamkenTckuit yauBepcuTeT NHMOPMAIIMOHHBIX TEXHOJIOTH, TarkenT, Y30eKucTaH,
arustambay@yandex.ru;
YVpreuuckuil rocy1IapcTBEHHBIN YHUBEPCUTET, Y prend, Y30eKcuTaH,
aabekzod@Qmail.ru

B pabore [1]| BBeieHBI KOMMYTATUBHBIE I HEKOMMYTaTHBHBIE [0g-anrebpbl. Jlokaszano,
9T0 OHU sABJIstIoTCs F-nipoctpancTeamu. B pabore [2| ycraHoBIeHBI HEOGXOAUMOE U JTOCTa~
TOYHOE YCJIOBHsT M30MOPGhHOCTH [0g-aaredbp, MOCTPOEHHBIX HA IPOCTPAHCTBAX ¢ MepOi.

B Hacrosieit 3aMeTke TPOUBOIUTCS KPUTEPHiT N30METPUIHOCTH [0g-aaredp, MoCTpo-
€HHBIX 110 PA3JTUIHBIM 0-KOHEUHBIM MEpPaM.

IIycrs (€2, A, ) mpocTpancTBO ¢ 0-KOHe4HO# Mepoit p u mycts X = X, nosnas Oy-
JeBa ajrebpa KJIacCoB IKBUBAJEHTHOCTE ¢ = [A] Becex MHOXKECTB PABHBIX IIOUTH BCIO/LY.
NsBecrHo, uro fi(e) = pu(A), e € X, ecTb CTPOro NOJIOKHUTEJIbHAS 0-KOHEYHAas Mepa, Ha,
X,,. Mepy i 6yzem 0603Ha4aTL Yepe3 fi.

O6osnaunm 1epe3 Lo(X) = Lo(X, @) anredbpy p-SKBUBAICHTHBIX KJIACCOB KOMILTICKC-
HO3HAYHBIX M3MepUMbIX (yHKIwmit Ha (€2, A, 1).

[Iycrs [1]

Elog<X7 H) = {f € £0<Xa :u) . lOg(l + ‘f’) € El(X7 :u)}
Liog(X, 1) siBsI€TCH F-IIPOCTPAHCTBOM OTHOCHTENBHO F-HOPMEL || f |10 = [ log(1+]|f|)dp.
0

B [1] mokazano, 410 Liog(X, ) sABIISIETCA AIrebPOit.

[Iycrs X mpoumssosbHasi mosHasi OyneBa asirebpa, e € X, X, = [0,e] = {g € X :
g < e}. Hepes 7(X,) 0603HaIMM MUHUMAJBHYIO MOIIHOCTH MHOXKECTBA, IJIOTHOTO B X, B
(o)-romonornu. Beckoneunast mosaast Oyiea ajrebpa X Ha3bIBAETCS OJHOPOIHOM, eciIu
7(X.) = 7(X,) s mo6bIx HemyneBbxX €, 9 € X [3].

Teopema 1. ITycmv X u'Y o00nopodhvie 6yresv, anzebpvl ¢ KOHEUHLLMU MEPAMU (1 U
v. Caedyrowue Ycro6us IK6UBANCHIMHDL:

(1) Anzebpol Liog(X, 1) u Liog(X, V) usomempurno;

(ii) (X) = (V) u p(Lx) = v(1y).

Teopema 2. Ilycmv X u'Y o0drnopodnvie 6yaeevl ar2edpvl ¢ T-KOHEUHBIMU, HO HE KO-
HEUHBLMU Mepamy (1 U V. Tozda caedyroujue Ycaosus IKEUBAACHMHDL:

(1) Aneebpol Liog(X, 1) u Liog(X, V) usomempurno;

(i) 7(X) =7(Y).

[Iycrs X nonnasa nearomudeckasi OysieBa ajaredpa U (& — CTPOI'O MOJIOXKUATEIbHAS CIETHO
aJJINTUBHAsI o-KOoHedYHast Mepa Ha X . Torma pasnoxkenne X Ha OJIHOPOIHBIE KOMIIOHEHTHI
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He Gostee deMm caeTHO. O6o3HauNM depes { X, } 0HOPO/IHBIE KOMITOHEHTBI OYJIeBOi airebph
X, JJ1s1 KOTOPBIX
Tsy = T<X3i) < Tsiprs u(‘si) = 00,

a depe3 {X,,. } 0bo3HAUNM OIHOPOJIHBIE KOMIIOHEHTHI OysieBoii aiaredpbl X, Jisi KOTOPBIX
7

Ty = T( X)) < Tugprs p(u;) < 00.

Torna omHO3HAYHO OmIpeeIeHa MATPUIA

Ts;  Tso
Tur T20 -]
M1 2

KOTOPYIO HA30BEM MAacIopToM OyJieBoit aiarebpsl X ¢ o-KoHedHoit Mepoit p. B ciaydae ko-
HEYHON MepBI MOJIYyYUM OIpeje/ieHre aciopTa HOPMUPOBAHHOM OyJieBoil ajareOphl, BBe-
JleHHoit B |3, cTp. 273].

Teopema 3. [lycmos X u'Y noarwvie 6yaesvl arzedpol ¢ 0-KOHEUYHDIMU MEPAMU (L U V.
Toeda Liog(X, 1) u Liog(X, V) usomempuuns moeda u moavko moeda, k020a ux nacnopma
cosnadarom.

Paccmorpennbie B pabore [0g-aareOpbl ABJIAIOTCA ITPUMEPAMU TTOJIYTIOJIEH.
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,Z[ByXCl)aBHaﬂ MOodeJib peaKTopa C IICEBAO002KMN2KEHHbIM CJIOEM IIPpU HAJINYINN
penukJia

AbaypaxumoB A.

TamkerTcKuil apXUTEKTyPHO CTPOUTEIBHBIN HHCTUTYT, TaIKeHT, ¥Y30eKucTaH,
abduraximov1943@Qmail.ru;

g yBesmmaeHus eIMHUYIHON MOIIHOCTH B XUMUYECKUX peaKTopax mpuMensercs: Tex-
HOJIOTHA PerUpPKyIAnui. MHuorue mporecchl OpraHnyecKoil 1 HeOPraHm9IeCKONH XUMIH OCY-
IIIECTBJISIOTCS IPX HEIIOJIHOM IIPEBPAIIEHUN UCXOJTHOT'O ChIPhs, T.€. B KOHEUHbIE TIPOJIYKThI
peaKnuy IpeBpalaeTcs TOJIBKO 9acTh €ro, OCTaJbHas OCTaeTcs Henm3MeHHO. [li1s Toro
YTOOBI JIOCTHYh MAKCUMAJIHHOTO BBIXOJIA MPOJYKTA, YaCTO MPUMEHSIOT TEXHOJIOTHIO Pe-
IUPKYJIAIAHN.

Penupxynsanus nennpopearupoBaBIero ChIpbs - 10JIa49a YaCTU MPOYKTa U3 BBIXOTa 00-
PaTHO BO BXOJI, - IPUMEHSIETCSI KaK B OJIHOCTAIUITHOM, TaK U B MHOT'OCTa/IMITHBIX IIPOIeccax
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JIJIST MHOTOKPATHOI TTOBTOPHOI 11epepabOTKH ChIPbs, BILJIOTDH JIO TIOJTHOI'O €TI0 UCIOJIH30Ba~
HUSI.

IloctanoBka 3amaun. IlycTh B MPOTOYHOM XUMHYECKUM PEAKTOPE C HEOIHOPOIHBIM
KHATSIIAM CJIOEM ITPOUCXOJIAT OTHOCTa U HAS XUMUYecKas peaknud. [Ipeamoxkum, 9To 1re-
PEHOC BelecTBa B IIOTHON 1 pa3daB/IeHHOi (dra3ax, a TaKKe TeIIoBasi SHEPrus B pa30an-
JIEHHOT (ha3e OIMCHIBAIOTCS MOJEJIbIO ITOJTHOTO BHITECHEHUS & TeIIOBasi SHEPTUs ILJIOTHOM
da3bl - MOJIEJIBIO TIOJTHOTO IIEPEMEITUBAHUSI.

B peakTope MPOMCXOJUT XUMHUYECKas PEAKIUA MEPBOrO TOPsJIKa, COITPOBOXKIacMast
BbIIesieHneM (TIOTJIOIIeHreM ) Teria 1o 3akoHy Appernyca. Kpome Toro, ocymiecTsiisiercst
PeIuKJI, T.e. 9aCTh IMOTOKA, BBIXOJAIIETO U3 PeakTopa, Bo3Bpalmaercsd Ha ero Bxox . C
YUIETOM ITHUX MPEJITOJIOKEHNN yPaBHEHNsT U3MEHEHUA MaCcChl U TIOJI TeMIIepaTypbl B 6e3-
pa3MepHOM BH/Ie JjId ainabaTUIecKoro peakTopa MOYKHO 3alliucaTh TaK : IJI0THOH (dhas3bl-

dz A _B

dTl T d:cl =(1- Zl)ge( T1> — A(Z) — Zy) (1)
dTl ! 1! (_i)l 1
= oy = T) 4wy = T3) +wgel B (L= Z)de - BT - [Todn) - (2)

Haganpuoie n I'PaHUYHbIE YCJIOBUA

T = 07 Zl (l‘, 0) = Z()l (ZE) s Tl(()) =T (0) T = 0, Zl(O, T) =0 (3)
st pazbaBiieHHOM (ha3bl
dZ. dz.
d—: “%T; A(Zy — Zy) (4)
dT: dT:
—Ztu 2 =B(T ~Ty) (5)

Havasisabie n I'paHUYIHbBIE YCJIOBUA

T=0; Zy(x,0) = Zos(x), Talx,0) = Tps(x) (6)

xr = O, Zl(O,T) = 0, TQ(O,T) = Tél (7)

3/1eCh UCHOJIB3YIOTCs 0603HAUYEHUsI IPUHSITBIE B padore [2].

[Ipeamonaraem, 9To MPOIECCHl TEILJIOOOMEHA B PEAKTOPE ¢ HEOTHOPOIHBIM TICEBI00XK M-
JKEHHBIM CJIOEM JIOCTATOYHO MHTEHCUBHBI, TaK YTO I'PAJIMEHTOM TEeMIIEPaTypPhl B ILJIOTHOM
daze BHyTpH peakTOpa MOKHO mIpeHeOpedb. C 3TUM IIPEIOIOKEeHNEeM CBsI3aHa (opMma
ypaBHEHUS COXPAHEHHS TEILIOBOW SHEPTHH, KOTOPOE BbIparkKaeT WHTErpasibHBIN OaJiaHc
Teljia B peakTope.

PaccmoTrpum crarumonapHblil cydaii mporiecca,T.e. TPaJMeHT UCKOMBIX (DYHKIIHI OT
BpPEeMEHU paBeH HYJIIO.

Bynem msydars Biausinue, mapamMepa pelnuk/ia W CKOPOCTH pa3daBjeHHO# ¢das3bl B pe-
aKTOpe Ha CTeleHb IIPOJIBUKEHUsT PEAKIINE PeareHTOB U Ha TeMIIepaTypbl KaxK 10l (ha3bl.
W3 ananu3a BhIpakeHHs CJIeJyeT, UYTO CTAIMOHAPHAs TeMmileparypa pa3daB/ieHHOl dha3bl
upu orcyrcrBun teroobmena (B=0) mocrosHua:
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Ty = const, Ty < Ty < T}

[Ipu orcyrcTBum remaoobmena u pemukia (8 = 0,y = 0) nonyuum Ty = T; . Ecim
B PeEakToOpe OTCYTCTBYEeT TOJBKO TEIIO0OOMEH MexK/y (rha3aMu, TO TeMIeparypa B pas3-
OaBjieHHOI (haze pacTeT C yBeJMYECHUEM DPEIUKJIA M YMEHbBIAeTCA C YBeJIUIEeHUEeM 01
pazbapiienHoit ¢dasbl.llokazaHno, 94To ¢ yBeJmvueHneM UHTEHCUBHOCTH TEILIO0OOMEeHa TeMIIe-
parypa paszbaBiieHHON (ha3bl YBEJIMINBACTCS

KosmmaecTBo cranmoHapHBIX PEKUMOB pabOThI PeakKTopa OIPEIe/IAeTCsd YUCIOM perlie-
uuit ypasuenust (5) oruocuresnsuo 17 ¢ yuerom sasucumoeru [3(17).

PacdeTns! mpoBo/iin Ipu CJISYIONUX 3HAYEHUSX TTapaMeTPOB:

A=0.01;B=0.01;T; =1.65;y =0.01; Uy = 1,458 = 50; w = 0.9; ¢ = 0.1. IlocTpoena
Juarpamma o6udypKainm, COOTBETCTBYIOINIEH TEIJIOBBIJIE/IEHUIO B ILI0THOI daze. Kpupas
TeILIOBBIAeIeHNsT nMeeT Tpu Toukn mepecedenus -H, H, +H ¢ npsimoit, napaJsenbHoit ocn
temriepatyp. OHM COOTBETCTBYIOT HUYKHEMY, CPEJIHEMY, BEPXHEMY TEeMIIEPa-TYPHBIM CTa-
IIMOHAPHBIM pexkuMan ¢ Temneparypamu 17, T T, DTo yKasbBaeT 4To, IpH H3MEHEHUHI
rapaMeTpa peruKIa KOJHIECTBO CTAIlMOHAPHBIX COCTOSHUI pe:knMa paboThl peakTopa
MOKET U3MEHSIThCS OT OJIHOIO JIO TPEX.

JINTEPATYPA

1. AbnypaxumoB A. O6 ogHOM MeToe CTabJIM3aIlui CPeTHEr0 pesKnMa pabOThl PeaKkTo-
pa.// Hoknaast AH PYs3., 2000, Nev.

2. Tymnasmo FO.IT., Aomypaxumos A.A., Jxxymanuszos K.A. O6 ogHOil MOjgen XxuMude-
CKOTO peakTopa € HeOJHOPOJHBIM TceBiooxkmKenHbiM ciioem // TOXT, 1989, T.XXII,

Neg. - C.772-781.

HekoTopble oreHKu /1JIsi OMCUHTYJISIDHOTO MHTErpaJia C JIOKAJIbHO
CyMMUPYEMOIl NJIOTHOCTBHIO

Abcanamos T., DaiizynmaeBa B., Xampakysoa I11.

Camapxkanjkuit ['ocynapcrsennsiit yuuepcurer, Camapkan, Y30eKucraH,
fayzullayevabb@mail.ru

PaccmoTpum GucCHHTYIISIDHBII HHTErPAJT BUJIA:

b1 bo

a1 a2

rae dyuknus u € L,(A), A = (a1, az2,b1,b2),p > 1.
BrejieM xapaKTepuCTUKH

RS

az b2—n

Qp,1(U17§17§777) = / / |U(33'1,5U2)’p dxidxy )

1+€1 b1+€
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3 =

az2—&2 ba—m
aluz b= | [ [ o ma)Pdidas |
a1 a2+€

hSA

az—mn1—E&1 ba—n

wp,l(uh 9, 5175777) = Sup |U($1 + hy, Iz) - U(%; $2>|p dxidxs )
hi€E
e a1+€  bi+€

=

az—h2—&2 ba—n

wp,Q(u%d? 5275777) = hsup / / |U(ZL’1,.Z'2 + h’?) - u(x17x2)|p dxldl?
€E
. ay b1+¢€
e N +&§ <by—by =1y, §=ay—ar =10, B ={h;: 0<h; <min{,l; —§}}, i =
1,2, >0, p>1.
[Mosnb3ysce [1-6] mokazana ciemyroras
Teopema. Ilycrs u; € L;Oc(ai,bl,bg), p>1 & € (0,1] (« = 1,2). Torma npu
CXOJIMMOCTHU COOTBETCTBYIOIIMX MHTEIPAJIOB CIPABEIJINBO HEPABEHCTBA

) 1
i, &,8m) < C m/
0

1 iuiat7 at
i —1// p’(l b2 22dt1dt2
ne oo (hta)r (b + &)
1 Wp.i ui7t7§7t7l_2
+—1// pi ( 11222)dt1dt2
§a 5 titar
1 Wp g ui7t7§al_27t
+—1// pi ( SRR 2)dtldt2
7750 , titoP

lh 1y 1 2l
+ Qp,i (ujagl7§2>§2) ln£_1:| 7i7j = 1727 27&]

Hasee, momydensr onenkn wy,;(i;, 6, &, &,n).
Ha ocHoBe 1oJ1y4eHHO#i OIEHKH CTPOUTC KJace pyHKINNA MHBAPHAHTHON OTHOCHTE Ib-
HO OMCHUHTYJISIDHOTO OlepaTopa u.
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1948. 4. Xonmypomos . HekoTopsie omeHKN 711 0c0O0r0 MHTErpaJia ¢ JJOKAJIbHO CyMMI-
pyemoii miornocthio, Yu.3an. MB u CCO Azep6. CCP, cepuadusz-mar. Hayk-1978,6,71-
80. 5. Fefferman R. A, weights and singular integrals., Amer.J. Math., M1988, 110, 5, p.
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PaspemmMocTh HeJIMHEWHOro GMCUHTYJISPHOTO MHTErPaJIbHOTO ypaBHEHUS B
npocrpancrse [}

Abcamamon T., Xampaxkysioa III., MyxammaaueB A.

Camapxkanakuit ['ocynapcreennsiit yausepcurer, Camapkani, Y30eKnucraH,
tolliboyabsalamov@gmail.com

MeTomoM moc/Ie10BaTeIbHBIX MPUOIUKEHU JOKa3aHa pPa3pPerImMOCTb HEJTUHEHHOrO
OUCHHTY/IIPHOT'O UHTEI'PAJILHOTO YPaBHEHUS

az bo

l’l,xg —)\// 81’82) dSldSQ, (1)
81 - xl 82 - xz)

a1 by

B Hp¢ [1], rne dyuxums f(s1, $2,u) oupemenena Ha (ay, as) X (b1, by) X (—00,+00) , a A -
JIefiCTBUTEILHBI TapaMeTp.

JIemma 1. Ilycrs dyukmums f(sq, S2, %) yIOBIETBOPSET YCIOBUSIM:

1. Jlsist moutn Beex sy € (aq,as), o € (by,by) u ipu JOOBIX Uy, Uy € (—00, +00),
| f(s1,82,u1) — f(s1,82,u2)| < D]uy — usl|, te D— nosozkureabHasi HOCTOSHHA;

2. f(Sl, 8270) S ng

Torma:

a) onepatop (fu)(s1,s2) = f(s1, S2,u(s1,S2)) AeiicTByer B Hf;w

B) 1pu J00BIX U1, Uy € HY . || fur — fu2||H£w < D|luy — UQHHZ¢

PacemorpuM ciremyrompe omnepaTropbl

(Bu)(x1, z2) // (51,52, u 81’52))d31d32,

51 —551 52 —56'2)

a1 by

az be

(Av)(z1, z2) // 81752) dsds,.
31 - $1 52 - 352)

a; by

JIemma 2. Ilycrs dyukiums f(s1, Sz, %) yaoBIeTBOpSAET yCaoBus 1 U 2 JIEMMBIL.
Tora:

. P P
a)B: H,, — HJ,;

B)TIpH JIIOOBIX U1, Uy € H. gw MMeeT MEeCTO HEPABEHCTBO:
|Bus — Buslly, < DIl All s, s — usll o,

lokazareabcTBO.
CrpaBeyIHBOCTD TIEPBbIil 9aCTH JIEMMBI CJIeyeT U3 JeMMbl 1 1 Teopemsbl 1] 06 nHBa-
puantaoCcTH H. fnp OTHOCUTEJILHO OUCUHTY/ISIPHOTO oriepaTopa A.
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Jlokazkem BTOPYIO 9acTh JIEeMMBI. ¥ YuThiBast jjemmy 1 n paBerctBo Bu = Afu , rie

|Buy — Bus|| gz = [|Afur — Afusllpz, <

< N Allus, | fur = Fuallir, < DY ALz Jux = wall

U3 jteMMBI 2 1 TPUHIIATIA, CKATBIX OTOOPAXKEHUI BHITEKAET
Teopema 1. Ilycrs dyukmus (s, sy, u) ymobaerBopsier ycaoBusm 1 u 2 jeMMbr 1.

Torma, ecin
1

Al <
DIl

To ypasHenne (1) mveer ejuHCTBeHHOE pemenue B H , 1 9TO pemieHme MOKHO HaiiTh
METOJIOM 110CTIe/IOBATEIbHBIX IPUOJIMKEeHNH, HaunHas ¢ J1io0oro saementa HY .
[Tosb3ysics Teopemoit 06 orpanndennoctu oreparopa A ([2], [3]) B L,(p) nokasbizaercs
CJIEJIYIOIast TeopeMa.
Teopema 2. ITycrs dbynkmus f(sq, Sg,u) yuoBiaeTBopsger ycjaoBuio 1 u3 jemmbl 1 u
f(s1,89,0) € ng. Torna, ecim
1

Al < =,
DAl

To ypasHernne (1) mmeer exuncTBeHHOE pelenne B L,(p) U 9T0 pelneHne MOXKHO HalTH
METOJIOM II0CJIE/IOBATE/IbHBIX IPUO/IMKEHNN, HaunHas ¢ joboro ssmementa L, (p) Iocie-
JOBaTeIbHBIE IIPUOJIIZKEHNST CXOAATCH B MeTpuKe Ly, (p).
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ITponoskeHne BEeKTOPHO-3HAYHBIX Mep Ha MPOEeKTOpax HOopAaHOBBIX
0aHaXOBBIX aJjiredopax

AnuzoB A.A.
TYUT, Tamkent, Y36ekucran

@mail.ru;

[ycte A — JBW anrebpa, P(A) = {e € A : e* = e} — pemerka IIpoeKTOPOB
(umemmorentoB) u3 A u X — 6aHAXOBO [IPOCTPAHCTBO.
Onpepesienne. Orpanuuennas Gynkuus o : P(a) — X Ha3bBaeTcs KOHEUHO-
aJJINTUBHON X -3HATHOI MEPOil, €CJIM BBIIOJHAETCS CJISIYIONINE JIBa, YCJIOBUS:
L. ule+ f) = ple) + u(f) musa unemmorentos e, f € P(A), e- f =0;
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2. sup{|[u(e)|| - e € P(A)} < oo.

Ecmu ¢ : A — X — HeKOTOpBIit OrpaHuYeHHbIH JTUHEHHBIN OTIepaTop, TO €ro CyKeHHue
Y|pay = p Ha pemerke P(A) ecTb, 04€BNIHO, KOHEUHO-3//IUTHBHAsT X -3HAUHAS Mepa.
O6partHo, ycth Ha P(A) 3a7ana HekoTopas X-3HauHas KOHEYHO-a TATUBHAS Mepa [i. B
caMmoii o0Ieil mocTaHOBKe 1TPo0JIeMa CYIIEeCTBOBAHUS OIPAHUYECHHOTO JIMHEHHOIO orepa-
topa ¢ : A — X, cyxkenuem koroporo Ha P(A) sBiagercs [, UMeeT OTPUIATEIHHOE Pe-
menue: Ha criul dakrope (JBW-dbakrope Tuia I3) JIerko mocTpouTh IPUMEPbl KOHEUHO-
QJINTUBHBIX X -3HAYHBIX Mep, He sABJISIONIUXCH CYKEHUIMU HUKAKUX OI'PAHUYIEHHBIX JIU-
HeitHbIX oreparopos ¥ : A — X [4]. Oxnako eciim pacemorpers J BW-anrebper 6e3 mpsi-
MBIX cjraraeMbix Tumna [ To, Kak u B ciydae anrebp Pon Heitmanal4], mpobiema mmeer
HOJIOKUTENIbHOE perenne. Vcmob3yst MeTo paboThl [4] moKa3bBaeTcst Cieyronast:

Teopema. [Iycte A — JBW anrebpa 6e3 npsMbIx ciaraeMbix tumna o 1 X-6aHaxoBO
npocTpancTBo. Toraa BCAKYI0 KOHETHO-aIUTUBHYIO X -3HAYHYIO MEPY Ha IIpoeKTopax A
MOXKHO €JIMHCTBEHHBIM 0Opa30M IPOJIOJIKHUTEH JI0 OTPAHUYEHHOrO JIMHEHHOrO orepaTopa
orobpazkarormiero A B X.

[Iycrs reeps A — JW amrebpa, geiictByiommas B rusibbeproBoM mpoctpancTse H [5].
Ecau va pemerke P(A) 3a1ana KOHETHO-a/IIUTHBHAs X -3HAYHAST MEPa (4 TO €CTeCTBEHHO
BO3HHUKAET BOIIPOC O BO3MOYKHOCTH TIPOJIOJIZKEHUSI [ O KOHEIHO-a/[JTATUBHYIO X -3HATHYIO
Mmepy Ha pererke Py (U)-ipoekropos obeproiBatorteii W*-anrebpoi(anrebpsr @on Heiima-
na) U(A) = A”. B obmmem cirydae OTBET Ha 9TOT BOIIPOC OTpHIATEIbHBIN. B camom nese,
nycrb A-GeckoneunomMepHblit criu dakrop (JW-dakrop Tuna I ) Takoit, aro U(A) siBiisi-
ercst W*-dakropom tuna I 1 (cymecrBoBanue Takoro A Boirekaer u3 [6](reopema 2)). To-
IJIa 110 OCHOBHOTO pe3yJibrara paboThl [1] BestKyto KOHEUHO-a/yINTUBHY 10 X -3HATHYIO MEPY
Ha P;(U) MOYXKHO IIPOJIOJIZKUTD JI0 OIPAHUIEHHOTO JIMHEHOTO OIlepAaTOpa 0TOOPAZKAIOIIErO
U(A) B X. B Toxe Bpems Ha A ecTh, 0U€BUIHO, KOHETHO-/JIATHBHAS X -3HAYHAs Mepa,
KOTOPBIE HE ITPOJIOJIZKAIOTCS 710 OTPAHMIEHHOI'O JIMHEITHOTO oTlepaTopa. DTO IMPOTUBOPEYNe
MOKA3bIBAET, UTO KOHETHO-a I TUTUBHBIE X -3HadHble Mepbl Ha P(A) He MpoIoKaTes 10
KOHEYHO-ainTuBHYy0 X -3Ha4nyo Mepy u3 P(A) B X.

Onako ecsin pacemorpers JW-anredbpy A 6e3 mpsaMbIX cjiaraeMbiX Tutia Iy To, TO BO-
IPOC O MIPOJIOJIZKEHIN KOHETHO-a INTUBHYI0 X -3HauHyt0 Mepy Ha P(A) Ha mpoekTopax A
JI0 KOHEUHO-/[/TUTUBHY0 X -3HauHYI0 Mepy Ha mpoekTropax U(A) sKBbIBajieHTeH IpobIIe-
Meé O IIPOJIOJIZKEHIN KOHETHO-a TITUBHY 0 X -3HAUHYI0 Mepy i Ha P(A) 10 orpaHn<eHHOro
nuueitnoro omneparopa Ha A. Torjga u3 TeopeMbl BBITEKAET CJIEYIONINE:

Caencrsue. [Iycts A — JW anrebpa 6e3 npsaMbIxX ciraraemMbix Tumna Io m X -6aHaxoBO
npocTpancTBo. Torjaa BedgKas KOHEUHO-a[IMTUBHAA X -3HAYHAS Mepa Ha IIpoeKTopax A
MIPOJIOJIZKAETCS JI0 KOHEYHO-a[/INTUBHOM X -3HAYHON Mepoil Ha MPOEKTOpaxX 00epTHIBAIO-

meit W*-anrebpor U(A).
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06 acuMNTOTHKE BEPOSATHOCTU HNPOOA0JI2KeHnsi MapKOBCKUX BETBSIIIXCS
MPOIIECCOB C MMMUTpAaNueii, 3aBUCSINEl OT COCTOSTHUS

Azumos 2K.B.

TamkeHTCKUil roCyIapCTBEHHbBI TPAHCIOPTHBIN yHUBEpCUTET, TamKkenT, Y30eKucraH,
azimovjbQmail.ru

HYCTB UMEIOTCA YaCTUIIbI OJJHOI'O TUIIa, /I KazKdad CYIIeCTBYIOIad B ,Z[aHHbIIjI MOMEHT
JACTUIA HE3aBUCUMa OT APYTUX YaCTHUIL C BEPOSTHOCTBIO 01; + p; At + o(At) mpespaira-
ercs 3a Bpemsa At — 0 B j gactui. Ecim B Mmoment ¢ > 0 miporiece BBIPOIUICH, T.€. TUCIIO
YaCTUI PaBHA HYJIIO, TO ¢ BEPOSITHOCTBIO Oox + gk (1) At 4 o( At) 3a Bpemsa At — 0 ummMu-
IpUPYIOT k 9acTHUIl TOro ke THila. B JgajbHeiineM BOSHUKIIHE TaKUM 0OPa30M YacTHIIbI
9BOJIIOIIOHUPYIOT 110 OLUCAHHOI BblmIe cxeMe. (31ech u gasee 6;;— cumsos Kponexepa).

Berssimuiicst mporiecc ¢ UMMHUTIPaIUeil, 3aBUCSIIE OT COCTOSIHUS, C HEIIPEPLIBHBIM Bpe-
MeHeM usydasics B paborax [1], [2]. IIporeccsr ¢ mmMurpariueit, 3aBucsiieii 0T COCTOSTHUS, C
HeIIPpEPBIBHBIM BpeMeHeM CTaJii Ha3biBaThes mporeccamu Pocrepa-Amazaro. Acummnrorn-
Jeckue cBoiicTBa BerBamuxcd mporeccoB Pocrepa-fmazaTo ¢ beckoneunoit jucrnepcueit
paccmorpenbl B pabote [3]. Hacrosimast paborta mocBsiieHa acUMITOTHKE BEPOSTHOCTH
poIoJIKeHns BeTBsIerocs nporecca @ocrepa-fAmaszaro ¢ yObIBaoIeil UMMHUT A 1
OeCKOHEeYHO Jauciepcueii.

Yrobbl onpegesuTs nporece Z(t) 6ojiee cTporo, npuBeeM Buj HHGUHATEINMAILHOT
Marpuipl (a;;)5° mporecca Z(t)

ipj—l-&-i ecJin j Z 71— ]_, ) Z 1,
a;j = q;(t) ecom i =0,
0 B OCTAJTBHBIX CIydasTx

npuyeM

p1<07 pjzov ]#17 Zp]:07

w(t) <0, ¢t)>0, j>=1, > ¢(t)=0, t>0
j=0

Bresiem npousBodiime OyHKIINNA

F(s) = ms*, glt;s) =) a(t)s", |s|<1.
k=0 k=0
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[IpeanosoxkuM, 9TO UMEET MECTO TIPEJICTABIEHNE
fs)=(14s)""L(1-5), 0<v<I1,

riae L(1 —s)— M mpr 1 — s — 0.
[IycTb BBIMOIHEHBI CJIE/TYIONTHIE YCIOBUS

=0, mis) =202

B nanbreiiem BaXKHYIO POJIb UTI'PaeT (DyHKIIAA

M(t) = / N(/“V) du,

ls=1 >0 mpu t—o0.

ul

riae N(t) -Mm..d. npu ¢ — 00, yIOBIETBOPSIONIAs YCIOBHIO
oN° ()Lt Y’ N(t)) = 1, t — oo.

Paccemorpum cityaait, korga M (t) — oo npu t — 00.

Teopema. Ilycts m(t) ~ lt(—i) u C(t) =o(m(t)Int), e 0 < a < 1, al(t) -M.m.b HA
6eckoneunocru. Toraa

a) eciim v = 0, [(t) ~ % rae N(t) — 0 To

P(Z(t) > 0) ~ N()

npu t — oo,
6) ecm 0 < o < 1, TO
[(t)Int

P(Z(t) > 0) ~ =

upu t — 00,
B) ecm o =1, [(t) ~ K(Int)", K >0, r>—110

K(r+2)(Int)™
(r+1)t

P(Z(t) > 0) ~

upu ¢t — o0.
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O6 oaHoIl KpaeBoii 3a/1ave NJid YpPaBHEHUS YE€TBEPTOrO MOPsiJAKA C KPATHBIMU
XapaKTepPUCTUKAMU B ITPSIMOYTOJIbHOI obJjiacTu

Anaxkos FO.II. !, Mamaxkonos C. M.?

WNucruryr maremaruku um. B.M. Pomanosckoro AH PV3, Tamkent, Y30ekucra,
lyusupjonapakov@gmail.com; 2sanjarbekmamajonov@gmail.com

Annoranusi. B pabore 1 ypaBHEHUs 9€TBEPTOrO MOPSIIKA € MJIAIINIAMEA IJIeHAMN
paccMoTpeHa ojHa KpaeBas 3a/1ada B IIPsIMOYTOJILHO 00/1acTi. EJIMHCTBEHHOCTD pereHne
ITOCTABJIEHHOM 3a/1a9H JIOKa3aHa METOJ/IOM UHTErpaJsioB SHepruu. Perenne BITICAHO Yepe3
IOCTPOEHHYI0 pyHKIHIO ['puHa.

Paccmorpum obiiee ypaBHeHHE 9eTBEPTOTO HOPsIKa BUIA

szmc - Uyy + AlU:cJ:a: + AZUCMC + ASUx + A4Uy + ABU =0

rne A; € R, = 1,5. Samenoit U = u - e~ ot y, 9TO YpaBHEHUS] MOYKHO IPUBECTU K
YPaBHEHUIO

Uggzr T O1Uzgz + Q2Uz + A3U — Uyy = 07 (1)
3 2 4
31ech a1 = Ap — 3T> ag = Az + % — A12A2> az = A1?2 - % N A14A3 + "’ As.
s ypasaenust (1) B obmact 2 = {(z,y): 0 <z <p, 0<y< q} U3YUAM CJIeLYIO-

IIYTO 33/1ay. )
Bagaua A;. Haiitu dynxmmo us knacca u (z,y) €52 () N C31 (Q), yrosrersopsio-
myo B obmactu € ypasaennio (1) u cJieylonmumM KpaeBbIM yCIOBUAM:

u(z,0)=0, wu(xr,q)=0, 0<z<p,

w(0,y) =1 (y), u(py) =12 (y),
Uxx( Y :¢3( )7 sz(Py?/):M(y)a OS?/SQ7

rae ¥; (y) € C?[0,q],i = 1,4 3aganublie GyHKIUN, TPUYEM
i (0) = i (q) =" (0) = ¥ (¢) =0, i=T14.
OrmernM, uro ypaBrenus (1) paccmorpena B pa60Te [1], B caygam a3 = ag = 0,
a3 = —c(x,t), a B paborax [2|-[4]: a; = az = a3 = 0. B paborax [1]- [4] paccMOTpeH

caydaii ¥; () = 0 1 ¢ HAYAIBHBIM YCJIOBUEM OTJIMYHBIM OT HYJISI.

Teopema 1. Ecin 3aa1ua A mMeeT perieHue, TO MPU BBIIOJIHEHUIX yeaopuit a; < 0,
a30, oHO eTUHCTBEHHO.

HoxkazarenabcTBo Teopembr 1. [Ipenonoxum, obparHoe mycThb 3ajga4a Ay nMeer jBa
periernst uy (x,y) uus (z,y). Torga dynknus u (z,y) = uy (z,y)—us (x, y) yrosierBopser
ypasrennio (1) 1 0IHOPOIHBIM KpaeBbiM yciouan. Jokaxkem, uto u (z,y) = 0 B Q.

B obsractu €2 cupaBeyinBo TOXKI€CTBO

nJjIm

0 1 0
— (uuzm — Uplyy + A U, + §a2u2> +ud, — ayu? + azu® — o (uuy) +ul =0. (2)
Yy

Xz
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Unrerpupyst Toxkaectso (2) mo obsactu {2 1 yIuThIBast OJJHOPOIHBIE KPAEBBIE YCIIOBHUSI,
TIOJTy 9YUM

p q
//Uix (z,y) dfﬂdy—al//u x,y dxdy—l—ag// (z,y dxdy—l—// (z,y) dzdy = 0,
00 0

orciona u (z,y) =0, (z,y) € Q. Teopema 1 joxkazana.

[Ipu nokazaresbCTBE CYIIECTBOBAHUSA peIIeHUs 3aJa4d, IepeMeHHble CHavdaja ObLIu
pasjiesieHbl ¢ TOMOIIbBI0 MeTojia Pyphe. 3areM IPU HAXOXKJIEHUU DEIIeHUs YDaBHEHMUs,
00pa30BaHHOIO IO MEPEMEHHO X, MbI TOCTPOUIN (DYHKITNIO ['prHA M PEITUIN UHTETPAThH-
Hoe ypasaerne PpearosbMa BTOPOro pojia OTHOCHTETLHO HCKOMOTO DEIIEHMST METOIOM
0CJIEI0BATEILHOrO IpuO/InzKeHns. B pesysbrare oKkazana cieyionias TeopeMa.

Teopem 2. Ec/in BbIOJIHAETCA HEPABEHCTBO

(C’Kp—l— \/(C’Kp)2+CKp)4 —% ¢ < <g>2,

=\ —2
TO pemenne 3agadn  A; cymecrByer. 3xech K o= (1 — e PV 5) , C =

max {|a,;| ,i =1,3}.
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BasucHbie quddepeHnuaibHble COOTHOIIEHUST JIJIS ITOJHOM CHUCTEMbI
ry100anbHbIX TuddepeHnaTbHbIX THBAPUAHTOB KOHEYHOM CUCTEMBI MyTell B
9BKJINJ0BOII TeOMeTpun

Apunos P.T. !

Tamkent, Y36ekucran
arrustam@yandex.ru

B [1] yka3ana nosiHast cucrema riiob6aabHbIX AuddepeHnuaibHbIX 1 HHTerpaabHbX G-
MHBAPHAHTOB KPUBOIl B €BKJINJIOBOII reoMeTpHH, T.e. B ciaydae, Korma G = M(n) rpymmna
BCEX M30METPUil . — MEPHOTO eBKJIMI0Ba IpocTpancTa F, wim G = SM(n) rpynmna Beex
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€BKJINJIOBBIX JIBUZKEHUI. YcTaHOBJIEHO, YTO 9TH (G-MHBapHAHTHI Pa3JIe/IsliOT He SKBHUBa-
JIGHTHBIE KPUBbIE W MEXKJTy HUMH CYIIECTBYIOT OasucHble JuddepeHimajibHble COOTHOIIe-
HUsI B BUjie HepaBeHCTB. B [2| ykazana mosHas cucrema ritobaibHbIX aud epeHmanbHbIx
1 UMHTerpajbHbIX (G-MHBAPUAHTOB KOHEYHOH CHCTEMBbI IIyTeil B €BKJIMIOBOI NeoOMeTpHH,
pasnessiionux He (G-3KBUBaJIEHTHbIE KOHEYHbBIE CHCTeMBI IIyTeil. B 9Toiil curyannn Takzxke
[IOKa3aHO, YTO JjI KOHEYHOIl CHCTEeMbI IyTell B UX IIOJHON cucTeMe IJI0OAJbHBIX -
depeHInABHBIX U UHTETPAJIbHBIX (G-MHBAPUAHTOB CYIIECTBYIOT Oa3ucHble quddepeniiu-
aJIbHbIe COOTHOIIIEHUsI B BHJIe HEPABEHCTB.

Jasee UCHosib3yercss TepMUHOJIONHs U 0603HaYeHust paboTer [1].

[Iycrs R(zq,...,x) nuddepennuanbaoe noje auddepeHnnaibHbIX PaluoHaIbHbIX
byukmit or cucremsr I-myreit {z;]i = 1,k}. JTuddepennuanbnas pamuonanbuas byHK-
st h(x) naspiBaerca G-unBapuantHoii, ecim h(F(x)) = h(z) ana Becex F € G. Muoxe-
cTBO BceX (G-MHBapHAHTHBLIX AudPepeHnraabHbIX PalloHaIbHBIX (DYHKIMA cucreMbl [ —
nyTeit {z;]i = 1, k} obpasyer muddepennuansmoe moamnoe B moixe R{zy, ..., 1), KoTopoe
oboznauaercs yepes R(zy, ..., zx)¢.

JIist KOHEWHOiI CHCTeMbI HEeBBIDOXKIeHHbIX [— myreit {z;li = 1,k} paccmorpum
MaTPULBI-(DYHKIII

Hit) = (An, (6) AL (1), 1)

Hyi(t) = AL, () Az, (1), (2)

rie Ay, (t) =| [z)z] xgn)] |, Aj,(t)- TpamcmommpoBaHHasd MaTpPHIA K MaTDHIE
A, (1), i=1k.

UseectHo, dro ajemenTbl  Marpunbl-pyHKImu (1)  eIMHCTBEHHBIM — 00pPa30M
nuddepeHI-aabHO-pallMOHAIBHO  BhIparkaloTcsi  depe3  obOpazytomue auddepeHiim-

AJIbHOT'O IIOJIA

R{zy,...,2)% Te. eciu % (t) u d% (t) snementor Mmarpun-byuimit Hy;(t) u Hy(t), To
Cfr;s(t) = C’ms(Ql{xly cee axk’}v QQ{xly cee axk’}v s 7an{$17 e axk}>7 (3)
dfrzs(t) :DmS<Q1{$17“'7xk}7 Q2{$17“'7‘7’1]{?}7'“7an{x17"‘7xk}>7 (4)
rie () obpasyrorue uddepenmaabaoro mosst R{xy, . .. ,:L‘k>G, Cims 1 D,,s—HEKOTOpBIE

muddepenmanbube panponaibabe byukmun, [ = 1,nk, m,s = 1,n, i = 1,k, [2].
Teopema 1. Ilycts G = M(n) u fi(t), | = 1,nk, Geckoneuno mucddepennupyembie
dyukun Ha [ Takume, ITO
(i) pst siroGoro t € T

det || dis (1) = det || Dyns(fr(8), f2(2), - -5 far(8)) (I 0;

(ii) marpuna d¥ (1) = Dys(fi(t), fo(t),. .., fur(t)) momoxkuTENLHO OIpEmeTeHa IS
Hekoroporo tg € I, tine D,,s- Juddeperimaibuble panroHaabHble (PYHKIUU, OIpe/ie-
nennbie pasenctsamu (4), i = 1,k, m,s = 1,n. Torma cymecTByerT KoHedHas CHCTEMA
HEeBBIPOKIeHHbIX [ — myTeit {z;/i = 1,k} B F, euHCTBeHHas ¢ TOYHOCTBIO 10 G- SKBUBA-

JIEHTHOCTH, YJIOBJIETBOPAIONIAs CJIeyIomell cucreme nuddepeHuajibHbIX yPaBHeHM:

Ql{xl, e ,l’k} = fl<t),

e Di- obpasytonue juddepennuanbaoro noist Rz, ..., xx)¢, 1 =1,nk.
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Teopema 2. Ilycte G = SM(n) u ¢(t), | = 1,nk, 6eckoreuno muddepeHnupyemble
dyukun va [ Takme, ITO
(i) ast siroGoro t € T

det || dﬁ;s(t) ||: det || Dms(QOl(t)v 902(t)’ ce 7Q0nk(t)> ||7é 0;

(ii) marpuna d¥ (t) = Dys(p1(t), a(t), .. ., ©nk(t)) TOIOKATENBHO OUpEETeHA st
HekoToporo tg € I, tue D, mauddepeHimaibable panoHaabHble (DYHKIUMH, OIpe/ie-
nennple pasencrtsamu (4), i = 1,k, m,s = I,n. Torga cymecrsyer KoHedHas cHCTeMa
HeBBLIPOXK AeHHbIX [ — myTeit {x;]i = 1, k} B E, eauncrsennas ¢ To4HOCTDHIO 10 G- SKBHBa-
JICHTHOCTH, Y/IOBJIETBOPAIONIas cJeaylomeil cucreme mud epennuanbHbIX ypaBHeHnI:

B{xla S 7xk} - @l(t)a
rie P- obpasytomue muddepenuanbioro noaa Rz, ..., x.)% | =1,nk.
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Buagouzmenennoii 3ajjauu Kormm st ypaBHEeHUS ruliepOb0JInYecKoro Tuma
BTOPOTr'O Po/ia C CUHTYJISIPHBIM KO3 duiieHTom

Axmeros K. H.
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Hackosbko HaM u3BeCTHO, B pabote 1] mosydeHs! mpencraBienns 0606IIEHHOTO perre-
HUA Kjaacca Ry Buaom3MeHeHHOH 3amgaun Komm jjist rumepOoInieckoro ypaBHeHnsT BTO-
poro pojia, yJoOHBIE s JaJIbHEHINNX MccIegoBannii. Bocmoab30BaBIich HailIeHHBIMUI
[peJICT-aBjeHnsAME, B paborax [2-9] wmccieioBaHbl JIOKAJIbHBIE W HEJIOKATbHbIE KPaeBble
3aJ1a491 JIJIsT YpaBHEHUsI CMEIaHHOI0 THUTIa BTOPOIO POJIA.

B mannoit paboTe moJiydeHo mnpejicrapienne 0000IeHHOro penenns Kiacca Ry BUIonu3-
MeHeHHoit 3aga4un Ko 115 ypaBHeHus TUIepOoIMIeCcKOro TUIIa BTOPOro pojia ¢ CHHIYJI-
SIPHBIM KO3 DUIIEHTOM.

Paccmorpum ypaBHenme

_<_y)muxx + Uyy + (BO/y)uy = 07 y < 07 (1)
B KOHEYHOI OJTHOCBA3HON 0o0JiacT [, OrpaHndYeHHOl XapaKTepPUCTUKAMUI

2 m—+2
AC v — —(—y) 2 =—-1, BC: —(—y) 2 =1
x (=) , vt (=)
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ypasaenusi (1) u orpeskom AB ocu y =0, 3mece A = A(—-1,0), B = B(1,0),
cC=C (O, —((m+2)/ 2)2/ (m+2),> a IOCTOSHHBIC M U [ YIOBJICTBOPSIOT YCJIOBUSI
—1<m<0, —-m—-1<py<—m/2.

Pemenne BumonsMenennoit 3agaan Komm ¢ Ha9a IbHBIME JaHHBIMI

lim u(z,y) =7(x), * € AB, lim (—y)®u,(z,y) =v(r), z € AB,
y—0— y—0—

Jyuist ypasrenus (1) maercs dopmyinoii[5):

1
m—+2

2 2 mi2
wle) = [ 1) (=) it )

-1

« / 7 (2) (1= ) tdt — [2(1— 28)] P ry(—y) P / v(2) (1— ) at,

rie 26:17;:—4350 n —-1<28<0 mupu —-1<m<O0,

T(2+28)

. 28-1 I (2 — 25) 22ﬁ_1 2t mTvLQ
= 1 (1+ B)21+28° -

—area=pg "t a2 Y

Y2 = [2(1 —2B)]

Ounpenesienne kiacca Ry. Oyukius u (x,y) Ha3bIBaeTCs: 00OOIIEHHBIM PEIIEHIEM
sagadan Kormm jyist ypasaenust (1) npu y < 0 u3 kimacca Rg, ecam 7 (z) IpeacraBuMa B
z
pugie 7(z) = [ (z—t)"PT (t)dt, vae v (z) u T (2) — HelpepBIBHBIC I WHTErPHPYEMBIC
41
dbyuxiwm Ha (—1,1.)
Torya npejicrapienue 06001eHHOTO perennst Kiaacca u (x,y) € Ry 3amaan Ko s
ypasHenusi (1) B obmactu D nmeer BH:

£ n
w(E,n) = / (n— )€ — )T (1) dit + / (-0 N (Byd, (@)
1 ¢
rie

2 m+2 2 m+2 1

{=o———(-y)?, n=0v+—-(-y) >, N(t)= TeosnB

T (t) — 1).
m+ 2 m+ 2 (8) = 7 (1)

Bocroib30BaBIMCch HANJIEHHBIM TIPEJICTABIEHUAM (2) MOXKHO MCCJIEI0BATH Pa3/IMIHbIe
JIOKaJIbHBbIE U HEeJIOKaJIbHBbIE KPaeBble 3aJla4u JIJIs YPaBHEHUS CMEINTaHHOTO TUIIa BTOPOT'O
poJia ¢ CUHTYJISIPHBIM KO3 PUIIEHTOM.
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Pesko ouyepuenusie mapsl (F(X),nr(X)) komnakroB Buga P(X)

Aronos II1.A.!, 2Kypaes T.®. 2

Nucruryr maremaruku um. B. V. Pomanosckoro AH PVY3, Tamkent, Y30ekucran
sh _ayupov@mail.ru;
TamkenTcKUil rocyIapCcTBeHHBIN Tearorndeckuit yaupepcuter uM. Huzamm, Tamkenr,
V30ekucram,
tursunzhuraev@mail.ru

B manHoit pabore n3ydas paciojioKeHHOCTH KOMIIAKTOB JIPYT B JIPyre pacCMaTprBaeT-
cst pe3ko odepdennble (ce-mapsl) napsl (P(X), np(X)) as dyrakropa P : Comp — Comp-
BEPOATHOCTHBIX MEP B KATETOPUU KOMIIAKTOB M HEIIPEPBIBHBIX 0TOOpakeHuii B cebst [1].

JokasbiBaeTcst, 910 [ J1I060ro 3aMKHYTOro nogaMmuoxkecrsa A C X ormuanoro or X
nomupocrpancrsa suna P(A), Pr(X) u Py, (X) cocraBisaior pe3Ko 04epUeHHBIX Hap KOM-
nakta P(X).re. mapst (P(X), P(A)), (P(X), Pr(X)) n (P(X), P,(X)) saBstiorCcst pE3KO
ovepueHHbIMU (KOPOTKO, cc-tiapamu) KommakTa P(X). Kpome Toro BbIIEIEHO TOMOTONN-
YeCKH IJI0THBIE mojnpocTpancTBa P(X) Bcex BEPOSITHOCTHBIX Mep OIPEJIeTeHHBIX B Gec-
KOHEYHOM KOMITaKTe X, a TaK Ke [MOKa3aHO, YTO I JIFOOOr0 OECKOHETHOT'O BBIITYKJIOTO
komnakTa X, mapa (P(X),np(X)) sBisiercss pe3ko ouepueHHoil mapoii.

st ipoussosibHOTO KOMIIakTa X u Mepbl i1 € P(X) onpejiesien ee Hocure b sup p(p)—
9TO HAaMMEHbIIe U3 3aMKHYThIX MHO)KecTB I C X, s koropeix pu(F) = p(X). re.
supp(u) = N{A: AC X, A= A uc P(A)}. Jna marypanbroro umcia n € N ompese-
astem P, (X) = {p € P(X) : |suppp| < n} nomupocrpancrso P(X). Pacemorpum cuaernoe
oobennnenne P,(X) re. Py(X) = J —, P.(X)— MHOXKECTBO BCEX BEPOSATHOCTHBIX MED C
KOHEYHBIMH HOCUTEJISIMH.

Hanomunm, aro npocrpanctso Pr(X) C P(X) cocTonT U3 BCeX BEPOATHOCTHLIX Mep
BUJIA:
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p=myd(x1) + mad(xe) + ... + myd(z,)

C KOHETHBIMHI HOCHTEJIAIMH, JIIst KazK/I0f U3 KOTOPHIX M5 TIPH HeKoTopoM 4. Yepes §(z)
win 0, obosHauaercs. BeposgrHocTHbIe Mepbl JIupaka cocpejorodeHHas B Touke r € X.
s marypanbnoro dnciaa n € N oupenenseMm Py, (X) = {pu € Pr(X) : |suppu| < n}
nomupoctpancTso P, (X).

OueBnano, aro jyis kommakTa X u Jyioboro n € N muoxkecrsa P,(X) 3aMKHYTHI B
P(X), Py(X) u Py, (X) samxnyrer B P(X)[2-3].

Crenosarensuo, noanpocrpanctso P, (X) C P(X) asasgerca o-kommaktom n B, (X)
Beiogy wiotHo B P, (X). CienoBaressno, komnakt Pr(X) ecTb 00beAnHEHE KOMIIAKTOB
Pr(X)u Pr(X) =U,—, Prn(X). OueBuano, uro Py, (X) C P,(X) u Py(X) C P,(X)[2-
3].

[Tycrs X tomosnorndeckoe npocrpanctBo 1 A C X €ro HEKOTOPOE HOIIPOCTPAHCTBO

Onpenenenmne [4]. [Tapa (X, A) nassiBaercs (clean-cut) pesko ouepueHHBIM (KOPOT-
KO, cc-niapoii), ecim X merpusyemoe , A 3aMkuyTO B X, A siBjisieTcsi CHJIbHBIM JiechopMa-
oHHBIM perpakToM it X u X\ A sBisiercst abCOTIOTHBIM OKPECTHOCTHBIM PETPAKTOM
(kopoTko, AN R mpocTpaHCcTBOM).

Hns xaxzgoro Geckonednoro kommakrta X € Comp U HOPMAJBHOIO (WM HOJIYHOD-
maJsibHOro) dbyakropa F : Comp — Comp umeroiero 6eCKOHEYHON CTENeHN Ce/ys 110
Bapuunomy M.M. [5] npumem ciremyionie 0603HaAYCHHS:

1) Fy(X) = F(X)\nr(X);

2) Fu(X) = {a € F(X): [supp(a)] <n};

3) FVn( ) = F(X)\F,(X), mpu n = 1 oroxxaectsum Fy, (X) = Fy(X);

4) Sp(X) = {aEF(X):supp(a)ﬂA#@}meA#@nAcX;

5) Fr(X) = Fu(X)\Fu(X),n > k,n2;
6) FL(X) = U, Fu(X);

7) Fyu(X) = F(X)\F,(X);

8) Fon(X) = Fu(X)\Fu(X);

OueBnano, uro noanpocrpanctso Fy(X) u Fy,(X) orkpsiro B F/(X), F,, ;(X) orkpbI-
to B F,(X), F,(X) aBnsierca caerHpiM o0bennaerneM KoMuakTos B F'(X) Te. F (X)-o—
KOMIIAKTHO, Apyroii ctoponsl F,(X) Berony miorao B F(X); a Fy,(X) ectb F,— mogmnpo-
crpancTBo 1poctparcTa F(X), nogmpocrpanctso F,,(X) ecrb 0TKpPBITOE MHOYKECTBO B
F,(X).

JlokazaHbl cjiejyionme

Teopema 1. /[yis1 1100010 6€CKOHETHOTO KOMITaKTa X U JTIOO0I0 3aMKHYTOT'O TIOJIMHO-
xkecrBa A C X ormanoro ot camoro X mapa (P(X), P(A)) aBisercs cc-napoit.

Teopema 2. /I 1106010 6€CKOHETHOrO KOMIIAKTa X U JIFOOOI0 HEIIyCTOTO 3aMKHYTOTO
noxmuoxkectsa A C X ommanoro or camoro komnakra X mapa (Sp(A), P(A)) ectsb cc-
apoi.

Teopema 3. /14 j1iro60r0 OECKOHEYHOTO HYJIBMEPHOTO KOMITaKTa X M JIjIsl JTI0O0TO 3a-
MKHYTOro ojmuokectBa A C X ormmasaoro ot camoro X napa (P, (X), P,(A)) saBisiercs
—tapoit, jurs jiroboro n € N, n > 1.

Teopema 4. s mo6oro 6eckonednoro kommakra X mapst (Pr(X), 0(X)) u (P, (X),
d(X)) saBistercst cc—apoii.

Teopema 5. Beckoneunsiit kommakt X ecrb A(N)R KOMIAKT, TOTJa U TOJBKO, KOTJIA
P;(X) ectb A(N)R KOMIIaKT.
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PaccmarpuBaercs Kpaesast 3aaua B nosyiockoctn R = {x = (z1,22) € R? : 2y >
0} ABYXMEpPHOTO €BKJIIJIOBA IIpocTpaHcTBa ¢ rpanuteii S = {(z1,0) : x; € R} mra cranmo-
HAPHOU CHCTEMBI yPaBHEHUIT IBYXCKOPOCTHOM I'IAPOINHAMUKHE € OJHOPOJHBIME KPAEBBIMIE
ycioBusiMu [1]

nAu, — Vp=—pf, divu; =0 B Ri, u s =0, (1)
rAuy —Vp=—pf, divup=0 B R%, uls=0, (2)
U YCJIOBHEM OrpaHuvIeHHOCTH |w;(xp,x2)| mpu zo — +oo, tae £ = (fi, fo)— maccoBas

cuna, w; = (U, u2), 1 = 1,2, V — omeparop rpajuenta no X = (1, %) , p = p1+ p2, pi—
napumaabHas IJIOTHOCTh 4 — i (asbl, vy U Vy— COOTBETCTBYIONIHME CIBUTOBBIE BA3KOCTU
da3z.

Permenne cucremsr (1)-(2) ¢ ofauM JaBIeHIEM P CBOJUTCH K IIOCJIEI0BATEIHLHOMY De-
IIEHUIO JIBYX KpaeBbixX 3ajad. CHauasa pemaerca 3agada Crokca (1) myrst uy u p, a 3aTem
[pU HAJIEHHOM JIABJIEHUU P U3 pellieHns 3a1aqu (1) ompeessieTcsi CKOPOCTh Uy KakK pe-
MIECHNE 331491

Au, = F, diVU_Q:OBRi, uls =0, tne F = (Vp—pf). (3)

Jpyrumu cioBamu, JaBjeHHe p IIepeHOpMEUpPYyeT MaccoByio cuiy f um mose ckopocTn
Uy 4dBJIFETCA COJIEHOHJaJIbHBIM DpEHICHUEM KpaeBOﬁ 3ada491 Jidd BEKTOPHOI'O YpPpaBHEHUA
[Iyaccona. B cramumonapHom ciydae, KOrja UMeeT MeCTO paBHOBecue a3 10 JIaBJIEHUIO

1
V2
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M JINCCUIIAINS SHEPTHU TIPOUCXOJUT TOJBKO 3a CUeT BA3KocTel (a3, cucreMa ypaBHEHHI
(1)-(2) okaswiBaerca mepeonpesenentoil [2]. B orpanmiennoit obmactn Q C R? cucrema
(1)-(2) ¢ HEOMHOPOIHBIMI YCIIOBUSAME PACCMATPHBAIACE B [3].

st kparkocrn o6osratnm X = V§(R2), M = Ly(R?%), X* — conpsizKeHHOE IIPOCTpaH-
crw0 A mpoerparcrsa X ¢ wopsaon |- = [z - = 1oz -llx- = 112
U 1ycTh < -, - > O3HaYaeT OTHOIIeHUe JBoiicTBeHHOCTH MexK Ly dsemenTamu X* u X. Cu-
crema (11)

l/lAlll — Vp = —fl, diVLll =0 B Ri_, U1|S = 0, (11)

SIBJII€TCS CTAIMOHAPHO 3a/1a4ueit CToKca JBUXKEHUS BA3KON HECXKMMAEMON YKUJIKOCTH B
nostymiockoctu R? , rue f; = pf. B kauecrse ee 060611eHHOM OCTAHOBKY IIPUMEM LIIPOKO
PACIIPOCTPAHEHHYIO CMEIIAHHYI0 (POPMYJIUPOBKY B UCXO/IHBIX TIEPEMEHHBIX: JIJIs 38/ [AHHOMN
f; € X* tpebyerca naiitn BekTop-dyHKnuio u; € X u byuxnuio p € M, yI0BIeTBOPIIO-
e paBEeHCTBAM

al(ulav) + bl(vap) =< f17V > Vv e X7 (12)
bl(u17Q>:O quMa
U OIlEHKe
i1 g2 + [[Pllorz < Cllfi]l-1p2, (13)

rie ounaeiinbe popmbr ai(, ) : X X X = R u by(+,-) : X x M — R onpejenstores Kak

ai(u,v) =v1(Vu,Vv) =1 Z (

ij=1

3ui 81]1'

8_%7 (91;]-

), Vu,v € X,

bi(v,q) = —(q,divv) Vv e X, Vg e M.

O603HauNM Uepes V(Ri) 3aMKHYyTOe noanpocrpancteo B V§(R2), onpenensienoe kak
V(R?) = {v € VE(R?) : divy = 0}.

Xeitsynom noxazano [8, Teopenma 9], uro V(R?) = V(R?).

Teopema. /liis 3amaan Crokca (11) cymecTByer enHCTBEHHOE 0000IIEHHOE PEIeHne
(w1, p) € V§(RY) x Ly(IR?) kak pemenne cucremsr (12) ¢ onenkoit (13).

Terteps mepeiieM K pacCMOTPEHUIO BTOPOI CUCTEMBI YPABHEHUH OTHOCUTETHHO CKOPO-
CTHU Uy BTOPOH (has3bl KUJKOCTHU C YK€ U3BECTHBIM JlaBjieHueM p € M.

AHQ = fg, diVllQ =0 B ]R?H UQ|5 = O, (18)

rie £, = vy ' (Vp—1). Jnst p € M = Ly(R2) rpasuent Vp ecTb JMHeHbI HeIPePbIBHbL
dbyrkumonan wag npocrpancreom X = V§(R2), o ects Vp € X* = V71(R2).
Jlemma. CripaseiinBo HepaBeHCTBO

[pllorz < KHVPHA,R& Vp e M,

rae K > 0 —mocTosHHAas.
Pa6ora seimosnena npu dbunancosoit nomaep:kke PODU (rpant No. 21-51-15002).
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O06o06111eHe Tpou3BOIHLIX ['FOHTEpa HA CJIy4ail JIUMIIUIEBLIX obJiacTeii

Bengamm A.!, Topabe C.2, Bosukos FO.M.?
Yuusepcuret . Tymy3ssl, Tynysa, @panrus;
Yuusepcuret 1. [lo, [lo, ®pannus;
WNucturyr rugpomnnavukn um. M.A. JlaBpearbeBa CO PAH, Hosocubupck, Poccust;
yumvol@omzg.sscc.ru

B naunoit pabore ompejessiercs mpousBojHoe ['foHTepa /I JIUIIUIEBBIX 00/1acTeil,
T.e. s obsacreit Kiacca CUl. D10 mossosmT 0600IIEHNE paHee MOTyUeHHBIX Pe3yilb-
TATOB Ha O0JIACTH YaCTO BCTpedarolieiicss B NMPUKJIAIHBIX 3ajadax reomerpueii. Bosee
TOTr'0, OIpeJie/IeHHbIE TaKUM 00pa30M IIPOU3BOIHBIE ['FOHTEpa MOXKHO HCIIOJIB30BaTh s
AIMTPOKCUMAITIN TPUMEHSAEMbIX B METO/Ie TPAHIMYHBIX KOEYHBIX 9JIEMEHTOB OIIEPATOPOB Ha-
MPSKEeHNsI, COOTBETCTBYIONINX MMOTEHITUAY ITPOCTOTO CJI0F M MTOTEHITUAY JTBOIHOTO CJI0sI
cucteMbl ypaBHenuit Jlam n cucTeMbl BOJHOBBIX ypPaBHEHUI T€OPUU YIIPYTOCTH.

B norennuanax Teopun ynpyroctu Impou3BojiHble ['lonTepa cojiepKarcs B BUJE KOM-
nonerr M

ij
dyukmmio u:

(1,7 = 1,2, 3) xKococummerpuanoit marpuisr M ™| neiicTsyromeit na BeKTop-

3
(MOu), =3 My, (i=1,2,3),
j=1

rie (M (”)u)i uu; (j =1,2,3) - KOMIIOHEHTBI BeKTOPOB M Mu u u coorsercrrenno. B
[5] sTa Marpuia HasbiBaercs npousBoaHbiMu ['oHTEpa B MaTpuuHoil dopme. B ganHOM
pabore Gymem HasbBaTh M ™Mu Marpunmeit mponssonex ['oHTEpA.

Marpurma npon3BogabIX ['ToHTEpa MOPOXKIAET Pa3IMIHbIEe OIIEPATOPHI, UMEIOITIe pa3-
JIMYHBIE IIpeJicTaBIeHNus. Vlcronp30Banne 3TUX OIEePaTOPOB MO3BOJNJIO PA3BUTh TEOPHUIO
[TOBEPXHOCTHBIX MMOTEHINAJIOB ypaBHeHMil JlamMe B cTaTmdecKnx 3ajladax TE€OPUU YIIPYTO-
cru [4-7], a Tak:ke paszpaboTaTh aJrOPUTMbI IPEIOOYCIOBIMBAHAS B METO/E TPAHUIHBIX
9JIEMEHTOB PEIleHns 3a/1a4 PACCeMBaHUs yIPYIUX BOJIH [§].

CupasejiuBa cjiejlyionast JeMMa, Jokasannas B [3] Tobko s obiacreit kiacca C'H*
0 < a <1 6oJiee CIOKHBIM CIIOCOOOM.

Jlemma. g dyukimit u, v € Cclomp(R?’) crpaBenBa GopMyJia UHTETPUPOBAHUS 110
qacTIM

/vMi(jn)uds:/ uMZ-(j")vds.
20 0
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Culeyioniee yTBepzKIeHue BbIpaskaeT ONTUMAJIbLHBIE CBOHCTBA OTOOPaYKEHUsI OlepPaTO-
pa Ipou3BOIHBIX ['ToHTEpA.

Teopema. Ilycts 2 — orpannyenHas JUIIuUIEBa 061acThb. Tora MpoIo/zKeHe Ipo-
uzBoHOI [fonTepa Mi(;l) Ha npoctparctso H*(00), rne (0 < s < 1), saBisgercst orpaHu-
YeHHBIM JIMHEHBIM orepaTopoM, jelicteytomeit uz H*(9Q) 8 H*~1(99).

CnencrBue 1. 113 reopembl 1 cjieryer, 9To TAaHNEHIAJBHBII BEKTOP ITOBOPOTA, SIBJISAET-
Csl OPPAHUYIEHHBIM JIMHEHHBIM OTlepaTopoM U — Vg - u X n, jeiictByomuM u3 H*(0€2) B
H*1(0Q; C3) nna 0 < s < 1. CresioBaTesibHO, oniepaTop U — Vg« U X N TAKIKe sIBJISETC
OTrpaHUYEHHBIM ONepaTopoM, Jeficteytomum u3 H*(0Q; C3) 8 H~1(0Q) nna 0 < s < 1.

Cnencrue 2. Marpuia mpomssoaubix ['orrepa M (™ omnpenenser orpanmdeHHbIi
JMHeitHbI oneparop, jeiicteyromuit uz H*(0Q; C3) 8 H1(0;C3) qa 0 < s < 1, co
CJIEJLYIOIIM CBOMCTBOM CUMMETDPUN:

(v, M(n)u>1_5739 = (u, M(")v>5739, uc H(0Q;C%), veHT0Q;C%.

Bameuanwue. /[poiicrBennoe npoussenenne H* (0 u H*(02) obbrano 0603HaATACTCS
qepes (L, v)s oo gl € H*(0Q) u v € H*(0N). Takoe oboznotuenne y00HO0 HCIOIB30Ba-
aTh IIPU UCCJICJIOBAHAU MOTEHIIAAJIA IIPOCTOTO CJIOS B TEOPHH PACIHPOCTPAHCHUS YIPYTHX
BOJIH.

Pa6ora seimosnena npu dbunancosoit nopaep:kke POOU (rpant No. 21-51-15002).
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IIpeakoMnaKTHOE MPOCTPAHCTBO M €r0 TUNEPIIPOCTPAHCTBO

Bemmmos P.B.!, Cadaposa /I.T.?

Hanumonasbubrit YHuBepcuTer Y30ekucrana, TamrkeHT, Y30eKucraHn
Irbeshimov@mail.ru; 2safarova.dilnora87@mail.ru

B s10it pabore m3ydeHbl HEKOTOPDLIE TOIMOJOIMYECKHE CBOWCTBA PABHOMEDPHDLIX IIPO-
CTPAHCTB ¥ UX PUIEPIIPOCTPAHCTB. YCTAHOBJIEHO, YTO paBHOMEpHOe mpoctpancTso (X, U)
SIBJISIETCSI PABHOMEPHO IIPEIKOMIIAKTHBIM TOIJIa U TOJIBKO TOrMa, Korja (exp, X, exp,.U)
PaBHOMEPHO IIPEJIKOMITAKTHO.
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Onpenenenne 1 [1]. [Iycrs X — memycroe mHOKecTBO. CeMeiicTBO U TOKPBITHIT MHO-

skecTBa X HA3BIBAETCS PABHOMEPHOCTBIO Ha X, €C/IU BBIMOJHAIOTCS YCJIOBUS:

(P1) Eciin o« € U m «v BrimcaHo B HEKOTOPOE MOKphITHE 3 MHOXKecTBa X, TO [ € U.

(P2) Hns mobbix ap € U, g € U cymecrByer o € U, KOTOpOe BIMCAHO U B (v, U B (g,
(P3) Hus smoboro « € U cymectyer 3 € U, CUIBLHO 3BE3/IHO BIUCAHHOE B (V.

(P4) st siio6oit napsl z, y pa3iandHbiX ToYek X CyIIecTBYeT Takoe & € U, 9T0 HU OJMH
9JIEMEHT (v He COJIEPXKUT OJIHOBPEMEHHO X W .

CewmeiicTBo U cocrosiimasi n3 MHOXKeCTBa X , yoBiaeTBopsiomniero yeaosusim (P1)-(P4),
Ha3bIBaeTCs paBHOMEpPHOCTHIO Ha X ; a mapa (X, U) — paBHOMEPHBIM IIPOCTPAHCTBOM.

Pasromeproe mpoctpancTBo (X, U) HasbiBaeTCsi KOMIIAKTOM, €CJH MHOXKeCTBO X ¢
TOMOJIOTHEll, MH/YIIMPOBAHHON PABHOMEPHOCTHIO U, €CTh KOMIAKT [2].

[Tycrs (X, U) — paBHOMEpPHOE MPOCTPAHCTBO, & €Xp X — MHOXKECTBO BCEX HEIYCTHIX
3aMKHYTBIX [OJAMHOXKeCTB mpoctpancTsa (X, 1,). s kaxmoro a € U monoxum P (o) =
{{o/): &/ Ca},rue (/) ={F€expX: FCUd} u FNA#( nna kaxgoro A € .

IIpennoxenue 2 [1]|. Eciu B — 6a3a pasaomepnoro npocrpanctsa (X, U), To P (B) =
{P (a) : a € B} obpasyer 6a3y mHekoTopoii paBHoMepHOCTH eXpU Ha exp X .

Pasromepnoe mpoctpancTBo (exp X, expl) Ha3bIBaeTCsl TUIIEPIPOCTPAHCTBOM 3a-
MKHYTBIX IIOJIMHOKECTB paBHOMepHOTo mnpoctpancTsa (X, U), a paBHOMEpHOCTH explU
— paBHOMepHOCTBHIO Xayciaopda Ha exp X.

[TeceBnopaBHoMepHOe ipocTpancTBo (X, U) Ha3bIBAETCsI TPEIKOMIIAKTHBIM, €CJIU [1CEB-
JIOpaBHOMEPHOCTh U uMeeT 6a3y B, COCTOAIILYI0 U3 KOHEUHBIX MOKPbITHIA [1].

Teopema 1. Pasnomepnoe mpocrpanctso (X, U) TpeIKOMIAKTHO TOT/A W TOJBLKO
TOIJIa, KOI/Ia PABHOMEPHOE MPOCTPAHCTBO (exp, X, exp,.U) mpeIKOMIAKTHO.

Pasromepnoe npocrpanctso (X, U) Ha3BIBAETCSI PABHOMEPHO JIOKAJIBHO KOMITAKTHBIM,
eCJI CYIIECTBYeT MOKPBITHE v € U, cOCTOsAIIee 13 KOMIAKTHBIX MOJIMHOXKECTB [1].

Teopema 2. Ilycrb paBrHOMepHOE pocTpancTBO (X, U) pABHOMEPHO JIOKAJIBHO KOM-
nakTHO. Torma paBHOMepHOE TpocTpaHcTBO (exp, X, exp,U) TokKe PAaBHOMEDPHO JIOKAJIbHO
KOMITAKTHO.
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IIpuHIn KBa3MMHBAPUAHTHOCTY HEABTOHOMHOI CHUCTEMBI B IUJIWHAPUIECKOM
dazoBOM mpocTpaHCcTBe

Bypanos 2K.H.!, Xycanos . X.2

Axanemuaecknii et Taml TV um. Y. Kapumona, TamkenT, Y30ekucraH,
juventus88.60.94@mail.ru;
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UccnenoBanue cBOMCTB yCTORINBOCTU CUCTEMBI T dDepeHInaIbHbIX YPABHEHUN B 111~
JMHAPUIECKOM (Da30BOM TIPOCTPAHCTBE MMEET DsiJ BaxKHBIX ocobennocteit [1]. B nanuoit
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paboTte mpejicTaBieHa MOAU(UKAIIS U3BECTHON TeOpeMbl O IPEIeIbHOM ITOBEIEHUN pe-
IIIeHUII TaKOW CUCTEMBI.
Pacemorpum cucremy mudpdepennnaabHbIX ypaBHEHMI

&= X(ta), X(t0)=0 (1)

e v € R, X(t,z) = (X1(t,x), Xo(t,x), ..., X,(t,2))T (unmeke T o3HavaeT TpaHcHoOHH-
poBanue), Bemectennble dbyHxmn X;(t, ), ¢ = 1,2,...,n onpe/iejieHbl U HEIPEPHIBHBI B
obiactu R X R™ u yJa0BJIETBOPSIOT B 9TOH 06JIaCTU CJIEYIONEMY YCJIOBHUIO: IEPEMEHHY IO
x moxno paspents 1 = (yI,2T), y € R™, 2 € R*, m + s = n, tak uro byHKIUA
X (t, x) aBasiercs 27-1ePUOANIECKON 110 epeMennoit z, T.e. X (t,y, 2+ 27l;) = X(t,y, 2),
(z4271;) = (21,29, - -, 2j—1, 25 + 2T, Zj41, .-, 25), § = 1,2, ..., 8.

Takum obpasom, pemenusi cuctembl (1) MOXKHO paccMaTpUBATH B IUJIMHIPUIECKOM
dazosom npocrpancrse R X R™ x P5, PP ={z€ R*: —n <z <m, j=12,...,5).

Byjiem nostarath takxke, 9ro (GyHKug X yIOBIeTBOPAET yCJoBUIO Jlummmurma no x €
{y € R : |ly|| £ H = const > 0} x P® paBHomepro ornocuresnbho t € R (||y|| ects
HEKOTOpas HopMa BekTopa y € R™, ||z|| ects mopma BekTopa z € R*, ||z|| = ||y|| + ||2]])-

[Tpu sTOM TIpenoIoKeHnn TakzKe cemeiicro capuros { X, (t,x) = X (t+71,z), 7 € R}
SIBJISIETCsI TIPEJIKOMIIAKTHBIM B HEKOTOPOM KOMIIAKTHOM METPHYECKOM MPOCTPaHCTBE |2,
u Jyist cucteMbl (1) MOKHO TIOCTPOUTDH CeMEeiCTBO MpeJIe/IbHbIX crucTeM [2]

t

T=X"(t,z), X*(t,z) = di lim [ X;(r,z)dr, X;(1,2) = X(t; + 7, 2) (2)
j—o0
0

OIIpe/JIENISIEMbIX II0CJIEI0BATE/ILHOCTAMHE t; — +00 u (t,2) € RT X R™ x P*.

Bregem kiaccwl dymrkimit: K — Kimace BekTopubix dbynxmait V = (V1 V2 . VKT
V:Rx R"— RF V(t,0) = 0, nepmommaecKux 1o 2z;, i = 1,2,...,5 ¢ Iepuojom 27,
V(t,y,z+2rl;) = V(t,y,2), j = 1,2,...,s, ABISIONUXCS OIPAHNYEHHBIME U PABHO-

MEPHO HelpepbIBHbIMU Ha MHOKecTBe R X K1 X P* rie K1 = {y € R™: ||y|| < H; > 0};
Ky — xnace BekTopubix dbynknuit U : R x RF — R orpanmyenHbIx 1 paBHOMEPHO Helpe-
poiBHBIX Ha MHOKecTBe Ko = {u € R* : |[u|| < Hy > 0}, u K3 — K1acc BeKTOpHBIX
bynkimit W : R x R™ x P* x R¥ — RF, orpann4enHbIX # paBHOMEPHO HEIPEPBIBHBLIX Ha,
muokecTBe R X K1 X P* x K.

[Tycrs s cucremst (1) Haitnercs venpepbiBrao nuddepennupyemas dbyukrus V€ Ky,
[POU3BO/IHAsI KOTOPOH B CUJLy 9TOi CHCTEMBI IpejicTaBuMa B Brje |3,4]

Vit,z) = Ut V(t,2) + W(t,z, V(t,z)), Ult0)=0, W(t0,0)=0 (3)

riae dyuknua U = U(t,u) npunayexur kiaaccy Ko u sBIIsleTcsi KBA3UMOHOTOHHON 1
renpepbisao auddepernupyemoit o u € R¥, OU/Ou € Ko, bynxmma W = W (t, x,u)
npuHaIekuT Kiaccy Ks, m umeer mecro nepasenctBo W (t,z,u) < 0 mia JroObx
(t,z,u) € R x S, x RF.

U3 pasencra (3) ciemayer, uro dyukius V (¢, z) sBisercss BeKTop-QyHKIMEH cpaBHe-
HUS, & CHUCTEMa

uw=U(t,u) (4)

ABJISIETCA CUCTEMOM CpaBHEHHA C COOTBETCTBYIOIIUM ceMericTBOM Ipeae/IbHbIX CUCTEM.
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[pemosioskum, 9To st roboro xKommaxTa Ky = {u € R* . ||u|| < Hy} cymecTsyior
qucsta M(Ks) n a(Ky), Takue, aro marpuria & = du(t, tg, ug)/Oug st 106sIx (t, ty, ug) €
R™ x R™ x K, ynoBieTBOpsieT yCIOBUSM

H@(t,to,’do)“ < M(KQ), det@(t,to,uo)a(Kg) >0 (5>

Vmeer MecTo cieyiomas TeopemMa O JIOKAJIU3AIUN HOJOXKUTENILHOIO MIPeIeJbHOIO
mHO)KecTBa w (2(t, g, To)) pemtenus cucrempr (1).

Teopema. /lomycrum, aro st cucremsl (1) Hafiercs BekTopHast dyHKius JIgmyHnosa
V' € Ky, mpousBojiHas KOTOPOii yI0BJIETBOPSIeT paBeHCTBY (3), U Takasi, 9To

1) [|[V(t,y,2)|| — oo paBromepno 1o (t,z) € RT x R® upn ||y|| — oo; ||V (t,y, 2)|| <
m(H) ¥(t,9,2) € R* % {y - ]| < H} x P*

2) periernst cucreMbl cpaBHeHus (4) ymosiaerBopstor ycsiosuio (5);

3) pemenue x(t, ty, o) cucremsl (1) orpanndeHo HEKOTOPbIM KoMmmakToM K C R™ jjist
Bcex titg

4) perenne u(t,ty, V) cucrembr cpasuenus (4), rne Vo = V(ty, zg) orpanudeno npu
Bcex ttg.

Torya w™ C M, rme M — MakcuMajbHOE KBABUUHBAPUAHTHOE TIOJMHOKECTBO MHOYKE-
crea {W*(t,z,u*(t)) = 0}, rme u*(t) — pemienne HEKOTOPON IPEEIBHOM CHCTEMBI CPaB-
HeHUsI.

[Mostyuennast TeopeMa pasBuBaeT pesy/abrarbl padbor [1,3,4] o yokanuzanuu nomoxu-
TEJIBHOIO IPEJIEJLHOIO MHOYKECTBA PEIeHNs KaK aBTOHOMHOI, TaK ¥ HEeaBTOHOMHOI CH-
CTEMBI.
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B rnammoit pabore mpuBegcHa KaacCU(UKAIMA PA3PENIUMBIX N-JUEBBIX — aredop
C MaKCHMAaJbHBIM €CTeCTBEHHBIM 00pa3oM TpaJynpOBaHHBIM (MUINMOOPMHBIM THIIO-
HIJIBIIOTEHTHBIM HJI€AJIOM.

B pa6ote [1]| mosyuens Bce paspermnmble 3-meBble aarebpsl ¢ m-MepHoit dhuindopm-
HoOIt 3-7meBoit airebpoit N (m > 5) KaK MaKCAMaJIbHBIM I'MIO-HUAJIBIIOTEHTHBIM HJICAJIOM,
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U JIOKa3aHo, UYTO m-MepHas dpuandopmuas 3-aueBad aaredpa N He MOKeT ObITH HUJIbPa-
JIMKAJIOM Pa3permMoil He HUJIBIIOTEHTHOH 3-meBoil aiarebpsl. HekoTopbie Kitacchr paspe-
MUMBIX aJredp JIn HermocpemncTBEHHO MOJyYeHBI C MOMOMIBIO OJHOMEDPHOTO PAaCIINpPEHUs
ayiredp JIu Ha 3-meBble aJredphI.

OmpesiesiuM TOHATHST N-JTHEBOI areOpel. BekTopHoe mpocTpancTtBo A Haj mosem
F' nazbiBaercs n-jmeBoii ajareOpoii, ecjin CyIIEeCTBYeT n-apHas MOJUINHEHAs Ooleparus
[—, —, ..., —], YIOBJIETBODSIOIMASsT CJICTYIOMNM TOXKICCTBAM

[371, Ty ... ,IEn] = (_1)sign(a) [:Ea(l)a Tg(2)y - axa(n)]a (1)

n

(21, xn] Yo, oy yn] = Z[xl, T, [T Yoy e Ynly Tiads ey T (2)
i=1
rjae o € S,, a uncio sign(o) pasao 0 win 1, B 3aBUCUMOCTH OT Y€THOCTU W HEYETHOCTU
[IEPECTAHOBKHU O, COOTBETCTBEHHO.

Ompepenenne 1. Ilycte A — n-muesas anrebpa. Ilogupocrpancrso B B A HasbiBa-
eTcss n-meBoii mogasrebpoit, ecam [B, B, ..., B] C B. Ilognpocrpancrso I anrebpsr A
HasbIBaeTcs ujeasoM, ecau [[, A, ... Al C I.

Ecmu [I,1,A, ..., Al =0, to I HasbiBaercs abeseBoM uieasoMm. Ajrebpa A Ha3bIBAETCS
npocroii, ecin A e abeneBa m.e. [A A, ..., A] # 0, u oHa He WMeeT HETPHUBUAILHBIX
UJIEAJIOB.

s mpoussosbHOro uieasa I aaredpbl A onpene/nM, COOTBETCTBEHHO, HUMKHUIA 1eH-
TpaJIbHBINA U IPOU3BOIHDIA PSIIBL:

I'=1, I"'=[I*1,A, ... A], k>1,

IO = 6+ = [[(s)’[(s)7A’ A s> 1.

Omnpenenenne 2. Wnean I HasbiBaeTCsa pa3pelInMbIM €CJIM CYIIECTBYET HATYPaJbHOEe
apcsio 1 takoe, ato ) = 0. Anre6pa A Ha3bIBAeTCS Pa3PEIINMON N-THEBOH areGpoit
ecim A = 0 st mekoToporo 7 € N.

AHaIoruvIHO, Onpees MM MOHATHE HUJIBIIOTEHTHOCTH JIJIs UJIeasia N-JIueBOil ajredpbl
A u camoit anredpoii.

Onpenenenne 3. Uean [ Ha3biBaeTCss HUIBIIOTEHTHBIM, ecii I™ = () JIJT HEKOTOPOTO
r € N. Ecomn, [ = A, to A Ha3bIBaeTCsl HUIBIIOTEHTHOM! Nn-JINE€BOIT aarebpoii.

[Iycts A — n-nueBast anrebpa, I ee mieast. Ecim Mbl paccMOTpuM JAHHON Hea Kak
[IOAAJIN€OPHI ¥ M3ydaeM HUJIBIIOTEHTHOCTD KaK ajaredpa OHO OTJIMIAeTCs HIIBIIOTEHTHOCTH
Kak ujeasa. [loromy, 910 eciu s HUIBIOTEHTHOCTU Ujeasa [, HUKHUN TEeHTPATbHbII
pas onpenensiercs kKak I¥ = [I¥1 1 A ... A] a nia nonanre6psl I oHo onpejiensercs
kax [* = [I*11,1,...,1]. llostomy myean n-iueBoit anre6pbl A MOKeT OBITH HUJIBIIO-
TEHTHOW Toaare0poil, HO He SBJISIeTCS HUJIBIIOTEHTHBIM ujaeasoM. Hajgo orMeTuTh, 9TO
9TO CBOWCTBO OTJIMYAETCsI OT CBOWCTBa ajiredp Jlu, T.e. mpm n = 2 MOHATHE HUIBIIOTEHT-
HOCTBb HJeajia U MoJaaredphbl coBnaaaroT. /lajee, MbI pacCMOTPUM HMEHHO TaKHUe HJ1ea-
JIBI M-JINEBBIX aJIrebp, KOTOPbIE SIBJISIETCS HUJIBIIOTEHTHON OJa/redpoii, HO He sIBJIAETCS
HUJIBIIOTEHTHBIM UJIEAJIOM.

Onpeaenenne 4. Ilyctb A—n-nueBas anrebpa u I umean A. Ecaun I HEIBIOTEHT-
Has Toja/redpa, HO HE HUJIBIIOTEHTHBIN ujeas, T0 I Ha3bIBAETCsS TUIIO-HUJIBIIOTEHTHBIM
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nacaJioM A ECJ'H/I [ HE dBJIAETCA CO6CTB€HHBH\J IIOJAMHOXKECTBOM HUKaKOI'O JPYyroro ruio-
HUJIBIIOTEHTHOI'O maeaJia, TO I Ha3bIBaCTCA MaKCHUMaJILHBIM I'MIIO-HUJIBIIOTCHTHLIM HJICa-
oM A.

Hano ormeruTh, 9T0 CyMMa JABYX HUJIBIIOTEHTHBIX HIEAI0OB ABJSETCH HIIBIIOTEHTHBIM
ujieasioM [2|, HO JijIst TUIIO-HUJIBIIOTEHTHBIX MJIEAI0B 9TO CBOWCTBO BOOOIIE TOBOPS HE BEP-
no. Hampumep, ciemyromuii mpuMep MOKa3bIBaET, YTO CyMMa JIBYX I'MIIO-HUJIBIIOTEHTHBIX
naeaJsioB MOKET He 6I)ITI) T'UIIO0-HNJIBIIOTEHTHBLIM.

ITpumep.|1| [Tycrs A — 6-mepHas 4-smeBast anrebpa nas nojgeM C u mycthb ee Tabsuia
yMHOXKeHHsI B 6asuce {eq,es, ..., €q} 3a/1aHa CIeAYIOMUM 06pa3oM:

[ela €4, €5, 66] =€ -+ ey, « 7£ 07
[62a €4, €5, 66] = €2 + Qacs,

[63,64,65766] = €3.

[Monoxkum I; = span{ey,es, es,eq,e6} u Iy = span{ey,es, es, es,e6}. Herpynno mpose-
put, uro I; u Iy SIBJISIIOTCS TUIIO-HUIBIIOTEHTHBIMU ujeaiamu A, tak kax [I1, I, I1, ;] =
[-[2a I?a -[27 -[2] — 0 u

]f+1 = [ f7II7A7A] = {61762763}7 ]§+1 = [ 25712714;A] = {61,62,63}

IIpu stom maean I; + I, = A He gBidercd HUIBIOTEHBIM, TaK Kak ATl =
(A5, A, A, A] = span{eq, e, e3}.

[Tycts NGF . m-MepHast duindopMHas n-jmesas ajarebpa, rje npousseieHns oa-
3UCHBIX BEKTOPOB {€1, g, . .., €, } 3aaercst popmyioii:

NGFn:le1,e2,... 6n-1,¢)] =€j41, n<j<m-—1.

Jlanee npuBegaeM KiaaccuUKAINIO Pa3pelinMbIX N-JIUEBbIX ajredp ¢ MaKCUMaJIbHBIM
[UIO-HUIBIOTEHTHBIM ujteasoM NGF,, .

[Iycts R — n—nmeBas paspeniuMas ajaredpa ¢ MAKCUMAJIbLHBIM TUIIO-HUIBIOTEHTHBIM
uieanom NGF,, ,. Torpa BeKTOpHOE HPOCTPAHCTBO R MOXKHO HPEJICTABHTH KaK HPSAMYIO
cymma nojupocrpancts NGF,, , u @ cienytomum obpasom R = NGF,,, ® Q, e
dAmNGF,,,, = m, u  — JOLOJHSIONEe OAIPOCTPAHCTBO. BepHa ciieyiomnas Teope-
Ma.

Teopema 1. Ilycte R — (m + 2)-MepHasi paspentuMasi n-jimeBas aaredpa ¢ MaKch-
MaJIbHBIM HIO-HUJIBIIOTEHTHBIM njeasoM NGF,, ,, 1.e. dim Q = 2. Torzua B R cymecTBy-
er 6asuc {x,y,e1,es,...,e,} Takoil, uro Tabimia ymMHOXKeHHsT R B 9TOM 6asmce mmeer
CJICAYIOIINI BUJI:

le1,€2. .., €n 1,6] = €41, n<i<m-—1,
[%61762; ceey En—2, 6n-1] = €n-1,

RNGF ) : [T,e1,€2,...,en 0,6]=(i—n)e;, n+1<i<m,
[y7617627"'7en7276i] = €4, nSZva

(BCe OCTaJIbHBIE Tl-apHbIE IIPOU3BE/ICHUEC 0a3UCHBIX 3JIEMEHTOB PaBHDbI HyJIIO)
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YeTpipexMepHbIe ajJaredpbl NOPOXKJAeHHbIEe KBaAPATUYHBIMUA CTOXaCTUYE€CKUMU
omepaTopaMu

lanuxonxkaes H. H.!, Tycmyponosa I'. X.2
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ycrs S™' = {& = (@1,29,...,2,) € R* : @y > 0,20 & = 1} — (n — 1)- mMepHblit
cumriuiexc. [Ipeobpasosanme V : S~ — §(n=1)

(VX)k =D Pyrwiz
ij=1
rie

n
Py >0, Pyji = Piix > Pix =1,
k=1

HA3BIBAETCS KBAJPATUIHBIM CTOXACTHIECKAM OIepaTopoM (Kco). Asrebpa MOpoXKIeHHAas
KCO - 9T0 anrebpa A HaJi 1oJeM JeficTBUTebHBIX drces ¢ baszucoM {aj, as, ..., a, u Tabin-
el yMHOXKEeHU S

a;t; = Z [’ij7kak.
k=1
Jlng n = 4 paccMOTPHUM CeMeiicTBO OIepaTopoB
33/1 = 22 4 202179 + 267125 + 2y11 74
x; = 23 4+ 2(1 — @) x175 + 202175 + 25701y
Ty = 22+ 2(1 — B)xy20 + 2(1 — 8)woz3 + 2\T314
2, = 224 2(1 — y)zyxy + 2(1 — &)zazy + 2(1 — N)aszy

a,,7,0,e,A € {0,1}. B sroii pabore ciemyst [1,2] Mbr usygaem anrebpbl ¢ 6azmcom
€1, €, €3, €4 U CJCJyIONell TabIuIell yMHOKCHI

€1 €1 €1 €1
e1 el ae; + (1 —a)ey | Ber + (1 — Pes | ver + (1 —v)ey
er | aer + (1 —a)ey €9 dea+ (1 —0d)es | eea+ (1 —e)ey
es | fer+ (1 —PB)es | dea + (1 —d)es es Aep 4+ (1 —Ney
eq | ver+ (1 —)es | cea+ (1 —c)eg | Aes+ (1 — Ney €4

U BBISICHUM IIPH KaKWUX 3HaUeHusX «, ,7,d,e, A € {0,1} coorBercrBytoias airebpa Oy-
Jer acconuaTuBHON. TakzKe MBI IPOBEPUM IIPU KaKWX 3HAYCHUSX «, [3,7,d,, A € {0,1}
COOTBETCTBYIOIIAs ajaredpa Oy/IeT YacTUIHO 0OPATUMOII.
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Jlana xapakTepusaliisg PaBHOMEPHO BBIYUCIMMO OTIEJMMBIX aJiredp ¢ 3pHeKTuBHO
PACIIEIIIEMBIMI CeMeCTBAMU HETATUBHBIX KOHI'PYIHIINI U PACCMOTPEHBI OJIN3KHE BO-
ITPOCHL.

KuaroueBbie ciioBa: HymepoBanubie aaredOpbl 1 MOPGU3MBI, BBITUCIUMO OTJIETHMbIE
HyMEpAaIlu, PABHOMEPHOCTD, 3P HEeKTUBHAS PACIIEILISIEMOCTh, TOJIYIIPO/LyKTUBHOCTD.

Bsenenue

C meorpeiesisiemsaMu 6a30BaMU MOHATUAME MOYKHO O3HAKOMUThC B [1,2,3,4].

AsrropuTMutdecKuM mpejicTaBieHneM (HyMepaieii) yHuBepcasabHOi aaredpbr A ad-
(PEKTUBHOI CUTHATYPHI X HA3BIBACTCA BCAKOE OTOOpaKEHUE U M3 MHOXKECTBA HATYPaJIb-
HBIX 9nces w Ha A Takoe, 9T0 JI00ast L-Omepanus ¢ MO/JIEPKUBAETCA Ha W TOIXOIATIEH
BBIYUCIUMOI (DyHKIMENR f, B CMbIC/IE KOMMYTATUBHOUYTH JUarpaMmbl: ovx = v f,x. -
pPOM HyMepalnuu v HasbiBaercs MHOxkecTBO ker(v) = {(x,y)|ve = vy}, a Tpancsepcasibio
— muoxecTBo tr(v) = {z|Vy(ve = vy = = < y)}.

[TousiTie paBHOMEPHO BBIYHCJINMO OTIE/JIUMOI ajredpbl, €cTeCTBEHHOe caMo 110 cebe,
0Ka3aJ10Ch TOJIE3HBIM JIJIs PEIIeHnsT Psijia 3a/1a9 KaK B TEOPUN BBITUCIMMBIX MOJIEIel, TaKk
U B Teopernyeckoii madopmaruke (M. 0630p [4]).

Ounpepnesienne 1. Ayirebpa A HasbiBaeTcst BBIYUCIUMO (TIO3UTUBHO, HETATUBHO) TIPE/I-
CTABUMOIi, €CJIN CYIIEeCTBYET ee HyMepallis ¢ Pa3pentuMbiM ([epedncJimMbiM, KOIIEPEInc-
JIAMBIN) SIZIPOM.

Onpepnenenne 2. HymepoBanHnast ajre6pa (A, V) Ha3bIBaeTCst BBIYUCIUMO OTJIEJIUMOI,
€CJIN BCdKas Iapa Pas3IudHbIX €€ 3JEMEHTOB OTJE/IAeTCS HOAXOIAIINM V-BbIUUCIUMBIM
MHO?KECTBOM.

Crenytomas Teopema urpaet GpyHIaAMEHTATbHYIO POJIb B TEOPUU BBIUUCTUMO OT/IE/IH-
MBIX aJIreop:

Teopema o HeraruBHOU annpokcumupyemoctu ([4]). Hymeposannas anrebpa
BBIYUCIUMO OTJEJINMa, TOIIA M TOJBKO TOIJIa, KOIIa oHa 3(MEKTUBHO aIllllPOKCUMUPYETCS
HEraTUBHBIMU aJreOpaMu.

Taxum 06pa3oM, B paMKax CTPYKTYPHOI T€OpUN BBITUCIIMO OTIETMMBIX aaredp Hera-
TUBHBIE aJIre€OPBI OINPEJIE/IAIOT KJIacC 00bEKTOB, U3 KOTOPBIX CTPOATCA BCE BBITUCIUMO
oTeMMble anredpbl (Kak MOJXO/IAIINe TIO/IIPAMbIE TIPOU3BEICHNUSI ).

C TouKM 3peHusT MPUIOKEHUN BaXKHEHINN M0JIKJIACC KJIACCA BBITUCIMMO OTJIEIUMBIX
ajredp oOPa3yrT paBHOMEPHO BBIUUCIUMO OTIEIUMbIE aJTreOphI.
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Onpenenenne 3. Hymeposanuas anrebpa (A, v) HasblBaeTCsl pABHOMEPHO BBIYHUCIII-
MO OTJICJTUMO#l, ec/i cyliecTByeT 3pdeKTuBHASA IPOIE/Lypa, BbIIAIONAA JIId KayK 10
napst (z,y) upu x # y (mod ker(v)), anropursm pasperenust ker(1)-3aMKHYTOTO MHOZKE-
CTBAa, OTJEJISIONIEro T OT Y.

Onpenenenne 4. PaBHOMEpPHO BBIYHC/INMO OTIAEIUMasi HyMepoBaHHas ajrebpa Ha-
3bIBaeTCsd 3MMOEKTUBHO PACHIEIISIEMOl, ecjin cyriecTByeT 3hdeKTuBHas IPOIEypa, Co-
[IOCTABJISIONIAS JTFOOOMY BBIYUCUMOMY CEMENCTBY HETAaTUBHBIX KOHIDYIHITUI TIEPETUCTH-
MBIl WHJIEKC TAKOW KOHTDYIHIIUHU, KOTOPasl HAXOJIUTCS CTPOTO HUKE ITEPECeTeHrsT BCEeX
KOHI'PY3HIMI JJAHHOIO ceMeicTBa.

IIpeniioxxkenne 1. Eciin anredbpa nmeet 3¢hHeKTUBHO PACHIEIIAEMYIO HYMEPAITHIO, TO
peleTKa ee KOHIPYIHIUI HeapTHHOBA.

CaencrBue 1. Besikasi paBHOMEPHO BBIYHC/IMMO OTJIE/IUMAasi HYMEPAIUs aJaredphl ¢
apTUHOBOI PeIIeTKON KOHI'PYIHIUHA ABjdeTcd HeraTUuBHOM.

CaencrBue 2. Besikasgs paBHOMEPHO BBIYHCIUMO OTJIC/IMMAasd TO3UTUBHAS HYMEPaITHs
aJiredpbl ¢ aPTUHOBOW PEIIETKON KOHIPYIHIINN SIBJIAETCA pa3periuMoii.

Teopema 1. HymepoBannas airebpa 3hdeKTUBHO paciierisgeMa TOrga U TOJIbBKO TO-
rja, KOrjia ee TPaHCBepcasb MOJIyITPO/yKTUBHA.

B cBs13u ¢ Teopemoii 1 BO3HUKaET MPUHITUIUAIBHBIN BOIIPOC: MOYKHO JIU B YCJIOBHUAX
9TOH TeopeMbl 3aMEHUTH CBOMCTBO MOJIYyIIPOyKTUBHOCTH Ha POy KTUBHOCTH !

Teopema 2. CyrmectByer 3hdHeKTUBHO paciieligemMas MO3UTHBHas ajaredpa, TpaHc-
BepcaJib dJIpa KOTOPOil He IIPOJyKTHBHA.

JIuteparypa

1. Epmos 0. JI. Teopusa nymepayut. Hayka, M., 1977, 416 c.

2. l'onuapos C. C., Epmos FO. JI. Koncmpykmuenvie modeau. HoBocubupcek, Hayanas
kaura, 1999, 360 c.

