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SECTION III. NUMERICAL ANALYSIS AND MECHANICS

Calculation of the coefficients of optimal quadrature formulas
in the space S(P»)
lAzamov S., 2 Nishanova G.
L Tashkent state transport university, Tashkent, Uzbekistan,
e-mail: azamovs@mail.ru
2 Tashkent state transport university, Tashkent, Uzbekistan,
e-mail: nishanovagulnozal977Q@Qgmail.com

We consider the following quadrature formula

1
/@ )dz = ZCW zg) (1)
0

with the error functional

f( —5[0 1] ZCB(S x—:cg (2)

where Cj are the coefficients and x5 are the nodes of formula (1), x5 € [0, 1], £o () is the indicator
of the interval [0, 1], 6(x) is Dirac’s delta-function, a function ¢ belongs to the Hilbert space Sa(F2).
The norm of functions in this space is defined by the following equality

1 1/2

l(@)[S2(P)|| = /(30”(56) +2¢/ (@) +p(2) dz p (3)

0

The error of the quadrature formula (1) is the difference

o0

1
o) = [ ol dw—zcﬂw o) = [ tw)plo)ia. (1)
0

— —o
The error of the formula (1) defines a linear functional in S;(P»), where S5 (Ps) is the conjugate
space to the space Sa(P).
By Cauchy-Schwartz inequality

(6, 0)| < llelS2(Po)| - 16152 ()]

the error (4) of formula (1) is estimated with the help of the norm

[€1S2(P)* | = sup  [(£, )]
lllS2(P2)]=1

of the error functional (2). Consequently, estimation of the error of the quadrature formula (1) on
functions of the space Sa(P2) is reduced to finding the norm of the error functional ¢ in the conjugate
space S5(Py).

The main aim of the present paper is to solve the Sard problem in the space So(P,) using
S.L.Sobolev’s method [1-4] for any number N + 1 of the nodes g, i.e. finding the coefficients Cg
satisfying the following equality

14155 (Po)ll = inf 11153 (P)ll (5)

Thus, in order to construct an optimal quadrature formula in the sense of Sard in the space
Sa(P,) we need consequently to solve the following problems.
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Problem 1. Find the norm of the error functional £ of the quadrature formula (1).

Problem 2. Find the coefficients Cz which satisfy equality (5) when the nodes xg are fized.
In the present work we solve Problem 2 and for optimal coefficients we prove the following.

Theorem 1. The coefficients of optimal quadrature formulas in the sense of Sard of the form
(1) in the space Sa2(Ps) have the following form

4(he" — heh=1t — el + 1) n e — 2heh — 1
e2h 4 2heh — 1 heh(e2h + 2heh — 1)(AY +1
x (heh — heh AN — eh 4 Ay + heP AN — heh™1 — ANeh A{V—l) :
4(eh —1)? (e2h — 2neM — 1)((e" — )\1)2)\? + (Ae = 1)2A)

Cy= e b+ )X

Cy = B=1,N—1,
g e?h + 2hel — 1 hAieh(e2h + 2heh — 1)(AY + 1) b
Cn= & —924 4(hehtl — hel — e2h 4 eh) e2h — opel — lN y
e2h 4+ 2heh — 1 h(e2P + 2hel — 1)(AY + 1)

X (h61 — BAN — AN AN L pe AN - e 1) :

here |A\i| < 1.

References

1. Coboaes C.JI. Benenue B Teoputo Kybarypubix dopmys.- M.: Hayka, 1974,- 808 c.

2. Shadimetov Kh.M., Hayotov A.R.,Azamov S.S. Optimal quadrature formula in K»(P,) space, Applied
Numerical Matematics. 62 (2012) 1893-1909.

3. Kuldoshev H. M., Azamov S.S Calculation of the coefficients of optimal quadrature formulas in space
WiV AIP Conference Proceedings, 2021, v.2365, 020034:1-15.

4. Azamov S.S. An Optimal Quadrature Formula in K2(P3) Space, Computational models and
technologies (CMT). -2365, 020024 (2021); https://doi.org/10.1063,/5.0057078.

Construction natural spline in WQ(?U’U space

L2Babaev S., ?Kuvvatov B., 2 Mirzoeva S.

V.1.Romanovsky Institute of Mathematics, Uzbekistan Academy of Sciences, 46, University str.,
Tashkent 100170, Uzbekistan,

email:bssamandar@gmail.com.
Bukhara State University, 11, M.Ikbol str., Bukhara 200114, Uzbekistan.

We consider a natural spline the following form

N
Sa(x) = Z CsGa(x — xg) + ae” 7" + b. (1)
3=0
Here, Cg and zg(€ [0, 1]) are the coefficients and the nodes of the interpolation formula (1),
respectively.

By W(2’1)(0, 1) we denote the class of all functions ¢ defined on [0, 1] which possess an

2,0
absolutely continuous (m — 1)th derivative on [0, 1] and whose m-th derivative is in Ly(0,1). The

class WZ(’ZC;D(O, 1) under the inner product

1
(e, ¢>W2§72(;1) = /0 (tp”(m) + acp’(:n)) (1/1”(:E) + mj/(:z:)) dx
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is a Hilbert space. Here we consider the norm

1
1 2
Iy o = { / (" + aso’>2dx}
o 0