3. MasbrieB A. 1. Koncmpyxmusenoie anzebpoi.l. Ycrexu mar. Hayk, 1961, 16, No. 3,
3-60.

4. KaceimoB H. X.  Pexypcusrno omdesumwvie HYMepoSaHHIE AA2€OPVL. YCIIEXU MAT.
nayk, 1996, 51, No. 3, 14511176.

O06 ogHOM ceMmeiicTBE KPUTHUYECKUX OTOOpakeHuii oTpe3Ka

Hxxamunos A. A.!, A6ayxakumos C. X.?
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adzhalilov21@gmail.com;
Hamnumonasbubiit Y auBepcurer ¥Y36ekucrana um.Mup3o Yiayroeka, Tarkenr;,
asaidahmat@mail.ru

B Teopun ImHAMIYECKHUX CHCTEM BasKHOE MECTO 3aHUMAET OJJHOMEPHBIE OTOOParKEeHUSI.
SHaunTe/bHbIM cOObITHEM ObLIO OTKpBITHE B 1978 1. M. Defirenbaymom siBieHust yHUBEP-
CaJIbHOCTH JJIe IOCJIeJI0BATe/IbHOCT OndypKanuil yaBoeHHd Iepuojia y OJHolapaMer-
pUUECKHX ceMeificTB oTobpazkenuit orpeska B cebd [1].Bosee mompobno,paccmarpuBaercs
cemeiicTBo orobpazkenuii f(z,t) orpeska [—1, 1] B cebs,rmanko 3asucsiee or z € [—1,1]
u napamerpa t. [Ipeamosaraercs, aro npu Beex t orobpaxkenue f(z,t) saBiseTcs yHIMO-
JIAJTBHBIM, T.€. IMeeT eIMHCTBEHHYIO KPUTHIECKYIO TOUKY Z.(t). CunraeMm jist ompe/ieieH-
HOCTH, 9TO Z.(f) ecTh TOYKH MaKcuMyMa. BBeleM BO3pacTaroliyio MoC/Ie0BaTeIbHOCTh
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3HadeHnit mapamerpa t,, n = 0,1,2,..., onpee/geMyo CJIeyIONUM o0pa3oM: Tipu t = tg
y orobpaxkenus f(z,t) BlepBble NOSABIAETCS TPUTATUBAIONIAS HEOIBIUKHAS TOYKA, [PU
t = t; BUepBbIE MOSBJSETCA HPUTITUBAIONIAS [IEPUOIUIECKasT TPAeKTOPHsI IIepuoia 2,
npu t = t,, BIepBble IOABJIAETCS IPUTATMBAIONIAs ePUOIUTIecKast TPAeKTOPHUs IePUoIa
2", Ilycrb t,, — to mpu n — 0o. Corytacuo @eiirenbaymy to, —t, ~ const-0~", nwim, boyee
TOYHO,

lim bn = s

n—oo tni1 — Iy

=9

rJie OCTOsIHHAS J— YHUBEpCaJbHA, T.e. OJMHAKOBA [IJIsl PA3JINIHBIX cemeiicTs f(z,t), u3
HEKOTOPOI'O OTKPBITOTO MHOYKECTBA B IMPOCTPAHCTBE TaKUX ceMeiicTB. UncjieHHbIH cueT
naet 3Hadenne 0 = 4, 669....

Paccmorpum  1mpocTpaHCTBO YETHBIX YHUMOJAJIBHBIX OTODpaykeHWit ¢(x) oTpeska
[—1,1] B cebs, mepeBomsinux kputndeckyio Touky & = 0 B 1, p(0) = 1. Jlna obbscHeHus
siBJIeHust yauBepcaabHocTun DeiirenbayM mpe oKL UCCIe10BaTh HeJIMHeiiHoe 0TobparKke-
HHE 3TOr0 POCTPAHCTBA B ceOs:

(To)(x) = —ap(p(a'z)), at=—p(1).

YuusepcaabuocTs Pefirenbayma SKBUBAJIEHTHA TOMY, 9TO IIpeodbpa3oBanue 1 nMeeT HEIo-
aemkHy0 T0uky ¢(x), (Tg)(x) = g(r) u uro cuekrp guddepenimaia oToOparKeHus B
HeNoABIKHO Touke DT 1e;KUT BHYTPU eIMHUIHOIO KPYTa 3a UCKJIIOYeHIEM €MHCTBEeH-
HOTO COOCTBEHHOTO 3HAYEHUS, 00JIbIITero 1. 910 cOOCTBEHHOE 3HAYEHNE U €CTh YIIOMSHY Tast
Bome nocrosntas 0.(cu.[1],[4].) IIpuBeneM HeCKOIBKO HEPBBIX WICHOB pasiiokeHus ¢(z)
(em.[3]):

g(x) ~ 1 —1,527632% + 0, 1048152 — 0,02670572° + ...

Bennamna a = —g_l(l) ABJIAeTCA YHUBEPCAJbHOU KOHCTAHTON, XapaKTepU3yIOIlen
u3MeHeHne Maciitaba, CBsI3aHHOe ¢ yJBoeHneM orobpaxenuii, o ~ 2,50290... (cm.[1],[4]).

[Iycrs f(x,t)— cemeliCTBO YeTHBIX YHUMOJAJIBHBIX 0TOOpazkenuit orpeska [—1, 1] B ce-
Os1, aHAJIATUYECKH 3aBUCAIUX OT T U ¢ B obsactu |z| < 1+ &g, |t| < (6 — 1) + &,
g9 > 0. [Ipeamosoxkum, aro npu t = 0 kpurndeckad Touka r = (0 nepexoauT B 1 u ABJIs-
ercs nepuoieckoit ¢ mepuogam 2: f(0,0) =1, f(1,0) = 0. Oupemenum npeobpasoBatie
T* B mpocrpanctse Takux cemeiicts. [onoxxkum [P (z,t) = f(f(z,t),t) n Haitmem mu-
HUMaJILHOE TI0JIOKHTeJIbHOE 3HaUeHre mapaMeTpa t = o, npu KoTopoMm = = ( sBJseTcs
TIepPUOIITIECKOil TOUKOi lepuoia 2 s orobpaxkennsa f 3 (x,t), re. f@ (3 (x,1,),1;) = 0.
Honowuwm fi(z,t) = fO (2, t(14+1)) u T*f(z,t) = —afi(a" 'z, t), a™t = —£1(0,0). B pe-
3yJILTATE MOJIYYaeTCst CeMeficTBO OTOOpasKeHUIi ¢ TAKMMU YK€ CBOMCTBAMU, UTO M UCXOIHOE.
[IpeobpazoBanme T* umeer HEMOABIKHYIO TOUKY fo(z,1) :

T* fo(x,t) = —afo(fola 'z, T2(1 + 1) = fo(z, 1), a~2,5,

[PUYEM 3Ta HEIOJBUKHAsI TOUKA sIBJIAETCS YCTONUUBOI, T.e. CIIEKTD ITPOU3BOJHOIO OTOO-
paxenust Dy, T* nexuT cTporo BHYTPH eIuHHYHOro Kpyra. Herpymno nomsars, 4o
t; = 3. B paGore (cM.[2]) npuBeseHbl pesyIbTATEL UMCICHHOTO CHETa JUIsi ceMeficTBa
fo(z,t) u g crapitero cobcrsentoro suadenust Dy T

[Tonoxum

1) = 67 foBe, 31+ 0), 6= fo(0, (5= 1)),
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O6o3HaunM 4epes x[()s) (t), 0 < s < n, GAMKAIIIYIO K HYJIO TEPUOJUIECKYIO TOUKY

nepuojia 2°, orobpazkenus g(z,t).
[Tosroxkum
29t = gD (@), 1), 1<i <28,

[Iycrs t € (1, 1s]. Pacemorpum ypaBuenue
r— gz, t)=h

Ha OTpe3Ke [l‘él)(t) (0)( t)]. Chopmymupyem ocnoBHol pesybTat Hameit paboThl.

Teopema. Ilycts h jocratouno maso. Cymectsyer t € (t,ta), 3asucsiiee or h,
Takoe, uto npu t < t < ty Haiayres orpeskn Ul(t), UL(t), a upu t; < t < t orpesox
UJ(t), obnamarommmu ceoficTBaMu:

1) z}(t) € UL(E), i=0,1, }(t) € Ué (1), i=0,1.

m U (o) = 0. T (1) OnuL@) =0,V (v e =0, Ty v =

pre Vo (1) = —a~'Up" (1), Vi U(0) = (Vi (0), 1), X = {le] s 2 € X € R

1) g (U 0(0). 1) € U0, 92100, 1) € Vi), i = 0,1,

V) 0o 0),1) — a0 (0) 2 b, 80(0) 0000, 0) 2 b i = 0,1,

e agl)(t) u bgl)(t)— JIEBBIH U NIPABBIIl KOHIIBI OTPE3KA Ui(l)(t).

TTo106HbIe HepaBeHCTBA CLIPaBe/ /MBI 1 11 KOHIOB orpeska V" (t).
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OTO6pa)KeHI/IH BO3BpallieHmnd IJid OTO6pa}KeHI/Iﬁ OKPY2KHOCTHU C U3JIOMOM

Hxxamunos A. A.l, Kapumos 2K. 2K.?

TypuHCKHil HOJIUTeXHUYeCKUi yHUBEpCUTeT B ropoje Tamkente, Ysbekucran 12
adzhalilov21@gmail.com; jkarimov0702@gmail.com

Hacrostmast pabora rmocsiena u3yIeHuo oBeIeHnsT 0TOOparKeHns BO3BPAICHUS JJIsI
0TOOpaKEeHU OKPY2KHOCTH C U3JIOMOM U MPPAITMOHAILHBIM YUCJIOM BpAICHUS.

Mg paccMOTpUM PEHOPMIPYIIIIOBOE MPeoOpPa30BaHne B MPOCTPAHCTBE TOMEOMOP(U3-
MOB OKPY?KHOCTH C OJIHON TOYKOW M3JI0Ma ¥ C YHCJIOM Bpamienus p = [k, k,... k,...] =
=kt VRTEL gy

2 )

[IpeobpazoBanue peHOPMIPYIIILI B IIPOCTPAHCTBE TOMEOMOP(MU3IMOB OKPYKHOCTH C U3-
JIOMaMU ¥ aJrebpamdecKuM YHUCJIOM BpPAIeHUsT UMeeT repuoandeckyio opoury [1]. O6o-
3HAYUM depe3 X, MHOXKECTBO Iap cTporo Bospacraromux byexmmit (f(x), x € [—1,0],



Pecnybnukanckag HayuHas Konbepenuus CAPHIMCAKOBCKME YTEHUA, TamkenT-2021 ol
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€ [0, a]), yIOBIETBOPSIOIINX CIIEYFOIIAM YCIIOBUSIM:

=, 9(0) = =1 6) f(g(0)) = f(=1) <0

1) =g(a); 1) fP(g(0)) > 0;
1) f(z) € C*([—1,0]), g(x) € C***([0,a]) mna moboro & > 0.
YeaoBus a)-B) 1mo3BoJistioT npu nomoru (f, g) € X mocrpoutb roMeoMopdusM OKpy K-
HocTH [—1, ) o hopmyie:

g

Q

kh'\ﬁﬁ/

(),
) 1(0
) f(=

o

Ty, (2) = {f(a:), ecn © € [—1,0),

g(z), ecmmz € [0,a).

O6oznauanm depe3 Xp(p) MOIMHOKECTBO, cocrosmee u3 Takux map (f,g) € X, aro
aucsio Bparienus p = |k, k, ... k,...].
Ompenemmm npeobpaszoBanne penopMrpymnsl Ry : Xp(p) — Xp(p) o dopmyse [2]:

Ry(f(z),g(z)) = (f(z), we[-1,0;  §(x), ze[0,a)),
rje )
fl@)=—a""f(g(~ax)),  glz)=—a ' f(-az), o =-a"'f(-1).
f'(=0)
f'(+0)"
pPOBaHHOM ¢ TipeobpazoBanue Ry, B MOJMHOXKeCTBE X,(p) UMeeT eJIMHCTBEHHYIO TePUO/IH-
geckyto Tpaekroputo { f;(x,¢;), gi(x,¢;),i = 1,2} nepuoga nBa. 1o 03HAUAET, UTO

Rb(fl(xﬂ Cl)7gl<x7cl)) = (f2(xac2>’g2(x702))7
Ry(fa(, c2), g2(x, 2)) = (fi(z, 1), gi(z, c1)).

Oyukunu f;(z,¢;) u g;(x,¢;), i = 1,2, umeror Bu:

OrnpeiesuM BEJIMYUHY U3JI0Ma: ¢ = B pabore [1] mokazano, uro npu Gpukcu-

(a; + i) s a;Bi(x; — ¢;)

file, i) = Bi+ (Bi + i —¢;)x’ il ) = aifici + (¢ — a; — ¢i8i)x @
e
oqz%, azz%_ﬁfg, a=c¢ a=c,  fi=PF=/0,
By — eIUHCTBEHHDIN KOPEHb YPaBHEHHS
gt g 52(C+1> _B4+1=0

npuHaexkamuii narepsaiy (0, 1).

OToxK1eCcTBIIsISI KOHITHI [10Jly IHTePBaJIoB [—1,;), i = 1,2 noaygaem okpyxuocru S;,
i = 1,2. Teneps npu nomoru ( f;, g;), 1 = 1,2 onpegesnnm FOMeOMop(bI/BMbI OKPY?KHOCTHU
T; - S — S; o dopwmyire:

| filz,¢) ecrm z € [—1,0),
Ti(w) = { gi(z,¢;) ecm x €0, )
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Huke MbI onmcbiBaeM cBoiicTBa romeoMmopdusma 17 okpyzkHOCTH S1. [oMeomopdusm
Ty wMeeT M3JIOMbI B TOYKaX o U 1 = 11(xg) ¥ Ipou3BejieHNe BEJIMIMH U3JIOMOB B 9TUX
TOYKaxX paBHO 1. ['omeomopdusm T nepeobosnadum depes 1y.

[Mapa dyuxiwit (fi(x,c), —1 <z <0; gi(z,c), 0 <z < aq) gBisgeTcs HENOIBUKHOT
TOuKOil 1peobpazoanus R = Ry, o R,. OTciona, NCHOIL3Ys olpe/ieieHne Ipeodpa3oBa-
uust R, noygaem, uro dyukuuu fi(z) = fi(z,c) u ¢g1(z) = gi1(x,c) ynoBrerBopsior
cleyIoleil cucteMe ypasHeHuit |3|:

1
Oélalfl(gl(fl(Oélal'CE))) - fl(.flf), T e [_170)7
\ ©)
a1 d'x)) = g1(x), x € (0, ay,
Rl (@) = (@ 0,04
e o = —%‘1‘1). [TyTeMm HPOCTBIX BHIMUCACHHUI MOYKHO JIEFKO YOCIUTLCS, 9TO (1 = [y.

Ob6osnauum gepes ’;—Z, nl, n-yio moJaxosmLyio apodb p. Hucna g, yJa0BIETBOPAIOT CJie-
JIYIOIIEMY Pa3HOCTHOMY yPABHEHUIO

Gn+1 = Gn + Qn—1, 0=1 q=1

Hucna g, HaspBatorcs anciamu Pudonaddan. Orobpazxkenus 1'% (x) HA3BIBAIOTCS 0TOOPA-
>keauamu [lyarkape mim orodpakeHrsIMI BO3BPAIEHUS.
Tenepp u3yunM nosejienne orobpazkenust Bosspamenus 1,2 (z), T2 (x), n > 1.
Teopema. /las ecex n > 1 cnpasedauso. caedyrouyue Gopmya:

T2 (Byx) = Bygi(x), x €[0,a4],
T (Byx) = By fi(z), = €[—1,0).
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AcuMIITOTUKY BpeMeHU BO3BpAalleHus JJis HPPalioHaJIbHOrO MOBOPOTAa
OKPY>KHOCTH

J>xkanuiaoB A. A.', Xomuaos M. K.?

Typuncknit nonurexnndeckuii yauusepcureT B Tarkente, Y36eKucram,
adzhalilov21@gmail.com;
Hanmonabubiit YauBepcurer ¥Y30ekuctana uM. Mupszo Yiayroeka, Tamnrkent;
mkhomidov0306@mail.ru

[Tycrs (M, §, u)- BepositHOCTHOE TIpOHCTpacTBo, T : M — M usmepumoe mepeobpaszo-
Banue, n mu— unpapuantaas mMepa (T.e. u(T1A) = u(A) VA € § ). st 1pou3BoIbHOTO
A € § oupenenum " pynryus nepsoti sozepawenua" Ry A — N:

Ra(z) :=inf{n: Tz € A}.

[Iycts P mHekoTopble KoHedHoe paszbmenne Ha M. OupegesuMm I0C/IeI0BATETLHOCTD
pasbuenuit {P,} na BeposTHOCTHOM TIpoHCTpacTBe M: P, := PV T 1PV .. VT "P,
rie, PVQ ={PNQ|P e P, Q € Q}. B pabore Illennona-Maxmujinana-Bpeiina
[1] mokazano , uro ecim orobpoxkenus T’ sprojuunckoe u supomnus Kommoropos-Cunast
h(T,P) nunamudeckoro pasbuenust P IoJ0KUTETHAs, TOTIA

— log (P, (7)) —h

n—00 n

(T,P), ..,

riae P,(x) mHOXKecTBO U3 P, comepxaiiee T0uky = € P,(x). Opucreitn u Beiice [2] moka-
3aJI1, ITO JJIsl SPTOJIIecKoro orobpaxkenns 1

log Rp (»
lim 08 R @)\ ) P”()(I)

n—00 n

= h(T,P), ..1o wmepy p

XOpoIIo U3BECTHO, UTO SHTPONUSA JIHHEHHOIO HPPAIMOHAIBHOTO ITOBOPOTA OKPYZKHO-
crTu paBHO Hy/to. Eciii SHTPOIHMS I0JI0KUTeIIHA, MBI 3HAEM aCHMITOTHYECKHE [OBeIeHue
bynKImm nepsoro BosppaineHnsd Rp, ;) () crpeMTcs K OECKOHEYHOCTH KaK I0CTIC/I0Ba-
resprocts 2"MTP). Bosnukaer sompoc o6 acumurornke Rp,(p) () npu n — oo. Kum
[Tapk u lonr Xan Kum [3] mokazasu, 9To Jyisi IUHEHHOIO UPPAIMOHAIBHOIO TOBOPOTA,
OKPY?KHOCTH CJIC/IHIONIIE PABEHCTBA:

log Rp_ (.
n—oo  lOgn
log Rp, (x 1
lim inf 08 IPn(@) _ —.
n—oo  logn n

IJie 1) THII HPPAIMOHATBLHOTO YHC/IA, U 371eCh HOPMHPOBKA JpyTas a uMeHHo log™ ' n.

B nacrosgmeit pabore MbI M3ydaeM aCHUMITOTHYECKOE IMOBejieHne (DyHKIMUA MTEPBOTO
BO3BpaIIeHud Rp, ;) (%) 1/1g JIMHEIHOr0 MPPAIOHAIBHOIO II0BOPOTa OKPY?KHOCTH C pas-
OUEeHNM TTOPOXKJIEHHOIO OPOUTON JIBYX TOUEK.

IIycrs Ty : St — S nuneitnblit uppanuoHAIHbIA IOBOPOT OKPYKHOCTH, /i Jdeberopas
Mepa Ha OKpyzkHOCTH. MBI paccmorpum pasbuenune P = {[0,b), [b,1)}, Trouku 0 u b He
JlezkaT ojiHoit opoure. [lig Kaxkjoro n > 1, onpejiesinM cjeayonie pa3oneHus:

P,=PVT 'Pv.vT "Pp,
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Q,=PVTPV..VT"1p.

Jist iponssostHoit Touku ¢ € R ompenennm ee Hopmy ||t |:

[|t]| ;== min |t — n|
nez

[Iycrs uppanuonaabioe unciao 7 € [0,1). Hucso 1 onpeenentoe mo dopmyJie
n =sup{B > 0: lim inf j°|[50|| = 0}
J—00

HA3UBACTCS THUIIOM @, Mn Ke §— UpparmoHaIbHBIM IUCIOM THUIIA 7).

dcno n > 1. TlogmuO)KeCTBO MppannoOHAJbHBIX dnciaa orpeska [0, 1] Tuma 1, mveer
neberoBy mepy 1 [4].

Teneps cchopMbLIIPpYEM OCHOBHbBIE PE3Y/ILTATHI HAIEH PAOOTHL.

Teopema 1. Ilycts 6 € [0,1) uppanmonasnjt aucio, Torjga mouaru Beex r € [0, 1)
IMeeT MEeCTO CJIeJyIOIHe:

. —logu(Qu()

lim inf = -,
n—00 logn n

im sup =1
n—00 IOgn

Teopema 2. [Tng Beex x € [0, 1) BepHO crefyiomniee:

10g RQn () (l’)
n—oo log pu(@Qn())

N3 yrBepxkennit TeopeM 1 u 2 BBITEKAET, YTO

log Ro. (2 1
lim inf 08 1Qn@) ) )(x) = -,

n—00 logn n
log Ro. (x
lim sup 28 T@@®) _
n—soc0 logn
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O06 onHoII MTOJTyHEJIOKAJIbHOW KpaeBoii 3ajiade JIJisi TPEeXMEPHOTO YPABHEHUS
Tpukomu B npu3MaTUYieCcKOil HEOTPAaHUYEHHOI obJiacTu

Hxxamausios C. 3., Amrypos P.P.2, Typakynaos X. III.?
123 Uucrnryr Maremarukn AH PY3, Tamkent, Y36exucran
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YAK 517.956.6; MSC 2010: 35M10

Annorarnus. B ganHoit cratbe nzydaiorcs MeTogaMu e~ peryasipu3anin’ m armpruopHbIX
OIIEHOK C INpHUMeHeHneM IpeodbposzoBanus Pypbe OJHOZHAUHAA PA3PEIIIMOCTh 000O0IIEeH-
HOT'O PeIlleHUs OJHOM II0JIyHeJIOKAJIbHON KpaeBoil 3alade JjIsi TPEXMEPHOIO YpaBHEHUS
TpukoMu B IpU3MATHIECKON HEOTPDAHUYIEHHON 00J/IacTu.

KimoueBble cjioBa: TpexMmepHas ypaBHeHus TpHUKOME, IOJIyHEJIOKaIbHas KpaeBas
3aga4a, npeoopozosanne Oypoe, Merogasl "e -peryaspusanuu’ u arpuopHbIX OIEHOK.

Kaxk u3Bectno, B padbore A.B.Buraze nokazano, aro 3aja4a Jupuxite st ypaBHeHUs
CMEIIaHHOro Tura HekoppekTHa [1]. EcrecTBeHHO BO3HUKAET BOIIPOC: HEJIb3s JIM 3aMEHUTh
ycJsioBus 3a1a9u Jlupuxie ApyruMu yeJaIOBUAME, OXBATHIBAIOIIMME BCIO IPAHMILY, KOTOPHIE
obecrieunBaoT KOPPEKTHOCTD 3aja4uu! Brepsble Takne Kpaesble 3ajadu (HEJTOKAJbHBIE
KpaeBble 3aj[a9i) Jjisi YPABHEHUs CMEIIAHHOIO THUIMA ObLIM MPEJJIOKEHbI U M3yYEHbI B
pabore @.U.Opankiid Ipu PelieHU Ta30UHAMIYECKON 3a/1a4uu 00 00TeKaHUuu IMTPOodu-
JIeil IIOTOKOM JO3BYKOBOII CKOPOCTHU CO CBEPX3BYKOBOI 30HOI, OKAHYMBAIOIICHCS ITPAMBIM
CKadKOM yruioTHeHus |2|. Biamskue mo nocranoBke 3aja4, 11t ypaBHeHus: TpukoMu ObLm
HCCJIeIOBAHBI B OTpaHUYIeHHbIX 06/acTsx B paborax [3]-[6]. B mannoit pabore ¢ mcronb3o-
BaHMEM pe3yJbTaToB pabor [5],[6] usyuarorcs omHO3HAUHAS PA3PEIIUMOCTE 0OOOIIEHHOTO
peIeHns OIHOMN MOy HeJIOKAIbHON KpaeBoil 3aa4u JIJIsi TPEXMEPHOTO ypaBHeHns T puko-
MU B IPU3MATUIECKON HEOrpaHUIEHHON 00JIacTH.

B obactu

Q= (-, /) x (0,T) x R =
=Q1 xR={(z,t,2);x € (—,B),0<t <T < 400,z € R},

paccMoTpuM ypasHerue Tpukomu:
Lu = xuy — Au+a(x, t)u + c(x, t)u = f(z,t,2), (1)

rjae Au = Uy, + u,,- oneparop Jlamiaca . Ilycts Bce koaddurmentsr ypasuenus (1) 1o-
CTATOYHO TIaJiKue (PyHKInuu B obact Q.

ITosnynenokasibHas KpaeBasi 3agada. Haiitu o6obiennoe perenne u(x,t, z) ypaBHe-
uus (1) w3 mpocTpaHcTBa VV22 ’3(Q), YJIOBJIETBOPSIIOIIEE CJIEAYIONUM KPAeBbIM YCJIOBUSIM

p _ P
VDY ul,_g = Df ul,_p, (2)
p
Iapnu p = 07 ]_, rjae D?u == %, D%u = u, ’7—H6KOTOpO€ IIOCTOAHHOE YHNCJIO, OTJIMYIHOE

OT HyJId, BeJITYMHA KOTOPOro OyJeT yTOYHEeHa HIKE.
Ounpenesienne.O600mmennbM  perenneM 3a7adu (1)-(3) Oymem Ha3biBaTh (DYHKIIUIO
u(x,t,z) € Wy(Q), ynosrersopsiomee nourn Beoomy ypasuenmo (1) ¢ yemosusvu (2)-

(3).
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Teopema.llycTh BbIIOIHEHBI CreyoIee yeaous g Koabdunuenros ypasaenus (1);
2a(z,t) + pr > & > 0, pc(z,t) — ci(x,t) > 6 > 0 ,a Beex (x,t) € @y, e
p=~2mnly>0mnpn |v|>1, a(z,0) =a(zT), c(z,0)=c(z,T). Torsa sz moboit
byukmun f € W, (Q), Takoit, uro v - f(x,0,2) = f(x,T, 2), CylecTByeT €MHCTBEHHOE
oGobmennoe pemenne 3axaqu (1)-(3) u3 npocrpancrsa Wo2(Q).

31ecn gepes I/VQI’S(Q)7 0003HAYEHO TUILOEPTOBO IIPOCTPAHCTBO ¢ HOPMOIX

+oo

lullfyes ) = (2m) 712 '/(1+M|2)8'H71(567t, M n @A (4)

—0o0

rie Wi(Q1) npocrpancrsa CobosieBa, s,l— JoOble KOHEUHBIE TOJIOKUTEILHBIE TIE/IbIe
anciia, a Hopma B npoctpanctse Cobosesa Wi(Q1), onpeensercs cieytonmm o6pazom

900 = Y [ D" dedt,

|04|§1Q1

Q— 9TO MYJbTUUHJIEKC, D*—ecTb 0000IeHHas TPOU3BOIHALA 10 TIEPEMEHHUMU T U t,a
qepes

400
a(x,t,\) = (2m)~1/2 / u(z,t,2) e dz

—00

obosznavdeHo npeobpazosanmne Pypwe, byakmun u(z,t, 2),
3ameuanme. Pesysbrar cripaBejjinBo Jjisi MHOIOMEPHOI'O ypaBHeHUS T pUKOMU.
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TeopeMa BJIO2K€eHUdA OJid CUMMETPUYHBIX ITPOCTPAHCTB BaHaX&-KaHTOpOBI/I‘Ia

Bakupos B. C.!, 3akuposa I'. B.2

TamkenTckuit rocy1apCcTBEHHBIN TPAHCIIOPTHBIH yHUBepcuTeT, TamkenT, Y30eKucTaH,
hotirzakirov@list.ru; 2zgl1090@Qlist.ru

[Iycts B npousBoJibHas 1mojHasi OyseBa ajredpa ¢ myiaem 0 u eaununeit 1. Ob6o3na-
anm yepes LO(B) := Coo(Q(B)) anrebpy Bcex menpepusubix dynkmmii « : Q(B) — R =
[—00, +00], ompe/iesieHHBIX Ha CTOYHOBCKOM KoMmIiakTe Q(B), oreeuatonieM GyseBoil aJi-
rebpe B, KOTOpbIe PHHAMAIOT 3HAYCHHUs 00 JHIIb HA HATJE HEe IUIOTHBIX MHOXKECTBAX
u3 Q(B). Yepes C(Q(B)) obosnavaercst banaxoBa aarebpa BCEX HENPEPHIBHBIX JCiCTBH-
TesibHBIX DyHKIWHA Ha Q(B) ¢ paBHOMEpHON HOPMOIL |||l = sup |z(t)].

teQ(B)

[Tycrs (2,3, 1) u3MepuMoe IPOCTPAHCTBO ¢ o-KoHewuHoit Mepoii, L(§2) anrebpa Beex
KJIACCOB PABHBIX MOYTH BCIOJLY JEHCTBUTEIBHBIX U3MepnMbIx dyukmmit na (€, 3, 1), Or-
HOCHTEILHO €CTECTBEHHOIO dacTudHoro mopsaka f < g < g — f > 0 modrn Beomy,
anrebpa L°(Q)) siBisiercst TOPSIIKOBO TIOJIHOM BEKTOPHOH peNIeTKoil, a MHoxKecTBO B((2)
Beex uiemnorentos u3 L2(€)) obpasyer nosyio GysieBy aare6py OTHOCUTEIHLHOTO 9aCTH-
Horo nopsiyika, urynupyemoro uz L2(Q). Tomoxum LO(Q), = {f € L°(Q) : f > 0}.

[Tycts m : B — L°(Q) — crporo nonoxurensuag L°(())-3uaunas mepa na B, 06/1a1a10-
mas ceoiicrBom Marapam, T.e. 1yis Jmobbix € € B, f € L2(Q), 0 < f < m(e), cymectsyer
takoe ¢ € B, ¢ < e, aro m(q) = f (takme mepnl HaspBaoT Mepamu Marapam). B
sTOM ciiydae [1], cymmecTByer eIMHCTBEHHBI WHBEKTUBHBIN BIIOJIHE &IMTUBHBII OyJeB
romoMopdusm ¢ : B()) — B rakoii, uro V(m) = ¢(B(2)) ectb npaBuiabHas Gysiesa
nonanrebpa B B, u m(p(q)e) = gm(e) nyst Beex ¢ € B(Q), e € B. Kpome Toro, anrebpa
LY(Q) oroxnecteasiercst ¢ nopairedpoit LY(V(m)) = Coo(Q(V(m))) B anrebpe L°(B) n
ABJISIETCA IPABUIBHON BekTOpHOIT nojpemmerky B LY(B) (3T0 03HA9aeT, 4T0 TOUHbIE BEpX-
HUE U HUKHHE TPAHUIILI JJIg OrPaHMYeHHbIX noamuoxkects u3 LO(V(m)) coBnamaor B
L°(B) u B L°(V(m)). Ilpu srom, LO(B) ssaserca L°(V(m))-moyem.

O6oznauum vepes L(B,m) npocrpancrso Beex dynknuit uz L°(B), unrerpupyembix
no L°(Q)-3naqnoit mepe m. s moboro x € L'(B,m) orobpaxenue ||z||1m = [ |z|dm
onpesienser L'-3naunyto nopmy B L'(B,m), ornocuresnsno koropoit L' (B, m) asisercs
npocrpancTBoM Banaxa-Kanroposuva (cM., [2, m. 6.1.10]).

Quement x € L°(B) nazvisator L°(Q)-oepanunennowm, ecim || < f 1718 HeKOTOPOro
f e L’Q),. Scno, uro muoxectso L°(B, L°(2)) Beex L°(Q)-orpanntennnix sjiemMen-
toB u3 L°(B) asnsercsa nopanrebpoit 8 L°(B), a TakxKe MOPAIKOBO MOJIHOM BEKTOPHOI
noppemerkoit B LY(B), mpu stom, L°(Q) C L=(B,L°(Q)) u C(Q(B)) C L*>(B, L' (Q)).

g kaxgoro x € L (B, LY(Q) monoxum

7|0, 20(0) = inf{f € LY(Q), : |z| < f}.

Ussecrno, aro mapa (L>°(B, L%(Q)), || - [lc,z0(2)) fiBIsieTcst npocTpasicroM Bamaxa-
Kanrtoposuya [3].
O6osnatnm uepes LY, () muoxecrso seex rex f € L(Q),, misi KOTOPBIX HOCHTEIb
s(f) = sup{|f| > n '} = 1. fdcno, uro kaxuas dyukuus f € L, (Q) obparuma B
nl

anrebpe L°(2), re. cymecryer takas dbynkmusa g € L°(Q), uro f - g = 1, upu stom,
g9 € L5, ().
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LO(Q)-3naqnoii meospacraiommeil nepecranokoil snementa x € L°(B) mnaswBaerca
orobpazkenue m(z,t) : (0,00) — L°(Q), onpeessieMoe paBeHCTBOM:

m(z,t) = inf{||zel|loo o) : € € B, ze € L®(B,L°(Y)), m(1—e) <t-1}, ¢ >0.
st puxcuposannbix = € L°(B), f e LY (Q) nonoxum
(e, f) = inf{h € L9,(Q) s m({ls] > h}) < f} € L'(B)
Torma mia mobbix = € LO(B) u t > 0 BepHO PaBEHCTBO
m(z,t) = &(z, t-1),

upu stomM, m{|z| > &(x,t-1)} <t-1.

Omnpegnenenne. Ilycrs FE — wenynesoit L°(V(m))-noqmonyss 8 LO(B) co cBoiicTBoM
nneanphocru, Te. u3 |z| < |y|, * € L%(B), y € E caenyer x € E. Pacemorpum L2(€)-
3HAYHYI0 MOHOTOHHYIO HOpMY || - ||g Ha E| majgensiomnyo E crpyKTypoil mpocTpaHcTBO
banaxa-Kanrtoposuua. bysiem ropoputh, uto £ — cuMMeTpudHOe TpOCTpaHCTBO banaxa-
Kanroposuya, ecim u3 pasencts m(wz, t) = m(y,t) nusa secex t > 0, rne x € L°(B), y € E,
caenyer, uto x € Eu ||z|g = ||yl

OCHOBHBIMU U BasKHEHITMMU IPUMEPAMU CUMMETPUYHBIX TIPOCTPAHCTB Banaxa-
Kanroposuya sissigiores npocrpanctsa LP(B,m), 1 <p<oo u L®(B,L%(Q)).

CrieyonmMn npuMepamMu CUMMETPUIHBIX TpocTpancTs Banaxa-Kantoposuya sigiisi-
I0TCA HepecedeHne n CyMMa mpocTpancTs L u L™ :

Teopema 1. (i). [Tapa (L'(B,m)N L>*(B, L%(Q)), || - llzinL~) ABIsIeTCS cuMmerpud-
HBIM npocTpancTBoM Banaxa-Kanroposuua, rae  ||#f|pinpe = max{||z||1m. || s.c00)},
xr € LY(B,m)N L=(B, L°(Q)).

(7i). MHOxKecTBO

LNB,m) + LB, 1) = {z =2 +y, = € L'(B,m), y € L(B, L))}
¢ L°(Q)-3naunoit Hopmoii
2]l 14200 = Inf{||2|l1m + [Yllooro@ : 2 =2+ y, v € L'(B,m), y € L(B,L°(Q))}

SIBJISIETC CUMMETPUIHBIM IIpocTpancTBoM banaxa-Kanroposuya.
Kak u B cirydae 9ucIoBoii Mepbl, UMEeT MECTO CJIELYIONas TeOPeMa, BIIOKEHNUS:
Teopema 2. (cp. [4, . I, §4]) st mro60ro cuMMeTpraHOro mpocTpancTBa Banaxa-
Kanroposuua E MMeOT MECTO CJILYIONE HEPEPhIBHBIEC BJIOKEHMUS:

LY(B,m)N L>*(B,L°(Q)) C E C L*(B,m)+ L™(B, L°(Q)).
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[Iycts B npouwsBosbhad mosnasg Oysesa anrebpa ¢ myinem 0 m emununeir 1. Yepes
eVq u e/\q obo3HAYAIOTCS TOYHBbIE BEPXHsAsT U HUXKHsAS IPAHUIbl MHOXKecTBa {e, ¢} C B.
Bynery nmomanrebpy A B mostHOI OysteBoit anredpe B Ha3bIBAIOT MIPAaBUIBHON TOAAITeOPOiT,
ecu sup B, inf E € A g moboro nogmuoxkectsa E C A. O6osznaunm uepes L°(B)
anrebpy Bcex HempepbIBHLIX dyHKmmit = @ Q(B) — R = [—00, +00], onpeeneHHbx Ha
cToyHOBCKOM KommakTe (QQ(B), orsedatomem OyseBoii ajrebpe B, KOTOpble NPUHUMAIOT
3HAYEHUsI +00 JIMIIb HA HUTJE He TLUIOTHBIX MHOXKecTBax u3 Q(B).

Jluneitnoe orobpaxkenne T : L°(B) — L°(B) nasbiBaercs roMoMOpQH3MOM, ecin
T(x-y) = T(z) - T(y) nna seex z,y € L°(B). Kaxapiii romomopdusm T apjisercs
HOJIOKUTEJIbHBIM 0ToOpazkenueM, T.e. T'(x) > 0 jjist JIEOOOro MOJIOKUTEIBHOTO 3/IEMEHTA
r € L°(B).

Tomomopdusm T : LY(B) — L°(B) nasbibaercs nopmaibubiM, ecin T'(x) = sup T'(z4)
acA

115t J1060it BospacTatomeit cetn {4 taca C L°(B) z, Tz € L°(B).

[Tycrs (2,3, ;1) u3MepuMoe IPOCTPAHCTBO ¢ o-KoHewuHoit Mepoii, L(§2) anrebpa Beex
KJIACCOB PABHBIX TIOYTH BCIOJLY JeHCTBUTE/LHBIX u3MepuMbiX dbyHakimit Ha (2, %, 1), O1-
HOCHUTEJILHO €CTECTBEHHOIO YacTHIHOro nopsiika f < g < g — f > 0 nouru BCiofy,
anrebpa L°(Q) sBisiercs IOPsIIKOBO TIOJIHOM BEKTOPHOM pemIeTKoil, a MHoxKecTBO B(12)
Beex uiemnorentos uz L2(Q) obpasyer nosmyio 6y/eBy ajare6py OTHOCHTEILHOIO YaCTH-
HOTO Hopsijika, uHrynupyemoro uz L2(Q).

[Tycts m : B — L)) crporo nosoxurenbuas LO(§2)-3naunast Mepa Ha 1mosiHoit GyJte-
BOIT asiredbpe B. ['oBopsT, UYTO Mepa m pasaodicuma, ecan s JIIObIX € € B u pasio-
xerus m(e) = f1+ fa, fi, fo € L°(Q) cymecTBytor Takue e1,e; € B, uto € =¢€;Vey, u
m(e;) = fi, i = 1,2. UsBectro [1], 410 Mepa m pasaoKuMa B TOM ¥ TOJBKO B TOM CJIydae,
KoIjla OHa sABJjgeTcst Mepoit Marapam, T.e. s mobbix € € B, 0 < f < mf(e), f € L°(Q),
cymiectByer Takoe ¢ € B, q < e, yro m(q) = f. B arom ciydae, cyliecrByer eMHCTBEH-
HBIIl MHBEKTUBHBIN BIIOJIHE &JJITATUBHBINA OysieB romoMopdusm ¢ : B(§)) — B takoii, 410
V(m) = ¢(B(Q2)) ects npasmibhas Oyiresa nojanredbpa B B, u m(p(q)e) = gm(e) misa
Beex ¢ € B(Q), e € B. Kpome toro, anredpa L°(Q) oroxecTsisercsa ¢ moaaredpoit
L°(V(m)) = Coo(Q(A(V))) B amrebpe L°(B) := Co(Q(B)) u siBasiercss NpaBHIbLHOI
BekTOpHOl nopererky B LY(B) (3To 03HauaeT, 4T0 TOUHbIC BEPXHUE U HUAKHIE IPAHUIBI
JIst OrpaHmIeHHbIX noamuoxkects u3 LO(V(m)) cosnagaior 8 L°(B) u 8 LY(V(m)).

[Iycts @ : [0,00) — [0,00) dynryus Opauua, T.e. HeNpepbIBHAS CJIEBa, BBILYKJIAs,
BO3pacTaoIast byHKIWsI, yaoBiaersopsionias yeaousM P(0) = 0 u $(t) > 0 s HekoTO-
poro t # 0. Oynkus Opanaa ¢ ynosiaersopster (Ay)-ycaosuro, ecim 0 < O(t) < oo ms

o (2t)
Bcex t > 0 u sup B < 0
0<t<oo

O6oznauum vepes L'(B,m) npocrpanctso Banaxa-KanToposuda Beex dbyHKImil u3
L°(B), unrerpupyembix no LY())-zmaunoit mepe m (cm., manpumep, [3]). Cremysa tpa-
JIMIIMOHHOM cXeMe BBOJIMM KJacchl U npoctpanctsa Opymya, accoruuposannbie ¢ L0(£2)-
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3HavqHOM Mepe m u dyakmnueir Opymaa P.

Muozxkecrso LY (B,m) = {z € L°(B) : ®(|z|) € L'(B,m)} wuasbBaior xraccom Op-
7uya, a juHeitnoe npocrpanctso Lg(B,m) = {x € L°(B) : xy € L'(B,m)} nns Bcex
y € LY (B,m) wuaspiBator npocrpancteom Opsuda, rjae WU jgonoanurenbnas K @ GyHk-
st Opmnaa. Ha npocrpancrse Opsmua Lg (B, m) onpenensiercs L°(Q)-3naunasg nopma
OpJda, ¢ TIOMOIIBIO DABEHCTBA

|z)|e = sup{| [ zydm| : y € LY, (B,m), [¥(|ly]) <1}, x € Lo(B,m).

UsgectHo, uro napa (Lg(B,m),| - ||e) aBiasercs pemerkoit Banaxa-Kanroposuua [2],
KOTOPYIO HasbIBaOT mpocTpanctsoM Opsmda-Kanroposuya.

Tosopar, aro nopma || - ||¢ mmeer cBoiicTBo Paty, eciu [yist J1000i BO3pacTaIOIeit
cetrt {Za}aca TONOKUTENBHBIX 3JIeMEHTOB U3 Lg(B,m) u3 yciaoBus sup ||z.|e < 0o,

acA
CJIEJIYET, UTO CYIIECTBYET TaKoii ajeMeHT & € Lo (B, m), ato x4, T u sup ||z4|le = ||7] o
acA
Hopma || - |l¢ Ha3bIBaeTCs HMODSIKOBO HENPEPBIBHOM, ecinl ||Z4|le | O st sioGoit

yobiBatoreit cetn o | 0, {Z4}taca C Lo(B,m).
Cienyromasl TeopeMa BbIACHAET Hajauume cBoiicrBa PaTy M CBOMCTBA IMOPSIKOBO
HeIpepbIBHOCTH B mpocTpancTBax Opymaa-KanTopoBuya.

Teopema 1. (i). B kaxom npocrpancrse Opinaa-Kanroposuua (Le(B,m), || - ||e)
ero HopMma uMeer coiicrso Pary;

(77). Hopma |- ||¢ BIsSI€TCA HOPSIKOBO HEIPEPBIBHON B TOM H TOJIBKO B TOM CJIy4ae,
koryia dbyskims Opanaa ¢ ynosrersopsier (Aj)-yCaoBuio.

ToBopsit, uro Hopma || - ||¢ crporo monoronua, ecim u3 ycuosuit |z| < |y|, |z| #

ly|, =,y € Le(B,m) BoITeKaer nepaseuctBo ||z|le < ||y]|o.

Teopema 2. Eciu dbynkuusa Opimga ¢ ygosiersopsier (Ajg)-yCaoBHIO, TO HOPMa
| - |lo sBIsIETCS CTPOrO MOHOTOHHOIA.

CaexncrBue 1. Ilycrs dyskius Opanga ¢ ynosierBopsier (Aj)-yeiaoButo, =,y —
HOJIOKUTENIbHBIE 37IeMeHThl u3 Lg (B, m). Torna x-y =0 B TOM 1 TOJBKO B TOM CJIydae,
Korjia BepHO paBeHcTBO ||z + yllo = ||z — yl|s.

CuaexncrBue 2. Ilycrs dyukius Opanaa  ymoierBopsier (Asg)-ycioBuio, U IMycTh
V : Le(B,m) — Lg¢(B, m) — nonoxkureabHast JuHefHas n3oMerpus. Toraa st Jro6bx
[OJIOKUTENIBHBIX 9JIEMEHTOB ',y u3 Lg(B,m), yJIoBIeTBOPSIONUX paBeHcTBy = -y = 0,
BepHO paencrBo V(x) -V (y) = 0.

Ucnonb3ys caeacrust 1 n 2, mojiydaeM CJIeLyIoIiee OMICAHIE BCEX MOJIOKUTETbHBIX
JINHEHHBIX U30METPHil, fAeiicTBytonux B npocrpancreax Opinya-Kanroposuya.

Teopema 3. Ilycts dyukima Opauaa O yrosserBopser (As)-yCIoBHIO, U IyCTh
V . Le(B,m) — Lg(B, m) — nojoxkuresnbHas JuHeiiHas nzomerpus. Toraa cymecrByer
TaKoil MHLEKTUBHLIN HOpMaTbHbI romomopdusm T : LO(B) — L°(B) u nonoxures-
uptit spement y € LY(B) takue, uro V(z) =y - T(x) ana secex x € Lg(B,m).
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B ,ILELHHOﬁ pa60Te n3ydaeTcd HeJIOKaJIbHad HadaJIbHO-KpaeBad 3aJlavda AJid YpaBHEHUA
B 9aCTHBIX IIPOU3BOJHBIX TPETHEI'O IOPAJAKa C TEIIJIOIIPOBOJHOCTU B I[VIaBHOI HacTu

=2 <@ gi ) + el thu = f(z, 1), (1)

rue c(z,t), f(x,t) — 3amannabie ByHKIUN B 00/1aCTH.

VYpaBHEHUsI B YACTHBIX IIPOU3BOJHBIX TPETHErO TOPSAJIKA JIEXKAT B OCHOBE MaTeMaTH-
YECKUX MOJIC/ICH Pa3IUIHbIX (PU3UIECKUX ABJICHUNA U IIPOIECCOB.

Hanpumep, ypasuenue

, 0% _82u+ 0%u
2zot o0z P ox2

OIKCBHIBAET PACIIPOCTPAHEHUE IIJIOCKON BOJIHBI B BA3KO YIIPYI'OM TBEPAOM TeJjle WU B CKU-
MaeMOU BA3KON KUJAKOCTU C HEZHAYUTEJILHON YIEJAbHOU TEIJIOIPOBOIHOCTBIO.

s ypasrenns (1) B obmactu D = {(z,t) : 0 < x < 1,0 < t < T} paccmoTpuMm HeJo-
KaJIbHYIO 3aJ1a49y B CJIEIYIONIEeHl TIOCTaHOBKE: Haltmu peayaaproe 6 obaacmu D pewenue
u(z,t) ypasuernua (1), nenpepvisroe & Du Y008AEMBOPAIOWEE YCAOBUAM

- f(ﬂf,t),

u(:c,O) :Qpl(x)v ut(:v,O) :902(37)7 0<z<lI, (2)
/u z,t)dx + /p(t,T)u(l,T)dT +ui(t), 0<t<T, (3)
ug(l,t) = pa(t), 0<t<T, (4)

snech @;(x), pi(t), (i =1,2) a A(t) u p(t,7) — 3amanable riagkne QYHKIUH, TPATEM
I
A =m(0), 10)=A0) [ erla)ds + (o).
0
B nocrasiienHoit 3a/1au€ B KPAEBbIX YCJIOBUAX COIEPKUTC HEJOKAIBHOCTD 110 BPEMEHH,
410 BIEpBbIe Obla paccmorpena B pabore A.J.Koxanosa [1].

[Tpu ompe/ie/IeHHBIX YCJIOBUSAX TVIAJKOCTH HA 33/[AHHBIX (DYHKIUIX JIOKA3BIBAETCS Pe-
IyJISIpHAs Pa3pPeNMMOCTh MOCTABICHHON HesloKaIbHO# 3a1aan (1)—(4).
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O6parHag 3aga4da onpe/ieJIeHUs MOPSIKA IPOOHOI MPON3BOHOIM
Pumana-JIuyBuijis 1o BpeMeHHU i ypaBHeHusi cy6aucdppysuu B RV

SynanynosB P. T.
Wuacrturyr Maremarukuy AH PY3, Tamkent, Y36ekucran
zunnunov@mail.ru

Annaoranus. B jmannoit pabore Mbl Bcc/ielyeM CYIecTBOBAHUE U €IUHCTBEHHOCTD Pellre-
HUSI HavaJbHO-KPaeBOil 3aja4un Jijisd ypaBHeHHus cybanddy3un ¢ JpoOHO# TPOU3BOIHOIM
Pumana-JTuysusns u sjymnradeckum oneparopor A(D) B RY ¢ nocrosuubivu kosdbdu-
nuenTaMu. Takzke OyayT mccieoBaHa obpaTHas 3a/ada Olpee/eHnus MopsKa IpoOHOi
NPOU3BO/HON ITO0 BPEMEHU.
Oaum n3 HanboJiee BaXKHBIX JIPOOHBIX 110 BPEMEHU yPABHEHUIT SABJISETCS ypaBHEHHE CyO-
b dy3un, KOTopoe MOJIeTUPyeT aHOMAJIbHbBIE U Me/IJIEHHBIE TTPOIECChI Tnddy3un. ITo
ypaBHEHMNeE I[IPEeJICTABIIET co00I nHTEerpo-1uddepeHIuajIbHOe ypaBHEHe B YACTHBIX MTPO-
U3BOJIHBIX, TOJIYIE€HHOE U3 KJIACCHIECKOTO YPaBHEHUS TEILJIONPOBOJHOCTU IIyTEM 3aMeHbI
IPOM3BOJIHON TIEPBOIrO TOPsijIKa JAPOOHOM IO BpeMeHHu 1pou3BojHoi mopsiaka p € (0,1) .
[Ipu paccmorpenun ypaBHenus cyouddy3nn Kak MOJIEIbHOINO YPaBHEHUS MPU aHAIU3e
AHOMAJILHBIX JTU(M@Y3NOHHBIX TPOIECCOB, TOPAJIOK JIPOOHON ITPOU3BOJIHON YacTO HEU3-
BECTEH W €r0o TPY/JHO U3MEPHUTh HAIPAMYI. UTOOBI OMpese/InTh 9TOT IapaMmerp, HeooO-
XOMMO WCCJIE/IOBATH OOpaTHBIE 3aa9l MIeHTHMUKAINN 3TUX (PU3NIECKUX BEJINYNH HA
OCHOBE HEKOTOPOI KOCBEHHO HaOII0/1aeMoil nHdopMaIrym o perrennsax . Maremarndeckne
MOJIEJIA TIPOIIECCOB C AHOMAJILHBIM PEYKUMOM, KaK MPAaBUJIO, COJIEPXKAT B KAYeCTBE OCHOB-
HOr'O ypaBHeHust JuddepeHIaibHoe ypaBHEeH e IPOGHOrO MOPSIIKA 0 BPEMEHU 1/ MJIH 1O
npocTpancTBy. B 3aBucuMocT oT XapakTepa mporiecca, HallpuMep eC/ii pacCMaTPUBAET-
csl HavaJIbHas (pasa mporecca UCIoIb3yI0Tes IpoOHbIe Tpon3BoIHbIe ['epacumosa-KairyTo,
€CJIN Ke IMPOIECC CTadUIN3UPOBABIINICA TO APOOHBIE TPOU3BOIHble Pumana-JInyBusiis .
IIpsimas 3amaqa. Ilycte A(D) = > a,D® 0JHOPOJHOE CHMMETPUIHOE JJUIAITH-

laj=m
gyeckoe auddepeHnmaabHoe BhIPaXKeHne 9eTHOrO HOopaaKa m = 2| ¢ IOCTOSHHBIMI KO3(-
dburmenramu,r.e A(§) > 0 mua Beex £ # 0, tie a = (aq, g, ..., ) - MYJIBTHHHIEKC U
1 0 .
D:(Dl,DQ,...,DN), Dj: = —1

92,

[Tycrs p € (0, 1]- samannoe uucio u L (RY) oboznauator kinaccsr Cobosesa . Pacemor-
PUM HavYaIbHO-KpaeBylo 3ajady: Haittu dbyukiuio u(x,t) € LYY (RYN), ¢t € (0,T) raxyto,
4TO

olu(z,t) + A(D)u(z,t) =0, zcRY, 0<t<T, (1)
. p—1 _ N
m &7 u(z, t) = p(x), = €RY, (2)

rie o(z) - 3amanHas QyHKIUS.
Bagaqay (1) - (2) Mbl Ha3bIBaEM IPSIMON 3aateil.
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Omnpenenenne 1. Oynxiusa u(x,t) € C(RY x (0,T)) co ceoiicreamu
Olu(z,t) and A(D)u(z,t) € CRY x (0,T))

1 yioByieTBopsitorine ycaosusiM (1) - (2) Ha3bIBaIOT KIaCCHIECKUM PelieHneM (UJIn MpocTo,
PEIICHIEM ) MPSIMOIT 38,/ TadH.
CdopmysmpyeM TeopeMy CyIIeCTBOBAHUS U €JIMHCTBEHHOCTH JIJist TIPSIMOM 3a/1a4N.
Teopema 1. Ilycts 7 > % u o € LT(RY) Torna npsimast 3a/1a9a UMeeT ¢JIMHCTBEHHOE
peIlleHre, 1 9TO PelleHne NMeeT BUJL

ule,t) = / 17, (— AE)) G(€) " de. 3)

[Toceauit UATErpas CXOAUTCA abCOMIOTHO W PaBHOMEpHO oTHocuTenbHo = € RY n
st kazkzoro t € (0,T) . Bnecs E, 5(t) dynxuus Murrara-J/leddiepa [1].
Kpowme Toro, perenne (3) obramaer cBOHCTBOM

lim D%(z,t) =0, |a/<m, 0<t<T, (4)
|z|—o00
Iastee Mbl Gy/1eM TIpeJIIoIaraTh, 9To ucxojnas GpyHKIms @ npunajexut kiaccy L (RY)
npu 7 > &, Torza mo Teopeme 1 npsMast 3a/1ata UMeET eIMHCTBEHHOE Pellenne B (3)
qutst moboro p € (0,1]. Teoepema 1 nokasbiBaeTCst aHAJIOIMIHO KakK U TeopeMa 1 B [2].
O6parTHag 3agada. Tenepb pacCMOTPUM MOPSJIOK JPOOHOMN TPOU3BOIHON p B ypaB-
nernu (1) Kak Hem3BecTHBIN apameTp. Irobbl chopMyIMPOBATH HAIILY OOPATHYIO 3a/1ady
MBI JIOHOJHUTEILHO Hpejinosioxkun, uto o(x) € Li(RY) . Dro oznauaer , uro obe byHK-
unn (&) n a(E,t) = *TE, (—AE)) ¢(£), t € (0,T), HEUPEPBIBHBL 110 IIEPEMEHHO
£ e RV,
[Iycrs BekTOp &) # 0 , Takoii, aro $(&)) # 0 u nomoxum A\g = A(&) > 0. . Urober
OIPEJIETINTh TOPSJIOK p JPOOHON TPOU3BOHON BOCIOIB3YEMCs CJIEYIOIIMU JIOTOTHU-
TEJILHBIMU JIAHHBIMI:

U(to, p) =| @(&o, to) |= do (5)
e ty , 0 < tg < T - duxcupoBanHblii MoMeHT BpeMmenu. 3agada (1) - (2) Bmecre ¢
JIOTIOJTHUTEIBHBIM yeioBreM (5) Ha3biBaeTcst obparHoil 3aaadeii. [liis pemenus obpaTHOi
sajaun 3adukcupyem qucyio pg € (0,1) u pacemorpum 3agady 11 p € [po, 1] .

Onpenenenne 2. [Tapa {u(x,t), p} pemenus u(x,t) npsmoii 3aa1u u napamerpa p €
[po, 1] Ha3BIBaETCST KIIACCHYECKUM DellieHrneM (UM IPOCTO pelieHreM ) o6paTHON 3a/1adu.

Cuaenyrormiee cBoiicTBo npeobpazosanust Qypwe (€, t) pernerns MpsaMoit 33/[a9n UrpaeT
BarKHYIO POJIb B pPelleHnr 0OpaTHOM 3a/1aui 1, Ha HAII B3IV, IPEJICTABJILET CaMOCTOs-
TEJIbHBIA nHTEpeC.

JIemma 1. /s py u3 uarepsana 0 < py < 1 cymecrByer takoe uncyio Ty = To( Ao, po) ,
Takoe uTo Jist Beex by, Ty < tg < T, dynkuus U(ty, p) MOHOTOHHO yOBIBAET OTHOCUTEIBHO
p € [po,1].

Pesysibrat, cBsa3annbiii ¢ oOpaTHOI 3a1a4eil, mMeeT BHJ

Teopema 2. Ilycts Ty < tg < T . Torma obpaTHas 3ajada UMeeT €JIUHCTBEHHOE
perierne {u(z,t), p} TOrgAa U TOIBKO TOMJIA, KOTJIA

Ulto,1) < do < Ulto, po). (6)
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O npujo>kKeHnn MHTEePBaJIbHOII 0000IIEeHHOI 3a/jau HA COOCTBEHHbIE
3Ha4YeHusI B cpepe JIEKTPOTEXHUKHN U JIEKTPOHUKH

Noparumos A. A., Xampaena /. H.

Hapowniicknit rocyiapcTBeHHbI Tegarorndeckuit muuctutytT, r.Hasowuit, Y3bekucram,
alim-ibragimov@mail.ru, hdilafruz285@mail.ru

Kak n3BecTHO, paboTy pa3jndHbIX YCTPONRCTB B 9JIEKTPOTEXHUKE U 9JIEKTPOHUKE MOK-
HO ITPOAHAJIM3UPOBATD C IOMOIIBIO MATEMATUIECKO MOJIe/ I B BUIE OOOOIIEHHON 3a/1a9u
Ha COOCTBEHHBIE 3HAYCHUS:

Az = \Bx (1)

rjie A u B - u3BecTHbIE JIEHCTBUTE/IBHBIE MATPUIBI pasMepa 1 X n.

B neficTBuTEIBHOCTH, IO PA3HBIM MPUIHHAM (OOBITHO M3-3a HECOBEPIIEHCTBA MMPOM3-
BOJICTBa, CTapeHNs IPHOOPOB BO BpeMsl SKCILTYATAIlI! 1 HEIIOJTHOTO IIOHUMAHWS OCHOBHBIX
(bU3MIECKUX [TPOIIECCOB) MAapaMeTPhl UCCJIEYEMOrO YCTPOHCTBA TOYHO He U3BECTHBI. UTo-
Obl y4ecTh HEOIPEJIeJIEHHOCTH apaMeTpoB, 0oJjiee PeaTUCTUIHBIM IIOXO0JIOM SIBJISETCS
3aMeHa ypaBHeHus (1) ciresyromieii mpobJieMoii “Bo3MyIIeHHbIX COOCTBEHHBIX 3HAYCHUIL:

Ar=)Bx, A€ A, BeB. (2)

31ech A - nHTepBasbHasg MATPUIIA PA3MEPOM 7 X 1, TO €CTh KazK bl 9JIEMEHT @;; MaTPUIIBI
A mpuHnMaeT GUKCHPOBaHHOe (HO HEM3BECTHOE) 3HAYEHHE B ILpeJeaX HHTePBAIa @
HE3aBUCHUMO OT JIPYTHUX 3JIEMEHTOB MaTPUIbl; B Tak:Ke sIBJI€TCS MTHTEPBAJILHOM MaTpUIeit
pasmepom n X n. CoorHorenne (2) onpejesieT KaxKjioe COOCTBEHHOE 3HAUeHHe \j, Kak
HesiBHY1O0 dyHKIMIO o1 A 1 B, 10 ectb Ay = A\p(A, B). Hamomunm, 4ro uHTEpBaIbHbIE
BEJINUUHBI B TEKCTE BBIJIEJSIOTCsT XKUPHBIM mipudrom [1].

B ciydae feficTBUTEIBHBIX COOCTBEHHBIX 3HAYCHUN HHTEPBAT A; = [AZ,XZ] 3a/1aeTCs
MHOZKECTBOM:
r={\ | Az = \.B2z®™, Ac A, Be B (3)
AHasormaHbIM 06pa3oM omnpesenseM cobcrBeHHoro Bekropa x*(F)| cazamHOro ¢ Ay,
KOMIIOHEHTHI KOTOPOT'O x:(k) nt=12,...,n
o = (2| Az® = \,B2®, Ac A BeB) (4)

Taxkum 006pas3oM OIpeIe/ M HHTEPBAT Ay, JEHCTBUTEILHOIO COOCTBEHHOIO 3HAYCHUS [T
3aJIAHHOTO MOPsIKOBOro HoMepa k. Takas dopmyInpoBka, XOTd U He Takas o0IIasi, Kak
cIydail KOMILUIEKCHBIX COOCTBEHHBIX 3HAYEHWIl, HO MMEET MHOYKECTBO MHTEPECHBIX IPU-
noxkernit. TakuM 06pa3oM, BO MHOTUX CJIydasiX (MEXaHHYECKHUH aHAJN3 JEKTPUIECKUX
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UJIA JIEKTPOHHBIX YCTPONCTB, KOHETYHBIE allTPOKCUMAIIAN 33/1a9 pPacIpeieIeHnsd JIeKTPH-
9eCKOro, MArHUTHOIO WJIH TEIJIOBOTO TOJisi) pe3yibrupytomue Matpuiisl A € A) B € B
SIBJITIOTCS] CAMMETPUIHBIMU, 9TO TaPAHTUPYET, 9TO BCe COOCTBEHHbBIE 3HAYCHUS YPABHEHUS
(2) siBsistorest feficTBUTEIbHBIME. EC/IM MATPHUIIBI HECUMMETPUYHBI, TO HHOIJIA TPAKTUIE-
CKWIT MHTepeC MPEJICTABIISIOT JIBE CJIEYIONINe 3a,/1aun:

® [apaHTUPOBATH, YTO JAHHOE COOCTBEHHOE 3HAUEHHE A CTPYKTYPHO yCTOHUMBO [2]
(ono ocraercs JeiicrBuresnbHbIM 1 Bcex A € A, B € B);

® 1IPOBEPUTH POOACTHYIO AIIEPUOJNTHOCT |3] paccmaTprBaeMoii HHTEPBAJILHOIT 38,1841
Ha COOCTBEHHBIE 3HAUEHMUsI (BCE COOCTBEHHBIE 3HAUCHUST SIBJISIIOTCS JICHCTBATE/IbHBIMU
CTPYKTYPHO YCTONYMBBIMU COOCTBEHHBIME 3HAYEHUSAMMN ).

Cremyer mofdepKHYTh, UTO OIPE/Ie/IEHNEe PeabHOrO JInana3ona COOCTBEHHBIX 3HAUe-
it aBagercd NP-Tpyanoit 3aaqeii, ee YncaoBas CJI02KHOCTb SKCIIOHEHITUAIHLHO 3aBUCUT
OT pasMepa N UCIOJb3yeMbIX MaTpuil. DToT dakT 6bur jgokasan [Ix.Porom [4, 5| mst
OoJiee TTPOCTOTO CJIydasi CTAH/IAPTHOW MHTEPBaJbHON 3a/ladu Ha COOCTBEHHBIC 3HAYCHUS
(koryia B - eluHUYIHAST MATPUIIA):

Az =)z, AcA. (5)

B HEKOTOPBIX CiIyuasix TaK Ha3bIBaeMble BHEIIHIE PEIleHus ypaBHeHus (5) uin ypaBHeHust
(2) [2, 6] st Ay, 2® = (27 2 o6namatommm coiicTBoM BKmOUYEHNS:

XL C A, W ca®, (6)

B nanHoit craTbe mpejraraeTcs HOBBIM METOJ] TOJUNHOMHUAIBHON CJIOXKHOCTH JIJIsi OIIPe/ie-
JIEHWsl JTana3ona Ay B ciydae o00OIIeHHOi 3a/1aun (2) Ha cOOCTBEHHbIC 3HAYCHUS.

OcHoBHas njies MpeIIaraeMoro MeTo/1a 3aK/II0UAeTCs B MCIIOIb30BaHI BHEITHUX I'Pa-
HUII .’B(k) n y(k) JJId IIPpaBOT'O U JIEBOI'O CO6CTB€HHBIX BEKTOPOB, CBA3aHHLIX C paCCMaTpu-
BAaE€MBIM COOCTBEHHBIM 3HAYCHUEM Ay, C UCIOJH30BAHIEM IOJTHON WM YaCTHIHON MHBa-
puanTHOCTH 11a60HOB 3HaK0B oboux &) u y® . ITockoabKy HaM H3BECTHO, YTO TAKOI
[IOJIXOT, e1lle He ObLI IPEeJJIOYXKEH B KOHTEKCTe ODOOIIEHHOTO ypaBHEHUs 3aJ/adu Ha co0-
CTBeHHBIE 3HavYeHus (2).

C BBIYHCIUTEILHON TOYKN 3pEHMsS JAHHBII METOJ CBOIUTCS, 110 CYyTH, K (HOPMUPO-
BaHWIO U PEHICHUIO JIBYX HeJINHEMHBIX CUCTEM (HeHO.HHbIe KBa/IpaTUYIHbIE CI/ICTGI\IBI) JJIA
HaXOXK/ICHN A BHEIIHUX MHTEPBaJIOB & W Y JJId IIPpaBOIr'O W JIEBOI'O CO6CTB€HHOF0 BEKTOpa,
COOTBETCTBYIOIIUX CO6CTB€HHbIM SHAYECHUAM. C.Heﬂ‘yeT nUMEeTb B BUAY, 9YTO €I'O HbIHCIITHAA
peajm3and OCHOBaHa Ha IIOJIHOMATPHUYHBIX OIIEpaludX, 9TO OI'paHNMYIMBaCT IIPUMEHEHUE
MeTo/a IpPobIeMaMi YMEPEHHOT'O pa3Mepa.
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Sajjaya KoOIM JJisI OJHON KBa3UJINHENHON CHUCTEMBbI

Nmomuazapos B.X.!, 9pkunosa /I.A.?, ImomHuazapos X.X.?

"Hosocubupckuit rocynapersennblii yuusepeutet, . Hosocubupcek, Poccns;
Hanuonabublit yausepcuter Ysoexkucrana um. Mupso Vierbeka, r. Tammkent;
SUHCTUTYT BBHIMUCINTEILHON MaTeMaTHKH n MaTemaTudeckoii reopusuxu CO PAH, r.
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YpesBbraaitHast TPYIHOCTD aHAIN3a HEJTMHEHBIX BOJTH, B OCOOEHHOCTH CHJIBHOM TYpOy-
JIEHTHOCTH, 0OYCJIOBHJIA IPYTYIO TEHIEHIINIO PA3BUTUS UX TEOPUU - TEPEXO] OT CJIOZKHBIX
yPABHEHUH HEJTMHEHHBIX CJIydaifHbIX BOJIH K 60J1ee MPOCTHIM MOJIEIbHBIM ypaBHeHusiM [1].
OHEM U3 TaKUX MOJIEJIbHBIX YpaBHEHUi TypOYJIeHTHOCTH SABJIsieTcsl ypaBHeHue Broprep-
ca.

CoBpeMeHHbIE TeOpUH MEXaHWKH CILIONTHON cpejibl [2-4] mpeanosiaraior BiusgHue Ha
JIBUKEHUE CPEJIbl ee IPOIILIOro, IMPUYeM B OOINeM cjIydae MaTepHrasl MOXKeT UMeTb CKOJIb
yrojauo giauaayo "mamare". OpHaKo Jo/rast IaMsaTh MOPOXKIAeT 3HATUTE/IbHbIE TPYIHO-
CTH, IIPEOI0JIETh KOTOPhIE MOXKHO JIBYMSI IIyTSIMU: BO-TIEPBBIX, PACCMATPUBATE CIIEIUA b
HblE€ KJIACCHI JBHXKEHMI1, B KOTOPBIX ITaMsITh - KaKOBa ObI OHa HU ObLIa - HE UMeeT BO3-
MOXKHOCTH CYIIECTBEHHO MPOSIBUTHCS (HAIPHMED, BUCKO3UMETPUIECKUE TEUEHUsT BA3KUX
xkugrocreil [5, ri1. V]), BO-BTOPBIX, BBIIEITH KJIACChl CPEJ WIN MATEPUATIOB, B KOTOPBIX
Ha HaIpsKEHUs] B JII000I TOYKE BJIASET JIMIIL IPEIbICTOPUS JBUKEHHSI Ha IPOU3BOJIb-
HO MaJIOM HMHTepBaJie BpeMeHnu. MarepuaJibl TaKOro THIIA HA3BIBAIOTCS MaTepUaaMu C
MHOUHATE3UMAJIBHON TAMSThHIO.

[ToxkmaccoM cuCTEMBI IBYXCKOPOCTHON MMIPOJAMHAMUKHI B CJIyYae MOCTOSHCTBE HACHI-
IMEeHHOCTH (a3 U IUCCUIATUBHOM CJIydae ABJISIOTCS CUCTeMbI ypaBHeHuil Tumna Xomnda. B
OJIHOMEDHOM CJIydae B OTCYTCTBUU MACCOBBIX CUJI JIaHHAS CUCTEMbI umeer Buj [5:

ou ou

E—i—u%——b(u—v), (1)
ov ov
E—i—v%:bs(u—v), £>0. (2)

Hamnee pacemorpum 3agaan Kormm st cucremsr (1), (2) ¢ HaYaIbHBIMU YCJIOBHEM IMIPH
t=0:
U |1=0= uo(x), v |t=0= vo(2), (3)
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rae up(x) u vo(r) — IPOM3BOJIBLHBIE OrpaHUYeHHbIe H3MepuMble B R dyuxmmm; |ug(x)| <

M(], |U0($)‘ < Mo.

Onpepenenne. Orpanndennsie n3mepumbie B Iy = [0,7T) x R dyuxmun u(t, z), v(t, x)

HA3bIBAIOTCsT 0600IIEHHBIM SHTpOIHAHBIM perterneM (1o Kpyzkkosy) samaqau (1)-(3), ecom:
a) st si060it KoHCTaHTHI k1, ke € R 1 11151 1100b1X TPOOHBIX byHKIWMi ¢ (t, x), ¥(t, x) €

Ce(Ilr), o(t,z) > 0, 1(t,z) > 0 BBIIOJHAIOTCS HEPABEHCTBA

[ Tl lon s (= ) (007 = )60 = bl = 0)9) o >0
IIr

1
/H [|v — ko|tby + sign (v — ko) (5(02 — k)b, +be (u—v) w) }dwdt > 0.
T
b) u(t,z) — uo(z), v(t, ) = vo(z) upu t — +0 B mpocTpancTse L jo.(R), TO ecThb 1151
mo6oro orpeska [a, b]

b b

t1—1>I-I‘,-10 . ’U(t,&?) - UO(x)‘ dx = 07 t1—1>I—I|—10 . |U<t,$) - UO(':C)| dzx = 0.

CupaBeJIMBO CJlelyoIee
Teopema 1. Ilycrs dyukiun u(t, z), v(t,z) u a(t,x), 0(t,x) saBisirorcs 060OIEHHBIMI
pemmenusivu 3aja4n (1)-(3) ¢ nHagambubiMu GyHKIUAMA Uo(T), vo(x) U Uo(2), Uo(x) coor-
BercrBenHo, npuieM |u(t,x)| < M, |v(t,z)] < M u |a(t,z)] < M, |o(t,z)] < M nourn
Beogty B yerbipexyrosibuuke [0, To] X Kg, tine K, = {x : |x| < r} . Torga jyist mourn Beex
t €10, To)

/ " (palu(t,2) — @ty )] + palolt, 7) — (2, 2)) dir <

-

< / (p1]uo(x) — o ()] + pafvo(x) — Bo()]) da.
W3 Teopemnl 1 BbITEKAET

Teopema 2. O606mienmoe pemtenne 3aga4n (1)-(3) B coe Il eaumcTsermo.
Pa6ora Beinosnena npu dbunancosoii nopaepkke POOU (rpant No. 21-51-15002).
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3asavua ¢ yCJIOBUSIMHU COMPSI>KEHMsI JIJIsi BBIPOXKIAIOIIErocs: ypaBHEeHUs
BBICOKOT'O TIOPs/IKa C JPOOHOIT MPOU3BOIHOMN

WUprames B. 1O.

Hamanranckuii nHKEeHEPHO-CTPOUTEIHHBII HHCTUTYT,
Nucruryr Maremaruku nm.B.M.Pomanosckoro, Y3oekucran
bahromirgasev@gmail.com

Annoramusi. B pabore 1 BBIPOXKJIAIONIETOCH yYPABHEHUS BBICOKOT'O TOPSIKA C
JIpOOHO# TTPOM3BO/IHON B cMbIcjie KarmyTo m3ydeHa HeJOKaJbHas 3ajada C yCJIOBUSIMU
COIIPSI?KEHUsI, B IPAMOYTOJIbHON oOsiactu. Permenne mocrpoeno B Bujie psja Pypbe 1m0
cobcTBEeHHBIM (DYHKITMSIM OJTHOMEPHOIT 3ataun. Jlan Kkpurepuit € IMHCTBEHHOCTH PEIIeHUs .

B obmactu Q = Q, xQ,, Y, ={r:0<z<1},Q,={y: —a<y<b},a,b>0,a,be
R, paccMOoTpUM ypaBHEHHE B YaCTHBIX ITPOU3BOIHBIX

a2k
oDgu (2, y) + (—1)%7“%;” —0,y>0,0<a<l,
Llu] = O (1)
u

0% (2 y
cD (7, y)—i—(—l)kx %:0:0,y<0,1<ﬂ<2,
rje
0<m<k,mé¢N,
1 Y Ou(x,z) 0%u(zx,z)
Dy dz, ¢Dj 3
eDyue) = 57—y | g 2t Do) = 57 = /@ e

0
- IpoOHbIE TTPOU3BOJIHBIE B cMbIcye KarryTo.
[Iycrs 2, = QN(y > 0), Q- = QN(y < 0). lns yparenusi (1) paccMOTpUM CJIe Iy IOILY IO
3a/1ady.
Bamaua D. Haiitu dyuknuio u(z,y) ¢ ycaoBusmu

Lu(z,y) =0, (v,y) € 2L UQ,

anzu an—lu _ m anu o
8$2kGC(Q),WGC(Q),ZE2(9$2]€GLQ(Qx),yG[—CL,b],
cDgu e C(Q),cDgueC (),

du du
507 0¥ = aj(ly)—oj—()l Gk—1i—a<y<b,

u(z,+0) = u (v, —0), ¢Dg,u (z,+0) = uy (v,-0),0 <z < 1,
u(x,b) —u(zr,—a)=¢(x), 0 <x <1,

rie ¢ (x) gocraToano riajkas GyHKIUSL.

nddepennuanbubie ypaBHEHHA B YaCTHBIX IIPOU3BOIHBIX IPOOHOIO IIOPAIKA JIeKAT B
OCHOBE MaTEeMaTHIECKOI'O MOJECJIUPOBAHUS PA3IMIHBIX (DU3UUECKHUX [IPOLECCOB U SIBJICHUIM
OKpYZKatoIeil cpejibl, nMeIux (GppakTajibHyo npupory [1].

Ypasuerne (1) upu o« = 1, f = 2, k = 1 asaserca napaboao-runepboInIecKuM u
HCCJIEIOBAJIOCH BO MHOTHX paborax, Hampumep [2]-[5].
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Bajaun ¢ yCIOBUSIMU COTIPSIZKEHUS JJI YPABHEHU ¢ JTPOOHBIMU TTPOU3BOIHBIMU U3Y-
gasmch B paborax [6]-[8] mist ypaBHenuii Broporo mopsizika, a B paborax [9],[10] mist ypas-
HEHUH YeTBEPTOro IOPSIJIKA C HEJIOKAIbHBIMU YCIIOBUSIMU.

B sanHOfi pabore u3yuaercst KpaeBasi 3a/1a9a ¢ HEJIOKATbHBIM YCJIOBHEM U YCJIOBUSIMU
CONPSIZKEHNS JIJI YPABHEHHsI BBICOKOIO Y€THOIO HOps/IKa ¢ BhIpOxKeHneM. Perenue mo-
crpoeno B Bujie psjga Pypoe. [losrydeHsl 1ocTaTouHble YCJIOBHs BO3MOXKHOCTH [OYIEHHOIO
nuddepeniupoBanus psjia. HalijieHbl yca0oBus €IMHCTBEHHOCTU PEIIeHUS.
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KpaeBas 3agaga ajigd ypaBHEHUsSI TPETHETO IMOPSIKA
napaboJ10-TunepooJIMIECKOT0 TUTIA, BHIPOXKIAIOIIETOCS B BHYTPHU obJiacTu

Ncaomos B. .}, Paxumosa 3.B.?

'Hanmonanpueiii ynusepeuter Ysbekucrana, I.Tamkent, Y36eKucTan;
islomovbozor@yandex.com
?Hamanranckuii rocyJapcTBeHHbIH yHuBepeutTert, r. Hamanran, Ysbekucran;
zuhrarahimova256@gmail.com

OHUM 13 BasKHEHIINX KJIACCOB YPABHEHUI ¢ YACTHBIMY TIPOU3BO/IHBIMU SIBJIAIOTCS TaK
HA3bIBAEMbIE YPaBHEHHUs CMEITaHHO-COCTABHOTO Tula. Buepsoie B paborax A.B.Buraize n
M.C.Canaxutaunosa[l| mocraBieH u UCCIEI0BAH Psijl 387189 JIJIS MOJIEJIbHOTO yPABHEHUS
CMEITaHHO-COCTABHOTO THIIA BUJIOB.

[Tocste 3Tux paboT KpaeBble 3a/a49u JIJIs MOJEIbLHBIX YPABHEHUH CMEIaHHO-COCTABHOIO
TUIIA, T[JIABHAsI YaCThb KOTOPBIX COJEPKUT OIEPATOPBI SJIUIITHKO-IUIEPOOINIECKOTO,
napa-60J10-TuIepOOTMIECKOrO U 3JLIUIITHKO-IaPabOIMIecKOro TUIIOB, OBLIM MCCIEI0BAHBI
B pabo-tax M.C.Canaxurnunosal2|, T./1./:kypaesa|3-4] u ux yuenuxos.

Hauunas ¢ pabor [5-6] B Teopun ypasHeHuit napaboJMIecKoro THUIA MOABUIOCH HO-
BOE HAIIPABJIEHHE, B KOTOPOM DACCMATPUBAIOTCA KPAEBbIE 3a1a49M JIJIsl BBIPOXK JAIOIIET0CH
ypaB-HeHUs MapaboIMIecKOro TUIIA

HackoIbko HAM M3BECTHO, KPAEBBIE 3aJIa91 JIJIS yPABHEHHsT Tapabo/I0-rurnepbomaec-
KOT'O THIIA C OJIHOM JTMHUEH BBIPOKJICHNS BTOPOTO U TPETHETrO MOPSIIKOB N3y IeHBI, CDABHU-
resbHo Masio. Ormerum paborsr B.Mcenomosa u @. Xacanosa [7], B.1. Ucaomosa u 3.C.
Mazpaxumosoit [8].

[TosTomy maHHast paboTa MOCBSAINIEHA ITOCTAHOBKE W MCC/IEJIOBAHUIO JIOKAJIHHONW Kpa-
eBOll 3aJaunM JId ypaBHEHHs [apaboJIo-TUIEepOOJMIECKOrO THUIA TPETHErO MOPsIKA,
BBIPOZKIAIO-TIErocs B BHYTPU 00JIACTH.

Paccmorpum ypasuenue

0
0=— (L 1
5o (L, ()

rie
Lu = 373—1;;‘1‘@2—; - g_Za (x,y) S QOa
= 2 2 .
37121 - ngv (x,y) € Qj? (] = 172)7

0<a<l. (2)

Bnech )y - obiacth, orpanmdennas orpeskamu AB, BBy, ByAg, ApA mpsambix
y=0, =1y =1, x = 0, coorBercTBeHHO, & {); - XapaKTePUCTUIECKUN TPEyTrOJIb-
HUK, OTpaHUYeHHBIN oTpeskoM AB ocu x un nBymsi xapakrepuctukamu AC : x4+ y = 0,
BC : x —y = 1 ypasuenus (1), Bbixogsmumu u3 To4ek A u B, IepecekaronuMucs B
touke C' (%, —%) , () - XapaKTepUCTUIECKUN TPEyTroJbHIK, OTPAHUIEHHBIN OTpe3KoM A A
ocu y u nBymsi xapakrepuctukamu AD @ x +y = 0, AgD : y — x = 1 ypaBuenus (1),
BBIXOJISIIMME 13 To9eK A u Ag, mepecekaronmumucsa B Touke D (—%, % :

Bseem obozHaveHus: Q=0 UQUQyUI U,

L ={(z,y):0<2z<1l,y=0}, L={(z,y): =0, 0<y<1}.
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Bamaua A. TpeGyerca mafitm dymrkmmo u(z,y),00/1aal0My10 CIeIYIONIIME CBOfi-
creavi: 1) u(z,y) € C(Q) NCY(Q); 2) u(z,y) € C2)(Qo) N C22 (U UQy) u yaosie-
TBOpsier ypaBHenus (1) B obmacru ; (i = 0,2); 3) u,, U, - HEUPEPHIBHBI BILIOTH JI0
ACUBCUAD:; 4) na uarepajie I; u I, COOTBETCTBEHHO UMEET MECTO YCJIOBUE COIPSIZKEH ST
ygrgouy(x,y) = yl_lglouy(xay% (ZE,O) €hmn Il_l)H_IOU/m(.T,y) = xgn_&ouit(xvy)? (07y) € Iy;

5) u(z,y) yIoBIeTBOPSET KPAEBBIM YCJIOBUSIM

ou(z,y) 1

u(xay)|AC ¢1(5U)> on e ¢2($)7 0 IT 27
du(z,y) 1

= = <y< -

w@, y)lap = P1(y), o |, pay), 0<y <,

ou(x, 1
u(x7y)|BBO :¢3<y>7 0 <y< 17 (8n y) —¢3($), 5 < X < ]-7
BC

rJe n - BHyTpPeHHsIst HopMaJib, ©;(y), 1¥;(x) (j = 1,3)— 3aganmble byHKINH, IPUYEM
1 1
24,00 = V2L 0 - 0, w O =00, % (3) =i (3). @

1

paly) € COANCO.1, )€ log|ne (03). (@)

in(x) € O [o; %} n e (0; %) ey e [0; %} N e <0; %) , (5)

Yy (z) € CF [o; 1] ne? (0; 1) . s (x) € CF [1; 1] nc? (1; 1> , (6)
2 2 2 2
a dynknun ) (z), V5 (x), V5 (z) ("1 (y), ¢"5(y)) MoryT obpamarbcsa B G€CKOHETHOCTH
HOPsI/IKa MEHbIIe (g Ha KOHIax uarepsaa [ (I7) .
ChnpaBeajimBo cJieryloriee
Teopema. Eciu Bomostasitorest yesosust (2) - (6), To B obactu §) cyImecTByer eImHCT-
BEHHOE peleHne 3a1a9u A.
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Amnajgior 3amaun TpukoMu A1 Harpy>KeHHOTO YPaBHEHUS CMEIIaHHOTO TUIIA B
0ECKOHEYHOM NMUJINHIAPUYIECKO 00J1acTHh, KOr/la HAarPy>KeHHOI YacTb
YPaBHEHUS COJIEPXKUT CJIeJ| orlepaTropa APOOHOro mopsaKa

Ncaomos B. 1.}, V36ekos 2K.A.!

Hamnumonaybublit yausepcurer Y30ekucrana, r.TankenT, Y30eKucTaH;
lislomovbozor@yandex.com; 2ozbekovjorabek@gmail.com

TpeXl\IeprIe aHaJIOT! 3a/1a4€e TpI/IKOMI/I n FeﬂﬂepCTeﬂTa JJId YpaBHEHUA SJIJIMITTUKO-
rUnepOOJIIecKOro n3ydensl B paborax [1-3].

JloKaJibHBIC U HeJOKaJIbHBIC 3aJ@du s 1apaboJIo-TUIepOOIMIECKOr0 YPaBHEHHU C
OOIIMMHI HAIDYZKEHHBIME CJIAraeMbIMU B JIByXMEPHBIX 00JIACTAX PACCMOTPEHbI B paboTax
[4-7].

HackompKo HaM HM3BECTHO, YTO TPEXMEDPHBIC KDPAaeBble 3aadl [JIsi HArPYKEHHOTO
ypaBHe-HIsI CMEIIAHHOIO THIA paHee MaJso n3ydeHbl. OTmeruM paborst [8-9].

B nacrosiieit pabore B 6eCKOHEUHOl IIJIMHAPUIECKOI 00/1aCcTH U3yYaeTcst aHAJIOr 3a-
Jgagan TpukoMmu Jj1d HArpYKEHHOTO yPaBHEHUsI CMEIIAHHOTO THUIla, KOT/a HArpy2KeHHON
9aCTh yPABHEHUS COJEPKUT CJIJ] OIIEPATOpa JAPOOHOIO MOPSIKA.

Paccmorpum ypaBHenue

[Tycrs ) - TpexmMepHasi 06/1aCTh, OPPAHUYEHHAS TOBEPXHOCTSIMU:

I'y: 2=k 0<y<h, —0o<z<+00,k=0,1,

I'y: y=h, 0<2<1, —00< 2z <400,

1
I's: x4+y=0, ngéé, —00 < z < 400,

I'y: z2—y=1,
Beenem obosnadenus:

J=A(z,y,2): 0<zx<1l,y=0, z€ (—00,+x}, Q=0 UQUJ,

O =Qn{(z,y,2): >0, y>0, z€ (—o0,+o0},
Q=0n{(z,y,2): >0, y<0, z€ (—o0,+00}.
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Paccmorpum ypasHuenme

0= { Uy = Upp — U, + p DU (2,0, 2)  (2,y,2) € Q, 1)
Uy — Ups — U, + uDo_fU (2,0,2) (z,9,2) € Qo

rje p - jobast JeiicTBuTesbHAs ocTostHHast, npudeM p < 0, a Dy, (v = «, 8)— oueparop
napobHoro (B cmbicie Pumana-JInysuiis [6]) unrerpuposanns nopsiaka vy, npu 0 < v < 1.

B obusactu ) uzyuem ciieyiongyio anasor 3agadu Tpukomu.

Bagaga AT. Haittu dyuximo U (x,y, z) co caemyomumn ceoiicrBamu: 1) U (x,y, 2)
dyHKIMS HelpepbIBHA BILIOTH JI0 I'PAHUIbI 0btactu {2;

2) Uz, y,2) € C* () NCHZ () N C§Z§ (Q2) u ymosmersopsier ypasuenuio (1) B
obmacrax ; (j =1,2); 4) U (x,y, 2) yI0OBIETBOPSET yCIOBUAM

U’FO = (I)O(ya Z)? U|F1 = <I>1(y,z), O0<y<h z¢€ (—OO,+OO),

Ulp, =Vi(z,2), 0<z< 5, 2€(—00,+00),

DN —

‘l‘im U= ‘l‘im Us = ‘l‘im Uy, = Il‘im U: =0,
e $o(y,z), Pi(y,z), Vi(z,z) — 3agaHHbIe JOCTATOYHO TJIAJKUE (DYHKIUU, TPUIEM
$o(0,2) = Wi(0, 2), |l‘im ®;(y,z) =0, (j=0,1), |llim Ui (z, z) = 0.
Z|—00 z|— o0

OcHoBHBIM MeTOJIOM uccegoBanus 3ajgaun AT sipisiercsa npeobpasosanue Pypoel8].
Ha ocnoBanuu npeobpazoBanne @ypbe IPU OINpPE/IE/IEHHBIX OIPAHUYEHUAX Ha 3aJaHHbIe
dyHKIIMN TOKa3bIBACTCS OJIHO3HATHAS pa3pemuMocThb 3aiadn AT.
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JBoiicTBeHHbBIE TOBEPXHOCTH (N + 1)— MEPHOro M30TPOITHOIO IIPOCTPAHCTBA

Ncmonnos II1. I11.!, ApTtuk6aeB A.?

'HanumonasibHoro yHusepcutera Ysoeknucrana, TamkenT, Y30eKuCTaH;
ismoilovsh94@mail.ru

2Tamkenrckuit Tpancuoprubii Yuusepcuter, Tamkent, Y3bekucTan;
aartykbaev@mail.ru

[Iycrs Ox; (i = 1...n + 1) CI/ICTeMa KOOp/IMHAT B a(b(bHHHOM IPOCTPAHCTBE A, 1.

CKaJISIPHYIO POU3BEIEHUIO BEKTOD X (X1, T2y ooy Tpyq) | Y (Y1, Y2, -, Ynt1) OLPEIETHM TIO
CJICJLYIOIIEMY ITPABUILY

n n
N > Ty ecan Y xy; # 0
_ i=1 =1
(X,v)=9 ' T (1)
Tn1Yny1  €CIHA Z iy =0
i=1
Omnpenenenne 1. Addunnoe npocTpancTBo A, 1, IJie CKaJISIpHOE ITPOU3BEICHNE BEK-
TOPOB ompeJiesieHa 110 Gopmyie (1) - Ha3BIBAETCH M30TPOIHBIM HpocTpancTBoM R [1].

Paccrosans mexx iy Toukamu A u B Bbraucisiercs 1mo popMmyiie

n

2
@,@ i:1 (y; — ;)" ecom ‘1 ) %O

[Yns1 — Tny1| ecm x;=y; (i=1.n)

Addunnoe npeobpazoBaHne KOOPIUHAT COXpaHseMasi PACCTOSHUIO OIPeJIe/IsieMOit
dbopmyioit (2), TO ecTh JBHKEHHE B M30TPOIHOM IpocTpaHcTBe R | 33jaercs Gopmy-
J0ii[4]

0
=A-X+B A= Ae 0
P

Ine Ap = (aij)éj“z_ MaTpula JIBUXKEHHsI B €BKJIWJIOBOM IIPOCTPaHCTBE, BT =

(b1, b2, ...,by+1)— BekTOp mHapasieabHOro mepenoca u (hy, ho, ..., h,, 1) — KoOpAMHATEI
CKOJIb2KECHU .

Cdepa Broporo tuma, Kak OBepXHOCTH HOpMaJIbHasd KPUBU3HA 110 BCEM HAIIPABJICHIEM
[OCTOSIHHO, OIPEJIENISieTCs ypaBHeHueM|2]

2l'n+1 = Z fL‘Z‘Q. (3)
1=1

ITosepxHOCTD 3a/1aHHOIl ypaBHEHHEM (3)- Ha30BeM, U30TPOIHOI cdepoit B R |
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IIycTs n—MepHas II0CKOCTL IPOCTPaHCTBa 1)) |, He napasutenbias ocn O, 1 33/1aHa
ypaBHEHIEM

n
T+l = E AZZL‘Z + C (4)
i=1
O6oznaunm vepe3 I'— ceuenns uzorponnyio chepy ¢ miockoctbio (4). MuoxecTy
KacaTeIbHbIX —MEPHBIX IJIOCKOCTEN M30TPOITHOM cephl B Toukax ' obo3HawaeM depes
{m}3l
JIemma. Bee {7} kacaresbHBIE IIIOCKOCTH M30TPOIHON ¢epbl B TOYKAX MHOKECTBO
['— mepecekatorcst B 0O TouKe ¢ Koopauaartamu (Ay, Ay, ..., Ap, —C').
Onpenenenne 2. Touky (Aj, As, ..., A,, —C') Ha30BeeM JBOWCTBEHHON TOYKO{l II0C-
KoCTH (4), OTHOCUTEJILHO W30TPOIHOI cepy.
[IycT 3aana moBepxHOCTH F' ¢ ypaBHEHHEM

Tpt+1 = f(xlax% 7xn)‘ (33'1,1’2, 7xn) € D - Rn? 1= 1<n+ 1) (5)

O6osnaunm 4depe3 L moBepxHOCTH ypaBHs T,.1 = H (H = const) nosepxuoctu F.
PaccmarpuBaeM Kjiace BBIMTYKJIBIX oBepxHOCTEll {H} y KOTOPBIX MMOBEPXHOCTH YPaBHSI
f(xy, 29, ...,2,) = H u nepecevenne TunepIuiocKOCTu T, 1 = H co m3orpomHoii cdepoii,
COBIIAJIAIOT.

[Tpuvem nosepxHocTu Kiaacca { H }-cofepzkarcs BHyTpeHHel 061aCTH H30TPOIHOM ce-
Pbl, U OJIHO3HAYHOIO IPOEKTUpyeTcd B obyiacTh D) Ha 11ockocT T,y = 0. [Iposegem
ONOPHYIO TIOCKOCTH Ty B Touke Xo(xY, 29, ..., 2% )k nosepxuocru F € {H}.

Tak kak F'coepKUTCS BHYTPU H30TPOIHON cePBI, TO KacaTeJIbHBIH IJIOCKOCTD
nepeceKaeTcs M30TponHoii cdepoit. EcrecTBenno kacareabHas MIOCKOCTb Ty UMEET
JIBOIICTBEHHYIO TOUKY X .

B obmiem ciaydae xorja Touka Xg € F u3MmeHseTcs 10 MOBEPXHOCTH, JBOHCTBEHHDbIE
TOYKH K OTIOPHBIM TIJIOCKOCTSM OOPa3yloT HEKOTOPYIO MHOXKeCTBY F'™.

Onpenenenue 3. MuoxectBy F*-Ha30BeeM JBONCTBEHHON MOBEPXHOCTHIO K ITOBEPX-
HOCTU F'- OTHOCUTE/ILHO U30TPOIHO# chephl.

Eciu nosepxuoctu F- peryisipaa, 1o F*-gBjsieTcsi IOBEPXHOCTHIO U 33/1a€TC ypaBHe-

HHUeM .

*

oy (u,v) = flo (21, 22, 0y Tp)

*

i (u,v) = o (@1, T2y ooy Tp)

*

i (u,v) = o (21, 22, ..., Tp)

n
o (u,v) = - flo (@1, 20, 2n) — f(21, 22, .00, 20)
i=1

\

Teopeme. /IBoiicTBeHHast 006pa3 1moBepxHocTH F* coBIaiaeT ¢ MOBEPXHOCTbIO F') TO
ecth ™ = F.
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OO0 anmpokcuMaly CTENEeHHOI OIEHKN OTHOINEHUS PUCKOB B MOJeJIU
CJIy4allHOIO II€eH3ypUPOBaHUs CIIpaBa

Kakamxanosa JI. P.!

Nucruryr maremaruku uMm. B.M.Pomanosckoro AH PV3., Tamkenr, Y36ekucra,
leyla tvms@rambler.ru

[Tycrb wa BepositHocTHOM tipoctpancTie (2, A, P) sananbt {T, k1} u {Cy, k1} - aBe
HEe3aBUCHAMBIC TIOCJIEIOBATEILHOCTH H.O.P.C.B. C HeIpPepLIBHBIMU (DYHKIUAMHI PaCIpe/ie-
nerns (b.p.) F n G, coorsercrBenno (cM. [2]). Cxema mabiromennii takosa, uto Cf
nensypupyior 1) cupaBa Tak, 4TO Ha N—M IIare KCIepUMeHTa HabJoaeTcs BhIOOPKa
SM = {(X},6),1 <k <n}, rae X = min (Ty, Cx) u 8 = I (T, < Cy). B sroii BBIGOPKE
uHTEpecyomume Hac ¢.B. Tj, HabII0JaeMbl JIUIIb B ciydae 0y = 1 1 oblnee UX 9uCI0 paBHO
C.B. Uy, = 01+ ... +0,,. Bagada cocrout B oneHuBaHuu §.p. F uim Kakoro-Huoyab pyHKIH-
onasa ® (F) no seibopke S npu memaromeit ¢.p. G. K macTosmemy BpeMenu MMeIoTCs
pa oneHoK i ¢d.p. F, HAXOAMBIIMX MMPOKHUE IIPUMEHEHUS B HAYIHBIX M IPUKJIAIHBIX
uccaenopanugx. O a0l n3 GoJiee IpeInoYTUTEILHBIX ONEHOK SBJISeTCS CTeIeHHAas OIeHKA
orromenus puckos FI (1) onpenensiemas dpopmyoit

FRE(t) =1—[1— H, ()]0 =

0, t < X(l)
n—j\fin(t .
= 1= (=)™ X <t < Xy, G=1, o n—1, (1)
17 tX(n)7
rie Xy < X < ... < X(,) - BapualMOHHBI DsiJI, TIOCTPOEHHbI IO MOABLIOOPKE

{Xp, k=1, .. ,n}, Hy(t) = £ 3 I(_ooy (Xk) - oMmmmpuacckas onenka jyst &.p. H (¢) =
k=1

P(Xe<t) = 1= (1= F(#)(1—G(8), Ru(t) = (N (£))" Nuy (#)- onena dymmm
orromenus puckos R (t) = (N ()" Ny (t). Bmecs N (t) = Ny (t)+ Ny (t), Ny (t) u Ny (¢)-
uHTerpajbHble (DYHKIIMH UHTEHCUBHOCTEM, cooTBercTBytoue d.p. H, G u F":

CaH () [ dG() [ dH,(u)
N (t) =/ T—Hu) No(t):/ 1 -G (u) :/1—H(U>

FOdF() [ dH) (u)
wo- [ 2

— 00 —0o0

Hy (t) = Qo ((=00,1]), Hi(t) = Qi ((—o0,t]), Ho (t) + Hy (t) = H (t) = Q((—o0;1]), e
cyOMepbI 3a1at0Tcsd hopMmyTaMu

Qo (B) = P(X), € B,6; =0) = P(Cy, € BN (—00,T}]) :/(1—F(t))G(dt),
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Q1 (B) = P(Xy € B, 6, = 0) = P (T} eBﬂ(—oo,C’k]):/(1—G(t))F(dt).

B
Ornenkamu GyHKIW (2) ABIAIOTCS
[ dH, (u) [ dH (u)
u u
N, () = Noy (1) + Ny, (1) = | =22 Ny = [ Lm0 1,
(1) = Nou () + M () = [ T2 0= [ g m
e Hp, (t) = %22:1] (X <t, O =m) - sMIUpUUIECKHe OIEHKHU CyOpacipe/ e/ ieHnit

H, (t), m=0,1.

Pacemorpum citeryronyio Teopemy 06 ammpokcuMariin orneHku (1) mocsenoBarebHO-
CTBIO MAPTHHTAJIOB.

Teopema 1. [IycThb BBITIOJTHEHDBI YC/IOBUAA

(S1) (em. [1], crp. 162) klogn ajist Bcex JOCTATOIHO GOJIBIIHAX 7N U OCJIEI0BATEILHOCTh
{E2 nl} acumnrormuecku He BospacTaer (T.e. ISl HEBO3PACTAIOMIEI! I0CIIEI0BATEILHO-

ctn uncen {a,, nl}, lim *o =1)n
n—

oo Man

(S2) IMocaenoBaTe bHOCTD MOTOKUTEILHBIX HEyOBIBAIOIINX HCceT {Y,, nl} Takosa,

aro Y (kyar) ™' < co. Torma mpm n — 0o
k=1

1—F (1) «
FRE() — F (¢ _(1-F®) A (X320 =
tsiiiw Vi (FF (1) (1)) 7 ; ¢ (X 0r)
_Jo. ()
0(—@), II.H.
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O npuban>keHum HerayCCOBCKHUX CJIyYalfHBIX MPOIIECCOB

Kawmogaos A.U.

Jlxuzakckuit roce IMHCTUTYT, T. /IXkuzak , Y30ekucraH.
kamolovabrorb627@Qgmail.com

Pabora nocesamena ammpokcumanum cyorayCCOBCKUX CTAIIMOHAPHBIX CJIYYailHbIX MTPO-
1IECCOB PEI'PECCUOHHBIMU CILIafHAMU B PABHOMEPHON MeTpUKe.

[Tycrs £(t), t € [0;T] nmeficrBuresbublii cenapabe/bHbI CTAMOHAPHBIA B ITUPOKOM
CMBICJIe CyOrayCcCOBCKUI CIYYaflHbII IIPOIEC HEMTPEPBIBHOM KOPPEJISINOHHON (DyHKITHEH

r(t) = MEWED), Me(t) =0, MEX(t) = 1.
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Perpeccuonbim critaiinom miara h, h > 0 mporecca &(t) caemays [2], mHazoBeMm mporiece
&n(t), ompemenennslit caemytommm obpasom: &, (t) = ay(t, h)E(kh) + Br(t, h)E((k + 1)h),
upu t € [kh, (k+ 1)h] rue

r(t —kh) —r(h)r(t — (k+ 1)h)
1—1r2(h) ’
r(t — (k+1)h) —r(h)r(t — kh) T

1—7’2(h) 5 kZO,l,...,[E],

Oék<t, h) =

Bk(fﬁ h) =

[A]— menag gacts A.

Hasanme "perpeccnonuslii criaita" oObsiCHSIETCS TeM, YTO B TI'ayCCOBCKOM CJIydae
&n(t) cocrout w3 kyckos smumit perpeccu [2]: &,(t) = M[E()/E(kh),E((k + 1)h)], upm
t € [kh, (k + 1)h], a B obmem ciyuae

MIE(t) = &(0)]* = min MIE(1) — (a&(kh) + BE((k + R)P,
T. e. Ha orpe3ke [kh, (k + 1)h] nporecc &, (t) aBasgercs HanaydIeir B cpeTHEKBaIpATHIE-
CKOM CMBICJIE JIMHEHHOH o1eHKoi, noctpoennoii no suavernsam E(kh),E((k + 1)h).

st mpubJinzKkeHust Cry9aiHoro mporecca &(t) UCIob3yeM ero perpecCuOHHbIH CITaiH

&n(t) mara h, h € (0, ho).

[Tpemonozkm, aro Jyist caydaitnoro mporecca &(t) BBIIIOJHEHbI YCIOBHsT

(L) : [1&() = &(s)[swp < w([t = s]), t,s €[0,T],

rj1e, w(r) MOJIy/Ib HEeNPePLIBHOCTH, JJIst KOTOPOil cyIecTByeT obpaTHasa gpyHKust w ™' (y)

1 MHTerpas fol “;(/Z&d—zl < 0. (Hopma || * ||sup— BBesiena B padore [1])

(IT) : bw?(t) <1 —r(t) < Bw?(t)

qst Beex t € [0, hgl, e 0 < b < B < 1.
[onoxkum 7 = maxyepo.1) ||£(t)]]sup- Vccnenyem nponece ykimonennii

t) — &nlt
U E10)
cow(h)

e
B3+ BwQ(ho)))
b(2 — Bw?(hg)) ”

Teopema. [lycts Bommosaenst yeaosus (1) u (I1). Torma s mo6oro h € (0, ho| u s
Bcex z > 64 mMmeeT MeCTO HEPaBEHCTBO

Co = (1 + TTBw(hQ))(l +

2
P{ max > 2} < 2exp{- 7).

= VI 2ty [ 2D

V(2 = Buw?(ho))

rie

1
C—[1 + 77V2B + (1 + 77 Bw(hy))
0

!

o =max{l, 1}, ¢ =
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Ncnonb3yst yTBEpzKIeHIE TEOPEMBI HAXOIUTCS yCJIOBUE , IPH KOTOPOM OIMMOKa MPH-
O/MKEeHNs B pAaBHOMEPHOIT METpUKE He TPUBOCXOJNT 33JJaHHOTO yPOBHA €,& > 0 ¢ joBe-
PUTENIBHON BEPOATHOCTHIO 0, 0 < § < 1.

OrmernM, 9TO TIporiece ykiaouenuii 1, (t) B ciaydae, kormpa (t)- rayccoBekuii cranmo-
HapHBI ¢ mp. 1 w(z) = cz%, ¢ > 0,0 < a < 1, 6bL1 M3yUeH B padorax [2[,[3].
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O06 asiropuTMHUYECKUX ITPEJICTABJIEHUAX TPy

Kaceimos H. X.!, T>xkasiaues C. K.?

Hamumonanbueiit ynusepcurer Y3oekucrana nm. Mupzo Yiayrbeka, Tamikent,
V3bekucra,
nadim59@mail.ru; 2sarvar.javliyev@mail.ru

C Heompe/ie/IIeMbIMU TOHATUSIMA MOXKHO O3HAKOMUThCs B [1,2].

ITog cI0BOM SKBHBAJIGHTHOCTH ITOHUMAETCA SKBUBAJICHTHOCTHL Ha MHOXKECTBE HATY-
PAJILHBIX YHACEJT W.

st mymeparuu v gepes ker(v) Gyiaem 0603HAYATH HYMEPAIIMOHHY O S9KBUBAJIEHTHOCTD,
KOTOPYIO, JUIsi KPATKOCTH, HA30BEM SJIPOM V.

Onpeniesienue 1. YHuBepcajbHas ajareOpa HA3BIBACTCs MPEICTABUMOI HaJl SKBUBA-
JICHTHOCTBIO 1), €CJIM CYIIECTBYET €€ HyMepPaIus C SIPOM 7).

B pabore paccmMarpmBaioTcs, B OCHOBHOM, BOIPOCHI CYIIECTBOBAHMA IIPEICTABICHUIA
KJIACCHYECKUX aareOpandecKuxX CHCTEM HaJl SKBUBAJICHTHOCTAMHU PA3JIUIHBIX TUIIOB.

Onpenenenne 2. DKBUBAJIEHTHOCTD 1) HA3BIBAETCS M-3KBUBAJIEHTHOCTHIO (PaBHOMED-
HOI M-3KBUBAJIEHTHOCTBIO), €CJIU CYIIECTBYET TAKOe CeMeHcTBO F' BbrumcjmMbIX hyHK-
muit (nepeduncuMoe ceMeiictBo F' BbraucuMbIx (hyHKIWUI), HHILyIIUPYIOIIUX I€PECTAHOB-
Ki (DaKTOP-MHOXKECTBA w/1), 9TO JJisi BCAKO Mapbl HATYPAJbHBIX YUCEN T,Y Hailjgercs
takas Gyuknus f € F| pasg m-coaur kiaacc {z}/n k kraccy {y}/n.

TpuBnajbHBIME TPUMEPAMU PABHOMEPHBIX M-9KBUBAJIECHTHOCTEH ABJISIOTCA Pa3peIu-
MbI€ 95KBUBAJIECHTHOCTU.

Teopema 1. Eciu (G, v) — HymMepoBaHHasl rpyImna, To sapo ker(v) ee Hymepanum —
paBHOMEpHAs M-3KBUBAJICHTHOCTD.

Bameuanme 1. Mbl pabotaem B curaarype (-,~ '), KoTopas obecrednBaeT paBHOMED-
HOCTh. B curnarype ¢ oaHOl GUHADHON TPYIIOBOI oneparueii (-) Teopema Teopema 1
BepHA B TOIl 9aCTH, KOTOpas yTBEPXKIAET, YTO AP0 HyMepalud — 1-3KBUBAJICHTHOCTD.

B 0630pe [3]| craBuiicst Borpoc: "cyIecTByer Jii KOHEYHO-ONPEeIeIeHHAs TPYIIIIA, HyMe-
pAIMOHHAs SKBUBAJEHTHOCTb CTAHIAPTHON HyMepaIMy KOTOPOil mpenotHas?”.
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CiuencrBue 1. Hu Ha Kakoil mpeoiHON SKBUBAJIEHTHOCTHIO HE MPEJICTABUMA HI-
KaKas TpyIIIa.

Takum oOpazoMm, He TOJTBLKO HE CYIIECTBYeT KOHEYHO-OIPeIeIEHHO IPYHIbI C Ipej-
HOJIHBIM TIO3UTUBHBIM sIZIPOM (T.K. HEOOXOIMMBIM YCJIOBHEM KOHEYHON OIpEJIeIeHHOCTI
areOphl SIBJIAETCS TIO3UTUBHOCTD €€ CTaHIAPTHOM HyMepAIWn ), HO U IPEeII0JIHO HyMepo-
BaHHOI I'PYIIIBI JIIOOOH aJIrOPUTMUYECKON CJIO2KHOCTH.

ITpennoxkenue 1. Eciin paBHOMEpHasT M-9KBUBAJIEHTHOCTH UMEET XOTs Obl OJINH pa3-
PEIINMBIi KJIacC, TO OHA pa3perninMa.

CaencrBue 2. Ecin HepaspennMasi SKBUBAJIEHTHOCTh UMEET XOTs ObI OJIMH pa3pe-
IIMMBIA CMEeXKHBIN KJjlacc, TO HaJl Heil He IIpejcTaBuMa HUKaKad I'PYIIa

CnencrBue 3. Ecim paBHOMepHas M-3KBUBAJEHTHOCTb HepaspelmMa, TO BCe ee
CMezKHbIe KJIaCChl HEBBIYUCIINMBI.

ITpennoxxkenue 2. Besgkas mapa cMeXKHBIX KJIACCOB g7[pa HEPA3PENTUMOl TO3UTUBHON
HyMepaIuu JIIOOOH TPYIIIb SBJISIETCS BBIYUCIUMO U30MOPQHOI (T.e. Jyist 110601 mapbl
CMEKHBIX KJIACCOB SJIpa CYIIECTBYET BBIUYHUC/IMMA MEPECTAHOBKA HA W, WHIYIUPYIOMAs
[epecTaHoBKY (hbaKTOP-MHOXKECTBA w)/1), IEPEBOJISIIIAsT OJINH U3 STUX KJIACCOB Ha JAPYTOil).
[Ipu sTOM, cyImecTByeT paBHOMEPHO 3(PHEKTUBHO 3aBUCAIIALA OT X, Y IIPOIE/LypPa IIOCTPO-
€HUs XapPaKTEePUCTUIECKOIO HMHJEKCA BBIYUCIUMOIO M30MOpGMU3Ma Ha W, SABJMIONIETOCT
[epecTaHoBKOI Ha w/1n u nepesogsero {z}/n B {y}/n.

OrMmernMm, 9TO B CjIydae CyIIECTBOBAHUS T'PYIIILI, IPEJICTABUMOI HaJ| SKBUBAJIECHTHO-
CTBIO 7), IMeeTCsl MHOT'O PA3JIMYHBIX CIIOCOOOB 3a/laHus IPYIIILI HaJl 7). B wacTHOCTH, 71106011
KJIACC 9KBUBAJIEHTHOCTH MOXKET ObITh MHTEPIPETUPOBAH KAK €IUHUIHBIN 9JIEMEHT ITOIX0-
JIAIIEN TPYIIbI, TPEJICTaBUMON HaJT 7).

ITpennoxkenue 3. Eciiu zHaj 1 npejcraBuMa rpyia, TO Jjis JIOO0T0 1)-KIacca CyIe-
CTBYeT TaKoe ITPeJICTAaBJIeHNEe HAJI 1) TMOJIXOJIAINIEN TPYIIILI, JIJIT KOTOPOTO JAHHBIN KJIacc
OyJleT eJIMHUIIEI.
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IlocTpoenne nepmognYecKUX pelneHnili KBa3NJINHENHBIX ypaBHEHUI TP
pe30HaHCe B KPUTUYECKOM CJiydae

Kaxxapos A.3.!, Bepausipos A.II1.?2

Axragemuaecknii smreit TT'TY nmenn 1. Kapumosa, TamkenT, Y30ekucraH,
azizqahhorov@gmail.com;
JlxuzakcKuil mouTexaudeckuii uHCTuTy T, J>ku3ak, Y30eKucTaH,
berdiyorov1957@mail.ru

[Iepuoauieckue perieHnst MPeJICTABIAIOT COO0I YaCTHBIN CJIydail JBYCTOPOHHUX pe-
meHnii KBasuinHeiHbIX yparernii [1]. Ocoboe MecTo mepnojnveckux perieHnii B reopun
UHTETrPo-ndPepeHITUaATbHBIX YPABHEHNN, UX BaKHasd POJIb B IPHUJIOKEHUIX 3aCTaBJIAET
paspabaThiBaTh KOHCTPYKTUBHBIE U TPAKTUIECKIE 3P DEKTUBHBIE METO/IBI NX TIOCTPOEHNE.

PaccmoTpuM KBazuanmHeHyO cucteMy HHTErPo-IuddepeHnuaabublX ypaBHeHU

t

(jl_gts — Ax + g[/ R(t — s)x(s)ds + F(x,t)], (1)

—0o0

IJle £ —N - MEPHBIT BEKTOP; A - TocTosTHHAA N X N - MaTpHIA, 00/1aaeT COOCTBEHHBIMI
SHAYMEHUSIMH, PABHBIME HYJIIO MJIM HEJI0f KpaTHOCTH y/—1.

B cuny cBoiict marpunnst A F(x,t) - 27 - nepuonndeckast U BCoy auddepeHnupy-
eMas 110 t, aHaJIuTHIecKas: M0 T (DYHKIHUS, € - MAJIBIH nmapamMerp (ero canraeM IIOJIOXKHI-
TesibHBbIM), R(t — s) - sapo cucremst (1).

Unrerpan B npasoii vactu (1) 6ygem cantaTh HHTErpajgoM B cMbicie Pumana.

CucreMbl TaKOro BHJa Ha3bIBAIOT CHCTEMAMH C HAC/IEJCTBEHHOCTHIO WM IIOC/Iejieli-
crBUeM [2|, mpudeM ¢ GECKOHEYHO JAJEKUM I0C/Ie/IeficTBIeM. SHAYeHNs TIPOM3BO/IHON ‘fi—’f
B MOMeHT ¢ = t* > 0 3aBucuT O 3HavYeHuil x(t) /I GECKOHEUHO YIaJeHHbIX 3HAYCHU ¢ B
unrepsase (—oo,t*).

Anpo R(t—s) - HA3BIBAIOT SIIPOM HACJICICTBEHHOCTH UJIN sI/IPOM pestakcarwn. [Iprvem
JIJIsl TIPOCTOTHI JTaJIbHEHIero anaan3a, 9To

IR < e

rje 7y - IOJIO?KUTEIBbHO II0CTOAHHAA.
Kax coietyer u3 reopun jmHeiiHbIX auddepeHnuaabubiX ypasaenuii [3,4] oxHoponHas
cucrema (nostydatormasicss u3 (1) ypasnenust npu € = 0 1 Ha3bIBaeMasl IOPOK JIAIOIIET

dv_ Ax (3)
dt
0bJ1a/1aeT TOT/Ia HEKOTOPBIM IHC/IOM JIMHEITHBIX HE3aBUCUMBIX 27 - [EPHOJIMIECKHIX PeIIe-
Huii. DTO YMCJI0 3aBUCAT OT OCOOEHHOCTEl PE3OHAHCHBIX COOCTBEHHBIX 3HAYEHUH U IIyCThH
OHO PaBHO M.

Teopema. Kaxomy npocromy perenuio ¢y = ¢ ypasaerus ®(co) = 0, r.e. Takomy,
qTO

3@(00)
(det aCO )Co=06
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COOTBETCTBYET TIPHU JIOCTATOYHO MAJBIX € - MEPHOIIecKoe pernenue y = y(t, &) cucremMb
t t
W— Ay+e[ [ R(t—s)y(s)ds+ [ R(t—s)zo(s,c)ds+ F(t, zo(t, c)) +y], obpamaromeecs
B HYJIb TIpu € = 0.
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O06 oxHolI MaTeMaTUYIECKO MOJIeIN 33/Ia4M Teopuu (pUIbTparumn
CTPYKTYPUPOBAHHBIX (PJIIOJIOB B JABYXCJOWHOM ILJIACTE

Kaiomos II1.', Mapagasaos A.Il.2, XauntoB T. 0.3, Katomos A.B.*

Tamkentckuit ['ocymapcrBennbiit Texundeckuit YauBepcuteT, TamrkenT, Y 30€KUCTaH,
lkayumovmatemic@gmail.com; 2apardayevich@mail.ru; 3tojiboy.xaitov.77@gmail.ru;
4Vausepcurer Unxa, Tamkent, Ys6ekncran, AkayumovB@gmail.ru.

13BecTHO 9TO OPUCTBIE CPEIB IJIe IPOUCXOAUT mpotiecc (uibrpanuu dhJonI0B (Boja,
ra3, HeTh KOHJIEHCAT, 1.T.J[) B PeaJIbHOM CJIydae siBsgeTcst MHorocsoiinbivu. Vccemosa-
TeJTU U3yYalolue XapaKTePUCTUKH TaKUX CPEJl YaCTO IpuderaeT K yCJIOBHBIM KPUTEPHUIM
OTHOCHTE/ILHO NeOMETPHH BhIpazkaroliee 00beMa U KOHTYpa (IpaHuiibl) 006J1acTi hUIbTpa-
IIUU TIO3BOJISIONIIE BOCIPUHUMATD €10 JINOO KaK OMH €/INHBII TJIaCT, JITO0 MHOTOCIONHBII
C 9eTKO I'MJIPOIMHAMUYIECKH Pa3/IeJIeHHBIMUA WIN CBSI3aHHBIMU, TIJIACTAMHU.

Usyuenne takux mpobiieM mocBsIeHbl paboTel [1-3| 1 B HayIHOI JuTepaType nx Ha3bl-
BaloT Mojiesiamu Xanrtyirna, Maruesa-I'purnckoro u [lenkadesa — ['yceiinzage. Kazxmoe n3
9TUX MOJIesIell JieJlaeT CBOM JIONYIIEHUS OTHOCUTEILHO XapaKTEPUCTUK CPEJIbl U COJIePIKa-
mero B HUX hJIonia U CTPOUT COOTBETCTBYIONINE MaTeMaTuIecKe Mojienin. B HagaibHOM
9TaIle 3TU MOJE/N CTPOUINCH OTHOCUTEJIHLHO HBIOTOHOBCKUX (DJIIOWJIOB & B JlaJbHENIeM
110 Mepe OOHapy?KeHne HOBBIX CBOMCTB (DJIIOMJIOB B T€X MJIM UHBIX MECTOPOXKICHUIX CTAIN
CTPOUT MaTEMATHIECKHe MOJEIN JIJIs HEHBIOTOHOBCKHUX (hIIonIoB [4].

B naspHeiiiem cTporIoCh MOJIEN U U3YYAIUCh 38241 (DUIBTPAIUN U JJIsT CTPYKTY-
PUPOBAHHBIX (DIIIOUIOB OTJIMIAOIIEHCs HAJIMIreM TpeX 30H |5| duabrparmm or HeCcTpyK-
TYPUPOBAHHBIX. DTH MCCJIEIOBAHIE B MHOTOCIOWHBIX CpeJlaX IIpoBesieHbl B paborax [6,7].

[Iycrs 3a7an AByXCaI0MHBIH 001acTh D11 Dy T1e Dy TIJI0X0 MPOHUTIAEMBI U COJIEPIKUAT
dutron 0018 1aI0Masd BA3KOILIACTUICCKUMU CBOMcTBAMU a [y ILJIOXO NMPOHUIAEMBIN TjIe
IJIACTOBBIE XapaKTEPUCTUKU U XapPAKTEPUCTUKH (DJIIOUIa B HEM TI03BOJIAET TOBOPUTH UTO
TaM €CTh CTPYKTYPHUPOBAHHBIN (DIIIOWT.

Ecnu B macre ¢ naganaom Bpemenn ¢t > () Ipou3BOIUTLCS 0TOOP M3 CKBaXKUHHBI PacIio-
JIOZKEHHOW B HavaJie KOOPJAMHAT TO 33ja4u (puyibrpanun (HJIonIa OMUCHIBACTCS CICIYIO-
MIMJA MaTeMaTHIeCKIMI MojieisiMu. Heobxomimo Haiitu HenpepbiBHble DyHKIWMA U (T, 1)
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u v (x, z, t) a TakKe HeM3BECTHbIe IpaHuIbl BoamyInerus [ (z, t), Ry (z,t) , Ry (z, t) u3
caeytomeit cucreMbl udepeHIma bHbIX YPaBHEHUI:

5 (Xva T e vl B 5 =G re@TE), >0 O
5 (Revu 58]~ o avel, 50 5 =G we@@in, 150 )
o <<p1 (V0] 81) %) =% e (i R1), £ 0 (3)

% (<p2 (IV], ) %) = MQ%, z€ (Ri(t); Ra (1), t>0, (4)

5 (®0vel 30 52) =350 = € (Rat): ha) 1> 0 o)

¢ HAYAJIbHBIMUI
u(z,0)=v(x, 2,0)=ug(x, 2),R1(2;0) = Ra(2;0) =hy, T'(z,0)=0. (6)

1 'PpaHUIHbBIMUA

ou ou
9z |,_r_g 07 | ,—p g
ov ou
(I)l (|V’U‘ ) 61) a_ = (I)Q (’V’U‘ ) 62) a_ )
aZ 2=R1—0 aZ z=R1+0
ov ou
Dy (Vo] B2) = = O3 (|Vu], B3) = (8)
0z 2=Ro—0 0z 2=Ro+40
a TaKyKe KPAeBBIMU YCJIOBUSIMU
ou
G1X1(|VU|,B)% =0 :§01<t>7 t > 0.
Z = hl
ou
as X3 (|Vul, ) 9zl z=L ¥ (t), t>0. (9)
VAR hl
ou
az®s (|Vul, B3) 9 =0, t>0. (10)
z z2=hso

Baech: dynknnu X;, ¢ = 1, 2 BeIpaykaeT HeJIMHEHHOCTH JIBUYKEHHE aHOMAJIBHBIX (DIIIOH-
JIOB COIVIACHO KPUBOJIMHEHHOrO 3aKoHa dbuibrparun|8|.

Oyurnusa P; (2 = 1,_3) OIIMCHIBAET XapPaKTEPUCTUKH AIITPOKCUMAIINN CTPYKTYPHBIX (DJTIO-
UJIOB COOTBETCTBYIONMX 30HAX (buibrpanuu 7], ug, ¢; (t) - 3a1aHHbIe BDYHKIMT, OCTATb-
Hble mapaMerpbl U KoaddurmenTs anajgoruduo paborer [8]. 3amaua (1)-(?7?) sasasgercs
HEJIMHEHHOM 1 HO3TOMY JIJIsl €r0 PeIlleHusl IPUMEHSETCsT YUCIeHHbIe MeTosibl [8, 9]. B uact-
HOCTH METOJI UTePAIUN, METOJ, IIPAMBIX U PA3HOCTHBII BapHaHT IOTOKOBOI IPOroHKu. Pe-
3yJIbTATBl PAOOTHI MOXKHO IIPUMEHATH JIJIsI MOJICTUPOBAHUST MECTOPOXK IeHIIT (hU3nIecKne
XapaKTEePUCTUKN KOTOPBIX COBIIQJIAET C JIAaHHO paboTOI.
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DopMyJibl Pa3JI0XKEHUS JII HEKOTOPBIX THIEepreoMeTrpudeckmnx QyHKITUI
JBYX I€peMeHHbIX

Kobumos X.M.
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khoji1l997@mail.ru

Paccmorpum rurnepreomerputeckne (pyHKITMU JIBYX ITEePEMEHHBIX

. amnbn—mcm—nmn
m,n=0 o
(@), 0), (Dnmn( D
Goab e diag)= Y Dl Onen@on )
m,n=0 o

rae (A)x — cumBout [loxrammepa:
No=1, Meg=XAXA+1)..(A+Ek—=1), k=1,2,3,....

st mceteioBanms TUIIEPreOMEeTPUIECKOH (DYHKITNN MHOTUX TIEPEMEHHBIX OUYeHb BarK-
HBl (DOPMYJIBI PA3JIOKEHUS, KOTOPbIE IO3BOJIAIOT IPEJICTABUTH TUIIEPreOMETPUYECKYTO
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GYHKIMIO MHOIUX I[IEPEMEHHBIX Yepe3 OECKOHEUHYI0 CYMMY IIPOM3BEIEHMI HECKOIbKIX
TUIIEPTeOMEeTPUIeCKIX (PYHKIINN OTHOTO TIEPEMEHHOTO, a 9TO, B CBOIO 09epe/ib, 0bIerdaer
IIPOIECC U3YUEHHUS CBOWCTB (DYHKITUIT MHOTUX IT€PEMEHHDIX.

C 1enpio HaxOXKJIeHUs (OPMYJT PaA3JIOKEHHUS I TUIEPreoOMeTPpUIecKnX (DyHKIIHi
JIBYX IIepeMeHHBIX, BiiepBble Bepunesnn n Yenam [1,2] BBesm crienumasibHbIE ONEPATOPEI
u u3ydaju ux cpoiicrBa. B umcciienopanusix Bepuneiia m YeHu BakKHYIO pPOJIb UI'Pa-
na u3BectHas dopmyna Ilyna (Poole), Bocnosb3oBasiincs KoTopoit onn pasioxkumim 11
runepreoMeTpudeckne (pyHKIINN JIBYX IEPEMEHHBIX B OECKOHETHYIO CYMMY ITPOU3BEIeHUT
JIByX THIIEpreoMeTpuydeckux (pyHKImii ['aycca, oqHaKo st pa3iokeHus Beex PYHKINN 13
criucka ['opra 3T0#t 0/1HON POPMYIIBI OBLIO HeoCTaTOIHO. [To9TOMY 10 HEABHOTO BPEMEHH
OCTAJINCh HE Pa3JIOyKEHHBIMU JIPYTHeE THIepreoMeTpudeckrue PyHKIUNA JIBYX ITePEeMEHHBIX
n3 crmcka ['opHa.

Craenysa paboram Bepunenna u Uenman BBegeM B PACCMOTPEHUE CJIEAYIOIIHEe CIUMBOJIN-
JecKue OlepaTopPhbI

-~ ()T (h+ ad + Bo)
Voo (1) = F 008 T (h t o)’ ®)
< _T'(ad+h)I(Bo+h)
Aax;ﬂy (h> T F(h)F(a6+ﬁa+h)’ (4)
rue
s=2l =42
=T U_yay’

['(z) — ramma-dbyHKIWMs, & @ 1 [ — 1eJIble Yuc/ia, OTJIMYHbIE OT HyJId, T.e. o, § = +1,+2, ...
Herpyto 3amerutsb, uto B ciydae o = 1 u f = 1 oneparopsbl, ompe/ie/ieHHbIe (hOPMY-
namu (3) u (4) coBnagaror ¢ oneparopamu bepunesia-Uenan [1,2].
C nmomoripio oreparopa (3) MOXKHO IPeJICTaBUTh (DYHKIHHI, OIpeieIeHHbIe (hOpMyJIaMu
(1) u (2), B BUJZE

Gy (a,b,¢;2,Y) = Vi (@) V_gey (0) Vay (¢) F (a,¢;1 — b; —x) F (a,b;1 — ¢; —y),  (5)

Go (a,b,c,dyz,y) = @_x;y (€)Vay(d) F(a,d;1 —¢;—x) F (b,c;1 — d; —y), (6)

ITo onpenenennio (3) mmeem
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IToxcrasus rorossie dopmyist (7) — (9) B (5) u (6), OKOHIATEIBHO MOy IUM Pa3JIOZKe-
une g Gy u Go B BUje

G1(a,b,c;z,y) = io: Xk: Xj:(_l)wp(fn)(z)(;)(é) .

1,7,k=0 m,n=0 p,q=0

% (_i)k—m(_i)j—q<i +m+ p)j—p(i +n+ Q>k—n(a)i+m+p(c)i+m+p(a)i+n+q(b)i+n+q «

(@)s(0);(1 = B)itmp()(1 = C)ignqiljIH!
Xy TP (g +i+m+petit+m+p;l—b4i+m+p—x) X
xyi+”+qF(a+i+n+q,b+i+n+9§1_C+i+”+Q5_y)’

00 4] . .

? J

G b, c. d; =
2(@, , G, ax7y> :i; ji; ( p ) ( q >:X
1,7=0 p,q=0
" (=P +p)ip(i + 9)j—(@)j4p(0)iq(¢)itq(d) j1p "
i131)i(1 = ¢)j1p(d);(1 — d)irq
xe'PE (a+j+p,d+j+pl—c+j+p—z)X

xyTIF(b+i+qet+itql—d+i+q—y).

B 3aK/II09€HAE OTMETHM, UTO ¢ MOMOIIBIO oreparopa (4) MOKHO HETPYAHO HAHTH 00-
parHble hOpMyJIbl pazsioKenus st Gyukiwmi (1) u (2).
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unddepeniimpoBanusi KOHEYHOMEPHBIX Pa3peIruMbIX 4—JIMEeBBIX ajareop

Kyurpanbaea A.K.

Hamnumonasbublii yausepcurer Y30ekucrana umenun Mupzo Yiyroeka, Tamkenr,
V30ekucram,
r_gaybullaev@mail.ru;

Hacrosmas pabora mocsiiiieHa ornucanuio auddepeHupoBanns 4-JIueBbIixX ajredp ¢
MaKCHMAaJIbHBIM TUIO-HUIBIIOTEHTHBIM HJIEAIOM.

4-yimeBbie aarebpbi|l] TecHo cBsI3aHBI CO MHOMMMHU OBJACTSMU MATEMATHKU, MaTeMa-
THaeckoii pusuku u reopun crpyH. B pabore [2| mocrpoen Kiace paspermmbIx 3-JIMeBbIX
aJiredp ¢ MaKCUMaJIbHBIM THIIO-HUJIBIIOTEHTHBIM HICAJIOM, KOTOPBIH sABjIsieTcs (huimdopm-
Ho#t 3-yteBoit aareopoit. PakTUIeCKN, TaKue aJredpbl MOJTHOCTHIO KIacCupuiupoBanbl. B
9TOil paboTe MOJIyUIeHO OIMHUCAHUE PA3PEHIUMbBIX 4-JTUEBBIX AJIredp, MAKCUMAJbHDBIN TUIIO-
HUJIBIIOTEHTHBIN 1Jieasl KOTOPhIX sBjisieTcs dunndopmubiM. Kpome Toro, onucanb: jud-
depeHITMpPOBaHNS 3TUX PA3PEIUMbBIX 4-JIMEBBIX aaredp.
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Onpenenenue 1. 4-iuesotl anzebpoti HA3BIBAETCI BEKTOPHOE MPOCTPAHCTBO L HAaT
nojeM [, HajiesleHHOE IPOU3BOJILHON MOJUJINHEHHON KOCOCMMMETPUYHON oneparmeit
(21, X9, T3, T4], YIOBIETBOPSAIONIEN CIIEIYIONIEMY TOXKJIECTBY:

4
Hxh X2, X3, ZE4], Y2, Y3, 94] = E [‘rla SRR [xia Y2, Y3, 94]7 s ,I4],v551, T2,X3,Tq4 € L.
i=1
Omnpenenenune 2. /[uppepenyuposaruem 4-mmeBoit aaredbpbl L Ha3bIBaeTCs JTUHEITHOE

orobpaxkerne DD : L — L Takoe, 9TO JJisi IPOU3BOJIBHBIX 3JIEMEHTOB I1, Lo, T3, T4 U3 L
CJIeJTYIOIEee PABEHCTBO OY/IeT BEPHBIM:

D([$1,$271‘3,$4]) = Z[Zﬂl, PN ,D(l‘i), ce ,274].

t=1

MmuoxkecTBo Beex jnuddepenimpoBanuii [, OTHOCUTEILHO KOMMYyTATOPa 00pa3yeT Io-
nasrebpy smeBoit anrebper gl(L). Dra moganrebpa HasbiBaeTcst anrebpoil puddepeHin-
posanuii L u obosuadaercs yepes Der(L). st npousBosbHOl 4-7eBoii aaredbpbl L onpe-
JIeJINM, COOTBETCTBEHHO, HUXKHUI MEHTPATBHBIN U TPOU3BOIHBIN PsiJIbI:

L'=1L, L*'=[L*F L L], k>1,

L — L, s+ — [L(S), L(S), L L], s>1.

[ToampocTpancTBo [ 4-ymmeBoit ajaredpbl L Ha3bIBAETCS WIEAJIOM, €CJIU BBIITOJHAETCS
coorrorenne [I, L, L, L] C I. Unean 4-nmueBoit anreObpbl L Ha3BIBAETCsT PA3PEITUMBIM H/1e-
asioM, ecan 1" = 0 st mexkoToporo r > 1. Korma L = I, Torma L Has3bIBaeTcs: pasperi-
Moit 4-yeBoii ajrebpoit. geas HazbiBaeTcss HUJIBIIOTEHTHBIM Hea oM, ecian I7 = 0 s
nekoroporo > 1. Eciu I = L, Torna [ Ha3biBaeTcss HUJIBIIOTEHTHON 4-T1eBOIi airedpoii.

[Iycty L 4-nmueBasi anrebpa u [ upean B L. Eciu I auunbniorenTHas nojgaaredpa, HO He
HUJIBIIOTEHTHBIN Ujieast, TO I Ha3bIBaeTCs I'MITO-HUJIBIIOTEeHTHBIM ujieasioMm L. Ecau I He 8-
JIsieTCsl COOCTBEHHBIM TTOJIMHOYKECTBOM HHKAKOT'O JPYTOr0 TMIIO-HUJIBIIOTEHTHOTO Heaia,
T0o [ Ha3bIBaETCA MaKCUMAaJbHBIM TUIO-HUJIBIIOTEHTHBIM UIeAJI0OM L.

Onpenenenue 3. 4-imeBast anredpa L pasMepHOCTH M HA3bIBAETCA PULUPOPMHOTL,
ecmn dimA* =m — (3 +14) gz i > 1.

Ob6oznaunMm yepe3s N pumdopMHyio 4-TueByio aaredpy ¢ HEHYJIEBBIME [TPOM3BEIeHN-
svu B Gasuce {eq, ey, ..., ey}, UMEIOILYIO CIIe YoM BUJI:

[61,62,63762‘] = €i+1, 4§Z Sm—l

B pabore [3] mpuBesero KiaccuduKanms MaKCUMAJIbHBIX PA3PEIUMBbIX 4-JHEBBIX AJl-
reOp ¢ 3aJaHHBIM MAKCHMAJIBHBIM (GrImdOpPMHBIM THIIO-HAILIOTEHTHLIM HICAJIOM.

Teopewma 1.|3] [Iycrs R,, 4 paspemmmas (m+2)— MepHast 4-7mreBasi ajredpa ¢ MaKkCu-
MaJIbHBIM IUIo-HuIboTeHbiM uaeanom N. Torga B L cymecrsyer 6asuc {x,y, €1, ..., €m}

TaKoil, 4TO Tab/IUIa YMHOXKEHUs B L MMeeT cJIeAyIomuil BUI;
e1,e,€3,6) = €11, 4 <i<m—1,
T, 61782,6’3] = €3,

x,er e, 6] = (i—4)e;, 4<i<m

[
Rm41 {
[

y,e1 62,6 =€, 4<i<m
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IJIe OTCYTCTBYIOIINE CKOOKM PaBHBI HYJIIO.

B cirerytornieii TeopeMe J1a UM OIMUCAHNIE TTPOCTPAHCTBO I hepeHITTPOBAHUS aIreOPhI

Ry 4.

Teopema 2. Ciieytorniue orobparkenus 00pa3yoT 0a3uc B mpocTpancTse Juddepen-
[UPOBAHUI aIreOpsl (1M + 2)-MepHON paspernnMoil 4-yeBoii aaredpsr Ry, 4 :

(dij(e:) = e,

diyi(ek) = (k) — 4)€k7

d;i(r) = —u,

dzj1(z) = (j — 4)ej,

dsj1(y) = e,
Der(Ry,4) dimir(ci) = 7.

dys(er) = ex,

d4,5(€k) = €k+1,

d4,5(9€ = —é€3,

ds(x) = ey,

\

1<i<3,
1< <3,
dz,z(y) =Y,

di,m+2<€i> =Y,
4 <k<m,

4<k<m-—1,

Em-

de(y) =

5<j<m—1,

1<j<m,
b <k<m,
1<i<2,

1<i<2,

N3 TeopeMmbl 2, HETPYIHO OJIYIUTD, HOIIPOCTPAHCTBO BHYTPEHHUX AuddepeHnnpo-
BaHUU pa3penumMylo 4—juesyio ajaredp I, 4. Bepno ciefylomue ciencrsue

Caeacrsue. Crenyromee auddepeHImpoBaHne SIBIAETCA 0a3MCOM IIPOCTPAHCTBA
BHyTpeHHuX audddepentuposanus aareopsr Der (R, 4).

( d;j(e:) =
ds 3(ex
d373+1(

(

6]',

(

\_/\_/

‘ d3,]+1 Y
) daaler)
dis(er) = ers1,

d4,5( ) = —é€s,

ds(x) = ey,

\

) = (k —4)ex,

)ew

1< <3,
h<k<m,
5<j<m-—1,
4<j<m-—1,
4 <k<m,

4<k<m-1,

ds(y) = em.

3<j7<m,

Tak xax dimDer(R,, 4) = 3m+8 u dimad(R,, 4) = 3m — 2, MBI IIOJIy UM, ITO LIPU N >
2 anrebpa R, 4 umeer Buemmue nuddepennnposanus. Torna npocrpamctso Der (R, 4)
MOZKHO TIPEJICTABUTE KakK HpsAMyio cymmy Der(Ry,4) = ad(Ry4) @V, tae dimV = 10, a

Oazucom mpocrpancTsa V' gBjsdoTcd auddepeHupoBatus d.

di,m—l—l; di,m+2; 1 S 1 S 2 TaKoe, 9TO

(
di;

1<j5<2
5 < k<m,
1<i<3,
1<i<3,
1<i<2,
1< <2

0,79

1<i<31<j<2u

1<i<3,
1<i<3,
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O BHYTPEHHHUX HEIIOJBU2>KHbIX TOYKaX CTOXOYECKOI'o oimepaTopa
BOJITBTEPPOBCKOI'O THUIIA ‘{eTBepTOﬁ cTelrieHm

Kypranos K.A. , KapumoBa ®@. A.

Harmuonanbubiit Yuusepcurer Y36ekucran, Tamkent, Y306eKucTam;
iska2091@gmail.ru

B cummiexce S? = {u = (z,y,2) € [0,1]* : x + y + 2 = 1} croxacTuueckue onepaTopbl
BOJIBTEPPOBCKOTI'O THUIIa quBepTOﬁ CTeIIeHU nMeeT BUJ:
: ; : ) ]
y =yt 4 dbaxy® 4 deyBz 4+ 4(1 — a)xPy + 4(1 — fyz3 + 6my?22 + 6(1 — k)xy? + 12[s120y°2 + haxyz + goxyz?]

' =zt + dax3y + 4dx32 + 4(1 — b)zy> + 4(1 — )xz® + 6kx2y? + 6(1 — Da?2? + 12[h122y2 + saxy?2z + gzryz?
Vig =
2 =24+ dex2d +Afy2d +4(1 — d)adz + 4(1 — e)y3z + 612222 + 6(1 — m)y?22 + 12[g1ayz? + haz?yz + szzy?2]

rae avbv ¢, dae7f7 kylamy hi; Siy Gi € [07 1]72 = 1a3

Bepmuabr cummiexca M (1,0,0), M(0,1,0), M3(0,0,1), aBASIOTCS HEIOIBUAKHBIMI
roukaMu. [T0CKOIbKY COOCTBEHHbIE YHC/Ia OTHOCUTEJILHO BEPIIMH CUMILIEKCA ABJISIOTCS
qucia

41— a),4(1 — b),4(1 — ¢),4(1 — d), 4(1 — ), 4(1 — f),

MOXKeM cuuTarh k =1 =m = %, S8 =¢g;i =h; = %
Ecmm z = y nmeem

(20 — 2a)z® + (e — d)x*z + (c — f)2* =0

Iycts 2 = ¢, Torga
(2b—2a)t* + (e = d)t* + (c— f) =

ol

- _1 1 _(e=d)® 1_c—f 1(2 (e=d)3 1 c—f \2 1 (e—d)f
t= —6b+6a <(_6b+ 6“)((_27 (2b—2a)® ~ 22b—2a + \/Z(ﬁ (26—2a)3 ~ 2 b—2a) 729 (2b—2a)6) +
+(_1 O R WS RN Y E W I W I ) )
27 (2b—2a)3 ~ 22b—2a 4\27 (2b—2a)3 ~ 22b—2a 729 (2b—2a)®

TOF,J:[‘a BHYTPpEHHAA HEIOJABUXKHAaA TOYKa UMEET BUJI:

t ot 1
1427142t 142t

Co( )

a) I[Ipu ¢ = [ BHyTpeHHsIS HETIOJBIKHAST TOUKA

e—d e—d b—a

Gﬂmb+c—a—dy2w+c—a—dV2®+C—a—dﬂ




90 Pecnybnukanckaa mHayunas kKonpepennus CAPHMCAKOBCKUE UYTEHUSl, TamkermT-2021

b) Ilpu e = d BHYTpeHHsIs HETIOIBIKHAST TOUKA

Co< Ve—f Ve—f Vb—a )
2¥/c—J+ 20 —a) 2¥c— [+ 2(b—a) 2¢c— F+ 3/2(b—a)

Mbz1 HanIn BHYTpEeHHHE HEIIOABU2KHBbIE TOYKU, KOI'/Ia L = Y . ‘AHBJIOI‘I/I“IHO7 MO2KHO HalTH
TaKue TOYKU IIpU T = 2, Y = Z
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I'panunynas Teopema Mopepbl Ha MATPUUHOM MIape AJis UHTEIPUPYEMBIX
b yukImit
KyraeimyparoB B.2K.

Hoxkropanr (Phd) kadenpsr "Meronuka npenojaBanusi MaremaTuku"
HI'TIN. nm. Askunansasa, Hykyce, Y3bekucram,
bayko-2020@mail.ru

B nannoit pabore mokasaHa rpanndHasi TeopeMma Mopepa s byHKIMIT ©HTErpupye-
MBIX Ha IIape.

Ilycts Z = (Z, ..., Z,) - BEKTOp, COCTABJICHHBII U3 KBaPATHBIX MATPUIL Z; HODS-
Ka M, pacCMaTpUBaeMbIX HaJ mojieM KoMmiuteKcHbiX dncesn C. Moxno cuamrarh, 910 -
2
ssiement npoctpancrea C" [m x m] = C" . Marpuunoe "ckassipaoe' mpousse/ienue:

(Z W) = ZW; + ZWi + ..+ Z, W7,

*
rae W) ectb MaTpuIa, CONPsKEHHAst U TPAHCIOHUPOBaHHAs Jid Marpuibl W
Ob6nactb By, ,, upocrpancrsa C" [m x m]:

Bn =42 :1—1(Z,7) > 0},

rae I, Kak OObIYHO, eUHUYIHAS MATPUIA TOPSIKA 1, MATPUIHBIN map.
OcroB 3T0i1 00J1aCTH €CTh MHOroOOpasue BUJIA:

Xpm ={2: (2,2)=1T}.

OueBuiHO, pasMepHOCThL ocToBa pasHa m*(2n — 1) u nmpu m > 1 He coBnajaer ¢ pas-
MEPHOCTBIO I'DAHUIBI MATPUIHOrO Iapa. B wactHoctn, npu n = 1 = B,, 1 - MATPUIHBIH
kpyr u3 C" [m x m|, a X,, 1 - MHOXKECTBO BCEX YHUTAPHBIX MATPHIIL.

IIpu m =1 = By, - map u3 C", a X3, - exnuanunas cdepa.

IMIpu m =n = 1= By, - enuanuneiit kpyr u3 C, a X - equananasg oOKpPy>KHOCTb.

IIycre Touka A = (A4, ..., A,) 1 R, Qs S,k =1, ...,n, MaTpUIpl HOpsiKa m.

Paccmorpum oTobpazkenue Bujia

Wi=RI™ —(2,4) " Y (2, A)Qu k=1,...n, (1)

s=1
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nepeBoisitiiee ToUky A B 0.

Hns moboit Toukn A € By, ,, cyliecTByeT aBTOMOPMU3M MaTPHIHOrO mapa b5, , BuIa
(1), mepeomsiuit Touky A B 0. IIpu srom marpunet R u Qg, s,k = 1,...,n onpejes-
I0TCSL U3 CJIeIyIouX coorHommenuii: (em [1])

R (I'™ — (A, A)) R = I,

rie () — 610unas marpuna, a A*A - npsaMoe nmpon3sejieHne OJIOIHBIX MATPHIIL,

Haimee, moboit aBToMopdu3M MaTpUIHOrO mapa B, , ABlIdeTca KOMIO3HINEH aBTO-
Mopdusma Buja (1) u 0600IEHHOrO YHUTAPHOTO TIPE0OPA3OBAHNUSL.

[Iycte ®4(Z) aBromopdusm marpuunoro mapa ($4(A) = 0). Torga BermecTBeHHbIH
skobuan I aBToMopdusMa ¢4 BBIUUC/IAETC 110 PopMyJIe:

mn-+m

det (10 — (A, A))
det (10W — (2, A))?

[Rq)A -

OjiHuM W3 aKTyasJbHBIX BOIPOCOB MHOTOMEPHOI'O KOMIIJIEKCHOTO AHAJIN3a SABJISIIOTCS
3aJ1a91 TOJIOMOPGHOIO MPOJIOIPKEHNs ¢ IPAHUIILI. B 9TOM IL1aHe MHTEpEC CIenuaaIucToB
[IPUBJIEKAIOT MHOTOMEPHBIE I'PAHUYHbBIE aHAJIOIH TeopeMbl Mopepa.

Crenyronmit pesysibsrar Harenss u Pyauna (em. [2]) siBiisieTcst ofHUM U3 mepBBIX MHO-
FOMEPHBIX aHAJIOrOB TeopeMbl Mopepa.

Teopema 1 (Harenw - Pymun). Ecim dbyskius f - HenpepblBHa Ha I'DaHUIE Iapa

B C C" u unrerpa
2w

/f (¢ (€, 0, ..., 0)) €dp = 0
0

Jtst Beex (rostoMopdHBIX ) aBTOMOPMU3MOB 1) 1apa, To MYHKIWHs f ToJOMOPQHO MPOIOJI-
JKaeTcs B IIap.

I'pannanast reopema Mopepbl Ha MATPUYHOM IIape IS HEIPEPBIBHBIX (DYHKITHIT (CM.
[3]), Koropwiit siBisieTcst anasorom Teopembl Haresst - Pyauna mokazasa ¢ OMOIIBIO aB-
ToMopdusMa mapa B, .

Iycrs A° € X, (AY = (A9, ..., A?)) . PacemorpuM citefryioniee BIOKEHHE €JIMHUTHO-
ro gucka A B 001actb B,

{W €C™ W, =tA%, j=1,..n, [t| < 1} 2)

I'panuna 7' qucka A 1pu 3TOM BJIOYKEHHHU IIepeiiJIeT B OKPY2KHOCTb, JIEKAILYIo B X, .
Eciu ®-npoussosbublit (rosiomopdustit) aBroMopdusm 061acT By, ;,, TO MHOXKECTBO BU-
J1a (2) 101, AeficTBHEM 9TOro aBToMopdu3Ma mepeiiieT B HeKOTOPbIi aHAJTUTUIECKII TUCK
¢ rpanutieit Ha X, 5.

Teopema 2. Ecm dyukmua f € LP(X,,,) Y/IOBIETBOPSET YCIOBHIO
[f(®(A"))dt =0 nna Beex aromopdusmos P obmactu B, , 10 dyHkmma f
T

roJI0MOpPGHO IPOTOIKAETCA B By, .
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PaBpeIJ_II/IMOCTb 9aCTUYIHO MHTEerpaJIbHbIX ypaBHeHI/Iﬁ THUIIA (bpe,I[I‘OJIbMa

Kyudapos P.P.!, Mupsaesa T.M.?

Hanumonabublii yauepcurer Y30ekucrana, TairkenT;
lramz3364647@Qyahoo.com 2mirzayevatilloxon@gmail.com

YacTu4HO MHTErpabHBIE OIIEPATOPHI IPEICTAB/IAIOT COO0Il CPABHUTETIHHO HOBYIO 00-
JIACTh B TEOPHU MHTEIDAJIbHBIX OLEPATOPOB, XOTs, YACTHYHO MHTErDAJIbHbIE ONEPaTOPHI
SIBJIAIOTCSL TTIABHBIM OO'bEKTOM M3y4YeHHsI B KBAHTOBON TEOPUU IIOJIs, CTATUCTUIECKO dhu-
3HKe 1 MEXaHUKe.

B 1932 romgy B.J. Pomanosckwuii [1| B cBoeil craTbe mpu M3ydYeHUH 3aJa9d TEOPUH
MapKOBCKHX IIeTIeil HCCIIeT0Ba PAa3PEIINMOCTh YaCTHYHO HHTEIPAJILHBIX YPaBHEHMIT THIIA
®penronapMa B IPOCTPAHCTBE HENPEPBIBHBIX GyHKIMNA. OIHAKO, HAJIO HOTYEPKHYTh, 9TO
BO MHOI'MX JINTEPATYPHBIX KCTOYHHKAX pabora A6ryc Casama [2] npuBoauTCcst Kak MepBblii
HCTOYHUK [0 TEOPUH YaCTHIHO MHTErPATbHBIX orteparopoB tuia Ppenronbma (3.

[Iycts € C R™ u 25 C R” — KOMIIAKTHBIE MHOXKECTBA C TOJIOKUTETLHBIMI JTe0ero-
BbIMI Mepamu fi1(€21) 1 pe(22). X — uieanbHoe 6anaxoBo npocrpanctso (MBIT) dywnrmit
u3 Lo(Ql X Qg)

B (UBII) X paccMoTpuM CIeIyomnye onepaTopbl

nf@wwa/m@avwmewx 1)

Q1

Iwmw:/@mwmmwm@. 2)

Qo

Baecy dyunun ki(x, s) u ky(t,y) aBiasiiorcss n3MepuMbIMU DYHKIUSIME, COOTBETCTBEH-
1o, 2 u Q32 u unrerpasnt B (1) u (2) nonumatores B cMbicie Jlebera.

O6osnaunm gepes L [Ly(Q)] cOBOKYIHOCTS KOMILIEKCHOSHAYHBIX H3MEPUMBIX (hyHK-
mmit 1z, s) ma 23, yIOBIETBOPAIONINX YCIOBHIO: HHTETPAT

() =Qf | i, ) [* dpa(s)
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cymecTByer npu noutn Beex = € Oy 1 ¢(z) € Lo(Qy). Tlpocrpancrso L [Ly(€)] asiser-
cst mogysieM Karuranckoro-I'nibbepra Hagy Lo(§21) OTHOCHTENHHO BHYTPEHHOIO MPOM3BeE-
JIEHUST:

<y hy 5= /hl(x,s)hg(x, Sdpin(s), hushs € b [Lo()].
1951

[Tycrs T} — 91O ¢ aapom ki (x,s) € L (Q%) . Y10 T; (1) orobpazkaeT IpOCTPAHCTEO
Lo (€21 x Q) B cebst u Ty sBIsIETCS HENPEPBIBHBIM o1iepaTopoM Ha Lo (€21 X (9).
B npoctpanctse Ly (21 X 23) u3ydnM paspernmmMocTb 9aCTHIHO HHTErPAJIbHBIX YDaB-

wenwit (YY)

B npocrpancrse Lo [La(€2)] onpenennm Y110

S = [ )

1

f(s,y)d(pa(s)), (4)

rie dyukun M (z, s;79), D1(y; 7o), COOTBETCTBEHHO MUHOD U jieTepMuHaHT Ppenroibma.

Teopema 1. Ilycte 79 € C u Dy(y,70) # 0 maa w.B. y € . Torma (3) npu srrobom
g € Ly (1 x Q) B mpoctpanctse Lo [Ls (€21)] umeer eauncTBeHHOE petienue fo(x,y), mpu
sToM perrienue fo(x,y) uMeeM Buj

folz,y) = (E + 1051) g(z,y).

Teopema 2. [Tycrs 79 € C u D1(y,79) # 0 qyist .B. y € €Qy. Torma oneparop E — 19T}
obparum 1 (E—70T1) 71t Ly (Q1 X Qo) — Lo [La ()], ipu sToMm (E —79T1) ™t = E+ 1951,
rje omeparop S onpejened B (4). Eciau s usmepuMbix yHKIHHT
M, (x, s;70)

D (y; 10)

CyIieCcTByeT IIOJIO2KHUTEJIbHOE YHNCJIO C TaKoOe, 9TO

wl(‘ru S, Y3 TO) =

wo(t) :Qféf | wi(x,8,t;70) |? duy(2)dpy(s) < C b, t € Qy,
10

1o (B —70T1) 7't Ly (4 X Q3) — Ly (21 X Q) u oneparop (E — 79Ty) ™" aBngerca orpa-
HIdeHHBIM Ha Lo (21 X §9).
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FeOMeTpI/IS[ B IIOAIIPOCTPAHCTBaX IICEBJO0EBKJ/INAOBaA ITPOCTPAaHCTBa 2R5
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[Tojt 11CeBI0EBKINIOBBIM ITPOCTPAHCTBOM 2R5—HOHI/IMa62CH apPUHHOE TSITEMEPHOE
IpocTpaHcTBoO (1], co ckamspHOil iponsBeieHneM BeKTOpoB X (z1, T3, T3, Ty, Tp) U

—

Y (v1, Y2, Y3, Ya, Ys)

(X . 37) = T1Y1 + T2Y2 + XT3Y3 — T4Ys — T5Ys.

—

X

HopMa BEKTOpa —BbIYHCJ/IAETCA KaK KOPEHDb OT CKaJIAPHOI'O KBaJApaTa BEKTOPa

‘X‘: (X, )2) =\/a? + 23+ 22 — 2] — 2.

PaCCTOHHI/Ie MeEKIAYy TOYKaMM OIIpe/ie/IdeTCd KaK HOPpMa BEKTOPa COCIUHAIONINE I9TU
Touku. Ecim A(.Il, To, T3, T4, IE5) 1 B(yla Y2, Y3, Ya, yS)a TO

AB = \/(?/1 - 901)2 + (32 — $2)2 + (ys — $3)2 — (ya — $4)2 —(ys — 905)2-

B pabore [2| mano, kinaccudurarust TéperoHa reoMeTpun TPEXMEPHBIX MHOTOOOpa-
3uii. [IpuBeseno BoceMb pa3IMYIHBIX T€OMETPUIl OMUCHIBAIONINE INeOMETPHUIO0 KOMIAKTHBIX
TPEeXMEPHBIX MHOI0OOpa3uii.

Nsyuennnle reoMerpuio 2Rs—1aeT BO3MOKHOCTD PeaN30BaTh HEKOTOPBIX TeOMEeTPHit
u3 Kinaccudukanuit Téperona, B mpocrpancTse 2R,

Teopema. B 2 R5—cymecTByeT HOIIPOCTPAHCTBA N30MOP(HAA TeOMETPUIO IPOCTPAH-
crBa SLy u Nil.
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B napamienenunene D = {a <z <b, ¢ <y <d, 0 <t <T} tpebyercst onpeaeanThb
dyuxmo f(x,y,t) > 0, nocrapusontyo npu Kaxaom ¢t € [0,T] MuHEUMYM JTHHEHHOMY
dbyuximonany |[1]

b od
J{f}z//f(x,y,t)dyc& — min, (1)

IIPU CJICAYIOINX YCJIOBUA:

ou 0 ou 0 ou
5 =5 (g )+ g (e ) + flan
a<r<b c<y<d 0<t<T, (2)

u(z,y,0) =up(x,y), a <z <b c<y<d,
u(a,y,t) :Ml(y7t)7 (bayv ) :U’2<y7t)7 <y Sd 0<t<T,
u(z, e, t) = ps(x,t), u(z,d,t) = py(z,t), a <z <b 0<t<T,
m(z,y,t) <u(z,y,t) < M(z,y,t), (x,y,t) € D. (3)
Baech u = u(x,y,t) — Temueparypa B TouKe (Z,y) IPAMOYTOJIbHAKA B MOMEHT BPEMEHU
t; x(z,y) > 0 — koapdunment reronpoBogHocT; ug(x,y), p1(y,t), ua(y,t), us(x,t),
pa(z, t), m(z,y,t), M(x,y,t)—3ananuabie dyuknun. Qyuaknuu m(x,y,t), M(z,y,t) nmeor
cMbICT (DYHKIMIT MUHUMAJILHOIO ¥ MAKCUMAJILHOTO PO Ui TeMIepaTyphl B obaactu D
COOTBETCTBEHHO. VICTOYHMK TeIlia ONUChIBACTCS KBaJAPATHUHO UHTErpUpyeMoil pyHKImit
f(z,y,t) B mpoctpanctse Ly(D).
0 Lo — ou 0 ou 0 ou
nepatop Lu = — <% (X(z, y)%) + By (X(x’y)(?—y)) ¢ HaYaIbHBLIM U Kpae-
BBIM YCJIOBUEM OYJIET CAMOCOIIPSYKEHHBIM, TIOJIOKUTEIHLHO ONpeiesieHHbIM B Lo( D), a 3Ha-
YUT, OH IMeeT OIPaHMUeHHBIH 0OpaTHLIH ollepaTop, KOTOporo obosHaunM depes G = L1,
C ero nomoIpo MOXKHO mepedopmysupoBarh 3aga4y (1)—(3) Kak 3a/1a4y HA MUHUMYM
dbyuximonana (1) npu caeayonmx yeJIoBUAX HA JIOTHOCTH NUCTOYHUKOB:

fz,y,t) € Lao(D), f(z,y,t) >0, m(z,y,t) < (Gf)(z,y,t) < M(z,y,t). (4)
Beesem B D paBHOMEDHYIO 110 TPEM HEPEMEHHBIM PAa3HOCTHYIO CETKY Wy p,. = Why X Why X
wh = {(.Il = ihl, yj = jhg, tk = kT), 1 = O,Nl, j = O,NQ, k = O,Ng} C II1araMm
hl = (b — CL)/Nl, ]’LQ = (d — C)/NQ, T = T/N3
st moryvuenns KOHCEPBATUBHBIX PA3HOCTHBIX CXEM BOCIIOJIB3YyEMCsS WHTETrPO -UHTEep-
HOJIAIMOHHBIM MeTojIoM. HesiBHasi KOHCepBaTHBHAsI PA3HOCTHAs CXeMa Jijist ycsoBust (2)
umeer BUJ [2]:

(k1 ok k1 k+1 S NS
Ujy — — Uy X Ujpy5 — Ui X Uiy — Uiy
- +0.57 " 7o = Xi¢—=0557 1o

T I h? I h?
k+1 . k+1 k+1 . k+1
Uijr1 — Wiy Uij ij—1 kL
+ Xij-i—O.ST - Xij—O.Sh— f
2 2
i=1T,Ni—1, j=1,No—1, k=0,N; — 1, (5)
0 _
u'LJ u()(x’wyj)?
k1 k1
ug; = p(Yj, te)s uny; = p2(Yss trr),
k1 _ k1
iy = p3(Tistrgn), Uin, = Hali tryn),
L i=0,V;, j=0,Ny, k=0,N; — L
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SILGCB Xi40.555 Xij+0.5 1A il;+1 OIIpEeaeJIAI0TCA paBEeHCTBaAMU

T+ T Yj +Yyj-1
Xi—0.57 = X (Tayj) s Xij—05 = X (iEi; %) ka F(@i vy, tis)-

[Tosrygaem
G=A"
rjae A — Marpuia cocraBjieHHas U3 Ko3hhUIMEeHTOB TIepe] Hem3BeCTHbIME B cucreme (5).
[TocTponmM KOHCEPBATHBHYO KOHEYHOMEPHYIO anmnpokcuMarmio (1)—(5) B Buje 3a1aqu Jiv-
HeiiHoro mporpaMMupoBanusd. [lomydnm 3a1ady JIMHEHHOTO IPOrPaMMIPOBAHUS:
Ni—1 Np—1

Je{f} = Z Z meSDk Z — min, k=1,2,..., N3,

1=

177

mijngqfk<Mk p=1LN,i=1,Ni—1, j=1,N,—1, k=1,N3,

fko, ¢=1,2,..,N, k=1,2,..,Ns.

Pertenrem 3aaun (6) IUCICHHBIMU METOAMU HAXOAUTCs (DYHKITUS u E gpq f(f»

(p—1)=
sajaun (2) ¢ f; , TIe 0003HAUYEHNE - €CTh CUMBOJI II€JIOUYUCIEHHOIO JiejieHns, a mod ecTb
CHMBOJI ocTaTka OT Jejenusd. [Ipu srom 3azada (6) pemaercs M-meroom.
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Maremarnaeckne Mozen reTepodasHbIX MHOTOKOMIIOHEHTHBIX CPeJT MITUPOKO MUCTOJIb-
3yIOTCH IIPU ONMCAHUM HEeCTAIIMOHAPHBIX IIPOIECCOB B TEXHOJIOIMYECKUX U IIPUPOJIHBIX CU-
cremax. Mojiesin IByXCKOPOCTHBIX CPE/T TO3BOJILIOT HCCJIE0BATH MEXAHUKY ITOPUCTBIX Ma-
TepuaJsoB, I'PaHyJIMPOBAHHBIX CPE/Jl, cMecell U3 HeCMEeNINBAIONINXC KUJIKOCTeH, My3bIphb-
KOBBIX W KHIISIINUX KUJIKOCTeH, rupoTepMaIbHble IOTOKH, HEKOHCOIUIUPOBAHHBIE CMe-
cu, IIonI0-MarMaTuiecKe MOTOKM, COJIepKalliine KCeHOJMUTHI. 1 peasm3anuu Takux
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33189 MPEJIOZKEHbl Pa3/InIHbIe CIOCOOBI PEIIeHUs CUCTEM HeJUHEHHbIX muddepeHIm-
AJIbHBIX ypaBHEHWI: OMIMHENHON MeTo/ 1 XUPOThI, METOJI OOPATHON 3a/ladi pacCesaHusd,
¢ WCIOJIb30BaHUEeM IpeoOpasoBanus bakiynja win npeodpasoBanus [lapOy, ycedennoe
passiozkenue [lennese, MeTo 1 rpynIoBoro aHaan3a, MeToJ, OaIaHca, BApUAIIMOHHBII MeTO/T
ureparuii, mosryodparusiit MmeToJ1. B cirydae, korja rumepbosintieckast CUCTEMa ypaBHEHU
MPUBOUTCH K CUMMETPUYECKOMY BULY, IIPEJICTABJISETCS BO3MOXKHBIM HCCJIEJIOBATH TIOBE-
JIEHUsI CUCTEMbI Ha Pa3PBIBHBIX PEIICHUsX, B TOM YHCJIE JIJI 38/1a4 C YAAPHBIMUA BOJTHAMU
U KOHTAKTHBIME pa3pbiBaMu. TOUHOE pellieHne 3a/1a9u Paciajia pa3pbiBa Jijisd rerepodas-
HBIX CPeJl MOYKET MPUBOJUTH K TPYIOEMKUM BBIUUCICHUSIM, B CBSI3U C 9TUM IITHPOKOE Pac-
[IpOCTpaHeHue MOy YUIN METO/IbI Ha OCHOBE TIPUOJINZKEHHOTO perenus 3a1a4dn Puvana. B
pabote [1| mpoBesieH SHTPONUITHBIN aHAJIN3 CXeM JJAHHOTO Kjacca, Takux Kak LxF [2], Py-
canosa [3|, HLL [4], Roe [5], EO [6], HLLC [7]. B pa6ore [8] HLL-meroz nmpumensiics npu
periennn 3ajaun Pumana o pacrajie mpon3BOJIBLHOTO Pa3pbiBa JJIs CUCTEMBI Juddepen-
IUAJHHBIX YPaBHEHUN JIBUYKEeHMs OHOMA3HON Hlea bHOil KujkocTn. s uccaenoBanus
nsrzkenust JByxdasubix cpes HLL-meros npumensiics B paborax [9-11].

[Toy rerepodaznoii cpeoit MOHUMAETCS CILIOITHAS CPeJIa, 9JIeMEHTAPHbBIN 00beM KOTO-
POii COCTOUT U3 HECKOJIbKUX (B JAHHOM cJiydae JBYX) a3 ¢ pasinIHbIMU (HU3NIECKUMU
napamerpamu. Crucrema HeJIMHEHHBIX yPABHEHWIT JBUZKEHUS JIBYX(a3HON CPEJIbI C OTHIM
JaBJIeHreM MojydeHa B pabore [12|, ciemys obImuM IPUHIMIIAM MEXaHUKH CILIOIITHBIX
cpen. B muccnmaTuBHOM cirydae, B IpeHeOPesKEHNH MTPOIIECCAME TEMOTPOBOTHOCTH 1 00b-
€MHOI BA3KOCTHU, CUCTEMa YPABHEHUI nMeeT BUJL

8,01 (9p2 oS S R
— +0; i) =0, ——+0 )=0, — +0|— , i) == (1
En + 0 (prua) o1 + 0; (p2uz,;) o + P (pruri + pauzy) T (1)
6;7 + 1 Oy ; = 5 ip — g—; (U g — ugg)” — b% (w1, —ug;) + %Aul,i- (2)
az’ + Uz kOpuz,; = 5 ip + g—;@ (e — ) + b (U — uzy) + %Au%, (3)

r7e p1, p2 — MapIUaJIbHbIe INIOTHOCTH (a3 ABYyXhasHoil cpejibl, Uy, Ug — IOJIs CKOPOCTEit
da3 aByxdasznoit cpenpl, S — sHTponUs ABYX(Ma3HONW Cpebl HA eIUHUIy 00beMa, P —
nayenue, 1" — Temieparypa, b — ko3dduimenT MexKda3Horo TpeHus, 1, 1o — CABUTOBbIE
BsA3KocTH a3 aByxdasznoii cpeinl. Jluccunarupnasa dyukims R nveer BuI

R =bpy (uy; — U2,z‘)2 +m (8ku1,i)2 + Mo (akUQ,i>2 .

Cucrema ypasuennii (1)—(3) 3aMbIKaeTcst ypaBHEHUSIME COCTOsIHHsI, KOTOPbIE B IIPE]I-
[IOJIOYKEHNUU O paBHOBecuu (a3 o JIABICHUIO U TeMIepaType UMEIOT BU/I:

pzp(p,(ul—uz)Q,S), T:T(P>(u1—u2)2,5)-

B pabore paccMoTpeHna cucTeMa ypaBHEHU JIBUKEHUSA JIBYX(MA3HON Cpejbl ¢ paBHO-
BecreM a3 10 JIABJIEHUIO U Temieparype. B ognomepnoMm 06e3/MCCUITATUBHOM CJIydae
cuCTeMa TPUBOIUTCA K JUBEpPreHTHOMY BHLy. Haiijienbl XapakTepucTudecKne 3HaUCHUs,
MO3BOJIAIONTNE TTPUMEHNTH uncjenubiii Merox HLL g mcciieioBanus moBeieHus JIBYX-
dazHoit cucrembl HA IpUMeEpe 3aja49u O paciajie pa3pbiBa. CpaBHEHNE MOJIYUYEeHHBIX [TPU-
OJIM2KEHHBIX PEIIeHNl ¢ yPABHEHUAMY JIBUZKEHUS UJICATHHON YKUJIKOCTU TTOKA3BIBACT UX
XOPOIITYIO COIJIACOBAHHOCTD.

Pabora Beimosrena npu dbunarcosoil nopaep:kke POOU (rpant No. 21-51-15002).
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C TIOCTPOEHUS MaTeMaTUIecKoil Mojiesin. [IpucyrcTBue B BEpXHUX CJI0X MAHTUHM YaCTUU-
HBIX PACILIABOB Ipuobpesia B reodu3nvecKoil Jureparype BaxKHYIO poJib. [Ipemrmooxke-
Hre o (bOPMUPOBAHUU HACTUIHOIO PACILIaBa IyTeM (ha30BOro Iepexojia MepBOro pojia
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nozosiio B.H. /lopoBckoMmy 0OBSICHUTBH JIOKAJIU3AINIO B IIPOCTPAHCTBE 3HAYUTE/HHBIX
Macce Takoil cybcrannuu B auHaMudeckux yeaosugax [1]. [Ipu stom addexTsr 0o6bemuoi
reHeparmm MarMbl He OBLIN yYTEHbI. Y YeT TeHepallui MarMbl B YCJIOBHSAX CJIBUTOBOI Jle-
dopmarn MaHTHIHBIX ToJI Oblia yureHa B [2|. B sTux paGorax ciuiomHas cpejia B
reoJIOTMIeCKOM BPEMEHHOM MacinTabe IpejcTaB/isijia co0Oi BI3KYIO KUJIKOCTh-1, 3a cUeT
CODOCTBEHHOI BSI3KOCTH, JIUOO 110 JIPYTUM IPUIUHAM, JOCTUraeT HEOOXOIMMBIX TEPMOITHA-
MUYECKHUX YCJIOBHIT IpoTeKanus hazoBoro mepexosa. [lo rpanuiiam 3epeH u MezK3epeHHbIM
y3J7aM HadHET CKAILIMBATBhCA MarMa - »KHJIKOCTb-2 ¢ BA3KOCTBIO, IPUCYIEeil M3BECTHBIM B
reojiorun paciiaBaM. Taxoit paciiaB BKJIIOYAETCsI B IPOIECC COBMECTHOTO TEILIOMAaCCOTIe-
peHoca 1 pUIBTPYETCs CKBO3b CUCTEMY, €r0 TIOPOAnBINY0. ApyruMu cjioBamu, 9ta Teopust
IpeJICTaBIsgeT coDON JIMHAMUKY TEIIOMACCOIIEPEHOCa B3aMMHOTO ITPOHMKHOBEHUsT OJTHOM
MeHee BA3KO# KMIKOCTH CKBO3b 0oJiee BA3KYIO Cpejly, KaK CBoeoOpa3HbIil mporiece (puib-
rparun. Wm mo anajorun ¢ ypaBHenmeM Habbe-CToOKca, MOXKHO Ha3bIBATH KaK IBYX-
ckopocTHas cucreMa ypasHeHuii Hasbe-Crokca, ub0 Kak ypaBHEHHs JIBYXCKOPOCTHOI
IUJIPOJINHAMUKHY.

V3ydenne TedeHnil BSI3KUX CKUMAEMbBIX | HECKUMAEMbIX JKUJIKOCTEH HA OCHOBE pe-
IIIEHUsT TTOJIHOM CHCTEMbI ypaBHEHUI IBYXCKOPOCTHON TI'UIPOSMHAMUKHU IIPEICTABIISIETCS
aKTyaJIbHBIM. B juTeparype M3BECTHO OYeHb OI'PAHUYEHHOE UHUCJIO CJIYUIAEB, JIOIYCKAO-
MUX aHAJIUTHIeCKoe nHTerpuposanne ypasaernii Hapbe-Crokca [3-5]. 3aada nacrosiieit
pabOTBI COCTOUT B TIOCTPOEHUN (PYHIAMEHTAJIBHBIX PEIIEHUH JIJIsT CTAIMOHAPHON CUCTEeMbI
yPaBHEHHI JIBYXCKOPOCTHON TMIPOAMHAMUKN C PaBHOBecHeM (a3 1o JaBIeHUIO B JTUCCH-
[IATUBHOM HPUOJIMZKEHNN 00YCIOBIEHHBIMEU Ko dpuimenTaMu BA3KocT dhas3 u Kodadpdu-
[IIEHTOM MEXKKOMIIOHEHTHOI'O TPEHUsI. JTH PEIIeHUsT MOI'YT ObITh ITOJIE3HBIMU JJISi TECTH-
pOBaHUsT YUCIEHHBIX METOIOB PEIleHusI YPaBHEHHI ABYXCKOPOCTHOM MM IPOINHAMUKH.

B nmannoii paboTe 1pu onmcaHuM UCCJIEYyeMOro mporecca OyaeM CUUTaTh, YTO U3MeHe-
HIE TeMIIePaTyPHOTO II0JIs CPeIbl He OYAEeT BJINATH Ha XapaKTEePUCTUKH CUCTEMBbI, KOTOPbIE
OTIPEIETISIIOTCS BSI3KOCTSIMHE TIOJICUCTEM ABYX:KIUIKOCTHOI cpeibl. Takke He Oy/1eM yIuThI-
BaTh 3O PeKThI, 00YCIOBIEHHBIE CKIMAEMOCTSIMI TTOJICUCTEM U KOHBEKTHBHBIME ITPOIEC-
CaMU PaccMaTpUBaAEMON JIBYX2KUJIKOCTHOR Cpe/bl.

Pa6ora seinosnena npu dbunarcosoit nopiep:kke POOU (rpant No. 21-51-15002).
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O6 ogHOM KBaJIpaTMYHOM CTOXaCTUYE€CKOM omepaTope B S?

Mamypos B.2K. !., IIlapunosa M. II1.2

Byxapckuii rocynapcreennbiii yausepcurer, byxapa,Peciiybsnka Y30ekucras.
bmamurov.51@mail.ru;

V3yueHns 3BOJIIOLUU COCTOSHHUA CACTEMbI SBJISETCA OJHO U3 OCHOBHBLIX 3aJa4d JIMHA-
MUYECKON CUCTEMBI.
Kpajiparuunble 1 KyOMYecKHne CTOXaCTUYECKHE OIIePATOPLI UCIOJIL3YIOTCS I PelleHus
3a/1a4, BO3HUKAIONIUX B MAaTeMaTHYeCKOil reHeTnke, (pU3NKe ¥ XUMUU.
Pemrenne paj 3aJa49u IPUKJIAIHOTO XapaKTepa HPHBOAAT K HEOOXOAMMOCTH H3yUeHMsI
ACUMIITOTUYECKOTO IMOBEJICHUA TPACKTOPHUIl HEIMHEHHBIX CTOXACTUYECKHUX OIEpATOPOB .
KBasparnunbie onepaTopbl IPUBJICKAIOT BHUMAHNE CIEIUAJINCTOB B PA3JIMIHBIX 001aCTAX
MaTeMaTuKu u ee npuiaozkenuit (cm. varnpumep,|[1]-[ 4]). Mbr Gyem npuiep:KuBaeTcst omnpe-
JleJienns u obozHadenust paborol [4]. B nannoit pabore ¢ 1es1b10 JaIbHERIIEro paccMOTpe-
HUS BBITYKJIBIX KOMOMHAIUI ¢ APYIUME KBaAPATUIHLIME OIepaTOpaMU, U3y4aeTcs pery-
JIIPHOCTD OJIHOIO KBAJPATUIHOTO CTOXAaCTHIeCKoro oneparopa. I[lycrs E = {1,2,...,n} .
MHo>xkecTBO

n
S*t = {x = (z1,29,..7,) € R"; 1, > 0, le =1}
i=1
Ha3bIBaeTCsd N — 1 -MEPHBIM CUMILJIEKCOM.
Kazkiplit s/1eMeHT sBJIsIeTCsl BEPOSTHOCTHOM Mepoil Ha [ | M ero MOXKHO MHTEPIIPETHU-
poBaTh KaK COCTOSHHE OUOJOTMYecKoil (pU3MIecKoit W T.II.) CHCTEMBbI, COCTOAIIEH U3 n
3JIECMEHTOB.
Ksazgparuunsiii croxacTudecknii omnepaTop
VSt = S pmeer Bug

n
. / JR—
V. T = E pij,kximj

ij=1

n
Pijk = 0,Dijk = Pjiks Y Pijk = L.
k=1

B S? paccMoTpuM KBaIpaTHUHBII cTOXaCTHUeCKnil oreparop V :

xy = 1/327 + 1/3x5 + 1/323 + 2712,
xy = 1/3x7 + 1/3x5 + 1/323 + 27073
wy = 1/3x7 + 1/3z5 + 1/323 + 27173.

Teopewma.
a) Kpajiparuanbiit croxactudeckuit oreparop V uMeer eJMHCTBEHHYO HEIIOJIBUZKHY IO TOU-
Ky X = (4, A3 X9) = (1/3,1/3,1/3).
6) Hemonpmkuas Touka (1/3,1/3,1/3) - npursarusarorias .
B) Jna moboro z(® € S? rpaexropms z(™ crpemmrea K HENOABHYKHON TOUKE
(1/3,1/3,1/3), r.e. oneparop V peryispen.
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O6 ycTONYMBOCTU YJIEHOB BAapHUAIMOHHOIO Ps/ia NP CJOydYallHOM oObeme
BBIOOPKH

Mamypos N.H.

Tamkenrckuit pUHAHCOBBIN UHCTUTYT, TaIlKeHT, Y30eKucTan
imamurovhH8@Qgmail.com

IIycty X4, X, ..., X, ... — HOC/IeIOBATE/ILHOCTh HE3aBUCUMBIX CJI.BEJI. ¢ o0Imei §.p.
n n n . o
Flz)=P(Xi<x)m 55 ) < fé )< <&~ papuanmonnbiit pas (B.p.) MOCTPOEHHHBII
1o cJi. Be. X1, Xo, ..., X,,. y
n
THOITIEHWEe — Ha3bIBAETCA PAHTOM 'JIEeH . Ecrm mpu n 00, — T
OrHotenne a3bIBaeTCs PAHTO ea,g)Ec — 00, — A TO A
n n
n
HA3BIBAETCS MIPEJIEIBHOM PAHTOM IOCJIEI0BATETHHOCTH f,i ),

Yirennr & ,E:n), JIIE KOTOPBIX A OTJIMYEH OT HYJIS U €JIMHUIIBI HA3bIBAIOTCS IEHTPAJIHHBIMUI
YJICHAMU B.D., & WIEHBI £ ,(C") JIIsl KOTOPBIX TIpeJie/ibHbI panr A = 0 uin A = 1 Ha3bIBaIOTCS
KpaiflHumu 4jeHaMu B.p.

Omnpenenenne. [locie0BaTe/IbHOCTL YIEHOB B.p. C IIPEJIETBHOM PAHIOM A Ha3bIBa-

x99

o n
ercst ” yCcTOMYIMBO”, €C/In CYIECTBYeT IOC/IeI0BATETbHOCTD KOHCTAHT A,(c ), TaKuX , 9TO
Jtst Jiioboro € > 0 ipu n — 00

P{ler - af

Hacrosiias paboTa mocssimneHa BOIpocaM YCTORIUBOCTH TIOC/IEI0BATEILHOCTEN YJICHOB

<5}—>1

BapHaIMOHHOrO psAja (4. B.p.) 5%””) < fél'") < ... < &) nocTpoenmoro mo ciyuaitnoMy
obbemy BoIGOpKU X1, Xo, ..., X, U3 renepayibHOii coBokymnHoctu ¢ &.p. F(z). Baecs u
nanee {v,} — IOCIEI0BATEIHLHOCTD TTOJOKUTETLHBIX MEJT0IUCTEHHBIX CJT.BET.

Bo Bcex M3aaraeMbIX pe3y/IbTaTaX 3TOI 3aMeTKH He IIpeJIoJIaraeTcs He3aBUCUMOCTD
nocstenosaresnsuocreit crsenr. {X,} u {v,}. Ornocuresnsuo {v,} IpeanomoKuM, 9TO Cy-
mectByer &.p. G(x) Takas, 9T0 JUIS JEOOOTO T, SIBJISIOMIECS TOYKON HENpPephIBHOCTH
G(z), mpu n — oo

p{% < x} - G(x), G(+0) = 0. (1)

g kpaitHuX 9.B.p. fli”) C MOCTOSIHHBIM PAHTOBBIM HOMEPOM Kk ¥ JIJIsl TIEHTPAJIBHBIX
4JIEHOB CIIPAaBEJIJIUBBI CJIEIYIONIIE TeOPEMBI.
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Teopema 1. [lycrs Boinosaeno (1) u st € ,i") C MOCTOSTHHBIM k CYIIECTBYET ITOCJIE/I0-

BaTEIbHOCTH UNCEJT A;") Takasi, 9TO IpU N — 00 sl Jboro € > 0

P {‘g,(j) — A < 5} — 1.
Torma st mroboro € > 0 mpu n — 00
Pl —ap| <<} 51

Teopema 2. ITycts umeer mecto (1) u mis f,g") C TIOCTOSTHHBIM K CYIIIECTBYeT IIOCTe-
JI0BATEJILHOCTD 4uuces B} Takasd, 9To IPH N — 00 JJId J1rodoro € > ()

f(n)
P ﬁ)—1<5 — 1.
B,"

Torma s moboro € > 0 mpu n — oo

g(”n)
P2 — 1|l <ed = 1.
Zg(n)
k
3ameuanne. Teopembl, aHajorudubie TeopeMaM 1 U 2 MOXKHO cHOPMYIUPOBATH U
JJId IIPaBBIX YJICHOB fl(/:TL)kJrl C IIOCTOAHHBIM PaHI'OBBIM HOMEPOM k

IIycre i 0 < A < 1 BeIMYUHBI @)\ U @, OIPEJCICHBI CJICIYIONIM 00Pa30M:

ay=inf{x: F(z) > A}, a, =sup{z: F(z) < \}
O4eBH/IHO,YTO TG .
k(n)

Teopema 3. IlycTh 15 110C/I€10BATEIBHOCTH 5,&7&) mpun — 0o, —= = A\, 0 <A<
n

1, a, = @) = ay) u gua {v, } semosaHeno ycaosue (1).Torma s grodoro € > 0 mpu n — 0o
A
(vn)
P{le) -

[TpecraBiisier nHTEPEC TaK:Ke CJIEYIONMHA CBOeOOPA3HbIH PE3yJIbTaT, KOTOPbIil MOKa-
spiBaer Bausaue ¢.p. F(z), ciaydaitHoro obbemMa BBIOODKH U MPEJIEJBLHOTO DAHTa A Ha
ACUMIITOTUIECKOE PACIPEIEICHNE 1.B.D.

k(n)

Teopema 4. Ilycrs Boinosnreno (1). Eciau npu n — oo, k(n) - com —= — A, 0 <
n

<5}—>1.

A <1T0mpun— oo

P{gg<x/%um}—nmm:{1-@(5%9}/%1—Gun,

rge mpu 0 < A < 1, F(z) = 0 mooxum G( 2 > = 1 u upu G(\) = 1 nomoxum

F(x)
U(x)=0.
13 9T0ii TEOpPEMBI HEMOCPEACTBEHHO CJIELYET CJAEYIONIEe.
Caencrsue. Ecm P {v,, =n} =1, To npu n — oo

P <afmin} - 1-6 (705) = { TSR




Pecnybnukanckas HayuHas Koubepenius CAPRIMCAKOBCKUE YTEHUS, TamkernT-2021 103

C jtokazaTe/IbCTBaAMU BBIIIE TTPUBEIEHHBIX YTBEPXKICHN, & TaKKe JPYTUMEA BOIIPOCA-
MU KacCaoIUMUCSA Kk 9JIeHAM BapUAIMOHHOTO Psijia MTOCTPOEHHOTO T10 CIyIaitHOMY 00beMy
BBIOOPKH 0€3 IIPeIII0I0KEeHUsT HE3aBUCHMOCTH 00'beMa BHIOOPKU OT CaMUX HabJII0IaeMbIX
BEJINYUH, MOYKHO O3HAKOMUThCs B MOHOrpadun [1].

JINTEPATYPA
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JdeTepMuHAHT M1 MUHOP [IJIsi YACTUYHO MHTErPAJIbHBIX OIIEPAaTOPOB TUIA
dpearomrbma

Mup3zaeBa T.M.

Harmuonambubiit yuusepcuter Y30ekucrana, TamkeHT;
mirzayevatilloxon@gmail.com

Dopmyiter st gerepmuHanTa (onpeneautens) D(A) u munopa M (x, s; \) auist onepa-
Topos Buga E — MK, rnme K — uHTerpajbHBIN OIepaTop ¢ HENPEPBLIBHLIM SJIPOM, JIefi-
CTBYIOIIUM B IIPOCTPAHCTBE HElPepbLIBHLIX (PYHKIMI, BIEpBbIe BBEJCHLI B Hadajle XX
Beka IBeickuM MarematukoM Msapom @pejrosbyonm [1,2]. Paborsr U. @pearonbma [1,2]
SIBJISIIOTCS BBLIAIOMMMECS OTKPBITHAME XX BEKa B 00JIACTU aHAJIN3A, IOCIe KOTOPBIX Ha-
yajia OBICTPO Pa3BUBATLCS TEOPHS MHTErpaibHBIX ypasHenmii. B 1904 r. M.®pearoanm
HOJTHOCTBIO PEIIN/I IPOOJIeMbI O PA3PEIIUMOCTU UHTEIPAJILHBIX yPaBHCHUIT

x(t) — )\/ K(t, s)x(s)ds = ¢(t)

C HEIPEPBIBHBIM siipoM K (¢, §) co cBOGOIHBIM UJIEHOM TIPH BCEX 3HAUCHUAX TapaMerpa A €
C. B paborax T.Kapnemana [3| u C.I"Muxuinna [4]| nccirenoBano nurerpajgbHoe ypaBHEHNE
OperoibMa B IPOCTPAHCTBE Ly ¢ SAPOM, HHTEIPUPYEMBIM C KBaJIPATOM.

B sroit pabote, 0JIB3ysCh MOHATHEM JeTepMUHAHTa 1 MuHOpa PpeirobMa ornepaTropa
E—)\K, Mbl BBeJIeM MIOHATHE JeTepMUHAHTA 1 MUHOPA 1151 onteparopos Buja E—71,17 € C,
rae 1" — 9acTUIHO UHTEerPaJIbHBII orepaTop.

[Tycts € C R, vy € Nu 2y C R, 15 € N — npousBoJibHbIe OI'PaHUYIEHHBIE 3aAMKHY-
ThIe TIOJIMHOKECTBa ¢ KOHEUHOM MOJIOXKUTE/IbHOI Mepoit Jlebera, T. e. {2 u {2y — KOMIIAKT-
HBIE MHOKECTBA, [i1 (0) 1 fig (0) — J1e6ETOBBI MEpBI, COOTBETCTBEHHO, Ha 21 1 {1o.

B npocrpancte Lo (€1 X €s) pacemorpum HUMO T u Ty, 3ajaHHbIe 110 TIPABUIAM

Tif (z,y) :/

971

Ky (2.8) f (5.9) dpn (3)  Tof (2,y) = / o (t,y) f (20 1) dsa (1),

Qo

rje aapa ki u ky HEmpepbIBHBI 110 COBOKYIIHOCTH apryMeHToB, T.e. ki (z,s) € C (2) u
k2 (t7y) € ¢ (Q%)

Ompejiesinm cemeiicTBa KOMIAKTHBIX orneparopos {K, }

B Ly ()

aEQy

Kop (2) = / By (2,5) 0 (s) dpn (5), € Lo ().
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AHaJIoruvIHO OIpee/InM CeMefCTBO KOMIIAKTHBIX omeparopos {Qs} peq, ACHCTBYIO-
mux B Lo (€s), 10 opmyite

Qut () = / Ba () 6 (8) dpss (1), € Ly ().

s kaxyoro a € )y 0003HAYUM Yepes AY (1) nerepmunant Ppejarosbma [5| onepa-
topa B — 7K, 7 € C, tne E — Toxnecrsennsiit oneparop. Torna npu kaxkiaom 7 € C
nerepmuHanT Pperosbma AY (T) mpezcTaBisieTcst B BHJIE CJIEYIONEro psa [b]

_1+Z d“)aeQ

neN

=:(/£ .“‘/Q T (€1, i €1, ) .,

ky (51, 771) ky (51, 77;«)
Hlft) (51,--'7£n;n17---77n) e . (1)
kl (gm Th) kl (5/@777&)

g kaxxjoro 8 € €0 obo3naunmM depe3 Ag) (1) nerepmunanT PpeIroibMa oreparopa
E —7Qp, 7 € C. Torma nna xaxknoro 7 € C umeem

_7’”
N (T):1+Z—( n!) d? | Beq,

neN

rie

rae & = o, oo fo, T3 (61, s i €1, ) dE ot

: ko (517771)--~k2 (51,77»:)
H2n (51,---,5%37717"'?%%) e N X (2)
k2 (fm Th) k2 (gm 7]&)

Jlemma 1. [Ipu xaxkygom 7 € C dyrkuun
a) Dy (y;7) = AV (7),y € Q9; 6) Dy (2;7) = AP (7),2 € O

SIBJISTIOTCS] HEIIPEPBIBHBIMU, COOTBETCTBEHHO, Ha (o 1 ()y.
Onpenenenne 1. HempepoiBubie byHKIINT

Dy (y) = D1 (y;7) u Dy (x) = Dy (;7)

HasbIBaIOTCs demepmunanmamu oneparopoB E — 717 u E — 71, 7 € C, rne Th u Ts
— YaCTUYHO MHTErpajibHbIe ONEePaTOPbl C HeNpepbIBHBIMU siipamu ki (x,s) € C (Q2) u
ks (t,y) € C (93),

g kaxgoro a € Q0 u f € )y 0b6o3HaIMM Yepes MY (x,s;7) m MéQ) (y,t; T) MUHODBI
®penrombma oneparopos E — 7K, 7€ Cu E — 7Q3, 7 € C, coorBercTBenHo.

Torma npu kaxgom 7 € C umeem |5

MW (z,5,7) = ky (2, 5) +Z (l)xs) (z,s8) € O3,

neN
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MY (ytim) = ks (ty) + > (_ ¢ (ty), (t,y) €3,

neN
rie

g (J;,s):/ / I (2,61, o, s s, &, ) dEy o dE,
(951 (951

V(t,y) = / / T (8,60, o iy, &y . 6) dEr . dEs
Qo Qo

u QyHKIIK H (51,. &ML, M), H2 (&1y -y &ns M1, -..Mp) OTIPEJIETIEHBI COOTBETCTBEHHO
paBeHCTBaMU (1) u (2).

Jlemma 2. [Ipu kaxxgom 7 € C dhyukiun
a) M (¢, 5,5;7) = My (2,7) 5 6) My (w,t,y;7) = MY (y,857)

ABJISIOTCS HEIIPEPBLIBHBIMU COOTBETCTBEHHO Ha, Q% x Qo u 2 X Q%
Onpenenenue 2. HenpepbiBabie dpyHKIINN

Ml ('T787y) - Ml (%37937) n M2 (.T,t,y) = M2 (I7tay;7—)

Ha3bIBalOTCsT MuHopamu orepatropoB E — 7Ty u E — 7Ty, 7 € C, coorBercTBEHHO.
JINTEPATYPA
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MogenupoBaHue pacopoCTPaHEHUs U B3aUMO/IeiCTBUS
aKyCTO-TPaBUTAIMOHHBIX M CEMCMUYECKNX BOJIH HA TPaHUIE pa3aesia

3eMig-aTMocdepa OT Pa3IUIHOTO TUIIA CHHTYJISPHBIX MCTOYHUKOB
MuxaiisioB A. A.!

WucTrTyT BBIYNCINTEIBHON MaTeMaTnKu 1 MaTeMaTtudeckoit reopmsnkn CO PAH,
Hopocubupck, Poccust;
alex mikh@omzg.sscc.ru

B namnoit pabore paccMaTpuUBaIOTCs Pe3YIbTATHl UHUCIACHHOIO MOJIETUPOBAHUA Pac-
[IPOCTPAHEHUs] CEeCMUYECKUX M aKyCTO-IPABUTAIIMOHHBIX BOJIH JIJII IIPOCTPAHCTBEHHO-
HeogHOpoHON Mogenn "Arvocdepa-3emits". JlaHHbIe UCCIEIOBAHNS SIBJISTIOTCS TTPOIOJI-
JKEHHEM FWCCJIC/IOBAHNMN, MPUBEIIHHBIX B paborax |1, 2|, HO /I pasHBIX THUIIOB HCTOY-
HuKoB. lIpoBeseHHbIE PACTITHI MO3BOJIAIOT UCC/IEIOBATH B3aUMOCBSI3b MEXKY BOJIHAMUI
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B smutocdepe u armocdepe. Hampumep, cmomennpoBaTh 3hdeKT aKycTo-ceiicMIuIecKoit
NHIYKIINNA.

Pacnpocrpanenue akycTo-rpaBUTAIIMOHHBIX BOJIH B M30TEPMUYECKON aTMocdepe OIu-
ChIBaeTCsd JIMHeapu30BaHHOU cuctemoit ypaHenuii HaBbe-CTokca B Buje rumepbosinde-
CKOM CHCTeMBI TIEPBOTO TIOPsIKa Jij1d JleKapToBoil cucTeMbl KOOD/IMHAT B BU/IE:

du,  10P
ot~ poOx’ (1)
0y 1 0P
ot oy’ (2)

oP  ,|0p dpo| %

ot O{aﬁ“Zaz} P )
dp ou,  Ou, Ou, dpo
ot 0{8x+8y+az} o (5)

31ech g - YCKOpEHHe CHJIbI TSIXKEeCTH, po(z) - IUIOTHOCTH HEBO3MYIIYHHOM aTmMocdepsl,
co(2)- cKOPOCTD 3BYKA, U = (U, Uy, U,) - BEKTOP CKOPOCTH CMEIIECHH YaCcTHUIl BO31yxXa, P u
P- COOTBETCTBEHHO BOSMYHIICHU S JITaBJICHWS U IIJIOTHOCTU T1O/ ,ZLGfICTBI/IGM PacIIpoCTpaHCHUA
BOJIHBL. HyJieBble TOJMHIEKCHI JIjId (PU3MIECKUX TapaMeTPOB CPeJIbl 03HAYAIOT, YTO UX
3HAYCHUSA 3aJ[aI0TCS JIjI HEBO3MYIIIEHHOIO COCTOAHUS aTMOCKhEPHI.

Pacnpocrpanenne ceiicMutiecKux BOJIH B JINTOCKEPE OIMUCHIBAETCA M3BECTHON CUCTEMOit
YPaBHEHUN IIepBOTO MOPAIKa TEOPUU YIPYTOCTU B BUJE:

aui 1 8aik
aO'ik . 3uk 8UZ . o B
o (89@ + ka) + A divid, i=1,2,3 k=1,23. (7)

Bxech 6; ;- cumBo Kponekepa, A, - ypyrue mapaMerpsl CPeJibl, pg- IIOTHOCTD CPEJIBL,
U = (u1, Ug, U3) - BEKTOP CKOPOCTH CMEIIEHNI, 0;; - KOMIOHEHTHI TEH30Pa HAIIPKEHMIL.
F = Fé, + F,ée, 4+ F3€, onuceiBaeT pacipejieieHIe JIOKAJIM30BaHHOIO B IIPOCTPAHCTBE
UCTOUHUKA, a f(t)- 3a/laHHBIl BpeMEHHOi CUTHAJI B UCTOYHUKE.

[Tonaraercst, 9To rpaHnia pasieia cpel arMocdepa U yIpyroe IoJIyIPOCTPAHCTBO
poxoauT 1o mirockoctu z = (. B arom ciiydae ycioBue KOHTakTa JBYX cpe mnpu 2z = 0
3allUChIBaeTCd KaK:

0o, 0o,
uz|z:—0 = u2’|z:+0; W . 0 = ( at + pogu?«’) Z:+O; 0-332|z:—0 = O-?/Z|z=f() = 0.

(8)

Bamada pemaercd IpHu HyJIeBbIX HAYAIbLHBIX JAHHBIX
ui|t:0 = 0ij|t=o = P|t:0 = p|t:0 =0, 1=1,2,3 7=123 9)

[Ipeyiaraembiit aaropuTM pelieHus OCHOBaH Ha MPUMEHEHUN WHTETrPaJbHOIO Mpeodpa-
30BaHus Jlareppa 1mo BpeMeHHOI KOOpJMHATE. DTOT METOJl MOKHO PacCMaTPUBATH KakK
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AHAJIOl M3BECTHOIO CIIEKTPAIBHOIO MeToja Ha ocHoBe Pyphe npeobpasosanus. Ciiesyst
paboram [3], [4], mpumennm K mocrasiaenHoit 3amade (1)-(9) uHTErpabHOE TpeobpasoBa-
uue Jlareppa mo BpeMeHH BHA:

W,y 2) = / T Wy, 2 ) (ht) S (ht)d(ht), (10)

rie [¢(ht) - oproronanbhble dyHKIwN Jlareppa.

st ynoBiaerBopennss HaYaIbHBIX yesaoBuii (9) HEOOXOMMO U JIOCTATOYHO MOJIOKUTH (1.
Kpome Toro, Begen nmapamerp casura h > 0, cMblca u 3¢pPEKTUBHOCTL TPUMEHEHHA
KOTOPOTO 10/IpobHO obcyxaaercs B paborax (3], [4].

[To ropu30HTAJILHLIM IIPOCTPAHCTBEHHBIM KOODIMHATAM IPUMEHSIETCS KOHEYHOe IIPeod-
pasosanne Pypbe, a M0 BEPTUKAJILHON KOOpAUHATE UCHOIB3yeTCa Pa3HOCTHLI MeTomn. B
pesysbTare ¢AeJaHHbIX TPeoOpa3oBaHMil IOy IaeTCa CUCTEMa JTMHEHHBIX alre0pandecKx
YPaBHEHUNA.

Pabora Beinosinena npu dbunancooil noaep:kke POOU (rpant No. 21-51-15002).
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O pazpenmuumoii pacimpeHnn oHON pumdopMHOIl cynepasredopnl JieiioHua

MyparoBa X.A.!, Beknuszos A.E.?2

Nucruryr maremaruku um. B.M.Pomanosckoro, TamkenT, Y306ekucra,
xalkulova@gmail.com
Harmnumonasibublit yHuBepcuTeT Y30ekucrana, TamrkenT, ¥Y30eKuCTaH,
bekniyazov.asan@Qmail.ru

Teopusi cyneparedop JIu u Jleitbuura urpaer BaskKHyIO POJib B COBPEMEHHO MaTeMa-
THKE, [TOCKOJIbKY OH& BO3HMKJIA U3 CBOMCTB CYyNEepCUMMETPUN B MaTeMaTHIeCKOi (bu3ukKe.
MHozkecTBO paboT MOCBSINEHO M3ydeHuIo cyrepaiaredp Jleiibnuma u yrmomsiHeM TOJIBLKO
crarbu [2|, [3] (# cchUIKy B HHX), B KOTOPBIX IOJIYYEHO OIMCAHWE HUJIBIOTEHTHBIX Cy-
nepasrebp Jlefibnuia ¢ HUJIMHIEKCOM, PABHBIM PA3MEPHOCTHU CYIIePaJIreOphI.

Hanomumm, uro  paspemumbie  aiareOpol  JleitOaura — cTpodTcs — MeTOI0M
["Mybapsik3sHoBa ¢ TOMOIIBIO duddEpeHnpOBaHNil U HUJIb-HE3aBUCUMBIX T de-
penrupoBanuii. /ljs mocTpoeHns paspemuMbix cynepasredop Jleitbnuiia Takoit meTo/r
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UMeeT CBOe IPUMEHEHUEe TOJIbKO IyTeM juddepeHnupoBans YeTHOW CTEeleHN HUJIbPa-
JUKaJA.

B s1o0it pabore knaccudunupyem paspertumbie cynepasredps Jleitoaumna L = Lo+ Ly
¢ HuwibpagukasioM N = Ny + N; npu yciosun, uro dim/Ny = 2 u Huibunjieke N paBeH
m + 2 (rge m = dimNy).

Onpenenenne 1. [1| Z;-rpagyupoBattoe BeKTOpHOe pocTpancTBo L = Lo & Ly Ha-
3bIBaeTCs cynepasrebpoit JleiGuuna, ecau ona cHabxKeHa TPOU3BeeHIEM [—, —| KOTOpoe
VJIOBJIETBOPSIET CJIEIYIONIEMY YCJIOBHIO:

[93, ly, z]] = [[:B, Y, z] — (=1)% [[$, 2], y] — CcyneproxaecTso Jleiibaua
Jig mooelx © € L,y € Ly, 2 € Lg.

Y1006bI BBECTHU IMOHATHA HUJIBIIOTEHTHOCTH U PA3pPENIMMOCTH cylepasreopsr Jleitbaura
OTIPEJIESTUM CJICYIOIINE HUNCHUT UEHMPAALHVIT T NPOUIGOOHVIT  PSITBL:

LY=L, LMY =[L* L], k>1, LW =, pr =L Ll s> 1,
COOTBETCTBEHHO.

Onpenenenne 2. Anrebpa Jleitbauna L HasbiBaeTcst Huavnomenmmol (cooTBeT-
cTBeHHO paspewumoti), eciu cymectsyer k € N (s € N) rtakoe, uro L* = {0} (coot-
serctrenno LI = {0}).

MunumasbHOe 9ncsio k ¢ TAKUM CBORCTBOM Ha3bIBAETCS UHOEKCOM HUADTOMEHMHOCTU
ayreopol L.

OtmernmMm, uTo nousdTue auddepeHnupoBanus cynepaaredp oTindaeTcs 0T 0OBITHOTO
nuddepeHmpoBanus ajaredp, n Kak B Zy-IpajlyipOBAHHON ajredpe MpoCTPaHCTBO JTUd-
depeHpoBaHNl COCTOUT TaK:Ke U3 UeTHON M HEeUeTHOH MOJIIIPOCTPAHCTB.

Onpenenenne 3. /luddepennupoBannem cynepaaredbpbl L cremnenu s, s € Zy Ha3bI-
BaeTcsl JIuHelHoe 1peobpazoBanue D : [ — L yJI0BIeTBOPSIOIIEe CJIeAYIONEMY YCIOBHUIO:

D([z,y]) = [z, D(y)] + (=1)*°[D(x),y],
rie x € L,y € Lg.

B pabotre [3]| npuBeenbl HUILIOTEHTHDBIE CyliepareOpbl JIeHOHUNIA ¢ HUIbUHIEKCOM
n—+m, Tjie n 1 m pa3MepPHOCTH Y€THON U HeUYeTHON JacTeil cynepasredpol. B ciydae korma
n =2, m > 2 NOKa3aHo, YTO TaKne HUWJILIIOTEHTHBIE cyrepaaredps Jleitbnuna cymecTByer
TOJIBKO IIPU HEYETHOM M U UMEIT XapaKTEePUCTHIECKYIO MOCJIeI0BATEIHHOCTE (2 | m),
KOTOpas IPUBEJIEHA B CIIEYIONIE TeopeMe.

Teopema 1. [3] [Tycrs L cynepanrebpa Jleiibuuia HIIbHHIEKCA N+ M € XapaKTepu-
CTUIECKOIT [TOC/IeI0BATEIBHOCTRIO (N | M), Torja n = 2, m — HEYeTHO U CyIIeCTBYeT 6a3mc
{e1,e2,y1,Y2, .., Ym} B cynepasnredbpe L Takoii, 9T0 ee YMHOKEHHE B 9TOM Oa3Mce MMeer
CJIELYIOIINI BUJI:

[61761]:
o [yk>€1]—yk+1, 1<k<m-—1,
2,m -
[e1, yu] = —Yrt1, 1<k<m-1,
[

Yirs Ym+1-k = <—1)k+1€2, 1<k<m.
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anee mpusesem ommcanne gudOepeHnpoBanns HYJIEBOH CTeleHn cynepaareopbl
F,,,, KOoTOpasi IOJIydeHa IIOCPEJICTBOM IIPOBEPKN CBOWCTBa auddepeHnnpoBaHus u3
Ornpenestenus 3.

IIpennoxkenune 1. Tuddepernuposanne Hy1eBoii cTenenu cynepaareopsr I, nmeer
CJACIYIONINI BUJ;
{ d(el) = aye; + a9€g, d(62) = 2(1162,
d(ye) = (k — 251 aryr + boyrrs + baters + -+ + beks1¥m, 1 <k <m,
rae b2k+1 = O, 1 S k S mTil

C nomompio onucanud guddepeHnupoBanus cynepaaredpsl Fh,, JToKaxKeM ciielyio-
MIYIO0 TEOPEMY.

Teopema 2. He cymecrByer pazpemumoii cynepaarebpnr Jlelitbnuna L ¢ HubpamKa-
JOM F} 4,
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O6 oxHOIT 3a/1ave IpU reoMeTPUIECKOM OTPAHWUYEHUN HA yNPaBJIEHUS

Mycranokynos X. f.}

TarkenTCKuil rocy/JapCTBEHHBII TeXHUYEeCKUil yHuBepcuTeT, Tamkent, Y306eKucraH;
m_hamdam@mail.ru

B mammoit pabore yKa3aHbl ONTUMAJIBHBIN TEpexo] B YIIPaBIAeMOil 3aade, OMuChBa-
eMoit 6eckoHeTHO cucTeMoit 1uddepeHInaIbHbIX YPaBHEHUI.
Pacemorpum ciemyroniyio 3agaday

Zk = —)\kzk — Ug, Zk(O) = Zk0, k= 1,2, (1)
rie A, Ag, ... HEKOTOPBIE HOCJIEI0BATEILHOCTH ITOCTOSHHBIX YUCEN, 2k, Uk, ko € R, 20 =

oo
(2105 220 ---) # 0, u € {ulllu(®)|| = (/D ui(t) < p, 0 <t < T}— pouycrumble yupasie-
k=1
HUSL.
Usgecrho [1], uro 3amada (1), mjist JII060T0 38 IaHHOTO TIOJIOKUTEILHOTO Yucya T, ume-
er exumHcTBeHHOe perterne z(t) = (z1(t), 22(t),...), 0 < t < T, KOOPIUHATHI KOTOPOTO
onpeessoTcs hopMyIaMu

t
2i(t) = zpoe M — /e)‘k(tT)uk(T)dT, te|0;T),k=1,2,...
0
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Onpegenenne. Byjem ropoputh, ato B 331a4e (1) BO3MOXKEH 1epexo/| 13 HauaIbHOI
TOUKN 2o # 0 B KoHeuHyto Touky 0, ecsm cymiecTByer nosoxkuTeabHoe dncao 1T = T'(z)
u jionycruMmble yupasienne u(t),t € [0,T], Takoe, 4T0 COOTBETCTBYIOIIEE TPACKTOPHE
2(t),0 <t < T ynosrersopsier ycaousim: z(0) = zo, 2(T') = 0.

o0
Teopema. Ecimr > A2 |zpo|? < p? , 10 B 3a1a4e (1) BO3MOXKEH OITHMAJIBHBIIT TEPEXOJT

k=1
u3 J1oboi HadaIbHOH TOYKH 2y 7# 0 B HOJIb.
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PazpeniumocTh 3agaun mpecjiejoBauus JAJisi ogHON AuddepeHInaabHOil UTPbhI
napabo/InYecKoro THUIa

MyxcunoB E.M.

Ta/zKUKCKUi rocyIapCTBEHHbBI YHUBEPCUTET MIPABO, OM3HECA U TOJUTHKY, XY/IKAH],
TaKuKucTaH;
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PaccmarpuBaerca jiuddepenimaibiasg urpa onucbiBaeMas mapadoJIMIecKuM ypaBHe-
HUEM HeATpaJIbHOIO THIIA

Oty =Zot =19 = Zs )+t s) ~(t,5) 0
(%z , S 3tz ,S _0522 ,S)+u(t,s) —u(t,s),
rae t0, s € [0, 7], npm KaxkmoMm t GyHKIUHI
0 0 0?

Z(t’ ')’ az@v')v gz(tv')v @Z(tu')’ ﬂ(t,-),@(t,-)

IPUHAJJIE’KAT [TPOCTPAHCTBY Lo [0, 7] ¢ HavagbHBIM TOJMOXKEeHUEM 2 (i, ) = xo,—1 <
i < 0 u kpaeBbiM ycsioueM z (t,0) = z (t,7) = 0. Ha ynpaBiiennst urpokoB HaJIOKEHbBI
CJIEJLYIOIIE OIPAHNYICHUS

/ \E(t,s)]2d3§p2,/ T(t,s))’ds <o , p>0c>0
0 0

Momoxus X = Ly [0, 7|, x(t) = 2(t,-), u(t) =u(t,-), v(t) = v(t,-) nepennmem
urpy (1) B aberpakTHOii dopme

T(t)—x(t—1)=Ax(t)+u(t) —v(t) (2)
¢ HAYAIBHBIM HostoKenueM « (u) = xg, —1 < pu <0,
r7le JINHEHHBIN 3aMKHYTHIN ortepaTtop A = g—; UMEOTIHi TIJI0THYI0 B X 00/1aCTh Ompejie-

nernst D = {y : ¥y — abcomorno menpepsiBra, ' € Ly [0, 7], y(0) =y (7) =0} mopox-
JIa€T CUJILHO HelpepbiBHYIo nosyrpyuiy 1 (t), aro

Ttz =", ane " to,, THE An =< T,0n >, On (5) = V/2sinns , 0 < s <7, a
HOCJIEIOBATEILHOCTD {9, ($)} 0bpasyer oproronasbHblil 6asuc 1, c. 266].
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Cuenyromas TeopeMa 00eCIIedInBaeT PaspenmMOCTh 331891 PECIeI0BaHIA B CMBIC-
ne Tlonrpsiruna |2, ¢.308, 3, ¢.254.] mas urpsl (2), KOrja TepMHUHAIBHBIM MHOKECTBOM
spastercss M = {x : ||z|| < [}.

Teopema
Ecau umeem mecmo exatouerue

[QS(T)—@(T—l)]xOEM—/T@(T—t)Sp_Udt, (3)
2de

Spo={a: |2l <p—o.}

(ﬁ(t):T(t)—l—X(t—l)@(t—l)—l—/tT(t—T)X(T—l)A@(T—l)dT

-pyndamenmanrvroe peurenue,

0, s<0
X (s) = 1, s>0

- xapaxmepucmuveckas Gynxyua [4, ¢.267], mo :

1. w3 HaOYAABHO20 NosOIHCEHUS Ty BO3MOHCHO 3ABEPUEHUE npemedoecmu;z. Hpu IMOM
YUCNO T (Io) — MOoOYHAA HUNCHAA 2PAHD TMET T, ons Kaxcdoz2o u3 KOmopuvlr umeem
MECTNO BRANOUYEHUE (3), ABAACTNCA ONMNMUMAABHDIM BPEMEHEM npeme@osaHUﬂ;

2. 8 wacmHocmu U3 MoKy Zo, ons Komopoeo

T(1)zg = \/7§(Z_S —2(p—0) Z (=) - (1 — e ™ )cosnm - sinns )

n3

603MOHCHO 3asepuweHue npecaedosanus 3a epemsa T (xg) = 1.
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O reomeTpuu cybmepcwmii

Hapmanos A. 4.!, ITlapunos X. ®.2

Harmmonasibublit yHuBepcuTeT Y30ekucrana, TammkenT, ¥Y30eKuCTaH,
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Huddepennupyembie 0TOOparkeHNUsT MaKCHMAJJIBHOI'O paHra UTPAIOT BaXKHYIO POJIb BO
BCEX pazjiesiaX MaTeMaTUKH, B YaCTHOCTH B pUMaHOBOi reomerpuu. OmuH U3 BarKHDBIX
KJtaccoB b depeHnmpyeMbIx 0ToOpazkKennii MakcuMaJsbHoro paurall morpy:keHust.

JIBoiicTBenHoe MoHsaTHE cyoMepcuu cchOpMUPOBAIOCH OTHOCUTEIBHO HEJABHO, BO BTO-
poii mosioBure XX Beka [1|. M3ydenue reomerpun cybmepcnii, B 4aCTHOCTH T€OMETPHU
PUMAHOBBIX CyOMepcHil, 0Ka3aJ0Ch OYeHb ILJIOJIOTBOPHBIM OJjaromaps ToMy (akTy, 9To
PUMAHOBBI CyOMepCHU MMEIOT IPHUJIOKEHUsT BO BCEX pasjiesiaX COBPEMEHHON PHUMaHOBOI
reomerpun. V3yuenne reomerpun cyOMepCHii TECHO CBA3aHO C M3YIEHHEM I€OMETPUN CJIO0-
eHUil, KOTOpasl sABJIAETCS BaXKHBIM Pa3/IeJIOM COBpEeMEHHOI reomerpun [2],[3].

[Iycts M — ritajikoe CBsi3HOE PUMAHOBO MHOIOOOpasme pasMepHOCTH N ¢ PUMAHOBOI
METPUKOH g.

Onpenenenue-1. /[uppeperyupyemoe omobparcerue MaKCUMANOHO20 PaAH2d T
M — B, 2de B— 2aadxoe pumaro6o mHo2000pasue pazmepHocmu m, Ha3bi8aemcs cyo-
MEpCUET npu n > m.

[To Teopeme o panre juddeperipyemoit byHKIUM MOIHbIH Tpoobpas m ! (p) KaxK 1oit
TOUKH p € B saBigercd moaMuoroobpaszueM pasmeproctu k = n — m. Takum obpaszom,
cyomepcus 7 : M — B, nopoxjgaer cjoenne F pazmeprnoctu k = n —m Ha MHOIOOOpa3uu
M, cjion KOTOPOTO SABJISIIOTCSI KOMIIOHEHTAME CBA3HOCTHU IIPOOOPA30B TO4YEK p € B.

Kacaremnbraoe npocrpancrso T, F momvuoroobpasus L, = f~'(p) B Touke ¢ € L(p)
coBIIaJlaeT ¢ mojpocTpancTsoM Kerdf, Kacarenbnoro npocrpanctsa TyM, tie df,-
nuddepenima 0TodpaXKeHus: B TOUYKE (.

O6osnaunm vepe3 H(q) - oproronaibroe jgonosHenne noamnpocrpancrsa 1, F. B pe-
3y/abTaTe BO3HUKAIOT nojpaccioenns TF = {T,F}, TH = {H(q)} xacareabHOro paccio-
enns T'M u umeem oproronaiibHoe paszioxenne TM = TF @ H. Takum 06pasom Kazkioe
BekTOpHOe Toste X pasziokuMmo B Buge: X = X" + X? rne X" € TH, X" € TF. Ecim
X" =0 (coorsercTBenno X? = 0 ), To noje X Ha3blBaeTCsd BePTUKAILHBIM (TOPU30HTAIb-
HBIM) BEKTOPHBIM MOJIEM.

Omnpenenenue-2. /[updeperyupyemoe omobparcerue MakCuUMANIOHO20 PaAH2d T
M — B mnaseviaemca pumarosoti cyomepcuet, ecau dupdepenyuan dm omobpasrcenus
T COXPAHAEM ONUHY 20PU3OHMANDHBLT BEKMOPOS.

B pabore [1] gokazana ciaeyomnas TeopeMa.

Teopema-1. [lycmv M— anadxoe cea3Hoe noaHoe pumaro8o mMmo2006- pasue. Fcau
cyomepcus . M — B asasemca pumanosoti, mo oHa AGAAEMCA paccioenuem. Kpome
mozo ecau caoerue F asasemcs enoane 2e00e3unMeCKuUM PUMGHOBHIM CAOEHUEM, MO 6CE
CAOU U3OMEMPULHDL.

Nmeer MecTo caemytomas TeopeMa.
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Teopema-2. [Tycmv M— 2aa0dkxo0e c8A3H0E NOAHOE PUMAHOBO MHO2000- PA3UE HYAEB0U
cexyuonnot kpusudmn. Ecau cyomepcus m: M — R asasemca pumarnogoti, mo cA0EHUE
F aeasemcs enoane 200e3uMeckum pumMaHO8bM CAOEHUEM C USOMEMPULHLLMU CAOAMU.
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Teopema I'ypBuri qiist A(z)—aHamuTudecKux pyHKIUMA

HebmartynnaeBa M. /1.

Hamnmonamsunit YauBepcuter ¥Y30eKkuctana, TamkeHT, Y30eKucTaHn
muhayyo.rn@gmail.com

Hacrosmasa pabora mocBsineHa aHaIUTHYECKON TEOPUU pPeIlleHus ypaBHeHUd bejb-

Tpamu
fo(2) = A2) [.(2), (1)
UMEIOIIEr0 HelOCPEICTBEHHOE OTHOIIEHNE K KBa3UKOH(MOPMHBIM 0ToOpazkerusam. OTHOCH-
resibHO GyHKIMH A(z), B 00IIeM cirydae IpernoaaraeTcs, 9ro ona m3mepuma u |A(z)| <
C < 1 mourn Bciogy B paccmarpubaemoit obiactu D C C. B ymmreparype perenust ypas-
Henust (1) mpuHsaTo roBopuTh A(2)—anarumuueckumu GyHKUUAMU.
Ilycrs A(z)—anruanamuruieckas, 22 = 0 B obnactu D C C rakas, uto |A(z)] <

C < 1,Vz € D. Tlosoxum
o <, .0 = 0 0
Dy=——A(2)=—, Da=——A(2)=—.
4=~ AlR)gz Da= 5 —Al) 5
Torma cormacno (1) kmace A(z)—anamurudecknx gynknuit f € O4(D) xapakTepusy-
ercs Tem, ato Dy f = 0.

z—a+ [ A(r)dr

+(z5a)
MaJIeHbKUX R KOMIIAKTHO NPHHAJIEKUTH D U CONEPXKUT TOUKY a, rie Y(z;a)— riaj-
Kas KpHBasi, COCIUHSIONAs TOUKH 2;a. DTO MHOKECTBO HasbiBaeTcst A(z)— JeMHmC-
KaToil ¢ IEHTPOM B TOUYKe a u obosHaudercss Kak L(a; R). OHa sBISETCS OHOCBS3HON
obmacreio.  Ilycrs dymkmusa f € Oa(L(a; R)) m B HEKOTOPOW HPOKOJIOTONH OKPECTHO-
cru a u He obparnaercsa Hymo. Mbr HazoBem A(z) jorapudMUYecKiM BBIYETOM B TOYKE
a A(z)—anamurudeckuii dbyskimn f(z) Berder sorapudMUIeCcKOil TPOM3BOIHOI

MmuoxecrBo L (a; R) = {W (z1a)| =

< r} JJIE TOCTaTOYIHO

9f(2)

?;)(dz + A(2)dz) = dLnf(z) (2)

B TOYKE «.
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MozkHO 1OKa3aTh, ITO

| (of . 0f 1 (0f of .\ _ % i
d(Lnf(z)) = e <8zd + azd ) T8 (8zd + A(z )82 ) = f?z) (dz 4+ A(z)dz).

IIycte a € C gasagerca mynem nopsiaka n A(z)—axamurndeckoit dynknun f(z).
Torga B Hekoropoit okpecrnoctn A(z)—nemunckarsl L(a; R) umeem f(z) = ¥(z;a)"h(z),
rie h(z) € Oa(D), h(a) # 0. Ilosromy B A(z)—nemuuckare L(a; R)

21(:) Oh(2)
f(z) d(za)  h(z)

Ecan b € C nomoc dynknuun f(z) nopsaka m, to umeem f(z) = %, riae g(z) €
04(D), g(b) # oco. Ilosromy B A(z)—nemuuckare L(b; R)

9f(2) 99(2)
0z  __ %z o m ()

f(z)  g(z)  w(z0)

Teopema 1. [1] Ilycrs dyuxmusa f(z) A(z)—mepomopdna B obmactu D C C u
G CC D—obnactb, rpanuna 0G KOTOPOi ABJISIeTCs HEITPEPBIBHON KPUBOii, mycTh emnte 0G
He COJIEP:KUT HU HyJIeil, Hu moirocoB A(z)—anasmrunaeckoii dyukiun f(z). Torma umeer
MECTO PABEHCTBO

1 8f(z)

T om ( )
6G

N —

(dz+ A(2)dz), (5)

rjge N u P cOOTBETCTBEHHO YHCJIO HYJIell 1 unc/io nosocos dbyukimn f(z) B obaactu G u
O0G —opueHTHpOBaHHAS TPAHUIIA.

Teopema 2. [1] (amamor wupuanuma aprymenta) Ilycrs — dynkims
f(z) A(z)—mepomopdua B obmactu D C C m G CC D—obnacts, rpanuna 0G
KOTOPOH dABJIFeTCd HEeIIPEePLIBHOW KPUBOMA, IIYCTH elIlle He COJICPIXKUT HU HyJleil, HU II0JII0COB
A(z)—anamurnaeckoit dyuxmuu f(z). Torma

1
N —P= %Aagf(z),

O0G —opueHTHpOBaHHAS TPAHUIIA.

Vcronb3yst JOKa3aHHbI IPUHITAI apI'yMEHTa AHAJIOTTTHO KJIACCUIECKOMY CJIydae IMo-
JIYIAeTCs CJIEYIONIee yTBEPKICHNUE.

Teopema 3. [6] (anasor Teopemsr Pyrie) Ilycrs dyukimn f(z) u g(z) romomopdubt
B 3aMKHYTO} obsiacti G ¢ HenpepbIBHON rpannteit G n mycThb

|f(2)| > |g(z)| mas Beex z € OG. (6)

Torna dyukmun f(z) u f(z) + g(z) umeror B G 0AUHAKOBOE THCJIO HYJICH.
J171s1 ipocTOThI ByIeM MpeInoiararh, 9To Ko3hbMUIMEeHTHI HCCIEyeMOro MHOTOUIeHA,

f(Z)=apZ" + a1 2" + ..a,, (7)

e Z=z—a+ [ A(r)dr. Heiicreurensuble uncia u aro. Nmeer mecto
v(250)
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Teopema 4. (anasor Teopembr ['ypsurir) st Toro 4robbl Bece KOpHU MHOTOWIEHA (7)
¢ neiicrBuresbHble Koadhdunmentamu ag(ag > 0) UMeIH OTPUIIATEIbHBIE JIefiCTBUTEIbHbIE
JacTh, HeOOXOIUMO U JIOCTATOYHO BBITIOJIHEHHE CJIEJIYIONIE CUCTEMbl HEPABEHCTB:

aq apg ...
a, ag 0O as as ...
ar Qo
D1:a1>0,D2:a a >0, D3: as ag Qa1 >0, ey Dn: .....................
3 2 as Qa4 ag| e, ay Qo
Aop—1 A2p—2 ... ..
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HexkoTopble acneKTbl YHCJIEHHOI'0 aHAJIU3A /Il MOJEJbHOI0 HEJIMHEHOTO
YPaBHEHUs APOOHOr0 mMepeMeHHOro mopsiaKa

ITaposuk P.1.!, Teepawrii . A.?
L2 Kamaarckmit rocyraperentsiii yansepcurer umenn Buryca Bepurra,
r. IlerporraBioBck-Kamaarckuit, Poccust;
L ucruryr Kocmopuandeckux mccreoBanmii i pacupocrpanenus pajnooar JIBO PAH,
c. Ilaparyrka, Poccust

L romanparovik@gmail.com, % dimsolid95@gmail.com

Annoranusi. B crarbe npeioxkena HeJIOKAIbHAs STBHAS KOHETHO-PA3HOCTHAS CXEMA
JUTsT 9UCJIEHHOTO PeIeHns] HeJNHEeHHOr0 OOBIKHOBEHHOTO JudHepeHnraabHOrO ypaBHe-
HUs C IIPOM3BOJIHON JIPOOHOrO IepeMeHHOro mopsijika tura ['epacumona-KarmyTo. N3zyuye-
HBI BOIIPOCHI AIMIPOKCUMAIINN, CXOJUMOCTHA W YCTOWIMBOCTH 3TOi cxeMbl. [lokazano, 1To
HEJIOKAJIbHAs KOHEYHO-Pa3HOCTHAsI CXeMa YCJIOBHO YCTOWYMBA M CXOMUTCS C IEPBBIM I10-
psaakoM. Ha npumepe apobHOro ypapHeHnusi PUKKaTH IPOBEJIEH aHAJN3 BHIYUCIUTETHHOMN
TOYHOCTH YUCJIEHHOTO MeToja. [[okazaHno, 4To npu yBeJIMYeHUN y3JI0B PAcYETHON CETKHU
IIOPAJTOK BBIYUCJIUTEJIBHON TOYHOCTHU CTpeMHUuTCd K eJuHuIle, T.e. K TECOpeTuIeCKOMY 3Ha-
YEHUIO IMOPsAJKa TOYHOCTH.

Onpenenenne 1. Oneparop apo6HOTO mepemertoro nopsaka 0 < «(t) < 1, geitcrBy-
fomuit va dbynknuo u(t) € C[0,T1:

alt B 1 b (o)do
KO = =y ), T W

> 0.
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riae I'(.) — ramma-dyukims Diiepa, a u(t) = fli—”j OysieM Ha3bIBATh IMPOM3BOIHON Jpo0-
HOT'O TIEpEMEHHOro0 Mopsjka Ttuna [epacumosa-Kamyro. Hekotopsie cBoiicTBa apoOHOTO
oneparopa (1) moxkHO HajiTu B pabore [1].
Omnpenesienne 2. YpaBHEHU, COJIEPKAIINE IPOU3BO/IHBIE JIPOOHOTO IEPEMEHHOTO 0~
psizika tuna lepacuvosa-Karyto (1), 6yjieM Has3bBaTh JPOOHBIMEI YPABHEHUSIMU.
Pacemorpum ciresyiontyio 3agady Ko st HeJTMHERHOTO JIPpOOGHOrO ypaBHEHMS:

35 (o) — b(tyu(t) = fu,t),  u(0) = up, (2)

riae u(t) € C[0,T] — dbyuxius pemenust, t € [0,T] — - Bpemst, T — MOjieJIbHOE BpeMs,
uo — 3ajaHHas KoHcTaHTa, b(t) > 0 — menpepbiBHas dyukuus, f(u,t) — a HeauHeiHAST
dbyukws, yaosiaersopsiomas yeaoputo Jlummuma ||f(uy,t) — f(ug,t)|| < Lluy — us| ¢
KOHCTaHTOI L 1o nepeMenHoit u(t).

Bameuanue 1. 3ayaqa Kommm (1) onmcsiBaeT MMpOKnii KJIace IUHAMAYIECKAX POIEC-
COB C TI€PEMEHHON MaMAThIO [4].

B cuny HemuneiinocTn 3aga4n Korm (2), pemenne 6y/1eM HCKATh ¢ HOMOIIBIO YUC/IEH-
HOTO MeTOJIa KOHEYHO-PA3HOCTHBIX CXeM Ha paBHOMepHOIl ceTke. Pazobsum orpesok [0, T
Ha N paBubix gacreii -11 y3nos cerku ¢ marom 7 = T/N. Bynem canrarh, 9ro QyHKIIMs
u(t) ymoByeTBOpsieT HEOOXOAUMOM TJIaJIKOCTBIO JIJIs TIOCTPOEHMsT KOHETHO-PA3HOCTHOM CxXe-
mbl, T.e. u(t) € C?[0,T]. Torga dbyukuus pemenns u(t) nepeiiger B ceTounyio QpyHKIUIO
perenus u(ty) win uy, tiae k = 0,..., N — 1. IIpuxoaum K JUCKPETHOMY aHAJIOTY 3aJa9u
Ko [2,3]:

k
Ay, Z wf (Uk—jr1 — uk—j) + b(t)u(t) = fi, uy = C,
j=0 (3)

Tk
/P T
k F(2 _ ak)a w] (.7 + ) J

rje C' — u3BecTHast KOHCTaHTa, & fr, = f(ug,ty), by = b(tx). Byner cupasemniusa:
JIlemMma 2. AnmpokcuMmariyst 58;(t)u(0) = Ag Z?:o W (up—j41 — up—j) oneparopa Tuna
lepacumvosa-KamyTo (1) yaoBieTBopsier CIeIyIonieil oleHKe:

9o u(o) — 95 u(o)| < O, (4)

JIemma 3. [duckpernas 3ajada Komn (3) anmpokcumupyeT ucxoauyo guddepeHiiy-
AJBHYIO 3a/1a4y (2) ¢ MepBBIM MOPSIJIKOM, T.€. UMEET OIIUOKY:

max |u(t;) — u;| = O(7) (5)

1<j<k
Bagaay Komm (3) 3amumeM B Bu/ie HEJIOKATIBHON SIBHON KOHEIHO-PA3HOCTHON CXEMBI:

k-1

1
Upy1 = a ((Ak + i) up, — Akzwf (Uk—js1 — Uk—j) + fk) k=1,.,N—1uy=C. (6)

J=1

Teopema 1. Hestokasbnas siBHast KOHETHO-PA3HOCTHAA cxeMa (6) CXOAUTCS ¢ IePBLIM
HOPSJIKOM |uy, — Uy| = O(T), eciiu BBIIOJIHEHO YCIOBHE [T JIIOO0TO K

T< ! Tar -
(0 T(2 — )/

(7)
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3asaya co cBOOO/ITHON I'paHUIEl AJII CUCTEM YPaBHEHUI TUIIA
peaknus-auddy3usa
Pacysnos M. C.!, Hopos A.K.?

NucturyT maremaruku, Tamkent, Y30ekucra,
lrasulov@mathinst.uz; 2norov@mathinst.uz

B nacrosineit 3aMeTke paccMaTpUBaeTCs 3a/1a49a O CBOOOTHON IPAHUIIE JIJIsT CUCTEMbI
napaboIMIeCKNX ypaBHEHUIT peakinuu-a1uddy3nn:

Uy — diUgy — My, = u(a — bu — c1v), (t,z) € D,

(
vy — doVye — MU, = —couv,  (t,x) € Q, (
u(0,z) =up(x), 0<z<sy=s(0)<lI, (

v(0,2) = vo(z), 0<ux<I, (
u(t,0) =0, 0<t<T, (5

0(t,0)=0, 0<t<T, (

vt ) =0, 0<t<T, (

u(t,s(t)) =0, 0<t<T, (

u(t,z) =0, s(t) <xz<lI, (
§(t) = —pug(t,s(t)), 0<t<T, (10

rie D = {(t,z):0<t<T,0<z<s(t)}, Q = {(t,2): 0<t<T,0<x<l}; s(t)—
cBobojiHAs (HEM3BECTHAsI) TPAHMIA, KOTOPasi IPEJICTABJISET (DPOHT PACIPOCTPAHEHMS,
onpezensiercs BMecte ¢ dyHkimama u (t, z), v (t,x). 3mech u(t, x), v(t, ) — KOHIIEHTpa~
st GuoxuMudeckux mpenapatos |1, d;, a, m;, b, ¢;, j— TONOKUTEIbHBIE TOCTOSHHBIE &
Hava bHble (PYHKIMA Uy U Uy YAOBJICTBOPIIOT

{ ug € C%([0, s0]), up(0) =ug(sg) =0, uo >0 B [0,50),
vo € C?([0,1]), vp(0) =vh(l) =0, vo>0 B [0,1).

MCCJ’IG,ZLOB&HI/IH IIPOBOJLATCA 110 CJ'IG,ZLyIOHLGfI cxeme. CHadaiia YCTaHaBJ/INBAalOTCA IBY-

CTOpOHHME ONeHKN /yia u (t,7), v(t,x) n 5(t), a 3arem omenkm A [ul,, o, [V];, 0 [Uloya,

’U’2+a'
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Teopema 1. Ilycre dyurium (s(t), u(t, z),v(t, x)) asagorcs pernennem 3amaqdu (1)-
(10). Torga cyImecTBYIOT MOJIOKUTETbHBIE TOCTOsTHHBIE M7, Mo, Mj He 3aBucsinue ot T,
JIJISE KOTOPBIX CIIPABEJIINBBI OIIEHKI

a
0 <u(t,z) < Mi([Juoll, g)’ (t,x) € D,

0 < o(t,z) < My([fwoll), (t.2) € Q,
0<s$(t)<Ms, 0<t<T.

JINTEPATYPA
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Meton dyuknuu ['puna s HavaIbHO-KPAEBOil 3a/1a4u ypaBHEHUN
cyonuddys3un Ha 3Be3/1000pa3sHOM MeTpUIecKoM rpade

Paxumos K. V.

Hanmonasbubiit YHUBepcuTeT ¥Y30ekuctana, TamkenT, Y30eKucTaH,
kamoliddin ru@inbox.ru;

B sToit paboTe MBI paccMaTpuBaeM HadaJIbHO-KPAEBYIO 3ajady i ypaBHeHUe -
dy3un ¢ ApobHOI TTPOU3BOIHON 10 BPEeMEHU Ha 3Be3/1000pa3HOM METPUYECKOM Trpade.
Permmenne 6n1710 toctpoero merosoM (gyHKIuu ['prHa 1 eIUHCTBEHHOCTD PEIIeHUN ObLia
JIOKa3aHa ¢ IOMOIIbIO aHajora HepaBeHCTBO ['ponyasuia-Bemivana.

B mocsieiamre 1okl 3aMEeTHO BO3POC MHTEPEC K YPABHEHUSIM C JIPOOHOM TPON3BOIHOIA.
DTO CBA3AHO € TeM, 9TO JnddepeHInaIbHble YpaBHEHNsT JPOOHOTO TOPSIIKA UCITOIb3YeTCsT
B MHOIUX 00JIacTAX (PU3NKM, MEXaHUKN, OMOMEIUIINHDI, TPUKJIAIHON MaTeMaTHKu W T.]I.
JIpobHoe ucaucjeHne sBJIgeTcs MOIIHBIM HHCTPYMEHTOM JIJIs IOy YeHUsl JTUHAMUIECKIX
mozeseit. Oreparop, olpeIeIeHHON BhIpazKeHueM

R B (5
Dn’tg(t)—ma/mdf, I<ac< ].,
n

rie I'(z) — Famma dysKIus, HasbiBaeTcs ApobHOiT pon3BoHOil (iponsBoHoil PrMaHna-
Juyswns) [em. 1.
Pacemorpum rpad, umeroruit m pebep, KOOpAnHATE KOTOPOro OmpeiessaoTest ot 0 10

L. Bcee pebpa rpada coenungiorca B Touke 0. Pedpa obosnaunm uepes Bj, 7 = 1,m. Ha
KaxKJI0M peOpe rpada Mbl UCCIIElyeM YpaBHEHUE
0? S
Dg juj(x,t) = @uj(x,t) — filx,t), O0<a<L,0<t<T, j=1m (1)

CO cjiIeIyromuMn HadaJIbHBIMU YCJIOBUAMUA

lim D§; 'uj(z,t) = j(x), 0<z<L, j=T1m. (2)

t—0
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B rouke coeannenne TpebyeM yciaosust ckiaensanue (ycaosusg Kupxroda)

u1(0,t) = uz(0,t) = ... = u(0,1), (3)

glcig(l) (Z %u(m,t)) = 0. (4)

=1

qtst Beex t € [0, 7). BBogum cirepyrornuye KpaeBble YCJIOBUH
wi(L,t) = (t), i=1m. (5)

Banaua. Haiitu peryssproe pertienus: ypasuenuii (1), yjaoBierBopsitorue ycaoBusiM (2)—
(5).

HyCTb U= (uh Uy --es um)Ta HU(, t)H2 = Z:il OL U?(IL‘, t)dl'

Jlemma 1. Pacemampusaemas 3adava umeem ne boaee 00moz0 pewenus. Kpome mo-
2o, ecau P;(t) = 0,7 = 1,m, moada pewenus YyoosAemBEoPAIOM CACOYIOULYIO ANPUOPHYIO
OueHKy

DgH|ull? < Ea(t®) - Di7 Il + T(@) o - Dol fI17,

2de Eq(z) = > 2 2" /T(an+1) and E, ,(z) = > 2" /T (an+p) — dynrkyuu Mummaza-
Jlegppaepa. [em. 2].

YaureiBast Teopemy 4.3.1. [cm. 1], mourem perennst ypaBHEHUIT B CIIYIONIEM BUJIE

u(z,t) = /o (G(z,t; L, T)ue(L, 7) — G(x,t;0, 7)ue(0,7) — Ge(, t; L, 7)u(L, 7)+

G, £:0, 7)u(0, 7))dr— /O S(0)G (1 €, 7)dE— /0 /0 Gla t: 6, 7) (€, 7)dedr, (6)

rie u(xz,t) = (ui(x,t), ..., um(x, 1)) 1 G marpuunas dynxmun Ipuna. Oynkuus [puna
yaosersopser ypasnenne Gee — D G = 0, s Beex § # x,0 < 7 < t.
Mpur umiem pynknmio I'puna ciejyioneM Bue

“+oo
G= > (AJ(x—&+2nLt—7)+BI(x+E&+2nL,t 1)),

n=—oo

riae A, u B, mocTosiHEbIe MaTPUIBI pazMepHocTH m X m u I'(s,t) onpemessiercs: BbIpa-

JKeHeM
5]

1 o/2— 1,a 2
F(S,t) = §t /2 16 / (_W)

1,a/2

Hawm mayio majitu marpunst A, u B,. Vcnonas3ys yciaosuit (2)-(5) HAXOAUM HEn3BECTHBIE
matpunsl. [locse gero, pemmenne (6) MOkeM HAIHCATD.

Teopema. ITycts ¢;(t), i(t) € C[0,T] (i =1,m,T > 0), u f(x,t) € COY(z,t): 0 <
x < L,0<t<T} Torma 3amada uMMeT eIMHCTBEHHOE DEICHIE B BHJIE

u(x,t) :—/0 (Ge(x,t; L,T)u(L,T)+)dT—/O e(t)G(x,t; &, T)dE—
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/ / (e, t:€,7)F(€, 7)dgdr,

rae = (u1, ..., ), F = (f1,..., fm)? 1 G(z,t;&,7) oupenensiercss dbopmyJioit
400
G= Y (~1)"M"((z — € +2nL,t —7) + MT(z + €+ 2nL,t — 7).
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O KOHEYHOMEPHBIX MHOT000pa3usX MOAIPOCTPAHCTB nmpocrpancTtBa P, (X)
BEPOATHOCTHBIX Mep KOHEYHBIMU HOCHUTEJIIMU ONpeeJIeHHbIX HA
0ECKOHEYHOM HYJIbMEPHOM KoMOakTe X

Paxmarynnaes A.X.!, 2Kysonos K.P.?2

TaIIKeHTCKIiT HCTUTYT MHKEHEPOB UPPUTAIAN U MEXaHU3aIUH CEILCKOTO XO3AHCTBA,
Tamkent, Y36ekucran
Lolimboy56@gmail.com; 2qamariddin.j@mail.ru

B nanmoii 3ameTke noKa3biBacTed HoanpocrpancTsa P, ,—1(X) Bcex BEPOATHOCTHBIX Mep
P(X) Hocuresm KOTOPBIX COCTOUT POBHO M3 M TOYEK siBjisieTcsi (n — 1)— MepHBIM TOIIO-
JIOTYECKUM MHOTOOGDa3HEM.

st kommakToB X MMeeTcs mpocTas TOINOJOIHIecKast KaacCudUKaIis TPOCTPAHCTB
P(X) Bcex BEpOATHOCTHBIX Mep. B cilydae KOHEYHOIO M— TOYEYHOIO MPOCTPAHCTBA
X = {n} moukm p upocrpancrsa P(n) = P,(n) SBIg0OTCH BBILYKJIBIMA JAHEHHBIMI
koMOuHanusaMu Mep upaka:

p=mpd(0) + md(1) + ... + my_16(n — 1)

[TosTOMy OHI €CTECTBEHHO OTOXKJICCTBIAIOTCS ¢ TOYKAMU (1 — 1)— MEpPHOIO CHMILIEK-
ca 0" ! TIpu sTom mepbl /Iupaka §(i) oOpasyroT BepIIMHLI CUMILIEKCA, 4 MAcChl MM,
MOMEITIEHHDBIE B TOYKH 1, SIBJISIOTCA OAPUIEHTPUICCKUMU KOOPMHATAMI MEpbI L. TakmM,
obpazom, kKomnakT P(n) adgpdunno romeomopden cummtekcy o H1].

B ciaygae 6eckoneunoro komnakra X mpoctpancTBo P(X) Takike SBJISIETCST KOMIIAK-
oM (P coxpansier Bec). [lajiee oHO, cojiepzKa, CHMILIEKCHI CKOJIb YIOIHO GOJIBIION0 YhCIa
usMepenii, 6eckoneunoMepnsl. 11o Teopeme Ksum seimyxibii kommnakr P(X) ¢ REX)
addunno BrimagbBaercs B 5. CiemoBarenbho, mo teopeme Kesutepa kommakr P(X) |
KakK OECKOHETHOMEPHBII BBITYKJIbI KOMITAKT, JIEYKAIIuil B {5, TOMEOMOP(MEH THIHOEPTOBY
KybOy Q = IX°. C npyroii cropons! mpoctpancTBo P(X) Bcex BEpOSATHOCTHBIX Mep Ha KOM-
nakTe X Ha3bIBAETCSI MHOYKECTBOM BCEX PETY/ISPHBIX OOPEIEBCKUX BEPOSITHOCTHBIX MEpP
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Ha X, cnabyeHHoe cjadefiiieil n3 TOmoJI0rnii, JIjisi KOTOPBIX HEIPEPbIBEH KaXK bl (DyHK-
monan f, : C(X) — R, nepesoggreii mepy p B u(U) ( U orkpbiToe B X MHOXKECTBO).

st ipousBosibHOrO KoMnakTa X u Mepsot 1 € P(X) onpemesen ee Hocuresb supp(p)-
9TO HAMMEHbIIeE M3 3aMKHYTBIX MHOkecTB I C X, mra xoropeix pu(F) = pu(X), re.
supp(p) = {A: A= A pu € P(A)}; Pu(X) = {p € P(X) : |supp | < n}-mm0oKecTBO
BCeX Mep j4 ¢ He Oojiee 9eM 1. HOCUTEJIIMU.

Onpepnenenne [2]. Tonosornueckoe npocrpancTBo X HA3BIBAETCH MHOTOOOpA3UEM,
MOJIEJTMPOBAHHBIM Ha IIPOCTPaHCTBe Y, mim Y — MHOrooOpasueM, e/ BesgKast TOUKa Ipo-
crpancTBa X HMeeT OKPECTHOCTH, TOMEOMOP(HYIO OTKPLITOMY OJAMHOXKECTBY IIPOCTPAH-
cTBa Y.

Onpenenenne |[2]. [loqmuoxkectso A C X npocrpancTsa X HasbIBaeTCsi TOMOTOIHI-
JecKd TWIOTHBIM B X, ecyn cymiectByer romoronus h(x,t) : X x [0,1] — X rakoe, uto
h(x,0) = idx u h(z, (0,1]) C A.

st 6eckoneunoro (roboro) kommakra X, joboro n € N u dynkropa P, m0I0KIM
Prn-1(X) = P(X)\P—1(X).

Teopema. s 1100010 HYJIbMEPHOTO OECKOHETHOrO KOMIAKTa X MOJIITPOCTPAHCTBO
P, n-1(X) npocrpancrsa P,(X) sBagercsa (n — 1)— MepHBIM MHOr0OOpasueM M TOMOTO-
IUIecKn II0THBIM B P, (X).

HokazareabcTBo. [Iycts X mpousBo/IbHBIN KOMIAKT. BO3MOXKHBI jIBE CJIydaii.

1°. X komeunoe MHuOKecTBO. J11 ONpe/Ie/IeHHOCTH ycTh X COCTOUT U3 1 TOUeK. Tora
P,(X) = P,(n) = 0" ' (n—1)— Mepublii crangapTubiii cumiiekc.T.e. T(xy, Ta, ..., Tp) =
o1 cuMIIeKe ¢ BepIIMHAMBI B TOYKaX Z;. A MOIIIPOCTPAHCTBO
Ppnoa(n) = T(xy, z0, ., xp)\F (T(21, 29, ...y ) = intT (21, 22, ..., ). T€. Pppi(n) =
T%(zy, 9, ..., Tp)— BHYTPEHHOCTH CUMILIEKca. Buyrpennoctsb T°(xy, s, ..., T,)— romeo-
mopduo npocrpanctey R [3] Te. P,,_1(n) ectsh (n — 1) Mmeproe MuorooGpasust R™1.

20, X Geckoneunblii Hy/JbMepHBIH KoMIakT. M3sectHo, uro npocrpanctso B, (X) co-
CTOWT U3 JIMHeHHO# KoMOunaruu Mep Jupaka Buja:

on = m1(51 —+ m2(52 + ...+ mnén

rze 0,,— Mepsl dupaka, ©; € X, 0<m; <1, 3" m; =1.
Pacemorpum  noxpnpocrpaunctso P, ,—1(X) npocrpancrsa P,(X). OueBnnno, [ro
P, n—1(X) orxpsito B P,(X). Bo3bMeM mpousBoibiyio ToUKy p € P, ,—1(X), T0

n = m1(51 —+ m252 + ...+ mnén,

T1, %3, ...T,— B3AMMHO Da3JIMYHBL. T.€. |1, Ty, .2, = n u m; > 0, m; < 1. Orcio-
na p € T°(xy, xo, ..., x,) = intT(xy,...,T,)— BHYTPEHHOCTH CHMILICKCa. VI3BECTHO, 4TO
Ty, 3, ..., r,) ToMeoMopdHO TpocTpacHTBy R"1. B kauectse O(i) oToxjecTBisieM
muoxecTBy T (21, X9, ..., 2,,) T.e. Kaxmas Touka npocrpanctsa P, ,1(X) umeer okpect-
HocTh romeomopduyio R"~!. 3uauurt, npocrpanctso P, 1(X) ects (n — 1)-MepHoe MHO-
roobpa3usi.

Teneps mokazkeM, 4ro mognpocTpancTso P, ,,_1(X) romoromndeckn mwiorao B P, (X).
Ncekomyto romorormio h(p,t) @ P,(X) x [0,1] — P,(X) mocrpoum mnosorast h(u,t) =
(I—=t)u+t-r(u), met €[0,1], u € Po(X) ur(p) : P(X) — P(sup pu) bapureHrpuiecKu
otkpbiToe orobpaxenust [3|. Ecau t = 0, to h(u,0) = (1 —0)pu+ 0 - r(u) = p Te.
h(,u, 0) = idPn(X)-
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Ecmut € (0,1], ro h(u,t) = (1—t)u+t-r(n) € P,(X) sup ph(u,t) cocronr poBHO U3 n—
pa3INIHBIX TOYEK. T.e. h(f,t) € P, ,,—1(X). D10 03navaer, uro P, ,_1(X) romoronniecku
wiorho B P,(X). Teopema jnokaszana.
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O (ko) - TPAHCJISAIMOHHO-UHBAPUAHTHBIX Mepax 'm66ca njs momesm Ilorrca
Ha nepeBe K3 mopsizka Tpu

Paxmaryniaes M. M.!, Jlexkonos 2K. /1.2
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[Tycrs 78 = (V, L) — ectb gepeso Kamm nopsaixa k, k > 1, T.e 6eckonedHOe JIepeBo, U3
KazK/JI0#l BEPIIMHBI KOTOPOI'O BBIXOJIUT paBHO k + 1 pebep, riae V' — MHOXKECTBO BepIIUH,
L — wymozkecTBo pebep 7.

UssectHo, uro 7F MoxkHO mpencraBuTh Kak G — cBobomHOE mpomsseienue k + 1
[UKJIMIECKAX TPYII BTOPOro mopsaka (em.[1]).
st npoussoabHoit Touku 20 € V nonoxum W, = {z € V|d(«°,z) = n}, V,, =

n
U W, tie d(z,y) — paccrosinue mexkty x u y Ha jepeBe Kaym, t.e. aucio pebep myru,
Eno:eOAHHﬂIomero rTuy.

MbI PacCMOTPpUM MOJEJIb, I'I/Ie CIIMHOBBLIC IICPEMEHHDBIC ITPUMHUMAIOT 3HaAYCHUA U3 MHO2KE-
crBa® = {1,2,...,q}, ¢ > 2 u pacroJio:KeHbl Ha BepInHax JepeBa. Toraa konduzypayua
o ua V ompejensercs kak dyaknus © € V — o(z) € ®; MHO)KeCTBO Beex KoH(DUrypa-
it copmagaer ¢ ) = ®. Ilycrs , = ®Y* obosmavaeT mpocTpancTBO KOHMUTYpAIHil,
ompeJieJIeHHBIX Ha V/,.

lamunbronnan mosenu [lorTca omnpejiensgercs Kak

H(o)==J Y oo (1)

(z,y)EL

rae J € R, (z,y) — Gmmkaitmue cocenu u 0;; — cuMBosl Kpomekepa. OmpeiesinM Komned-
HOMEPHOE pacIpe/ie/ieHe BePOdTHOCTHON Mephl 4 B 00beMe V), Kak

fn(0m) = Z- exp {—ﬁHn(on) + ) hza(x)} : (2)

£B€Wn



Pecnybnukanckas HayuHas Koubepenius CAPRIMCAKOBCKUE YTEHUS, TamkernT-2021 123

e 0, € Q,,8 = 1/T, T > 0 — remneparypa, h, € RI™' Z-1 — mopmuposoumbIii
MHOKUTE/Tb,

Teopema 1. [1] Mepw (2) ydosaemsoparom ycaosuio cozaacosanus mozoa u mosvko
mozda, xoz0a dan écex x € V \ {z°} umeem mecmo caedyrowsee:

he =Y F(hy,0), (3)
y€S(x)

ede pynkyusn F 2 h = (hy, ..., hyq) € R = F(h,0) = (F1,...,F,—1) € RI™ onpedens-
emca popmyaramu

F=h <<9 — e+ T !

i 41
- ,  O=-exp(JPB).
0+ 5, el

Kaxiomy perennto h, GyHKIMOHAIBLHOIO ypaBHeHue (3) COOTBETCTBYET OJHA Mepa
['ub66ca n HAOOOPOT.

[Ipu pou3BOILHBIX k U ¢ TPAHCISIIMOHHO-UHBAPUAHTHLIE Mepbl ['n0Obca Jj1st Mojen
[TorTca u3ydens B pabore [2].

B ciyuae k = 3, ¢ = 3 ji1 TPAHC/ISIMOHHO-UHBAPUAHTHON COBOKYITHOCTH BEKTOPOB
u3 (3), MOJIYIUM CJIEJYIONLYI0 CUCTEMY yDaBHEHHIL:

_ fel14el241
hl — Zyes(x) 111 9+eh1+6h2 ) (4)
hy=%" In fet2te+1
27 LuyeS(x) 7 el yeh2
YaurbiBast, 4To k = 3 MOJIYy4UM CJIEIYIOILYI0 CUCTEM ABHEHUM:
) y Y Y Yy
_ feM14el241
{ hl =3In 0

ehltehQ 9
_ fe"2+e141
h2 = 31n —9+ehl+eh2 .

3BecTHO, 9TO 9T CHCTEMa MMeeT cJie/yomue perterns (cM.[2]):

(hgl)’ )’ <O7 h‘@)? (_hgl)a _h§Z))7 (07 O)7Z =1,2,

e
ED 3 ing o — 2v02 + 60 —2 Cos(l aretan 3v/30% + 2403 + 1862 — 1200 — 249 7r)+9 -1
Lo 3 3 203 + 362 — 120 — 47 3773
2v0% + 60 — 2 1 3v/30% + 2403 + 1802 — 1200 — 249 = 0—1
Ty = ———— cos(= arctan +-)+—— (5
3 3 203 + 362 — 120 — 47 3 3

B sroit pabore jyis mojiesin [lorTca ¢ moMOMIBIO TPaHCISIIMOHHO-UHBAPUAHTHON MephbI
['u66ca na nepese Ksim nopsiika tpu (kg = 3) 1o aHasoruto ¢ KOHCTpyKIiwmsivu u3 [3], [4]
JIOKazKeM cyIrecTBoBaHue HOBbIX Mep ['nb0ca na jiepese Ko cesibMoro mopsijika, KOTOPbIX
TaKyKe Ha30BeM (3)-TpaHC/ISIMOHHO-UHBADUAHTHBIMI Mepamu ['ub6ca.

lokazana cieryiomiasi TeopeMa.

Teopema 2. Jlas modeau Ilommea na depese Koau cedvmozo nopsadka npu ¢ = 3
u 0 ~ 2.809107468 cywecmeyrom ne menee 8ocemd (3)-MPAHCAAUUOHHO-UHEAPUGHTTVHHLE
mep Tubbca.

B pabote [5| mokazana cymecrBoBanue (2)-TpaHCISIIHOHHO-UHBAPUAHTHBIX Mep ['n66-
ca Ha JiepeBo Ka/mm nmgaToro mopsjika .
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Ciabo nepuo/indyeckme oCHOBHbIE cocTosiHUst Moaean IlorTc- MI3unra Ha
nepese Kaam nopsaka aBa
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Kazx ioit Mmepe I'ub6ca comocrapisiercs ojna dasa dpusudeckoii cucrembl. Eemu cyie-
cTByeT Oojiee yem oiHa Mepa ['ubOca, TO TOBOPST, YTO CYHMIECTBYIOT (pa30BbIe IEPEXOJIbI.
OcHoBHas pobJieMa Jijist JJAHHOTO FaMUJIBTOHUAHA — 9TO OIUCAHUE BCEX OTBEYAIOIINX €My
npejiesibubIx Mep ['ub0ca. M3BectHo, uTO pazoBad jpuarpamma ['mOOCOBBIX Mep s JIaH-
HOTO TaMUJIBTOHMAHA OIM3KO K hazoBoil quarpamMMe OCHOBHBIX M30JMPOBAHHBIX (yCTOM-
YHUBBIX) COCTOSIHUI 9TOr0 raMiIbToHraHa. [Ipu HU3KUX TeMIepaTypax OCHOBHOMY COCTO-
SIHUIO COOTBETCTBYeT TpejiesibHast Mepa ['u66ca (em.[1]). Tloaromy, ecrecTBeHHO BO3HUKAET
3a/1a9a ONUCAHKs BCEX OCHOBHBIX COCTOsiHWIA. V3BecTHO, 9TO JiepeBo Ko MOXKHO TIpej-
CTaBUTb Kak CBOOOJIHOE Tpon3Beienne k + 1 MUKINIeCKUX TPYII BTOPOrO MOPIKA (CM.,
nHanpumep, [1]). O6osnauum 31y rpymmy kak Gi. [Be Bepuunbl x,y € V Ha3bIBAIOTCS
COCEJTHUMU, €CJIM OHU HPEJICTAB/IAIOT COOO KOHIIEBbIE TOYKU HEKOTOpOro pebpa | € L, u
B 9TOM CJiydae Mbl OyJjeM nucathb | = (z,y).

MbI paccMOTpUM MOJIeJIb, /e CIUH [PUHUMAaeT 3HadeHuss U3 MHOXKecTBa P
{-1,0,1}. Koudurypanust ¢ na V ompejensiercs kKak dyukinus r € V. — o(x) €
MHOYKECTBO BeeX KoH(Hrypanuii copnajaer ¢ ) = ®V.

IIycrs Gy /G5 = {Ha, ..., H, }— dakrop rpymnma, rie Gj—HOpMaJbHA J1eJUTeb HHICK-
ca r > 1. Obozraunm 1epes S(x) MHOXKeCTBO "IPAMBIX TTOTOMKOB'TOUKN = € V| T.e,eciu
x € Wy, mo S(z) ={y € Wyy1 : (z,y)}. Hepes Si(z) 0603HATIM MHOKECTBO BCEX OJIH-
Kafimmx cocene Toukn ¥ € Gy, re. Si(z) = {y € V < z,y >} ux; = Si(x) \ S(z).
Onpenenienns 1. o(x) maspiBaerca (G - mepuOANIECKOii(CIab0 TEPUOANIECKOIT), ecin
o(z) = oi( o(x) = o0;;) upn x; € H;,Vo € Gy(x; € H;,Vx, € Hj,T0 ecrb 3HaUCHUS
o () 3aBHCHT OT KJIACCOB IPHHAJICKHOCTH T U T|.). Gp-TlepuoudecKast KOH(bUTyparust
HA3BIBAETCsI TPAHCIATNOHHO-MHBAPUAHTHOIA.

st TaHHON MepuomIecKoil KOH(MUTYpaIil UHIEKC HOPMAaJIbHOTO JeJINTE sl Ha3bIBa-
€TCsl IEPUOJIOM KOH(DUTYPATTUH.

P,
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B pabore paccmorpum mojenb [lorre-Msunara ma jgepeBe Kamu. Namuiabronnan pac-
CMaTpuBaeMasd MOJe/IN MMeeT BUJT

Ho)=—J Y o@)oy)—1l > Sewow (1)

(zy)€ L (z,y)€ L

rie J = (J1,.J2) € R?, 6;;— cumBon Kporkepa.

IIyctb M MHOXKeCTBO €IMHUYHBLIX IIapoB ¢ BepimmHaMu B V. Mbl Ha30BEM CyrKeHMe
koudwuryparuu o Ha mape b € M orpanundennoit koudurypariueit o,. Oupeaemm SHEPTUI0
KoHUrypaiun o, Ha b ciaeayomum odpa3om:

U(0b>:_%J1 > U(w)a(y)—%b > bowow) (3)
<

(z,y)eL z,y)EL

Pacemorpum ciyaait k = 2. Jlerko Bugers, uro U(oy,) € {Uy, Uy, Us, ..., Uia} mjist siio6oro
Oy, TIe

3 3 3 1 1 1
Uy =0,U; = —§J1 - §J27U3 = §J1, Uy=—-h—J,Us = —§J1 - §J27U6 = —§J1 — Jo,

1 1 1 1 3
Ur = §J1 - §J2,Ug =J1,Uyg = §J1, Ui = —§J27U11 = —§J2,U12 = —Jo.

HepI/IO,ZLI/ItIeCKI/IM(CJIaﬁO IIEPUOINIECCKN TpaHCHHHHOHHO—HHB&pH&HTHbIM) OCHOBHBIM CO-
CTOAHHEM. HeprﬂHbeI HO I‘pOS,H,KI/II'?'I aHaJIn3 IIOKa3bIBa€T, 9TO Az nMeeT B

Ay ={(J1, o) € R} J, > 0; Jo < =1}, Ay = {(J1, o) € R*|J; > 0; J, > —J1},

As ={(J1, o) € R*|J1 < 0; Ja < =1}, Ay = A5 = {(J1,2) € R*|Jy = —Jo; Jo < 0},
Asg = Ar = Ay = {(J1, Jo) € R*|J, = 0; Jo = 0}, A = {(J1,)2) € R*|J; <0;J, =0}
As = Ag = {(J1, Jo) € R}|J, = 0;J, <0}, Ay = {(J1, Jo) € R?|Jy > —Jy; Jo > 0}
Bamernm, uro R? = Uzli A;.

[Iycrs A € {1,2,,k + 1} UsBectHO( cM[4]), 9T0 HOpMAJIBHBIN JeIUTEb HHICKCA JIBA
UMeeT CJICIYIONINN BUJT

Hy={z€Gy: wa(ai) — YeTHO }
i€A

Pacemorpum dakrop rpynny Gy \ Ha = {Ho, H1}, tie |A| = 1, Hy = Ha, Hy = Gy, \
Hy. Usyunm H, cnabo mepuommdeckoe OCHOBHOe cocrognue. H 4-ciaabo nepuogmdecKkas
KOH(UrypaIys UMeeT CJIeLy oIl BUL

000, €cii x| € Hy,x € Hy
o(x) = 001, ecom ) € Hy,x € Hy (4)

010, ecn ) € Hy,x € Hy
o011, ecin x) € Hi,x € Hy

rie o € ®{—1,0,1}, 4,5 = 0,1. st ymobersa cabo mepuoumaeckyto Kondurypa-
mto o(x) HarmmeM B Buje (0o, 0o1, 010, 011)



126  Pecnybimkanckaa Hayuxas kKompepernus CAPHMCAKOBCKUE YTEHUA, TamkerT-2021

JTokazano ciiejiytomias Teopema,

Teopemal. Ilycts k=2, |A|=

1. Ha muoxkecrse Ay=As={(J1, Jo) € R?|J, = —Js; Jo < 0} cymectsytor mectb H4-
cabo nepuojguueckue ( He MeproMIECKUX ) OCHOBHBIX COCTOSHUIT M OHU UMEIOT CJIELYIO-
T BUJI:

0'172(1') = j:(]_, 1,0, 1), 0'374(113) = j:(l,(), 1, 1), 0'55(!13) = j:(—l,0,0, 1),

2. Begkue H 4-citabo meprogudaecKre OCHOBHBIE COCTOSTHIS KPOMe KOH(MUTYpaIuu yKa3aH-
HBIX B IIyHKTE 1 SBJISIOTCS TPAHCIAIIMOHHO-UHBAPUSAHTHBIMU.
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Caabo InmepuoanvdeckKrne OCHOBHbBbI€ COCTOdAHUA OJid MOoAde/In ITorTCc-Sos Ha
JepeBe K3JIn
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[lycrs 7% = (V, L),k > 1 ectb nepeso Kamu nopsajka k, rjie V — MHOMKECTBO BepIIIH,
L— mmoxkecTBO pebep 7F. Ussectno, uro 7F Moxkno mpejcrasuTh Kak (G, — cBobomHOE
npousse/enne k + 1 mukimdecknx rpynt Broporo nopsaxa(cm. (1], [2]).

O6o3natum gepe3 S(x) maOKecTBO "HpsMbIXx moTOMKOB" Toukn x € Gy. Uepes S1(x)
0603HATMM MHOYKECTBO BCeX OummzKaimux coceseii Touku = € Gy, e. S1(z) = {y € Gy :<
z,y >; m{x ) = Si(z) \ S(x).

MbI paceMOTpUM MO/Ie/h, IJIe CIIMH IpUHUMaeT 3Hadenus u3 muoxecrsa ® = {0, 1,2}.
Torma koudurypamus o va V onpezensercs kak dyukius € V — o(z) € ®.

[Iycrs Gy /Gy = {Hi,..., H,} dakrop rpynmna, rjae Gi— HOpMaJbHBIH JIeJUTEIb UH-
nekca r > 1.

Onpegenenve 1. Kongueypayus o(x) nasweaemea Gi-nepuoduueckod, ecau o(x) = o;
npu v € H; Vxr € Gi. Gg-nepuoduveckas xKonpu2ypayus Ha3v6aeMeA MPAHCAAUUOHHO-
UHBAPUAHMHOU.

Jlist TaHHON eproamIecKoil KOH(MUTYpaIl UHIEKC HOPMAaJIbLHOIO JeJINTE/Is] Ha3biBa-
eTcsl IePUOJIOM KOH(MUTYpaInn.

Onpegenenne 2. Kongueypayus o(x) nasweaemes Gi-caabo nepuoduweckot, ecau
o(z) =0, npuz, € H;, x € H;, Vx € Gy,

lamuasronnan momenu Ilorre-SOS nmeer Bu,

=J > o N4 Tp Y oo (1)

< 7y GL <$y GL
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rae J, J, € R— KOHCTaHTBHI He PaBHBI HYJIO.

[Iycts M — MHOYXKECTBO €JIMHUYHBLIX MAPOB ¢ BepimuHamu B V. Mbl HazoBeM cykeHUe
KoHuUryparuu o Ha mape b € M orpanndennoit kounduryparmeii o,. Oupeaemm SHEPrUio
KoH(puUryparuu o, Ha b cireyommmM oopasoM:

V(o) = 507 3 loe) = o)l + T 3 Sotarory) )

(z,y): (z,y):
z,y€db z,y€db

MpbI J0Ka3a/Iu CJIEYIONLY IO JIEMMY.
Nemma. /J[asa xaotcdoti konguypayuu @, Mvl umeem

Ulgy) € {Uip :i=0,1,2, ... k+1,n=0,....k+1—i},

2de 7 7
Ui,n:§(k:+1+n—z')+5pz’. (3)

Onpegenennve 3. Koudurypalust ¢ Ha3bIBaeTCsl OCHOBHBIM COCTOSTHUEM JIJIST TaMUJTBTO-
nmana H, ecim

U(pp) =min{U;,, :i=0,1,2,...k+1,n=0,...,k+1—1}

s oboro b € M.
Ob6o3naunm

Aey={(J,J,) € B Ugpy=min{U;,, : i =0,1,2, ...,k +1,n=0,..,k+1—1d}}. (4)
HyCTb k > 2. C noMoIbio (4) HalJIeM CJICIYIONe MHOXKECTBA!
Aro=1{(J,J,) €R*: J,=J >0}, A1 ={(J,J,) € R*:J,=2J,J <0}.

IMycrs A C{1,2,....k+ 1}, Ha={z € Gy, : _c, wj(x)—uerno}, rie w;(z)-uucio a;
B cioBe x. H — aBiserca HOpMaJbHBIM JeJnTenreM uHjekca 2 B G,

Pacemorpum daxrop rpynny Gy/Ha = {Hy, H1}, tne Hy = Ha, H = Gy, \ Ha.

H 4-cabo nepuoamdeckne KOHPUIypaIuu UMeIOT CJIeLy Omuil BII:

ago, ecau x; € Hy, x € Hy,

o(z) = ap;, ecim x; € Hy, x € Hy, (5)
ayp, ecim x; € Hy, x € Hy,
aj;, ecom x) € Hy, v € Hy,

rae a;; € D, 4,5 € {0,1}. Hanee mst ynobersa H 4-c1ab0 IepHOANIECKY0 KOHMDUTYPAIIUIO
(5) mammiem B Buje ¢ = (ago, Go1, 10, A11)-

Mp1 fokazanu cieyIontyo Teopemy.

Teopema. [lycmo k > 2 u |A| = 1. Tozda seprvi caedyrowyue ymeeporcderus:
I a) na mmooicecmse Agg cywecmeyrom mpudyamo dea H-caabo nepuoduueckozo
0CHOBHO20 COCMOAHUA, KOMOPLIE He ABAANOMCA MPAHCAAUUOHHO-UHBAPUGHMHHMU U OHU

UMeENMm Cﬂeaymmqu 6U0: (7;7/L'7Z‘7j>7 (Z‘7i7j7i)7 (7;7j’i77;)} (i7j7j7j)? (2'77;7].7.7')7 (7;7j’i7j)?
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(1,7,7,1), (1,1,1,m), (1,1,m,1), ede i,5,l,m e P ul|i—j|=1,|l —m| =2;

b) na mmoocecmse Ay1 cywecmeyrom uemwvipraduyamov Hy-caabo nepuoduveckux oc-
HOBHBLT COCTOAHUT, KOMOPHIE HE AGAAOMCA MPAHCAAUUOHHO-UHEADUGHIHOLMU U OHU
umerom caedyrowut eud: (i,1,1,7), (i,4,5,4), (i,7,4,4), (4,79,5,5), (4,4,7,7), (i,7,%,7),
(i,7,5,9), 2dei,j € ® uli—j| = 2;

II. Beaxue Hy-caabo nepuodudeckue OCHOGHBIE COCTNOAHUA, KPOME KOHPUYPauul
YKA3aHHOLT 6 nynkme I, AGAAIOMCA MPAHCAAUUOHHO-UHEAPUAHTTHBLMU.

3ameyanue. (i,7,%,j) U3 OCHOBHBIX COCTOSIHUII, Hail/leHHBIE B IYHKTe | TeopeMmbl, sB-
JgroTes H 4-niepnoanyaecKuMu OCHOBHBIMU cocTogHUsIMEU. Bee octaiababie H 4-citabo nepu-
O/IUYeCKIe OCHOBHBIE COCTOSIHUSI HE ABJIAIOTCS H 4-1TepUOIMIecKUMUI OCHOBHBIMU COCTOSI-
HUSIMI.
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O pekyppeHnTHOii dopMme pernieHunsi ypaBueHusi KosimoropoBa aJist
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Haiineno sseroe penienne ypasaenust KosMoroposa J171s1 MApKOBCKOIM MOJIEJIN SITUIEMUAN
JlaynTona B peKyppeHTHOI (bopMme 11 TpOn3BodIIeil (DyHKIINKT BEPOATHOCTENH COCTOTHUI
MapPKOBCKOI'O IIPOIECCa, 3a/Ia0IIero JUHAMUKY PACCMaTPUBAEMOMN SITHIEMUH.

IIycrs £(t) = (R(t), S(t))- cocrostane nomymsinun B MoMenT ¢t > 0, tae R(t) - wmcio
BOCIIPUUMYUBLIX, & S(t) - dncio Hocureseil nim uctounnkoB uHdekuu, npuaem £(0) =
(n,a) . Homynsiusa upemnonaraercsa 3aMKHyTol, T.e. R(t) +S(t)+ Z(t) =n+a , tae Z(t)
- YUCJI0 YCTPAHEHHBLIX HOCUTEJICH K MOMEHTY t.

B kauecTBe MOJEIM PA3BUTUS SIUAEMUAN PACCMATPUBACTCS ONHOPOMHBINA BO BPEMEHH
MAapKOBCKUM IIPOIECC, 3aJIaHHBIA C ITIOMOIIBIO CAEAYIONINX BEPOATHOCTEH BO3MOXKHDIX II€-
pexojioB B uHTepBaJe (t,t + At):

P+ At)=(r—1,s+1)/&(t) = (r,s)) = ArsAt + o(At),

PE(t+ At) = (r,s — 1)/&(t) = (r,5)) = usAt + o(At), )
PE(t+ At) = (r—1,s)/&(t) = (r,5)) = OrsAt + o( At),

P(E(t+ At) = (r,8) /() = (r,8)) =1 — (A + 0)r + u)sAt + o(At).
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B coorsercTBum ¢ Mozennio Jlayarona 1-it mepexos oTpazkaer MOSIBICHAE HOBOTO HO-
CUTEJId U3 YUCJIa BOCIIPUUMYUBLIX B pE3yJ/ibTaTe UX KOHTaKTa, 2-11 IIepexo1 BepoATHOCTD
yCTpaHEeHHs] HOCUTEJIst U 3-H TIePex0/] OTParkKaeT BO3ZMOKHOCTb YCTPAHEHHs] BOCIIPHAM Y-
BOI'O 1OCJIE ero 3a00/1eBaHnst BBUJLY SBHBIX CUMIITOMOB Oosie3Hn. Takast MOJIe/Ib IIPUTOIHA
JUISE ONMCaHKUst MHMEKIMHA THIA JU3EHTEPUHN.

[esbio ganHoit paboThl ABISETCH AHAJU3 TOTHOTO PEIICHHs MOJIE/IN ¢ UCIIOIb30BAHIEM
CIEIUAIBHOIO BHIa Ipon3Bo el (pyHkmun. CTOUT OTMETUTD, YTO aHAJIOTHIHBIHN ITOIXO0.
K PEIIEHUIO yPaBHEHUsI, COOTBETCTBYIOIIETO MOI00HO MO/1e/11 OBLT OCYTIECTBIYH B paboTe
[1]. OTmernm TakzKe, 9TO K PEIICHUIO JAHHBIX MOJIEIeli MOKHO HOIXOUTE ¢ TOUKH 3PEHNUST
ACUMIITOTHIECKOTIO aHa/In3a, KaK, HalpuMep, B pabore [2].

[Iycts Pi(z,w) = P((&(t) = (r,s)/&(0) = (n,a)) - mepexonHas BEPOATHOCTH JIJIs
MapKOBCKOii Mojiesn (1) 1, Kak u panee,

n m-ta—r

Ht<z7w) = Z Z B(T,S)ers7(|2| <1 |w| < 1) ) (2)

r=0 s=0

rue I1;(z, w) -upousBojsiias byHKIUS TEPEXOIHBIX BEPOSITHOCTE.
JIemma 1. Qynryus 11, (z, w) ydosaemeopsem caedyrowemy duddeperyuarvrnomy ypas-
HEHUIO 6 YACTNHLT NPOU3BOOHVIT

11, o1, o1,
— =A+0—-—(A+0)2)w +u(l —w)— 3
5 A+ 0)2)wz—= +u(l —w)—, (3)
¢ Hauaavrvm yeaosuem Iy(z, w) = 2" w®.
[Tosrydenne HyKHOTO pellleHHs HaYHEM C HaXOXKJeHus - nmpeodpaszoBanud Jlamaca
KOTOPOE yJIOBJIETBOPseT OoJiee IPOCTON CUCTeMe ypPaBHEHUI:

F,
aF(w,a) =(0 + Aw)w(r + 1)8 K (w— Qr)%, 0<r<n-1,
811) (‘9w (4)
oF,
Fr ) = - Kn - en - “.
aF,(w,a) (w ) 5 +w
¢ HaUaJabHBIM ycsoBueM lim aF, (w,a) = 6, ,w".

a—o0
JIemma 2. Qynxyuu f.(w,t) ydosaemseopsrom caedyrowets cucmeme dudgepenuans-

HOLT YPasHeHUL:

afr afr—i—l 8fr

_ _ _ <r<n-
5 (0 4+ Mw)w(r+1) 5 K, (w—#,) 5 0<r<n-—1,
Ofa O fn
S =~ Knlw =) 5.

CO CALOYIOUUMU HAHANLHOMY Yerosuamu: f(w,0) = A, ,w® , 2de 0;; - cumson Kponexepa
Pemenne cucremspr (4) mast Fr.(w, o) HAYHEM € TIPOCTOrO cirydas r = n — 1
Jlemma 3. Pewenue nocaednezo ypaHeHUA U3 Cucmemvt (4) npu HaAUaGAbHOM YCAOGUL

lim oF,(w,a) = w. umeem 6ud:
a—r00

a

Fulw,a) = 3 (w — 0,)FY (6,:0)/5" (5)

J=0
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. ! .
20e F7(6,,,5) = ﬁ@%”(s + gkn) 7t

CaencrBue 1. Beposmnocmu Pi(n, j) umerom 6uo:
Pi(n,j) = C/(1 — e Bntyamie=Knitga=i ( < j < a.
CaexncrBue 2. Ecau v - pasmep snudemuu 6 modeau (1), mo

_r
w4 (A+60)n

YVrBepKaeHne caegAcTBus 1 JIErKo BhITEKAeT U3 (hOPMYJIbL:

P(r=0)= Jim Pi(n,0) = 0% =

falw,t) = ((w = 0,)e 5 4+ 0,)" = CI(1L — e Knt)rigemieKnity,
j=0

KOTOpasl MoJIydaercs IyTeM obpaiienns npeobpazosanust Jlamnaca pis F,(w,a) us (4),
T.X. opurunasom i (a + jK,) ! asisgerca dynkum e Ent
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JIBU2KEHWE rajiuIeeBa IpOCTPAHCTBA R} BO MHOTOM OTJIMYAETCS OT JBHZKEHNH EBKJIU-
JIOBa MMPOCTpaHCTBa Rs.

ITos pasBepTKOH MHOrOIDaHHUKA B TaJIMJICEBOM IPOCTPAHCTBE R, MOHMMaeM pasiio-
JKeHue rpaHeil MHOIOIDaHHUKA Ha IJIOCKOCTD, € IIOMOIIBIO JIBUZKEHHSI STOIO IIPOCTPAHCTBA.
IIpu sTOM CKJIenBaomascsa pebpbl MHOTOIDAHHIKA OTMEYAIOTCS OJMHAKOBBIME OyKBaMIL.
Kpome Toro coxpansieTcst pacCTOsHIE MeXKIy TOYKAMH Ha MHOIOIDAHHHUKH TO €CTh Pac-
TOSHHS MEXK/y TOUKAMN MHOTOTDAHHUKE I Ha PA3BEPTKE COXPAHAIOTCS.

PaccMoTpuM BBIYKJIBIE 3aMKHYThIE MHOTOIPAHHUKE W ¢ OMOPHBIME OCOOBIME ILTOC-
KocTaAMI T = a u © = b. Besmumua d=|b-a| naseiBaercs mmpnnoii Muororpannuka [1].
IpUYeM paccMaTpuBaeM MHOTOrpaHHUKEH u3 W y KOTOPBIX Ha OJHO# 0CO0OM IIOCKOCTH
IPUHA/IEZKATh He Oojlee OJ{HOI BEPIIIHH.

Ilyctre A u B Bepummubl MHOrorpanuuka F € W Ha KpaflHUX IIJIOCKOCTSIX U
Ay, As, ..., A, ee apyrue Bepimubl. O003HAYHM 4Yepe3 w,, Wpg, W; - IOJHLIX YIVIOB
BOKDYT BepIuH A;.

Teopema: CyMMy KPHBU3HBI BHYTPEHIUX BEPIIUH PABHO CyMMe KPUBH3HDLI KDPailHIX

BEPIINH
n
wp +wp = E wj
i=1

Brenmasgss KpuBU3Ha BEPIIMHBI MHOTOI'DAHHUKA OIPEJIEIIeTcd KaK MOJHBINH yTroJl Bo-
KPYTI' COOTBETCTBYIOIINX BEPIINH.
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Amnajyor 3agaun lesiepcresiTa ajis ypaBHEHUS MapaboI0-TUNIEPOOIMIECKOTO
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obJsractu

Typcyno M. X.
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Amnajyioru 3agau Tpukomu jyist ypaBHEHUS T1apad0JIO-TUIIEPOOTUIECKOTO TUTIA TPEThe-
0 TIOPSIJIKA BBIPOZKIAOIIETr0Cst BHYTPH 00JIaCTH U3ydeHbl B paborax|1-2].

B nanmnoit pabore nzydaercs anasor 3ajga4n leaepcre/ira JAad ypaBHEHUS 11apadoJIo-
TUIIEPOOIMIECKOTO THIIA 3-I'0 IOPSIKa € BBIPOXKJICHUEM B THUIEPOOJMICCKON YacTu
CMeITaH-HOi 00JIACTH.

Paccmorpum ypaBHenue

0

— (Lu) =0 1
2 (=0 0
e
— u:t:c_uya (%Z/) €D17
Lu= { TUzy + (—2) Uy + auy, (z3y) € Da, (2)

3/eCh (, N = const, IpuIeM
n>1 (1-n)/2<a<l, (3)

a Dy — obmactb, orparmdentasi orpeskamu AB ABy BygA AgA npsveix y = 0, v = 1,
y =1, x =0 coorBercTBeHHO; Dy — XaPAKTEPUCTUIECKUN TPEYTOJBHUK, OTPAHUIECHHBI
orpeskom AAy ocu y— OB U JAByMs XapaKTEPUCTUKAMUI

2 n 2 n
ST =00 Ay () =1

AC 1y — 1

ypasrenus (1), Boxogamumu u3 touek A(0,0) u A((0,1), nepecekaromumucs B TOUKe
C (=(n+1)/2) 0 0,5).
Beenem obosnavennsi: D = D1 UDyUJ, Dy =DnN(x>0,y>0),

Dy =DnN(z<0,y>0), J={(z,y):2=0, 0<y <1}, E(0,4) € J,

2 n+1 2 n+1
—(—x) 2 = EC,:y— ——(—x) 2
P Yo 2y =)

B obmactu D st ypasrenus (1) usydum cJiejiyromnyo 3a1ady .
Bamaua ['y. Haittu yukuumio u(x,y) co caeayomumu cBoiicrBaMu:

ECl Y+ = Yo, Cl € AC, CQ S AOC
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1) u(z,y) € C(D) N C2L(Dy) N C?*(Dy); 2) u(x,y) ABIsETCS PEryIsPHBIM DEIIeHHeM
ypasuenns (1) B obmactax Dy u Dy; 3) u,, u, HenpepslBHbI BIIOTH 10 AC;
4) Ha J BBINIOJIHSETCS YCJIOBHE CKJICHBAHNIS lim0 (—z)%uy(z,y) = lirfrlo uz(x,y) paBHOMED-
T—— z—

HOo ipu 0 < y < 1; 5) u(x,y) ynoBaerBopsieT KPaeBbIM yCIOBUSIM

u(z,y)ap = p1(x), w(@,y)|sp5, = p2(z), 0< <1

(@, y)lpg, = p3(v), 0<y <L, w(@,y)lue, =1ly), 0<y< 5

yo+1  Ou(zx,y)
(e 9)lse, = aly), w<y< Bt

1
=3(y), 0<y< 3

AC

rJie n— BHYTpeHHsst HopMaJib, ©1(x), pa(x), ps3(y), ¥i(y) (i = 1,3) — 3amannabie GyHKINH,
npuaem @1 (0) =11 (0), o3 (0) = ¢1 (1), @3 (1) =12 (1),

Yi(y) € C? [0; @] nct (0; @> . ha(y) € C? {yo; Yot 1} nct (yo; Yo+ 1) . (@)

2 2 2 2
by (2) € O {o; ;] " (o; %) 1), pala) € CI0,1] N C(0,1), (5)
e3(y) € C(J)NCHJ). (6)

JokazaHa cjieayiomas TeopeMa.
Teopema. Eciu Bomosaenst yenosus (3), (4),(5) u (6), To B obaactu D cymiecTByer
eIMHCTBEHHOE PEryJIIpHOe perienue 3a1a9m 1.
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jura63@rambler.ru
2¥prenuckuii rocy1apcTBeHHDI YHUBEPCUTET, Y preud, Y30eKucTaH,
alimardon01@mail.ru

B pa6ore MbI pacemorpum R-ananmmnrryaeckoe npogoszkenne pyHKINMNA MHOTUX JeHCTBI-
TeJIbHBIX [EePEMEHHBIX, JOIMYCKAIOMuX R-aHaauTraeckoe MpoJoJIzKeHre Ha TapaJlie/bHbie
cegenug. OTHOCUTEIHLHO TOJOMOPMHBIX (DYHKIMI IEPBLIi pe3y/IbTaT B 3TOM HaIIPABJICHUN
npunayieskut aprorey [1]: ecin romomopduas B obmacru ‘U x {|z,| <r} C CI x C,,,
e 'z = (21, 22, -y Zn_1), GyuxEa f ('z, z,) upn Kaxgom durcnpoBannom 'z € U
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rostoMOphHO TPOIOJIZKAETCS B KPYT |2,| < R, R > r > 0, T0 oHa rojoMopdHa 0 COBO-
KYIHOCTH TtlepeMeHHbIX B obact ‘U X {|z,| < R}.

C Teopemoii 'apTorca Takzke HEIOCPEICTBEHHO CBA3aHa cieaylomas TeopeMa Dopel-
am [2]: ecim f— Geckoneuno riajkas B Touke 0 € C*, f € C*{0}, u cyxenus f|,—
rosiomopdubt B kpyre U (0,1) = [ B (0,1) misa Bcex KOMILIEKCHBIX TpsiMbIx [0, To f
rosiomopdHo npogoskaercs B map B (0,1) C C™.

B nemasueit pabore [3| A.Caxymnaes jokasan ciemyrommuii anauor teopembl Popestn
1 R-amammrudecknx pyHKIumii.

Teopema 1. [lyemo gynruua f (), x = (z1, 29, ...,,), OeckoHEUHO 2000KAA 6 HEKO-
mopoti okpecmuocmu 0 € R f(x) € C*{0} u nycmo daa moboli seuecmeennol
npamot | : x = X, A = (A, Ag, .., Ap) € S(0,1) C R*,t € R— napamemp, cyorcerue
fli = [ (At) asasemea sewecmeenno-anasumuyeckots R-anasumuveckoti 6 unmepsane
t € (—1,1). Tozda cywecmsyem 3amrnymoe naropunossproe muoxcecmeo S C B(0,1)
maxoe, wmo f(x) asasemes R-anasumuueckoid ¢ B(0,1)\S, 2de B(0,1) C R"—
edunuunots wap, aS (0,1) = 0B (0,1) — edunuvnasn chepa.

k+1

[Mpumep dyukmmn f (1, x2) = m [IOKa3bIBAET, YTO TOYHBIE aHajI0ru Teopembl
@opesin, a Takxke Teopembr ['aprorca s R-ananurudeckux ¢gpyukiuit ne Bepubl. OyHK-
s f (1, 22) BemecTBeHHO-aHaMMTHIeCKad B 00macTi R X {|z2] < 3}, cyxenne f (2, z5)
BEIECTBEHHO aHaJMTHIecKast Ha Beeil npsamoit R. Ojaako f He sBJIsleTcsl BEIeCTBEHHO-
anasnTHaeckoit B Touke (0,1) .

OCHOBHBIM PE3yJIBTATOM JIAHHON PabOThI SIBJISIETCS

Teopema 2. ITycmo dynrkyus f(z) = f('z, ©,) ydosaemsopsem caedyrousum ycao-

GUAM.:

1. ¢ynxkuus  f(x,z,) R -anaaumuveckas 6  nosuyusundpe U =
('U) x Alzn] <ra},ra > 0, ede 'z = (x1, 9, ..., tp_1)u U =
{2 e R oy | < vy |ae] < 7oy [T <Tna} =

={xeR":—r <z <1, —Te < To <oy —Tpy < Tp_y < Tp_1};

2. npu xasrcdom durcuposannom 'z° € ('U) dynxyua f('2°, x,) R-anarumuueckas 6
unmepsase |xr,| < r,, R -anarumuvecku npodoascaemes 6 boavwut unmepsan |T,| <
R, R, >r,.

Tozda cywecmeyem naropunoasphoe samrrymoe mnodcecmeo 'S C ('U) maxoe, wmo
dynxuyua  f (x,x,) R -anasumuvecku npodoagxcaemes no co80KYNHOCTU NEPEMEHHHIL

(2, 2n) 6 (U X {|an] < BaPD\(S X {|2n]70})-
JINTEPATYPA

1. Hartogs F. Zur theorie der analytischen Funktionen mehrerer Veranderlichen //
Math. Ann. 1906. V. 62. p. 1-88.

2. Forelly F. Plurisubharmonicity in terms of harmonic slices // Math. Scand. V. 41,
1977, p. 358-364.

3. Sadullaev A. Real analyticity of a C*°—germ at a origin // Ann. Polon. Math. (B
nevare).



134  Pecnybimkanckaa Hayuxas kKoupeperuus CAPHMCAKOBCKUE YTEHUA, TamkemT-2021

HoBag cmemannas BapunaniOHHadA 3aJa4da U CucTeMa CTOKCa C CUMHTYJIAPHbIM
NCTOYHMNKOM

Vpes M. B.!, Imomuazapos X. X.2

L2YeTuTyT BRIYMCIUTEILHOM MaTeMaTHKI 1 MaTeMaTudeckoil reopusuku CO PAH,
Hosocubupck, Poccust;
Yimom@omzg.sscc.ru

[Iycts 2 — aByMepHasi orpaHuveHHas OJHOCBA3HAs O0JIACTb C JIOCTATOYHO IJIAJIKOM
rpanureit 0€). Paccmarpusaercs crannonapaas 3aga4da CToKca IBUKEHNS BI3KONH HECHKH-
MaeMoil KIUIKOCTHU

—vAu+Vp=f divu=0 B,
u=0 Ha 0f),

rne f e H1(Q),0<e<1/2, v >0 HQ) = (H(Q))?, H*(Q) oboznauaer ruindepro-
BO mpoctpanctBo CobosieBa MOPSIKA § ¢ HOPMOIL || - ||s o U mOIyHOPMOIL | - |50 [1].

B ciayuae, korga f € H*(Q2) u s > —1 Bompoc cymiecTBoBaHusl, €MHCTBEHHOCTH U
peryssipgocTu 0600IIEHHOr0 pelienns 3a1adu (1) BapHAIMOHHBIM CMEIIAHHBIM METOIOM
uzyuen jocrarouno 1osno [2, 3]. Ecim f € H™17¢(Q), To 06obimennoe perenue 3a1a4u
(1) GymeM MCKATh € IIOMOIIBIO PACITMPEHHOTO CMEIIAHHOTO BapUAIMOHHOTO MeToja [4].
[Iycte X;, M;, i=1,2 — 4erbIpe BEIIECTBEHHBIX I'MJILOEPTOBBIX MIPOCTPAHCTBA, CHAOXKEH-
HBIX CKAJISIPHBIMU TpousBeieHusiMA (-, ) x,, (+, ). BBeeM Tpu HempepbiBHBIE OUIHHEI-
uble GopMmsl |5

CL(‘,') ZXl XXQ%]R, bl(','> IXQ XMQ%R, bg(',') 2X1 XM1—>R,
JIJIA KOTOprX BBIIIOJITHAIOTCA HepaBeHCTBa
a(u,v) < Cllul[x,[[v]lx, bi(v,p) < Cllvlxalplla,,  ba(u, @) < Cllullx, [l an

VUGXl,VUGXQ, \V/UGXQ, VPEMQ, ‘v’uGXl,‘v’qEMl.

Bapuarmonnas 3anada. Jansl F' € X5 u G € M/. Tpebyerca naiitu napy (u,p) €
X1 X My Takyro, 9To

a(u,v) +by(v,p) =< F,o > by(u,q) =< G,q> Yve Xy, Vqée M. (2)

Jlemma 1. Ilycre Tpoiika ruibbepToBbix mpoctpancTs V), H, V' aBisiercss ocHaleHneM
npocrpancrBa H. Torma st kaxkgoro sjaementa v € V' cymecrByer ¢pyHkimonan f € V/
TaKOM, 9TO

v =1lflv n (0, = lvli-

CrnencrBue 1. /Ing kaxynoit dynkiun u € My cymectByer dynkimonan f € My Takoii,
9TO

lalle = £l ® / Fudx = [[ull’.

Peanuzanus orHotenus jiBoiicrBenHocTn Mexky My u My 1uepes ckajsipHOE ITPOU3BE/Ie-
Hue B Ly(Q2) nosBosisier chopMyIMpoBaTh JIBORCTBEHHOE YTBEPIKIEHUE.
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CrnenctBue 2. /g kaxporo ¢dyukimonaia f € My cymecrByer hyaknus u € M takast,
9T0

1l = lfulle / fudx = ||,

Hanee GyjemM UCHOIB30BAThH CIEIYIONLYI0 Teopemy 2.4 u3 [6], koropast joKa3aHa ¢ mo-
MOIIIBIO MOCTPOEHUS JIEBOrO 0OPAaTHOTO OllepaTopa Jyis olleparopa rpajuenTta V u IpH-
BJICUEHUSI TEOPUU MHTEPIIOJISIIAH.

Teopema 1. Ilycrs obacthb ) gBjIgETCA 3BE3IHON OTHOCUTEIHHO HEKOTOPOIO BHYTPEH-
Hero mapa, Torja oneparop V¢ =V : H5(Q) — H*1(Q), s € [0, 1] sBasiercss orpau-
YEHHBIM U MHHEKTUBHBLIM C 3aMKHYTOI 00JIaCTbIO 3HAYECHNUIA.

Jlemma 2.

[Iycth orpanmdeHHas OTKpbiTad obactb 1 C R? yroBiersopseT ycaoBHUIO KOHYcA.
Torna

(i) onmeparop V¢ ects mzomopdusm uz H (Q) na V2

(ii) omeparop div® ecth uzomopdusm uz V> na M.

Ormerum, uro st £ € H175(Q) Teopus cMermannbIX BapualMoOHHbIX 33/1a4, COJlepyka-
mascs, Harpumep, B [3], [7], [8] mna sagaun (1) menpumennma. Iycrs X, = Hy 5(2), Xy =
H,™(Q). Tpebyerca maiitu mapy (u,p) € X1 x Moy:

a(u,v) +bi(v,p) =<f,v>_1_.14. b(u,q) =0 VvelX, Vqgel,, (3)

Teopema 2. 3anaua Crokca (1), korma f € H™175(Q) (0 < & < 1/2), nMeer euHCTBEHHOE
obobmennoe pemenue (u,p) € Hy™*(Q) x (H j(Q))/ KaK peIlleHne CMeNaHHON Bapuary-
OHHOI 3aj1a4u (3), ¥ JJIs HETO CIPaBEJINBA OIIEHKA

[ulli-co +lIPll-<0 < Clif]l-1-c0,

rae C' > 0 — mojioKuTebHas IIOCTOsIHHAsA, He 3aBucdias oT f.
Pa6ora soinosinena npu dbunancosoit nopaep:xke POOU (rpant No. 21-51-15002).
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O06 oxHoill 3a/1ave ynmpaBJieHUs AJis yPaBHEHU JPOOHOTO MOPsJIKA B CMbICJIE
KaIry TO

Paiizues 0. 3., Mamapunosa I'. A.?

Hanumonaybubiit Y HuBepcuTeT Y30ekucTana, TamkeHt, Y30ekucraHn
Hayziev.yusuf@mail.ru, 2gavharmasharipova25@gmail.com

DTOT TE3UC MOCBSIIECH U3YIECHUIO 331491 yIIPABICHIS TPAHUIHBIMU YCJIOBUSIMU JIs U]~
depeHIMAIBHBIX ypPaBHEHHI JIPOOHOTO TOpsaKa. 3ajada COCTOUT B YIPABICHUU IIPO-
IIECCOM B CTEpyKHE, OJINH W3 KOHIIOB KOTOPOTO TOIEPXKUBAETCS MIPH 38 JAHHBIX YCIOBUAX,
a BTOPOIi - pu HyJ/1eBoi pyHKIu. MeTosb! pertenns nuddepeHImaabHbIX yPaBHEHUH T1e-
JIOTO ¥ JIpOOHOTO MTOPSAJIKOB, VAOBIETBOPAIONINX KPAEBbIM U HAYaIbHBIM YCJIOBUSAM, MOXKHO
Haiiti B KHurax [1] - [3].

[Iycts m - momoxkurenbHOe 1esioe ducao 1 m — 1 < a < m. JIpobHoe mpousBo/iHoe
B cMmbicie KamyTo mopsiaka «, or dyuknuu h, 3agannoil Ha [0,00), onpeensercs mno
dbopmyste (em. manpumep, (3], cTp. 14)

N B 1 bRt (1)dr
Dih(t) = F<m_a>/0 [t =)o’ t>0, (1)

IpPU YCJIOBUH, 9TO TIpaBag 4acTh paBeHCTBa cymiectByer. 3iech ['(t) - Tamma dbyrxims
itepa. Ilpn o = m apobHBIE TPOM3BOIHBIE COBNAAIOT € OOBIYHBIM KJIACCHICCKIM
npomsBoEbM: 07 h(t) = D*h(t) = h(™)(t).
[Iycrs 0 < o < 1, m myers yukims u(x, t) ABIsgeTcs pelneHneM ypaBHeHns JPOGHOTO
HOPsIJIKA
Doy = a*ug, + f(z,1), 0 <2 <1, t>0, (2)

YJIOBJIETBOPSIOIIEE IPAHUIHBIM yCJIOBUSIM
w(0,t) = pu(t), u(l,t) =0, t >0, (3)
1(0) =0, |u(t)| < M n HAYATBHBIM YCIOBHIM
u(z,0) = ¢(x), 0 <z <, (4)

rie p(z) - samannas dbyaknus, M - MOJI0KUATEIBHOE THUCIIO.
Bapgaua. [lycrs B(t) 3agannas dyukius. Haiitu rpannanoe yenosue pu(t) Takoe, 4ro
perrenne 3a/1a9n (2) - (5) y/I0BIETBOPAIO PABEHCTBY

/u(:v,t)dx = B(t) (5)

Teopema. /Iyt Toro, uro 661 perenne 3a1a4au (2) - (5) yaoiersopsiio yeaosuio (5),
JIOCTATOYHO, 4TO Obl (DYHKIWMA (1) YOBIETBOPSIIA CIIEIYIOMEMY YPABHEHHIO

/ K (t, 7)u(r)dr = g(t), (6)
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rie

K(t7) = 225 [1 = (1)) (= 1) B (— (M) ( — 7)),

o) =50 - L3 T ) 4 g (-]

l
o 2 ™
fult) = 7 / / f(&,7)sin Té (t — 7)) Eyo(—(\a)?(t — 7)*)dédrT,
0 0

9
On = 7/90(5) sin angdg’

0

s k
Ao =T, Eap(z) = kzo m - dyuakua Murrar-Jledpdiepa.

Ormernym, 4TO B ciIydae o = 1, 3aj1a9a yIpaB/IeHUs IPOIECCOM TEIJIOOOMEHa U3y deHa
B paborax axkajgemuka I11.0. Armumosa (cu. [4] - [8]) u B HeoxHOpOAHOM Citydae - B paboTax
19] - [11].
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EuHCTBEHHOCTh U CYIIECTBOBAHME JIJIsi YPAaBHEHU JIPOOHOTO MOpPsIKa B
cvmbiciie Pumana - JInyBuiisa
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Hanuwonasibubrit YHuBepcuTer Y30ekucrana, TamrkeHT, Y30eKucraHn
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DTOT TE3UC MOCBAIIEH N3YIEHUIO 3a/[a"1 €IMHCTBEHHOCTH U CyIIeCTBOBAHUS JIJIsT IaCTh-
HBIX ITPOM3BOJIHBIX ypaBHEHUI JpobHOTro mnopsiaka. Meromasl pemenus juddepeHimaib-
HBIX ypaBHEHUI JPOOHOTO MOPSJIKa, YAOBIETBOPAIONINX KPAEBBIM M HAYAJbHBIM YCJIOBH-
sIM, MOYKHO HaiiTu B KHurax [1].

st TOro, 4ToOBI OMPEIEIUTh JPOOHYIO YacTh HAIIero JaudQepeHuajILHOr0 ypaBHe-
HUsl, BBEJIEM CHavaJia JPOOHbBIH nHTerpasl B cMbicsie Pumana-JIuysusiis nopsijika p < 0 ot
dbyuxim f, onpeesnennoit za [0, 00), mo dopmyse (cM. Hanpumep, 2], crp. 14)

t
1 f(§)
o0 = | a0, M)
PO ) g
[PU YCJOBUU, UTO TPaBas 9acTh PABEHCTBA CyIeCTBYeT. [lycTh m —HaTypaJbHOEe THC/Io
um—1< p<m. Torga npobuoe npoussoHoe B cMbicsie Pumana-JIuyBusiis nopsjika p,
ot dyuKIMU f, onpejesnsercs 1o gpopmyie
am
Offt) = ——0r " f(t). (2)
dt
[Tycrb m—1 < p < m u 2 — npousBosbHas N-MepHast 061acTh (¢ JOCTATOTHO TJIaIKO
rpanuieir 0f2). PaccMorpuM ciieyrolyo 3aaady

Ru(z,t) — Au(z,t) = f(x), € Q, 0<t<T,
_ Ou(x,1)

Bu(:v,t)_T:(J, red, 0<t<T, (3)

lim 0/ u(x,t) = pij(z), z€Q,j=1,2,...,m
t—0

saech f(x), ¢j(x) - 3ananmble Gynxmum, A — oneparop Jlamaca.
[Tpumenenue meroga Pypbe K 3a1a4e (3) IPUBOIUT HAC K PACCMOTPEHHIO CJIEyOIel
CIIEKTPAaJbHON 3a/1a491:

—Av(x) = (z) x€Q (4)
Bv(z) =0, x € 0. (5)

B pa6ore C. Armona [3] Haiimenbl qocraTodnbie yeaoBus Ha Tpaxuily JS) obmactu (2,
obecreanBaoIine KOMIIAKTHOCT COOTBETCTBYIOIIEr0 OOPATHOIO OIepaTopa, MJIH, 9TO TO-
JKe caMoe, CyIIeCTBOBaHWE TIOJHOW OPTOHOPMEUPOBAHHON B Lo(€)) cmcreMbl cOGCTBEHHBIX
dbyuxiwit {v, ()} 1 caeTHOro MHOXKECTBA MOJIOKUTEIHHBIX COOCTBEHHBIX 3HAUYCHUIT \,, 3a-
naqn (6) - (7). Byem nasbiBars 911 yesosus yeirosueM (A) 1 BCIOLy jasiee Ipe ook,
YTO ITU YCJIOBHS BBIIOJIHEHBL.

Ob6oznaunm gepes E, , dynkmuio Murrar-JInddiepa

Epu(t) = T(pk 1 1)’

k=0
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I 9epe3 @, kKoabduimentsr Pypoe GyHxnmit p;(x).

Ounpenesienne. KiaccuieckuM perieHneM cMeranHoii 3aauu (3) HazoBeM (OyHKIIUIO
u(z,t) mveroryto B 3aMKHYTOM MaHpe X [0, 00) BCe TPOM3BOIHbIE, KOTOPHIE BXOIST
B IIepBoe ypaBHeHHe (3), U yJOBJIETBOPSIOILYIO BCEM YCJIOBUSIM CMeIIaHHoi 3a1aun (3) B
OOBIYHOM KJIACCHYIECKOM CMBICIIE,

IIycre dyukimn f(z) u @;() yAOBIETBOPSIOT CJIEAYIOMINM YCIOBUSIM:

(a) f(z) € C(Q)
) ;@) e CEl @), aroy(x) € Lo(), Jal =[]+ 1, j=1,2,om;

Teopema. Ilycts Bomosmenst yeaosus (A) u (a)-(b). Torma cmemannas 3amada (3)
UMeeT eJIMHCTBEHHOE DEIIeHNe U UMEeET BUJ:

o0

u(z,t) = Z Z Pint’ 7 Ep it (= Aat?) + fut? By pra(=Aat”) | vn(). (6)

n=1 [j=1

Ormernm, uto B ciaydae 0 < p < 1 uzydeHo B pabore [4].
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EauscTBEHHOCTh U CYIIeCTBOBaHUE JIJIsi yPaBHEHU APOOHOIO IOpsijKa B
cMmbiciie Xuiidepa
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Hanuwonasibubrit YHuBepcuTer Y30ekucrana, TamrkeHT, Y30eKucraHn
fayziev.yusuf@mail.ru, nozimatoxtayeva3715Qgmail.com

B nanmnoit pabore uccieayercsa cyImecTBOBaHUE PEIIeHUs MPsAMON 3a/1a9u JIjId ypaBHe-
HUSI ¢ APOOHBIM IIPOU3BOIHBIM B CMbBIC/Ie Xudepa, JUINITHIECKas: 9acTh KOTOPOI'O ABJIs-
€TCsl JUTUIITUIECKUN oTlepaTop JIFoOOTO TOPsIKa, ONPEIeIEHHBII B ITPOU3BOILHOI OrpaHu-
yeHHOi ob1acTu ) ¢ JocTaTovuHO IIaaKoi rpanuteit. Meromom Pypbe J0Ka3aHBI TEOPEMBI
O CYNIECTBOBAHUM U €JIMHCTBEHHOCTH KJIACCUIECKOTO pelleHns HadaJIbHO - KpaeBoi 3a/1a-
1.
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IIycte A(z, D) = > a,D® - mpON3BOIBHBIN HOJIOKHUTEILHBI (hOPMAIBLHO CAMOCOII-
la|<m
PSI2KEHHBIN SJ1munTudeckuit quddepeHimaibablil orepaTop mopsaka m = 2/, ¢ mOoCTOsH-
HbIME KOGbDUIMEHTAME A, e « = (v, Q9,...,y) - MYJBTHAHJIEKC u D =
_ 0
(Dl,DQ,...,DN), j —%

[Iyctb n - nostoxxureabhoe 1memoe yncio un — 1< f<n,n—1<v<n, 0 << 1.
Bresiem cnadasia ipobHbIil mHTErpas B cMbicsie Pumana-JInyBuiuig nopsaka p oT (pyHKIMHI
f, oupenenennoit Ha [0,00), o dopmyre (cm. Hampumep, [1], [2], crp. 14)

1 t
() = _/ (t—7) " f(r)dr, >0, (1)
I'(p) Jo
IpM yCJIOBHMU, YTO TIpaBas YacTh paseHcTBa cymiectsyer u [°f(t) := f(t). C nomompo

JIPOOHOTO MHTErpaJsia OIPeJIe/ UM JIPOOHYIO MPOU3BOJIHYIO B CMbIC/Ie Xuadepa

d n
DBy = rn=6) [ ) [A=m)(n=7) £(4). 2
o ° (0 @)
OueuHo, ecan i = 0, To dopmyita (2) onpesernsger ApobHOI TPOU3BOIHON B CMbIC/IE
Pumana-JInysunns, econ = 1 B embicie Kamyro.
[Iycts 0 < <1, 0 < v < 1. PaccmoTpum ypaBHEHHE JIPOOHOTO TTOPSIIKA

DBy (g t) + Az, D)u(z,t) =0, z€Q, 0<t<T, (3)
C TPAHUYIHBIMHU yCJIOBUSIMI
Bju(z,t) = Z boj(x)D%(z,t) =0, 0<m; <m-—1, j=12..,0; € (4
|| <y
U HAYAJILHBIM YCJIOBHEM

. d o na-
Jim — IOz, 1) = (). (5)

rae ¢(z) u koaddbunuentsr b, ;(x) - 3amanuble GyHKIuN. B pesybrare mosrydnm mpsamyo
HAYAIbHO-KPAEBYIO 3a/aty.

[Tpumenenne meroga Pyphe K 3amade (3)-(5) OIPUBOAUT HAC K PACCMOTPEHHIO CJie-
AYIOIIeld CIeKTpaJbHON 3a1a4u:

A(x,D)v(z) = M(x) =€ (6)

Bju(z) =0, j=12..,; ze€d. (7)

B pabore C. Armona [3| nHaiigensl jocraTounble yciaoBusi Ha rpanuily 02 obiaactu §)
u Ha kodddurnumentsr oneparopos A u B;, obecrednBaonie KOMIAKTHOCTL COOTBETCT-
BYIOITIEr0 0OPATHOIO OIIEPATOPA, WK, UTO TOXKE CaMoe, CYIIeCTBOBAHUE MOJHON OPTOHOD-
MupoBaHHON B Lo(§2) cucrembl cobcrBeHHbIx (ynKiumit {vg(x)} n caerHOro MHOMXKECTBA
HOJIOKUTE/IbHBIX COOCTBEHHBIX 3HadeHuil Ay, 3aja4n (6) - (7). Byuem HasbiBaTh 5TH yCii0-
Bus ycaoueM (A) u BCIOLy jaJiee MPeJIIoJIOKIM, 9TO ITH YCJIOBUSI BBIIOJTHEHBL.
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[Iycrs T - mpousBosbHOE JeficTBUTEIbHOE UncyI0. BBegeMm crenens oneparopa A™, meii-
CTBYIOIIUI 110 IIPABUILY

ATg =" Nigkvr.
k=1

OueBuHO, 006/IaCTH OIPEIeIeHUs JAHHOIO OllepaTopa UMeeT BHI

oo

D(A") ={g € Ly: > Al < o0}.

k=1
O6osnaunm gepes E,,, dynknuio Murrar-JInddiepa

[e.e]

ik
Epu(t) =) T(pk 1 1)’

k=0

u depe3 @, Koabburmentsr Pypbe GyHKIMit O(T).

Onpepnenenne. KiaccuaecknM perenueM cMertanioi 3agadn (3)-(5) mazosem GyHk-
o u(z,t) mMeronyio B 3aMKHyTOM mymHape ) X [0, 00) Bce TPOM3BOHBIC, KOTOPbIE
BXOJAT B ypaBHEHHe (3), W yIOBIETBOPSIONLYIO BCEM YCJIOBHSM CMEINTaHHON 3a1a4du (3)-
(5). A

Teopema. Ilycrs Bbmosnnens! yenosus (A), 7> 2= 1 ¢ € D(A7). Torna cmemannas
3aja4da (3)-(5) nMeer eUHCTBEHHOE PEIICHIE U IMEET BHI:

u(@, ) =Y [eat" VB 5100y (= Ant?)] va(2). (8)

n=0

Ormernm, uro guddepeHnyuantbable YpaBHEHUA ¢ JPOOHON IPOM3BOIHON B CMBIC/IE
Xuiiepa uzyuennt B padore [4].
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HavanbHO-BHYTpPeHHss 3ajada JiJisi ypaBHEHUs CMEIIaHHOT'O TUIIA BTOPOIo
MOpAIKa C JABYMS JUHUSMMI BbIPOXK/I€HUS
®Paszos K. C.!, Xynaiibepranos 1. K?

Typunckuit nomurexandeckuii yausepcuteT B I. Tamkente, TarmkenT, Y30ekucraH,
kudratillo52@mail.ru;
VPpreHuckuii rocylapcTBEHHbIN YHUBEPCUTET, Y preHd, ¥Y30eKUCTaH,
komilyashin89@mail.ru

[Iycrs dyukims u(z, y,t) ABisgeTCsS peleHneM ypaBHEHUST
(0 (.T, y7 t) = Sgn(‘r)u:mv(xv y7 t) + Sgn(?/)uyy(xa yv t); (]->

B obmactm 2 = Qy X Q, rae €y = {(x,y) (-1, 1)2, x#£0, y# O}, Q =
{0 <t <T, T < oo} u yI0BIETBOPSIET CJIEYIOINIUM YCIOBHUSM:
HAYATBHBIM ¥ BHYTDECHHUM

u(x7y7t)|t=0 = 4,00<$,y), (l’,y) € [_1; 1]7
(@, y,t)| =y = p1(z,y), (7,y) € [-1:1], to € Q,

IDAHUTHBIM
w@, y, )],y =0, (y:t) € [-1;1] x Q, (3)
u(@,y, )]sy =0, (2,8) € [-1;1] x Q,
a TaK¥Ke YCJIOBHUSAM CKJICHBAHUSA
8iu(x,y,t) _ 8iu(x,y,t) (.t € [-1:1] x Q
. O’ z=—0 ‘ oz’ :Jc=+o7 ’ 7 7 (4)
du(x,y,t) _ Ju(zx,y,t) (2.8) € [-1:1] x O
Iy’ y=—0 Iy’ y—t0 7 7

rae (i =0,1) u ¢;(z,y)—s3amannbie gocrarouno rmajkne dynkuun. Tpebyercs naiitn
dbyuriwo u(x,y,t) yrosrerBopsioriee ycaoBusam (1)-(4).

Teopus BHyTpeHHUX 337124 711 TuddepeHnnaIbHbIX YPaBHEHNN ¢ YACTHBIMA ITPOM3-
BOJHBIMU OTHOCHUTEJIHHO MHOTUX HE3aBHCHUMBIX ITEDEMEHHBIX B HACTOSIIEe BPEMsI WHTEH-
CUBHO pa3BuBaeTcd. PsJi TeopeM €IMHCTBEHHOCTU W YCTOWYHBOCTH JIJIsI PEIeHUs] BHYT-
PEHHMX 3a/la4 YpaBHEHUN SJITUIITHIECKOro Thla mnojydeH B paborax M.A. JlaBperTheBa
u M.M. JlaBpentbeBa, A. A6aykapumosa, C.II. [lumarckoro u jap. BayTpennue 3aja-
qu I 1apaboInIecKnX ypaBHeHuit paccmorpensl B paborax M.M. Jlaspentnena, B.K.
Awmonosa, C. I1. Hlumarckoro u jp. 3a/avqu MPOIOKEHUsT PEIEHUsT TUIEePOOTMIECKAX
ypaBHeHwuit ucciegoBanbl B pabore B.U. Irammuka [3].

HexkoppekThbie 3a/1a4u Jijid aOCTPpaKTHBIX AuddepennnaibHbiX ypaBHeHnT ObLIN pac-
cmorpenb! B paborax M. M. Jlaspenrnesa [1],[2] H. Levine, C.I" Kpeiina, A.JI. Byxreiima,
K. C. ®assoBa [4], a jig ypaBHeHHUil CMEIIAHHOTO U CMEIIAHHO-COCTABHOIO THUIIA B Pa-
6orax K. C. ®asmzosa, K. C. ®agsosa u 11.0. Xaxuesa [5|, K. C. ®agzosa u . K.
Xynaiibepranosa [6].

B jnamnoit pabore J0Ka3aHa HEKOPPEKTHOCTH PACCMATPUBAEMON 3a/a4u, IIOJIy9IeHO
[IpEeJICTABJICHIE DEeIeHusl, BhIBEJCHA allPUOpPHAsl OIEHKA PEeIIeHUs], MOJYIeHbl TEOPEMbI
JIOKA3BIBAIOIINE €IMHCTBEHHOCTh U YCTOMIMBOCTH HA MHOYKECTBE KOPPEKTHOCTH.
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OO0 o/1HOM CBOIICTBE BEPIIUHHBIX MPOIECCOB BBIMYKJION 000JIOYKH
MMOPO>K/J€HHOI ITyaCCOHOBCKNM TOYEYHBIM ITPOIIECCOM B Kpyre
Xamagamos V.M.

Hamnumonabubiit yausepcurer Y30ekucrana numenn Mupzo Yiyroeka, Tamkenr,
V3bekucran
khamdamov.isakjan@gmail.com

Hacrosias pabora OCBsIIEHa UCC/IE0BAHNIO BEPIINHHBIX TPOIECCOB OT BBITYKJIBIX 000-
JIOYEK, TOPOXKIEHHBIX ITyaCCOHOBCKUME TOYEYHBIME IIPOIECCAMH B CEKTOPE €IMHUTHOIO
KpyTa.

Paccmorpum  BeiykiIyio obosiouky C), HOPOXKJIEHHYIO peanusanueii (rg, ), k =
1,2, ..., HEOJHOPOJIHOIO IYaCCOHOBCKOrO TovedHoro mporecca 11,(+) (H.ILT.IL.) ¢ UHTEH-
cuBHOCTBIO A, (+), cyKeHue B Kpyre A, IeHTp Kpyra Koroporo Haxoaurcsa B Touke (0,1),
rJie MHTeHCUBHast Mepa A, (+) MMeeT Crieyonuii Bu,y

v =g a0 ()

An(D) =0

dodr (1)

upu D C A,

npu D ¢ A,
snech L(z) - MeyIeHHO MeHsommasics (DYHKIs B OECKOHEIHOCTH B cMbicsie Kapamara n

B1.

[IycTb b,, — HAaMMeHbINNIT KOPEHb yPABHEHUA

n:v(BJ’%)L(:U) =1 (2)
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Torna ecm obo3HaYNM

/
r; = byry,

To (7}, ), k= 1,2, ... gBjsieTcs peajyu3anueil H.IL.T.II. ¢ HHTEHCUBHOCTHIO

1 0 b
A(D) = —— [ L, =)L (2 ) Y dad
2= sezaezig [yl {72 (55 e
upu D C b, A,

Ay(D) =0

upu D ¢ b, A,
rie b, A gBisIeTCsS OKPY’KHOCTBIO ¢ pajuycoM b, ¢ mearpom B (0, by,).

[ycte X; = risinay, Y; = b, — 7} cosq;, obo3nadnm vepes Z, — MHOKECTBO BEPIIHI
BBIITYKJIOH 00OJIOUKHY , TOPOXKEHHON corydaitabivu Toukamu (X1, Y1), (Xa,Ys), ... u moso-
xum Wy, (a) = (X,(a), Y, (a)) nas moboro a € R takas touka (X,(a),Y,(a)) = (X, Yi),
JUISE KOTOPOit Yy, — a X} npuauMaer MuHuMabHOoe 3HadeHne. OTCrona HeTPYAHO ITOHATD,
aro W, (a) obpasyer cKaukooOpas3Hblil CTAIMOHAPHBIA MAPKOBCKUIT TIPOIECC.

['poenebym B [1] yrauno ucmosb30BaB CBOMCTBO HE3ABUCUMOCTH PUPAIIEHHST [1yacCco-
HOBCKOTO IPOIIECCa, MOJIYYIHI TOYHOE PaCIpejiesieHne Jijid BepiuHHoro mporecca W, (a)
upu dpuKcupoBaHHOM BpeMenu a € R. Kpome Toro, 3mo ¢BOWCTBO HE3aBHCUMOCTHU IPH-
palIeHusT IIyaCCOHOBCKOI'O IIPOIECCa MO3BOJIACT yCTAHOBUTH CBOMCTBO CHUJILHOIO IHEpeMe-
MIUBAHUST BEPIIUHHBIX MPO1ieccoB W, (a), ¢ IOMOIIBIO KOTOPOTO JIErKO JOKA3bIBACTCA 1eH-
TpaJibHas Mpeie/bHast TeopeMa JIJIst OCHOBHBIX (DYHKIIMOHAJIOB, TAKUX, KAK YHC/I0 BEPIIKH,
IO U IEPUMETD BBITYKJIOH 000JI0UKH.

OcHOBBIBasICh Ha BBIIIECKA3aHHOM, HAM XOTEJIOCh B HACTOMAIIEH paboTe UCCJIeI0BaTh
CBOIICTBa BEPIIMHHOTO IIPOIECCA BBIIMYKJIOW O0OJIOUKH, ITOPOXKJIEHHOW HEOIHOPOIHBIM
IIyaCCOHOBCKHMM TOYEYHBIM IIPOLIECCOM BHYTPHU CeKTopa Kpyra b, A. Mepa unTencusHOCTH
IIyaCCOHOBCKOT'O 3aKOHA, CBA3aHa C IPABUILHO MEHSIOIIUMUCH (DYHKIUAMI BOJIN3H IPAHU-
LI HocuTe . PaceMaTpuBaeMble B HACTOSINEH paboTe cIydan BKIIOYAIOT ¥ PABHOMEPHYIO
Mepy, KoTopas paccmorpena ['poenebymom B [1].

Cnenys [1-4], BCto OKPY’KHOCTB AeUM Ha m,, oTpe3kos jymubl 27m/b, logn (c men-
TpaibubiM yriiom 2 logn/v/b,), tae m, = /b,/(logn). O6osnaunm uepes Iy, HacTb
OKPYZKHOCTH, COOTBETCTBYIONIYIO K - My YYaCTKY Je/ICHH

(27T\/b—nlog n(2k — 1), 2m/by log n(2k + 1)) .

Paccmorpum cexrop Iy, okpyzkuocTH by, A.
[Tosarasa

SV = {(W,(c):c <0}, S =0 {W,(c):cal}.

[Ipusesiem ocHOBHO# pe3yabTaT paboTHI

Teopema. Eciu a,, = ¢ logn/\/bn na= cok/\/bn (k=0,1,..., ¢cg > 0 npousBoJib-
Hasl KOHCTaHTA), TO CyNIeCTByeT Takas ¢; > 0, 9To
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|P(ANB) — P(A)P(B)| < exp (—c;k*H179)

I JII0OOTO
A BeS* ue>0.
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MopenupoBaHue nepeHoca paCTBOPEHHOT'O BEMIECTBA B MOPOYIIPYTOM
TJIMHCTOM CJIQHIIE

Xaitnapos 1. K.', Imomuazapos B. X.2, Muxaiinos A.A.3,
Xouamypogsos A. 9.4,

Yupyukckuit Tocy1apCcTBEHHDIN TeJJATOTTYeCKA NHCTUTYT TAIIKEHTCKHUI 00/1aCTH,
Y3bekncraH;

HoBocubupckunii rocyrapcrBennblit yuupepcuter, HoBocubupck, Y30ekucran;
WucturyT BhIYUCINTEIbHOM MaTeMaTuK 1 MaTemaTnydeckoit reopusukn CO PAH,
Hosocubupck, Poccust;
imom@omzg.ssce.ru
Kapmmnckuit rocyiapcrBennbiit yuusepcutet, Kapim, Y36ekucran;

Crenysi pabore [1]|, mis mpocTOTHI, PACCMOTPUM TIOPUCTYIO YKUJKOCTH, COCTOSIILYIO W3
OJIHOT'O HEe3apsAKEHHOI'0 PACTBOPEHHOI'O BelecTBa ¢ MOJIbHOI (dpakiueit ¥ = z° B pac-
TBOpHUTEsie (BoJe) ¢ MOJBHOI dpaknueit £ = 1 — . PacTBop cumraercst njeajbHBIM.
XuMu4yeckKne IOTEHINAIbI PACTBOPEHHOTO BEIMIECTBA [1° W PACTBOPUTEIS (1 UMEIOT BU/L

u’ = pVy+ RTInV,
p = pVy + RTIn(1-V),

rJe p— jaBjenue, R — razoBagd nocrosinnas, 1’ — remneparypa, Vs, V,, — cooTBeTcTBYyIOITTE
napIyagbHble MOJIIPHbIE 00BEMBI PACTBOPEHHOI'O BENIECTBA M PACTBOPHUTEIIS.

B [2] pacemorpena XuMonopoypyras MOJeJb JJist OIeHKH TPOMIIIst HAIPSZKEHUH OKO-
JIOCKBAKUHHOIO IPOCTPAHCTBA, a B [3] pelena cucrema ypaBHEHUIT XUMOTEPMOIIOPOYIIPY-
rOCTH Ha OCHOBE HESIBHOI'O KOHEYHO-Pa3HOCTHOTO MeToja. [lasee, B mpeiaraemoii pabore
IPEJIIIOJIOKIM, TakKe Kak B [1|, uro obbeMublit Momyas K pacrBopa e 3aBucut oT W,
U OFPAHMYMMCsT M30TEPMUIECKUM CIydaeM IIPU IMOCTOsHHOM Temieparype. B otmane ot
[1-3] B manHoit pabore koabdunuent auddysnn gpagercs HYHKIWEH TOPUCTOCTH.
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B 1BYyXKOMIIOHEHTHO MMOPUCTOM KUIKOCTH YI0OHO UCIOIb30BaTh JIABJIEHUE P U MOJIb-
nyio dpakiumio ¥V, a He XuMHYecKue moTeHImasabl i°, (", coorBeTcTBeHHO. Vcrmob3ys
3aKOHBI COXPAHEHUsI MacChl U Mpenooras, 4ro W MeHsieTcsi JocTaToIHo Maso [1], moce
[POCTBIX TPE0OPA30BAHUIT TIOJIyYUM CUCTEMY ypaBHeHuii napabosmdeckoro tuma [4-6):

o

%—t = AV2D + HV2U, (1)
v

%—t = CV?® + EV?Y, 2)

rae ® = oy + %, Opr— CJIEJ] TeH30pa HAIIPSI KEHUH,

_ 2GB%*k(1 —v)(1+1,)?

_2GB(1+v)(1+w)(y = 1)RTk
91 — v) (Ve — V) Visorn n ’

A (v, —v)

WVerg + V(1 —ag)],  H

O (v —1)BE(1 —v)(1 + v,) ViVad (1 — xf) - Vi
3(1 — v) (1 4+ v)aVien ’

~v- kKo dunmenT nponyckanusd, D — kodddurment auddysun.

Kaxk mokazano B |7-10], koaddurmentsl v u k MOXKHO CBA3aTh € TIOPUCTOCTHIO:

D soln 11— Tk 0 )
v [1DVaoin + (1 =) RT k)

X - 2
v= " A=A—(ap) K% K=\+-G, k=-——

2(A+6) 3 xXppi

Jie /i - BABKOCTb BOJIBI, X - Koabduiuent Tpenus, p=p+ps, ps=pl(1—dy) u pl:plf dy, do
- IOPHUCTOCTD, pf n p{ - (pusHMUECKHE TIOTHOCTH TOPUCTOTO TeJIa ¥ BOJbI COOTBETCTBEHHO,
A\, G, ap? - ynpyrue napamerpsl nopuctoii cpespt [11].

Pacemorpena xummudeckn umHepTHas JgedopMupyeMas ropHas IIOpoja, JJisi KOTOPOit
YUATBIBAIOTCS TOJHLKO M3MEHEHUs HAIPSKEHUSA U [OPOBOTO JIABJICHUS: XUMUS ITOPUCTOM
JKHJIKOCTU HE OKa3bIBAeT MPIMOro BauaHUA Ha jedopmanuio. [Tokazano, 4ro n3aMeHeHust
XUMIIECKUX 3P PEKTOB IPUBOJUT K U3MEHEHUIO TIOPOBOTO JIABJIEHUs U jiehopMaIui rop-
HBIX TI0pOJ. UMCJIEHHO pelleHa 3aJada IIepeHoca PACTBOPUTENst U PACTBOPEHHOIO Belle-
CTBa Yepes3 MOJIyIIPOHUIIAEMbIN TJIMHUCTHIA CJIaHEI] Ha OCHOBE TIPEJJIOXKEHHOTO aJIFOPUTMA.

Pa6ora Beimosaena npu dbunarcoBoii nopaep:xkke POOU (rpant No. 21-51-15002).
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O06 acuMOTOTUKE CPEeITHETO BPEMEHU JOCTUXKEHUSI BBICOKOTO YPOBHS
IIPOIIECCOM C 3aAepP2KMWBAaIOINeil rpaHuneii

Xoaxxubaes B. P.!, Onum>konosa M. 1.2

Hamanranckuit mHKeHEpHO-CTpOUTE/IbHBI nHCTUTYT, UHCcTUTYT MaTtemaruku AH PV3
e-maill vkhodjibayev@mail.rul
Hamanranckuii rocynapTcBennblil yuuBepcuteT, Hamanran, Yz0ekucran
e-mail2 rustamjonnajmiddinov97@gmail.com2

[Iycrs &1, &, ooy &ny oo U T, To, oooy Ty, - B3AUMHO HE3ABUCHUMBIE ITOCTIEIOBATETIHLHOCTI
HE3aBUCUMBIX CJIYIaflHbIX BEJIMYNH, OJMHAKOBO PACIIPEIETEHHBIX BHYTPH KaxKJIOH Mmoce-
noBaresnpHoctn, P (1 > 0) = 1. Obo3ua1nmM

So=0,8 =&+ &+ oo+ &, () =max{kl:m + o+ .+ 7 < t}, £(t) = Sq-

&(t) nasbiBaeTcsa 06OOIIEHHBIM IIPOIIECCOM BOCCTaHOBIIeHNUST. Kein ciayvaiinas Besmdn-
Ha 7] HOKa3aTeabHO pacipejeseHa , To mporecce £(t) saBisger coboit 000OIMERHBIH myacco-
HOBCKMH TIPOIIECC.

Beeném coryuaitablii mporece 7(t,a), a0 ¢ 3a/epKKoii Ha TpaHUIE MOJyHHTEPBAIA
[—a, 00):

77(07 a) = 07 77(757 CL) = g(t) —a-— min{_a; }91%55(3)}

Takas cxema cydaflHbIX ITPOIECCOB MPHUCYTCTBYET B MHOTUX MOJIE/ISAX 3a/1a9 TEOPUN
XpaHEeHUsl 3aI1aCcOB, CUCTEM O0CyKuBanud u jAp. g mpoussosibHoro unciia b > 0 BBeJIEM
caydaiinyto Beamanny 0(a,b), paBHYIO MOMEHTY II€PBOIO JIOCTHKEHUsI YPOBHS b TPaeK-
TOpHSIME CJTydaiiHoro mporecca 1)(t, a) :

0(a,b) = inf{t > 0: n(t,a)b}.
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Hama 1iesib cocToUT B MOIYyYI€HIN aCUMTOTHIECKUX PA3JIOKEHUH I MaTeMaTHIeCKO-
ro OXKUJIaHUs CaydaiiHoii Beamansbl 0(a,b) mpu a +b — oo | t — 00.

Jlureparypa, NOCBsIeHHAas K U3yYeHUIO CJiydailHoll Besmunsbl O (a,b), obmmpHa.
[Tpusesiem Juib HEKOTOPBIE PAbOTHI , KOTOPbIE UMEIOT HEIOCPEICTBEHHOE OTHOIIEHNE K
pe3ysibraraMm Hacrosieir paborel. B ciyuae P(m; = 1) = 1, To ectb korya &(t) siBisiercst
cIrygaitHbIM OJ1y 2K IAHUEM C JIMCKPETHBIM BPEMEHEM , [OJIyYeHbl AaCUMITOTUYECKUE Pa3JIo-
xenust st £60(0,0) B (1], mia xapakrepuctudeckoit pyHkiuu pacupesenenns 0(a, b) B [2]
upu a + b — oo. B paborax [1], [2] Ha pacupesenenne & HaK/IaIbIBAIOTCHA, B OCHOBHOM,
YCJIOBHUST KDAMEPOBCKOro Tutia. B [3] mokasaHb! peiesibHbIe TEOPEMbI I DACIIPE/IeICHIsT
HOXOJIATIM 06pa30M HOPMUPOBAHHON corydaiiroit BesmauHb! 0(a,b) B ciaydae, Korja

B [4] mis 0606IEHHOTO TyacCOHOBCKOIO TPOIECCa € TTOJOKUTETLHBIMUA CKATKAME 1 OT-
pUIATEIbHBIM CHOCOM JIOKA3aHbI TPEJIe/IbHbIE TEOPEMBI JIJIsi MATEMATHIECKOIO 0K IaHUsT
u nipeobpazosanus Jlamraca - Crunrbeca cirydaiinoit Besmaunst 6(a, b) tpu a +b — co. B
caydae, Korya &(t) ABIgeTCs OJHOPOIHBIM IIPOIECCOM C HE3aBHCUMbBIMU IPUPAIICHUSIMA B
[5] ycramosiiensr acuMrornaeckue pasioxenus s Ef(a,b), a B [6 | ayia npeobpasosa-
uust Jlamnaca - Crusrrbeca HOpMUPOBAHHOI ciryvaiitoil Besmaunst 0(a,b) npu a +b — oo,
t — oo. B aTux paborax tpebyercs cyurycrBoBanue y mporecca £ (t) muddy3nonHoit Kom-
MOHEHTHI WJIN CHOCA. TeM CaMbIM U3 PACCMOTPEHUS UCKIIOIAIOTCSI CTYTIEHIAThHIE TTPOTIECCHI.
B cBs3M ¢ 9THM 3/1eCh paccMaTpuBaeTcs Caydaii, korja &(t) aBiasgercs 060OMEHHBIM TPO-
[IECCOM BOCCTaHOBJIeHUsI. Bubmmorpaduyeckue CBeJIeHNUsI 10 JJAHHOMN 3a/1a9e MOXKHO HAalTH
B (2], [6]

3/1ech IpuBOUM pe3ybTar jist ciaydast F&; < 0. AHaJIOrHIHBIM CIIOCOOOM ITOJIY YEeHbI
pe3yabTarhl U s ciaydaeB EE = 0, E& > 0. B nannoii pabore cyniecTBeHHO MCIIOIb3Y-
I0TCsT pe3ysbTaThl paboT [1] u [7], B cBsa3u ¢ YeMm Oy/ieM HpearoaraTh, BIIOJTHEHHBIMI
caenytommue yeiaosust (em. [1] | [7]).

(C1) Pacnpenesnenne & cofep:KuT abCOJIOTHO HEPEPBIBHYIO KOMIIOHEHTY.

(Cy) Ee* <ocompum —a<A<B,a>0,8>0, B <0, BEePa > 1.

[Mycrs f(A) = Eet . Ussectno (cM , manpumep, [8]), uto B yenosusax (Ch) u (Cy)
CYIIIECTBYET €IMHCTBEHHOE IIOJIOKUTEIbHOE perterne A = ¢ ypasaenus f(A) = 1, 0 <
q < B. A bdyskmusa r(\) = 1 — f(\) momyckaer dakropuzanuio r(A) = r(A)r_(\) upn
—a < Rel < 3. @yuriun 74 () HA3BIBAIOTCS KOMIIOHEHTAMU (haKTOPU3AIUU U [T HUX
M3BECTHBI PA3JINIHBIE PEJICTABICHNs Yepe3 XapakTepucTrk & (cm.Hamp. [8]).

Teopema. [lycms svinoanens, yeaosus (C), (Cy). Toeda cyuwecmeyem maxoe € > 0,
Yymo npu a — 00, b — 0o

Ef(a,b) = |E& | Er{c1e?@t) — 09 — 26 — b4 ¢34 ¢4(2b + ¢5)e 01+
O(G(Qq—ﬁ)(aer)) + O(G—Q(aer)) + O(eqb—ea) + (a + b>0<€f(q+s)b) + O(ef(qus)a)’

ede woappuyuernmos (c;) © = 1,2,3,4,5 A6HoM 00PA30M BLPANHCAIOMCHA HEPES 3HAMEHUL
Komnonenwm gaxmopusayuu r4(N) u ur npoudeodnur 6 moukar 0 u q.

OTMeruM , YTO BEJIUYMHA € , yYACTBYIOIIas B TeOpeMe, CBA3aHA C BO3MOXKHOCTBHIO
dbyukmun () coxpaHaTh cBoiicTBO aHasmTHIHOCTH B mosioce 0 < Rel < g+ ¢  wu He
UMETHh TaM KOMILIEKCHBIX HYJIEH.
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KoudJrosnTHble runepreoMmerpuieckmne (pyHKINN TPeX MepeMeHHbIX U
COOTBETCTBYIOIIE UM CUCTEeMBI JuddepeHnnaJIbHbIX YPaBHEHUN

Xoamaposa N.2K.

Qepranckuii rocyunBepcuret, Peprana, Y30eKUCTaH,
irodaxonxoldarova@mail.ru

Bosbimme ycrnexn B W3y4deHUU TEOPUU TUIIEPTEOMETPUIECKOH (PYHKIINNA OTHOTO Iepe-
MEHHOTO CTHMYJINPOBAJIN Pa3BUTHE COOTBETCTBYIONIMX TeOpWil I PYHKINN OT ABYX U
MHOIHX IepeMeHHbIX. Ammensb [1] onpegema B 1880 r. yerbipe yHKINY, KaxKas U3 KO-
TopbIX anajorndna (yukiun [aycca. 1889 r. I'opu ycranoBmi, 4To cymecTByior 14 moJ-
HbIX ¥ 20 KOH(MJIIIO9HTHBIX TUIIEPTeOMETPUIeCKUX (DYHKITUI JBYX IePEMEHHBIX U COCTABUI
CUCTEMbI YPABHEHUN B 9aCTHBIX IIPOU3BO/IHBIX, KOTOPBIM Y/IOBJIETBOPSIOT TUIIEPTEOMETPU-
geckne ynknun un3 crmcka [opua. CpusacraBa u Kapiccon [2| cocrasmim crmcok 205
[IOJTHBIX THIIEPreOMeTPUIeCKUX (DYHKIINN TPEX MePEMEHHBIX.

B macrosmeM cooOleHnn OIpee M Bce KOH(MJIIOIHTHBIE (DOPMBI  11epBOil  I'i-
nepreomerpudeckoit dyuknun Fi, (a1, as, as, aq, by, be; ¢;x,y, z) u3 cnucka CpuBacraBa-
Kapiiccona n cocraBuM cucTeMbl ypaBHEHUI, COOTBETBETCTBYIOIIIE 3TUM KOH(IFOIHTHBIM
TUIIEPTeOMeTPUIeCKIM (PYHKIINAM TPEX ITePpEMEHHBIX.

[Tomnas rumepreomerpuveckas (GYHKINS TpeX HepeMeHHBIX [}, ompenensercs (op-
MYJIOHI

= (1), (a2), (a3), (a1), (b1),,_, (b2),,_
Flb (al,ag,ag,a4,b1,b2;c;x,y, Z) = Z m]:n'p'(pc) pxmynzp,

m,n,p=0
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npejeabHble GOPMbI KOTOPO# 3aIMCUBAIOTCS CJIEIYIONUMEI PaBEHCTBAMMU:

= (1), (a2), (a3), (b1),,_, (b2),,_
Fin (al,a2,a3,b1,bg;c;x,y,z): Z m'n'Z)'(c) meynzp7

m,n,p=0

= (a1), (a2), (b1),,_, (b2),,_
Fipp (a1, as, b1, bo; ¢;2,y, 2) = Z minlp!(c) Fry”

m,n,p=0

"y 2P,

(al)n (a2)p (b1>m—n <b2)m—p m, n

P

Fups (a1, ag, b1, bo; ¢y, y, 2) = Z

ry =z,
e m!n!pl(c)m
ZOO (@), (b1)y—p (b2)
. _ m, n_p
F1b4 (a,b17b27c7x,y, Z) = = m'n'p'(c)m M T
o~ (01)5y (02),,
o _ m—n m m,m._p
Fips (b1, bos ¢y, y, 2) = mngpzo P () ™y 2P,

rie (A\)x — usBecTHBIH cuMBoa [Toxrammepa.

o0
Pagst Y. Apnpx™y"2P, vae

m7n7p:0

Am+1,n,p o F(manap) Am,nJrl,p . G(m7n7p> Am,n,p+1 o H(manap)

Am,n,p Fl(m7 n? p) ’ Am,n,p G/(m7 n7 p) ’ Am,n,p B Hl(m7 n7 p) ’

F<m7 n7p)7F,(m7n7p>7G<m7 n7p)7G,(m7n7p)7H<m7n7p>7Hl(m7n7p)

— IOJIMHOMBI OTHOCHUTEIHLHO M, N U P, YIOBJIETBOPSIIOT CUCTEME JTUHEHHBIX Tuddepentiy-
AJILHBIX YPABHEHUI B YACTHBIX ITPOU3BOJIHBIX. DTY CUCTEMY MOYKHO 3aIUCATH C TIOMOIIBIO
b depeHImaIbHbIX OIepaTOpOB

0 0 0
(51:.%%, (ngyay, 53:28,2
B BUJIC
[F'(81, 02, 53)37_1 — F (81, 62,03)]u =
[G"(01,02,05)y~" — G (01,02, 03)] u =0
[Hl((51, (52, (53)2_1 — H((gl, 52, (53)] u = 0

B crenytomem crucke JguddepeHaibHbIX yPABHEHUI B YACTHBIX MPOU3BOHDBIX U
SABJIAETCH UCKOMO# (DYyHKIIMEH OT X,y U 2

(1 — T)Uyy + TYUgy + T2UL, — Y2U,+

+le — (by + by + 1)x]uy + bayuy + bizu, — bibyu =0
y(1 + y)uy, — 2y + [1 — by + (a1 + a2 + 1)ylu, + a1au =0
Uy + XUz, + (1 — by + 2)u, + azu = 0;

u= Fiy
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(1 — ) Ugy + TYUgy + T2UL, — Y2Uy+

+[c — (by + by + 1)x|uy, + boyuy, + byzu, — bibou =0
Y(1 4+ y)uyy — 2ugy + [1 — b1 + (a1 + a2 + 1)yluy, + arau = 0
2Usyy + XUz, + (1 — bo)u, +u = 0;

u = Fip

([ 2(1 = @)ty + TYtgy + T2Uye — YUyt
u = Fiy e — (b + by + 1)afuy + bayuy + bizu, — bibyu = 0
YUyy — TUgy + [1—b + y]uy +au=0
\ ZUzy — TUyy + (1 - b2 + Z)UZ + asu = O,
[ 2(1 — ) Uy + TY Uy + T2ULe — Y2Uy+
u=Fip +c — (b1 + by + 1)z]ug + boyuy, + bizu, — bibou =0
Ylyy — TUgy + [1 — by + yluy +au =0
| 2Usz + TUyz + (1 — b2)u, +u = 0;
[ 2(1 — ) Uy + TY Uy + T2ULe — Y2Uy .+
u = F1b5 +[C - (b1 + b2 + 1)x]uz + b2yuy + b1zu2 — b1bgu =0
YUyy — TUgy + (1 - bl)uy +u=0
Uy, — XUz, + (1 — bo)u, +u = 0.
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HenokanbHas 3agada CTekJjioBa [IJjisi HATPY2KEHHOI'0 ypaBHEHUsI TPEThero
mopsaKa
XommukoB /1.

TamkenTckuit apXUTEeKTyPHO CTPOUTEIBHBIN MHCTUTYT, TamrkenT, Y 30eKuCTaH,
xoliqov23@mail.ru;

B sToit paborsl nipejicraBiiger coboil ucciieoBaHne pa3pernmMOCTH HEJIOKAJIbHONW 3a-
Jladu JIJsT HArPY?KEHHOTO TICEBI0NMAapabOTMIecKOr0 YPABHEHUS TPEThEro MOPSIIKA.

B obmactu D = {(z,t) : 0 <z <, 0 <t < T} paccMOTpUM ypaBHEHHE B YaCTHBIX
[IPOUBBOJIHBIX TPETHErO MOPSJIKA

I
Mu = Lu + /k(az,t)u(x,t)dx = f(z,1), (1)

e Lu = gy + d(z, t)uy + alz, t)uge + b(z, t)u, + c(z,t)u — nceBmonapabomaecKuit
oneparop, a k(z,t) u f(z,t) — 3amanuble QyHKIWNA.
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Baga4da. Hatimu peeyaaproe 6 obaacmu D pewenue u(z,t) ypasnenus (1), ydosae-
MEOPAIOULELE HAMANDHOMY

u(z,0) = ¢(x), 0<z<l, (2)
HEAOKANLHOMY UHMELDAADHOMY YCAOBUIO
uz(0,t) = aq (H)u(0,t) + aa(t)u(l,t), 0<t<T, (3)

ue(l,t) = Bi(Du(0,8) + Bo(tu(l,t),  0<t<T, (4)

3nech @(x), a;(t), Pi(t) — 3amannabie GyHKINM, TpHYEM

' (0) = a1(0)p(0) + a2 (0)p(1), ¢ (1) = B(0)(0) + B2(0)p(1).

Henokanbusie yemosus (3) u (4) sBasiorcs HesokaabHbIMI yeaoBusMu B.A.Crekosa
1epBoro Kiacca [1], KoTopble ecrecTBEHHBIM 00pPa30M BOZHUKAIOT [PH PEIIEHUH MHOIUX
HPUKJIaIHBIX 3a/1a4, HAPUMED, 3a/a9i 00 OXJIAXKICHUs HE3aMKHYTBIX TBEP/BIX TeJI JIH-
HelHbIX pasMepos (cM. Hampumep |1, 2]).

Nmeer MecTo clieflyiolnas TeopeMa.

Teopema. Ecau xoasfgunyuenmo, ypasnenus (1) dan scex (x,t) € D ydosaemesoparom
yeaosuam: a(z,t) € CHO(D) N C*(D), b(x,t) € C(D)NCY(D), c(x,t) € C(D),
d(x,t) € C(D) N C*(D). Kpome mozo, d(z,t) < 0 daa moboti (x,t) € D, a sadan-
noe gynruun f(x,t), k(z,t), p(x), ai(t), as(t), fi(t), B2(t) ydosaemsoparom ycaosusm
f(z, 1), k(z,t) € C(D), p(x) € CH0,I) N C%0,1); ai(t), as(t), Bi(t), Ba(t) € CHO,T] u
as(t) # 0, Ba(t) # 0, mo 3adava umeem edurncmeennoe pezyaapnoe 6 obaacmu D pewenue.

C nmomompio MeToja Pumana JIOKasaHbl CyIIECTBOBAHMAE U €JIMHCTBEHHOCTH PEryJIsdp-

HOI'O pelieHuAd I/ICCJIG,ILyeMOIL/'I 3a/Ja491.
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Kiacc Xapau gist A(z)—ananurudeckux QyHKIUR

XycenoB B. 9.

Byxapckuit rocytapcTBeHnblil yHuBepcuTeT, Byxapa, Y30ekucran
husenovbehzod@mail.ru

[Iycrs A(z)— nekoropas memnpepbiBHasg ¢ynknusg B obmactu D C C. Bemem onepa-

Top 04 = 0 — A(z) - 0, tne 0— oneparop muddepeHnupoBanne o z, a 0— ONEPaTop
nuddepenimpoBanue 10 Z.
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Omnpenenenne 1. [3] Ilycts f(z) € CY(D). Eciu nis moboro z € D ona yoBie-
TBOpPAET ypaBHeHUe Benbrpamu:

_of af _
_5_14(2)5_

to f(z) masbiBaercs A(z)—amamuruueckoit dpyukuumein B obaacru D, rue |[A(z)] < ¢ <
1,c = const.

Iaf(2) 0, (1)

Muoxectso L (a;r) = {|¢ (za)|=|z—a+ [ A(r)dr| < r} JTsL JIOCTATOYHO Ma-
v(z;a)

JIEHBKUX T KOMITAKTHO MPUHAIEXKATH [ U CONEPKUT TOUKY a, rae 7y(z;a)— riajakas
KpUBAasl, COEJIMHSIONAs TOUYKH Z;a. DTO MHOKECTBO Ha3biBaeTcst A(z)— JIEMHUCKATOl ¢
HEHTPOM B TOUKe a u obo3Hauercs Kak L(a;r). OHa siBjsiercs OJJHOCBS3HON 00JIACTHIO.
[Iycrs A(z)—aHTHaHAIUTHYIECKAS, %—i‘ = 0, B obsactu D. MbI BBOAUM HEKOTOPBIE
onpegesennst Kinaccos B L(a;r) C D smemuuckare st A(z)—ananmuruaeckux OyHKIHT
f(2) € O4(D).

Onpenenenne 2. A(z)—anamrudeckas f(z) QYHKINS ABISETCS TPUHAIEKHON K
kiaccy Xapau HY, ecin dbyHKIms oHOCBs3HAs 001acTh B jeMHuckare L(a;r),

1
2 € aL(aip),0< p<rp>0,H(f) = lim —— / F(2)Pdz + Adz| < 00. (2)

p—r 2P
[¢(z;0)|=p

Knace Xapmu B obnmactu D A(z)—anamurudeckux (yHKIuil obo3HAYACTCS KaK
H% (D). Mbl BBOJIM HOPMY B 9TOT KJIACC CJIELYIOIMINM 00pa3oM:

[Ipocrpancreo Xapau HY nis anamurideckux dyskimit npu 0 < p < 1— 310 Kitace
dbyHKIWIA KOTOpasi KOHeYHast HopMa B jiemuanckare L(a;r) :

1 _
17l = sup 5;-(/‘\fwﬂﬂd2+fwd<:ax
p<r
OL(a;p)

pu p > 1 KOHEYHasl HOPMa, BBIPAXKAETCSI CJIELYIONTUM 00Pa30M:
1
P
1 _
1l = wp——(/lﬂ@WM+Awl < oo,

0<p<r 2P
OL(a;p)

Hanee, npu 0 < p < ¢ 0YEBUIHO BbIPAYKEHUSI:

1

1
S q > P -
277 / £z + Adz] <145 — / |f(2)[P|dz + Adz],

0L(a3p) 0L(a;p)

oTcIoia cieyer, 9o ecan f(z) npuHaiexuT Kiaaccy HY, TO OHa NPUHAJIEXKUT TaKxkKe
kiaaccy HY%, To ecto HY C HY.

O6osnaunm 1epes HY kmace dyukiwmii, A(z)—aHaINTHIECKUX U OTPAHUYIEHHBIX B
nemunckare L(a;r). Hna f € HY ycaoBust HODMBI BBIDaXKaeTCsl CIEYIONIM 00PA30M:

[l = sup  [f(2)] < oo.
[ (zia)|<r
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CanenoBarenbio, pn 1 < p < ¢ < oo, umeer HY C HY C HY C H}.

Ecm f € HY vo f upunajsexur Bcem npocrpancrsam HY : HY C HY C HY, rue
0<p<qg<oo.

I[Iycrs Int a obosnagaer Ina, ecmm @ > 1 u 0, ecm @ < 1. Odesumno, 4ro |Inal =
2In"a —ina, InTab=In"a+1InTbu emte <1 4.

Onpenenenne 3. f(z) € Ox(L(a;r)) dynknus sBasgeTcs IPUHAIEKHON K KJIACCY
N, ecmn dbyukims B temuuckare L(a;r),

Na(f) = lim —— / In* | £(2)P|d + Ad3| < o0. (3)

p—T 27rp
[¥(z;a)|=p

[Ipenesnsr (2) u (3) koHeunsle cymmecTByioT s Kaxkaoil f(z) € Oa(L(a;p)) byHk-

M, TaK KaK HHTErPaJIbl ﬁp [ 1f(2)|P|dz + Adz| n #p [ In"|f(2)|ldz + Adz|—
9L(a;p) OL(a;p)
HeyObIBatoIe (byHKIUUA OT p.

ByxBoii B4 Mbl Oyiem 0603HauaTh Kiaace byHKuil, A(z)—aHaJIuTHIeCKUX 1 OrDAHM-
YeHHBbIX B jleMHuCKare L(a;T).

Ouesuino, ecom yuxuus f(z) npunajyiexxkut Kiaccy By (wm HY) to eq nponsse-
JieHue Ha JH00y10 orpaHndeHHyo A(z)—aHaauTudecKyo (bYHKIMIO TAKXKe MPUHAIEKHAT
kiaccy By (wm HY).

ﬁ S (A+]f(2)|P)|dz+Adz|
YVauTbiBas, 9TO Cpejiiee reomerpuieckoe e - L) He OOJIbIIE Cpejl-

p

1 P =
Hero apudmeTHIecKoro | - | @+ |f(2)P)|dz+ Adz| | upu moGom p > 0, 3akmo-
0L(a3p)
4
JaeM, ITo Kiacc H, comep:kutea B Kaacce [N y.
OKOH“I&TQHBHO CBA3 MEXKY pacCMaTpUuBaeMbIMU KJIaCCaMU BbIpazKaeTCed CJICAYIONTUM
obpazoM:

p>q, BaCHYyCH{CNy (4)

st knacesl HY npusesem anasior reopema @. Pucc.
Teopema. Eciu f(z) dyskius npunajiexurs Kiacca HY, 10 KakoBo Obl HU ObLIO
HOJMHOKECTBO M TOJIOKUTEIbHOI Mephl Ha IpaHulibl jJemuauckare dL(a;r)

p—T

lim |f(2)]P|dz + Adz| = / | f()|P|ds 4 Adg| (5)
v (2;a)|=p M

[ 1) - £llds + Add =0, (©)

[¥(2;a)|=p
e M C OL(a;r), s € M, p<r — paamyc.

JIUTEPATYPA
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O cemapaTHO @ - TapMOHUYECKUX (PYHKITUSTX

IMTapunos P. A.!, A6aukagupos C. M.?

LVpremuckuit rocyapcTBeHHLIH YHEBEpCHTET, Y prend, Y30eKnCTaH,
Isharipovr80@mail.ru;
?Kapakasmaxkcknil TocyIapcTBeHHEI yausepentet, Hykye, Yabexncram,
2abdikadirov1983@inbox.ru

Kacc cemraparao rapmormdeckux (hyHKIH IMTUPOKO UCIIOIB3YETCS TIPU PEITeHNN pas3-
JIMIHBIX 33,189 KOMILJIEKCHOTO aHa/m3a. V3ydenne OCHOBHBIX CBOMCTB CermapaTHO TapMOHM-
qecKuX (PYHKINI TECHO CBA3aHO C CeMapaTHO aHaJnTHIecKnMu QyHKimamu. CemapaTHo
rapMoHnYeckue pyHKIMN Brepsble Obutn u3ydensl Jleaonom [1]. [Tosxke, B 0bmieMm ciydae,
cermapaTHo rapMoHnveckne byHKIMU ObLIM u3ydenbl B paborax A. 3epsaxu [2] u ZK.M.
Xekapra [3]. Jla/ibHeiine pe3ybTaThl CBI3aHHBIE ¢ TADMOHUIECKUMU MPOJIOJIZKEHUSIMU
cenapaTHo rapMonmdeckux dyuknmii npuHajexkar A. CaxayminaeBy u C. VIMoMKyIoBY
[4].

B nannOil pabore mM3ydarioTcs cemapaTHO & - rapMoHUYeckne (QYHKIUU, Tae 0 =
(o, ). Jlinsa Havuasa BBeIeM MOHSTHE TAPMOHUIECKOT (DYHKIHN.

[Iycts o - mpom3Bo/ibHasg 3aMKHYyTasd, CTPOrO MOJOXKUTEeIbHas auddepeHmaabaas
dbopma 6ucrenenn (n — 1,n — 1) B obmactu D C C" :

a= (3)n z”: ap(2)dz [j] AN dZ k)], ajr(z) € CH (D), da =0,

2 :
7, k=1

3uech dz [j] = dzy A ANdzjog Ndzjp Ao Ndzy, dZ k] = dZ N ANdZy Nd 2 N N2,
Ounpenesienne 1. (cum. [5]) JdBaxisr nenpepsiBHo puddepennupyemast B obiact D C
C" dynxuus u (z) € C? (D) nazbiBaercsa @ - 2apmonuneckot, ecmu ddu A o= 0 B D.
IIycts o u o crporo noJiokuTebHbIE, 3aMKHYTHIE AuddepeHnnaabable (POPMbI CO-
orBercrBenno bucrenenu (n —1,n—1)u (m—1,m —1).
PaccMoTpuM cJiejiytonue onepaTopsl, jeiictsytontue B ipocrpanctse C? (D x G), D x
G C C" x C™ ana moboit bynxuun u(z,w) € C? (D x G),

(%) Z o (2 /\dz[k:]] —

3,k=1

d,dsu(z, w)Ae(z [ Z 32 3zk dzj/\dzk
j

= ‘ ”i (—1)k+j+1o/- (Z)—a2 u(z )d ANdz
2 7k E)z](‘)zk

J,k=1

it Jiroboro gpukcnpoanuoro w € G;

dpdiu(z,w) Ao (w) = [ Z 8w Ozk d /\dwk]
J

7,k=1
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.\ m—1 m ~m m )
1 . - _ . 3 . j+k+1 " @ U(Z, w) _
! [(2) 3 aufu) dul dw[k]] - (3) 3 et S o

Jyts Jiioboro gpukcuposannoro z € .

Onpenenenne 2. (cMm. [6]) Oynxims u(z,
a - eapmonumeckoti B obsactu D x G, rie & =
YCJIOBHSL:

1) d.du(z,w) Ao (2) = 0, mis moboro dukcnpoBanHoro w € G;

2) dypdiu (z,w) A " (w) = 0, maa moboro dhukcuposannoro z € D.

Nmeer MecTo ciieyromnias

Teopema 1. (. [6]) Ecau dynryus u(z,w) € C* (D x G), asasemea cenapamno d
- 2apPMONUYECKOT, MO

w) € C? (D x G), naspBaeTcs cenapammo
(o/, '), ecn yioBIETBOPSIET CIIEIYIOIITHE

dd°u(z,w) Ao N\ =0,

ede ¢ = d/(2) N (w), B = dd° (|z|2 + |w|2).

OcHOBHOIT pe3yabTar paboThl cOPMYINPOBAH B CIAEIYIOIIEH TeopeMe.

Teopema 2. I[Tycmv D C C",G C C™ u ¢ynruua u(z,w) onpedesennas 6 obaacmu
D x G asasemes o' (z) - eapmonuveckot no nepemennot z, u " (w) - 2apmonuyeckod
no nepemennot w. Ecau o/ (2) u o’ (w) asasomes deticmsumesvnolMu GHAAUMUNECKU-
My dupgepenyuarvrvmu gopmamu, mozda u(z,w) asasemcs ¢ N\ - 2apmonuveckoti

dynryuet, 20e ¢ = o/ (2) Ao’ (w), (z,w) €D x G u f = dd° (|z|2 + |w|2).
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functions. // Central Asian Problems of Modern Science and Education. 2020, v.3, pp.
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HepaBenctBo Tuna Kpamepa-Pao ayis Mojiesim KOHKYpPUPYIOIINX PUCKOB

Apucbaen C. A.

Hyxkycckuit rocyapcrBeHHblil 1etarorndecknit nHctutyT, Hykyc, Y36ekucran,
sabitbekn@mail.ru;

HepasenctBo Kpamepa-Pao 1o3BosisieT OIEHUTH KadecTBa CTATUCTHYECKUX OIEHOK
HeM3BeCTHBIX mapameTpoB. CBoicTBO 3(h(HEKTUBHOCTH OIEHOK M3MEPSETCs OJM30CTHIO
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CPeIHEKBaIpATHIECKOI0 OTK/IOHEHUS OIeHKN K HuKHell rpanuiie Kpamepa-Pao. Ecin pe-
3yJIbTAThl HAOJIIOJECHUI COCTAB/ISIOT MOJHYIO BBIOOPKY, TO COOTBETCTBYIOIINE PE3YIHTATHI
[IPEJICTABIISIOT OCHOBY KJIACCHYECKOU MaTeMaTHIeCKOl CTATUCTUKH. B cirydae HEOTHBIX-
IeH3YpUPOBaHHBIX HabJIo/leHnit HepaBercTBa Tuna Kpamepa-Pao n Barradapus Brepsbie
ObLIn ycranosienbl apropamu [1]. Iejnbio Hacrosiieir paboThl sIBIAETCS UCCJIEI0BAHMI
coiicTB nndopmaruun Puiriepa u ycranos/jienue Hepasencrsa tuna Kpamepa-Pao s Ha-
6utroieHnil, 0bpaszyomux Mojeb KoHKypupyormux puckos (MKP). [Tis dukcupoBarnoro

j
U OJIMHAKOBO PACIPEIEJeHHBIX HE3aBUCUMbBIX CJIyYaiiHbIX BeJII/I‘{I/IH (C.B.) C COOTBETCTBY-
IOIUME MapruHAJIbHBIMU (DYHKIUAMEI pactipejiesnenus (d.p.) {F O F® } 3aBUCSAIIN-
MH OT OJHOIO U TOI'O K€ HEU3BECTHOI'O CKO.HHpHOI‘O napameTrpa 9 E © C R!'. Ilycts
OF" (t; 0 t; 0
R (t;9):—( P (t;ﬁ):—f )
00 1—FO(t; 0)

HOCTH O0TKa30B, coorsercrsyiomue ¢.p. FO i = 1. k. B MKP Ha61101210TCsI BEKTOPBI

HAT k xW X k) 5>
YPaJIbHOIO 4ncia k, MyCcTh e, X2 7 > 1 p-riocie10BaTe/IbHOCTD HE3aBUCHMBbIX

- (byHKI_H/II/I IIJIOTHOCTHU M MHTCHCUB-

{Xj, 5§1), s 5](-k) > 1} HHTEPEC TPEJICTABIAIOT TAKXKe U IaphI {(Xj, 5;-”) , J = 1},
rae X; = min (X @ 1< < k:> u 55“ =1 (X =X (-i)>*I/IH,H‘I/IKaTOpr YKa3aHHBIX B CKOO-
kax cooprruit. [lycrs H (;0) = Py (X; < t)-b.p.c.s. X; u HO(t0) = Pp(X; < t, 5 =1)

- cybpacmpe/ie/ienns, COOTBETCTBYIOIINE TTapaM {(X s 5](»Z ) 1=1, k} . BBumy nezaBucu-

k
MOCTH C.B. {X](.l), s Xj(k)}, H(t;0)=1- 21;[1 [1 — FO (¢; 9)] U TOTJIa CYIECTBYIOT ILJIOT-

O0H (t; 0 ,

woctu h(t; 0) = % = bVt 0) + ...+ 2B (t; 0), rae KD (t;0) = fO(t;0) -
k ¢ t &
[T[1-FO% 0] uHDt0) = [ A (4;0)du= [ H [1—FO (u; 0)]dFD (u; 6).
= = =g

[Tycts A (t; 0) =AY (t; 0)+...+ AP (¢; 0) — nnorHOCTL METeHCHBHOCTH C.B. X . Yepes

m(t; §) = Pg( =1/X,=1t) = Ey [5](.i)/ X; = t} 0603HAYMM PErpeCcCU UHJNKATOPOB
6](1) orrocuTesbHo ¢.B. Xj. Ilyets I sy sy (0), Ix (0), IE;){’&(i)) (0) n Ié?@/x) (0) - un-
dopmanmonnbie dynknun Puirepa COOTBETCTBEHHO BEKTOPA {X, oM, ,5(k)} c.B. X,
napst (X, ) u c.8. 6 upu sagannom X. O6osuauum uepes « (¢, y, ..., y*); 0) cos-
MECTHYIO IIJIOTHOCTH BEKTOpa {X, s ,§(k)} OTHOCHUTEJILHO MEPBI U (t, y y(k)).

PaccMOTpPHEM HEKOTOPBIE YCJIOBUS PETYIISPHOCTH s cyGruiornocTeit h(®)
. . k .
(V1) NO = {t c R : nO(t; 0) > O} ne 3apucar ot napamerpa f u () N® £ (;

i=1
omhY) (t; 0)

(V2) CymecrByior ,m=1,2i=1,....k (t;0) € R' x 6;

o |9 R (t; 9)'

m

(V3) [ S dt <oo, m=1,2; i=1,...,k; 0 €0O;

(Y4) Hdns Becex 6 € O : IEXW ) (0) € (0; 400), i =1,..., k.

B cienytoreit Teopeme IpUBE/IEHBI IIENIOYEK PE3YJIHTATOB O IIPEJICTaBICHIN NH(POPMa-
nun Durrepa.
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Teopema 1. B ycmosusix perymsiprocru (V1) - (V4) crpaBeyinBbl TpeicTaBIeHUsT

TSt I< 0 5®) (0) nst Beex 0 € ©
k k
(4) _
I(X 5),..,50) (9) ZI(X,M) (0) = Ix (¢ Z (60 /X)
=1 =1
e
oo . 2 o0 2
(@) B Olog\® (t; 0) @) (. B / Olog (t; 0) _
u

]é?(i)/x) (‘9) = / (alog ngg <t 6)) m) (t§ 9) dH (t§ 9)-

—0o0

Tenepn chopmynupyem anasior Hepasencrsa Kpamepa-Pao s qucnepenn HecMenieHHoi
onenku P(X, §W ..., 6®) bdynkmum ¢(0) mo ommomy mabmogenmo (X, 61, ... §*)).
(V5) Oyukrust ¢ (0) — wenpepbieaa jguddepennupyema, ¢ (0) # 0 u jis Beex 6 € O :

~ 8 /
/ © (t, g y(k)) 20" ( tyM, Lyl 9) dv (t y M,y 9) =¢'(0).
Rx{0,1}*

Teopema 2. [lycrs cripasemuss yeaosust peryssipaoct (Y1)-(V5) u Dy € (0, +00).
Torma st Becex 6 € © umeem

/ 2
Dyp(xX, 60,00y > PO M)
Lix 5, . 5w (0)
ITycrb ouenka @ gyHKIuoHaIbHO He 3asucut ot Bekropa (61, ..., 6%) u
FOt; 0) = exp {=TY (1) g (6) + go (6) + v (1)}, (2)

dTO(t)
i

0,i=1,....k nis Beex (¢t; 0) € R x ©. Torya jiyist Toro, utobnt B (1) uMeso MecTo pasen-

CTBO, HEOOXOJIUMO U JIOCTATOYHO, YTOOLI €.B. X M BEKTOP (5(1) ., 0 ) OBLTN HE3aBUCH-

mbivu 1 B (2) go (6) + v (t) = log (T (t) g (6)).

rie g(0) - crporo MoHOTOHHA, HenpepbIBHO Muddepentmpyema, ¢’ (0) # 0 u g(6)
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KBagpaTuyinbie cToxacTUdecKHe OllepaTopbl BOJbTEPPOBCKOro Turma. Meron
dbyukiuu Jlsmmynosa

Dmmamarosa .B.

Tawxenmexuti 20cydapecmeennvili MpaHcnopmmuwil yrHusepcumem, Tawxerm.,
24dil@mail.ru

N3BecTHO, 9TO OJIHON M3 BasKHEHINX 3a/a1 TEOPUU JUHAMUIECKUX CUCTEM HeJIMHel-
HBIX OIIEPATOPOB SIBJISIETCS U3YYEeHMe aCUMIITOTUIECKOrO TOBejeHnsl Tpaektopuit. st
9TOTO CYIIECTBYET PsAJ| KJIACCHUECKHUX, a TakKyKe COBpeMeHHBIX MerToqoB [1], [2]. B reo-
pun ycroitauoctu Haubosee 3hdekTuBHbIM cunTaercs Metos dyuknuii JIsmynosa [1]. B
cBoux paborax P.H. ['anuxomxkaeBy ymanoch pa3paboTars anajaor Metojia dyHukimii JIsmy-
HOBA JIJIsT JTUCKPETHBIX JTMHAMUYECKUX CHCTEM BOJILTeppPOBCKOro Tuma. llenbio nacrosmeit
paboThI ABJIIETCS JasibHelinee n3ydenue Meroa dbyukmnuii JIamyHosa /1 TpaHCBEPCAIb-
HBIX JUCKPETHBIX JUHAMUYECKHX CHCTEM BOJBTEPpOBCKOro tuma [1],[2].

Crenys metomam paborsl [1] pacemorpuM 3asady onmcanus Beex QyHKIUA BHIa

m
o(x) = al'.abm e x; > O,in =1,
i=1

SIBJISTIOIIUXCsT (PyHKIHEH JIsamyHoBa /I JUHAMUYIECKUX CUCTEM BOJIBTEPPOBCKOIO THUIIA.

OxkazaJiochb, ITo JIjIst HEKOTOPBIX OMEPATOPOB BOJIBTEPPOBCKOTO THIA CYNMIECTBYIOT TaK-
ke n dpyukiun JIanynoa apyrux sujios. P.H. anuxomkaeBbiM ObLiTa TOoCTaBIeHA 3a/1a9a
O BBISIBJIEHUH YCJIOBHIi CYIIIECTBOBAHUS, a TaKKe IOJHOrO onucanus GpyHKIwii JIsmyHosa
Bujia @(x) = i—;, r7e i # j, olpe/ieJeHHbIX BHYTPH cUMILIeKkca S™ 1.

[Tycrs V : 8™~ 1 — S™=1 ([2]) onepatop BosbTepposckoro Tuna u z° € S™ 1. Tlo-
cnepobarensuocts {2}, rae 2™ = V"2 maswpBaerca Tpaexkropmeii npu n € Z, mo-
JIOXKUTeIbHON (oTpHIaTe/ibHolt) TpaekTopueit tpu n € N(—n € N). Yepes w'(z°) n
w™(2°) obozHavaloTCs MHOMKECTBO TIPEJIe/IbHBIX TOUEK, COOTBETCTBEHHO, TOJI0KUTEe/THHOM
U OTPUIATEJIBHON TPACKTOPHUIA.

Henpepbisublit dynknuonan ¢ : S™ 1 — R nasbiBaerca dbynkuueit JIanynosa s
JINCKPETHOMN JINHAMUYECKO CHCTEMBI

m
x,(:ﬂ) = x,&n)(l - Zakixz(»”)), k=1,m, n€Z, (1)
=1
ecym i J1000i HadaabHoil Touku 20 € S™~! cymecTByoT Ipeiesn!

lim (™), lim @(z™)

n—oo n——oo

Cayuait mHecusbaoro Typuupa. [lyers Typaup 7),, 1MHAMUYECKON CHCTEMBI

), ::ck(l—i-Zakixi), k=1,m, (2)
i=1

(2) He siBjsieTCsl CUJIBHBIM U T, — dakrop-typrup typuupa ([1],]2]) T, n o C I =
{1,...,m} — mHOXKecTBO BepuH T, MONABIINX B CTOK (GakTop-TypHUpPa 1)) .
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Teopema 1. [na moboro i ¢ « u moboro j € « dbynkmusa o(r) = &, apagercs
J

dbyukuumeit JIgmynosa jyisi IUHAMUYIECKOI cuCTeMbI (2).

[lepeitnem K cirydaio CUJILHBIX TYPHUPOB.

Teopema 2. Ecs ri € S™~! comep:KuT HENOIBUKHYIO TOUKY omepaTopa V., To mjis
JIMHAMITYECKON CHCTEMBI (2) He MOXKeT CyIIeCTBOBATH MOHOTOHHO yObIBatorei (yHKInm
Jlanynosa Buga o(x) = i—;

PesysibraTsl ganHoil pabOThl MOYKHO IIPUMEHUTD JIJIs PEIeHUsT 3a/1a1 Oy IAIIMOHHOMN
FEeHETUKHU, TO €CTh TO JAeT HAM peIlleHne 3a/1a9 O JUHAMUKE PAa3MHOXKeHUs OakTepuil u
BUPYCOB, & TaKKe IOCTPOEHME NMPAKTHYECKUX ITPOIHO30B MX IMOABJIEHUS C ITOKOJICHUS B

nokoJsierue ([3]).
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3anava Komm aJist JimHeilHOrO ypaBHEHUs, CBA3aHHOTO C MEePUANHAMIYIECKON
MO/IeJIBIO

FOnngamesa A. B.

duman MI'V B roposie Tamkente, TamkenT, V30eKucram;
yuasv86@mail.ru

Paccmorpum B obstacti € C R? ¢ Kyco4HO-T/IaIKON IpaHuIeil CIeIyIonLyio 3a1ady

e [ K@ e ~uwoldy = f@n, sen =0 ()

U(l’, 0) = gD(l‘), ut(x70) = ¢(x)> T €L (2)
3ech mpepmonaraercs, 9ro HemspectTHast dyHkiwma u : Q x [0,7] — R, aapo K :
Q2 x Q — R u BHemHss cuna f: Q x [0,7] — R a9BAg0TCA CKAJISIPHBIMEI (DY HKITHSIM.

B paborax [1-2| usyuasuck perenust gannoit 3agaan Korn, gormyckatorime pa3pbiBbl
[EPBOrO POJia MO0 TPOCTPAHCTBEHHON TTEPEMEHHO, UCK/II0IaeMble MOJIEISIMU, OIUCHIBAE-
MbIME JinddepeHITnATbHBIMI YPABHEHUSIMU.

Wurerpasbublii oriepaTrop B IpaBoii dacTu ypaBHeHus (1) MMeeT creruajbHOe CHIIbHO
CHHTYJISIPHOE SIJIPO, OCOOEHHOCTh KOTOPOTI'O 3aKJ/II0YaeTCsi B TOM, 9TO BOJIU3U JUATOHAJIN

= Y OHO UMeeT BU]L
C
K(z,y) = —— + ~(z,y),
|z — y|?

rie y(z,y) uarerpupyemas GyHKIMS, W BBIIOJHIETCS TDAHUTHOE YCIOBUE

a%K(x,y) =0, z€0Q, yeq. (3)

Baech v = v(x) — BHeIHsIsT HOpMaJIb K rpanure 0f) obmactu {2 B Touke z € Of).
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Ypasaenue (1) siBAgeTCS TUIEPCHHTYJSPHBIM U HEOTDAHUYEHHBIM B KJIACCHIECKUX
(OYHKIMOHAIBHBIX IIPOCTPAHCTBAX, TAKUX, Kak L,({)) mam coboseBCcKue MpoCTpaHCTBa
Wi(€).

[Ipu perrennu 3a/1a41 MBI BOCHOJIL3YEMCs CAMOCOIPSIZKIHHBIM PACIIHPEHNEM Ollepa-
topa Jlammaca —A, MOpOXKIIHHBIM rpanudHeiMu yeaoBusamu Heiimana. Crektp 9Toro
PACIIIPEHNs COCTOUT U3 COOCTBEHHBIX 3HadYeHUN { Ak}, a cobcrBennbie dynknun {vg(x)}
V/IOBJIETBOPSIIOT COOTHOTITCHHSIM:

Ou(s)
v
Perienue 3Toil clieKTpasIbHOl 3aj1a41 MBI IoHUMaeM B embicie W ()

Jlna mo6oro 3 > 0 BBemeM THaLGepTOBO TIpocTpancteo HA(Q) = D ((I AL 2) c
HOPMOW

— Awvg(z) = Mpo(x), © € Q, =0,s€0 k=0,12,..

lully = D200+ 2l v
k=1
Nmeer MecTo ciiefryromas TeopeMa
Teopema 1. ITyemv 0 < a < 1 v 0 < f < /2. Jas mobozo T > 0 u mobvzx p €
Ws(Q), v € Wg(Q) u f € C{0,T] = W5 ()} cywecmsyem, u npu mom eduncmesennoe,
pewenue sadavu (1)-(2) us xaacca C*{[0,T] — HP(Q)}.
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JIlpobHasi mpou3BoOJIHAsT {)—MapIII0 HA OTPe3Ke

Axamboes M. V., Typcynkysnos B.M.

Camapkanjckuit dunuan TamkenTckoro yauBepcuTeTa NHMOOPMAIMOHHBIX TEXHOJIOTHUA,
V3b6ekucran
m.yakhshiboev@gmail.com;

B pab6ore [1] pacemorpenst 0606mmennast hopmMa i IpOoOHBIX onepaTopoB Pumvana-
JImyBuLIs, a Jiyid Ha3BaHHBIX JIPOOHBIMU oriepaTopaMu ¢— Pumana-JInyBusiis, mosrydennbl
U JIOKA3aHbl BaXKHbIE CBOCTBA HOBBIX O0OOIEHHBIX orepaTopoB ¥—Pumana-Jluysuiig B
npocrpanctee LP([a, b]).

Omnpenenenue 1. [lycts o > 0, —00 < a < b < 00 u ycTh DYHKIWSA (0 UHTErpUpye-
Ma Ha oTpeske [a, b u ¢ € C([a, b]) asasierca monoxuTenbHON Bo3pacTatomeil GyHKImeit
Takoii, aro ¢’ (x) # 0 a1 Becex x € (a, b). JIeBocTopoHHUE U TPABOCTOPOHHUE JPOOHBIE H-
rerpaJibl ¥-Pumana-JInyBusis GyHKIMT (0 OTHOCUTEIBHO JPYTOil (DyHKINHN 1) HA OTPE3Ke
la, b], ¢ TIOPSAIKOM (v OLPEETAIOTCS CIEIYIONTIM 00PA30M:

kg _ L [y x) — a-1 x> a
(12 0)@) = o [ VO = w0y el >
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o b " — ()t x
(140)) = 7 | P OWE = @) e(0dee <t

COOTBETCTBEHHO.
IIpn 0 < @ < 1,0 < € < 1 MBI IOJTaraemM

. f()
(Dot = 5= 35 00(w) = dia))e
(

a / YO f ) — f () — 1))
I'l—a) tot
KOTOPYIO OyJieM Ha3bIBaTh KYyCEeUEeHHOMH JIPOOHOI TTpon3BoIHON —Mapiio.

B pabore BBejieno 06001eHre TPON3BOIHOM 1)—Mapito Ha oTpeske. YCTaHOB/IEHbI UH-
TerpaJjibHble MPEeJICTABIECHUS YCeTIHHON MpobHoil ponssoinoii 1)—Mapimo. /lokazanbr Teo-
peMbl oOpallleHus U OIMUCAHUSA JIPOOHBIX MHTerpasioB —Pumana-/luysusig or dyukiuit
B pocrpamctse LP([a,b]).

+ dt,r > a
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On wavelet density estimation of regression function

Abdulvohidov A. L.}, Muradov R. S.?

! Andijan State University, Andijan, Uzbekistan, alisherabdulvohidovl@gmail.com
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1. Introduction. In industrial life-testing, medical research and other studies, the
observation of the occurrence of a failure be made impossible by the previous occurrence
of a censoring event.

2. Regression function and wavelet density estimation. Let Y}, Y5, ..., Y, denote
the survival times and Xy, Xs, ..., X, the associated covariates, and let us assume that
(Y1, X1), (Y2, X5), ..., (Y, X,,) are independent and have a joint distribution function
(d.f.) F(x,y). Also let Cy,Cy, ..., C,, denote the independent and identically distribution
censoring times with a common d.f. G. It is assumed that (Y;, X;) is independent of
T; for each ¢. In this random right censored model, instead of {(Y,-,XZ-), 1= 1,_n} we
observe {(Z;,6;,X;),i=1,n}, where Z; = min(Y;,T;) = Y; AT; and §; = I (V; < Ty),
where I (A) stands for indicator of the event A. Let H is distribution function of Z; and
Tty =inf{x: H (z) =1} < oo. Here, we consider the nonparametric regression model:

Yi=9(Xi)+0(X;)- e,

where o () is the conditional variance representing heteroscedasticity and e represents
random error which is assumed independent and identically distributed. In this regression
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model we want to estimate Y; given X;i.e., to estimate the mean regression function
g(x) = E(Y/X ==x). Our goal, is to estimate unknown function g based on the
observations {(Zi, 0i, Xi), 1= L_n} . Here we use wavelet-based mean regression function
estimators. We assume that the regression function g, is used for z € (0,1). Our aim
is to estimate g, by empirical wavelet coefficients. Let, ¢ (z) and ¢ (x) are bounded and
compactly supported father and mother wavelets:

Piok(x) = 220 (200 — k) ,

Yir(z) = 2722z — k), x € R, jo,j € Z.
Then the collection {por, ¥k, jjo, k € Z} is an orthonormal basis of L?(R). Therefore,
forall f € L?*(R):
F@) =" iorpion (@) + DD Biwthji (),
kez Jjo kez
where

Aok = /onok (:L‘) / (:L‘) dr, ﬁjk = /@Z)]k (x) f (ZL‘) dx.

We consider r— regular mother wavelets ¢). Then the wavelet expansion of g is

270 —1 27 -1
g (23) = Z AjokPjok (x) + Z Z 5jk¢jk? ($), S [07 1] ’
k=0 jjo k=0

where

Qjok = /%’ok (z) f (x)dz, B = /%’k () f (z) dx.

Then proposed nonlinear wavelet estimator of g (z) is
logn 1/2
>d ( " ) ¢jk ($),

27901 g1 291
)= 3 s ()33 A
k=0
where jo and j are chose suitable. The coefficients estimators are:

/gjk

jjo k=0

L& 6iZipjr (Xa) I 0iZi (X))
D Dy A Al D D par ey ey

n

i=1 i=1

where G, denote the relative-risk power estimator of d.f. G of author [1].
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Maximal solvable Leibniz algebras whose nilradical is a quasi-filiform algebra

Abdurasulov K.K.!, Abrayev D.Sh.?, Adashev J.Q.3

L3Institute of Mathematics, Tashkent, Uzbekistan,
abdurasulov0505@mail.ru, adashevjq@mail.ru;
2Chirchiq State Pedagogical Institute of Tashkent region.

The aim of this work is to describe solvable Leibniz algebras with naturally graded
quasi-filiform Leibniz nilradicals and with maximal dimension of complemented space
of its nilradical. Namely, naturally graded quasi-filiform Leibniz algebras in any finite
dimension over C were studied by Camacho, Gémez, Gonzdlez, and Omirov [1]. They
found five such algebras of the first type, where two of them depend on a parameter and
eight algebras of the second type with one of them depending on a parameter.

Definition 1. A Leibniz algebra L is called quasi-filiform if L2 # {0} and L™ =
{0}, where n = dim L.

Theorem 1. [1| Let L be a naturally graded quasi-filiform Leibniz algebra, then it is
isomorphic to one algebra of the non isomorphic families

ei,e1] = eiqa, 1<i<n—3,

[6”71’ 61] = €p + ey, [617 enfl} = ﬁena [enfla 6nfl] = Y€n,

£ap) |

le1, e1] = e, e, e1] = €iy1, 3<i<n-—1,
G(a, B,7) : { ler,e3] = —es+ Bea, ler, €] = —eiqa, 4<i<n-1,
les, €3] = e, ey enpoi] = (—1)'ae,, 3<i<n-—1,

where {ej,es,...,€e,} is a basis of the algebra and in the algebra G(a, 3,7) if n is odd,
then o € {0, 1}, if n is even, then a = 0.

The following theorem describes the maximal dimensions of the complemented spaces
to L(a, B,7) and G(a, B,7).

Proposition 1. Let R be a solvable Leibniz algebra whose nilradical is naturally
graded quasi-filiform non-Lie Leibniz algebras. Then the maximal dimension of
complemented space to the nilradical are not greater than two.

We give a description of solvable Leibniz algebras with the nilradicals £(«, 3,7) and
G(a, 8,7) such that the dimension of the complementary subspace is equal to maximal.

Theorem 2. There is no solvable Leibniz algebra with the nilradical £(«, 3,v) and
the maximal dimension of the complementary space to the nilradical is equal to one.

Theorem 3. Let R be a solvable Leibniz algebra with the nilradical £(«, 3,v) and the
maximal dimension of the complementary space to the nilradical be equal to two. Then
R is isomorphic to one of the following pairwise non-isomorphic algebras:

1 lei, x| =ie;, 1<i<n—2, e, x]=ey,
R, .,(0,0,0) :
[(L’, 61] =~ [en—17y] = €p-1, [ena y] = Cn,
le;, ] =ide;, 1<i<n—2, len, ] = ey,
RiJFZ(O’ _1’ O> : ['I7 61] = —€1, [x7 en] = —€n, [en—hy] = €n-1,
[Gn, y] = Cn; [y7 €n—1] = —€n—1, [y7 en] = —€n,
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[617 i[f] = €1 — €n—1, [627 i[)] = 262 - 2€n7 [627 x] = 1€,
r,e1| =—e+en1, le1,Y] =en_1, €2, Y| = 2€e,,
Ri+2(0,1,1) : [ 1] 1 1 [ 1 y} 1 [ 2 y]
[en—lay] = €n-1, [6nay] = 26717 [yael] = —€n—1,
[y, en-1] = —€n_1, 3<i<n—2,
[61,37] = €1 — €n—1, [62Jx] = €2 — €y, [ehx] - (Z - ]-)6i7
en, T| = 2e,, r,ell =—el+e,1, €1,y =en_1,
RLL10,0): 3 0 sl = et e =
le2,y] = e2+en, e, y] = e, len—1,Y] = en_1,
3<i<n—2,

where it is taken into account that each solvable algebra has its own multiplications of
the nilradical and other products are zero.

Theorem 4. Let R be a solvable Leibniz algebra with the nilradical G(a, 8,7) and the
maximal dimension of the complementary space to the nilradical be equal to one. Then
R is isomorphic to one of the following pairwise non-isomorphic algebras:

H711+1(070a1)7 H721+1(172a0)7 H2+1(17077)7 H’i—i—l(la_Qa]—)? H751+1(174a 2)

Let us give a classification of solvable Leibniz algebras with nilradical G(«, 3,7) and
two-dimensional complementary vector subspace to the nilradical.

Theorem 5. Let R be a solvable Leibniz algebra with the nilradical G(a, 8,7) and the
maximal dimension of the complementary space to the nilradical be equal to two. Then
R is isomorphic to one of the following pairwise non-isomorphic algebras:

Hé—i—Q(Oa 070)7 H72z+2(0a170)7 Hz—l—Q(OaQal)? Hfi—&—Q(lvOaO)? HS—&—Q(LLO)a Hg+2(17271)'

Conclusion. Thus from the above and the obtained results it can be seen that the
classifications of the solvable Leibniz algebras with the nilradical £(1,—1,0), £(1,0,0),
G(1,1,0), G(1,2,1) and the dimension of complememtary space equals one have been
remaining an open problem. For other algebras the problem was solved.
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Estimation of jointly survival function by right random censored
observations in the presence of covariate

Abdushukurov A. A.!, Muradov R.S.?
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1. Introduction. The problem of estimating of jointly survival function from

incomplete data has been considered by authors [1-3|. In the special bivariate case, there
are numerous examples of paired data representing the times to death of individuals
(twins or married couples), the failure times of components of system and others which
subject to random censoring. At present time, there are several approaches to estimating
of survival functions of vectors of lifetimes. Moreover, the random variables (r.v.-s)
of interest (lifetimes) and censoring r.v.-s can be also influenced by other variable,
often called prognostic factor or covariate. In medicine, dose a drug and in engineering
some environmental conditions (temperature, pressure and others) are influenced to the
observed variables. The basic problem consist in estimation of jointly distribution of
lifetimes by such censored dependent data. The aim of paper is considering this problem
in the case of right random censoring model in the presence of covariate.
2. Description of the model. Let’s consider the case when the support of covariate
C' is the interval [0,1] and we consider our results on fixed design points 0 < z; <
x9 < -+ < x, < 1. Thus, on a probability space (2, A, P)let’s consider two sequences
X = {(Xh», Xy;), i1} and Y = {(Yy;, Y2;), il} of conditionally independent random
vectors with conditional survival functions F, (t,s) = P (X1 > t, X9y > s/C = z) and
G (t,s) = P(Y1; >t, Yoy > s/C =x) at given covariate C' = z, where z € [0, 1] and
(t,s) € R*2 = [0,00) x [0,00). Here sequences X and Y can be dependent. Introduce a
marginal conditional survival functions

SX(t)=P (X1 >t/C =), Sy (s)=P(Xy >s/C=2),

SY (t)=P (Y >t/C=2x), Sy (s)=P (Yo >5/C=2x), (1)
which supposed to be continuous, = € [0,1], t,s0. Suppose that vector X is censored
from the right by vector Y and observed data is consist on V(™ = {(ZZ, 0;,Cy), 1 =1, n}

where Z; = (Z1, Z2i) , Zri = min (Xgi, Yii) , 6 = (014, 02:) , Opi = [ (Zpi = X)), kb =1,2;
i = 1, n. Here I (A) is stands for an indicator of event A. Introduce jointly conditional
survival function of the vector (Xi1, Xo1 Y11, Ya1) given C' = :

K, (t,s,z,v) = P (X1 >t,Xo1 >s,Y11 > 2,Yy >0), (ts,2,0) € R
Then we obtain representations at = € [0, 1] :
Fy(t,s) = K, (t,5,0,0), G,(t,s)=K(0,0,t,s), (t,s)€R ", 2)
H,(t,s) =P (Zy1 >t, 29 >s/C=x)=P(X11 >t,Y11 >1t,Xo >5,Yy >s/C=x)=
= K, (t,s, ts), (ts)eR". (3)
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Then according to the Theorem of Sklar (see, Nelson (1999)), there exist on [0,1]
conditional copula survival function C, (W), @ = (uy,us,us, us) € [0,1]* such that we

have following representation of survival function (2) for all (¢,s,z,v) € R as
Ky (t,5,2,0) = Cy (Si; (8) , 85, (5) , 812 (), 83, (v)) - (4)

Assume that at the fixed design value x € [0, 1], C, is Archimedean copula, i.e.

Cx(ulyu% U,37U4) = @[_1} [(ipﬂf(ul) + sz(u2) + S0$(u3) + @x(uélﬂ ) u = (ula u27u37u4) € [07 1]47
(5)

where, for each z, ¢, : [0,1] — [0, 00] is a known continuous, convex, strictly decreasing

J

function with ¢, (1) =0, ok is a pseudo-inverse of ¢, (see, [4]) and given by

. ;' (s), 0<s5<¢,(0),
e (s) =
z 0, ¢.(0)<s<o0.

We assume that copula generator function ¢, is strict, i.e. ¢, (0) = oo and hence gpgl] =
¢.' . Thus from formulas (2)-(5) one can get for a fixed x € [0, 1]

Fo(ts) = o [0 (SE (1) + 9a (S5 (5))], (t,5) e R, )
Go (t,5) = o7 [@a (SE (1)) + 00 (S5 ()], () € R,

H, (t.5) = o7 0o (S (1) + @0 (S5 (5)) + @0 (ST (1) + 90 (S ()] (ts) €R,
Since
SE (t) =P (Zi >t/C =2)=H,(;0) =
SZ (s) =P (Zy > s/C =x)=H,(0,s) =
then from last formula in (6) we obtain SZ (t) = ¢z [, (STy (t)) + ¢ (ST, ()] . 10,
SZ(s) = 07" [0n (S5 (5)) + @ (S22 (5))] , 50 (7)
Now from (7) it follows that for fixed z € [0, 1]

(XH >, Y > t/C:[L'), tO,

avEae

(Y11 > s, Yor > 5/C =1x), s0,

o (Hy (1.5)) = @0 (Fy (1,9)) + 92 (Go (t,5)), (ts) €R.

Note that functionals (7) admits to estimation of one dimensional survival functions
$X and S¥ correspondingly by subsamples V{" = {(Z1;,61,C;), i =1,n} and v =
{(Z3i,62,C;), i =1,n} with Vg") + Vgn) = V™ and then by V™ estimation of joint
survival function Fj (¢,s) using first formula in (6). We propose two estimators of
conditional jointly survival function and study its large sample properties.
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Korteweg — De Vries equation on a tree with unbounded root and edges
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We investigate the linearized KdV equation on metric tree consisting of three different
types of bonds: incoming unbounded root, two finite bonds and four outgoing unbounded
bonds. Under natural assumptions at the vertices, we obtain the uniqueness of a solution.
To show the existence we use the theory of potentials and reduce the problem to a
system of linear algebraic equations. We show that the latter are uniquely solvable under
conditions of the uniqueness theorem. bonds are denoted by B;, j = 1,7 the coordinate
rion By is defined from —oo to 0, and coordinates x5 and x3 from links By and Bs from
0 to L, and coordinates x4 and x5 and zg and x7 on the bonds B, and Bs and Bg and By
are defined from 0 to such that on each bond the vertex corresponds to 0. We denote the
graph by I'. On each bond we consider the linear equation:

o T
(5_@) uj(xj,t) = fi(z,t), t>0,2;€ B;,j=1T. (1)

J

Below, we will also use the notation x instead of z;;, j = 1,7. We treat a boundary value
problem and using the method of potentials, reduce it to a system of integral equations.The
solvability of the obtained system of integral equations is proven.

0.1 Formulation of the problems

We look for solutions u € C*!(T")! vanishing at —oo, i.e.

lim u(z,t)= lim O,u(z,t) =0, for all t>0, (2)
T——00

T—r—00

and set the Kirchhoff conditions to connect the functions w;(z;) defined on each bond of
the graph.

Uy (0, t) = CLQUQ(O, t) = CL3U3(07 t), ulz(O, t) = bQUQx(O, t) = bg’LLgx(O, t), (3)
1 1
ulrl’(07 t) = _u227x(07 t) + _u3xm(07 t)? (4>
) as
CLQUQ(L, t) = CL4U4(0, t) = CL5U5(0, t), b2U2m<L, t) = b4U4m<0, t) = b5U5w(O, t), (5)
1 1 1
a_2u2mﬁ(L7 t) - a_4u4x:p(07 t) + a_5u5mx(07 t)? (6)
asus(L,t) = agug(0,t) = azur(0,1), byus, (L, t) = bgues (0,t) = bruz,(0,1), (7)
1 1 1
a_gu?)xx(La t) = a_6u6:ca:(07 t) + a_7u7xx(07 t)? (8)

IThis is class of functions that are C? in = and C?! in ¢.



Pecnybnukanckas HayuHas Koubepenius CAPRIMCAKOBCKUE YTEHUS, TamkernT-2021 169

For ¢t > 0, where ay, by, k = 2,7, are nonzero constants. Moreover, we assume that the
fi(x,t),j = 1,7 and the initial conditions:

uj(z,0) = ug(z),k,x € B;,j = 1,7, 9)

are smooth enough and bounded, and that satisfies the vertex conditions (2)-(7). These
vertex conditions are not the only possible ones, and the main motivation for our choice
is that they guarantee conservation of energy of the solution and, if the solutions decay
(to zero) at infinity, the norm (energy) conservation.
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Central limit theorem for circle maps with a break and external noise
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Dynamical systems with external noise is a branch of dynamical systems. In one
dimensional dynamical systems, the orbit of a point play key role. But we can not calculate
their coordinates accurately or exactly in computer or the natural problems. In all cases
there is a calculation error. The calculation error will be always random variable and it
is called external noise. The papers of [1], [2] considered heuristically a renormalization
theory for weak Gaussian noise perturbing one dimensional maps at the accumulation of
period doubling. The main result in those papers was that after appropriately rescaling
space and time, the effective noise of this renormalized system satisfies some scaling
relations. In work of O.Diaz-Espinosa and R.de la Llave, central limit theorem for critical
circle dynamics with external weak noise is proved by using renormalization (see [4]).

Let T € C*(S') be circle homeomorphism and consider dynamical system without
noise z, = T(x,_1), zo € S'.

Let (&,) be a sequence of independent and identically distributed random variables
(defined in some probability space (2, F,P)), with p > 2 finite moments satisfying
following conditions:
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o ¢, =0
e E|¢,|? = D%

We define the system
T, = T(Lf’n_l) + O'ngn, o € Sl

o, will be referred to as the "noise level".
Lyapunov function is defined as

n—1n—1
A2(x0,n) =1+ Z H |T/(l'j)|2, Ty € Sl.
k=1 j=k
Let w(x,0) be the process defined by
Ty — Ty

wn(x,0,) = T = . (1)

on DAy (0, 1)

We prove that if T € C*(S'\ {x;}), € > 0 circle homeomorphism with rotation
number p = [k, k, k, k...] and a break point x;, the central limit theorem for w,(z,0,) is
hold.

Theorem 1. Let T € C**(S'\ {z3}), € > 0 circle homeomorphism with rotation
number p = [k, k, k,...], k € N and a break point x, and (&,) be a sequence of independent
and identically distributed random variables with p > 2 finite moments and E¢, = 0,
E|&,|? = D% Then, for all x # T'(zy), | € Z, there is a constant v > 0 such that if

lim o,n” =0,
n—oo

the process wy, (x,0,,) defined by (1)converge in distribution to the standard Gaussian.
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2-local derivation on solvable Lie algebras whose nilradical is a model Lie
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In recent years non-associative analogues of classical constructions become of interest
in connection with their applications in many branches of mathematics and physics. The
notions of local and 2-local derivations are also become popular for some non-associative
algebras such as the Lie and Leibniz algebras.

The notions of local derivations were introduced in 1990 by R.V.Kadison [10] and
D.R.Larson, A.R.Sourour [11]. Later in 1997, P.Semrl introduced the notions of 2-local
derivations and 2-local automorphisms on algebras [9]. The main problems concerning
these notions are to find conditions under which all local (2-local) derivations become
(global)derivations and to present examples of algebras with local (2-local) derivations
that are not derivations.

Investigation of 2-local derivations on Lie algebras was initiated in paper in [4].
Sh.A.Ayupov and K.K.Kudaybergenov have proved that every 2-local derivation on semi-
simple Lie algebras is a derivation and gave examples of nilpotent finite-dimensional Lie
algebras with 2-local derivations which are not derivations. In [5| local derivations of
solvable Lie algebras are investigated and it is shown that in the class of solvable Lie
algebras there exist algebras which admit local derivations which are not derivation
and also algebras for which every local derivation is a derivation. Moreover, it is
proved that everylocal derivation on a finite-dimensional solvable Lie algebra with model
nilradical and maximal dimension of complementary space is a derivation. Sh.A.Ayupov,
A.Kh.Khudoyberdiyev and B.B.Yusupov proved similar results concerning local and 2-
local derivations on solvable Leibniz algebras in their recent paper [7]. In [8] the author
proved that any local and 2-local derivation on the solvable Leibniz algebras whose
nilradical is a quasi-filiform Leibniz algebra of maximum length with the maximal
dimension of complementary space to the nilradical is a derivation. Moreover, a similar
problem concerning 2-local derivations of such algebras is investigated. In [3] local and 2-
local derivations and automorphism of complex finite-dimensional simple Leibniz algebras
are investigated, and it is proved that all local and 2-local derivations on a finite-
dimensional complex simple Leibniz algebras are automatically derivations and it is shown
that filiform Leibniz algebras admit local derivations which are not derivations. The results
of the paper [6] shows have proved that p-filiform Leibniz algebras as a rule admit local
and 2-local derivations which are not derivations.

Let L be a Lie algebra. For a Lie algebra L consider the following central lower and
derived sequences:

L'=1L, LM =[L*L"Y k>1,

L — 1, Lt — [L[s},L[s}], s> 1.

Definition 1. A Lie algebra L is called nilpotent (respectively, solvable), if there exists
p € N (¢ € N) such that L? = 0 (respectively, L9 = 0). 1
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Any Lie algebra L contains a unique maximal solvable (resp. nilpotent) ideal, called
the radical (resp. nilradical) of the algebra. A non-trivial Lie algebra is called semi-simple
if its radical is zero.

A derivation on a Lie algebra L is a linear map d : L — L which satisfies the Leibniz
rule:

d([z, y]) = [d(z),y] + [z, d(y)], forany =,y e L.

The set of all derivations of a Lie algebra L is a Lie algebra with respect to commutation
operation and it is denoted by Der(L).

For any element x € L the operator of right multiplication ad, : L — L, defined as
ad,(z) = [z,z] is a derivation, and derivations of this form are called inner derivation.
The set of all inner derivations of L, denoted ad(L), is an ideal in Der(L).

Definition 2. A map V : £ — £ (not necessary linear) is called 2-local derivation if
for any x,y € L there exists a derivation d,, € Der(L) such that

v<x> = dx,y<x>7 V(y) = da:,y(y)'

Let N be a finite-dimensional nilpotent Lie algebra. For the matrix of linear operator
ad, denote by C(x) the descending sequence of its Jordan blocks’ dimensions. Consider
the lexicographical order on the set C(L) = {C(x) | x € L}.

Definition 3. A sequence
( max C(:c))
zeL\L?

is said to be the characteristic sequence of the nilpotent Lie algebra .
Definition 4. Nilpotent Lie algebra with characteristic sequence (ny,ng,...,ng, 1) is
said to be model if there exists a basis {e1, €2, ..., ¢e,} such that

[ei, e1] = eiq, 2 <1< ny,
[nytotny 14 €1] = €yt 4ig1, 257 <k, 2<i<ny,

where omitted products are equal to zero.
It is known that the maximal dimension of the complementary space of solvable Lie

algebra with model nilpotent Lie algebra with characteristic sequence (nq,ng,...,ng, 1)
is equal to £+ 1. Let L = @@ + N be a solvable Lie algebra with dim@ = k + 1. Then L
has a basis {1, xs,...,Tk11,€1,€2,...,€,} such that the table of multiplication of L has
the form
(e e1] = eiy, 2<i<mny,
[€nyttny 1 ti> €1] = €yt 1 iv1, 255 <K, 2 <1< ny,
Lk+1(N> . [Gi, ZL’l] = iei, 1< < n,
e, T2] = €, 2<i1<n;+1,
\ [en1+---+njf2+i7 xj] = en1+---+nj72+i7 3 SJ < k + 17 2 < i < nj—1 + 1.

In [1] it is proved that any derivation of Ly, 1(N) is inner for any characteristic sequence
(n1,ng,...,ng, 1).

Theorem 1. Let Ly 1(N) solvable Leibniz algebras. Then any 2-local derivation of
Li1(N) is a derivation.
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In the present paper we study with boundary value problems for equations with the
operator 88—; — A(x, D), where A(x, D) is a nonnegative elliptic differential operator and
with boundary operators of fractional order p. In particular, boundary conditions can be
given through the one-sided Marchaud, Griinwald-Letnikov or Liouville-Weyl fractional
derivatives of order p. We find orthogonality and smoothness conditions on the boundary
function, which guarantee both the existence and uniqueness of the classical solutions.
Let Bf be the one-sided Marchaud,Grinwald-Letnikov or Liouville-Weyl fractional
derivative of order p (see [1]). Then we get (see 2], Example 3.12 and formula (3.119))

Bje " =afe™, yanda>0. (1)
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This formula played an essential role in the construction of the work Gorenflo et al. [1]
and it is also important for our reasoning.
Let 2 be N-dimensional bounded domain with a sufficiently smooth boundary 92 and
A(x,D) = Y. as(x)D* be an arbitrary nonnegative formally selfadjoint (symmetric)
la|<m
elliptic differential operator of order m = 2 with sufficiently smooth coefficients a,(z) in
Q, where a = (ay, @, ..., ) - multi-index and D = (Dy, Dy, ..., Dy), D; = %. Recall,

an operator A(z, D) is elliptic in Q, if for all x € Q and £ € RY one has

Z Ao ()64 #0, & #0.

|a)l=m

Consider a boundary value problem

Uyy(z,y) = A(x, D)u(z,y), €Q, y>0, (2)
Bju(r,y) = > ba;(x)D(r,y) =0, 0<m; <m—1,

= J=1,2,..1; xcd, ®)

Blu(z,+0) = ¢(x), p>0, v €Q, (4)

lu(z,y)] — 0, y— 00, x€Q, (5)

where ¢(x) and coeflicients b, ;(z) are given functions.

Definition. A function u(x,y) with the properties w,,(z,y), A(z, D)u(z,y) € C(Q x
(0,00)), u(z,y), Bou(z,y) € C(Q x [0,00)) and satisfying all the conditions of problem
(2) - (5) in the classical sense is called the (classical) solution of the boundary value
problem (2) - (5).

Application of the Fourier method to problem (2) - (5) leads us to consider the following
spectral problem

A(x,D)v(z) = M(x) =€ (6)
Bju(x)=0, j=12,..,; =z (7)

S. Agmon |[3| found the necessary conditions for boundary 0f2 of the domain €2 and for
coefficients of operators A and B;, which guarantee compactness of the inverse operator,
i.e. the existence of a complete in Ly(€2) system of orthonormal eigenfunctions {vg(z)},
k > 1, and a countable set of nonnegative eigenvalues Ay of spectral problem (6) - (7).

To formulate the main result of this paper we need to introduce for any real number
T an operator A7, acting in Lo(2) in the following way

Ag(z) =Y Mawwe(@), g = (g,w)-
k=1

Obviously, operator A" with the domain of definition

o0

D(AT) = {g € Ly(€) : ) N7 |guf* < o0}

k=1

is selfadjoint. If we denote by A the operator in Ly(€2), acting as Ag(z) = A(z, D)g(x) and

with the domain of definition D(A) = {g € C™(2) : Bjg(z) =0, j=1,...,1, z € 0Q},
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then it is not hard to show, that operator A = Al is a selfadjoint extension in Ly (82) of
operator A. In the same way one can define the operator (/1 +1)7, where I is the identity
operator in Ly(€2).

Let the multiplicity of the eigenvalue A = 0 be equal to kg, i.e. A\, =0, k= 1,2, ..., k.
Let the boundary function p(x) satisfy the following orthogonality conditions

Y = /gp(m)vk(x)dx =0, k=1,2,..., ko. (8)
Q

The next theorem shows that this condition (together with the requirement for
smoothness of the boundary function) ensures both the existence and uniqueness of the
solution to the boundary value problem.

Theorem. Let o(z) € D(AT), 7 > 2L and conditions (8) be satisfied. Then there
exists a unique solution of the forward problem (2) - (5) and it has the representation

u(z,y) = S ! & Uk(T e~ VARY
(2,9) k%:ﬂ 7oy (@) : (9)

which absolutely and uniformly converges on = € Q for each y € [0, 00).
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The present paper is devoted to 2-local derivations on Jordan rings and Jordan
algebras. The study of 2-local derivations began in the paper [2] of Semrl. In [2] the
notion of 2-local derivations is introduced and 2-local derivations on the algebra B(H)
of all bounded linear operators on the infinite-dimensional separable Hilbert space H are
described. Later a number of papers were devoted to 2-local maps on different types of
rings, algebras, Banach algebras and Banach spaces.
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In [1] 2-local inner derivations on the Jordan ring H, () of n-dimensional symmetric
matrices over a commutative associative ring R are investigated. It is proved that every
such 2-local inner derivation is a derivation. In this paper 2-local derivations on the Jordan
ring of self-adjoint matrices over a commutative involutive ring are described. We prove
that each 2-local inner derivation on the Jordan ring H,(R) of self-adjoint n x n matrices
over a commutative unital involutive ring R is a derivation.

Let R be a Jordan ring. Recall that a map D : R — R is called a derivation, if
D(x +vy) = D(z) + D(y) and D(zy) = D(x)y + xD(y) for any two elements z, y € R.

A derivation D on R is called an inner derivation if there exist elements a;, as, ...
Um, b1, ba, ..., by, in R such that D(z) = Y% [ag(bpx) — by(axz)], z € R.

A map A : R — R is called a 2-local derivation, if for any two elements z, y € R there
exists a derivation D, , : ® — R such that A(z) = D, ,(z), A(y) = Dy y(y).

Let A be a 2-local derivation of the Jordan ring . A is called a 2-local inner derivation,
if for each pair of elements x, y € R there is an inner derivation D of R such that
A(z) = D(z), Aly) = D(y).

Let, throughout the present paper, & be a unital involutive ring, M, (R) be the n x n
matrices ring over R, n > 1. Let {e;;};;_; be the set of matrix units in M, (R), i.e.
e;; is a matrix with components a™ = 1 and o = 0 if (4,5) # (k,l), where 1 is the
identity element, 0 is the zero element of R, and a matrix a € M,(R) is written as
a=3 pi- atley, where a®!t € R for k,1=1,2,...,n

Suppose that the element 2 is invertible in 3. In this case the set H,,(R) = {(a;;)i'j=; €
M,(R) : (a")* = a**, (a)* = a’' )i # j,i,j7 = 1,2,...,n} is a Jordan ring with respect to
the addition and the Jordan multiplication a - b = $(ab + ba),a,b € H,(R). Throughout
this paper, let €; ; = e, ; + €;,; for every pair of different indices ¢, j in {1,2,...,n}.

Let, throughout the paper, a = > /" [ax, by, ¢ = Zizl[ck, dg).

Lemma 1. Let A be a 2-local derivation on H,(R), i, j, p be arbitrary pairwise
different indices

1) let S Davber Sovey Depa, be the derivations on H,(R), generated by some
elements ay, ag, ..., am, by, ba, ..., by, 1, C2y ..., ¢, dy, da, ..., d; € H,(R) such
that A(E,) = S0y Days, (8ij) = S0y Do, dk(e”) Then the followmg equalities are
valid relatively the associative multiplication a’/ — a’® = ¢/ — ¢/, ab' — al/ = ¢ — ¢¥.

2) let 27, Dayss Sovey Depa, be derivations on H,(R), generated by elements a4,
a2, ..., Gy, b1, ba, ..., by, cl, 02, ooy €y dy, doy ..., dp € Hy(R) such that A(e; ;) =
> oney Dayn (@i g), Aleiy) = S Do, 4, (€ip). Then the following equality is valid a’/ —
alt = ¢ — 7,

Lemma 2. Let A be a 2-local derivation on H,(R), 7, j, p be arbitrary pairwise
different indices and let Y ;" | Dq, b, , 22:1 D., 4, be the derivations on H, (), generated
by some elements ai, as, ..., am, b1, ba, ..., bm, cl, Cay o vy Cydy, dyy ..., dp € Hy(R) such
that A(€;) = > 1y Dayy (€ip), (ep]) S 1 Dey dy (8,.7). Then the following equalities
hold relative to the associative multiplication e; ;ae; ; = €;;ce; j, €; jae;; = €;;C€; ;.

Let A be a 2-local derivation on H,(R), i, j, p be arbitrary pairwise different indices,
and let > " | Dg, 5, be the derivation on H,(R), generated by some elements a;, as,

Y

R CLm, bl, bQ, cey b, € H, (§R) such that A(?zp) Zk 1 llkﬁk(('éi,p)? A(ép,j) =
Zk 1 Do, bk(em) Let a;; = e”4ae“, Ye; = zae;a € Rav e R, a;; =
e]Mae”,a ‘eji = }La“ew,a“ € R,a’ € R. In these notations the following lemma

is valid.
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Lemma 3. Let A be a 2-local derivation on H,(R), i, j be arbitrary different indices
and let Zﬁg:l D., 4, be the derivation on H, (R), generated by some elements ¢y, co, .. ., ¢,
di, da, ..., d; € H,(R) such that A(e; ;) = Zé{:l D., 4,(€; ). Then the following equality
is valid A(€;7) = (3o 1oy gy W) €i — i (D 11 oy @)+ (€5 = P )e; j 4 (€7 — €™ )e; .

Let R be a unital involutive ring, and let z, = ZZ;% érp+1 € Hy(R). Fix different
indices i,, jo. Let x1, o, ..., g, Y1, Y2, ---5 Yg € Hn(R) be elements such that
A€, 5,) = > [T (Yn€is,) — Ye(Tai, )] and Azo) = 35 [2x(Yawo) — yr(wr,)]. Let
e= St o). )

Put ¢ = szzl e ;€ Hy(R) and a = szzl’#j ai;+ > o ai;, where a;; = c"'e;;,
1=1,2,...,n.

Lemma 4. Let R be a unital involutive ring, let k, [ be arbitrary different indices,
and let b = {b'Je; ;} € H,(R) be an element such that b = $(3>{_,[ck, di]) for some ¢,
Cay ooy Cgy i,y da, ..., dy € H,(R) such that A(ey) = >27_ [cp(dy(€r,1)) — dp(cp(rr))] and
Alxo) = >0 [ep(dpo) — dp(cyz,)]. Then MF — b= pHF — phl.

Theorem 5. Let R be a unital commutative involutive ring. Then every 2-local inner
derivation on H, (R) is a derivation.
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Let A be an algebra (not necessary associative). Recall that a linear mapping (respect-
ively, a linear bijection) ¢ : A — A is said to be a derivation (respectively, automorphism),
if p(zy) = p(x)y + zo(y) (respectively, p(zy) = p(x)p(y)) for all z,y € A. A linear
mapping A is said to be a local derivation (respectively, local automorphism), if for every
x € A there exists a derivation (respectively, automorphism) ¢, on A (depending on x)
such that A(z) = @, (x). These notions were introduced and investigated independently
by R.V. Kadison [4] and D.R. Larson and A.R. Sourour [5]. The above papers gave rise to
a series of works devoted to the description of mappings which are close to automorphisms
and derivations of C*-algebras and operator algebras. In [5] D.R. Larson and A.R. Sourour
proved that if A = B(X), the algebra of all bounded linear operators on a Banach space X,
then every invertible local automorphism of A is an automorphism. Thus automorphisms
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on B(X) are completely determined by their local actions. In [3] it was shown that the
set of all local automorphisms LocAut(A) of an algebra A form a multiplicative group.

In 1997, P.Semrl [6] introduced the concepts of 2-local derivations and 2-local auto-
morphisms. Recall that a mapping A : A — A (not necessary linear) is said to be a 2-local
derivation (respectively, 2-local automorphism), if for every pair z,y € A there exists a
derivation (respectively, automorphism) ¢,, : A — A (depending on z,y) such that
A(x) = @py(2), A(Y) = @uy(y). P. Semrl [6] described 2-local derivations on the algebra
B(H) of all bounded linear operators on the infinite-dimensional separable Hilbert space
H, by proving that every 2-local derivation on B(H) is a derivation. A detailed discussion
of 2-local derivations on operator algebras can be found in the survey [1].

In the present talk we study local and 2-local derivations and automorphisms of Cayley
algebras over an arbitrary field F.

Let F be an arbitrary field. Cayley (or octonion) algebras over F constitute a well-
known class of nonassociative algebras. They are unital nonassociative algebras C of
dimension eight over F, endowed with a nonsingular quadratic multiplicative form (the
norm) n: C — F. Hence

n(zy) = n(z)n(y)
for all z,y € C, and the polar form
n(z,y) ==n(z+y) —n(z) —n(y)
is a nondegenerate bilinear form (see [2]).

Recall that the norm n is isotropic if there is a non zero element z € C with n(z) = 0,
otherwise it is called anisotropic. Note that any Cayley algebra with anisotropic norm is
a division algebra. It is known that, up to isomorphism, there is a unique Cayley algebra

whose norm is isotropic. It is called the split Cayley algebra.
We denote by

— 50 (C,n) the set of all linear mappings of C which are skew-hermitian with respect
to n;

— O(C,n) the set of all linear mappings of C which are orthogonal with respect to n;
— Cp the set of all traceless elements of C, i.e., Co = {x € C : n(z,1) = 0};

— LocDer(C) the set of all local derivations of C;

— 2LocDer(C) the set of all 2-local derivations of C;

— 2LocAut(C) the set of all 2-local automorphisms of C.

Theorem. Let C be a Cayley algebra over an arbitrary field with norm n. Then
1) the space of local derivations of C is the Lie algebra {d € so (C,n) : d(1) = 0};
2) the set LocAut(C) coincides with {p € O(C,n) : (1) = 1};

3) if C is a split algebra, then every 2-local derivation (2-local automorphism) of C is a
derivation;

4) if C is a division algebra, then
2LocDer(C) = LocDer(C) = {d € so (C,n) : d(1) = 0}

and

2LocAut(C) = LocAut(C) = {¢ € O(C,n) : p(1) = 1}.
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Note that the dimensions of the Lie algebras LocDer (C) = s0(Cy,n) and Der (C) are
equal to 21 and 14, respectively. Therefore the Cayley algebra C admits local derivations
which are not derivations.
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Let (H, (+,-)) be an infinite-dimensional separable Hilbert space over the field C of complex
numbers, and let (B(H), |||/ ) be the C*-algebra of bounded linear operators in . Denote
by K(H) (respectively, F(H)) the two-sided ideal of compact (respectively, finite rank)
linear operators in B(#H). Let Bn(H) = {z € B(H) : v = z*}, Bi(H) = {zx € Bu(H) :
x>0}, and let 7:B,(H) — [0,00] be the canonical trace on B(H). If e € P(H) is a
projection in B(H) and 1 is the identity of B(#), then we will write el =1 —e.

Let = € B(H), and let {e)} >0 be the spectral family of projections for the absolute
value |z| = (2*x)Y/? of x, that is, ey = {|z| < A}. If ¢ > 0, then the t-th generalized
singular number of z, or the non-increasing rearrangement of x, is defined as (see [3])

pe(x) = inf{\ > 0: 7(ey) < t}.

A non-zero linear subspace X C B(H) with a Banach norm | - [|[x is called
noncommutative symmetric space if the conditions x € X, y € B(H), u(y) < p(z) V¢ >
0 imply that y € X and ||y|x < ||z|x.

The spaces (B(H), || - [|oo) and (K(H), | - ||s), as well as the classical Banach two-
sided ideals C, = {z € K(H) : |z|l, = 7(Jz[")"/? < o0}, 1 < p < 00, are examples of
noncommutative symmetric spaces.

If 2 € K(H), then |z| = > sp(x)p, (if m(z) = oo, the series converges uniformly,
n=1
i.e. with respect to the uniform norm ||z|l.c = sup  ||z(£)|%), where {s,(z) ZL(?) is

EEM,[I€]ln=1
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the set of eigenvalues of the compact operator |z| in the decreasing order, and p,, is the
projection onto the eigenspace corresponding to s,(x). Consequently, the non-increasing
rearrangement 1 (z) of # € IC(H) can be identified with the sequence {s, ()}, sp(x) } 0
(if m(z) < oo, we set s,(x) =0 for all n > m(x)).

Fix an orthonormal basis {¢,}5°, in H. Let p, be the one-dimensional projection on
the subspace C- ¢, C H. If (X |- 1lx) € K(H) is a symmetric space then the set F(X) =

{§ ={&102 €cot xe = Z &npn € X ¢ (the series converges uniformly) is a symmetric

sequence space with respect to the norm ||¢]|p(x) = ||z¢||x. Consequently, each symmetric
space (X, |- |lx) C IC(H) generates a symmetrlc sequence space (E(X),| - ||ewx)) C co.
The converse is also true: every symmetric sequence space (E,| - ||g) C co generates a
symmetric space (Cg,|| - |lcy) C K(H) by the following rule (see [4]): Cp = {z € K(H) :
{sn(z)} € E}, |zlley, = I{sn(z)}||e. The pair (Cg,|| - |lc,;) is called a Banach ideal of
compact operators. It is known that (Cp, | - |l,) = (Cie, || - |lc,,) forall 1 <p < oo and
(KH), [+ lloe) = (Caps I e )

We say that a Banach ideal (Cg,| - |leg) € K(H) is fully symmetric, if conditions

y€Cp, veK(H f,ut )dt < fut )dt ¥V s > 0 entail that = € Cp and ||z|lc, < ||¥llc,-

A linear contractlon T:B (7-[) — B(H) is called a Dunford-Schwartz operator (writing
T e DS), it T(C;) CCy and ||T(x)]1 < ||z||; for all = € Cy. We will write T'€ DS if
T is a positive Dunford-Schwartz operator, that is, T € DS and T(B,(H)) C B.(H).

Any fully symmetric ideal Cg is an exact interpolation space in the Banach pair
(C1,B(H)) (see [2]). Tt then follows that T(Cg) C Cp and ||T|cpoc, < 1 for all
T € DS. In particular, T(K(H)) C K(H) and the restriction of T' on K(H) is a linear
contraction (also denoted by T').

Let R be the set of real numbers, d is an arbitrary natural number and let RY =
{u=(u,...,uq): 0<wu; €R, i=1,...,d}. Let {Tu}ueRi be a semigroup of positive
Dunford-Schwartz operators, such that To(z) = « for all z € B(H). A semigroup {Tu}ueRi
is said to be strongly continuous on C; if l1113'1 | Tu(z) — Ty (z)||y = 0 for each x € C,. Note

that for u,v € RY, u = (uy,...,uq), v= (v1,...,0q) the convergence u — v means that
u; — v; foreach i =1,...,d.

It is known (see |5]) that for any = € C; and ¢t > 0 there exists the Bochner integral

A(z) = td f Tu(x)du € Cy. Therefore we define the positive linear contraction A; acting
[0,2]

on Cy, which can be extended (see [1]) to the positive Dunford-Schwartz operator (this

extension we also denote by A;).

The following Theorem is a version of local individual ergodic theorem for flows on
fully symmetric ideals.

Theorem 1. Let Cg be a fully symmetric ideal. If x € Cg, then ||Ai(z) — 2] — 0 as
t—0.

A fully symmetric ideal (Cg, || - ||c,) is said to have order continuous norm if ||z, /¢, 4 0
whenever 0 < z,, € Cg and z,, | 0. It is clear that the fully symmetric ideals (C,, || - |,).
1 < p < 00, have order continuous norms.

The following Theorem is a version of local mean ergodic theorem for flows on fully
symmetric ideals.
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Theorem 2. Let (Cg, || - |lcy) be a fully symmetric ideal with order continuous norm.
If x € Cp, then ||Ai(z) — z|lc, = 0 ast — 0.
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This work is devoted to the application of the inverse scattering theory for integration
of the discrete Sine-Gordon equation with a self-consistent source.

Hirota showed the integrabilty of discrete version of the sine-Gordon equation
and found its Lax pair, Backlund transformations and N-soliton solutions [1|. In
[2] generalization of Hirota’s discretization scheme for the sine-Gordon equation was
considered. The soliton solutions are obtained by extending the generalized inverse method
[3] and the related linear spectral problem for the discrete sine-Gordon equation was
studied in [4].

It needs to point out the sG equations and its close allies are valued in the investigation
of a great variety of diverse fields[5], such as the study of surfaces with constant
negative curvature, or integrable surfaces [6], elementary particle physics, quantum optics,
Josephson junctions [7]|, nonlinear excitations in condensed matter physics|8|, vortex
structures in fluids and plasmas [9].

This study investigate the integration of the discrete sine-Gordon(sG) equation with
a self-consistent source via the inverse scattering method.

The first investigation of the soliton equations with self-consistent sources has been
considered in [10] and still attracts considerable attention in recent years [11-13, see also
their reference].

We consider the following system of equations

N

Onsr — On = 2(sin b0y +sinbn) + > (i Sl + f5ifh,) n € Z, (1)
k=1

On(t)] =0 = 027” € Z, (2)

Ln(zk’wf: = f7]f+1,n €z (3)
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where L, (z,t) = zP,(t) + %Qn(t% Pu(t) = % ( : ;S%i?g)(t) 1 ilré(fgéi)(t) ) ’

1/ 1—cosO,(t) —sinb,(t)
Qn(t) = ) ( —sinfy,(t) 14 cosOy(t) ) ’

0, = 0,(t) and f* = f.(z1,1), ﬁ’f = 0o fu(2k,t) column-vector functions satisfy the
following normalizing conditions

o0 o0

=3 (N @ - Pyoart, B =3 () (i~ P)ouft

i=—00 1=—00

Here ((t), f(t) are given scalar continuous functions and o;(i = 1,2,3) are the usual
Pauli matrices of rank 2.

The purpose of the work is to find the set of functions {6, (t), f*(t)},n € Z supposing
the existence in the class of functions

lim w, = lim sinf;(t) =0, 0,(t) =0(mod2m 4

which is the solution of the considering (1)-(3) problem.

Theorem 1. If the set of functions {6, (t), f*(t)} represent the solution of the (1)-
(3) in the class of functions (4), then the scattering data of the L, (t) operator with the
potential 6,,(t) satisfy the following time evolution equations

2 4+1

R(z) = =2 (22 —

> R(z), |z| =1, z # +£1,

22 +1

2 _
zip — 1

5 =0, Cp = (—2 +5k+3k> Ce,k=1,..,N.

The obtained results completely define the time evolution of the scattering data, which
allows us to solve the problem (1)-(3) by using the method of the inverse spectral problem
of (3) [see 4].

REFERENCES

1. Hirota R. 1977, J. Phys. Soc. Japan, 43, 2079.

2. Orfanidis S. 1978 J. Phys. Rev. D 18 3822.

3. Levi D., Ragnisco O., Bruschi M. 1980, Nuovo Cimento A 58 56.

4. Pilloni L. and Levi D. The Inverse Scattering Transform for Solving the Discrete
Sine-Gordon Equation // Physics Letters A, 92 (1982), 1, pp. 5-81982.

5. Fritz Gesztesy, Helge Holden. A Local Sine-Gordon Hierarchy and its Algebro-
Geometric Solutions // arXiv:solv-int /9707010

6. Bobenko A. I. Constant mean curvature surfaces and integrable systems // Russ.
Math. Surv.46:4 , 1991, 1-45.

7. Dodd R.K., Eilbeck J.C., Gibbon J.D., and Morris H.C. Solitons and Nonlinear
Wave Equations, Academic Press, London, 1982.



Pecnybnukanckas HayuHas Koubepenius CAPRIMCAKOBCKUE YTEHUS, TamkernT-2021 183

8. Borisov A.B., Kiseliev V.V. Topological defects in incommensurate magnetic and
crystal structures and quasi-periodic solutions of the elliptic sine-Gordon equation //
Physica D 31 ,1988, 49-64.

9. Ting A.C., Chen H.H., Lee Y.C. Exact solutions of a nonlinear boundary value
problem: The vortices of the two-dimensional sinh-Poisson equation // Physica 26D |,
1987, pp.37-66.

10. Melnikov V.K. Integration method of the Korteweg-de Vries equation with a self-
consistent source // Phys.Lett. A, 133, 1988, pp.493-496.

11. Da-Jun Zhang , Deng-yuan Chen. The N-Soliton Solutions of the sine-Gordon
Equation with Self-Consistent Sources // Physica A 321, 2003, pp. 46711481.

12. Khasanov A.B., Urazboev G.U. On the sine-Gordon equation with a self-consistent
source // Mat. Tr., 2008, Volume 11, Number 1, 153-166,

13. Babajanov B.A., Fechkan M., Urazbaev G.U. On the periodic Toda Lattice with
self-consistent source // Communications in Nonlinear Science and Numerical Simulation.
2015; 22: 379-388.

On the integration of the Toda lattice hierarchy with an integral type source
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The Toda lattice [1] is a simple model for a nonlinear one-dimensional crystal that
describes the motion of a chain of particles with exponential interactions of the nearest
neighbors. It is shown in the works [2-3] that Toda lattice equation can be integrated by
Inverse Scattering Method for the discrete Sturm-Liuville operator. Integration of Toda
lattice equation with a source are presented in [4-8].

In this work, the Toda lattice hierarchy with an integral type source

( %" - an(Gn—H r+1 — Gn 'r+1) + a, j; fn+1 (M, )gn+1(u, t)

lul= ¥
_fn (“7 t)gn(:u’ t))d,u?

Lo — Hyprrin = Hoppr @ § 2l g0 (1, 6)+
|ul= 1 ”

\ PG gu (0 )dp = ans $ L (Falts gum (o, 8) + Faca G, gl 0))dpr, - (1)

lnl=1

anflfnfl + bnfn + anfn+1 lH‘H fnv

\ Un—19n—1 + bngn + npgnt+1 = #+# 1gn7 n e Z'7
anl0) = %, ba(0) =1, neEZ, )
J
is studied. Where G, ;(t) = > ¢j_s < 0, L(t)%0, >, 0<j<r+1,
s=0

J
H,j(t) =Y 2a,(t)cjms < 6up1, L) 6, > +¢;+1, 0<j<r+1,
s=0
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(L(t)y)n = Gp—1Yn—1 + bnyn + ApYnt1 = Ayna (3)
< O, On >:{ 0, m#mn
1, m=n,

1La>0, Imb =0, nez, > |n|(]a—1|+]H]) <o,

2. The operator L(0) has exactly N eigenvalues A;(0), A2(0), ..., Ax(0) which are out
of the interval [—1; 1].

The main aim of this work is to obtain the expressions of the solutions {a,(t)}>,,
{bn(t)} 2, {fulp, )}, and {g,(u, )}, of the problem (1)-(3) in the framework of
inverse scattering method for the operator L(t).

Theorem. If the functions a,(t), bu(t),fn(1,t),9n (i, t), n € Z are solutions of the
problem (1)-(3), then the scattering data of the operator (3) are given by relations

— =0, k=1,2,.,N 8
dt ) )< ) ’ ()

Pt = (G- a0+

! LU fm:l D(,u,t)d,u) R(z,t)+

22 _

+2mi (Q(2,1) + Q(z 7, 1))R(z,t) + 4miP(z 1), 9)

dB —1\ ~ z Zg—
;t(t) - [(Zk — 219 (2,0) — z,fl—l fﬁm=1 (”18392:) . (b, t)epas ) + alp t)r (s, £))dp

2 S () d () + pl)s(0)dp| Bit), k=1,2,.., N,

p(u—z; ")
(10)

where

Gn.r(2,t) = §,(2, 0), n — —o0,

wt2)pz=1)  (p=2)(pz+1)

D11, t) = (alpa, (s ) + plos, )54, ) [

plp = z) plp—z"1) 7
a(p,t) = p(u, ) B~ 1) + q(p, t)a(p, t),
b(u,t) = p(p, t)a(p™" ) + q(u, 1) B(p, 1),
c(pst) = r(p, ) B, t) + s(p, t)a(p, t),
d(p,t) = r(ps (™t t) + s(u, 1) B, t)

and

Kz
pz; — 1

alp,t) = H

L _ 2y O dS
e{ o [ mO-IRcon AT

ﬁ(/vbia t) = _R(M7 t)a(lllv t)

The relations (8), (9) and (10) determine the evolution of scattering data for the
operator L (t), which allows to use the inverse scattering method to find the solutions of
the Cauchy problem (1)-(3).
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On classification of two-dimensional algebras over any basic field

Bekbaev U. Dj.
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Uzbekistan,
uralbekbaev@gmail.com

In [1] the classification, up to isomorphism, problem of all two-dimensional algebras over
a field FF is solved under the assumption that any second and third order polynomial over
F has a root in it. The main aim of this paper is to get a classification of such algebras
without any assumption on the basic field. The classification will be given in terms of the
matrix of structure constants (MSC) as in [1].

If A is any 2 dimensional algebra with multiplication - given by a bilinear map (u, v) —
u - v whenever u,v € A and e = (e, e2) is a fixed basis for A as a vector space over F
then the algebra A is fully defined its MSC, with respect to the basis e,

A:(%i o %z)eMat(QXZL;IF),

where €161 = (e +5162, €1 €2 = (2€1 +52€2, €9 €1 — (3 —|—6362, €9+ €y = (g€ +6462.
In terms of MSC the isomorphism of of two algebras can be given in the following way.
Definition. Two-dimensional algebras A, B, given by their matrices of structural
constants A, B, are said to be isomorphic if B = gA(g~1)®? holds true for some g €
GL(2,F), where @ stands for the Kronecker product of matrices.
The following is the main result of the paper in Char.(F) # 2,3 case.
Theorem. Any non-trivial 2-dimensional algebra over a field F, Char.(F) # 2,3, is
isomorphic to only one of the following listed, by their matrices of structure constants,
algebras:

. aq (0] 1+Ozg g - 4
AI(C) = ( B —a; 1—a; —ay ) , where ¢ = (a1,a2,&4,51) € I,

a; O 0 «
As(c) = ( 11 By 1—ay 04 > , where ¢ = (aq, ay, B2) € F?, ay #0,
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(a1 0 0 ag \ [ 0 0 a’ay
Ad@“(o By 1—a 0)“(0 By 1—as 0 )’

where ¢ = (a1, ay, o) € F? and 0 # a € T,

Ayc) = ( 501 512 1 _01 ) , where ¢ = (B, B2) € F?,

(w0 0 0 B
A5(c)—( 1 %2 -1 1—ay 0),Where0—a1€IF,

o) 0 0 «
Ag(c) = < 11 l—ar —oy 04 ) , where ¢ = (ay, ) € F?, ay # 0,

_ (™ 0 0 ) ([« 0 0 a’ay

A?(C)_( 0 1—0[1 —Qq 0 >_( 0 1_a1 -y 0 >a

where ¢ — (a1, a1) € F? and 0 £ a € F,
0

As(C):<ﬁ1 10 _1),Wherec:ﬁleF,A9(c):( 0)7

0 1 1 1 0 1 1 1

AIO(C> - < 61 00 —1 ) — < Bi(a) 00 —1 ) )

where polynomial (3,t3 — 3t — 1)(51t% + Bit + 1)(B2t3 + 681t + 351t + 31 — 2) has no root

. _ (BHP4+6B1t2+3B1t+B1—2)>
inF, a € Fand §](t) =+ (ﬁ111€2+ﬁ1t41rl)31 ’

An(c) = 000 1Y\ _ 0 001
W=V s 000 )\ a5 000 )

where polynomial 8, — ¢> has no root in F, ¢ = 31 # 0 and 0 # a € F,

0 11 0 0

— ol
wiv O
W

0 11 0 0O 1 1 0
1412((:):(61 0 0 —1)_(a251 00 _1),Wherec:5leF,O%a€F,

0 0 0
AB:(10 o)'
Similar results are obtained in Char.(F) = 2, Char.(F) = 3 cases as well. These

results can be used also to solve problems considered in [2,3,4,5] in general case. For other
approaches to the classification problem of two-dimensional algebras one can see [6,7].

o O
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Compact-open topology
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Definition 1. Let (X, 7) be topology space. yu ={U,,« € A} family of open sets of
(X, 1) is base if every non-empty open set VG C X are represented as union of U, that
G=U{Us, e A C A} [1].

Let’s define local base

Definition 2. Let p be an arbitrary point in a topological space X . A family j,
of open sets containing p is called a local base at p if for each open set G containing p ,
3G, € B, with the property p € G, C G [2].

Any base (8 has the following properties:

(B1) For any Uy, Us € 8 and every point x € Uy [(Us € B there exists a U € (5 such
that x € U C Uy [ Us.

(B2) For every x € X there exists a U € 8 such that x € U.

Let X and Y arbitrary topologic spaces; forA C X and B C Y define M (A, B) =
{feYX:f(A) cB}

Denote by F the family of all finite subsets of X and let 7 be the topology of Y.
The family 5 of all sets ﬂleM(Ai,Ui), where A; € F and U; € 7 for i = 1,2,..., k,
generates-according to Proposition of bases a topology is called the topology of pointwise
convergence on YX. The family 3 is a base for the space Y* witht the topology of
pointwise convergence.

Definition 3. The compact-open topology on Y¥ is the toplogy generated by the
base consisting of all sets ﬂle M(C;, U;), where C; is a compact subset of X and U; is an
open subset of Y fori=1,2,3,..., k.

Let’s solve example.

X and Y be real line and f continuous mapping from R to R that X =Y = R and
f:R— R.

For M(C,U) = {f € RE: f(C) C U} compact-open topology on R we check follows:

1. What is weight

2. What is network weight

3. What is m-weight
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4. What is m network weight of topological space 7

Theorem . If the weight of both X and Y is not larger than m¥y and X is a locally
compact space, then the weight of the space Y with the compact-open topology is not
larger than m.
Proof. Let 3 be a base for X such that || < m, finite unions of members of /3 belong to
f and [V] is compact for every V' € f; let D be base for Y such that |D| < m and finite
unions of members of D belong to D. The family & consisting of all sets M ([V]; W),
where V € 8 and W € D has cardinality < m, so that to complete the proof it suffices to
show that £ is a subbase for the space R¥. Indeed for every f € R, a compact subset of
C of X and an open subset U of Ysuch that f € M(C;U), there exist a V € 3 satisfying
CcVclV]c fHU)and aW € D satisfying f([V]) C W C U. Therefore, we have
feM(V;W)cC M(C;U) and M([V];W) € £

We now introduce the concept of a networks:

A family N of subsets of a topological space X is a network for X if for every point
x € X and any neighbourhood Ox there exist an M € N such that that x € M C Ox.
Clearly, any base for X is a network for topological space X: it is a network of a special
kind, namely, all members of which are open. The family of all one-point subsets of a space
is another example of a network. The network weight of a space X is defined as the smallest
cardinal number of the form |N|, where A is a network for X; this cardinal number of
the is denoted by nw(X). Clearly for every topological space X we have nw(X) < w(X)
and nw(R) < |X|.

Let us note that if there exists a network Nfor X such |N| < m, then X has a dense
subset of cardinality < m so that for every topological space X we have d(X) < nw(X).
In my example X and Y be real line. Since w(R) = Ry, nw(R) < w(R) and nw(RT) <
nw(R), follows that nw(RE) = V.

Let’s introduce the concept of a m—base:

Definition 4. If 5 C 7(X)\{0} is called to be a m—base of X is for every non-empty
open set G there is a U, € § with U, C G. [4]

7(X) = min{|3| : 8 be a 71— base of X}
m(X) is called the m—weight of X.
B(z)= {U%(x) :n € N} base of . © € X such that Oz= U%(x) . there exist ng € N

such that n < ng ,then U,% (x) € G . Let’s define m— weight of X. Since any base
for X is m— base for X, then m(R) < w(R). Since w(R) = Ry and 7(R) < w(R), then
7(R) = Ny. For every topological space X and Y real line 7(R®) < 7(R) is satisfied. So
that m(R®) = N,.

We now introduce m— network:

Definition 5. Let’s X be arbitrary topological space and M = {M,,« € A} family
of all subsets of X topological space. M family is 7— network , if for any U C X open
sets there exist M, € M such that. M, C U
nm(M) = min{|M| : M be a 7— network of X}

nm(M) is called the m—network weight of X.

Clearly, any network for X is a m—network for topological space X. Since N family is
network for X topologic space there exist M € N set such that z € M C Ox.

For every U € R open sets there exist M, € M such that M, C U. We define
M,. Let’s choose an arbitrary neighbourhood U of = such that U= U% (x). There exist
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M, € M then M, C U. It is clear that any network for X is m— network for X, then
nm(X) < nw(X). Since nw(R) = Xy and nw(R) < nw(R), then nw(R) = Xy. For every
topological space X and Y real line nw(R") < nm(R) is satisfied. So that nm(R?) = N,.
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The minitightness of space of the permutation degree
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It is known that a permutation group is the group of all permutations, that is one-
to-one mappings X — X. A permutation group of a set X is usually denoted by S(X )
Especially, if X = {1,2,...,n}, then S(X) is denoted by S,,. Let G be a subgroup of the
permutation group S,, (groups of all permutations of n elements) and let X be a compact.
The group G acts on the n-th power of the space X as permutation of coordinates. The
set of all orbits of this action with quotient topology we denote by SPZX. The space
SPLX is called G-permutation degree of the space X. In particular, it G = 5,, then
SPLX = SP"X [1].

Definition 1. [2]. Let X and Y be topological spaces. A function f: X — Y is said
to be strictly 7-continuous if for every subspace A of X such that |A| < 7, the restriction
of f to A coincides with the restriction to A of some continuous function g : X — Y.

In 2] A.V.Arhangelskii introduced cardinal invariant so called the minimal tightness
of a topological space as follows:

Definition 2. [2]. The minitightness of a space X is

tm(X) =min{7 : 7 is an infinite cardinal and every strictly

T-continuous real-valued function on X is continuous}

Recall that a subset A of a topological space X is called 7-closed [3] if for some B C A,
|B| < 7 we have [B] C A. 7 -closer of the set A is defined as [A], = J{[B] : B C A, |B| <
Tt

} A space X is called 7-bounded, if the closure in X of every subset of cardinality at
most 7 is compact [3].

Theorem 1. 7-bounded subspace of Hausdorff space is 7-closed.

Theorem 2. 7-closed subset of 7-bounded space is also 7-bounded.

Theorem 3. A topological space X is 7-bounded if and only if SP"X is 7-bounded,
where n is a natural number.

Theorem 4. For any infinite topological space X we have t¢,,(X) = t,,(SP"X).
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The organisms living in a river systems a exposed to incorrect currents in the
downstream direction. One of the most pressing issues today is how to manage the flow
direction without harming the flow ecology, how to save the organisms living in the flow
from being washed away and lost. Various researches on this issue are currently being
carried out by the world’s leading biological, ecological and mathematical scientists. In
[1,2] studies, models of reaction-diffusion equations, based on the theory of metric graphs,
were used to study the topological structures of river networks, the problem of survival
and extinction of species.

We use these equation to model the population growth and spread of a new species in
some simple river networks, hoping to gain a fuller understanding of the effect of the river
network structure on the population dynamics. Let Dy = {(x,t) : =1 <2 <0,0<t < T}
denote the lower part of the river, and Dy = {(z,t) : 0 < x < [,0 <t < T} denote the
upper part of the river.

dy (W) uy — Ugy — Yy = u(ay — byu)  (t,x) € Dy, (1)
da(V)Vy — Vyy — CoU, = v(ag — bov)  (t,x) € Dy, (2)
ds(w)wy — Wyy — 3w, = w(az — bsw) (t,x) € Dy, (3)
u(0,2) = ug(x), —1<z<0, (4)

v(0,2) =vo(z), —-1<x<0, (5)

w(0,z) = wo(x), 0<az<l, (6)

u(t,=l) =ov(t,—-l) =w(tl) =0, 0<t<T, (7)
u(t,0) =v(t,0) =w(t,0), 0<t<T, (8)

kiug(t,0) + kovg(t,0) = ksw,(¢,0), 0<t<T, 9)
where u,v,w is the population density in the river, d;(u),ds(v),ds(w) is the positive
definite functions , a;, b;, ¢;, k; are positive constants,i = 1,2, 3.

We first, consider two-sided estimates are established for u(t,z),v(t,x),w(t,z) , and
then estimates for the higher derivatives | u, v, w |14q, | ¥, v, W |214 - [3, 4].
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On estimation of distribution function under right random censoring
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Introduction. Censored data occur in survival analysis, bio-medical trials, industrial
experiments. There are several schemas of censoring (from the right, left, both sides,
mixed with competing risks and others). However, in statistical literature right random
censoring is a very spreading, in so far as it is easy described from the methodological point
of view. Here we also consider this kind of censorship in order to comparing our results
with others. Let X7, X5, ... and Y7, Y5, ... be two independent sequences of independent and
identically distributed (i.i.d.) random variables (r.v.-s) with common unknown continous
distribution functions (d.f.-s) F' and G, respectively. Let the X; be censored on the right
by Y;, so that the observations available for us at the n — th stage consist of the sample
C™ = {(Z;,6;), 1 <j <n}, where Z; = min (Xj,Y}) and 0; = I (X; <Y;) with I (A)
meaning the indicator of the event A. The main problem is consist of nonparametrical
estimating of d.f. F' with nuisance d.f. G based on censored sample C'™. In [1] we proposed
following estimator of F (¢):

FYR () = 1= (1= H, (1)), (1)

where B (1) = (A (0)7 [ Lpn () Ay () A (1) = L300, B0 (1) =
(

S I(Z; <t) and

where the kernel k(-) is a given probability density function and {h = h(n), nl} is
a bandwith sequence. In [1] the strong uniform consistency and asymptotic normality
of estimator FP®(t) are established. In order to formulate these results we need some
definitions and conditions. Let’s denote

r(n) = h? (n) + (nh (n))? (logn)"/*.

Consider following conditions.

pn@):[#n)zk( ,

j=1
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(Cl) (F,G) € K = {(F,G): N¢e(\Na¢ #0, P(X; <Y;) € (0,1)}, where Np =
{t: 0<F(t)<l1}and Ng={t: 0<G(t) < 1};

(C2) Numbers «, § and « are such that: min{H (), 1 — H (8)}~v(0,1), a > 1 =
sup{t: H(t)=0}and 8 < Ty =inf{t: H(t) =1}, [o, 8] # 0

(C3) Forallnl: P(0<v, <n)=1;

(C4) k is a symmetric, continuous, twice continuously differentiable and of bounded
variation density function with compact support;

(C5)Density ¢ (t) = H' (t) exists, is four times continuously differentiable at t € [«, f]

and sup ¢ (t) > 0;
ast<p

(C6)p (t) is four times continuously differentiable at ¢ € [, §];
(CT)n'=¢ - h(n) — oo for some € > 0, >.>7 h*(n) < oo for some A > 0 and h* (n) =

o (om0 (o2 (1)) )

Counsider random functions

p(t) " I(Z<u)-H(u) ,

o1 12) = (LS T2 <= H0) (i) = [ ZEE0 0y i
B N Ty AR )
S0‘9’@’2’5)_/0016( h )'1—H(u)d“'

In the next theorem, the difference F,,”#(t) — F'(t) can be approximated by summ
of i.i.d. random functions on ¢ with the rate for the remainder term tending to zero at

n — oo almost surely.
Theorem 1. Under the conditions (C1) — (C7),

F,7R(8) = F(t) = (1= F(8) Ua () + Qu (¢),
where W, (t) = £ 37" (o1 (& Z;) — 2 (8 Z;) + 3 (45 Z;, 6;)] , with

sup. [0, ()20 (max{(r(n) g, 5"} ).

ast<p

Theorem 2. Under assumptions of theorem 1, at n — oo

1
sup |EL (1) ()] = <max{7‘ )logn,(%)lﬂ}) :

alt<p

Theorem 3. Under the assumptions of theorem 1 and if
(C8) nh? (n) (logn)~® — oo, nh® (n) (logn)* — 0 and A3 (n) (logn)® — 0 as n — ocofor
any t € [, 3] :
1. If nh* (n) — 0, then n'/2 (KPR (¢
2. If nh* (n) — C4, then n!/? (FéD
where b(t) = C*(1—F(t)
v (t

(1-F (1)’ >( i
t (w)q(u)+p (u)g (u))du
a(ty = [* T = [ on w)du, (1) = 505

F,BE and F,PE.

)~ F (1)) 5 N (0,02(t)),
(t>—F§))—>N( (t),0% (1)),

R ( o
Ja(t)d(k),d(k) = [u’k*(u)du, o*() =

At the end we present some pictures of d.f. F, estimator
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*-Automorphisms of AW *-algebras
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Let B(H) denote the algebra of all bounded linear operators on a complex Hilbert
space H. W*-algebra is a weakly closed complex *-algebra of operators on a Hilbert space
H containing the identity operator 1. The set M’ of all elements from B(H) commuting
with each element from M is called the commutant of the algebra M. The center Z(M)
of a W*-algebra M is the set of elements of M, commuting with each element from M. It
is easy to see that Z(M) = M (\M'. A W+-algebra M is called factor, if Z(M) consists
of the complex multiples of 1, i.e if Z(M) = {1, A € C}.

Let e, f, h be projections from M. We say that e is equivalent to f, and write e ~ f,
if e = w*w, f = ww* for some partial isometry w from M. A projection e is called: finite,
if e ~ f < e implies f = e; infinite - otherwise; purely infinite, if e doesn’t have any
nonzero finite subprojection; abelian, if the algebra eMe is an abelian W*-algebra. A WW*-
algebra M is called finite, infinite, purely infinite, if 1 is a finite, infinite, purely infinite
respectively; M is o-finite, if any family of pairwise orthogonal projections from M is at
most countable; semifinite, if each projection in M contains a nonzero finite subprojection;
properly infinite, if every nonzero projection from Z (M) is infinite; discrete, or of type I,
if it contains a faithful abelian projection (i.e. an abelian projection with the central
support 1); continuous, if there is no abelian projection in M except zero; M is of type
I1, if M is semifinite and continuous; type lg, (respectively 1), if M is of type I and
finite (respectively properly infinite); type II; (respectively type Il), if M is of type II
and finite (respectively properly infinite); type III, if M is purely infinite. It is known
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that any W*-algebra has a unique decomposition along its center into the direct sum of
W*-algebras of the Ig,, I, 11y, I1o, and III types (see [1]).

A linear mapping o : M — M is called a *-automorphism if a(z*) = a(z)* and
a(zy) = a(x)a(y), for all z,y € M. A *-automorphism « is called inner if there exists

a unitary u in M, such that a(x) = Adu(x) = uzu*, for all x € M. We shall denote

by Aut(M) the group of all *-automorphisms and by Int(M) the group of all inner *-

automorphisms of M. Two *-automorphisms « and S are said to be conjugate, if o =
0-3-0-! for some *-automorphism 6.

By a (complex) C*-algebra we mean a complex Banach *-algebra A such that the
relation ||a*a| = ||al|* holds for any a € A.

Let A be a complex *-algebra and let S be a nonempty subset of A. Put

R(S)={x € A| st =0 for all s € S}
and call R(S) the right-annihilator of S. Similarly

L(S)={zx € Al zs=0forall s € S}
denotes the left-annihilator of S.

Definition. A *-algebra A is called a Baer *-algebra if for any nonempty S C A,
R(S) = gA for an appropriate projection g.

Since L(S) = (R(S*))* = (hA)* = Ah the definition is symmetric and can be given in
terms of the left-annihilator and a suitable projection h. Here S* = {s*| s € S}.

Definition. A (complex) C*-algebra A which is a Baer *-algebra is called a (complex)
AW*-algebra.

Every W*-algebra is, of course, an AW*-algebra, however, the converse is not true.
Now, we will given auxiliary result from [2].

Theorem 1. ([2], 4.6.12) Every AW*-factor of type I is a W*-factor which is
isomorphic to B(H).

Since any *-automorphism of B(H) is inner, then we obtain the main result of the
article

Theorem 2. Any *-automorphism of a (complex) AW*-factor of type I is inner.
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Equivalence of curves with respect to the action of the Pseudo-Galilean
group
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Let R™ be the n-dimension linear space over the field R of real numbers, and let
GL(n,R) be the group of all invertible linear transformations in R". Let ¥ = {z;}"_, € R",
9 = (9ij);;-, € GL(n,R), zj,9;5 €R, 4,5 = 1,...,n. The action g in R" is the usual
multiplication of n x n-matrix g on a column-vector # (notation: g).

Let p € {1,...,n — 1}. Consider in R" the bilinear form [z,y] = z1y1 + -+ + Tpyp —
Tpi1Ypt1 — -+ — TpYn. The pseudo-orthogonal subgroup in GL(n,R) is defined by the
equalities O(n,p) ={g € GL(n R) : g%, 9y) = [Z,9) V Z,7 € R"}.

Let now fix p € {2,...,n — 1} and define in R” the pseudo-Galilean metric d,(, )

vi)?,

p n
as follows: d,(Z,4) = |z1 — 1, if 21 # y1, and d2( 7 => (i — ) — > (i

=2 i=p+1
x1 = y1. The pair (R",d,) is called the pseudo-Galilean space (|4], Ch. 5, section 4) and
is denoted by PT',,.
Let & = (0,...,0,1,0...,0) be the standard basis in R", where the unity
stands on the i-th position, i = 1,...,n. Put U, = {aé : a« € R}, 'V, =

{Zaia: a, €R, i=2,....,np. It is clear that G, = {9 € GL(n,R) : gU, =

=2
Un, gVn = V,} is a subgroup in GL(n,R).
Let TO(n,p) = {g = (9i5)7; € GL(n,R) : g ==£1, gn =0, i =2,...,n, gV, =
Vi, (9i)f =0 € O(n—1,p)}. It is know that I'O(n,p) is a subgroup in GL(n,R) (see [3])
which is called the group of pseudo-Galilean transformations of the space T°,,.

Denote by I the interval (a,b) C R (the cases a = —oo or b = +00 are possible).
An [-path is a vector function #(t) = {z;(t)}7_;, € R", ¢t € I, such that the coordinate
functions z;(t), j =1,...,n, are C*-differentiable.

Let G be a subgroup in GL(n,R). I-paths Z(t) and i(t) are called G-equivalent if there
exists g € G such that y(t) = g#(t) for all ¢t € I.
The r-th derivative of the I-path Z(t) = {z;(t)}"; is the vector-function #")(t) =

{1: T) ] 1, Where my) (t) is the r-th derivative of the coordinate function x;(t), j =
1,. —1,2,....
We say that the I-path Z(t) = {=;(t)}}, is a [O(n,p)-regular if det M, (Z(t)) # 0

for all £ € I, where M,_1(Z(t)) = (xg.“(t)) a0 = 2(8), 5=2,....n
i=0,1,...n—2, j=2,...n

It is know the following criterion of I’O(ﬁ, p)-eqﬁivalence for T'O(n, p)-regular I-paths
(see ([3], Theorem 9)): T'O(n, p)-regular [-paths Z(t) and y(t) are ['O(n,p)-equivalent

p n

if and only if equality y;(t) = 21(¢) and the equalities S (zM(1)2 = 3 (™ (1))? =
i=2 i=p+1

(B N2 S (R )2

Yy, () — > (y;7'(t))” hold for all k =0,1,...,n—2and t € I.

i=2 i=p+1

Two paths © : I; — R" and v : I, — R” are called D-equivalent, if there exists
C*-differentiable function ¢ from I onto Iy, such that ¢'(t) > 0 and y(t) = Z(p(t)) for
all t € I,. It is clear that D-equivalence of paths is an equivalence relation on the set of
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all paths. A class v = (&) of all pathes that are D-equivalent to the path Z(t) is called
an oriented curve generated by this path. In this case, a path ¢ from class v is called a
parametrization of ~.

Bellow we consider the Galilean I-paths & = {{x;(t)}7_, : t € I'}, i.e. the I-paths that

xgl)(t) # 0 for all t € I. We sat that an oriented curve v is a Galilean I',,-regular curve, if

v = (&), where Z(t) is a Galilean I';,-regular I-path.

Let G be a subgroup in the group GL(n,R), g € G, let Z(t) be an I-path, v = v(Z(t)),
and let gy = v(g(#(t)). The curves 7, and ~, are called G - equivalent, if there exists
g € G such that v9 = gv. It is clear, that G-equivalence of paths Z(t) and () implies
G-equivalence of curves v(Z) and ~y(%). The converse is generally not true.

d

Let Z(t) be a Galilean I-path, and let [z(c,d) = f\xgl)(t)\dt >0, [c,d C I.1If
I = (a,b) we set lz(a,d) = lim._,,0z(c,d) and lz(c,b) = limg ¢ lz(c,d). We say that
an [-path Z(t) has the type (L1), if lz(a,d) < oo and lz(c,b) < oo; (L2), if Iz(a,d) < oo
and lz(c,b) = +o0; (L3), if lz(a,d) = 400 and lz(c,b) < oo; (L4), if Iz(a,d) = +oo and
lz(c, b) = 4o00.

Using types (L1) — (L4) we define the interval I(Z) = (A(Z), B(Z)) C R as in papers
[1], [2]. Consider now a special parametrization for Galilean /-path Z(t). Define a function
pz from I = (a,b) onto I(¥), using the following rule [1], [2]: If an I-path Z(t) has (i)
a type (L1) or (L2), then pz(t) = lz(a,t); (i1) a type (L3), then pz(t) = —lz(¢,b); (i) a
type (L4), then, by choosing a fixed point a; € I, pz(t) = lz(as, ).

The function pz(t) is C*°-differentiable and p’;(t) > 0 for each t € I. In particular, there
exists an inverse function ¢z(s) from I(Z) onto I, in addition, ¢z is a C*°-differentiable
function and ¢}(s) > 0 for all s € I(Z). Therefore, @(s) = Z(gz(s)) is a Galilean I(Z)-path
and (7) = (1)

The following Theorem follows gives an equivalence criterion of curves with respect to
the action of group I'O(n, p).

Theorem. Let v and 8 be a curves, generated by I',-regular Galileo I-path ¥ and
I,,-regular Galileo J-path ¢, let @(s) = Z(gz(s)), s € I(Z), 0(r) = §(qz(r)), r € I(¥). Then
the curves v and /8 are I'O(n, p)-equivalent if and only if (%) = I(y), v1(t) = £u4(t) and
S0P - 3 @) = P07~ 3 @) hold for all k=0,1,...,n 2

i=2 i=pt1 i=2 i=pt1
and t € 1(Z).
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In the 1963, the paper Hubbard J. [1], where a simple model of a metal was proposed

that has become a fundamental model in the theory of strongly correlated electron
systems. The Hubbard model is currently one of the most extensively studied multielectron
models of metals. The spectrum and wave functions of the system of two electrons in a
crystal described by the Hubbard Hamiltonian were studied in [2]. It is known that two-
electron systems can be in two states, triplet and singlet [2]. It was proved in [2]| that
the spectrum of the system Hamiltonian H*® in the triplet state is purely continuous and
coincides with a segment [m, M|, and the operator H* of the system in the singlet state, in
addition to the continuous spectrum [m, M], has a unique antibound state for some values
of the quasimomentum. Here, we consider the energy operator of two-electron systems in
the Impurity Hubbard model and describe the structure of the essential and discrete
spectra of the system for singlet state. The Hamiltonian of the chosen model has the form
H = AZm;y ajn,’yamﬂ + BZm,T,’y a;,vam"rT,’Y + UZm ar—;,Tam»TaT—;,iamvi + (AO -
A)> y aaf L0,
+(Bo — B) 3, (ag,ar + at ao,) + (U — U)ag rao rag  ao,y.-
Here A (Ap) is the electron energy at a regular (impurity) lattice site, B (By) is the
transfer integral between (between electron and impurities) neighboring sites (we assume
that B > 0 (B, > 0) for convenience), and the summation over 7 ranges the nearest
neighbors, U (Up) is the parameter of the on-site Coulomb interaction of two electrons in
the regular (impurity), v is the spin index, and a;, | and a,,, are the respective electron
creation and annihilation operators at a site m € Z%.

The Hamiltonian H acts in the antisymmetric Fo’ck space H,s. Denote by ¢y the
vacuum vector in the space H,s. The singlet state corresponds two-electron bound states
(or antibound states) to the basis functions: s, ,, = f{amTan L= ah oo

The subspace ﬁ correspondlng to the singlet state is the set of all vectors of the

form ¢ =3 . (m N)Smons f €15, where I3 is the subspace of symmetric functions
in [5((Z")?). In this case, the Hamﬂtoman H acts in the symmetric Fock space Hs.
Theorem 1. The subspace Hj is invariant under the operator H, and the restriction
H3 of operator H to the subspace H5 is a bounded self-adjoint operator. It generates a
bounded self-adjoint operator F;, acting in the space l5. The operator H3 acts on a vector

Y e H; as Hjyp = Zp,q(H;f>(pa q)Sp.q-

In the quasimomentum representation, the operator H, acts in L5((T%)?) as
(ﬁsf)(/\ 1) = 2Af (A, 1) + 2B Y7 [cos Xi + cos ] f(A 1) + U fo, s, X+ 1 — s)ds+
1 [ f(s,)ds + 1 [, f(A t)dt +2e3 [ Do 1[cos S; + cos )\i]f(s,u)ds—ir
229 [, D1y [cost; 4+ cos ,uz]f()\ t)dt + €3 [, [p f(s,t)dsdt,
where L3 is the subspace of Symmetrlc functions in Lg((T”) ).

Theorem 2. Letv = 1. Then A). Ifeo = —B, 1 < —2B (respectively, e = —B, 1 >
2B,) then the essential spectrum of the operator f[; consists of the union of two segments
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UGSS(HS) [2A —4B,2A+4B|U[A—2B + 2, A+ 2B + z|, and the discrete spectrum of
Hs consists no more than three points O'dlsc(H ) = {2z, 23,24}, where z = A+ e;.

B). Ifeo = —2B, 1 < 0 (respectively, e; = —2B, €1 > 0), then the essential spectrum
of HS consists of the union of two segments: oos(H3S) = [2A — 4B,2A + 4B] U [A —
2B+ z, A+ 2B + z|, and discrete spectrum of f]g’ consists mo more than three points:
Oaise(HS) = {22, 23, 24}, where z = A — \/AB% + &2 (respectively, = = A+ \/AB2 4 £2).

C). If 1 =0, €9 > 0 (respectively, 1 = 0, €9 < —2B), then the essential spectrum of
ﬁ; consists of the union of two segments: aess(flzs) :~[2A —4B,2A+4B|U[A - 2B +

z, A+ 2B+ z|, and discrete spectrum of the operator Hj consists of no more than three

points: oaise(HS) = {22, 23, 24}, where z = A — \/23;15 (respectively, (z = A+ \/2;;7'9))

B+82)2
and E = —52+2352

D). If & = @, (respectively, 1 = —%), then the essential spectrum

of HS consists of the union of two segments: ooss(HS) = [2A — 4B,2A + 4B] U [A —
2B + z, A+ 2B+ z|, and discrete spectrum of HS consists of no more than three points:

szsc( 5) = {2z, 23,24}, where z = A+ 2BE§ Jlrl (respectively, z = A — QBEE lel ), and
E = (B+e2)?
T e3+2Bey”
2 2
E). If e > 0, €1 > w (respectively, 9 < —2B, & > W), then the
essential spectrum of Hj consists of the union of two segments: o.ss(Hy) = [2A —

4B,2A +4B]U[A = 2B + z, A+ 2B + z|, and discrete spectrum of H5 consists of no
2B(a+EvVE?—14+a?)

more than three points: adisc(ﬁg) = {2z, 23,24}, where z = A + T , and
— (Bte2)?
E= E%+2§62 :
2 2
F). Ifes >0, g1 < —w (respectively, 9 < —2B, g < —@), then
the essential spectrum of HS consists of the union of two segments: o.ss(H5) = [2A —

4B,2A+4BJU[A—2B+z, A+2B+z|, and discrete spectrum of Hj consists no more than

. s a 2 _1+a2 2

e ot 1) (35}, e+~ 4 BB 0y B
and the real number « > 1. ,

K). If 2 > 0, —@ <eg < M (respectively, eo < —2B, ——2(52+;B€2) <

g1 < @), then the the essential spectrum of H§ consists of the union of three
segments: 0ess(HS) = [2A—4B,2A+4BJU[A—2B+ 2, A+ 2B+ z;|U[A—2B + 2, A+
2B + z|, and discrete spectrum of Hj consists of no more than five points: og;sc(Hjy) =

{221721 + 227222723724}7 where 2 = A+ QB(OHrEE\/QEQl 1+a2) 2y = A+ 2B(a— EE\/2E21 1+oz2)
E= 6(53:%, and |af < 1.
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It is well known that symmetric Leibniz algebras are generalizations of Lie algebras that
are close to Lie algebras. Any Lie algebra is a symmetric Leibniz algebra. However,the
class of symmetric Leibniz algebras is far more bigger than the class of Lie algebras.
S.Benaydi and M.Bordemann gave a natural method for integrating symmetric Leibniz
algebras, which are both right and left Leibniz algebras. This method is based on the
characterization of simmetric Leibniz algebras given in [1|. Using this method we obtain
the description of five dimensional symmetric Leibniz algebras which underlying Lie
algebra is isomorphic to five dimensional model filiform Lie algebra.

Definition 1. An algebra (£, [—, —]) over a field F is called Lie algebra if for any
u,v,w € L the following identities:

[u7 [U7w]] + [1), [U}, u]] + [w7 [u7 UH =0

[u,u] =0

hold.

Definition 2. 1) An algebra (£, -) is said to be a left Leibniz algebra, if for each u € L,
the operator of left multiplication L, : £ — £ defined as L,(v) = w - v is derivation. That
is,for any u,v,w € L we have the following identity

u-(v-w)=(u-v) w)+v- (v w). (1)

2) An algebra (£, ) is said to be a right Leibniz algebra, if for each u € L, the operator
of right multiplication R, : £ — £ defined as R,(v) = v - u is derivation. That is,for any
u,v,w € L we have the following identity

(v-w) u=@w-u) - wt+v-(w-u). (2)

3) If (L£,-) is both a right and a left Leibniz algebra then it is called a symmetric
Leibniz algebra.

Let £ be real vector space equipped with a billinear map - : £ x £ — L. For all
u,v € L, we define |-,-] and o as follows

[u,v]:%(u-v—v-u) uovzé(u-v%—v-u). (3)
Proposition 1 [2|. Let (£,-) be an algebra. The following assertions are equivalent:
1. (£,-) is a symmetric Leibniz algebra.
2. The following conditions hold:
(a) (L,[—,—]) is a Lie algebra.
(b) For any u,v € L, uo v belongs to the center of (L, [—,—]).
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(¢) For any u,v € L, ([u,v]) ow =0 and (uowv)ow = 0.

According to this proposition, any symmetric Leibniz algebra is given by a Lie algebra
(L,]—, —]) and a billinear symmetric form w : £ x £ — Z(L) where Z(L) is the center of
the Lie algebra, such that for any u,v,w € L

w([u, v}, w) = w(w(u,v),w) = 0.
Then the product of the symmetric Leibniz algebra is given by
u-v=[u,v] +uowv.

Proposition 2 [2]|. Let (G, [—, —]) be a Lie algebra and w and p two soutions of (5).
Then (G, -,) is isomorphic to (G,-,) if and only if there exists an automorphism A of
(G, [—, —]) such that p(u,v) = ATDw(Au, Av).

We will now consider the problem of constructing symmetric Leibniz algebras
connected by five-dimensional model filiform Lie algebra Lie algebra. Consider the Lie
algebra G5, with non-washing Lie brackets given by

[64,65] = €3, [63765] = €2, [62765] = €.

It is known that the center is Z(Gs1) = {e1}. By applying Proposition 1 and by doing
a straightforward computations, we get the corresponding symmetric billinear w satisfying
the equation (5)

w(eys, eq) = aer, wles, es5) = Per, wleq, es) =yey

where (a, 8,7) # 0.

We use now Proposition 2 to obtain the classification of symmetric Leibniz algebras
whose underlying Lie algebra is G5 1. We cosider the group of the automorphisms of Gs 1
given by

a44(a55)3 a34(a55)2 Q24055 A14 Q15

0 asu(ass)? asaass as ags
T = 0 0 (44055 (34 O35
0 0 0 Q44 Qg5
0 0 0 0 Q55

Now we are ready to formulate our main result of the work.
Theorem. Let L, - be a simmetric Leibniz algebra whose underlying Lie algebra is
Gs.1. Then L is isomorphic one of the following pairwise non-isomorphic algebras:

I { [es;e5] = —[es,eq] = €3, [e3,e5] = —[es,e3] = €2, [e2,e5] = —[es, €] = e,
! [64765] =€ [64,64] = €1, [65,65] =é€1
EQ : [64765] - _[65764] = €3, [63765] = _[65763] = €9, [62765] = _[65762] = €1, [64764] = €1.
Ls: [64765] = —[65764] = €3, [63765] = —[65763] = €2, [62765] = —[65762] = €1, [65765] = €1.

Ly: [64765] = —[65764] = €3, [63765] = —[65763] = €2, [62765] = —[65762] = €1, [64,6’5] = €1.
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Let X, be the set of strictly increasing pairs of functions (f(z), = € [-1,0], g(x), = €
[0, ], a > 0) satisfying the following conditions:

e f(0)=a, g(0) = —1;
f(=1) = g(a);
f(9(0)) = ( 1) <0;
. f(2)(g( ) =
o f(x)€ C’QJFE([—l,O])7 g(z) € C*™([0, a]) for all € > 0.
o 11(0) £ 4.(0).

These conditions allow us to define a circle homeomorphism Gy, on [—1,«) from a pair
(f,9) € Xy with break point 2, = 0 (and possibly with a second break point z, = —1 if

f'(=1) # ¢'()) as follows

f(x) if z€[-1,0),
Grg(t) = { g(z) if z€[0,a).

Using the map [ : [—1,a] — S with I(z) = % we get a circle homeomorphism
loGpgol™ on S' = R mod 1, which we denote for simplicity also by G, whenever
its domain of definition is clear. We define the rotation number p(Gy,) of Gy, by the
rotation number of this circle homeomorphism when acting on S* (see [1]) . Denote by

Xpr(w) the subset of (f, g) € X with p(Gyy) =w = @ the golden mean.

Define a renormalization transformation Ry, : Xp.(w) — Xp-(w) as follows:

Ry (f(x),9(2)) = (f(2), « € [-1,0}; glz), = €[0,a']),

where

f@) = —a " f(g(=ax)), §(x) = —a " f(-az), o = —a ' f(-1).



202  Pecnmybmmkamckas HayyHas KoHbepenmus CAPHIMCAKOBCKUE YTEHMA, TamkernT-2021

Vul et al. in [2] proved, that R, : Xp(w) — Xp.(w) has an unique periodic orbit
{fi(x,¢),9i(x,¢c;),i = 1,2} of period two, that means

Rbr(fl(x>cl)agl(xvcl)> = (f2($702),g2<l‘702)),
RbT(fQ(I702)a92(‘T702>> - (fl(x7cl)agl<x’cl))'

Using the pairs of functions (f;, g;), ¢ = 1,2 we can define two circle homeomorphisms
Gi: -1, ] = [-1,), i = 1,2, as

. . fi(ZB,CZ‘) if xe€ [—1,0),
Gz(x) o { gi<l’,Ci> if ze [O, Oéi).

We rename the homeomorphism of the circle S* corresponding to G by Gy,. We denote
by B(G,) the set of all circle homeomorphisms which are C'*¢ conjugate to Gy,

A. Dzhalilov and J. Karimov in |3] constructed the thermodynamic formalism for maps
of B(Gy,). Denote the space of infinite words

Q:={a=(a,a9,...,an,...), a, =a,0,1, such that,a,; =0, iff a, = a, nl}.

It is showed [3] that G € B(Gy,) , there is universal continuous (on Tychonoff topology)
function Uy : Q — (—00,0) , called potential function (or potential), corresponding to G.
Moreover, it is proved that the potential U, exponentially weakly depend on variables.
Notice that such potentials are "good"in statistical mechanics [4].

Let 0 : Q@ — Q be the shift map o(b); = b;1,7 > 1. Denote by C(2) the space of
continuous functions .

Next we define the Ruell’s transfer-matrix operator :

(Dsf)0) = > O () (1).

z€o~1(b)NQ

It is well known [4] that the operator Dg, 5 > 0 has the leading eigenvalue Ag. The
behavior of leading eigenvalue Ag as function of 3 is one of important problem of statistical
mechanics [4].
We formulate our main result.
Theorem 1. For arbitrary real numbers 5 and § with 1 < § < (3 the following inequality
holds
>\6,5 < >\€57
where N, is the leading eigenvalue of the transfer operator D, defined in (1).
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The Cayley tree I'* of order & > 1 is an infinite tree, i.e., a graph without cycles, from
each vertex of which exactly k + 1 edges issue(see [1]). Let IT* = (V, L,4) , where V is the
set of vertices of I'*, L is the set of edges of I'* and i is the incidence function associating
each edge | € L with its endpoints xz,y € V. If i(l) = {x,y}, then 2 and y are called
nearest neighboring vertices, and we write [ = (z,y). The distance d(z,y),z,y € V on the
Cayley tree is the shortest path from x to y.

For the fixed 2 € V (as usual, z° is called a root of the tree) we set

W,={z eV | dz,2") =n}.

We write x < y if the path from z° to y goes through = and |z| = d(z,2°), z € V.

It is known that there exists a one-to-one correspondence between the set V' of vertices
of the Cayley tree of order £ > 1 and the group Gy of the free products of k£ + 1 cyclic
groups {e,a;}, i = 1,...,k + 1 of the second order (i.e. a? = e, a; # ¢) with generators
A1y A2y evy Qfgy1-

Let S(z) be the set of “direct successors"of = € Gy, i.e.,

S(x) ={y € Wyi1| d(y,z) =1}, x € W,.

Also, Si(z) is the set of all nearest neighboring vertices of x € G, i.e., S1(z) = {y € Gk :
(r,y)} and x, = Sy(x) \ S(x).

The index of a subgroup is called the period of the corresponding periodic configuration.
A configuration that is invariant with respect to all cosets is called translation-invariant.

Let G /Gy = {Hx, ..., H,} be a family of cosets, where G} is a subgroup of index r > 1.
We consider model which its spins take values in the set ® = {—1,1}. Configuration
o(z),z € V is called Gj weakly periodic, it o(x) = 0;; for x € H;,x) € H;,Vx € Gy.

The Ising model with competing interactions has the form

H(o)=J) o@o(y)+2 Y ol@)o(y),
) a2
where J = (Jy, J) € R? are coupling constants and o € €.
Let M be the set of unit balls with vertices in V. We call the restriction of a
configuration o to the ball b € M a bounded configuration oy.
Define the energy of a ball b for configuration o by

U(oy) =Uloy, J) = %Jl Z o(x)o(y) + Jo Z o(x)o(y), x,y €D,

<:E,y> d(l’,y):Q

where J = (Jy, J2) € R?.

We consider following partition set N3 = {1,2,3,4}. Let By = {0}, By = {1,2}, By =
{3,4}. Now, we consider functions upg,p, : {a1,as,a3,a4} — {e,ai,a3} and v :<
e,ay, a3 >— {e,ay,as}



204  Pecnybmmkamckas HayyHas KoHpepenmus CAPHIMCAKOBCKUE YTEHMA, TamkernT-2021

e, ifr=e,
uBlBQ(x) = ay, if r=a; 1= £7

ag, if v =a;i=3,4,

eifr=e
ajifx € {ay,azas}
v(x) =] asifz € {as,aras}
Y(aiag_i.y(aas4)) if © = ajaq_;...aq_;, 1(2)3, i = {1;3}
V(Gia4—i.--7(a4—iaz‘)) if v = aa4—;...q;, l(x)?), L= {12 3}‘

Let Hy := Q' 5, (G3) . Then Hy = {x € Gs| v(u p,5, (¥r)) = e}. Note that H; is a
subgroup of index 3 (see[2]).

Gs/Hy = {H, Hy, H3}.
H,-weakly periodic set of h has the form

( @12, T| S H1 and = € HQ,
a3, v, € Hy and o € Hj,
o(z) = as;, x, € Hy and z € Hy,
ass, x, € Hy and z € Hj,

asi, x, € Hz and x € Hy,

\ a3z, x; € Hsz and x € Hy,

where ¢;; € ® , 0,7 € {1,2,3}.

In the sequel, we write ¢(z) = (aq2, @13, as1, ass, asy, ase) for such a weakly periodic
configuration ¢.

Theorem 1. Let k = 3. Then the following assertions hold.

1. There are exactly six H;-weakly periodic ground states on {.Jo = %Jl, J1 > 0}, which
are not periodic, have the form ¥Y1 = (iajaiajvivj)a P2 = (i7j?i7j7j7 Z)a Y3 = (Ljaja%ja Z)a
and @3, = —@,, where v =1,2,3 and i # j;i,j € .

2. There are exactly two Hj-weakly periodic ground states on {.J, = —%Jl, J; < 0},
which are not periodic, have the form p7; = (i, j,7,4,4, j) and pg = —7, where i # j;i,j €
.
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This work is devoted to the study of the problem for a system of equations of mixed type
with data inside the domain of regularity of the solution. The problem under consideration
is ill-posed in the sense of J. Hadamard. On the base on the theory conditionally correct
problems, we will prove the uniqueness and conditional stability of the desired problem
on the well-posed set. For this reason, we transform the problem under consideration to
an initial-boundary value problem and obtain an a priori estimate for the solution of the
problem. The uniqueness and conditional stability theorem is proved on the well-posed
set. The regularization method is used to construct a sequence of approximate solutions.
An estimate is obtained for the norm of the difference between the exact and approximate
solutions.
Consider the system of equations

signzvg(x,t) + vep(x,t) = f(z,t), signzug(z,t) + ug(z,t) = v(x, t),

in the domain D ={-1<az <1, #0, 0<t<T}.
Looking for a solution (u(x,t), v(x,t)) system of equations (1), satisfying: initial and
internal
V] =0, v‘t:to = p1(z),
Uy, = p2(7), —1<2<1, (0<ty<2t=T),

boundary
v(=1,t)=v(1,t)=0, 0<t<T,
u(—1,t) =u(l,t) =0, 0<t<T,

and gluing conditions

v(—=0,t) = v(+0,t), v.(=0,t) = v,(+0,t), 0 <t <T,
u(—0,t) = u(+0,t), u,(—0,t) = u,(+0,t), 0<t<T.

A number of uniqueness and stability theorems for the solution of interior problems
for equations of elliptic type are obtained in the works of M.A. Lavrent’ev and M.M.
Lavrentiev, S.P. Shishatsky, and A. Abdukarimov. Internal problems for parabolic
equations were considered in the works of M.M. Lavrent’ev, B.K. Amonov, S.P. Shishatsky
and others.
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The work is devoted to the study of an ill-posed boundary value problem for a high-
order non-homogeneous mixed-type equation.

Let Qr = {(z,y,t): (x,y) €Q, 0<t<T, T< 0}, Q =
{(z,y): |z| <1, 0<y<d}, Q=QUIN.

Consider the partial differential equation

Ofu + sgu(x)0iu+ 07" u = f(x,y,t) (1)

in the domain Q7 N {z # 0}, where n,m € N.
Statement of the problem. Find a solution to equation (1) in the domain Q7 N
{z # 0} and satisfies the following conditions: initial

8tju|t:0:g0j(a:,y), j=0,1,...n—1., (x,y) € Q, (2)
boundary
ul,_ ,=ul,, =0 0<y<d 0<t<T,
8§pu‘y:0 = ajpu]y:d =0,p=0,1,...,(m—1), -l<z<I[,0<t<T (3)

and gluing conditions
Ul g = Ulyeigr Uslpe o= Uslyeyy 0Sy<d, 0<E<T, (4)

where ¢;(z,y) are sufficient smooth functions and satisfy the consistency conditions, j =
0,1,....,n— 1.

In this paper, the ill-posed boundary value problem (1) - (4) is investigated for
conditional correctness.
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In this thesis, we consider the following problem related to a pseudo-parabolic equation.
On a part of the boundary of the region D = {(z,y) € R? : |z| < 7, |y| < 7}, the value
of the solution and its derivative, which contains the control parameter, are given. It is
required to find such a mode of operation so that the average value of the solution in a
certain subdomain of the region D takes a given value.

Let the function u(z,y,t) satisfies the equation

Ut:AUt—I—AU,, (ZL’,y,t)EDT:{O<t<T,|l‘|<TF,|y|<7T} (1)
initial value
ul—o =0, || <7 |yl <7 (2)

and boundary values

Ulper = 0, (U — Ug)s=—r = p(t)o(y), 0T, |yl <m;
uly=r =0, (u —uy)[y=—r =0, 0<T,[z| <m; (3)
O(—7) =d(m) =0.

Here ¢(y) -given function, u(t) -is the control parameter, 1(0) = 0.
Problem. Find pu(t) from the condition

/O7T /OTr u(z,y, t)dedy = 0(t) (4)

where p(t) satisfies ©(0) = 0 and
()] < 1.

Theorem 1. Let function ¢ € Wi[—m, 7] is not identically equal to zero and satisfies
the condition ¢, > 0,m = 0,1,2,.... Then there exists a constant M > 0, such that for
any function 0 € W}(—oo,+00) satisfying the conditions

10wy < M,

0(t) = 0 for t < 0, there is an admissible control u(t) that ensures the fulfillment of
condition (4).
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On inhomogeneous Markov chains generated by quadratic stochastic
operators
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A number of works by T. A. Sarymsakov are devoted to ergodicity, regularity and
other issues of the limiting behavior of transition probabilities for finite but inhomogeneous
Markov chains, as well as for homogeneous chains with a set of states from a finite interval
[1]. The structural study of the sequence of stochastic matrices allowed him to formulate
statements about the ergodic properties of inhomogeneous Markov chains.

In this paper, we present and discuss the inhomogeneous Markov chains generated by
quadratic stochastic operator .

A stochastic process is a family of random variables X; where ¢ is a parameter running
over a suitable index set 7. Below we assume that the index ¢ corresponds to discrete
units of time, and the index set is T' = {0, 1, 2, ...}. Stochastic processes are distinguished
by their state space, or the range of possible values for the random variables X; by their
index set 7', and by the dependence relations among the random variables X;. We assume
also that the number of states is finite.

Let a state space £ = {1,2,--- ,r} is a finite set and corresponding o-algebra is a power
set P(E), i.e., the set of all subsets of F, then the set of all probability measures on (F, F)
has the following form:

S = {x = (w120, @) € B iy > 0 for amy i, and Yz, = 1}
=1

and corresponding quadratic stochastic operator V has the following form

(Vx)y, = Z Pijrwixg, (1)

ij=1

where 9)P,;, > 0;11) Py = Pjiy, and 4ii) >, Pijx = 1.

Follow Billingsley [2] one can consider the following construction of a stochastic process.
As above let £ = {1,--- ,r} be a finite set of r elements. The general probability on E
is specified by assigning non-negative probabilities p; to the elements ¢ € E in such a
way that ) ._pp; = 1. Let (€, 3§, 1) be the product of infinite sequence of copies of the
resulting measure space. The general element of ) = HneZ+ E, with E, = FE for any
n € Z, = {0,1,2,---}, is an infinite sequence w = (wp, w1, --) of elements of F. Let
X, be the nth coordinate function, i.e. the mapping from €2 to E such that X, (w) = w,.
Then a collection of random variables {X,, : n = 0,1, - -} forms a stochastic process with
finite state space E. Let initial distribution, i.e. a distribution of random random variable
X is specified by m = (p1,p2,- -+ ,pr), that is Pr{X, = i} = p;. Then applying gso V'
(1), we define the distribution of random variable X; as 7)) = (pgl),pgl), e ,pf})), that
is Pr{X, =k} = p,(:), where

1
p = Z Pij kpip;-

t,j=1



Pecnybnukanckas HayuHas Koubepenius CAPRIMCAKOBCKUE YTEHUS, TamkernT-2021 209

By recurrence we can define the distribution of random variable X, as

n n+1 n+1 n
D = (p" p{Y e plr ),

that is Pr{X,.1 =k} = p,(ﬂnﬂ), where

n+1 Z sz kpln)p] (2>

=1

where n = 1,2,---. Thus for process {X,, : n = 0,1,---} a distribution (2) of random
variable X,, for arbitrary n is defined once a gso (1) and the probability distribution of
Xy are specified. To completely define this process we have to show how to compute its
finite-dimensional distributions.

Theorem The process {X,, : n = 0,1,---} defined with one-dimensional distributions
(2) is inhomogeneous Markov chain.

Proof Let us define

PriX; =kl Xo =i} =P}' = Pyup;.

where i,k = 1,--- ,r. It is evident that Pl%l > 0. Let us verify that a matrix 1% =
|| PO i k=1 is a stochastic:
s T T
0,1
LIRS SEITES 3] D SLTATES oS!
k=1 kj=1 j=1 \k=1 j=1
Now let us compute the distribution of X; using the stochastic matrix 10! = ||Py" k=1

as 7 - [1%1. Tt is easy to verify that

et (£ ) -

i=1 i,j=1

Then the distribution of X; computed by stochastic matrix I1%! = ||P5* i k=1 coincide

with distribution generated by gso (1). By recurrence one can verify that the distribution
of X,,+1 computed by stochastic matrix TI™"+1 = || P} |7 s—1 coincide with distribution
generated by gso (1), where

Pr{Xu = KXo = PR = 37 Py

Thus inhomogeneous Markov chain {X,, : n = 0,1,---} is completely defined by
distribution of X and a sequence {II"™"*! : n = 0,1, - - } of one-step transition probability
matrices.

We investigate correlations between ergodicity of quadratic stochastic operators and
corresponding inhomogeneous Markov chains. Also we discuss the problem when the
corresponding Markov chain will be homogeneous.
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It is well known that investigations of many problems of statistical mechanics, biology,
medicine and natural sciences an important role plays the invariant measures. In present
work we study the probability invariant measures of piecewise-smooth sircle maps with
break points i.e. at which the derivative has discontinuity.

The problem of absolute continuity of the invariant measure for circle diffeomorphisms
is well understood. The fundamental results in this direction were obtained by V. Arnold,
M. Herman, Moser ,Yoccoz , Sinai and Khanin, Kaznelson and Ornstein and others.

Let f be an orientation preserving homeomorphism of the circle S' = R/Z with lift
F : R — R, which is continuous, strictly increasing and fulfills

Flx+1)=F(x)+1, z € R.

The circle homeomorphism g is then defined by f(x) = F(z) mod 1 with x € R a lift of
z € S'. The rotation number p; is defined by

F(x) —

n—oo n

mod 1.

Here and below F' denotes the i-th iteration of the map F. It is well known, that the
rotation number p; does not depend on the starting point x € R and is irrational if
and only if f has no periodic points (see [1]). The rotation number p; is invariant under
topological conjugations.

A natural generalization of circle diffeomorphisms are piecewise smooth
homeomorphisms with break points . The point z, is called break point of f, if
there exist the one-sided positive derivatives Df_(x,) and D f, () exist, but do not
coincide. Denote o(x;) = gﬁgzzg The positive number o(x) is called the jump ratio
of jump of f at the point xy.

Consider the circle homeomorphism

f(z) := F(z) modl, for any z € S*,

where the lift function F': R* — R! satisfies the following conditions:
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(C)) F € 0% (31 \ {bf.”, i=T,mp, b2, j = 1,m2}> B0 = W), 1=1,2.

(Cy) bgl), i=1,m, b§-2), j = 1,m4 are break points

(Cs) TIoi(@) [1o5(5) = 1.

It is well known that a circle homeomorphism f with irrational rotation number p;
are uniquely ergodic, i.e. it has a unique invariant probability measure py.

In [2] Herman proved

Theorem 1.(see [2]) The invariant measure of PL-circle homeomorphism with two
break points and irrational rotation number is absolutely continuous with respect to
Lebesque measure if and only if these break points belong to the same orbit.

For such a homeomorphism the character of the invariant measure strongly depends
on its total jump ratio oy being trivial or nontrivial, i.e. 0y =1 or oy # 1. A recent result
of [3] in the case of # 1 is

Theorem 2. (see [3]). Let f € C*=(S'\ {aW,a?,..;a™}), e > 0 be a P-
homeomorphism with irrational rotation number py and a finite number of break points
a,a?, ... a™ . Suppose its total jump ratio oy = a(a') - o(a?)-...-a(a™) # 1. Then
its invariant probability measure piy is singular with respect to Lebesque measure (.

More difficult to investigate are piecewise smooth P— homeomorphisms f with a finite
number of break points and trivial total jump ratio oy = 1.

In the present paper we study C?T¢ P-homeomorphisms f with arbitrary irrational
rotation number p; and a finite number break points lying on two different orbits, whose
total jump ratio oy = 1. Put

I''={ael0,1]:a=lk, k... kn, ...] € R\ Q:there exists N = N(a) € N, (1)

such that k, > 3, for alln > N}.

We formulate our main result.

Theorem 3 Suppose that the circle homeomorphism f satisfies the conditions (Cy) —
(C3) and their rotation number is irrational. Denote its invariant measure by py. Then
there exists a subset M, C [0,1] of full Lebesque measure, such that jy is singular w.r.t.

Lebesgue measure if ,uf([b((]l), 682)]) eM,.
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Let g be an orientation preserving homeomorphism of the circle S' = R/Z with lift
G : R — R, which is continuous, strictly increasing and fulfills G(2+1) = G(2)+1, & € R.
The circle homeomorphism g is then defined by ¢g(z) = G(Z) mod 1 with & € R a lift

of x € S'. The rotation number p, is defined by p, := lim % mod 1. Here and
n—o0

below, G* denotes the i-th iteration of the map G. It is well known, that the rotation
number p, does not depend on the starting point £ € R and is irrational if and only if
g has no periodic points (see [1]). Therotation number p, is invariant under topological
conjugations.

Denjoy’s classical theorem states, that a circle diffeomorphism ¢ with irrational
rotation number p = p, and log Dg of bounded variation can be conjugated to the linear
rotation R, with lift R,(Z) = & + p, that is, there exists a homeomorphism ¢ : S* — S’
with g = po R0t

A natural generalization of circle diffeomorphisms are piecewise smooth
homeomorphisms with break points (see [2]).

The class of P-homeomorphisms consists of orientation preserving circle
homeomorphisms g which are differentiable except at a finite or countable number of break
points, denoted by BP(g) = {x;, € S'}, at which the one-sided positive derivatives Dg_
and Dg, exist, but do not coincide, and for which there exist constants 0 < ¢; < ¢ < 0,
such that

o ¢y < Dg_(xp) < cg and ¢1 < Dgy(xp) < c2;

e ¢; < Dg(z) < ¢y for all x € SY\BP(g);

e log Dg has finite total variation v in S*.

Piecewise linear (PL) orientation preserving circle homeomorphisms are simplest
examples of P-homeomorphisms. They occur in many other areas of mathematics such
as group theory, homotopy theory and logic via the Thompson groups. A family of
P L-homeomorphisms were first studied by M. Herman in [2| to give examples of circle
homeomorphisms of arbitrary irrational rotation number which admit no invariant
o-finite measure absolutely continuous with respect to Lebesque measure. Herman’s
family of maps has been studied later by several authors (see for instance [3], [4]) in the
context of interval exchange transformations. Special cases are affine 2-interval exchange
transformations, to which Herman’s examples with break points a(® = 0 and ¢© = ¢
belong.

Lemma 1. Let g be a P-homeomorphism with irrational rotation number p, and
|BP(g)| < oo. Then for any yo with ys := ¢°(yo) € BP(g) for all 0 < s < gy, the
inequality

e < | Dylys) < e (1)

holds.
Inequality (1) is called Denjoy’s inequality.
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Two homeomorphisms g; and g, of the circle are said to be topologically equivalent, if
there exists a homeomorphism ¢ : S* — S! such that ¢(g1(x)) = g2(()) for any z € St
The homeomorphism ¢ is called a conjugacy.

The following fact plays a key role in the proof of Theorems 1.3 and 1.4.

Theorem 1.(see [2|) Let g be a P-homeomorphism with irrational rotation number
p = pg and invariant probability measure p,. Then

[ 108 Dyl () = . 2)

Consider now an arbitrary P-homeomorphisms g with irrational rotation number p,
and two break points b, b which are not on the same orbit and whose total jump
o4 = 1. Denote by 2= the partial convergents of py. In this section we study the derivative
Dg? and the location of the break points of g . Obviously the map g% has 2, break
pwmdmwﬁMJW”—BP%UﬂMW%b)mmBP% N = o8,

» Ygn—1J>
respectively BP"( ) = {b b(2 ey q 1} where b g (b)) respectively BEQ) =
g7 (b?), 0 <i< g, — 1. Let fn( )) be the n-th dynamical partition determined by the

break point b and the map ¢. Then for the second break point 53 one finds either 5
17 (bM)) for some 0 < i < gy, or b@ € I (ag) = g7 (b, b DU gio((6) B8 ) for

—(gn —qn’
some 0 < jo < qn, i.e. either b € gjo((b(l),b(,lzn]) or b ¢ gjo((b(,lgn,bgi),l)), where the
two last cases we are going to treat separately.
We give our result only for the first case, other three cases can be shown by similar

way. In the first case we define disjoint subintervals of the circle by

Ur(@V) = [&2,,a"), for 0 < s < g, —ig — 1, (3)
respectively
U;(ELE,O)) = [c §0)q tig @ s ] for g, —iop < s < ¢q, — 1. (4)
Next we define for every n > 1
gn—1
Uy = J Un@®). ()
s=0

Theorem 2. Let f = fg)9 be Herman’s P L-circle homeomorphism with irrational
rotation number py and two break points a(®) and ¢(?), which lie on different orbits. Assume

E(()O) = ¢l0 satisfyes casel for some iy with 0 < iy < ¢,,_;. Then in case of n odd

o Dfi"@\), ifz e U

Df @), ifze S\ U (6)

in case of n even

i D@y, itzeu:
= (x)—{anJr(o)), if v € ST\ U, ()

where - -
Df (a (0)) g(—) 15 (UR) =X 4(0) (07 ((=1) )‘ (8)
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A convex combination of non-Volterra quadratic stochastic operators
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Consider the following two non-Volterra quadratic stochastic operators (QSOs) on the
two-dimensional simplex (see [1]-[3] for theory of QSOs)

T =23 + 2% + 27119,
. P2
Vo b = a3, (2)
Ig = 2I1(L’3 + 21’2.%‘3.

) = 77,
Vi oh =23+ 22+ 210, (1)
xh = 2w 13 + 20973,
In the following theorem we describe the asymptotical behavior of the QSOs (1) and (2).
Theorem 1.

i) Fix (V1) = {er, es, (0,1/2,1/2)}, Fix (V3) = {er, es, (1/2,0,1/2)};

(
i) lim V" (x9) = (O, Z, %) for any x© € S%\{e;, e, };

n—o0

i) lim V3 (x©@) = (%,0,%) for any x(© € S%\{e;, e,}.
n—oo

Let us consider the convex linear combination of given QSOs, that is convex linear

combination of

Ww=AWV+(1-XNV,, Xe]0,1].
It is clear that V4 has the form

i =22+ (1 — N2+ 2(1 — N)zy2o,
Vi ah =25+ A\ri + 2 220, (3)
xh = 20123 + 22973.
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Setting
1 1}

1
Amtie ce-td
+e, € 573

2
one can rewrite the QSO (4) in the following form

rh=a2% + <% — 5>x§ + (1 — 2e)zy29,
Verd o =a2+ (% + €> 22 + (1 + 2¢)z 129, (4)
xh = 20123 + 2973.
Theorem 2. Let ¢ = 0. Then
i) Fix (Vo) = {(1/4,1/4,1/2)} UT 19y = {x € 5% : 23 = 0};
ii) the fixed point (1/4,1/4,1/2) is an attracting point and a fixed point x € I'f; 9} is a
non-hyperbolic point;
iii) lim Vi (x9) = (1/4,1/4,1/2) for any x@ € S2\T'y 9.
Theorem 3. Let ¢ # 0. Then
i) Fix (VZ) = {e1,e2,x*};
i) if (V3 —1)/8 < e < (v/3—1)/8 then the vertex e; is a repelling point and otherwise
it is a saddle point. The vertex e, is a saddle point;
iii) lim V"(x©) = x* for any x© € 5*\{e;, e}

n—0o0
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The modeling of information diffusion in online social networks
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Online social networks have recently become important media for spreading
information and facilitating the building of social relations among a huge number of
people. Research efforts on understanding information diffusion have a significant impact
on real life
applications such as product marketing, political online campaign, etc. Extensive
investigations have been made to understand network structure, user interactions, and
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traffic properties and to study the characteristics of information diffusion. Mathematical
modeling has played an increasingly important role in understanding information diffusion
in online social networks.|1]

In this paper we investigate the [2] model with a free boundary for online social
networks. The problem is given in the following form:

e — At — ctty = (t)u(l — %) D={(t:z):t>0:0<z<h(t)} 1

(1)
u(0,2) = ug(x),h(0) = ho, 0<x<hg (2)
uy(t,0) = 0,u(t,h(t)) =0, t>0, (3)
W(t) = —pus(t, h(t)) =0 (4)

where u(t, z) represents the density of influenced users with distance x at time ¢. x = h(t)
is the moving boundary to be determined and represents the spreading front of news (such
as movie recommendation) among users. u,(¢,0) = 0 means no news traveling in the left
part. Hence we only need consider the diffusion in the right part. K is the carrying capacity,
d is the diffusion rate, and r(¢) is intrinsic growth rate. We call h'(t) = —pu,(t, h(t)) Stefan
condition, where u represents the diffusion ability of the information in the new area.

For functional spaces and norms, we will employ the notations of [2], and we will
also make use of its results. The manuscript is organized as follows. First, we establish
two-sided bounds for wu(t, z) and h/(t), and then bounds for |u|i4a,|t|o1s for appropriate
0 < a < 1. Afterwards, using those auxiliary results, we prove global existence and
uniqueness theorems|3].
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On local derivations on real W*-algebras
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In the paper [1] R.V.Kadison introduced the notion of local derivations and, in particular,
proved that the local derivations on the W*-algebra are derivations. In [2| B.E.Johnson
generalized this result for the C*-algebras.

Given an algebra R, a linear operator § : R — R is called a derivation, if 6(xy) =
d(z)y + xd(y), for all z,y € R. A linear map § : R — R is called a local derivation, if for
every x € R, there exists a derivation 0, : R — R such that 0(x) = §,(z).

Throughout this thesis R is a real W*-algebra and 6 : R — R is a norm-continuous
local derivation.
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Proposition 1. Let e and f are projections such that ef = 0, and v is an operator in R
such that v*v = e and vv* = f. If Ry is the real *-subalgebra generated by e, f,v and v*,
then the restriction 0|, of § to Ry is derivation, i.e.

d(zy) = 6(z)y + 2d(y), Va,y € Ry.

Proposition 2. If A is an abelian real W*-subalgebra of R, then the restriction d4 of §
to A is derivation.

Let Ry be as in Proposition 1 and let A be an abelian real W*-subalgebra of R N Ry,
Since the elements of algebras Ry and A commute between with each other, then arguing
similarly to the proof of Theorem 6], we obtain the following result.

Proposition 3. If R, is the real W*-algebra generated by Ry and A, then the
restriction dg, of § to Ry is derivation.

From the above we get one of the main result.
Theorem Let R be a real W*-algebra and let P = P(R) be the set of all projections of
R. Then the restriction §|p of § to P is derivation, i.e.

def) =d(e)f +ed(f), Ve, f € P.

Proof. Let e and f are projections in R, i.e. e, f € P. Then real W*-algebra R; generated
by e and f is either abelian, of type I, or the direct sum of an abelian real W*-algebra
and one of type I,. If R; is abelian, then the proof follows from Proposition 2, and if R; is
not abelian, it is generated by its center and a subalgebra Ry isomorphic to a real factor
of type I». Proposition 3 applies and d|g, is derivation. Thus d(ef) = d(e) f + ed(f). O

Now, we consider R, and Rj — hermit and skew-hermit part of R, respectively, i.e.
Ri={r€eR: 2*=2}, Rp={reR: 2*=—xa}.

Since ¢ is norm continuous and the set of finite linear combinations of projections in R is
norm dense in R, then by Theorem we obtain.
Corollary. The restriction |z, of § to JW-algebra R; is derivation.
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Complete systems of invariants of a t-figure in a two-dimensional bilinear
metric space over the field of rational numbers
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Let Q be the field of rational numbers, Q? be the two dimensional vector space over Q.
Denote by ¢, (x,y) the following bilinear form on Q* x1y; + prays, where p is a prime
number. Denote by (Q?, ¢,) the space Q* with the bilinear form ¢,(x,y). Let T be a
countable set. A mapping v : T — Q? will be called a T-parametric figure in Q?. Let
0(2,Q% ¢,) be the group of all orthogonal transformations of the bilinear metric space
(Q2790p>' Put 50(27Q2790p) = {g € 0(27 Q27 @P)|detg = 1}7 MO(27 Q27Q0p) =
[H:Q" > Q| Ha = gr+b,g € 02, Q% ¢,),b € Q*}, MSO(2, Q% 5,) =
{H € MO(2,Q? p,)|detg = 1}. The present paper is devoted to solutions of problems of
G-equivalence of T-parametric figures in Q? for groups G = O(2,Q?, ¢,), SO(2,, Q% ¢,),
MO(2,,Q% ¢,), MSO(2,,Q% ¢,). Complete systems of G-invariants of T-parametric
figures in (Q?, p,) for the defined groups have obtained. Let 7(¢) be a T-parametric figure
in (Q?% ¢,). Denote by Z(v(t)) the subset {t € T|y(t) = 0} of T. Let [z y] = z1y2 — Ty,
where x = (z1,22) € Q% y = (y1,12) € Q.

Theorem. Let (t) be a T-parametric figure in Q? such that Z(v(t)) # T, and t, €

T\ Z(v(t))-

(). Suppose that a T-parametric figure 7(¢) in Q* such that ()
Then the following equalities hold:

Z(v(t)) = Z(n(t));
ep(7(t0), 7)) = @p(n(to),n(t)), vt € T\ Z(7(1)); (1)
[v(to)y ()] = [n(to) n(t)], Vvt € T\ Z(y(t)).

(ii). Conversely, assume that a T-parametric figure n(t) in Q? such that the above
equalities (1) hold. Then there exists a single matrix F' € SO(2,Q?, ¢,) such that
n(t) = Fy(t),Vt € T. The evident form of F' as follows:

2
RGP ORI

wpgvgtog ngtogi _ [?(t(o) )n(t?)]))
o),y (t t0) 7 (t
= %f'y?tog)ngfoﬁ wff)v?tos) n?tog)) ? <2)
wp(1(to)¥(to))  ep(v(to)v(to))
_ op(v(t0),n(to)) \2 [y(to)n(to)] 2 _
where det(F) = (2605w + (G660a0n) = L

A complete system of relations between elements of the obtained complete system of
SO(2,Q?, ¢,)-invariants also obtained. Similar results have obtained also for the groups

0(27 Q27 SO;D)’ MSO(27 Q27 SOP)’ MO(27 Q27 SOP)
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Periodic Gibbs measures for one fertile HC model on the Cayley tree of
order k > 2
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Let 3% = (V, L) is Cayley tree of order k > 2. Let ® = {0,1,2} and 0 € 2 = ®" be a
configuration. We consider the set ® as the set of vertices of a graph G. A configuration
o is called a G-admissible configuration on the Cayley tree, if {o(x),0(y)} is the edge of
the graph G for any pair of nearest neighbors z,y in V.

The activity set [1| for a graph G is a function A : G — R,. The value \; of the
function A at the vertex i € {0, 1,2} is called the vertex activity.

For given G and A\ we define the Hamiltonian of the G—HC model as

H)(0) =Y "1og (), 0 € Q°.

zeV

The reader can find the definition of the Gibbs measure and of other subjects related
to Gibbs measure theory, for example, in [2].

Definition 1.[1] A graph is said to be fertile if there is a set of activities A such that
the corresponding Hamiltonian has at least two translation-invariant Gibbs measures.

We consider the case \g = 1, Ay = Ay = A and we study periodic Gibbs measures in
the case fertile graph G = wand: {0,1}{0,2}{1,1}{2,2}.

It is known [2] that there exists a unique G-HC Gibbs measure p if and only if for any
functions z : x € V +— z, = (214, 22.) the equality holds:

Qo + a1z + a; .
to = A [ 2T TORRY g, (1)

) )
e 100 + ap121,y + Qp222,y

It is known that we have one-to-one correspondence between the set V' of vertices of
a Cayley tree of order £ > 1 and the group Gy that is the free product of k + 1 cyclic
groups of second order (see [2]).

The following theorem is true.

Theorem 1. Let H be a normal subgroup of finite index and G,(f) is a subgroup of
words of even length in G. Then for HC model each H-periodic Gibbs measure is either

G,(f)—periodic or translation-invariant.

By Theorem 1, there are only G,(f)—periodic Gibbs measures, and for them from (1) we
obtain the following system of equations:

k k
_ 1+ _ 1+
b= A <21+ZZ12> ) tz = A (21+Z;2) ?
oo (=) L (1) (2)
1 t1+t2 » <2 t1+ta :
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We consider the map W : R* — R* defined as

) e \E Lo \F
— Z1 — 22
tl _)\<21+22> ’ t2 _)\<21+Z2) ’
/7 k; /
z = A (%) , Zo = A
We note that the system (2) is the equation z = W(z). Therefore, solving the system (2)
is equivalent to finding fixed points of the map 2" = W (z).

The next lemma is true.
Lemma 1. The following sets are invariant under the map W:

‘[1 - {(t17t2a217z2) € R4 . tl = t2 =2z = 22}’

I = {(t1,t2, 21, 20) € R* : t] = ty, 21 = 2o},
Iy = {(t1,t2, 21, 20) € R* : t; = 21,1y = 25},
Iy = {(t1,t2, 21, 20) € R* : t] = 29,1y = 21 }.
We consider invariant set I, = {(t1,t, 21,22) € R* : t; = t9, 21 = 29}
Theorem 2. Let k > 2 and A, = 2%(k — 1) (%)k Then for HC model in the case
G = wand on Iy for 0 < X\ < A there exist at least three G,(f) -periodic Gibbs measures,
one of which is translation-invariant and the other two are G,(f) -periodic (non translation-
invariant), where G,(f) 15 a subgroup of words of even length in Gj.

Remark. In [3] the cases k = 2 (Aer = 1) and k = 3 (A, = 2) are considered.

In these cases on I, for 0 < A < A the existence of exactly three G,(f)—periodic Gibbs
measures was proved.
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Asymptotics of the eigenvalues of the perturbed bilaplacian in a
one-dimensional lattice
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Abstract. We study eigenvalues of the Schrédinger-type operator
ﬂu = AA — Vo, >0,

in one dimensional lattice 7, where A is the discrete Laplacian on Z and Vg, 18 a rank one-operator
depending on nonzero real parameters a and b. We prove that the number ug := 0, is the coupling constant
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threshold, i.e., for any p € (0, uo] the discrete spectrum of i’\lu is empty and for any p > po the discrete
spectrum of h, is a singleton e(p), and e(p) < 0 for p > po. Moreover, we study the properties of e(j)
as a function of u, in particular, we find the asymptotics of e(p) as p ¢ po and p — +00.

Let Z be the one-dimensional lattice and ¢2(Z) be the Hilbert space of square-summable functions
defined on Z. In this paper we study the discrete spectrum of one-parameter family

where

is the discrete Laplacian, and

) f0) =% f1) - f(-1), @=0,
Vanf(x) = ¢ —2fO0)+ 5 F()+ % f(-1), ===£1,
0, |z| > 1,

is a rank-one potential. Here a and b are non-zero real numbers.
Let T be the one-dimensional torus and L?(T) be the Hilbert space of square-integrable function on
T. Let
F:03(Z) - LA(T), Ff( P
(Z) ~ LA(T),  Ff(p m > @

rEZ

be the standard Fourier transform with the inverse
F 1 LY(T) — *(2), -1 / e P
(T) (Z) f(x v fp p.

The momentum representation h,, of h,, defined as h, = Fh,F~! and acts in L2(T) as
h, :=hg — pvap, p >0,
where hg := FhoF ! is the multiplication operator in L?(T) by
e(q) := (1 —cosq)?,

and vgp := FvagF ! is the rank-one integral operator

varf(6) = (a = beosp) 5 [ (a=beosq) Fla)dn

where a # 0 and b # 0 - arbitrary real numbers.
Since 0(A) = 0es5(A) = [0, 2], we have o(hg) = 0es5(ho) = [0,4].
Hence, by the compactness of v, and WeylsI'€s Theorem,

Jess(h,u) = Uess(hO) = [Oa4]

for any p > 0. By the nonnegativity of v4; the operator h, has empty positive discrete spectrum.

Note that the bottom of hg is not quadratic, i.e., degenerate. The spectral theory of lattice
Schrédinger-type operators with quadratic bottom, in particular with discrete Laplacian, has been
extensively studied in recent years [3],[4] because of their applications in the theory of ultracold atoms
in optical lattices [1],[6],[8]. For these models, the appearance of weakly coupled bound states is quite
well-understood: the sufficient and necessary condition for the existence of discrete spectrum is tightly
related to the coupling constant threshold phenomenon [2]: a number g0 is a coupling constant threshold
for the Hamiltonian —A + AV with V being a short range potential, if some eigenvalue e(\) is absorbed
into the continuous spectrum as A \, Ag, and conversely, for any ¢ > 0, as A * A\g + € the continuous
spectrum gives birth to a new eigenvalue. This phenomenon and the absorption rate of eigenvalues as
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A — Ao have been studied for discrete Schrédinger operators with quadratic bottom, for example, in
3141, 51.

The expansion of eigenvalues of one-dimensional bilaplacian with zero-range perturbation has been
established recently in [7]. In this paper, we study the the absorption rate of negative eigenvalues of h,,
as p converges to coupling constant threshold. It highly depends on a and b.

Theorem. Suppose that a # b. Then for any p > 0 the operator h, has a unique eigenvalue e(p)
outside the essential spectrum and the associated eigenfunction is

a—bcosp

fu(p) = ) —en)

Moreover:

(1) e(u) <0 for any p > 0;

(2) the function p € (0,400) — e(p) is real-analytic strictly decreasing, strictly concave in (0, 400)
with asymptotics

lime(u) =0 and lim elw)

1
— __(2 2 b2
ANG) p—too 2( @’ + )

(8) for sufficiently small and positive p

(—e()/* =" Dup™?,

n>1
where Dy, n=1,2,..., are real coefficients with

Dy :=2""3(a—b)%3 D, =0,

_ —1/332(, _ 1)2/3
Dy - a(a24 b)7 Dy im 2 b*(a — b) .
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Reductional method in perturbation theory of generalized spectral E.
Schmidt problem

Khalmukhamedov A.R.!, Akhmadjanova D.D.?

National University of Uzbekistan named M.Ulugbek, Uzbekistan, Tashkent,
! AKhalmukhamedov@yahoo.ru; 2durdona@mail.ru

Let FE,,E; be Banach spaces FE; C EFy C H with dense embeddings, H be

a Hilbert space and B € L(Fi, F;) be closed linear operator. Let Xy € R - be n-

multiple Fredholmian point of the following E. Schmidt unperturbed spectral problem,

analytically dependent on E. Schmidt spectral parameter A\ € R, with relevant E. Schmidt

eigenelements vio
Yio

Bpig = A(Ao)wio (1)

Bthig = A*(Ao)pio (2)

We considered following perturbed E.Schmidt’s spectral problem:

By = A(X ), (3)

B Y = A*(\ €)p, (4)

where 1= X— )\, € € R, |e| < po -small parameter, and AN\, &) = Y, Aypel. It
i+7>0

is required to determine the perturbed eigenvalues with relevant eigenvectors ( igg )
in the form of series on small parameter ¢ degrees. In the direct sum H @& H our
problem can be rewritten in the following matrix form

= (2, ) (5)-

- (V) (00) ®

E. Schmidts eigenelements of the adjoint perturbation problem corresponding to the
same eigenvalues are determined analogously

5w (LB 57 (3)-
oA 8 e

In this article at the usage of the reduction method suggested in the articles [1], [2]
the investigation of perturbation of multiple eigenvalues is reduced to the investigation of
perturbation of simple ones.

As application of the obtained results the problem about boundary perturbation for the
system of two Sturm-Liouville problem with E. Schmidts spectral parameter is considered.
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Definition. The condition of the common zeroes for the operator B and .A(\g,0)
called by the "degeneration removal" (DR) condition.
Theorem 1. Let the DR condition be satisfied. Then a eigenvalues \;(¢) of the

problem (3),(4) with relevant eigenelements ®;(¢) = () wi(s))T, and defect-elements

T
U,(e) = (w(a) @i(é)) , are the simple eigenvalues of the regularized operators (9) with
corresponding eigenelement and defect functional of the form

Oi(2) = Di(e) + > cisPul(e), Wile) = Wi(e) + > cisVs(e)

s7#i 574

Theorem 2. If dimN (B — A(\,0)) = dimN (B* — A*(X\p,0)) =n and
< A1g®io, U0 ># 0,i = 1,n, fot all i = 1,n, then for suffiriently small & there
exist exactly n geometrically simple eigenvalues A;(€), Ai(0) = Ao, with corresponding
eigenelements ®;(¢) and defect functionals ®;(¢) analytically dependent on e.

pi
Theorem 3. Let at the GJChs presence < ) Aksz(»giﬂ_k),\lfio >4 0, for all,
k=1

i=1,nIf Ly =0,j=100 and L;; #0 then there exist K simple eigenvalues

with relevant to them eigenelements presenting in the form of series by 5%‘%1. If Ly =
0,7=1,4i—1, Log, # 0,L11 # 0 then there exist exactly K eigenvalues n of which
with the relevant eigenelements representary by integer degrees of &, according to the
first nonzero coefficient from the sequence {L,;}.

1. Rakhimov D. G. On the perturbations of Fredholm eigenvalues of linear operators.
Middle Volga Mathematical Society Journal (MVS Journal). vol. 17. No 3,2015, p. 37-43.
2. Rakhimov D. G. On the perturbations Fredholm eigenvalues of the linear operators.

Journal of Differential Equations. Minsk. 2017, vol. 53, No 5, pp. 615-623.

On the extension of solvable Lie algebras with filiform nilradical

Khudoyberdiyev A.Kh.!, Sheraliyeva S.A.>

National university of Uzbekistan, Tashkent, Uzbekistan,
'khabror@mail.ru; 2abdiqodirovna@mail.ru

It is well known that the method of central extension is very useful to the classification
of finite-dimensional algebras. This method first used by Skjelbred and Sund for the
classification of nilpotent Lie algebras [1]. After that Sund in [2| generalize central
extension method for the solvable Lie algebras. It should be noted that the central
extension method is very applicable to the classification of nilpotent algebras of low
dimensional. There is several works which applied central extension method to the
classification of low dimensional nilpotent algebras. However, there is not many works
which extension is used for the classification of solvable algebras. In this for we apply
extension method for the solvable Lie algebras with filiform nilradical.

Definition 1. An algebra (L,[—,—]) over a field F' is called Lie algebra if for any
x,y,z € L the following identities:

[:L" [y7 Z” + [y7 [2>$H + [27 [x, y]] =0
[z,2] =0
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hold.
For an arbitrary Lie algebra L we define the derived and central series as follows:

LW =rp, pbk+i= [L[S],L[S]], s> 1,

L'=1L, LM =[L* L], k> 1.

Definition 2. An n-dimensional Lie algebra L is called solvable (nilpotent) if there
exist s € N (k € N) such that LI¥l =0 (L*¥ = 0). Such minimal numbers are called index
of solvability and nilpotency, respectively.

Filiform Lie algebra is a nilpotent algebra which index of nilpotency consist with the
dimension of the algebra. In [3] it is proven up to isomorphism there is unique n + 2
dimensional solvable Lie algebra with n-dimensional model filiform nilradical and the
table of multiplication this solvable Lie algebra is follows.

lex, e1] = exr, 2<k<n,
[6171'1] = €1,
R
(1) lex, x1]) = (kK —2)eg, 3 <k <n,
lex, 2] = ex, 2<k<n.

Now let L be Lie algebra and A be an abelian algebra. Let 6§ : L — EndA a
representation, B : L x L — A an anti-symmetric bilinear map satisfying the condition

U(, [y, 2]) +¥(z, [, 9]) + ¥(y, [z, 2]) + 0(2)Y(y, 2) + 0(2)¢ (2, y) + 0(y)¥ (2, ) = 0,

where x,y,z € L

The bilinear map satisfying previous condition is a 2-cocycle on L with respect to 6.
The set of all such 2-cocycles is denoted by Z2(L,6).
The 2-coboundaries on L with respect to 6 are defined as

df (z,y) = f([z,y]) + 00 a(y)(f(z)) —0oalz)(f(y)

for some linear map f : L — A and a € Aut(L). The set of all such 2-coboundaries is
denoted by B?(L,#) and its a subset of Z%(L,0).

Now we give the extension for the solvable Lie algebra L. For the given ¢ € Z 2(L,0),
we construct a Lie algebra L = L(v,0) which is an extension of L by A as follows:
L = L @ A as vector space, and the Lie product is given by

[(z,a), (y,0)] = ([z, y], (2, y) + 0(x)b — 0(y)a);

for all a,b € A, x,y € L.
In [2] it is proved that two extensions L(¢1,6;) and L(ts,0s) are isomorphic if and
only if the following equation is hold

Vo), ay)) = Boi(z,y) + f([z,y]) + 020 a(y)(f(x)) — 20 al(zx)(f(y)),

where o € Aut(L), 5 € Aut(A).
In the following theorem we find all non-split extension of solvable Lie algebra R(n).
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Theorem. Let L be a extension of the solvable Lie algebra R(n), then dim(L) =
dim(R(ny)) + 1 and L is isomorphic to on of the following two non-isomorphic algebras:

lek, e1] = ext1, 2<k<n,
Zl : [61,951} =€,
ler, 1] = (K —2)e, 3<k<n+1,
lek, 2] = ek, 2<k<n+1,
([ex, e1] = exsr, 2<k< 1,
i, entoi] = (—1)en1y, 2<i< ”7“7
_ [61,131] = €1,
Ly : < [eg, 1] = (k — 2)ey, 3<k<mn,
ent1, 1] = (n = 2)en,
lex, 2] = ex, 2<k<n,
[en+1, T2] = 2€041

where n is odd.
Remark. In case of n is even there exist only one extension L;.
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*-Antiautomorphisms of AW*-algebras

Kim D.I.

National University of Uzbekistan
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Let H be a complex Hilbert space, B(H) denote the algebra of all bounded linear
operators on H. The weak (operator) topology on B(H) is the locally convex topology,
generated by seminorms of the form: p(a) = |(&,an)|, &,n € H,a € B(H). W*-algebra
is a weakly closed complex *-algebra of operators on a Hilbert space H containing the
identity operator 1. Recall that WW*-algebras are also called von Neumann algebras.

Let further M be a W*-algebra. The set M’ of all elements from B(H) commuting
with each element from M is called the commutant of the algebra M. The center Z(M)
of a W*-algebra M is the set of elements of M, commuting with each element from M.
It is easy to see that Z(M) = M (M'. Elements of Z(M) are called central elements.
A W*-algebra M is called factor, if Z(M) consists of the complex multiples of 1, i.e if
Z(M)={ 1, X € C}.
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Let e, f, h be projections from M. We say that e is equivalent to f, and write e ~ f,
if e = w*w, f = ww* for some partial isometry w from M. A projection e is called: finite,
if e ~ f < e implies f = e; infinite - otherwise; purely infinite, if e doesn’t have any
nonzero finite subprojection; abelian, if the algebra eMe is an abelian W*-algebra. A W*-
algebra M is called finite, infinite, purely infinite, if 1 is a finite, infinite, purely infinite
respectively; M is o-finite, if any family of pairwise orthogonal projections from M is at
most countable; semifinite, if each projection in M contains a nonzero finite subprojection;
properly infinite, if every nonzero projection from Z(M) is infinite; discrete, or of type 1,
if it contains a faithful abelian projection (i.e. an abelian projection with the central
support 1); continuous, if there is no abelian projection in M except zero; M is of type
I1, if M is semifinite and continuous; type g, (respectively 1), if M is of type I and
finite (respectively properly infinite); type I1; (respectively type 1), if M is of type II
and finite (respectively properly infinite); type III, if M is purely infinite. It is known
that any W*-algebra has a unique decomposition along its center into the direct sum of
W*-algebras of the gy, 1o, Iy, 11, and III types.

A linear mapping o : M — M is called a *-automorphism (respectively a *-antiauto-
morphism) if a(z*) = a(z)* and a(ry) = a(x)a(y) (respectively a(zy) = a(y)a(zx)), for
all z,y € M. A mapping « is called involutive if a? = id. A *-automorphism « is called
inner if there exists a unitary v in M, such that a(x) = Adu(z) = uzu*, for all z € M.
We shall denote by Aut(M) the group of all *-automorphisms, by Ant(M) the group
of all *-antiautomorphisms, and by Int(M) the group of all inner *-automorphisms of
M. Two *-automorphisms or *-antiautomorphisms « and 3 are said to be conjugate, if
a=0-3-0"" for some *-automorphism 6.

By a real C*-algebra we mean a real Banach *-algebra R such that the relation
la*al]l = ||a]|* holds and the element 1 + a*a is invertible for any a € R. A real C*-
algebra R such that R + iR is a complex W*-algebra is referred to as a real W*-algebra.
This is equivalent to the fact that the algebra R is weakly closed and 1 € R, RNiR = {0}.

Let A be a real or complex *-algebra and let S be a nonempty subset of A. Put
R(S)={x € Al sx =0 for all s € S}
and call R(S) the right-annihilator of S. Similarly
L(S)={x € Al zs=0for all s € S}
denotes the left-annihilator of S.

Definition. A *-algebra A is called a Baer *-algebra if for any nonempty S C A,
R(S) = gA for an appropriate projection g.

Since L(S) = (R(S*))* = (hA)* = Ah the definition is symmetric and can be given in
terms of the left-annihilator and a suitable projection h. Here S* = {s*| s € S}.

Definition. A real (or complex) C*-algebra R which is a Baer *-algebra is called an real
(resp. complex) AW*-algebra.

Every W*-algebra is, of course, an AW*-algebra, however, the converse is not true.

Now, we will given auxiliary results from [1].
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Theorem 1. ([1], 4.3.8) Let o and 3 be involutive *-anti-automorphisms of a (complex)
AW~-factor R. Then the real AW*-factors

A={r€eR: alz)=x"}and B={r € R: fB(x)=2"}

are real *-isomorphic if and only if the involutive *-anti-automorphisms « and [ are
conjugate, i.e. 3 = faf~! for a suitable *-automorphism of the AW*-factor M.

Theorem 2. (|1], 4.6.11) Let R be a real AW*-factor of type I. Then R is isometrically
*-isomorphic to the algebra B(H) of all bounded P-linear operators on the Hilbert space
H over P, where P is equal to R, C or H. In particular, every AW*-factor of type I is a
W+-factor (real or complex).

Hence, taking into account the theorem 1.4.1 2], we obtain the main result of the article

Theorem 3. Let M be a (complex) AW*-factor.

1. If M is a type I or I, (n — odd), then M possesses exactly one conjugacy class of
involutive *-antiautomorphisms.

2. If M is a type I, (n — even), then there exist exactly two conjugacy classes on
involutive *-antiautomorphisms of M.
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Generalized solution of the Cauchy problem for hyperbolic equation with
two lines of degeneracy of the second kind
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Consider the following degenerating hyperbolic equation of second kind with two lines of
change of the type

2" Ugy — (—y) MUy, =0 (1)
in a finite domain D, bounded by characteristics AB: £ =0, BC': n=1and AB: y=0
of equation (1) for y < 0 and 20, where m and n are a real numbers (0 <n <m < 1);

§ 2 -2 2 (2—m)/2
-z < (- . 2
n S T m( Y) (2)

The Cauchy problem. Find a function u(z,y) € C?(D) N C(D) satisfying equation
(1) and the following initial-value conditions

u(z,0) =7(x), uy(x,0)=urv(x),
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where 7(z) and v(z) are sufficiently smooth given functions.
In characteristic coordinates (2), the equation (1) transforms into an equation of the
type of the generalized Euler-Poisson-Darboux equation

0%u {q p]@u [q p}@u_e

oéon " |nr€ n—clog  |nre n—¢lag

(3)

where

2= —— p=—" _1<2p<2<0,
n—2 m — 2

and the domain D is transformed into the domain A, the border of which consists of line
segments PM : £ =0,QM :n=1and PQ :n=E¢.
It is known that the solution of equation (3) with the following initial data

u(z,0)=71(z), 0 <x <1, (4)
lim 2% — 2(1 — 2p)] *lim(n — &)% <% - @> =y(z), 0<z<1 (5)
y30 9y P e o I ’ ’

has the form [1]
ul(é,n) = / HL (6,5 €) m(8)dC + / Ha€,m;0) 7 ()dC + / Hy(,m: Q) v(t)dc,  (6)

where
Hy(§,m;¢) =n(n+&)77¢P(1 = Q)Pt'[2(1 + 2p) F(q, 1 — ¢;p;0)—

dF(q,1 —g;p;0) Jo
do oCc |’

~L0 =9 (1 =2) Flg.1 - g:p;0) -
Ho(§,m:Q) = —n(n+ &) (n— &) (1 —2¢) ¢"(1 — )"t F (g, 1 — ¢; p; 0),
Hy(&,m:¢) = =+ (n—8"" "¢ P(1— ) PtF(q, 1 — q; 1 — p; 0),

R R I e
I'(1—2p)

I2(1—p)’

. T(1+2p)

M= 21—aT2(1 + p)’
F(a,b;c;x) is a famous Gaussian hypergeometric function.

Definition. If 7/(z) and v(z) are continuous functions for 0 < z < 1, then an

expression of the form (6) is called a generalized solution of eq. (3) in the domain A.
We consider following class of the generalized solutions of the Cauchy problem (3)—(5).
Definition. By a generalized solution of the class Ry(p,q) of the equation (3), we

mean a generalized solution (6), where the function 7(x) is representable in the form

Yo = [2(1 — 2p)]*2e7!

(x — )

(x + )2

7(z) = ] (= )7 (x +5) 2™ F (q, g—p—1;1—p; > T(s)ds,  (7)
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where v(z) and T'(z) are continuous and integrable functions in (0, 1).
Substituting (7) in (6), we obtain

—&)7PtF (q, 1 —q;1 —p; o) N(t)dt, (8)

()

wen = (135) j COPEF (g 1— 1 - pro) T(0)de
3

where
1

Seosnp L W)= r(t)

Theorem. If T'(z) and v(z) are continuous and integrable functions in (0,1) and
the function 7(x) is represented by (7), then the Cauchy problem (3)—(5) has unique
generalized solution u € Ry(p, q) represented by formula (8).

N(t) =
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A spectrum of elements of Banach—Kantorovich algebras over L,
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Let (£2,%, 1) be a measure space having the direct sum property and let LY =
L°(2, %, 1) be an algebra of all complex measurable functions on Q (functions equal
almost everywhere are identified).

Let £2(2) be a set of all bounded complex-valued measurable functions on € and

L¥Q)={feL’: INeR, A >0, |f| <AL},

where 1 is the unit in L°. Note that the Boolean algebra V of all idempotents in LY,
coincides with the set of all classes of functions of the form y 4, where A € 3.

Consider a linear space X over the field of complex numbers C. A mapping ||-|| : X —
LY is called a L°-valued norm on X, if for every z, y € X, A € C the following relations
hold:

D)zl =0, [lz| =0 <z = 0;

2) [[Az]] = |A]l=[];
3) llz +yll <]l +[lyll-
The pair (X, || - ||) is called a lattice-normed space over L°.

A lattice-normed space X is called d-decomposable, if for any z € X with ||z|] =
A4 X2, 0 < A1, X € L2 XXy = 0 there exist z1,29 € X such that + = 21 + 25 and
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lz1]l = A1, ||zl = A2- A net {xa},c4 in X is called (bo)-converging to x € X, if the net
{llza — 2[|},c4 is (0)-converges to zero in L°. A (bo)-complete d-decomposable lattice-
normed space over L? is called a Banach—Kantorovich space over L° (see [1]). It is known
that every Banach-Kantorovich space X over L° is a module over L° and || Aul| = |A|[Jul|
for all A € L u € X (see [1]).

Let A be an arbitrary algebra over the field C and A is a module over LY, with
(Au)v = Muv) = u(A\v) forall A € LY, u, v € A. Consider on A some L°-valued norm ||- ||,
endowing A with the structure of Banach—Kantorovich space, in particular, || Aul| = |A|||u||
forall A e L% u € A.

An algebra A is called a Banach-Kantorovich algebra over L, if ||uv| < ||ul|||v|| for all
u, v € A. If A is a Banach-Kantorovich algebra over L° with a unit e such that |le]| = 1,
where 1 is the unit in L°, then A is called a unital Banach-Kantorovich algebra. A subset
K of Banach-Kantorovich space X over LU is called a cyclic, if > mx; € K for each net

iel
{@;},c; from K and any partition of the unit {m;},_, in V.

Let X be a mapping that matches to each point w € () a Banach algebra
(AW), | - la@)), where A(w) # {0} for all w € Q. A function u is called a section of
X, if it is defined on 2 almost everywhere and takes a value u(w) € A(w) for w € dom(u),
where dom(u) is the domain of w.

Let L be some set of sections.

A pair (X, L) is called measurable Banach bundle, if

1) Mcp + ey € L for all A\, Ay € C and ¢1, ¢ € L, where A\jc; + Mg @ w €
dom (¢1) Ndom (c2) — Ajcr(w) + Aaca(w);

2) the function [|c|| : w € dom(c) — ||c(w)]| aw) is measurable for all ¢ € L;

3) the set {c(w) : c € L, w € dom(c)} is dense in A(w) for all w € Q;

4) If u, v € L, then uwv € L, where wv : w € dom(u) Ndom(v) — u(w)v(w).

A section s is called simple, if there exists ¢; € L, A; € ¥, i = 1,...,n, such that

s(w) = > xa,(w)ci(w). A section v called measurable, if there exists a sequence {s,}, .y
i=1

of simple sections such that [|s,(w) — u(w)l| 4, — 0 for almost all w € €.
Denote by M (€, X) a set of all measurable sections, and by L°(€2, X) the factorization
of M(£2, X') with respect to equality almost everywhere.
Let
L9, X) = {u € M(©,2) : [u() e € L)}

and
LX) ={ae L°(Q,X): ||a]| € L*(Q)}.

Consider an arbitrary lifting p : L>®(Q2) — L£>(Q) [2], and a vector valued lifting
lx 1 L®°(2, X) — L2(Q, X) associated with lifting p [3].

Let X and ) are measurable bundles of Banach algebras over 2. The map H : w — H,,,
where H, : X(w) — Y(w) is an injective homomorphism of Banach algebras, we call
the embedding of X in Y, if {H,(u(w)) : v e M(Q,X)} C M(Q,)). In the case when
{H,(u(w)) : v e M(Q,X)} = M(Q,)) the embedding H, is called an isomorphism from
X to Y (in this situation, the bundles X and ) will be called isomorphic).

Proposition. For every Banach—Kantorovich algebra A over L° there exists a
unique, up to isomorphism, measurable bundle of Banach algebras (X,L) with a
vector-valued lifting lx such that A is isometrically isomorphic to L°(Q2,X), and
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{lx(z)(w) :x € L®(Q,X)} = X(w) for all w € Q. Moreover, if A is a unital algebra,
then X (w) is also unital algebra for all w € Q.

Let V be the Boolean algebra of all idempotents in L°. If A is a unital Banach-
Kantorovich algebra over L°, then the subalgebra A = {mx : x* € A}, wherem € V, 7 # 0
can be considered as a unital algebra with unit me. By spm(x) we denote the set of all
A € sp(x) such that for every m € V, m # 0, the element m(Ae — z) ¢ Inv(m.A), where
Inv(A) — set of all invertible elements of the algebra A.

The next result is a version of Gelfand’s spectrum theorem for elements of Banach—
Kantorovich algebras over L°.

Theorem 1. For every x € A the set spm(x) is nonempty, (o0)-closed, cyclic and
bounded subset of L.
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A ring A is a *-ring (or ring with involution) if there exists an operation * : A — A
such that for all a,b € A

(@) =a, (a+b)*=a"+0b", (ab)*=0b"a".

A ring A is called regular if, for each x € A, there exists an element y € A such that
xyxr = x. An involution * of A is called proper if x*z = 0 implies = 0 for any x € A. A
x-ring A is said to be x-regular if it is a regular ring with proper involution.

Let A be a x-regular ring. Then there exists a unique projection r(x) such that

(1) ar(z) = ;
(2) zy =0 if and only if r(z)y = 0.
Similarly, there exists a unique projection [(z) such that
(3) I(a)r =
(4) yx = 0 if and only if yi(z) = 0.
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The projections r(x) and I(z) are called the right projection and the left projection of x,
respectively. The projection s(x) = I(z) V r(z) is the support of the element z.
Let us consider the so-called rank-metric p on A defined as follows

p(z,y) = pll(z —y)), v,y € A

(see [1, Lemma 18.1]), where pu is a real-valued function on the lattice of all projections
from A.

Let A be a x-regular ring such that it is a rank-ring with a rank-metric p. Moreover,
we shall assume that (A, p) is a complete metric *-ring.

For elements a,b € A set

a<sb<=b=a+c s(a)s(c) =0,
a<;b<=la)b=a,

a =<, b<=br(a) =a.
A relation <, where <€ {<, <;, <.}, is a partial order on A, that is,
(1) z < ;
2 z<y,y<zx=>z=1y;
B)r<yy<z=>z<=2

We shall consider the order topologies on *-regular ring A generated with respect the
partial orders <;, <; and <, .

The notion of order convergence of a net was introduced by G. Birkhoff (see [2]).

Let us recall a notion of (0)-topology or order topology (for details see |2, 3]). Let
<€ {<s, <1, <} For a net {x4}aca C A, the notion z, T x (resp. x, | ), where z € A,
means that x, < xp (resp. z5 < z,) for o < f and = = sugaca (resp. x = irelgxa). A

aE o
net {4 }aca C A is called (0)-convergent to the element = in A (denoted by z, ) x), if
there exist nets {ya }aca and {2, taca of A such that y, < z, < z, for each @ € A and
Yo T 2, zo 4 x. The strongest topology on A for which (0)-convergence of nets implies
their convergence in the topology is called the order topology, or the (0)-topology, and is
denoted by ¢,(<). Here < is <, <; or <, .

Let ¢, be the topology on A generated by the rank-metric p.

Theorem. Let A be a *-regular ring with a rank-metric such that (A, p) is a complete
metric *-ring. Then the order topology ¢,(<) stronger than ¢,.
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Suppose that {{(k,j) , k,7 € N} be a sequence of independent identically distributed
random variables taking non-negative integer values. Let the random variable £(1,1) have
the distribution

p=PEML,1)=k), k=0,1,..,

with the generating function

and pg+p; # 1. Consider the process W (k), kO defined by the following recurrent relation:

W(n—1)

W©O)=n, Wn)= > &nj), neN, (1)

Jj=1

here 7 is a random variable that takes positive integer values and independent on the
sequence of random variables {£(k, j) , k,j € N}.

We call the process {W (k) , kO} the Galton-Watson process starting with a random
number of particles 7. It is well known [1], the asymptotic state of the process {W (k) , k0}
depends on the mean value of the random variable £(1, 1), and it is divided into the classes
as follows. It is clear that F’(1) = F£(1,1). The process (1) is called subcritical, critical
and supercritical if F'(1) <1, F'(1) =1 and F'(1) > 1, respectively.

In this work, we consider only critical processes.

We denote the Galton-Watson process generated by the i-th particle in the initial
state by Wi(n), n = 0,1,.... Obviously, W;(n), n = 0,1,... , i1 form independent and
identically distributed Galton-Watson branching processes. It is known [1] that W (n) can

be represented as
7

W(n) = Zm(n) , n€N. (2)

Independence of random variables n and £(3, j), 1, j1 implies independence of W;(n) and
the random variable 7. Denote by P(n) the probability of degeneration of the process
{W(k) , kO} at the n-th step, i.e. P(n) = P(W(n) = 0). We denote by R(n) the
probability of continuation of the process Wi(n) at the n-th step, i.e. R(n) = P(W;(n) >
0). In what follows, we need the following designations:

Q(n) =1—P(n), h(s):=FEs", Hy(s):=Es"™ A=1n'(1), ¢>=F"(1),
Foy(s) =s, Fi(s) = F(s), F.(s) = F(F,_1(s)) is the n-th iteration of F'(s).

Further the sign a, ~ b, indicates that lim 3 =
n—oo "



Pecnybnukanckas HayuHas Koubepenius CAPRIMCAKOBCKUE YTEHUS, TamkernT-2021 235

The case when the process {W(k), k0} starts with one particle (n = 1) has been
studied by many authors. So, in 1938, A.N. Kolmogorov [4] obtained the following famous
result for the probability of continuation R(n) of the critical Galton-Watson process:

2
R(n) ~ ——. (3)
In 1947, A.M. Yaglom |[5] studied the conditional distribution of the variable W (n)
given W(n) > 0 and obtained the following result:

2
: 2 < R
nll_)IIoloP (02nw(n) <y/W(n) > 0) 1—e, y>0, (4)
here it was required F"(1) < co. The given results (77), (2) were later obtained by Kesten,
Ney, Spitzer [6] under the condition F”(1) < oo. In [7], V.M. Zolotarev obtained similar
results for branching processes with continuous parameters.

In 1968, Slack [8] considered the case of

F(s)=s+(1—s)'"L(1-5), ac(0,1], (S)

here L(x) is a slowly varying function on a neighborhood of zero, and obtained the

following;:

(1= Fy(0)°L(1 — Fy(0)) ~ — (5)

9
an

lim E (exp {=A(L = F,(0))W(n)} /W (n) > 0) =1 - A(L+ AV x>0 (6)
This result implies the result by Yaglom (4) if « =1 and F”(1) < oco. It should be noted
that in the case considered by Slack, the equality F”(1) = co can be satisfied.
In [3], K.V. Mitov, G.K. Mitov, N.M. Yanev considered the critical case (F'(1) = 1)
when the second factorial moment was finite: F”(1) = 0% < oo, and the generating
function of the number of particles in the initial state was satisfied the condition

h(s):1—(1—s)9L0(1i8) , 0€(0,1), (M)

here Lo(z) is a slowly varying function at infinity, and obtained the following results:
P(W(n) > 0) =1 = h(F,(0)) ~ (a%n)~"Lo(n), (7)

lim E (exp {=A1 = F,(0)W(n)} /W(n)>0)=1-XN1+N)"7, x>0 (8
n—oo
With the help of Tauber’s theorems, it is not difficult to see that condition (M) implies
that the average number of particles in the initial state is infinitely. But it follows from (7)
that in this case, too, the critical Galton-Watson process will degenerate with probability
1.
In 2007, S.V. Nagaev and V. Wachtel [10] considered the case of & = 0 in condition
(9), i.e.

F(s):s+(1—s)L0< ! ) ()

1—s
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and obtained the following results

lim P (H(R ' (n))V(W(n)) <z/W(n)>0)=1-e" z>0. (10)

n—oo

Here
H(z)=2(F1 -2 —1+271), 21,

and
1-1/y

0= [ g [

Thus, the analog of the Yaglom theorem is set for all critical processes that satisfy the
condition (S) in the case of a € [0,1]. It should be noted that in the case of & = 0 not
the distribution of the process itself, but the distribution of the process obtained after
substitution converges to an exponential distribution.

All of the above results were obtained for distributions under the condition W (n) > 0.

In 1951, W. Feller [9] studied the critical Galton-Watson process starting with a large
number of particles and satisfying the condition F”(1) = 02 < oo, i.e. he considered the
case when for process (1), the equality W (0) = %na% + o(n) holds, where the parameter
is x, and received the following result without the condition W (n) > 0 :

lim F (exp [—M} JW(0) = Ena% + o(n)D = exp [—Sg} , A>0, z>0.

n—00 a2n
(11)

In this work, we consider critical Galton-Watson processes starting from a random
number of particles and determine the effect of the mean value of the initial state on the
asymptotic state of the process. We prove the limit theorem that generalizes W. Feller’s
result for processes starting from a large number of particles and satisfying the condition
(S). We prove the limit theorem for critical processes W (n) satisfied the conditions ()
and (M) under the condition W(n) > 0.

Suppose that a critical Galton-Watson process is given, defined by relation (1). The
following theorem shows the influence of the average number of particles in the initial
state on the asymptotic’s of the survival probability of the process.

Theorem 1. If condition (5) is satisfied and h”(1) < oo, then

QL1 F(0) ~

as n — o0.

Theorem 2. If (S) holds then

lim B (exp {=M(1 — H,(0))W(n)} /W (n) > 0) =1 — A\ (1 + (AN A >o.
In the case of n = 1, the equality A = 1 holds, and in this case Theorem 2 turns of the
Slack theorem.

The following theorem determines the asymptotic distribution of the critical Galton-
Watson process, which initially has average many particles and the law of particle
multiplication satisfies the condition (5).
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Theorem 3. If the condition (.5) is satisfied and for the initial state W (0), the condition
W(0) = [bn!/*LY*(1 — F,(0))] is valid, then

E (exp {=A(1 — F,(0)W (n)} /W(0) = [bn'/*LY*(1 — F,(0))]) —

s exp {—)\b (a(1+ Aa))—l/a}

as n — 0o.
Theorem 4. If the conditions (M) and (S) are satisfied, then

lim E (exp {=A(1 — F,(0)W(n)} /W(n) >0) =1 -\ (14+ 1)~ X >0.

n—oo
In the case of F”(1) < oo, Theorem 4 implies the result by Mitov, Mitov, and Yanev. If we
set formal # = 1, a = 1 in the last Laplace substitution, we get the Laplace substitution
(1+ X)~! of the exponential distribution.
Theorem 5. If the conditions (M) and (9) are satisfied, then

lim P (H(R'(n))V(W(n)) <a/W(n)>0)=1-—e 2>0.

n—oo
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Let (a,b) C R and u,v be weight functions in (a,b), i.e., positive measurable functions
defined a.e. in (a,b). Let p, ¢ > 1 and introduce weighted Lebesgue spaces

b
Lyw = {f : IFIE, = / FOPu(t)dE < o}

and similarly L, ,. In this paper we consider the integral operator

H:Lyy— Lyw, (Hf)(z):= /xk(x,t)f(t)dt, (1)

where k(z,t) is so-called "Oinarov’s kerneli.e., the function k(x,t) is a continuous
nonnegative function increasing in the first argument, decreasing in the second argument
and satisfying the condition: there exists a number Al such that

k(x,s) < h(k(x,t) + k(t,s))

foralla <s<t<z <hb.
Recently, in 2021 A.Kalybay and A.Baiarystanov [1| were obtained upper and lower
estimates for the norm of the operator (1) in the case 1 < p < ¢ < o0 as

1
A< |H|lLy, 1, < (h+1)%ps (5) 7 A, (2)
where A = max{A;, A} and

b é x i
A = sup ( / kq@,x)u(t)dt) ( / vl_p/(t)dt) |
a<z<b T a

1

Ay = sup. (/: u(t)dt) % (/j kP (z, t)ot (t)dt) .

But, the calculations show that for certain values of p and ¢ it is possible to obtain a
better estimate.
The first result of the paper reads:
Theorem 1. Let 1 < p < q < oo. Then the norm of the integral operator in (1)
satisfies
A< || <c.

where C'is a positive solution of the equation

C7 — hqii(¢) 7T ATIC = hgii (p') 7 AY (3)
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and A = max{A;, As}.
Remark 2. Equation (3) has a unique positive solution, since the function

z¢

h(z) =

g ()7 AT + i1 (¢) T AT

is continuous and monotone increasing function of x in the half line (0, c0), ~(0) = 0 and
h(co) = o0.
Example 3. Let 1 < p < ¢ =2 and hl. Then Equation (3) and it’s positive solution
take the forms ,
C? — 4AhC = 2h(p)» A?

and

C = (2h + \/4h2 + zh(pf)if) A,

respectively. Then corresponding estimates take the form

A<|H| < <2h + \/4h2 + 2h(p/)3f> A.

Our next result reads as:
Theorem 4. Let 1 < p < ¢ < oco. Then the norm of the integral operator in (1)
satisfies

A< |H| < eh™qd A,
where A = max{A;, As}.
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Abstract. The present paper is devoted to one property of the exponential matrix.
In this property, statements that consist of equalities and inequalities are proved. Proved
statements are useful to estimate certain expressions in the practical problems. Proving
processes are done by expansion of series and inductive method.

The exponential matrix is one of the most important concepts of the higher algebra
course, and the exponentsial matrix and many statements including it are widely used in
many other fields of the mathematics. It has been widely used in many scientific works
which are being done in many fields such as differential equations, dynamic systems,
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differential games and control theory. Indeed, in many scientific articles, we can notice
that the usage of the properties of the exponential matrix makes the work easier. In
this paper, the statements, represented by an exponential matrix, are presented. The
presented statements were proved by using inductive method. In the process of proving
the statements, the definition of the norm of a matrix was used. We also make extensive
use of the following properties of the exponential matrix in our scientifie work. Now, we
present the property that is the main part of our paper.

Property For the matrix e4, the following relations hold

i.

pAilt+h) _ JAit | Ak
ii.
L,

(T), a(t)=14+t+ =12,

et < e Ma(t)nl, e

2
iii.
1 1 00
le || < a(T), [le* —Esl| <1—e ™ +t+-1> Ez= [0 1 0f,
2
0 01
where || A|| = fﬂ&x\Aﬂ.
z|=1
The second inequality in iii can be established as follows.
For x = (21,22, x3), 2} + 23 + 25 = 1, we have
e Mt — 1 te Nt Lg2e=Ait T [
et — Bs|| = max ‘( Eg) w‘ = max 0 e Nt — 1 te Mt T
|z|=1 |z|=1 O O e—)\it -1 T3
—1 ) @1 + teNitay 4 St2e Ny
= max (et — 1) 2y +te“x
|z|=1 67)\ t 1) |
e~ Nt — 1) xy te Nty _%th_’\i%g
< max —“ — 1) x| |+ | [te Mas| |+ 0
=1 —1)zx 0
3
= mla)lc< \/.CE1+ZL’2+$3+t€ i Jxd+ 23+ t2 )
it At 12 it —Ait 1,
< R S B

Thus, the second inequality of iii statement in the Property has been proved. It is easy
to be shown that truth of the rest of statements can be proved in the same way.
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In [1] it was proven that the union of compact subspace in hyperspace is closed in
initial topological space. In this thesis our aim is to extend that property for 7-bounded
spaces and 7-closed subsets. For more properties of 7-bounded spaces see [2].

The set of all non-empty closed subsets of a topological space X is denoted by exp X.
The family of all sets of the form

O(Uy, Us, ..., Up) = {F: FEepr,Fc,@lUi,FmUi¢®,z:1,...,n}

where Uy, Us, ..., U, are open subsets of X, generates a base of the topology on the
set exp X. This topology is called the Vietoris topology. The set exp X with the Vietoris
topology is called exponential space or the hyperspace of a space X. [3].

Definition. A subset A of a topological space X is called 7-closed [4] if for some
B C A, |B| <7 we have [B] C A.

Recall that a topological space X is called 7-bounded (see [2|), if the closure in X of
every subset of cardinality at most 7 is compact.

Theorem 1. Let X be a topological space. Then the set ' = {F € exp X: FNA # ()}
is T-closed, if A C X is 7-closed in X.

Theorem 2. Let X be an infinite regular space, then Uf is 7-closed in X for every
7-bounded subspace [ of the hyperspace exp X.
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Introduction. In biomedical studies of individuals for survival, in engineering tests of
technical devices for reliability, there may be cases when the tested objects coming under
observation after a certain random time after the start of testing. This phenomenon
is called delayed entry or left random censoring. The random variable (r.v.) X that
characterizes the lifetime of the tested object becomes to observation under the condition
X L. Here L is the moment when the object was placed under observation. In addition to
this, r.v. X may also be censored from the right by some other r.v. Y. We are interested
in r.v. X which will be subjected to random censorship from both sides by random vector
(L, V). Let r.v.-s L, X and Y are mutually independent with continuous distribution
functions (d.f.) K , F' and G respectively.

Informative model of random censorship from both sides. Let

{(Xk, Li, Y),k1} be a sequence of independent realizations of the triple (X, L, Y') and
S = {(Z;, A;),i=1, ...,n} -the observed sample, where Z; = max { L;, min {X;, Y;}},
A= (5§°>, s, 5§2)) , with 6 = I (min (X;, V;) < L), 8V = I (L; < X, < V) , 8 =
I(L; <Y; < X;) and I (A) standing for indicator of the event A. Note that in sample
S the number of observed r.v.-s X; is equal to 59) + ...+ 6. The statistical task is
consist in estimating of d.f. F' from a sample S™. However, such a general statement of
the estimating problem, d.f.-s K and G are considered as a nuisance. In this paper, we will
investigate the evaluation of d.f. F'in the case of informative censoring from two sources,
when d.f.-s K and G functionally depend on F'. To describe such a model by H and N
we denote d.f.-s of r.v.-s Z; and V; = min (X, Y;). Then it is easy to see, that

H(z)=K(@)N(z), N@)=1-(1-F(2)(1-G (), = €R. (1)

Assume that there are positive unknown parameters ¢ , [ such that following
representations are valid for all z € R! :

- G(@) = (- F)
{Kuqu@W, @

where the parameter (3 is responsible for the power of censoring from the left, and 6 -from
the right. From formulas (1) and (2), it is not difficult to derive the following representation
for d.f. F: y

1-F(a)=[1-(H@)] . e, 3)

where \ = Using representation (3), we can construct a semiparametric

1 _ 1
e 1T T
estimate for F' over a sample S by estimating a triple (H (z), A, 7):

Fy(e)=1-[1-(H, (x))ﬂ”" , xR (4)
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Studies of the dependence of the estimator on unknown parameters of
censorship. Numerical studies were conducted using the python programming language
to clarify how much the estimate F, (z) depends on the parameters, demonstrating its
proximity to the estimated function F'(x) (see, figures 1-4). As F' (x) we use the standard
normal and exponential d.f.-s. Simulated volume data was used for this purpose is n =
500. From figures 1-4, we can see that when 0 < 3, 0 < 1 the estimator F,, (x) is well
approximated to F'(z) (figures 1-4). In other cases, with an increasing of censoring from
the left and right the discrepancy between the estimate and d.f. is noticeable.
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Some properties of majorization for nonlinear operators
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We will denote x majorize y z < y, if for each £ = 1,n — 1 consider this conditions:

and . .
Z Ti = Z Yi
i=1 i=1

Definition 1. The nonlinear stochastic operators are defined on a simplex S, and the
dimensional of the simplex is (m — 1), as

m

Sm_l = {xl = (.flfl,.’L‘Q, ,."Em) € Rm,zxz = 1axi > O}
=1

Definition 2. The evaluation of the nonlinear stochastic operators as

(Vﬂf)k = Z Pij,kxixj

i=1

where the P;;;, is the transaction matrix under the condition:

Pk =Pix 2 0,) Pyx=1.
k=1

An n square matrix A = (a;;) is said to be doubly stochastic if all entries are nonnegative
and each column an each row sums to one:

Q45 > O,i,j = 17 ey 1

n

Y ay=1,j=1,.n,
=1

n

» ay=1li=1,..n

j=1
Theorem. V : S™ 1 — S™ 1 Ve < a9 >t =1,> t;; =1 and
J J

minz; < (Ve,z) < maxx;
K3 3
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Asymptotic efficiency of a Certain class of goodness of fit tests in
multinomial distributions
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1. Introduction. Let 7;,...ny be a random vector of frequencies of a multinomial
model on n observations classified into N cells with the cell probabilities P =
(p1,...spN), 1+ ...+ pv = 1, all p; > 0. We consider goodness of fit tests of
hypothesis Hy : P = (N1, ... N71) versus sequences of alternatives Hy, := (p1,...,pn) #
(N-Y...N71), which approach Hy, as n,N — oo so that ¢(N) = N'[(Np; —
)2+ ...+ (Npy — 1)%] — 0, by means of tests based on symmetric statistics, viz.,
Sh = h(m) + ... + h(ny), where h is a real function defined on non-negative axis.
The case where h(z) = hq(z) = 2(d(d + 1)) 'z[z/A v — 1], d > =1, d # 0, else
ho(x) = 2xlog(x /A, n), here A\, y = n/N is the average of observations per cells, is the
class of power divergence statistics. The count statistics, where h is an indicator function
form another class of symmetric statistics. Our objective in this talk is to discuss on
the asymptotic relative efficiency (ARE) of two symmetric statistics. We are interested
in the Pitman and intermediate (between Pitman and Bahadur settings) concepts of
asymptotic efficiency, the most widely used in statistical inference. We emphasis the two
parts of our investigation. The first, we consider the effect of changing of the number
of cells on the Pitman efficiency for a family of contamination alternatives; these are
extension of the results on Pitman efficiency of Quine and Robinson (1985) to the class of
h-tests. The second, we extend the recent results on intermediate ARE in Yweak sense¥Y of
Mirakhmedov (2021) to intermediate ARE of two h-test, defined as a limit of the ratio of
sample sizes which guarantee the same precision for both tests, viz., the same significance
level tending to zero slower than in BahadurVs setting and the same asymptotically non-
degenerate power. Overall, it is shown that the Intermediate ARE of symmetric tests are
differ for the N = o(y/n) and /n = o(N) it also depend on the Yrate of proximity¥Y of
the sequences of alternatives to the hypothesis.

2. Results. Set

&~ Poi(AynN), .- p(SfLN, M) = corr(h(§) — 5)\;}\/cov(h(f),£),£2 — (2\n + 1)§)
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Theorem 2.1. Let two tests of sizes @ > 0 based on S} and Sf;N, which
have asymptotical normal distributions under both H, and Hj, such that e(N) =

O((nAnn)"2). Then

E(Sy n+Sp.v) = Wm(p* (S} s Aan)p 2 (S0 s Anv)-

Assume that the number of classes N = N(z), taken as a function of the continuous
variable x, is regularly varying with index ¢ € (0,2). Let N and N’ be two different
number of classes.

Theorem 2.2. Let two tests of sizes & > 0 based on Sy and S}, which
have asymptotlcal normal distributions under both H, and Hln such that e(N) =
O((nAnn)"2). Then

PE(Sh .St i) = @9 if N'(n)/N(n) — ¢ € (0,00), and

E(SQN,SZ,N,) = oo if N'(n)/N(n) — oc.
The alternatives Hy, where /nA,e(N) = oo and e(N) = o(), ) define the family of

intermediate alternatives %,;. Let S Sh v stands for the standardized version of Sh
Assumption A(7,,%): There exist a sequence of positive numbers (7,), 7, — 0 or
T, = ¢ > 0 for all n, such that -

lim sup(r,u?) " log Py{S" N> Upt =1,
n—oo
for every sequence (u,), u, = O(y/nA, ne(IN)) and every alternatives of T, a sub-family
of ‘Zalt-
Theorem 2.3. Assume that for the statistics S} 5 and Sf;  the Assumptions A(7y,, )
and A(7y,,¥), respectively, are fulfilled. Then

TinpP (SnN?)\ )
An,

TAE(S",S%) > lim -

n—00 Top, ) (Sn N

if additionally 7, < 7y,, for all n, then

e(S%,S%) = lim

n—00 Top P (Sn N>

Tinp (San)‘ )
AnN)
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On low dimensional Sklyanin algebras
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Abstract

We give a new characterization of Koszul Calabi-Yau algebras. To this end we use
results of Beidar, Fang and Stolin on description of symmetric Frobenius algebras by
means of solutions of quantum Yang-Baxter equation. We apply this characterization to
give another proof of the Calabi-Yau property for three and four dimensional Sklyanin
algebras.

Let k be algebraic closed field P4 be projective plane over k.

Definition The 3-dimensional Sklyanin algebra A = A(a, b, ¢) is the graded k-algebra
with generators x,y, z of degree one, and relations

az? 4+ byz + czy =0
ay® + brz + czx =0 (1)
az® + bay + cyr =0
where a, b, ¢ € k satisfying the following two conditions:
(1) [a:b:c] € P2\ D, where
D={1:0:0,[0:1:0,[0:0:1]}n{[a:b:c]la®>=b"=c"=1}

(2) abe # 0 and (3abc)® # (a® + b + ¢3)3.
Smith showed in [3, Example 10.1 | that A is Koszul, whose dual algebra A' is generated
by &1, &, &3 with relations

c§a€3 — b&3&a, bf% — aa€s, €36 — 0613,
b5 — abslr, & — bék, bES — a&i&e.

From these relations, in [2] X.Chen and F.Eshmatov obtain A' is isomorphic to a graded
algebra spanned by

17 517 527 537 5%7 537 532)7 5%
Theorem The 3-dimensional Sklyanin algebra is a Koszul Calabi-Yau algebra with
Q=10 +LQET6LG+HEREHHROG+HERLTERGTE®L (2)

solution of the quantum Yang-Baxter equation.
Definition Let «, 8,y € k such that

a+B8+y+abfy=0, «,B,7N{0,£1} = 0.
The 4-dimensional Sklyanin algebra A = A(«, 3, ) is the graded k-algebra with generators
Zo, X1, T9, x3 of degree one, and relations r; = 0, s; = 0, where
1= X1 — L1209 — a(Tawy + xT3Ta), 1 = ToT1 + 1T — (Tow3 — T3T9)
To = ToTy — TaTo — B(T371 + T1X3), So = ToTa + ToTo — (T3T] — T1X3) (3)

T3 = o3 — 3T — 7($1$2 + x2m1)7 83 = ToT3 + T3To — (%952 - xle)
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As proved by Smith and Stafford [4,Propositions 4.3-4.9], A is Koszul, whose Koszul dual
Algebra A' is generated by &, &1, &, &3 with the following relations:

G=4=86=&=0,

26583 + (a +1)6é1 — (o — 1)&1& = 0,
28380 + (a0 — 1)&& — (o + 1)61& = 0,
2838 + (B + 1)&oéa — (B — 1)6260 = 0,
26834 (B — 1)&&e — (B +1)66 = 0,
2616 + (v +1)6&s — (v — 1)6360 = 0,
2866 + (v — 1)&0&3 — (v + 1)&360 = 0.

From these relations, we obtain A' is isomorphic to a graded algebra spanned by

1, &0, &1, 82,635 §0615 §1605 S0é2, §280, €083, €380, §160615 §0€180, £062805 §0é380-

Theorem The 4-dimensional Sklyanin algebra is a Koszul Calabi-Yau algebra with

Q=18 Gttt — £ B G + 6 B Eifo + T T -6 Dol
v 1+«
+ ;—Zé - &3 ® §0&380 — &0é1 @ &oé1 — % : ;—Zé &b ® &
- ;—z o0& ® §oés + 160 @ L& + % : LL;Z €6 ® 260 (4)
+ 11 €380 ® €380 + £18081 ® o — 08160 ® &1
+
- —1 ;f : —1 :LZy £08280 ® &2 — —i —_i—Zz - &0€380 ® &3 + E16061& ® 1

solution of the quantum Yang-Baxter equation.
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Introduction.

The spectral properties of grid operators have aroused great interest among
mathematicians. Graph and Schenker (1997), D.S.Mattis (1976), A.I.Mogilner (1991),
Yafaev (2000) in models of solid state physics and at the same time on the fields theory
of lattice one-particle and multi-particle discrete Schrodinger operators with analogues
of Schrédinger operators are considered. Therefore, understanding spectrum of such
operators is a topic of central importance in physics.

Let Z be the one-dimensional lattice, T = (R/27Z) = (—m;7w] be the one-
dimensional torus, A\, u € R be real parameters. The Discrete Laplacian operator
in the momentum representation. The one-particle Schrédinger operator H in the
momentum representation is of the form defined by

H=FHF, H=H -V,
where R
Hy=F"(-N)F, V=FVF
and F stands for the standard Fourier transformation F : L*(T) — (*(Z) and F* :

(*(Z) — L*(T) is its inverse. Explicitly, the non-perturbed operator Hy acts on L*(T) as
multiplication operator by the function &(-) :

(Hof)(p) =) f(p), felL*T), peT,

where
e(p) = (1 —cosp)+ B(1 —cos2p), peT, B=0. (1)
In the physical literature, the function £(-), being a real valued-function on T, is called

the dispersion relation of the Laplacian operator —A.
The potensial operator

V@) == [ fada. e, @)

The essential spectrum.

Hy is a multiplication operator by a function, the perturbation V' is the one-dimensional
operator and, therefore, in accordance to the Weyl theorem on the stability of the essential
spectrum the equality oess(H,) = 0ess(Hp) holds, and the essential spectrum of the
operator H,, consists of the following segment on the real axis:

Uess(H)\u) = [gminagmax]a

where

Y

=

88

=

2, 0<p<
Emin = 0, Emax = (1+453)2 ﬁ >
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Fredholm determinant of the operator H,,.
For any i € R, we define the Fredholm determinant associated with the operator H),
as a regular function in z € R\ [enin, Emax] as

P dp
Dp)=1-21 [ P 3
) =1- 55 [ ®)
The main result of our work is as follows:
Theorem. z(u) satisfies the asymptotics

1

-5 E - (22 + 35+ 2) 5 + O(k)

z = as [ —» +00.

I
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PERMUTATION DEGREE

Mukhamadiev F. G.!, Sadullaev A.Kh.?

'National University of Uzbekistan, Tashkent, Uzbekistan,
lfarhod8717@mail.ru;
2Yeoju Technical Institute in Tashkent, Tashkent, Uzbekistan,
Zanvars1997@mail.ru

We shall say that a set P is of the type G, in X if there exists a family

v={U,:a € A | A|< 1} of open sets in X such that (., U, = P [1].

A permutation group X is the group of all permutations ( i.s. one-one and onto
mappings X — X ). A permutation group of a set X is usuallay denoted by S(X).
If X ={1,2,...,n}, then S(X) is denoted by S,,, as well.

Let X" be the n-th power of a compact X. The permutation group S, of all
permutations, acts on the n-th power X" as permutation of coordinates. The set of
all orbits of this action with quotient topology we denote by SP"X. Thus, points of
the space SP"X are finite subsets (equivalence classes) of the product X™. Thus two
points (x1, s, ..., Tn), (Y1, Y2, ..., yn) € X" are considered to be equivalent if there is a
permutation ¢ € S, such that y; = x0(i)) for all 7 = 1,2,...,n. The space SP"X is
called n-permutation degree of a space X. Equivalent relation by which we obtained space
SP"X is called the symmetric equivalence relation. The n-th permutation degree is always
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a quotient of X™. Thus, the quotient map is denoted by as following: 7, : X" — SP"X.
Where for every x = (x1, xa, ..., x,) € X", w5 ((x1, T2, ..., Tn)) = [(1, T2, ..., x,)] is an orbit
of the point x = (21, 29, ..., x,) € X™.

The concept of a permutation degree has generalizations. Let G be any subgroup of the
group 5,. Then it also acts on X™ as group of permutations of coordinates. Consequently,
it generates a G-symmetric equivalence relation on X™. This quotient space of the product
of X™ under the G-symmetric equivalence relation is called G-permutation degree of the
space X and it is denoted by SPAX. An operation SP is also the covariant functor in the
category of compacts and it is said to be a functor of G-permutation degree. If G = S,,,
then SPZ = SP™. If the group G consists only of unique element, then SPEZX = X" [2].

Theorem. If the set SP"P is of the type G, (T > Ny) in the space SP"X, then the
set (75)~1(SP"P) is also of the type G, in the space X™.
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Weighted extremal functions in the class m-subharmonic functions
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We fix the number 6 > 0 and define an d-m-extremal function. Let K C C™ be a compact

set and 1 some bounded function on K. Without loss of generality, we can consider
P <A<, z€e K.

Consider the following class
L0 = {u(z) € shym(C") = u(z) <6, z € C"}.
It is clear that if u(z) € £,,, then c¢-u(z) € £, Ve € (0,6]. We put
£8,(K,6) i= {u(z) € £3,, u(2)] < v(=)}.
Definition 1. The function V! (z, K,¢,0) = EV&(w,K,w,é) is called the 6-m-

extremal function of the compact set K with respect to 1, where
V(2 K, 8) := sup{u(2) : u(z) € Ly, (K, )}, z € C™.

Note that, for 6 = 1 the -m-extremal function coincides with the m-Green’s function
with the weight of the compact set K i.e., V*(z, K,¢,1) = V*(z, K,v),for 6 = 1,¢(2) =0
coincides with the m-Green’s function, i.e. V5 (z, K,0,1) = V*(z, K). [1,2,3,4]

Let us list the properties of the dJ-m-extremal function:
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1°. If 51 S 627 then Vn*:L(Z7 K7w761) S Vrfl('?’?Kawu 52)
2°. If opy < 4py,Vz € K, then V' (z, K,101) < Vi (z, K, 19).

3°. Vi(z, K,¢,0) =0V} (z, K, %) in particular, V! (z, K,0) =0 - V! (2, K).
Unweighted case. We define (9, m)-regularity and (0, m)-local regularity in a similar
way as for usual m-regularity.

Definition 2. A compact set K is called globally (§,m)-regular at a point 2 € K
if V*(2° K,6) = 0. It is called locally (8§, m)-regular at a point 2° € K if V*(z° K N
B(2°,7),8) = 0 for any r > 0.

The proposition below immediately follows from property 3 and shows that (J,m)-
regularity is the same as classical m-regularity, namely, 6 = 1.

Proposition. Let K be a compact subset of C".

(i) A compact set K is globally (6, m)-regular at a point 2° € K if and only if it is globally
m-regular at a point 2°.

(ii) A compact set K is locally (8, m)-regular at a point z° € K if and only if it is locally

m-regular at a point 2°.

Weighted case. Consider the following sets of numbers,

A(K ) = {8 > 0: Vin(, K0, 6) ¢ = 6(2)).

Definition 3. Let 6 € A(¢, K). The compact K is called globally (0, ¢, m)-regular at point
20 e Kif Vi(2% K, v,0) = ¢(2%). It is called locally (4,1, m)-regular at point 2° € K
if for every nonempty ball B(z%,r) : V* (2% K N B(2%7r),9,0) = ¥(2°). A compact K
is globally (0,1, m)-regular if it is globally (4,1, m)-regular at every point of itself. A
compact K is locally (6,1, m)-regular if it is locally (0,1, m)-regular at every point of
itself.

Note that global or local (6,1, m)- regularity can only be defined for 6 € A(y, K). It is
easy to see that any locally (9,1, m)-regular point is globally (9, ¥, m)-regular. We denote
by Aveg = Areg(K, 1) the set of numbers 6 C A(K, 1)), for which K is globally regular, we
denote by Al°¢ = Alo¢ (K 4)) the set of numbers § C A, for which K is locally regular. We

reg reg

see, AI% C Apey C A
Theorem. Let K be a compact set, and 1(z) is weight on K : ¢(z) € C(K). Then,
K is locally (¢, m)-regular at 2° € K if and only if K is locally m-regular ( case ¢ = 0)

at 2.
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Let Z(t)be the number of particles in the Bellman-Harris process at time t. Except as
otherwise specified, we assume that the evolution of the process begins at the moment
t = 0 with one particle of zero age: Z(0) = 1. The initial particle of the process has a
random lifetime of 7 with a distribution of G(¢) and generates at the end of its life a
random number of descendants of £ in accordance with the generating function f(s).

Let F(t;s) = E [s?|Z(0) = 1]be the generating function of the number of particles
in the Bellman-Harris process at the moment ¢. Thus, the function F'(t;s) satisfies the
integral equation

Flt:s) = s(1— G /f (t — s ))dG(u). (1)

It is clear that the value F'(t;0) = P(Z(t) = 0) is the degeneration probability of the
Bellman-Harris process at the moment no later than ¢. Assuming s = 0 in (1), we have

F(1:0) = [ F(F(t - 50)dG(u)

The limit @ = tlim F(t;0), which exists due to the obvious monotonicity of the
— 00

function F'(t;0) with respect to ¢, will be called the degeneration probability of the process
Z(t), t > 0. Evidently,

= lim /f (t —u;0))dG(u) < Jim FIE(0)G(t) < £(Q).
Let G**(t) denote the k—th convolution of the function G(t) := G*1(t) with itself:
t
GOt) = I{t >0}, G*(t) = / G(t — u)dG =D (),
0

where I{A}is the indicator of the event A. In the following lemma, we obtain upper
and lower bounds for the generating function F'(¢;s) in terms of iterations f,(s) and
convolutions G**(t).

Lemma. If F¢ = 1, then for any n > 1, the estimates

L—fu(s) —(1=98)G"(t) <1—F(t;5) <1— fuls) + (1 —s)(1 — G™(t))

are valid.
Recall that the branching Galton-Watson process is a special case of the Bellman-
Harris process, in which the lifetime of each particle is equal to one. Let fy(s) = s, and

fu(s) = f(faa(s)), n=1,2,...
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be a sequence of iterations of the function f(s).
Theorem. Let p = ET = [tdG(t) < oo. If the branching Bellman-Harris process
0

satisfies conditions

E¢=f(1)=1, o= E&E - (E)?* e (0,00),

and
lim £ (1 - G(1)) = 0,
then 5
Qt) = P(Z(t) > 0) ~ 1= fs1(0) ~ =, t = o0,
and 2uZ(t 1
tlgéloE {emp{—)\ MUQt( )} ‘ Z(t) > 0] BT

We know that the function F(¢;s) satisfies equation (1) on the semiaxis ¢ > 0.

It turns out that for a fixed s € [0, 1], we can say a little more about the properties of
F(t;s).

REFERENCES

1. B. A. Baryrun, Berssiuecst iporieccol n ux npumenenus, Jlekimonubie Kypcebr, HOIL,
Mocksa-2008.

2. T. Xappuc, Teopust BeTBsAIUXCA Caydaiinbix mporeccoB, Mup, M., 1966; nep. ¢ aH-
ri.: T. E. Harris, The theory of branching processes, Springer-Verlag, Berlin-Goottingen-
Heidelberg, 1963 Zb 1, 0117.13002.

3. A A. Imomov, A.Kh. Meyliev, On Asymptotic structure of continuous-time Markov
branching processes allowing immigration without higher-order moments, Vdumckuit ma-
temarmyecknii xypuana. Tom 13. No 1, (2021). C. 137-147.

Calogero-Moser type spaces in the variety of two 3 x 3 matrices

Normatov Z. Sh.
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Let M,, be the C-algebra of n x n matrices over C. The general linear group acts on
the direct product M,, x M,, diagonally:

g-(X1,..,X) = (gX1g7", ..., gXag™h), Xi€{X,Y}, g¢€GL,(C). (1)

Let C[M,, x M,]% be the algebra of GL,,-invariant polynomials, which is known to be
generated by the traces

T(Zy - Zy), Zi,. Zp €{X, Y}, 1<k <n?
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(see Procesi [2], Razmyslov [3]). Furthermore, every relation among the generators is a
result of the Cayley-Hamilton theorem.

Definition The n-th Calogero-Moser space C,, is
{(X,Y) e M,, x M,, | rank([X, Y]+ I,) = 1}//GL,(C),

where GL,(C) acts by conjugation, i.e. g.(X,Y) = (¢Xg~t,gYg™).

Calogero-Moser spaces play an important role in geometry and representation
theory. In [4] Wilson proved that C, is a smooth irreducible affine algebraic variety of
dimension 2n.

Let us make the following notations:

1 = a3Q9 — 2a4a8 + asar

ro = G506 — 2a4a7 + azag

r3 = az(asas — a3 — 3v) + 6(agag — a3)
ry = as(asas — a3 — 3v) + 3(agay — arag)

s = as(azas — a; — 3v) + 6(arayg — a3)
If we use the following substitutions

as = Tr(A?), ay = Tr(AB), a5 = Tr(B?),
ag = Tr(A%), ar; = Tr(A*B), ag = Tr(AB?), a9 = Tr(B*),v = -3,
where A and B traceless version of the matrices X and Y, respectively, then rq, ... r5 are

the defining relations of the coordinate ring of the Calogero-Moser space Cs [1|. Varying
v we can introduce similar varieties.

Definition Denote by Cs,, the subspace of C[Mjz x M3]|SY whose coordinate ring is
(C[Clg, G4, as, g, G7, Ay, a9]

C[Cll,ag] X
(Tlv To,T3,Ty, T5)

Theorem For all v # 0 the varieties Cs, and the Calogero-Moser space Cs are
isomorphic.

Theorem The variety Cs is the invariants of commuting matrices of degree 3.
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Lie-derivations of some nilpotent Leibniz algebras

Nurmatova I.M.!.
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Leibniz algebras are generalization of Lie algebras and these algebras preserve a unique
property of Lie algebras that the right multiplication operators are derivations. They first
appeared in papers of A.M.Blokh in the 1960s, under the name D-algebras, emphasizing
their close relationship with derivations. The theory of D-algebras did not get as thorough
an examination as it deserved immediately after its introduction. Later, the same algebras
were introduced in 1993 by Jean-Louis Loday, who called them Leibniz algebras due to
the identity they satisfy. The main motivation for the introduction of Leibniz algebras was
to study the periodicity phenomena in algebraic K-theory. During the last 20 years, the
theory of Lie algebras have been extended to Leibniz algebras. Derivations and operators
which are generalization of the derivations play an important role in the study of structure
of algebras. Many papers devoted to the investigation of derivations, inner derivations,
local and 2-local derivations of Lie and Leibniz algebras.

In this work we investigate Lie-derivations of Leibniz algebras and describe Lie-
derivations for some nilpotent Leibniz algebras, such as null-filiform and filiform Leibniz
algebras. Moreover, we give the description of Lie-derivations for three-dimensional
nilpotent Leibniz algebras.

Definition 1. A Leibniz algebra over K is a vector space L equipped with a bilinear
map, called bracket, [—, —] : L x L — L satisfying the Leibniz identity:

[z, [y, 2]] = [z, 4], 2] = [[z, 2], 9],
for all x,y,z € L.

Definition 2. A linear map d : L — L of a Leibniz algebra (L, [—, —]) is said to be a
derivation if for all z,y € L, the following condition holds:

d([z,y]) = [d(x),y] + [z, d(y)].

For a given x € L, R, denotes the map R, : L — L such that R,(y) = [y,z], Vz € L.
Note that the map R, is a derivation. We call this kind of derivations as inner derivations.
Derivations that are not inner are said to be outer derivations.

Definition 3 A linear map d : L — L of a Leibniz algebra (L, [—, —]) is said to be a
Lie-derivation if for all z,y € L, the following condition holds:

d([z, ylie) = [d(x), Yliie + [, d(Y)]1ic-

We denote by DerLie(L) the set of all Lie-derivations of a Leibniz algebra L, which
can be equipped with a structure of Lie algebra by means of the usual bracket

[d1,d2] =dyody —dyod,,
for all dy,dy € DerLie(L).
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Definition 4. A Leibniz algebra L is said to be nilpotent, if there exists n € N
(m € N) such that L™ = 0 (where L' = L, L™ = [L", L]). The minimal number n with
such property is said to be the index of nilpotency of the algebra L.

It should be noted that the maximal nilindex for n-dimensional Leibniz algebras is n+1
and such type of nilpotent Liebniz algebras are called null-filiform and n-dimensional
Leibniz algebras with nilindex is equal to n is called filiform.

It is known that there exist unique n-dimensional null-filiform Leibniz algebra denoted
by NF, with the table of multiplication

NE, : [ej,e1l] =e€1, 1<i<n-—1.

Moreover, any naturally graded n-dimensional filiform Leibniz algebra is isomorphic
one of the following two algebras

Fé : [61,61] = €3, [ei,el] = €11, 2 < 1 <n-— 1.

Fl: ler,er] =es, [ei,el] =€, 3<i<n—1.

n

In the following theorem we show that any Lie-derivation of the null-filiform and
naturally graded filiform Leibniz algebras is a derivation.
Theorem 5. Any Lie-derivation of the algebras NF,, F!, F2? is a derivation.

Now we consider three-dimensional nilpotent Leibniz algebras:

AL abelian;

Aot [er, e1] = e

Az : [62, 63] = €1, [63,62] = —€1;

Ay o [ea,e0] = e, [es,e3] = aeq, [ea, e3] =eq;
/\5 : [62, 62] = €1, [63, 62] = €1, [62, 63] = €1,
/\6 . [63, 63] = €1, [61, 63] = €9.

Theorem 6. Any Lie-derivation of the algebras Ai, Aa, A3, A5, Ag is a derivation.

Proposition 7. There exist Lie-derivation of the algebra A4 which is not a derivation
and any Lie-derivation of the algebra A4 has the following form:

D(e1) = (B2 + 285 + 205 + ag)es
D(ey) = Brer + Baea + Pses
D(eg) = (161 + (a€a + (¥z€3
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On 3-Lie algebras
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Lie algebras in physics arise in general relativity, quantum field theory, quantum mechanics
and string theory. Lie algebra theory has been deeply investigated for many years and Lie
algebras are among the most important and useful mathematical objects.

V.T Fillipov proposed a generalization of Lie algebras called n-Lie algebras [1|. As an
infinite-dimensional example he provided n-Lie algebras of Jacobians. Another important
example of infinite-dimensional n-Lie algebra structure was given by Dzhumadildayev
in [3]. These two examples present the main constructions of infinite dimensional n-Lie
algebras.

In this work we consider the generalization of 3-Lie algebras of Jacobians. We introduce
a ternary bracket obtained by adding one more column to Jacobian and we give necessary
and sufficient conditions when the ternary bracket is 3-Lie algebra.

Definition. A vector space L equipped with skew-symmetric ternary bracket [—, —, —]
is called 3-Lie algebra the following identity holds for any ay, as, a3, b1,bs € L :

[[a1, az, as], by, bo] = [[a1, b1, bo], ag, as] + [a1, [ag, b1, bo], as] + [a1, az, [as, by, bo]] (1)

Let A be an associative commutative [F-algebra. For fixed mutually commuting
derivations dy,ds, d3 of the algebra A and any x4, xq,x3 € A we consider [z, z9, x3]; 1=
Jac(zy, o9, x3), where

Jac(xy, e, 23) = | do(z1)
d3(z1) ds(zg) ds(w3)

It is well known that the algebra A with ternary bracket [—, —, —]; is 3-Lie algebra
[2].

Let di,ds, ds3, ds be pairwise commuting derivations of an associative commutative [F-
algebra A. Then let us define the following ternary bracket on A :

d1 (1’1) dl (C(]Q) dl (C(Ig) aq
dg(l’l) dg(l’g) dg(l’g) (0]
o« = 2
[xh T2, {L‘g] dg(l‘l) dg(l‘g) dg(l'g) Qa3 ( )
d4(331) d4(332) d4($3) Qy
where, aq, as, a3, a4 € A.
Now we give a criterion for [—, —, —], to form n-Lie structure on A.
Proposition. (A, [-,...,],) is a 3-Lie algebra if and only if

Q; Oéj Oéj (653 Q. a;
de(w)  di(ay) di(ag)  di(aw,)
where, 1 <1< 7 <k < 4.
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Example. Let L be a 4-dimensional 3-Lie algebra. Let ey, e, e3,e4 be any basis of
L. Then [e;, ej,e;] = Z Vijk€s, Where 47, ’s are structure constants. Now let F[X]| =

F(xq, 29,23, 14] be the polynomlal algebra. Define a ternary bracket on F[X] in the
following form:

Of Ofe Ofs  _ s
dr1 Oxy Oxy 21 Y234 s
S=

Ofi Ofa Ofs 5
dxy Ozg Oy Zl V134T s
=

[f17f27f3] = of of of
3—12 8_m§ 872 - 8;1 VioaTs
ofi 0fs Of: s
55s o oo Sgl T123Ts
It is easy to check by using (3) that this satisfies the identity (1). Thus, (F[X], [—, —, —])

is a 3-Lie algebra.
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Functional equations for the SOS model with external field on a Cayley tree
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The Cayley tree I'* of order k > 1 is an infinite tree, i.e. a graph without cycles, such
that exactly k£ 4 1 edges originate from each vertex. Let I'* = (V, L) where V is the set of
vertices and L the set of edges. Two vertices x and y are called nearest neighbors if there
exists an edge [ € L connecting them. We will use the notation [ = (z,y). A collection of
nearest neighbor pairs (z,z1), (z1,22), ..., {x41,y) is called a path from x to y (which
is the unique path if no edges are crossed twice).

For a fixed 2° € V, called the root, we set

W, ={z € Vld(x,2°) =n}, V,=]JWn
and denote by

S(@) ={y € Wapr : d(z,y) =1},

the set of direct successors of x.
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We consider models where the spin takes values in the set ® := {0,1,...,m},m > 2
and is assigned to the vertices of the tree. A configuration ¢ on V' is then defined as a
function z € V + o(z) € ®; the set of all configurations is ®"'. The (formal) Hamiltonian
is of an SOS model with external field form:

)=—=J > lo(x) = o) =D o (1)

(z,y)EL zeV

where J € R and a; = (o z, 01 2y vy Q) € R™ is the external (possible random) field.

Let h : 2 — hy = (hoz,Pigy .- hme) € R™ be a real vector-valued function of
r e V\{z°}.
Given n = 1,2, ..., consider the probability distribution s, on ®'* defined by
p00) = Z exp (= BH(02) + 3 hoteye)- (2)
ZL‘EWn

Here, 0, : © € V,, — o(z) and Z, is the corresponding partition function:

Zy = Z exp( BH (5,) Zh > (3)

5’n€¢’v’ﬂ zeWn,

We say that the probability distributions p(™ are compatible if ¥n > 1 and o, € ®"»1 :
> W00 V) = 1D (00). (4)

Wn6q>W”
Here 0,1 V w, € ®" is the concatenation of o,_; and w,. In this case there exists a
unique measure i on ®¥ such that, Vn and o, € @Vn,u({ah/n = O'n}> = 1™ (o). Such

a measure is called a splitting Gibbs measure (SGM) corresponding to Hamiltonian H and
function x — h,,z # 2°.

The following statement describes the conditions on the boundary fields h,
guaranteeing compatibility of distributions x™ (o).

Theorem 1. The probability distributions {1 },en, defined in (2) are compatible if
and only if the following vector identity holds

he =6y + Y F(hy:0), €V, (5)
y€S(x)
here and below
0= e’ (6)
and ~ 3 ~
hm - (h0,$7 ceey hm—l,z)u 5533 = (dO,:Bu ceey &m—1,$>7
;Li,x = h’i,x - hm,a} + ﬁ(ai,x - am,z)a (7)
&ixzﬁ(aix_am;B)u i:O)"-am_L
the map F(u;0) = (Fy(u;0), .. —1(u;0)) is defined for u = (ug,...,um—1) € R™ and

0 > 0 by the formulas

el Al i
- 9|z ]|eu] T gm—i
F;(u;0) :zhrlzjj_n?f1 - , 1=0,...,m—1. (8)
ijo glm—ilevwi 4+ 1
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CRITICAL FUJITA EXPONENTS FOR A SYSTEM OF
MULTIDIMENSIONAL PARABOLIC EQUATIONS WITH NONLINEAR
BOUNDARY CONDITIONS

Rakhmonov Z.R., Alimov A.A.!
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In this paper we consider the properties of solution of nonlinear parabolic system of
diffusion equation coupled via nonlinear boundary condition

u =V (|Vu|p1*2Vu) , x€RY t>0,
v, =V (|Vv|p2_2VU) , T E Rf\:, t>0,

Bt 2
— |V~ Zawl =uPv®2, 3 =0, t>0, @)

u(z,0) =wuo(z), v(z,0)=wvy(z), x>0, (3)
where RY = {(z1,2') |2/ € RN7!, 21 >0}, p; > 2, i, ¢; > 0 (i = 1,2), up(x) and v ()
are nonnegative continuous functions with compact support in Rf .

Nonlinear parabolic system of equations (1) appear in various applications as model
of population dynamics, chemical reactions, heat transfer, and so on. For instance u(x,t)
and v (z,t) represent the densities of two biological populations during a migration or the
temperatures of two kinds of porous materials during a heat propagation [1-3].

The nonlinear boundary conditions (2) can be used to describe the influx of energy
input at the boundary. For instance, in the heat transfer process (2) represents the
heat flux, and hence the boundary conditions represent a nonlinear radiation law at the
boundary. This kind of boundary conditions appears also in combustion problems when
the reaction happens only at the boundary of the container, for example because of the
presence of a solid catalyzer, see |1, 3] for a justification.

In recent years have been intensively studied the problems on blow-up and global
existence conditions in time, blow-up rates to nonlinear parabolic equations, asymptotic
of self-similar solutions [4-6]. In particular, critical exponents of the Fujita type, which
plays an important role in studying the properties of mathematical models of various
nonlinear processes, are described by nonlinear parabolic equations and a system of such
equations of mathematical physics (see [4-6] and references therein). This work is devoted
to the study of the conditions of global solvability, and unsolvability in time of solutions
to problem (1)-(3) based on self-similar analysis

Theorem 1. Let g < pl 1),q p2 D N By < <M—ﬁ1> <M—QZ>7

p1 p2

{ —|VulP*™ 2ou _ yPrpm g =0, t>0,

then each solution of problem (1) (3) is global in time.
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ON THE ASYMTOTIC OF THE SOLUTION OF A NONLINEAR
FILTRATION PROBLEM WITH A SOURCE AND MULTIPLE
NONLINEARITIES
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Consider the following parabolic equation

ou 9 [|oulP?oum
D I - B 1
BT 8x<(91: 8az)+u’ (x,t) € Ry x (0, +00), (1)
with nonlinear boundary flux
ou|P 2 oum
—|=| == (0,t)=u(0,¢t), t 2
S 0 =u 0., >0, )
and initial value condition
U(l’,O) = Uo (‘1')07 :UGR+7 (3)

wherem > 1,p > 2 3, ¢ > 0, ug(x) - is a bounded, continuous, nonnegative and nontrivial
initial data.

Equations (1) appear in various fields of natural science [1-3|. For example, equation
(1) arises in the mathematical modeling of thermal conductivity of nanofluids, in the study
of problems of fluid flow through porous media, in problems of the dynamics of biological
populations, polytropic filtration, and the formation of structures in synergetics and in
nanotechnologies, and in a number of other areas [1, 2|.

Equation (1) is called as parabolic equation [1] and the case p > 2 corresponds to
the slow diffusion equation. The problem (1)-(3) has been intensively studied by many
authors (see [4-6] and references therein) in different values of numerical parameters.
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The purposes of this study are to establish asymptotic of self-similar solutions and
obtained estimates of solutions of the problem (1)-(3) based on self-similar analysis.

Theorem 2. If > 2p—1 and ¢ < W then every solution of problem (1)-(3)
blows up in time.
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A chain of evolution algebras (CEA) is an uncountable family (depending on time) of
evolution algebras on the field of real numbers. Following [1] we consider a family { El*# :
s,t € R,0 < s <t} of n-dimensional evolution algebras over the field R, with the basis
e1,€s,...,¢e, and the multiplication table

n

s:1] . . . )

€;€; = g a;; €, 1=1,...,n; ee;=0, i#].
Jj=1

s,t]

Here parameters s,t are considered as time. Denote by Mt = (a;]

) the matrix
ij=1,.n

of structural constants of El*4.

Definition. A family {E®Y : st € R,0 < s < t} of n-dimensional evolution algebras
over the field R, is called a chain of evolution algebras (CEA) if the matriz MI5% of
structural constants satisfies the Chapman-Kolmogorov equation

M = MM for any s < 7 < ¢
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We consider the following known CEAs (constructed in [3]): EI*" which correspond
to the MLS’”, i = 1,2 defined as:
O i H ) ae +fs) ,fs) + f(s)
sit) _ T\Y) 1 1 _
M == w96 wm Y g(s
g(s) = fls)  gls) = f

—~

~—

MET = g(s) | @

where

—_

") =+ eI T ol els)
and n, ¥, K, ©1, Yo are arbitrary functions with n(s) 4+ ¢1(s)¥(s) + ¢2(s)k(s) # 0.
In [4] (see also [2]| for the complex field case) three-dimensional real evolution algebras
with dim(E?) = 1 are classified and twelve pairwise non-isomorphic evolution algebras
are described. They are given by the following matrices of structural constants:

1 0 1 1 0 1 1 0
-1 0|, B 1 -1 0|, B —1 -1 0 |,
0 0 1 1 0 —1 -1 0
100
Es:l 000,
000
100 1 00 100 1 00
Es:l0oo0o0]|,B:| 000]|,B:|100 1 00
100 ~10 0 100 ~10 0
1 00 000 0 000
Eo:| =100 |,Eo:[ 000 0 JBw:| 1 00
~10 0 100 100 ~10 0

We have the next theorems ( you may see full text of theorems in [5]).

Theorem 1. For given values (s,t) of time the evolution algebra Ek’t] 15 1somorphic
to one of the algebras Ey, Es, Eg, Fr, Eg, Ey.

Theorem 2. For given values (s,t) of time the evolution algebra E’gs’t] 18 isomorphic
to one of the algebras E;,1 =1, ...,12.
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Non-linear dynamical systems arise in many problems of biology, physics and other
sciences. In particular, quadratic dynamical systems describe the behavior of populations
of different species with population models (|1],[2],[3]) Let S™~! be the m — 1 dimensional
standard simplex and V : R™ — R™ be a quadratic operator which is given by the
following from:

V(z)e =Y Pyawix; (1)
ij=1

for k=1,...,m., where p;;;, = pjix € Rfor i,5,k € N, ={1,2,...,m}

Definition. A quadratic operator (1) preserving a simplex is called non-stochastic if
at least one of its coefficients Pj, © # j s negative.

Consider

]Dii,i = 17 ]Dii,k: = 17VZ = 172a3a Vk = 2737
1

1 o
Pij1= 5V Pii1Pjj1 = 5 Vi # 7;

3 3
Pae (03] ¥iti k=23 with P+ Pua=)

Then taking some parameters equal to zero we get the following quadratic operator V :

=24y -y —xr—yz
Y = 3xy + ayz (2)
27 =3xz+ (3 —a)yz,

where a € (0,3) and (z,y,2) € S? = {(z,y,2) € R™ : x +y + z = 1}. It is easy to see
that the fixed points of the operator (2) are
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1 2
S1 = (17070)7 S9 = <§707 g) 9

12 a’*—3a+3 2a 2(3 —a)
§3 = _7_70 ) S4 = ) ’ :
3°3 a?—3a+9 a*—-3a+9 a2—-3a+9

Let a € (0, 3). Introduce the following sets:

My ={(y,2) €[0,1]>:y =0}, Mo={(y,2) €[0,1]*: 2 =0},
3
M?’:{(y’@e[&l}?:yﬂsl,z: aa‘y},
2 3—a
My=<(y,2)€[0,1]°:y+2<1,z2< - Yy,
2 3—a
Ms=q(2) €01 y+z2<12>—y
and .
M; = {(z,y,2) € S®: (y,2) € M;}, i=15.
Then

5
WZUM.
=1

Theorem. If (z(, y© =) ¢ M, for some i =1,2,3,4,5 then for the operator(2) the
following holds

~

sy if 2@ =1

sy if i=1, 20>0
lim V(2@ 4@ 20) = {5y if i=2, 3@ >0
n—oo

sy if i=3, 3y >0
(€ My if i=4,5.

Conjecture. If (z(,y©, 2©) € M,|JMs then for the operator (2) the following
holds
lim V(2 4@ 20) = 5,.

n—0o0
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Abstract. The main aim of this work is to present some natural applications of
Gronwall type inequalities in the Differential Games. We study the pursuit problem
for simple motion differential games when Gronwall type constraint imposed on control
function of pursuer and geometrical constraint imposed on control function of evader.

There are a huge number of works where simple motion differential games with
geometric constraints on controls of the form

luf <p, vl <o (1)

were studied. The first constraint in (1) means that any control function u(t), t0, satisfies
the condition

[u()loc = esssup u(t)] < p. (2)

In the present paper, we propose a new set of controls of pursuer described by the
following Gronwall type constraint (briefly, Gr-constraint)

t
lu(®))? < p* + 2/<:/ |u(s)|*ds for almost every 0, (3)
0

and a set of controls of evader described by geometrical constraint (briefly, G-constraint)
of the form
lv(t)| < S for almost every ¢ > 0, (4)

where p, 8 are given positive numbers and k is a given non-negative number respectively.
Let dynamics of pursuer P and evader E be described by the following equations

P:it=wu, z(0)=u=, (5)
E: g=v, y(0)=u (6)

where T,Y,T0, Yo, U,V € Rn’ ’I’L]_, To 7& Yo-
DEFINITION 1. The functions wu(-) = (ui(-),u2(:),...;un(-)) and v(-) =

(v1(+),v2(), ..., vu(+)) that satisfy the conditions (3) and (4) are called controls of pursuer
and evader respectively.
DEFINITION 2. For a pair of (z¢, u(+)), u(:) € Ug, the solution of equation (5), that
is,
t
z(t) = xo + /u(s)ds,
0

is called a trajectory of pursuer on interval ¢ > 0.
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DEFINITION 3. For a pair of (yo, v(:)), v(-) € Vs the solution of equation (6), that
is,

y(t) = yo + / o(s)ds

is called a trajectory of evader on interval ¢t > 0.
Lemma 1. If

t
\w(t)]2 < a4 Qk/ ]w(s)]st,
0

then |w(t)| < aek?, where w(t), t0, is a measurable function and «, k are non-negative
numbers. By Lemma 1, if u(-) € Ug, then

lu(t)| < peft. 0. (7)

It can be easily checked that the converse is not true, that is, inequalities (7) do not imply
inequality (3). To define the notions of optimal strategies of players and optimal pursuit
time, we consider two games

DEFINITION 4. If p > 3, then the function

uc,a(t,v) = v — Agra(t, v)éo, (8)

is called Ilg,o-strategy of pursuer in the GrG-game of pursuit, where

Aara(t,v) = (v, &) + v/ (v, &)2 + p2e2kt — |v|2, & = 20/]20]-

Theorem 1. If the condition p > /5 holds for differential game (1)-(4), then pursuit
can be completed by strategy (8) on [0, Tg,¢], where T, is the first positive solution of
the equation

K

=-t+1+
p

|20l

Theorem 2. If p > 3, then for any control of pursuer, the strategy of evader v(t) =
—B&, t > 0, guarantees the inequality x(t) # y(t) on the time interval [0, Tiq).
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During many years the theory of Lie superalgebras has been actively studied by many
mathematicians and physicists. Many works have been devoted to them but few have
dealt with nilpotent Lie superalgebras. Recent works [1-3] have studied the problems
of description of some classes of nilpotent Lie superalgebras. It is well known that Lie
superalgebras are a generalization of Lie algebras. In the same way, the notion of Leibniz
algebras can be generalized about Leibniz superalgebras.

In a similar way to Leibniz algebras and Lie superalgebras cases, it is possible to
define the notions of null-filiform and filiform Leibniz superalgebras [1] as superalgebras
with characteristic sequences (n | m) and (n—1,1 | m) respectively. In the present work we
investigate derivations of nilpotent Leibniz superalgebras with the characteristic sequence
C(L) = (n | m—1,1) and with nilindex equal to n 4+ m.

Definition 1. A Z,-graded vector space L = Ly @ L is called a Leibniz superalgebra
if it is equipped with a product [—, —| which satisfies the following conditions:

(Lo, L) € Lotp for all o, B € Zs,

[, [y, 2] = [z, 9], 2] — (=1)*"[[2, 2], 9] — graded Leibniz identity

forall x € L,y € Ly, 2 € Lg, o, B € Zo.

Note that if in L the identity [z,y] = —(—1)*’[y, z] (where z € L,, y € Lg) holds, then
the graded Leibniz and graded Jacobi identities coincide. Thus, Leibniz superalgebras are
a generalization of Lie superalgebras.

The vector spaces Ly and L; are said to be the even and odd parts of the superalgebra
L, respectively. It is obvious that L is a Leibniz algebra and L, is a representation of L.

For a given Leibniz superalgebra L the lower central and derived series are defined as

follows:
L'=L, LM =[L* L], k1,

LW =rp, pstl= [L[S],L[S]], sl,

respectively.

Definition 2. A Leibniz superalgebra L is said to be nilpotent (respectively, solvable),
if there exists & € N(s € N) such that L* = {0} (respectively, LI/ = {0}). The minimal
number k with such property is said to be the index of nilpotency or the nilindex of the
superalgebra L.

Definition 3. A derivation of degree s, s € Zo, of a superalgebra L is a linear map
with the property:

D([z,y]) = [z, D(y)] + (=1)*?[D(x),y],

where x € L, y € Lg.

From the following Propositions we have the descriptions of nilpotent Leibniz
superalgebras with characteristic sequence (n | m — 1, 1) and nilindex n + m.

Lemma 1. [2] Let L be a n+ m-dimensional Leibniz superalgebra with characteristic
sequence (n | m —1,1) and nilindex n+m. Then, m = n+1 or m = n+ 2 and in case of
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m = n+ 1 there exists a basis {1, xa,...,Zn, Y1,Y2, - - ., Yns1} of L in which the products
have the following forms:

[‘Tﬁ‘rl] =41, 1<t <n—1, [yJ'?xl} = Yj+1, 1<j<n-1,

[, p1] = 2yir1, 1<i<n—1, [y;,pn] =25, 1 <j<n,

n+1—1
[Ynt1, YUns1] = VT, [Tis Yni1] = 24 Brr—1+i, 1 <@ < [251],
e
n ’ n+2—j ' L
W1 Yns1] = =2 >0 Brier + Bns [ Ynat] = =2 D0 Brdr—o4y, 2 <7 < [P
k=[] k=]

Lemma 2. Let L be a n + m-dimensional Leibniz superalgebra with characteristic
sequence (n | m — 1,1) and nilindex n + m and m = n + 2. Then, there exists a basis
{z1,29,. .., Zn, Y1,Y2, - .-, Ynt2} of L in which the multiplication has the following forms:

(i, 1] = @ip, 1 <i<n—1, [y;,x1] =yj41, 1< j <,

[xhyl] = %yi+17 1 S { S n, [yjayl] = xj) 1 S] S n,

n+2—1i
[Tis Yns2l = D2 Brlk—144, 1 <0 <[5,
k=l
n+2—j )
W1, Yns2]l = =2 D BeTr—ayy, 1 <J <[5
k=5

Proposition 1. Any even derivation of the n + m-dimensional Leibniz superalgebra
with characteristic sequence (n | m — 1,1) and nilindex n +m and m = n + 1 has the
following form

d(er) = 2are1 + ages + -+ - + anen + (ag+1 — 2an+1ﬁg+2)€g+1+
+(ag+2 - 2an+1ﬂg+3)€g+2 + o (Op—1 — 2an418n)en—1 + an—2fen,
d(e;) = 2iare; + ageipr + -+ +anen iy + (anig — 20,4182 y9)en i+
+(ag+2 - 2an+15g+3)€g+z’+1 + -+ (Apeit1 — 20p41Pn—it2)en, 2 <0< n,
d(y1) = a1yy + agya + -+ + Ans1Ynt1,
d(y;) = (20 — Dary; + aoyisr + -+ + aniv1Yn, 2<i<n,
A(Ynt1) = Yans1Yn + bng1Yns1,

where y(a; — by41) = 0.
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The algebraic classification (up to isomorphism) of algebras of dimension n from a
certain variety defined by a certain family of polinomial identities is a classic problem in
the theory of non-associative algebras. There are many results related to the algebraic
classification of small-dimensional algebras in the varieties of Jordan, Lie, Leibniz, Zinbiel
and many other algebras [2-5]. An algebraic classification of complex 3-dimensional left
symmetric algebras is given in [1]. In the present paper, we give the algebraic and geometric
classification of 4-dimensional nilpotent left symmetric algebras.

The variety of left symmetric algebras is defined by the following identity:

(zy)z — 2(yz) = (yx)z — y(z2).

The above described method gives all (Novikov and non-Novikov) left symmetric
algebras. But we are interested in developing this method in such a way that it only gives
non-Novikov left symmetric algebras, because the classification of all Novikov algebras is
given in [6].

Theorem Let L be a complex 4-dimensional nilpotent left symmetric algebra. Then
L is a Novikov algebra or isomorphic to one algebra from the following list:

Lél . e161 = ey, €1€2 = €4, €2€3 = €4, €3€1 = €4,

Léz io€161 = €y, €2€3 = €y, €361 = €4,

L33 . €161 = €9 €1€2 = €4, €2€3 = €4,

L34 i €161 = €y, €263 = €4,

L§5 o616 = és, €2€9 = €3, €3€1 = €4,

Léﬁ . €161 = €3, €162 = €4, €262 = €3, €3€1 = €4,

Loy L oerey = e, €€ = €3, eser = e, esen = iey,

Lés 6161 = €3, €162 = €4, €2€2 = €3,
€3e1 = ey, €3ey = i€y,

ng . €1€9 = €3, €13 = —264, €9€1 = —€s3, €3€1 = €4,

L‘fo T erleg = ez, e1e3 = —2ey, €061 = —es,
€2€9 = €4, €3€1 = €4,

Lélll (/\),\750 . eep = )\63, €9€1 = €3, €2€9 = €3,
€2€3 = €4, e3e1 = Aey,

L%Q(A))qgo : €1e1 = )\63, €162 = €4, €2€1 = €3,
€26y = €3, €263 = €y, e3e1 = ey,

L%3()\)A¢0 .oeep = )\63, €9€9 = €3, €o€3 — (1 — 1— 4)\)64,
ese1 = €3, erez = 2)\ey, ese; = —A(1+ 1 —4)\)ey,
€3ty = —2)\ey,

L4114()‘)>\7£0 . eep = )\63, €969 = €3 + €4, €9€3 — (1 — 1— 4)\)64,
€9€1 = €3, €13 = 2)\647 €361 = —)\(1 =+ v/ 1-— 4)\)647

€3€y — —2)\64,
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Lil5(>\)A¢0 .oe1ep = )\63, €9€9 = €3, €963 — (1 -+ 4/ 1— 4)\)64,
€2€1 = €3, erez = 2)\ey, eser = —A(1 — V1 —4))ey,
€3ty = —2)\ey,

L%G(/\))\?go . e1ep = )\63, €969 = €3 + €4, €9€3 — (1 + v 1-— 4)\)64,
€9€1 = €3, €13 = 2)\647 €361 = —)\(1 — 1-— 4)\)64,
€3€y — —2)\64,

L{; () . e1eq = e, e1es = ey, ese = €3,
€26y = €4, ese; = (1 — ey,

Lilg . €161 = €9, €1€2 = €4, €1€3 = —€y4,
€9€1 = €3, €9€9 = €4, €31 — 264,

L‘fg D e1e] = eg, €2€1 = €3, €o€3 = €4,

L%O - €161 = €2, €163 = €4, ese1 = €3,
€2€3 = €4, €3€1 = —€4,

L3, (o) D e1e; = e, €16y = €y, €163 = ey,
€2€1 = €3, €2€3 = €4, €3€1 = —ey,

L3, () . ele; = es, €16y = €3, erez = (2a+ 1)ey,
€2€1 = €4, €262 = €4, €361 = —€y4,

L;(\, ) ©ereq = e, e1ey = e, erez = ((2— Na+1)ey,
€91 = Aes, eres = (Aa+1)eq, eze; = (Aa — 1)ey,

LZ214()\))\¢{0;1} . €161 = €9, €162 = €3, €13 = 2(3 — )\)64,

ege1 = Aeg + ey, egeg = 2A(A+ 1)ey, eze; = 4hey.
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Poisson equation or potential equation [1]

AU ==Y 55 = ), 1)

is the classical example for second order elliptic partial differential equations and it is a
mathematical model to some important physical phenomena. It has applications in many
different areas such as plasma physic, electrocardiography, and corrosion non-destructive
evaluation (e.g., [2], [3],[4], [5], [6])-

In this paper, we offer an explicit formula for reconstruction of a solution of the Poisson
equation in bounded domain from its values and the values of its normal derivative on
part of the boundary, i.e., we give an explicit continuation formula for a solution to the
Cauchy problem for the Poisson equation.

Let R? is the third dimensional real Euclidean space,

/

= (x1,22,23), Y= (y1,Y2,Y3) € R 2 = (z1,22), ¥ = (v1,y2) € R?,

T
s=a’ =y —2| = (y1—711)°+(ya—22)% * =s+(y3—13)> = |y—z|*, 7 = th_p’ p>1,

G,={y: Y| <7ys, y3 >0}, 0G, ={y: |V| =71ys, y3 >0}, Ep =G,U0G,, €&

and e, sufficiently small positive constants,
Go={y: V| <7(ys—e)}, 0G; ={y:|y|=7(ys —e)} @Z =G5 U0G;,
C={c:c=¢&+in, —c0< <00, —00<n<0,}.

Q,— is a bounded simply connected domain whose boundary in R* whose boundary 9,
consists of a part of the conic surface 7' = 0G, and a smooth surface S, lying inside the
cone ép. The case p = 1 is the limit case. In this case GGy is the half-space y3 > 0, 0G] is
the hyperplane y3 = 0, and €2; is a bounded simply connected domain whose boundary
consists of a compact connected part of the hyperplane y; = 0 and a smooth surface S
in the half-space y; > 0, ﬁp =0Q,U00Q,, S, is the interior of S, and function f Holder
continuous with exponent A € (0,1), i.e., f € C**(Q,) and s € Z,.

Problem. Let we know the Cauchy data for a solution to system (0.1) on the surface

S:

U (y)

Ul(y) =f1(y),W = fa(y),y € S (2)

where n = (ny,ny,n3) is the unit outward-pointing normal to the surface 92 at a point v,
and f1, f2 are continuous vector-functions. Given fi(y) and fo(y) on S, find U(z) = € Q.



274 CaprmMcakoBckue uTeHus, TamkerT-2021

The Cauchy problem (2)for the Poisson equation (1) is well-known to be ill-posed [7],
[8]. Hadamard [9] noted that solution to problem is not stable. Possibility of introducing a
positive parameter ¢, depending on the accuracy of the initial data, was noticed by M. M.
Lavrent’ev [10]. Uniqueness of the solution follows from the general theorem by Holmgren
[11]. Traditionally, regularization techniques, such as Tikhonov regularization [12].

We suppose that a solution to the problem exists (in this event it is unique) and
continuously differentiable in the closed domain and the Cauchy data are given exactly.
In this case we establish an explicit continuation formula. This formula enables us to state
a simple and convenient criterion for solvability of the Cauchy problem.

The result established here is a multidimensional analog of the theorems and Carleman-
type formulas [13], by G.M.Goluzin, V.I.Krylov, V.A.Fok, and F.M.Kuni in the theory of
holomorphic functions of one variable [14],[15].
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Subharmonic functions play an important role in the classical potential theory. They
defined by harmonic majorants (see [2], [6]), by the Laplace differential operators (see [6]),
by mean value inequalities (see [4]) and by the generalised Laplace operators (see [1-3], [7],
[9-10]), so on. The idea of defining subharmonic functions with the mean value inequalities
over the spheres or balls led us to give an integral criterion for both plurisubharmonic and
m - subharmonic functions. In the recent work (see [8]) given subharmonic-like definition
for plurisubharmonic functions, i.e. the criterion by mean value inequalities over special
ellipsoids in C™.

m - subharmonic functions are defined by the subharmonicity on m - dimensional
complex planes (see below Definition 1 and [5]). The main goal of the work is to give an
integral criterion for m - subharmonic functions in terms of special complex ellipsoids.
For the first we recall the definition of m - subharmonic functions.

Definition 1. The function u(z) € L}, (D) given in the domain D C C" is called m-
subharmonic (shortly m — sh) in D (subharmonic function on m - dimenisonal complex
planes, where 1 < m < n), if

a) it is upper semi-continuous in D, in other words the following inequality holds:

lim u(z) = lim sup u(z) < u(2°);
z2—20 =20 B(20 ¢)

b) for any m - dimensional complex plane IT C C™ the restriction u|r is subharmonic
function on II( D, i.e. ulg € sh(II[ D).

Now we consider in C" the following class of ellipsoids

2 T e b L N L I B P
_|_

B - {1 ST

When m = n the class of n — sh functions is the same as the class of sh functions. For
subharmonic functions the problems considered below trivially follow from the definition
of subharmonic functions. Therefore, here we will consider the case when 1 < m < n.
We note that for the m - dimensional complex plane Iy = {z,,,1 = ... = z, = 0} C C"
passing through origin E(R,r)) NIl is a ball in 1. In addition, for each m - dimensional
complex plane II C C” passing through origin there exists an unitary matrix 7" such that
T olly =1I, so that (T'o E(R,r)) N1l is a ball in II. Similarly, for any unitary matrix 7
there exists an m - dimensional complex plane II C C" passing through origin such that
(T'o E(R,r)) N1l is a ball in II.

Let D C C" be a domain. For the function u(z) € Lj,.(D) we consider the following
mean value over E(R, 1)

M,(2°,T,E(R,7)) =

T u(€)dV (),

204+ToE(R,r)

where V(R,r)= [ dV() = %ﬁmm is the volume of E(R,r).
E(R,r)
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The following theorem states that m - subharmonic functions satisfy the integral mean
value inequality in terms of E(R,r) ellipsoids.

Theorem 1. Let D C C" be a domain and u(z) € m — sh(D). Then for any 2° € D
and for any unitary matrix 7" with z° + T o E(R,r) C D and 0 < r < R the following
inequality holds

u(2°) < M, (2°, T, E(R,7)). (1)

The next theorem states that an upper semi-continuous function satisfying the integral
mean value over the ellipsoid F(R,r) is m — sh.

Theorem 2. Let D C C" be a domain and u be an upper semi-continuous function
on D. If for any 2° € D and for any unitary matrix 7" if there exists 7o > 0 such that the
following

u(2°) < M, (2°, T, E(R,7)),YR,r : v < R< 71y, T o E(R,r) C D (2)

is true then u(z) € m — sh(D).

As a result of Theorems 1 and 2 we get directly the following theorem. It can be used
for m — sh functions as an integral criterion in terms of ellipsoids E(R,r).

Theorem 3. Let D C C™ be a domain and u be an upper semi-continuous function
on D. Then u is m — sh if and only if for any 2° € D and for any unitary matrix 7" with
22+ ToE(R,r) C D and 0 < r < R the following inequality holds

u(2’) < My(2°, T, E(R,T)).
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Uniqueness of interior fixed point of the operator related to epidemic SISI
model
Shoyimardonov S. K.
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In the SISI model, an individual is initially susceptible, at some stage becomes infected,
after an infectious period becomes completely susceptible again, but after recovery, an
individual can become infected a second time also. The main example of SISI epidemic
model was discussed as bovine respiratory syncytial virus (BRSV) amongst cattle in
continuous time.

In [1] and |2] the following discrete-time version of the SISI model it was studied:

eV =2 +b— bz — f1A(u,v)x

v uiz =u—bu—au+ f1A(u,v)x )
v =y —by+au—BA(u v)y
v = v — bu + BA(u,v)y

where A(u,v) = kyu + kav.
Proposition. [1] We have V (S%) C S? if and only if the non-negative parameters
b, o, B1, Ba, k1, ko verify the following conditions

a+b<1, Brky < 2, Boky < 2,
b+ Bake <1, b— Biki| <1, |b— Baks| <1, (2)
‘b—ﬁlkﬂél, |a+b—ﬁ1k’1|§1, ]a—b—ﬂgkllgl

Let A be the following fixed point of the operator V' (which is found in the work [1]):

\ = ( b . bp A . abB A . 045152142 >
S \b+BA b+ LA b+ ) (b4 BiLA)(b+ BA)(b+ ) (b+ BLA)(b+ BA)(b+ )

and A is a positive solution of the equation

bB k1 af1 ks A

b BAbTa) Gt AAb BAGTa) (3)

We are interested to the existence and number of solutions of the equation (3).

Note that, if there exists a positive solution A then based on conditions (2) for
parameters, A belongs to the interior of the simplex S3.

Theorem. For the equation (3) the following cases hold:
(i) If B1k1 = b+ «a and afisks > bF1k; then the equation (3) has unique positive solution;
(ii) If B1k1 > b+ « the the equation (3) has unique positive solution;
(iii) If B1k1 < b+ « then the equation (3) does not have positive solution.
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The development of surfaces in Galilean space

Sultanov B.M.
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Galilean space R} is a three-dimensional affine space with a degenerate metric [1].

The basic geometric elements of a straight line, plane, and parallelism in Galilean
space do not differ from these concepts of Euclidean space. Significantly different spatial
motions of these spaces, that is, the transformation of space that preserves the distance
between points.

Under the development of surface we mean a uniquely mapping of pieces of the surface
at which the distance between the points and the angle between the lines are preserved.
It is allowed to cut the surface into pieces and indicate the gluing methods [2].

B.M. Sultanov studied the development of surfaces consisting only of parabolic points
[3]. These are cylinders and cones. It is shown that parabolic points of the surface are
divided into two classes: parabolic and special parabolic.

It is proved that they have a different development on the plane. An example is given
of cylinders equal in Fuclidean space, but in the Galilean space one of them is a parabolic
surface, the other is special parabolic. Moreover, they have different developments on the
plane.

In this article, a surface development is obtained that is uniquely projected onto a
general position plane in Galilean space.

Definition 1. If between the points of the surface ' C R} and the points of the
domain G in the plane Ozy, there is an unambiguous mapping, the distance between the
corresponding points have the same order and equal, then the domain G - development
is called a surface F' in the plane Oxy.

In Euclidean space has a development only convex polyhedral cylindrical surface, cone.
The degeneracy of the Galilean space metric allows for the unfolding of surfaces of a wider
class.

Theorem 1. The surface F' € R} - width [a,b] and uniquely projected on the Oxy
plane, has a development G on the band a < x < b of the Oxy plane.

Let D be a domain on the plane in general position Ozy, and D = {(z,y) € R} : a <
x < bypi(x) <y < po(x)}, where p1(z), po(x) are continuous functions in [a, b].

Consider a surface F': z = f(z,y) (z,y) € D with a boundary uniquely projecting
onto the boundary of the domain D.

Theorem 2. The surface F : z = f(xz,y) is deployed to the area G = {(x,y) € R} :

a<zr<b0<y< f;’f \/1+ f2(z,y)dy} on the plane Oxy.
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On the mathematical model SARS-COV-2 inside the object

Takhirov J. O.!, Asrakulova D. S.!

Institute of Mathematics, Tashkent, Uzbekistan,
prof.takhirov@yahoo.com

Around the world, research is underway to combat this epidemic from various points of
view, such as microbiology [1|, mathematics 2], and so on. To date, several mathematical
models have been proposed to study the population dynamics of the coronavirus. Only a
few object-level models [2| have been developed to understand the SARS CoV-2 replication
cycle and its interaction with the immune system. Currently, there is no clinically
developed effective remedy for removing the virus from the human body. However, research
is ongoing. Researchers have proposed various treatments (eg plasma therapy, monoclonal
antibody therapy, etc.) that are effective in the early stages of the disease.

Research has shown that there is an efficient T-cell response to S and other structural
proteins (including M and N proteins), allowing the development of a SARS vaccine by
combining viral structural proteins. These types of vaccines can provide a strong, effective
and long-term response to the human memory virus. In addition, clinical trials show that
monoclonal antibody therapy is an effective treatment that responds to SARS-CoV-2.

The authors of paper [1| propose an ODE system for simulating the growth of
coronavirus in the lungs

W0 _ 4,5,(0) - B) — BE,0(0)
dE;(t B .
) — B, (10(t) — de- B )
dv(t)

i vl (t) — d,v(t),

where Ej(t), E;(t) and v(t) - the number of uninfected epithelial cells of the lungs,
infected epithelial cells of the lungs and the virus. [ is the rate of viral infection, 7 is
the rate of virus production, E,(0) is the number of uninfected epithelial cells without
virus, and the term dgF,(0) means continuous regeneration of uninfected epithelial cells.
dg,dg+ and d, are the mortality rates of uninfected lung epithelial cells, infected lung
epithelial cells and virus, respectively.

But mathematical modeling with spatial effects plays an important role in the behavior
and understanding of a particular infectious disease. To understand the impact of
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heterogeneous systems on the dynamics of COVID-19, we needed to build a mathematical
model consisting of systems of nonlinear parabolic equations.

In our article, we studied a model of viral kinetics in the host organism, which is the
response of SARS-CoV-2 to epithelial cells.
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Structure of essential spectra and discrete spectrum of four-electron systems
in the impurity Hubbard model. First triplet state
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We consider four-electron systems in the impurity Hubbard model and investigated the
structure of essential spectra and discrete spectrum of the system in the first triplet state.
The Hamiltonian of considering system has the form

H=A Z A Omy + B Z Uy Omirry + U Z Gy 4O oy, G|+ (Ag — A) X

m”y m7T7’y m

X Z ag. oy + (Bo — B) Z(aarﬁam +ala0,) + (Uo — U)agraoag aoy- (1)
Y T

Here A (Ap) is the electron energy at a regular (impurity) lattice site; B > 0 (By >
0) is the transfer integral between (between electron and impurities) neighboring sites,
T = *ej,5 = 1,2, ...,v, where e; are unit mutually orthogonal vectors, which means that
summation is taken over the nearest neighbors, U (Up) is the parameter of the on-site
Coulomb interaction of two electrons in the regular (impurity) sites, v is the spin index,
v =1 or v =/, T and | denote the spin values % and —%, and af{w and a,, are the
respective electron creation and annihilation operators at a site m € Z”.

The four electron systems have a quintet state, three type triplet states, and two type
singlet states. Hamiltonian H commutes with all components of the total spin operator
S = (S*,57,5%), and the structure of eigenfunctions and eigenvalues of the system
therefore depends on S. The Hamiltonian H acts in the antisymmetric Fock space Hs.

Let ¢y be the vacuum vector in the space H,s. The first triplet state corresponds the
basic functions ¢, , ez = a, 1a;  atal po. The subspace Hi, corresponding to the first
triplet state is the set of all vectors of the form ¢! = > nkpacze t (M Ky p, q)t#7k7p,qezu, f €
135, where [$° is the subspace of antisymmetric functions in the space l((Z")%).

Theorem 1. The subspace H is invariant under the operator H, and the restriction
H} of operator H to the subspace H' is a bounded self-adjoint operator. It generates a
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bounded self-adjoint operator Ftl acting in the space 13°((Z¥)*). The operator HI acts on
a vector Yt € HY according to the formula

—t
H{ ¢§ - Z (Hlf)(na kvpv q)t'}z,k,p,quV' (2)

n,k,p,q€Z"

Let F : 1,((2%)%) — Lo((T%)*) = H! be the Fourier transform, where T is the v—
dimensional torus endowed with the normalized Lebesgue measure d\, i.e. A(T%) = 1.

We set H t=F ﬁi}" ~1. In the quasimomentum representation, the operator F’i acts in
the Hilbert space L3*((T%)*), where L3*((T")*) is the subspace of antisymmetric functions
in Ly((T%)4).

Theorem 2. Let v = 1, and e = —B, and 1 < —2B (respectively, e; = —B, and
g1 > 2B). Then the essential spectrum of the operator Hi is consists of the union of N;
segments, where 4 < Ny < 8 : 0.5(H}) = [4A—8B,4A+8BJU[3A—6B+2,3A—6B+z|U
[2A—4B+22,2A4+4B+22]U[A—2B+32, A+2B+32|U[2A—4B+ 23, 2A+4B+ 23| U[2A—
AB+2z4,2A+4B+2)U[A—2B+2+23, A+2B+2+23]U[A—2B+2+24, A+2B+2+424] and
discrete spectrum of the operator H! is consists of a Ny eigenvalues, where 1 < Ny < 3 :
oaise(HY) = {42,22 + 23,22 + 24}, where 2 = A+ €1, and z3, and z4 are the additional
eigenvalues of operator HY.

Theorem 3. Let v = 1, and e5 > 0, and _ Aeh+2Beg) < e < , then the
essential spectrum of the operator Hi is consists of the union of the Ny segment, where
10 < Ny <16 : 0pss(HY) = [AA—8B,4A+8BJU[BA—6B+2,3A— 6B+ 2 ]U[3A— 6B+
21+ 29, 2A4+4B+ 21+ 25)U[A—2B+321, A+2B+32|U[A—2B+32, A+2B+32|U[A—2B+
221+ 29, A+ 2B 4221+ 2|U[A—2B+ 21+ 220, A+ 2B+ 21+ 22| U[2A— 4B+ 23, 2A+ 4B+
23]U[A=2B+21+23, A+2B+2z1+23|U[A—2B+ 25+ 23, A4+ 2B+ 29+ 23|U[2A—4B+24, 2A+
AB+z4|U[A=2B+21 424, A4+ 2B+ 21+ 24|U[A—2B+ 25+ 24, A+ 2B+ 29+ z4] and discrete
spectrum of the operator H is consists of Ny eigenvalues, where 5 < Ny < 11 : 0gisc(HY) =
{421, 422, 321+22, Zl+322, 221+222, 221+23, Zl+22+23, 222+Z3, 221+Z4, Zl—|—22+24, 222+34}.

Theorem 4. If —2B < ey < 0, then the essential spectrum of the operator HY is
consists of a Ny segments, where 1 < N; < 3 : aess(flf) = [4A — 8B,4A + 8B| U [2A —
AB+ 23,2A+ 4B+ 23] U[2A — 4B+ 24, 2A+ 4B+ z4] and discrete spectrum of the operator
H! is empty set.

Theorem 5. If 5 > 0 and &1 <

2 ~
—@), then the essential spectrum of the operator Hi is consists of the union of Ny

segments, where 4 < Ny < 8 : aess(]:lf) = [4A—8B,4A+8B|U[BA—6B+2,3A+6B+2z|U
[2A—4B+221,2A+4B+22|U[A—2B+3z, A+2B+32 |U[2A—4B+ 23, 2A+4B+ 23] U[A—
2B+z1+23, A+2B+21+23]U[2A—4B+ 24, 2A+4B+24JU[A—2B+ 21+ 24, A+ 2B+ 21+ 24,
and discrete spectrum of the operator f[f 1s consists of a Ny point, where 1 < Ny < 3 :
adisc(f[f) = {421,221 + 23,221 + 24}, where 21, is the eigenvalue of the energy operator f]l,
of one-electron systems, and z3, and z4 are the additional eigenvalues of operator Hj.

Theorem 6. I[fey > 0 ande; > @ (respectively, e2 < —2B ande; > —2(85+§B€2)),

then the essential spectrum of the operator [:Tf 18 consists of the union of N1 segments,
where 4 < Ny < 8 : 0os5(H}) = [4A—8B,4A+8BJ]U[3A— 6B+ 21,3A+ 6B+ 2| U[2A —
4B+221,2A+4B+22|U[A—2B+32, A+2B+32|U[2A—4B+ 23,2A+ 4B+ 23] U[A —

2(e24+2Be>)

_@ (respectively, e < —2B and g1 <
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2B+2z1+23, A+2B+21+23]U[2A—4B+ 24, 2A+4B+24JU[A—2B+ 21+ 24, A+ 2B+ 21+ 24,
and discrete spectrum of the operator Hi is consists of a Ny point, where 1 < Ny < 3 :

Oaise(HY) = {421,221 + 23,221 + 24}, where 2y, is the eigenvalue of operator Hy, and zs,
and zy are the additional eigenvalues of operator HE.
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Boundedness of p-adic ART quasi Gibbs measures
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It is always interesting to study non-periodic Gibbs measures. In [1| some non-periodic
Gibbs measures that are called ART measures were investigated. In [3], [4] p-adic ART
generalized Gibbs measures for the Ising model on the Cayley tree were studied. In this
paper we are going to study p-adic ART quasi Gibbs measures for 3-state Potts model
using by translation-invariant and Gs-periodic solutions on the Cayley tree of order k

(k > 3).
A p-adic Potts model on a Cayley tree is given with following the formal Hamiltonian

Ho)=1J > oo

<z, y>€l

where J € B(0, p~'/=1) is a coupling constant, (z, y) stands for nearest neighbor vertices
and ¢;; is the Kronecker’s symbol.

A p-adic probability measure y,(lng on {2y, defined by

n 1
:ué )(U) = WGXP{HW,(O_)} H ha(x),za

n zeWp,

Here, 0 € Qy,,, and Z{M is the corresponding normalizing factor.

Theorem 1.|2] The measure ,ugln)(a) associated with ¢-state Potts model is compatibly

if and only if for any n € N the following equation holds:

h, = [[ F(h,0), (1)
)

yeS(z
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here h = (ﬁl,/fZQ,...,/fzq_1> € ngl, a mapping F is defined by F(z;0) =

(Fi(x;0), ..., Fy_q1(z; 6)) with

q—1

(9—1)$Z+Z$j+1
O\ J=1 _ -1 _
Fi(x;0) = o , =} €eQ 7, i=1,2,..,q—- 1.

l'j—|—9

j=1

Let k=2, ¢ =3, h= (h,1,...,1) then we have translation-invariant solutions hg = 1,
hy, he and Gy-periodic solutions hs, hy (see [5]).

For k > 3 we set up some solutions of (1) using hg, hi, ho and hs, hy.

(a1). Let V* be the set of all vertices of the Cayley tree I'*. Since k > 2 one can
consider V2 as a subset of V*. Define the following function

~ 2 2
G _ ) o, it zeVs,
ha { 1, if xeVk\V2 )

where i = 0, 2. h{Y) satisfies equation (1) on T*.
(as). Let & > 3. We shall construct new p-adic (non-periodic) Gibbs measures using
by hg = 1, hs hy. Define the following function

n?, if 1 €V2N Gy,
WD =8 PP 0), if e V2N (GM\Ga), (3)
1, if ve VRV

where 7 = 0, 3, 4.

We denote by /J/Ea(vi),z. = 0,4 the Gibbs measures corresponding to }z/g),z'
those measures we called p-adic ART quasi Gibbs measures.

Theorem 2. Let ¢ = 3 and k > 3. Following statements are true for p-adic Potts
model on a Cayley tree of order k

0,4 and

1) if p=2 or p = 5(mod8) or p = 7(mod8), then ART quasi Gibbs measure p- is
unbounded;

2) if p # 3, p = 1(mod8) or p = 3(mod8) then only ART quasi Gibbs measure s S
bounded;

3) if p =3, then all ART quasi Gibbs measures constructed by rules (ay) and (az) are
unbounded.

Corollary 3. Let ¢ = 3,k > 3. For p-adic ART quasi Gibbs measures constructed
by rules (a1) and (ag) there exist the phase transition occurrence if and only if p # 3,
p = 1(mod8) or p = 3(mod8).
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The Neumann problem for a multidimensional elliptic equation with several
singular coefficients in an infinite domain

Tulakova Z.R.
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ziyodacoders@gmail.com

Let R,, be the m -dimensional Euclidean space (m > 2), x := (x1,...,x,,) - arbitrary
point in it and n is a natural number, and n < m. The 2" -th part of the Euclidean space
R,, is defined as follows:

Q=" ={z€eR,,:2;,>0,i=1,..,n, —co<z; <400, j=n+1,...m}.

Fundamental solutions have an essential role in studying partial differential equations.
The explicit form of the fundamental solution makes it possible to correctly formulate
the problem statement and to study in detail the various properties of the solution of
the equation under consideration. Fundamental solutions of singular elliptic equations
are directly connected with multiple hypergeometric functions, the number of variables
of which is determined by the number of singular coefficients. Indeed, all fundamental
solutions of the following elliptic equation with n singular coefficients

Ny "~ 20 O
Sy T g (1)

i—1 8_35? — T al‘j N
in the hyperoctant € are expressed [1| by the Lauricella hypergeometric function FX‘) in
n variables [2] where m2 is a dimension of the Euclidean space; nl is a number of the
singular coefficients; mn; o are real constants and 0 < 2o; <1 (j = 1,n).

We introduce the following notation:

m m
T = (21,0, Tn) € Ry R? .= fo, dx := Hdmi; (20— Hxi‘)‘j;
i=1 i=1

i=1
. 8 de oy o
T = (L1, ooy T 1, Thg 1y ooy T) € Ryppq; dTg = _dxk; x, = x%"“;

k

0._ .
Ty = (1’1, --~7$k—1707xk+17 ,IL‘m) € R,.;

Sy = {iL’ 21> 0,251 >0, 2, =0, Tpt1 > 0,..,x, >0,
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—00 < Tyt < 00,0, =00 < Ty, < +00}, m>2, 1 <k<n<m.

(n)

The Lauricella hypergeometric function F,” in n variables is defined as following |[2]:

= b )y ()i
F(n) b bn O ) = (&)k1+...+kn( 1)k1 n)kn kl‘“ kn
A @b bt i) = DL T e,

[ #0,—1,-2,.;i=Tn; o] + ... + |za] < 1].

Here (a),, is a Pochhammer symbol, for which the equality (a)m4n = (@)m(a + m), and
its particular case (a)am = (a)m(a + m)y, is true.
The Neumann problem. Find a regular solution u (x) of equation (1) from the class
C! () N C*(Q), satisfying the conditions:
=V (i‘k) , Ty € Sk, (2)

(55
k aib‘k 2, =0

lim u (z) =0, ) (3)

R—o

where v, (Ty) € are given continuous functions. The functions vy (Zx) can also turn to
infinity of order less than 1 — 24 and for sufficiently large values of R the inequaliities
are valid

Ck

(4)

vk (Tn)] < ,

1-2 2
(Lt a2+ +ad, +ad,, +. +az) 720 e)/

where ¢, = const > 0, 0 < 2ay, < 1, and ¢, are small enough positive numbers (k = 1,_n)

Theorem. The solution of the Neumann problem (1)—(4) exists and is defined by

formula

U(f) (517a Z/S ~(20€ (xkvf)dska

where vy, (Zx) € C (Sk) are functions, defined in (2) and (4), and ¢ (z,€) is fundamental
solution of equation (1) [1]:

4 A5 &n
(x 5) _fyT_QBF (57041,...,04”; 201, ..., 200, — $12§1,...,_ ng );
r T
. 2 1 ) ﬂ_m/Q Pl F (2&]@)’ =1 Z o

Here

+o0 “+o00 400 +oo

/ [ (x,&)dSy —/ // /f z,§) duy...dvg_1dxggy...drnde, ... ATy,
Sk
W

n—1 m—n
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On wave solutions for a class of nonlinear viscoelastic media

Umirkhonov M. T.!

Institute of Mathematics, Tashkent, Uzbekistan,
masudxonumirxonov@mail.ru

The paper investigates the dynamics of a viscoelastic medium and the solution in the
form of a traveling wave of the equation

Tx:r: + VT:rxt + T:z: = g(T>tta (1)

where T'(z, ) is the Cauchy stress at point x and at time ¢, g(e) is a nonlinear function, and
v > 0 is a constant. Equation (1) is a one-dimensional nonlinear differential equation with
respect to T" and is obtained from the equation of motion and the basic equation relating
stress, linearized strain and strain rate. Unlike classical models of mechanics, strain can
be written as a function of stress rather than expressing stress in terms of kinematic
variables. This idea belongs to Rajagopal [1,2], who introduced a generalization of the
theory of elastic materials by proposing implicit models that admit approximations in
which the linearized strain is a nonlinear function of stress. The advantage of this new
idea is that it maintains a small displacement gradient so that linearized deformation can
be handled even for arbitrarily large stress values.

Thus, let us investigate the solutions of a traveling wave of a nonlinear differential
equation describing the behavior of a one-dimensional viscoelastic medium. Traveling
waves are solutions of the form

TZT(f), gzx_Ctv (2)

where the wave propagation speed ¢ is a constant, which will be defined below.
Substitution of (2) into (1) reduces the third-order partial differential equation to the
third-order ordinary differential equation with respect to the variable & given by the
formula

T// o I/CT”/ + T/ — CQ[Q(T)]H, (3)
We focus on considering the wave solutions of equations (3), which correspond to
heteroclinic couplings between two constant states. Obviously, T'(§) = constant is a trivial
solution to equation (3), so we will assume that

lim T(¢) = T, lim 7(9) = T (4)

with T # T, where T and T are constants that will be defined later. Our main task
is to find constraints on the nonlinear function ¢(7"), which guarantees the existence of
such a solution with a traveling wave, and consists in discussing the defining functions
from this point of view.
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Maximal operators associated with surfaces

Usmanov Salim
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We study maximal operators defined by
M [(y) = sup |Af(y)],

t>0

where

)= / Fly — ta)b()dS ()
S

is the averaging operator, S is a hypersurface in R"™!, v is a fixed non-negative smooth
function with compact support, that is, ¥y € C5°(R™™) and f € C§°(R"™).
Let us given singular surface S; C R? defined by the parametric equations

z1(uy, u) = udus? gy (u, ua), o(ur, ug) = uS ul go(uy, us), w3(uy, ug) = 1Hu§us gs(us, us),

where u; > 0,us > 0 and ay,as,by,by,cq,co are non-negative rational numbers,
{gr(u1,uz)}3_, are fractional power series, satisfying conditions g (0, 0) # 0.

A definition of fractional power series is already in [1].

For S; we define the averaging operator A, f in the following way

Al fly) = / f(y1 — txy(uy, uz), Y2 — tra(ur, uz), y3 — t(1 + $3(U1,U2))) X

2
R>0

dy, dy
Xy (uy, ug)ui us? v/ p(uy, ug)duydus,

where p(ug,us) is a fractional power series, 0 < 9 (ul,uQ) = @b(azl(ul, Us), To(uy, uz), 1 +
z3(ur, u2)) and ¢ € C§°(R?), di,ds € R, f € C§°(IR?). The associated maximal operator
is given by

M f(y) = sup A (), y € R,

Also we use the following denotions

e by b oo a1
B = (05} b2 ’ Bl o ‘ bQ Co ’ B2 o Ao Co
Theorem. Let {g;(u1,us)}?_; be fractional power series in a small neighborhood of

the origin in R?, satisfying condltlons 9:(0,0) # 0 and u(0,0) #0,d; > —1,dy > —1,B #
0, By # 0, By # 0. Then there exists a sufficiently small neighborhood U of the origin in
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R?, such that for every function 1, € C5°(U) the maximal operator M*f is bounded on
LP(R3) whenever p > max{c;(d; + 1), co(dy + 1)71, 2}. Moreover, if 1;(0,0) > 0 and
max{ci(d; + 1), ca(de +1)7'} > 2, then the maximal operator M*f is unbounded on
LP(R3) whenever 2 < p < max{c;(d; + 1), ca(dy + 1)1},
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Sug’urta kompaniyasining sug’urta mukofot pulini to’lay olmaslik riski va
uning erkin zahiralari

Arabboyev A. B.

National Universite of Uzbekistan, Tashkent, Uzbekistan
azimjonarabboyev1777@Qgmail.com

Faraz qilamiz, U-sug’urta portfelining boshlang’ich giymati, X;-mijozlarning bog’ligsiz,
bir xil tagsimlangan sug’urta badallarining miqdori (i = 1,2, ..., N) bo’lsin.
E(Xy)=m, BE(X})=a

Bu yerda N-matematik kutilmasi n bilan Puasson tagsimlangan tasodifiy miqdor.
Shuningdek, P-yil boshida qabul gilingan umumiy sugurta mukofatini va

C=Xi+Xo+ -+ Xy
sug’urta badalining jami miqdori bo’lsin.
Yuqoridagi belgilashlardan quyidagi kelib chiqadi:
E(C)=nm
Puasson tagsimlangan tasodifiy miqdorlarning matematik kutilmasi va dispersiyasi
tengligidan foydalanib, quyidagi natijani olamiz:
D(C) = E(N)D(X;) + D(N)[E(X;)]> = nE(X}) = nas

Ushbu portfelning mukofat riski matematik kutilma E(C) = nm ga teng va mukofat riski
uchun quyidagicha ifodani olish mumkin:

P=(1+Xnm

Bu yerda A > 0 zaruriy xavfsiz yuklama. Amaliyotda, bu aksiyadorlarning qaytib
kelishini ta’'minlaydigan, odatda sof sug’urta puli miqdorining foizi sifatida ifodalanadigan
va yutuqli aksiyalar uchun mo’ljallangan qiymatdir. Shunday qilib, sug’urta badalining
sotiladigan narxi quyidagicha:

U+ (1+X)nm
va sug’urtalovchi yil oxirida bankrotlik holatiga tushishi mumkin, agar quyidagi tengsizlik

bajarilsa:
U+ 1+ XNnm—-C<0
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Boshqga tamondan, bu eng katta zahira jamg’arilishiga mutonasib emas. Asosiy muammo
bu-to’lov qobiliyatsizligi ehtimolligini minimallashtirish, ya'ni

P{U+(1+XNnm—-C<0}<e

Bu yerda, e-to’lov qobiliyatsizligi uchun mumkin bo’lgan eng katta ehtimollik. Ushbu
tengsizlikni quyidagicha o’zgartirishimiz mumkin:

P{C>U+ 1+ MNnm} <e

Endi quyidagi standart ko’rinishga keltiramiz:

C—nm U+ Inm
P > <e.
4/ TG \/ Oy

Agar sug’urta portfeli yetarlicha katta bo’lsa, C' ning tagsimoti Normal tagsimot
gonuniga yaqinlashadi (Raeva, Pavlov 2015). Ya'ni

P(M) ~1—d(...)

naos

bu yerda
U+ Anm

noe

Le

yordamida belgilab, ®(z.) = 1 — € ekanligini ta’'minlaymiz. Endi quyidagini yozib olamiz:
U > xz./nas — Anm

Agar biz sug’urta badali miqdori uchun Normalning quvvatini o’zgartirishdan
foydalanib, Kornish-Fisher tarqalishining birinchi qoidasidan quyidagiga ega bo’lamiz:

y(x? —1)

Zeze
Te+ 6

bu yerda, v-yuqorida ko'rilgan tagsimotning assimetriya koeffitsiyenti. Bundan erkin
zahiralar uchun quyidagiga egamiz:

21
U= <x€ + %\/Tlag — )\nm)
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Involyutiv algebra ustida aniqlangan o’z-o’ziga qo’shma
matritsalar Yordan algebrasi 2-lokal differensiallashlari tavsifi
haqida

Arzikulov F.N.!, Husanova N. T.?

O’zR FA V.I.Romanovskiy nomidagi matematika instituti,
arzikulovfn@rambler.ru
Namangan davlat universiteti, Namangan;
naziraxonhusanova@gmail.com

Ushbu maqola Yordan algebralarida 2-lokal differensiallashlarni tavsiflashga bag’ish-
langan. Eslatib o’tamiz, 2-lokal differensiallashga quyidagicha ta’rif berilgan: R algebra
berilgan bo’lsa, A : R — R akslantirish (chiziqli bo’lishi shart bo’lmagan) 2-
lokal differensiallash deyiladi, agar har bir z, y € R elementlar juftligi uchun D, , :
® — R differensiallash mavjud bo’lib, A(z) = D,,(x) va A(y) = D.,(y)
tengliklar bajarilsa. 1997-yilda P.Shemrl 2-lokal differensiallash tushunchasini kiritdi
va H cheksiz o’lchamli separabel Hilbert fazosidagi barcha chegaralangan chiziqli
operatorlar B(H) algebrasidagi 2-lokal differensiallashlarni tavsifladi. Chekli o’lchamli
holat uchun tavsif keyinchalik S. Kim va J. Kimlar tomonidan berildi. Y. Lin va
T.Wong chekli o’lchamli bo’linishli algebralar ustidagi matritsali algebralarda 2-lokal
differensiallashlarning tavsifini berishdi. Sh. Ayupov va K. Kudaybergenovlar yangi
tadqiqot texnikasini taklif qildilar va yuqorida keltirilgan natijalarni ixtiyoriy Hilbert
fazosi uchun umumlashtirdilar. Ular ixtiyoriy H (separabel bo’lishi shart bo’lmagan)
Hilbert fazosidagi barcha chegaralangan chiziqli operatorlarning B(H) algebrasida 2-lokal
differensiallashlarni ko’rib chiqdilar va B(H) algebrada har bir 2-lokal differensiallash
differensiallash ekanligini isbotladilar. Sh. Ayupov, K. Kudaybergenov va F.Arzikulovlar
yuqoridagi natijalarni kengaytirdilar va ixtiyoriy fon Neyman algebralari uchun mos teore-
malarni isbotladilar.

Bir qator maqolalar har xil turdagi algebralar, assotsiativ algebralar, Banax algebralari
va Banax fazolari ustida aniqlangan 2-lokal akslantirishlarga bag’ishlandi.

Ushbu maqolada Yordan algebralarida differensiallash va 2-lokal differensiallashlarni
tavsiflashda algebraik yondashuv ishlab chiqildi. Berilgan maqolada e’tibor asosan ichki
differensiallashlar va 2-lokal ichki differensiallashlarga qaratilgan.

Aytaylik R algebra va unda o’zini o’ziga akslantiruvchi chizigli D akslantirish berilgan
bo’lsin. Agar har bir x, y € R elementlar juftligi uchun D(zy) = D(x)y + xD(y)
o’rinli bo’lsa, u holda D akslantirish diffferensiallash deyiladi. R algebraning o’zini o’ziga
akslantiruvchi A akslantirish berilgan bo’lsin. Agar R algebraning har bir z, y € R
elementlar juftligi uchun R algebraning shunday A(x) = D(z),A(y) = D(y) bo’ladigan
D differensiallashi mavjud bo’lsa, u holda A 2-lokal differensiallash deb ataladi.

Endi R algebrani assotsiativ deb hisoblaymiz. R algebraning a elementi berilgan
bo’lsin. U holda D,(x) = ax — za, + € R akslantirish differensiallash bo’ladi. Bunday
differensiallashga ichki differensiallash deyiladi. A R algebraning 2-lokal differensiallashi
bo’lsin. Agar R algebraning har bir z, y € R elementlar juftligi uchun R algebraning
shunday A(z) = D(z), A(y) = D(y) bo’ladigan D ichki differensiallashi mavjud bo’lsa,
u holda
A 2-lokal ichki differensiallash deyiladi.
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Aytaylik J Yordan algebrasi va D : J — J differensiallash berilgan bo’lsin. Agar
J algebrada

Z (lk bkl’ — bk CLkZL‘)] r € J

k=1
bo’ladigan aq, as, ..., Gm, by, ba, ..., by € J elementlar mavjud bo’lsa, D differensiallash
J algebrada ichki differensiallash deyiladi.

J Yordan algebrasining A 2-lokal differensiallashi berilgan bo’lsin. Agar har bir
x, y € J elementlar juftligi uchun J algebraning shunday A(z) = D(x),A(y) = D(y)
bo’ladigan D ichki differensiallashi mavjud bo’lsa, u holda A 2-lokal ichki differensial-
lash deyiladi.

Aytaylik H kvaternionlar tanasi berilgan bo’lsin, ya'ni H = {a + ib + jc + kd :
a,b,c,d € R}, bu yerda i* = j2 = k* = —1,ij = k, jk =i, ki = j, ji = —k, kj =
—i, ik = —j. Ms(H) bu H kvaternionlar tanasi ustida aniglangan barcha ikki o’lchovli
matritsalar assotsiativ algebrasi bo’lsin. U holda

HyH) ={a € MyH):a" =a}

vektor fazosi Yordan ko’paytirishi a-b = 1(ab+ba), a, b € Hy(H) amali bilan aniglangan
Yordan algebrasi bo’ladi. Bu Yordan algebrasi Ho(H) bilan belgilanadi.
Lemma 1. H kvaternionlar tanasi berilgan bo’lsin, A Hy(H) Yordan algebrasida 2-

lokal ichki differensiallash va Y " | Dq, b, , Zﬁc:l D., a4, yig'indilar ay, as, ..., an, b1, be,
, b1, Coy ooy, dy, do, ..., di € H elementlardan

m l
= Z Doy p,.(€12) = Z D, .4, (€12).
k=1 k=1

kabi hosil gilingan ichki differensiallashlar bo’lsin.U holda

l

[akabk €22 =¢€11 g Ck;dk €22,
k=1

61,1(

I

l

NE

62,2( [ak; bk])el,l = 62,2( [Ck, dk])€1,1
k=1 k=1
va z z
Z[&k, bl — Z[ak, b]** = Z[Ck, di|" — Z[Ck, dy,
k=1 k=1 k=1 k=1

tengliklar assotsiativ ko’paytirish amaliga nisbatan o’rinli boladi.
A - Hy(H) Yordan algebrasida 2-lokal ichki differensiallash va ;" | D,, 5, Ho(H)

algebrada aq, as, ..., am, by, ba, ..., by, € Hy(H) elementlardan

m
= Z D(lk,bk (él,2>
k=1

kabi hosil gilingan ichki differensiallash bo’lsin. Agar

1 y
Qi = eiiZ(Z[akakaejjaajeij =

k=1

m

ke

m
E ag, bk eija
k=1
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a” € H,(> [a, bi))? € Hyi,j=1,2.
k=1

bo’lsa, u holda

!
= Z D., 4,(€12)
k=1

shartni qanoatlantiruvchi barcha cq, co, ..., ¢, dy, ds, ..., d; € H elementlar uchun,
lemma.1l ga ko'ra

1 : 1 :
Q12 = 6111 E Ck>dk €22, 021 = 6224 E Ckadk €11,
k=1 k=1

! !
1 1
n_ 22 11 22
a” —a” = Z<Z[C’f’dk‘b - Z(Z[C’f’d’f])
k=1 k=1
tengliklarga ega bo’lamiz. Quyidagi lemma o’rinli bo’ladi.
Lemma 2. Hy(H) Yordan algebrasida A 2-lokal ichki differensiallash quyidagi

A(2) = Dy (). € Ho(H)

shartni qanoatlantiradi.
Teorema 3. Ho(H) Yordan algebrasida har qanday 2-lokal ichki differensiallash
ichki differensiallash bo’ladi.
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Pedagogik va psixologik jarayonlarni o’rganishda nazorat kartalardan
foydalanish haqida
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Ma’lumki jarayondagi muammoga mos, uni ilmiy tahlil giluvchi statistik gipotezalar
va ularni tekshiruvchi kriteriylar mavjud (Qaralsin [1] va [2]).

Axborotda shu kabi muammolarni tahlil gilishda ishlatiladigan statistik gipotezalarga
asoslangan nazorat karta (NK) [3] nomli statistik instrumentni bir turi hagida fikr beriladi.

Aytaylik pedagogik yoki psixologik tajribada ikki guruh insonlar qatnashsin va
jarayonni o’rganish uchun biror effekt aniglangan bo’lsin. Ma’lumotlar asosida «
giymatdorlik darajasida quyidagi bosh va alternativ gipotezalarni tekshirish talab qilinsin:
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Hy: 1-tanlamadagi kuzatilgan insonlarda effekt sodir bo’lganlarining foizlardagi ulushi
Py, 2-tanlamadagi P, dan ko’p emas;

H;: 1-tanlamadagi kuzatilgan insonlarda effekt sodir bo’lganlarining foizlardagi ulushi
Py, 2-tanlamadagi P, dan ko’p.

Bu gipotezalar « qiymatdorlik darajasida Fisherning quyidagi alomati bilan

tekshiriladi:
"= (o1 —p2) /7R,

bu yerda ¢; = 2arcsin\/P;, i = 1,2, ¢ - katta foiz ulushiga mos burchak; ¢, - kichik foiz
ulushiga mos burchak; n; va ny mos ravishda 1 chi va 2 chi tanlama hajmlari.

Agar @7, < ¢, bo'lsa Hy, aks holda H, gipoteza qabul gilinadi.

Endi shu gipotezalarni ketma-ket tekshirish printsipiga aoslangan NK ni
xarakteristikalarini aniglaymiz. Muammo mazmuniga asosan bir tomonlama chegarali NK
qurish kerak. Kuzatilayotgan effektni aniqlovchi statistika qilib ¢; = @1, — 9, ni olamiz,
bu yerda t = 1,2, ..., k tajriba o’tkazilgan birlik vaqtlar.

Yugqori nazorat chegara (UCL,) ni aniqlashga oid quyidagi tasdiq o’rinli.

Tasdiq. a = 0,01 giymatdorlik darajasida ¢ NK uchun

Ty - No
n1+n2

UCL, =2,31-

tenglik o’rinli.

Amalda ¢ NK ni go’llash uchun ¢ = 1,2,..., k birlik vaqtlarda tajribalar o’tkazish
zarur bo’ladi.

Masalan, k = 7, n; = no bo’lganda quyidagi uchta holatdan 1 tasi bo’lishi mumkin.

P A

¢ - Nazorat karta diagrammasi
Rasmdagi (1)-holatda H; gipoteza, (2)-holatda Hy gipoteza o’rinli. (3)-holatda tajriba
natija bermagan.
Ba’zi hollarda ¢ NK ni ishlatishdan avval A NK ni (Qaralsin [4]) qo’llash kerak bo’ladi.
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Ba’zi yechiluvchanga yaqin Li algebrasining differensiallashlar fazosi

Davlatova D. Q.!, Solijanova G. O.?

Namangan davlat Universiteti, Namangan, O’zbekiston;
Durdonadavlatovaunique@gmail.com!
O’zbekiston Milliy Universiteti, Toshkent, O’zbekiston;
gulhayo.solijonova@mail.ru?

K biror maydon bo’lsin.
Ta’rif 1. K maydon ustida aniqlangan L algebraning ixtiyoriy z,vy, z € L elementlari
uchun quyidagi ayniyatlar bajarilsa,

[z, z] = 0, —antikommutativlik ayniyati

[z, [y, 2]] + [v, [z, z]] + [, [, y]] = 0 — Yakobi ayniyati

u holda, L algebrasiga Li algebrasi deyiladi, bu yerda [—, —] —L algebrada aniqlangan
ko’paytirish amali

Aytaylik, L— Li algebrasi bo’lsin. L— Li algebrasi uchun quyi markaziy va hosilaviy
qatorlarni quyidagicha aniglaymiz:

LY=L, LMY =% L], k>1, LW=pr =Lk L] s>1.

Ta’rif 2. [2] Agar (] L' = 0 (mos ravishda, (] LIl = 0) o’rinli bo’lsa, u holda, L Li
i=1 i=1
algebrasiga nilpotentga yaqin (mos ravishda, yechiluvchanga yaqin) Li algebrasi deyiladi.
Ta’rif 3. [3] Agar ixtiyoriy 4 > 1 uchun, () L' = 0 (mos ravishda, (| L) = 0) va
i=1 =1
dim L/L? < oo (mos ravishda, dim L/LF < oo) orinli bo’lsa, u holda, L Li algebrasi
pro-nilpotent (mos ravishda, pro-yechiluvchan) deyiladi.
Ta’rif 4. L algebrada aniglangan d : L — L chiziqli almashtirish L algebraning
ixtiyoriy x,y elementlari uchun ushbu

d([z, y]) = [d(x), y] + [, d(y)]

differensiallash qoidasini ganoatlantirsa, u holda d : L — L chiziqli almashtirishga
differen-siallash deyiladi.
Aytaylik, mgy model filiform Li algebrasining cheksiz o’lchamli analogi bo’lsin bo’lsin,
ya'ni
mp : [61',61] = €41, 1> 2.
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Quyidagi maksimal pro-nilpotent ideali my bo’lgan yechiluvchanga yaqin Li algebralari
oilasini tahlil gilaylik [1]:

e, e1] = €iy1, > 2

— )

R3(mg, 1,3) : t .
3(mo, 1, 3) lei,x] =€+ > Breivkz, 1>2,
k=3

bu yerda, 8 = (83, 84,...,3) € C"? vat € N.
Teorema 1. R3(my, 1, §) oiladan olingan ixtiyoriy algebraning differensiallashlar fazosi
quyidagi ko’rinishda bo’ladi

( s
d(e1) = ) agey,
kS:3
D€T(R3(m0, 1,ﬁ)) . d(ez) = k;bkek_lri_Q, 7 Z 27
s—1 7 S
d(r) = ases + Y (a1 + Y arBi—kis)er + D anBs_rises.
\ k=3 k=3 k=3

bu yerda, biror ¢ > 4 uchun g; # 0.

(

d(er) = are1 + Y aje; + ax,
i=3

Der(Rs(mg, 1, 3)) : < d(e;) = (i — 2)(ae;—1 + (a1 + Bza)e; + lgbkek—i—i—% P> 2,

s—1
d(x) = Barer + azes + > (Psa; + air1)ex + Paax.
k=3

\

bu yerda, barcha ¢ > 4 uchun g; = 0.
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Elliptik silindr ustida Yakobi vektor maydoni
Ibragimov J. O.!
Mirzo Ulug’bek nomidagi O’zbekiston milliy universtiteti, Toshkent;

javlonbekibragimov3008@Qgmail.com

Annotatsiya. Ushbu ishda elliptik silindrdagi geodezik chiziglar topilgan va bu sirt
ustida Yakobi vektor maydoniga misol qurilgan. Bundan tashqari Yakobi va solenoidal
vektor maydonlar orasidagi bog’lanish o’rganilgan.

Ma’lumki, analitik geometriya kursida ikkinchi tartibli sirtlar o’rganiladi. Differensial
geometriyada esa sirtlar ustida egri chiziglar ichki geometriyasini o’rganish muhim masala-
lardan biri hisoblanadi. Sirt ustidagi geodezik chiziglar fanning amaliy sohalarida keng
tadbiqqa ega. Masalan, ellipsoid ustidagi geodezik chiziqni o’rganish yer sirtidagi ikki
nuqta orasidagi eng qisqa trayektoriyani topish imkonini beradi.

Umumiy holda geodezik chizigqni ko’pxillikda aniqlaymiz. Bizga silliq, bog’lanishli
riman ko’pxilligi M berilgan bo’lsin. Har qanday riman ko’pxilligida Levi-Chivita deb
nomlanuvchi V simmetrik bog’lanish mavjud.

Bizga & sirt va unda yotuvchi ikki marta differensiallanuvchi paramertlangan ~ egri
chiziq p'= p(t) tenglama bilan berilgan bo’lsin.

1- tarif. Berilgan v chiziq parameter ¢ ning har bir giymatida % vektor sirtning
v(t) (bu yerda ~(t) radius vektori p(t) bo’lgan nuqta) nuqtadagi urunma tekisligiga
perpendikulyar bo’lsa, bunday chiziq geodezik chiziq deyiladi.

Bizga elliptik silindrning

T = acosu
y = bsinu
Z=cv

parametrik tenglamasi berilgan bolsin.
Yuqoridagi parametrik tenglamalar bilan berilgan elliptik silindr uchun geodezik
chiziglarni topish uchun tenglamalar sistemasi

d%u (a®—b?) sin 2u
{ az T =0

a2 sin?(u)+b2cos?(u)
=0
az
ko’rinishga ega.
Bu sirtning uchta geodezik chizig’i mavjud ular to’g’ri chiziq, ellips va vint chizig’i

T = acost T = acoSuy T = acost
Y118 y=bsint, y:{ y=bsinug,y3:q y=bsint.
z=c z=ct z=ct

2-tarif. Har bir p € M nuqta va ixtiyoriy urinma w,v € M vektorlar uchun egrilik
almashtirishi deb nomlanuvchi R(u,v) : T,M — T,M akslantirishni quyidagi qoida
yordamida aniqlaymiz

R(u, v)w = VvaZ — Vyvxz — V[Xy]Z

bu yerda X, Y, Z vektor maydomlar M ko'pxillikdagi X, = u,Y, = v, Z, = w shartlarni
qanoatlantiruvchi silliq vektor maydonlar, [-, -] esa vektor maydonlarning Li qavsi.
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3- tarif. M Riman ko’pxillikda « geodezik chiziq bo’ylab berilgan Y vektor maydon
Y+ R(Y, Y)Y =0 (3)

tenglamani qanoatlantirsa, u Yakobi vektor maydoni deyiladi. (3) tenglama Yakobi
tenglamasi deyiladi.
Elliptik silindrda 73 geodezik chiziq bo’ylab urinma vektor maydon ekanligidan uning

parallel bo’lishi kelib chiqadi. Shuning uchun kovariant differensial nolga teng % =0

Shuningdek,
R(K 7/)7/ = va'y’ryl - V'V’VYV/ - Vh’,w’]'y/

munosabat o’rinli.

Yuqoridagilardan Y vektor maydon 3 geodezik chiziq bo’ylab Yakobi vektor maydoni
ekanligi kelib chiqadi.

4-tarif Agar X vektor maydon uchun shunday Y maydon topilib X = rotY bo’lsa,
X vektor maydonga solenoidal maydon deyiladi. Y esa X vektor maydonning potensiali
deyiladi.

Bizga M silliq riman ko’pxilligi va 7 : [a,b] — M geodezik chiziq berilgan bo’lsin.
_ 5-tarif. M da berilgan Y vektor maydon va har qanday 7 geodezik chiziq uchun
Y =Y/, vektor maydon Yakobi vektor maydoni bo’lsa, ¥ vektor maydon global Yakobi
maydoni deyiladi.

Silliq kompakt riman ko’pxilligida berilgan global Yakobi vektor maydoni va solenoidial
vektor maydonlari uchun quyidagi teorema o’rinli.

Teorema. Silliq kompakt riman ko'pxilligida berilgan har qanday global Yakobi vektor
maydoni solenoidial vektor maydoni boladi.
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Simplektik gruppaning haqiqiy tasvirlari gruppasi ta’siriga nisbatan
differensial invariantlari
Jo’raboyev S.S.

Farg’ona davlat universiteti, Farg’ona, O’zbekiston;
saidaxbor.juraboyev@mail.ru

H"- H kvaternion sonlar jismi ustida aniqlangan n o’lchovli vektor fazo bo’lsin. GL (H™)
orqali H" fazoning barcha teskarilanuvchi chiziqli almashtirishlari gruppasini belgilaymiz.
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(x,y) funksiya H™ x H™ dekart ko’paytmani H ga akslantiruvchi va quyidagi shartlarni
ganoatlantiruvchi akslantirish bo’lsin:
(z,y) = (y, ) (1)
(x,x) >0, barcha x € H", © #0

H"™ fazoning (1) bichizigli formani o’zida invariant saqlovchi barcha chizigli
almashtirishlari gruppasi simplektik gruppa deyiladi va Sp (n) ko’rinishida belgilanadi [2],
ya'ni

Sp(n) ={o € GL(H"): (zo,yo) = (z,y)} .
Ma’lumki [2|, H™ fazoni aynan 4n o’lchovli haqiqiy fazo sifatida qarash mumkin.
Bunday haqiqiy fazoni V' ko’rinishida belgilaymiz. Bu holda, har bir z € H™ vektorga
& € V vektor, har bir ¢ € GL(H") almashtirishga ¢’ € GL (V) almashtirish bir
giymatli mos qo’yiladi va GL (H") gruppaning har qanday qism gruppasi ¢ — o
izomorfizm yordamida GL (V') gruppaning qandaydir gism gruppasiga izomorf bo’ladi.
Demak, Sp(n) gruppa ham GL (V) gruppaning ma’lum qism gruppasiga mos keladi.
Odatda bunday qism gruppa Sp (n) gruppaning haqiqiy tasvirlari gruppasi deyiladi. Uni
quyidagicha aniqlaymiz: (z,y) formani 1, ¢, j, k birliklari oldidagi koeffitsientlarni mos
holda Q0 (*%a g) ) Q1 (i‘: g) ’ Q2 (‘%7@) )
Q3 (Z,y) ko'rinishida belgilaymiz, ya’'ni

<2L’,y> = Q0 (j7g) - Q1 (*%7@)@_ Q2 (i’,@)] - Q?x (j7@)k (2>

bu yerda z,y € H", &,y € V, x = &, y ~ ¢, shuningdek Q (z, y)-simmetrik, Q, (z,7) —
kososimmetrik bichiziqli formalarni ifodalaydi, o = 1, 3.

Ma’lumki, Sp (n) gruppa (z,y) bichiziqli formani o’zida invariant saqlaydi, u holda
uning haqiqiy tasvirlari gruppasi (2) munosabatga asosan bir vaqtda Qg (z,9), Q4 (Z,9),
Qs (2,7), Q3 (Z,9) bichizigli formalarni o’zida invariant saqlaydi, ya’ni

G={0eGL(V):Q4(0&,09) =0 (2,9), 2,5 €V, a=0,3}. (3)

V' — 4n o’lchovli haqiqiy vektor fazo, GL (V') orqali V fazoning barcha teskarilanuvchi
chiziqli almashtirishlari gruppasi bo’lsin. V' fazo elementlarini 4n o’lchovli ustun vektorlar
ko’rinishida olamiz. G C GL (V) gruppaning V fazoga ta’siri sifatida (g,z) — gx
ko’payt- mani qaraymiz, bu yerda g € G, x € V. Shuningdek R [zq,Z2,...,Tm,..|
orqali chiziqli erkli z,z9,...,xp,.. C V vektor argumentlarning f[zq,z2,...,Zm, .|
ko’phadlari halqasini belgilaymiz. Agar Vg € G uchun f[gz1, 922, ..., 92m,..] =
flx1, oy ..y Ty, -] tenglik o’rinli bo’lsa, f [x1, s, ..., T, ..] ko’phad G—invariant deyiladi.
Barcha G—invariant ko’phadlar to’plamini R[zy, xa, ..., Ty, ..}G ko’ rinishida belgilaymiz.
Bu holda, R[zy,za, ..., Tpm, ..]G to’plam R [x1, %2, ..., Tpm, ..| halqgada aniglangan amallarga
nisbatan, qism halqani ifodalaydi, ya'ni R[xy, z, ..., Ty, ..]G C Rxy, T2,y Ty -]

1-teorema. G—simplektik gruppaning haqiqiy tasvirlart gruppasi bo’lsin. U holda,
iztiyorty G— invariant f[x1,Z9, ..., Tm,..| ko'phad Qq (xs, x1) , (a = (),_3) G—invariant
ko’phadlar sistemasining chekli sondagi elementlariga halga amallarini chekli marta
qo’llash orqali hosil bo’ladi, bu yerda s,t € N.

Quyida, sanoqli sondagi

(1 (1) (1) (r) .(r) (r)
$17x2, -..,$4n, $1 ,1’2 ,...7$4n, ...,{El 7332 ,...,$4n, e
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o’zgaruvchilarning R sonlar maydoni ustida aniqlangan barcha ko’phadlari halgasini
qaray- miz va R{z} = R{z,2W, ..,z .} korinishida belgilaymiz. Aytaylik, R {z}
halqada quyidagi, d(xé”) = (xyﬂ)), xgo)
ganoatlantiruvchi d : R{x} — R{xz} amal berilgan bo’lsin. Ma’lumki, d—amalni R {z}
halqa differensiali- gacha bir giymatli davom etdirish mumkin, u holda bunday halqa
d-halga, uning elementlari esa d-ko’phadlar deyiladi. Shuningdek, R{x} halqaning d-
differensialini maydon munosa- batlarining differensiallariga mos holda yagona ko’rinishda
davom etdirish mumkin. Bunday maydon d—maydon deyiladi va R (x) ko’rinishida
belgilanadi, uning elementlari esa d-ratsional funksiyalar deyiladi va ularni f(x)
ko’rinishida belgilaymiz. Agar ixtiyorly ¢ € G uchun f{zx} = f{gz} (mos holda
f(z) = f{(gx)) shart o’rinli bo’lsa, u xolda f{z} € R{z}(mos holda f(x) € R (x))
d—ko’phad (d—ratsional funksiya) G'—invariant deyiladi, [1]. Barcha G— invariant d-
ko’phadlar halqasini R{z}“ (mos holda G—invariant d—ratsio- nal funksiyalar maydonini
R(z)%) ko’rinishida belgilaymiz.

A = {ai},ca to’plam R{z}“ d— halqa elementlaridan tuzilgan bo’lsin, bu yerda
A chekli, tartiblangan natural sonlar to’plami. Agar shunday P [zq, s, ..., xs] ko’phad
mavjud bo’lib, P (aq, ag,...,as) = 0 tenglik o'rinli bo’lsa, ay, aw,...,as € A elementlar
algebraik bog’lig, aks holda algebraik bog’lanmagan (transsendent) deyiladi. Agar R{z}°
d— halqaning ixtiyoriy elementi A = {a;};,.. to’plam elementlariga d—halqa amallarini
chekli marta qo’llash orqali hosil bo’lsa, A = {a;}, ., to'plam d—tashkil etuvchilar siste-

= x;,j = 1,4n, r € Zj shartlarni

mast deyiladi, algebraik bog’liq bo’lmagan tashkil etuvchilari sistemasi R(x>G d—maydon-
ning d-ratsional bazisi deyiladi, [1].
2-teorema. G—simplektik gruppaning haqiqiy tasvirlari gruppasi bo’lsin. U holda,
quyidagr
Q (2, 20), Qu (2@, 204D} | (a0 =T,3) (4)

G—1invariant d— ko’phadlar sistemasi R(x)G d— maydonning d— ratsional bazisini ifoda-
laydi, bu yerda v = 0,n — 1.
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IKKI ARMIYANING JANGOVAR HARAKATLARI MODELI DISKRET
BOSHQARUVLI SISTEMA SIFATIDA
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matematik-uz@Qmail.ru

Ushbu ishda ikki armiyaning jangovar harakatlarini ko’rsatuvchi Lanchester chiziqli
modelining diskret analogi qaraladi [1]. Tomonlarning asosiy xarakteristikasi ularning
soni hisoblanadi x1(¢)0, x2(t)0,. Muntazam harbiy qismlar orasidagi harakat holida, ular
sonining o‘zgarish dinamikasi quyidagi uch faktor yordamida aniglanadi:
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1. Tarkib sonining kamayish tezligi «; (i = 1, 2), bevosita jangovar harakatlar bilan
bog’liq bo’lmagan sabablar tufayli (kasallik, qochoqlik).

2. O’zaro jang qiluvchi tomonlarning harakatlari bilan yuzaga kelgan, ularning
strategiyasi, taktikasi va qurollanishiga bog’liq yo’qotishlar tezligi (sur’ati) B;(i = 1, 2).

3. Boshqariluvchi ta’sir deb yuritiluvchi yordamchi kuchlarning kelish tezligi.

Qilingan taxminlar asosida x(t) va x5(t) lar uchun birinchi ayirmalar sistemasini hosil
qilamiz:

{ r1(t+1) —21(t) = —q@1(t) — Bawa(t) + (1) (1)
ZCQ(t + 1) — Q?g(t) = —QQ.CEQ(t) — 61$1<t> + ’72(t)

Bu yerda, t —vaqtning diskret davrlari (masalan, oy raqami), va soddalik uchun «a; va
B; koeffitsiyentlarni o’zgarmas deb hisoblaymiz.

Faraz qilaylik a; = 0,1; a3 = 0,05; 51 =0,2; s = 0,3 bo’lsin.

Qandaydir uchinchi tomon har bir armiya uchun yordamchi kuchlarni keltiradi deb
hisoblaylik, xususan uning l-armiyaga yordami, 2-armiyaga qaraganda ikki barobar
(tezroq). U holda yordamchi kuchlarni boshqaruv funktsiyasi sifatida keltirish mumkin:

m(t) =u(t), (t)=0,5u(t), bu yerda u(t) € R.

Bu holda birinchi ayirmalar sistemasi quyidagi ko'rinishga keladi:

$1(t + 1) = 0, 91’1(t) — O, 3$2(t> + Ul(t) 9
.Tz(t—{— 1) = —O, 2£E1(t) +0,95£E2(t) +O,5U2(t> ( )

Aytaylik, t = 0 boshlang’ich vaqt momentida har bir armiyaning soni aniq bo’lsin:
x1(0) = 500, x2(0) = 250. (3)

u(t), (t = 0,1, ..., 4) boshqaruvni shunday tanlash kerakki, ¢ = 4 vaqt momentida
quyidagi shart bajarilsin:

Boshqacha qilib aytganda, shunday uchinchi tomon mavjud bo’lishi mumkinki, u jang
qiluvchi tomonlardan birinchisining g’alabasiga yordam beradi, lekin yordamchi kuchlarni
ikki tomonga ham etkazadi (iqtisodiy foyda ko’rish magsadida).

Masalaning echimi chiziqli diskret sistemada optimal boshqaruvni topishdan iborat.
Yuqorida keltirilgan ko'rinishdagi masala chiziqli diskret sistemada optimal boshqaruvni
topish masalasi sifatida qo’yilishi mumkin:

z(t+1) = Az(t) + Bu(t), t=0,1,...4.

0,9 -0,3

Chiziqli diskret sistema A = { ~0,2 0,95

{ 1 (1)

a(1) } fazali koordinata vektoriga ega.

} , B = [ 015 } matritsalarga va z(t) =

Sifatning kvadratik kriteriyasiga ega optimal programmali boshqaruvni tuzamiz [2],
yani shunday u(t), t = 0, 1,...4, to’plamni qidirish kerakki, bunda Zf:o u?(t) kattalik
minimal bo’lsin.

Ko’rsatilgan turdagi sifat kriteriyasi odatda, boshqaruv resurslarini tejash kerak
bo’lgani-da ishlatiladi (berilgan holda, har bir armiyaga yo’naltirilgan yordamchi kuchi).

Bunda ko’rsatilgan boshqariluvchi ta’sir, (2) sistemani, berilgan (3) boshlang’ich z(0)
holatdan, (4) oxirgi (5) holatga o’tkazishi kerak.
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[2, 3] ga ko’ra optimal programmali boshqariluvchi ta’sir quyidagi formulalar bilan
aniglanadi:

u(t)=STt)D'C, t=0,1, .4,
bu yerda

4
S(t)=A""'B, D= St)S"(t), C=u(5)— A"z(0).
t=0
Kerakli hisoblashlarni bajargan holda quyidagi natijaga erishamiz:

u(0) = 1897, w(1) = 1483, wu(2) = 1065, w(3) =613, wu(4) =87

optimal programmali boshqaruvdan foydalanib, sistema ¢t = 4 momentida oxirgi holatga
keltiriladi (v va = ning qiymatlari butungacha yaxlitlangan holda berilgan, chunki
yordamchi kuch bu - odamlar):

2T(1) = (1 2272; 1086 ), 27(2) = ( 3201; 1319 ), 27(3) = ( 3551; 1145 ),
aT(4) = ( 3465; 684 ), z7(5) = ( 3000; 0 ).

Ikkala armiya ham janchilari sonini bir-biriga va qandaydir boshqa tomonga bog’liq
bo’lmagan holda o’z armiyasini o’zi to’ldirganida, boshqaruvlar vektori va B matritsa mos
holda quyidagi ko’rinishda bo’ladi:

=] s=lo V]

Aytib o’tish kerakki, bu holda masalani ikki o’yinchining optimal boshqaruv strategiya-
larini qurish masalasi sifatida qarash o’rinli.

Huddi shu jarayondan foydalangan holda, yordam sonining kerak bo’ladigan
giymatlari-ni topish mumkin. Masalan, qandaydir sharoitlarda ikki armiya ham bir
vaqtning o’zida mag’lub bo’lishini aniglash mumkin.

Lanchester modellari doirasida hujum va mudofaa kuchlarini tagsimlashni optimallash-
tirish masalasining ko’p turlari mavjud. Shuningdek, Lanchesterning harbiy harakatlar
modellari va biologiyadagi populyatsiya modellari orasida bog’liglik mavjudligiga e’tibor
qaratish lozim. Lanchester turidagi tenglamalarga zahirani kiritish, kuchlar va vositalarni
tagsimlashni aks ettiruvchi boshqariluvchi o’zgaruvchilarni va boshqalarni kiritish
optimal-lashtirish modellarida optimal boshqaruv o’yin masalalariga keladi.
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Nomanfiy yadroli Fridrixs modeli xos giymatlari

Kucharov R. R.!, Xushvaqtov N. X.?

O‘zbekiston Milliy universiteti, Toshkent, O‘zbekiston;
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Aytaylik Q C R” — bo‘sh bo‘lmagan kompakt to‘plam va bu to‘plamda u(x) uzluksiz
haqiqiy qiymatli funksiya berilgan bo‘lsin. Ly () fazoda k(z,s) yadroli K kompakt
integral operatorni qaraylik. Ly (2) fazoda H operator quyidagi formula bilan aniglaymiz:

H=U-K (1)

bu yerda

(Uf)(x) = u(x)f(z), feL().
Kvant mexanikasi va statistik fizikaning ba’zi masalalari H operatorning spektrini
o‘rganishga olib kelinadi. Kompakt operator qo‘zg‘alishi haqidagi Viell teoremasiga ko‘ra

0(U) = 0ess(U) = [tmin, Umax)s Umin = I0f (Z), Umax = sup u(z).
zeQ z€eQ
Dastlab H operator muhim spektr qo‘zg‘alish nazariyasi K.O.Fridrixs tomonidan
o‘rganilgan. (1) tenglik bilan aniglangan operator Fridrixs modeli deb nomlanadi. u(z) =
z € [0,1] bolganda va K : Ls[0,1] — L[0,1] kompakt integral operator yadrosi, 11 > 3
bo‘lganda ko‘rsatkichli Gyoldr yadrosi bo‘lsa, u holda H operator muhim spektrining
tashqarisida chekli xos giymatga ega bo‘lishi [1], [2] da o‘rganilgan.

Bir o‘lchamli Fridrixs modeli [2], [3] ishlarida qaralgan. Agar u(z) funksiya kritik
nuqtaga ega bo‘lsa, ya'ni z € [a, b] uchun «'(2) = 0 hamda chekli va har biri aynimaydigan
bo‘lsa, u holda H operator diskret spektri chekli bo‘lishi [4], [5] da isbotlangan.

H modelning muhim spektrdan tashqarida yotuvchi xos giymatlari soni cheksizligi
haqidagi savol kam o‘rganilgan bo‘lib, matematik nuqtai nazardan Yefimov effekti
paydo bo‘lishini kutish mumkin. Muhim spektrdan tashqarida yotuchi bir o‘lchamli (1)
modelning xos qiymatlari soni cheksizligi haqgidagi savol [2], [6] da o‘rganilgan.

Bizga Q2 = [a, b]Y, v € N to‘plam va bu to‘plamda u(x) = u(zy, za, ... ,z,) uzluksiz
haqiqly qiymatli funksiya berilgan bo‘lsin. Mos ravishda U : Ly (Q) — Ly (Q) va K :
Lo (2) = Lo () operatorlarni quyidagicha aniglaymiz:

U ) (x) = u(x)f(z), (Kf)(x)= / k(z,s)f(s)ds, fe€L(Q), ,s€Q,

Q

bu yerda k(z,s) = k(s,z) va kvadrati bilan integrallanuvchi funksiya.
Aytaylik Q = [0, 1] da

k(z,s) = arp1()ei(s1) + aapa(2)p2(s1) + asps(x)es(s1)

funksiyani aniglaymiz, bunda a; > 0, as > 0, a3 > 0, ¢; € Lo[0,1], (¢, ;) =0, i
J, 4,7 =123, |lpil =1, 1=1,2,3.
Teorema 1.[5] Agar ¥n € N uchun shunday {hi},_1;; C Lo(2) ortonormal
sistema mavjud bo‘lib, hamda [ w(z)|hy(z)|*dz < ¢, Yk € N, ¢ = (Khy, hi), shartni
Q

qanoatlantirsa, u holda H (1) operator manfiy sanoqli sondagi xos qiymatlarga ega bo‘ladi.
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Faraz qilaylik

/u V1 (2)Pde < a 2)
/ u(@)) () Pz < oy 3)
/u Vs (@)2dz < as (4)

bo‘lsin.

Teorema 2.

1) Agar (2), (3) va (4) tengsizliklar bir vaqtda bajarilsa, H (1) operator uchta manfiy
xo0s qiymatga ega bo‘ladi.

2) Agar (2), (3) yoki (2), (4) yoki (3), (4) tengsizliklar bir vaqtda bajarilsa, H (1)
operator ikkita manfiy xos qiymatga ega bo‘ladi.

3) Agar (2) yoki (3) yoki (4) tengsizlik bajarilsa, u holda H (1) operator bitta manfiy
x0s qiymatga ega bo‘ladi.
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Ba’zi yechiluvchanga yaqin Li algebrasining quyi tartibli kogomologik
gruppalari

Mahmudjonova Z.0.! Solijanova G. O.%,
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Ushbu ishda maksimal pro-nilpotent ideali model filiform Li algebraning cheksiz
o’lchamli analogi bo’lgan ba’zi Li algebralari oilasining quyi tartibli kogomologik
gruppalari o’rganilgan.
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F" biror maydon bo’lsin.
Ta’rif 1. F maydon ustida aniqlangan L algebraning ixtiyoriy x, vy, z elementlari uchun
quyidagi ayniyatlar bajarilsa,

[z, 2] = 0, —antikommutativlik ayniyati

[z, [y, 2]] + [y, [z, z]] + [2, [z, y]] = O — Yakobi ayniyati

u holda, L algebrasiga Li algebrasi deyiladi, bu yerda [—, —] —L algebrada aniqlangan
ko’paytirish amali

Ta’rif 2. L algebrada aniqlangan d : L — L chiziqli almashtirish L algebraning
ixtiyoriy x,y elementlari uchun ushbu

d([x, y]) = [d(z),y] + [z, d(y)]

differensiallash qoidasini qanoatlantirsa, u holda d : L — L chiziqli almashtirishga
differen- siallash deyiladi.
Berilgan * € L va barcha y € L elementlar uchun ad, : L — L akslantirishni
quyidagicha aniglaylik
ady(y) = [z, y].

Tekshirib ko’rish mumkinki, bu ad, akslantirish differensiallash bo’ladi. Bunday
aniglangan  differensiallashga  ichki differensiallash  deyiladi. Ichki bo’lmagan
differensiallashga tashqi differensiallash deyiladi.

Ta’rif 3. Agar L— Li algebrasi uchun Center(L) = 0 va barcha differensiallashlari
ichki bo’lsa, u holda, L— Li algebrasi to’liq deyiladi.

Bu yerda, Center(L) =z € L|[z,y] = [y, z] = 0, barchay € L.

Ma'lumki, L— Li algebrasining nolinchi tartibli kogomologik gruppasi bu L—
algebraning markazi bo’lsa, birinchi tartibli kogomologik gruppasi L— algebraning tashqi
differensiallashlar fazosi bo’ladi.

Aytaylik, L— Li algebrasi bo’lsin. L— Li algebrasi uchun quyi markaziy va hosilaviy
qatorlarni quyidagicha aniqlaymiz:

LY=L, LMY =% L], k>1, LW=pr rBst9 =L [F] s>1.

Ta’rif 4. [2] Agar () L' = 0 (mos ravishda, () L/ = 0) o’rinli bo’lsa, u holda, L Li
i=1 =1
algebrasiga nilpotentga yaqin (mos ravishda, yechiluvchanga yaqin) Li algebrasi deyiladi.

Ta’rif 5. [3] Agar ixtiyoriy 4 > 1 uchun, () L' = 0 (mos ravishda, (| L) = 0) va
i=1 i=1
dim L/L’ < oo (mos ravishda, dim L/L! < co) o'rinli bo’lsa, u holda, L— Li algebrasi
pro-nilpotent (mos ravishda, pro-yechiluvchan) deyiladi.
Aytaylik, my model filiform Li algebrasining cheksiz o’lchamli analogi bo’lsin, ya’ni

mg . [ei,el] = €41, 1 > 2.

[1] ishda ko’rsatilgan quyidagi maksimal pro-nilpotent ideali my bo’lgan yechiluvchanga
yaqin Li algebralari oilasini tahlil gilaylik:
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lei,e1] = €1, 1> 2,

[61,1’] = €1,

t
[Gi,l'] = (Z - 2)61 + Z 6k6k+i—27 { Z 27
k=3

Ri(mg, 1,5) :

bu yerda, 3 = (83, B4,...,3) € C""2 vat € N.

Tekshirib ko’rish mumkinki, R;(mg,1,5) oiladan olingan ixtiyoriy algebraning
markazida {ey} element yotadi. Ya'ni quyidagi xossa o’rinli.

Xossa 1. dim(H°(Ry(mg, 1, 5), Ri(mg, 1,3))) = 1.

Teorema 1. Ri(my, 1, #) oiladan olingan ixtiyoriy algebraning differensiallashlar fazosi
quyidagi ko’rinishda bo’ladi
( S
d(el) = aieq + Z a;e;,

i=3
Der(Ry(mg,1,3)) :  d(ei) = ((i —2)ar +ba)e; + (a183 — 1)eiys + a1 Y- Breryi2, @ > 2,
k=4

s—1 7 s
d(z) =mer+ Y (i — 2)ait1 + D arfi—kss)ei + D arfBs—kt3€s.
L i=3 k=3 k=3

bu yerda7 Z akﬁs—k-&-p =0, 4 < p<s.
k=p
[1] maqolada Rj(mg,1,5) oiladan olingan ixtiyoriy algebraning tashqi
differensiallashlari mavjudligi ko'rsatilganligidan quyidagi xossa o’rinliligi kelib chiqadi.

Xossa 2. dim(H'(R;(mg, 1, ), R1(mg, 1, 3))) # 0.
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¢, fazosidagi birlik shar ekstremal nuqtalarining bir xossasi

Mavlonov I.M.!, Aminov B.R.?

O‘zbekiston Milliy Universiteti, 100174, Toshkent, O‘zbekiston;

'mavlonovismoilmurodulla97@gmail.com 2aminovbehzod@gmail.com

(X, ]| -]]) normalangan fazo bo‘lsin. X fazodagi birlik sharni va birlik sferani mos ravishda
B(X) va S(X) orqali belgilaymiz, yani B(X) = {z € X]|||z|| < 1} va S(X) = {z €
X||lz|| = 1}. Agar e = %(m +y), z,y € B(X) tengligidan e = x = y munosabati kelib
chigsa, u holda e nuqta B(X) birlik sharning ekstremal nuqtasi deyiladi. B(X) birlik
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sharning barcha ekstremal nuqtalari to‘plamini extr(B(X)) kabi belgilaymiz. Ravshanki,
extr(B(X)) C S(X). (X,|-])) normalangan fazo qat’iy normalangan deyiladi, agar =,y €
X elementlar uchun ||z + y|| = ||z|| + ||y|| tengligidan z, y elementlarining chizigli bog‘liq
ekanligi kelib chigsa. Agar (X ||-||) —qat’iy normalangan fazo bo‘lsa, u holda extr(B(X)) =
S(X) tengligi o‘rinli bo‘ladi.
{+ bu barcha chegaralangan ketma-ketliklar to‘plami bo‘lsin, ya'ni ¢o, = {{z,}3°; C
R | sup |z,| < oo}. Ushbu /, to‘plamning {x, }°,, {y,}22, elementlari uchun {z, }5°, +
n>1
{yn}>2, wf {zn + yn}22, kabi binar amal va A - {z,}°°, = {Az,}?°, (A € R) kabi
songa ko‘paytirish amali aniglansa, ¢, chiziqli fazo bo‘ladi. ¢, chiziqli fazosi quyidagicha
aniglangan || - ||, normaga nisbatan Banax fazosi bo‘ladi:

{2 ozt lloo = sup [2a], {2 }o2; € loo.
n>1

p > 1 soni uchun ¢, orqali /., fazosining quyidagicha aniqlangan qism-fazosini
belgilaymiz:

by = {32y € b | Y |anl? < o0}
n=1

oo
?, fazosi ||[{z,}o2 4, = (D2 ]a:n|”)% kabi aniqlangan normaga nisbatan Banax fazosi
n=1

bo‘ladi. ¢y orqali nol soniga_intiluvchi barcha ketma-ketliklar to‘plamini belgilaymiz.
Ravshanki, ¢ to‘plami ||-|| normasiga nisbatan /., ning normalangan gism fazosi bo‘ladi.
Ma’lumki, X fazoda aniqlangan chiziqli chegaralangan f € X* funksionalning normasi

lfll = sup |f(x)| formula yordamida aniqlanadi. Funksional f ni chizigli ekanligidan
z€B(X)

foydalanib, ushbu formulada B(X) ni o‘rniga S(X) yozish mumkin ekanligini ko‘rsatish
qiyin emas. Agar X chekli o‘lchamli normalangan fazo bo‘lsa, u holda B(X) to‘plami
qavariq kompakt to‘plam bo‘ladi va Bauerning maksimum printsipiga ko‘ra (|2], §7.69)
formuladagi S(X) to‘plamni yanada toraytirish mumkin, ya'ni ixtiyoriy f € X* uchun

Ifll = sup |f(z)| tengligi o‘rinli bo‘ladi. Agar X cheksiz o‘lchamli normalangan
z€extr(B(X))

fazo bo‘lsa, u holda yuqoridagi tenglik umuman olganda o‘rinli emas. Masalan, (X, || -
II) = (co, || - [|oo) bO‘lsa, u holda extr(B(X)) = 0 bo‘ladi ([1], 118-bet) va shuning uchun
Ifll=sup |f(x)] tengligi o‘rinli bo‘lmaydi.
z€extr(B(X))
Teorema 1. /, (1 < p < oo) fazosida aniqlangan ixtiyorily chegaralangan chiziqli
f € (¢,)* funksional uchun quyidagi tenglik o‘rinli bo‘ladi

Ifll=sup [f(z)].
z€extr(B(X))
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Diskret Laplasianning Green funksiyasi uchun asimptotika
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Kirish

Atom va molekulyar fizika, qattiq jismlar fizikasi va kvant maydonlar nazariyasining
asosiy muammolaridan biri Schrédinger operatorlarining xususiyatlarini o’rganishdir. Bu
sohada olingan ko’plab natijalar M. Reed and B. Simon [1] ishlarida berilgan. Panjaradagi
zarrachalar sistemasiga mos Schrodinger operatorlari D. S. Mattis (1976) va A.I.Mogilner
(1991) tomonidan o’rganilgan.

Bu ishda biz ikki o’lchovli panjaradagi Diskret Laplasianni qaraymiz va bu
Laplasianning Green funksiyasi uchun asimptotikani o’rganamiz.

Discrete Schrodinger operatorining berilishi
Z2-ikki o’lchovli panjara, T? = (R/27Z)? = (—m;m|*ikki o’lchovli tor bo’lsin. Har bir
£ > 0 uchun Diskret Laplasian A quyidagicha aniglanadi:

A=Y ((T(s) —1(0)) + B(T(2s) — T(0>)) :

lsl=1

bu yerda T(y) operator ¢*(Z) fazoda y € Zga siljitish operatori.
H operator impuls tasvirda T? dagi L? funksiyalar Hilbert fazosida

(Hf)(p) =e(p)f(p), felL*T?), peT?

fo’rmula bilan aniglanadi. Bunda

2
e(p) =Y _((L—cosp;) + B(1—cos2p;)), peT? B>0;
=1

J
Fizik adabiyotlarda e(p) funksiya T? da haqiqiy qiymatli funksiya bo’lib, —A Diskret

Laplasianning dispersion munosabati deb ataladi.

Muhim spektr

Ma'lumki H funksiyaga ko’paytirish operatori bo’lganligi sababli H operatorning muhim
spektri o.s5(H) haqiqiy o’qdagi quyidagi kesmadan iborat:

Uess(H) - [Smina 5maa:]7

bu yerda
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H operatorning Green funksiyasi quyidagi integral yordamida aniglanadi:

1 etep
folx, 2) = dp, 2z € C\ [emin, Emaz], T € Z2,
0( ) (27_‘_)2 /?1‘2 5(]9) — P \ [ ]
7- mavhum birlik.
[shimizdagi asosiy natija quyidagidan iborat.
Teorema. Har bir x € Z? uchun
1

ei(@.p)
; = dp, bund —s0:
7”0(1’,2> (271')2 /’]I‘2 5(]9) — 5 P, unda z € ( 0070)7

funksiya (—o0;0) intervalda z ning funksiyasi sifatida musbat va monoton o’suvchi.
a) 8 > 0 bo’lganda quyidagi asimptotika o’rinli

. 1
ro(z,2) = O<—’Z‘no+1) z — —00

bunda
_— []x1| + 1] N [\xgl —|—1}
L 2
b) f = 0 bo’lganda quyidagi asimptotika o’rinli
R 1
7h(x’z)::()(ﬁﬂ?HIT>’ bunda z — —o0
bunda

ng = |z1] + |aa|.

¢) Bundan tashqari quyidagi tenglik o’rinli

lim 7y(z,2) = +o0, d=2.
Z_)e'r—nin
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Raqobatlashuvchi SOS modeli uchun Keli daraxtida sanoqlita davriy
bo’lmagan asosiy holatlar

Raxmatullayev M. M.!, Abrayev B. O’.2

O’zbekiston Respublikasi Fanlar Akademiyasi V.I.Romanovskiy nomidagi Matematika

instituti, Toshkent, O’zbekiston!

e-mail:mrahmatullaev@rambler.ru;

Chirchiq davlat pedagogika instituti, Chirchiq, O’zbekiston,?
e-mail:abrayev89@mail.ru?

1

Faraz qilaylik I'* = (V, L, ), Keli daraxti berilgan bo’lsin, bu yerda V' — I'* ning uchlari
to’plami L— uning qirralar to’plami va i— insidentlik funksiyasi, har bir [ € L qgirraga
uning oxirgi nuqtalari z,y € V ni mos qo’'yadi. Agar i(l) = {z,y} bo’lsa, u holda z,y
yaqin qo’shnilar deyiladi va [ = (x,y) ko’rinishda yoziladi. Keli daraxtida d(z,y) masofa
deb x va y uchlarni tutashtiruvchi eng qisqa yo’ldagi girralar soniga aytiladi:

d(xz,y) = min{d : 3x = xo, 21, ..., T4_1,Tq = Y},

bu yerda (xg, z1), (x1,22), ..., (Ta_1, T4) yaqin qo’shnilardir.

Ma'lumki, I'* Keli daraxtini, barpo etuvchilari a,as,as, ...,ax1; bo’lgan ikkinchi
tartibli & + 1 ta siklik gruppalarni erkin ko’paytmasidan iborat bo’lgan () gruppa
orqali tasvirlash mumkin. (|1]-[3] ishga qarang). Fiksirlangan z° € V uchun quyidagicha
belgilashni kiritamiz:

W, = {z € Vld(z,2°) = n}.

S(z) bilan € W,, daraxt uchining to’g’ri avlodlar to’plamini belgilaylik, yami S(z) =
{y € Wiy @ d(z,y) = 1}. Si(z) orqali x € Gy ga yaqin qo’shni nuqtalar to’plamini
belgilaylik, ya'ni Si(z) = {y € Gy : (x,y)}. Bu belgilashlardan yakkalangan element
xy = S1(x)\S(x) ni hosil gilamiz.

Spin giymatlari ® = {0, 1,2, ..., m} bo’lgan SOS modelini qaraymiz. c— konfiguratsiya
V' uchlar to’plami elementlarini ® = {0,1,2,...,m} to’plam elementiga mos qo’yuvchi
akslantirishdir, yami x € V — o(x) € ®. Barcha konfiguratsiyalar to’plami Q = ®".

Gi/Gr = {H1, Hs, ..., H. }-faktor-gruppa bo’lsin, bu yerda G;-—normal bo’luvchi r > 1.

Ta’rif 1. Agar o(x) = o; shart * € H; da o'rinli bo’lsa, u holda o(x), z € V
konfiguratsiya Gj, -davriy deyiladi. Gj davriy konfiguratsiya esa translatsion-invariant
konfiguratsiya deyiladi.

Ta’rif 2. Agar o(z) = o0;; shart | € H; va v € H; da o’rinli bo'lsa, u holda o(z),
x € V konfiguratsiya G} -kuchsiz davriy deyiladi.

Raqgobatlashuvchi SOS modeli Gamiltoniani quyidagicha aniglanadi:

H(o)=~Ji ) lo(@)—o(y)| =T Y lo(@)=oaly)l. (1)

z,yeV:
(el aCiry)=2

bunda (Jl, JQ) e R2.

V uchlari to’plamidan tuzilgan birlik sharlar to’plamini M bilan belgilaymiz. b € M
shardagi konfiguratsiyani x € b — o(z) € ® funksiya kabi aniglaymiz. b € M sharning
markazini ¢, bilan belgilaylik. o, konfiguratsiya energiyasini quyidagi formula yordamida
hisoblanadi:

U(ow) = U(ow, J1, Jo) = ——Jl Yolol@)—o(y)—J Y lo(z)—oly), (2)
(z,y): z,yEb:
z,y€b d(z,y)=2
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bu yerda (J, Jo) € R%
k =2 va m = 2 bo’lsin. Ixtiyoriy o, konfiguratsiya uchun quyidagilar o’rinli bo’ladi.

U(oy) € {U; :i =1...10}

bu yerda
1 3
Uy =0, Uy= —§J1 —2Jy, Uy =—J1 —2Jy, Uy = —§J1, Us = —Jy —4Js,

3 3
Us = —2J1 —4Jy, Uy = =3J;, Ug = —§J1 —4Jy, Uy = —2J1 —2J3, Uyp = —§J1 — 2J5.

Ta’rif 3. Har bir Vb € M va o, uchun U(y;) = min{Uy, Us, Us, ..., Ujp} tenglik o’rinli
bo’lsa, u holda o konfiguratsiya H gamiltonianga nisbatan asosiy holat deyiladi.

Quyidagi [4] ishda k = 2 bo’lgan holda raqobatlashuvchi SOS modeli uchun davriy va
kuchsiz davriy asosiy holatlar o’rganilgan.

Quyidagicha belgilash kiritamiz:

Am = {(Jl, JQ) S R? | U,, = min {Uk}}

1<k<10

Hisob kitoblar A,, to’plamlarni quyidagicha bo’lishini ko’rsatadi:
1 1
A ={(J1, ) e R*| J; < 0;J5 < _Zjl}a Ay ={(J1,]2) e R* | J; < 0; )5 = _Zjl}a

Az ={(J1, o) ER* | J1 = 0; Jo = 0}, Ay ={(J1, o) € R* | Jy = 0; J < 0},

1 1
As={(J1, o) e R | J, <0; Jy > _Zjl}a Ag={(J1, ) € R*| J; > 0; ] > ZJI}’
1
A7 ={(J1, ) € R*| J; > 0; /5 < I As = {1, 1) € R%| J, = 0;Jy > 0},
1
Ag = {(Jl, JQ) - R2 | J1 = 0; <]2 = O}}, AlO = {(Jl, Jg) - R2 | Jl > 0; J2 = ZJI}

10
va U AZ = R2.

=1

GS(H)- Gamiltonianning barcha asosiy holatlarining to’plami bo’lsin. [2] ishda Izing
modeli uchun sanoqlita davriy bo’lmagan asosiy holatlar o’rganilgan va bu maqoladagi
usullardan foydalanib quyidagi teorema isbot qilingan.

Teorema 1. (i) Agar J = (0;0) bo’lsa, u holda GS(H) = €.

(ii) Agar J € A; \ {(0,0)}, i = 2,8,10 bo’lsa, unda sanoglita davriy bo’lmagan asosiy
holatlar mavjud.
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Jamiyat diskret qism fazolar yordamida qurilgan fazo

Saitova S.S.!, Ergashova Sh. R.?

O‘zbekiston Milliy Universiteti, Toshkent, O‘zbekiston,
shohida.ergashova@mail.ru

Ta‘rif 1. Bizga biror X topologik fazoning A to‘plami va to‘plamning ixtiyoriy xq nuqtasi
berilgan bo‘lsin. Agar zy nuqtaning shunday U atrofi topilib, bu atrof bilan A to‘plamning
kesishmasi faqat =y nugtadan iborat bo‘lsa, ya‘ni AU = xy bo‘lsa, X topologik fazoning
xo nuqtasiga A to‘plamning yakkalangan nuqtasi deyiladi.

Ta‘rif 2.Yakkalangan nuqgtalardan iborat to‘plamga diskret to‘plam deyiladi.

Ta‘rif 3. Ixtiyoriy A C X to‘pam va uning ixtiyoriy = € A nuqtasi berilgan bo‘lsin.
x € A uchun shunday D C A diskret mavjud bo‘lib, x € D bo‘lsa, X fazoga diskret qism
fazolar yordamida qurilgan topologik fazo deyiladi.

Ushbu topologik tushunchalarni jamiyat bilan bog‘laymiz, ya‘ni jamiyatni topologik
modellashtiramiz.

Bizda X fazo sifatida Jamiyat, elementlari sifatida jamiyatdagi muammolarni, yechim-
larni olsak. Jamiyatning to‘plamlari esa ma‘lum soha doirasidagi bo‘laklari bo‘lsin.

Jamiyatning diskret qism fazolar yordamida qurilganlik xossasini ko‘ramiz. Buning
uchun uning ixtiyoriy to‘plamini olamiz. Agar bu to‘plam elementlari yakkalangan
nuqtalar bo‘lsa, ya‘ni har bir muammoning aniq yechimi mavjud bo‘lsa, u holda jamiyat
diskret qism fazolar yordamida qurilgan fazo bo‘ladi. Bunday bo‘lmasachi?! U holda unga
yaqinla- shuvchi nugtalar ketma-ketligidan diskret gism to‘plam tuzib olamiz. Bu ketma-
ketlikni esa shu kabi muammolarni yechishda ota-bobolarimizdan, onalarimizdan qolib
kelayot an‘ana- larimiz, oilaviy udumlarimiz, olib borilgan ishlar, chiqarilgan qarorlarning
ijrosi tashkil qilishi mumkin.

Hozirgi kunda butun dunyoda asosiy muammo bo‘layotgan va o‘z yechimini kutayotgan
Covid-19 ni jamiyatning bir bo‘lagi, tibbiyot sohasining yopig‘idagi elementi sifatida
qaray- lik. Muammo yangi, aniq yechimga ega emas. Unga yaqginlashuvchi ketma-ketlik
orqali, ya‘ni shu doiradagi avval qo‘llangan usullar orqali yechimni gidiramiz. Shu o‘rinda
mexani- kaning oltin qoidasi yodimizga keladi: Yo‘qdan bor bo‘lmaydi, bordan yo‘q
bo‘lmaydi, u bir turdan boshqa turga aylanadi. Demak, bu muammo o‘z-o‘zidan paydo
bo‘lmagan, o‘z-o‘zidan yo‘qolmaydi ham. Bu muammo ham avval amalga oshirilgan ishlar
ketma-ketligida yechiladi, diskret to‘plamlar yordamida qurish modellashtiriladi. Qilingan
va qilinayotgan ishlar algoritmi orqali modellimizni ko‘rib chigamiz.

Birinchi element: o‘z-0‘zini yakkalash bo‘ldi, ya‘ni odamlar orasida diskret to‘plam
qurildi. Gigiena talablariga to‘liq rioya qilish chora-tadbirlari ko‘rildi.

Ikkinchi element: kasallikka chalingan insonlar, ular bilan aloqada bo‘lgan insonlar
bilan yakkalandi.

Uchinchi element: o‘z mehnat faoliyatini davom ettirayotgan korxona va tashkilot
hodimlari, insonlar ijtimoiy masofa saqlashga chaqirildi.

To‘rtinchi element: kasallik o‘pkani zararlab, pnevmanik covidga aylanganligi
sababli, kompleks antibiotiklar bilan davolash boshlandi.
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Beshinchi element: kasallik qonning o‘ta tez odimda quyilishiga olib kelganligi,
endokrin kasalliklarini paydo qilganligi munosabati bilan, qon suyultirish tadbirlari olib
borildi.

Va shu jarayonda kelib chiqayotgan xavflarni bartaraf etish orqali davolash algaritmi
yaratilmoqda.

Keyingi element: Jahon sog'liqni saqlash tashkiloti qarori bilan ommaviy tarzda
vaksinatsiyalash ketmoqda.

Yaqinlashuvchi element: Bu kasallik insonda nosog‘lom hayot tarzini kechirish
davomida surunkali kasalliklarni kuchaytirib, yondosh kasalliklari bor insonlar hayotida
ko‘proq xavf solayotganligini inobatga olib, sog‘lom turmush tarzi, to‘g‘ri ovqatlanish kabi
asosiy vazifalarni oldimizga qo‘ymoqda.

Bu jarayonning borishini yanada chuqurroq ko‘rib o‘tadigan bo‘lsak. Tarixda ro‘y
bergan yuqumli kasalliklarning tarqalishida amalga oshirilgan karantin chora-tadbirlari
yodga olindi. Kasallik yuqtirgan insonlarning sog‘lom aholidan izolyatsiya qilish tartibi
shakllantirildi. Amalda qo‘llanilib kelinayotgan antibiotiklarning ta‘sir kuchi oshirildi.
Qizamiq, qizilcha kabi yuqumli kasalliklar ommaviy tarzda vaksinatsiya orqali yo‘q
gilingan- ligi, bu kasallik uchun ham vaksina yaratish masalasini ilgari surdi. Bundan
ko‘rinadiki, bu kabi paydo bo‘lgan muammolar tarixda qanday hal qilingan bo‘lsa, shu
tartibda, shu algoritmda yana yechilmoqda. Bu esa yuqoridagi topologik tushunchaning,
asosiy xususiyati bo‘lgan quyidagi tasdigning modelini ham hosil qgiladi.

Tasdiq: Diskret gism fazolar yordamida qurilgan struktura nasliy xususiyatga ega.

Xulosa sifatida, topologik tushunchalarni ham jamiyatdagi jarayonlarga madellashti-
rishimiz mumkin ekan.
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3aBoagaru TEXHOJIOTUK OIepanusjiapa YMKAETraH HyKCOHJIApP YJIYIIIHI
CTAaTHUCTUK METOJIap OMJIaH aHWKJIAI OOCKWYJIapu XaKuaa

Ab6mazoBa K.C.!

AJLY, Anmimkon, Y36ekucroH,
k.s.ablazova@gmail.com;

YVuiby Te3uc/ia UMl UITAPUMU3HA 3aBOJ] aMaJIMETH I KYJLIaIl Oy finda XaMKOPJIMK IITap-
THOMACHU acocujia bakapujaran 6ab3u Macaaaap Tax/Imim KUcKa 0aéH KuimHraH. Myawm-
MOHU XaJI KWK Ou3 Kyiugarn O0CKudIap/ia UIIJIApHA aMaJira OIMUPHUIITHE PezKaJIalll-
TUPUK:

1. Hexyrapaan myaMmo O6uian OOFIUK COH OCJITMHUHT KUWMAaT/Iapuan noopaT MabJIy-
MoTiap (TanaamMaiap) TYILUIAL;

2. Hazopar kapranap (HK) 6unan TeXHOTIOTHK KapaéHHU TYPFYH X0JIATra KeJTHPUIIL,

o

3. ¥Ypra kuiimariap Ba TapKOK/JIUK Kyaamu HK jrapm 6unan kopuit XOJaTHU Y PraHuIIL.
Typrynnuk ko3hduimmenTIapuan TOMUII Ba, HYKCOHJIAPHU (pOoU3/Iapaa aHIKIATII.
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Yuiby 60ockuatap 6yiinda Kyiimaarn nKKu MyaMMo (Keic) TaXJ i/l KJTIH/T:

a) Acaka maxpugaru “Uz Avto Motors” Ax naitBanmiam nexuia “Body shop” ywact-
kacugaru (B-RATE) Cobalt mammHacMHUHT Ky30B OJIJ Yall SMIMIHMHUHT $I9all Mabry-
MOTJIApUHU KM OFiinda cakJIaHUIIN.

b) Byéx mnexmmarn Cobalt wmammuacuaur “Paint shop” yuactkacmma rpyHTOBKA
(ED+Primer) jmaam mabiaymMoTaapunu Kyiinm 6yiinaa cakmanumm. Keiicaapan xaun Ki-
JIAIIJIA I0OKOPU/Ia KeJITUPUJITaH OOKUIIap acoChia KyHnIaru UIjiap aMaJsra OnupuIIn:

— 3aBoHUHT maiiBan1am mexuaan 2021 it dheBpast Ba MapT oitiapuaaru xamiaa 0yex
HeXUIaH 11y HuIHUHT Mail offugaru 6up xadTaauk yrdami Mab/JIyMOTIAPUA TYILIAHJIH.

— Accummerpusi-skiiecc(a—y) Ba Kosmoropos crarucrukacura acocaanras (p) HKiap
6utan Mabyiymoraap 1] Ba [2] nimMuii HaTHIKaIAPUMEI3 aCOCH/ 1A HOPMAJIMKKA TEKITHPHII-
JIN.

— Vpra knitmariaap Ba Tapkokank kKhiaamm X-R xymranox HK 6mman Mmyammo §pra-
am( Macanan, [3] ra /kapasncun). Hatmkanap kyiingarn 1- »KaBasiia KeJTHPUIITAH.

2Ka/iBaJTHUHT OMPUHYN caTpu/ia TaHJIaMa OJTMHTaH OMPJINK BaKTJIap, NKKUHYA CATPH-
na acuMmMepusg-skciece HKuunr S? nazopar KuIyBIn MEKIOPUHIHT KHHMATIAPH, YIHIH
Ba TYPTUHYM caTpJapia MOC PaBHIla acuMMeTpus Ba skciecc HKuunr kyssar dyHkim-
sicuHUHT bomsapaaru Kuitmariapu, bemmnan carpuia (p) HKuaunr vazopar kuaunysan
MUKJIOPU KUHMATIApU, OJTHHIN Ba €TTHHYHU CATPJIAPUIA MOC PaBUIIA KYHUM yprada-
CUHU XUCOOTa OJTMHMATaH/Ia Ba OJIMHTAHJIATH TYPFYHIUK KO3 MUIIMEHTHHIHT KuiiMaTia-
PU Ba OXUPTHU CATP/a HYKCOHJIAP YIYIIMHUHT (hOU3IAPIATU YIYITH KeJTTUPUITaH. AcCuM-
merpust, skcriece Ba (p) HKmapuunr werapamapu Kyiimgarnaa annkpadran: LCL, = 0,
LCL,=0.03,UCL, =0.04, UCL, =0.13 .

i 1 2 3 4 5 6 7 8
S? 0.053 | 0.175 | 0.104 | 0.068 | 0.051 | 0.221 | 0.132 | 0.120
0,% | 0 0 0 0 0 0 0 0

o,% | 89 100 99 99 86 100 99 99

p 0.20 |0.12 |08 |087 |020 |0.16 |0.18 |0.24
Cp 0.7 0.4 0.5 0.6 0.7 0.7 0.5 0.5
Cpr | 0.7 0.3 0.4 0.5 0.7 0.3 0.4 0.4
P% | 3.08 | 2434|1345 | 734 |3.08 |29.9 |59.85 | 17.07

Jactnabku xynocagsapumu3 Kyhngarnda: [laiamgmam Ba 0y€x nexjapuga RUN Ba
ON anomasnitsiapu xucobura yprada HoTeHIMAI KypcaTKudaapu Moc pasuiiia 19.8% Ba
13.7% Hu TamKMI KA.

fra xaM aHUKPOK HATUKAJAD OJIUII YIYH TEKIIUPUIITHU JABOM STTUPHUII Ba MyTaxa-
cucjap omnan GUKp aJIMAIIUIT 3apyp.
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Unnekcu 3 Oynaran HopMmaJy OysryBUura HHUcCOATaH JaBpPUil TApMOHUK
dyukiusIap

AxmasioBa P. A.!, ®@aiizuepa ®@. A.?

V36ekucron Muumit yuusepcureru, Tomkent, Y30€KuCTOH;
akmalovaroziya@gmail.com
Tepmus /lanar yauepcureru, Tepmus, Y306eKUCTOH
e-mail2@address2

Busra (G, S) xkydriuk 6epuiran 6usicus, 6y epiaa, G —rpad Ba S —G —rpadHuUHT yaaap
rymwiamu V (G) vunar 6upop ,kucm Tyiuiamu. ['padiap Hazapusicuia rapMOHUK (DyHKITH-
SHUHT Kyiiugarn rabpudu 60p[l].
Tabpud 1. Ymby h, = ﬁ D yess(x) s
TeHMIUKHN KanoaraanTpysun h : V(G) — R dyuknus G aunr S gerapacu Oyiinda rapmo-
HuK dyHknus geitunanan,oy epaa x € V(G)\S, d(z)l, Si(x) — rHUHT SHD AKUH KyIIHH
HyKTajap Tymiamu. Kamm jgapaxtuia rapMoHUK (BYHKIUSHIUHT yMYMEAPOK Tabpudu He-
puiras|2|.
Tabpud 2. A(z) C Si(z) Ba f: " x TF — R"(nl) — Kaumaitaup 6upop byHKIU
OyJICHH. Ky#inarn TeHrJIaMaHl KaHOATIAHTPYBYIN h, (DYHKIMOHAJTa TaPMOHUK (OyHKITHS
nevmiaan h, € R™.

h:c = Z f(hy7$79)7 (1)

)

yeA(z

Oy epia # — napamerp.
Tabpud 3[2]. H —F, »spkun rpynnaHunr kucM rpymnacu Ohsacun. V. z € F, Ba
V. ye H yuyn h, = hy, TeHINKHA KaHOATIaHTPYBUIH {h,, = € F,}KrarTajmkiap
>KaMutaaMacu H —maBpuit neitmianu, 6y epaa F,, Ksim gapaxTu rpynnaBuil TaCBUPH.
Macama: H Ba f japra mryagait mapriap tonuarku (1) rearimama H — naBpuii edmmvra
sra OyJICUH.
Busz 6y nmpna A(zx) = Si(z),  f(h,z,a,b) =ah+b 6yrran xon yuyu (1) Tenrnama-
HUHT JaBPUil eduMJIapUHE TOIHUII MacaJacuu Kypamus. By xos yuyn (1) Terriama Kyii-
ujaru KypuHUIIra 3ra

he =Y (ahy+D), (2)

y€S1(w)

oy epra a,b € R.
Comrauk yuays (2) Tenrjamanudr H — JaBpuil eduM/IapUHE UHJEKCH 3 Ta TEHr OyJiraH
H nopmagt OystyBumiap y4ayH Tomaityimk. byujgan, Fj, rpynnanuir UHAEKCH 3 T€HT OyJIran
UXTUYPHUH HOpMaJT Oy/IyBIMIapuIad Oupn Kyiiuaarn Kypurunia Oymramm|3|:
H = {:I: = a' b a2, .a* b ) g, 6, €L, n € N}, Bynna (2) xyitumarun KypHHHUIIT Ke-
JIaJIH:
ho = (2n — 2) (ahg + b) + (ahy + b) + (ahs + b)
hy = (ahg +b) + (2n — 2) (ahy + b) + (ahs +b), (3)
hy = (ahg +b) + (ahy +b) + (2n — 2) (ahy + 1) .
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By cucremanan Kyiingarn Teopemara, ra OyraMns.
1 143a
Teopema 1. 1) Arap n # 5- 20 n # -3=% 6ynca, y xoa1a (3) TeHrIaMaIap CHCTEMACH
SIPOHA €YUMTIa 374 Ba, YHUHT e4UMUJIapH

ho =hy = hy = 13%’;”, x € F, , oynaan.
2) Arap n = % 20 n # % 6hsica, y xoa (3) TeHrIaMajap CUCTEMACHHUHT €4UMU

MAaBIKyJl 3Mac.
1 _ 1+43a

3) Arap n # 5- 20 n = 3% 6hica, y xonga (3) TeHrTamMazap CHCTEMACH YeKCH3 Kyl

€InMU 3ra OyIIa/Iu.
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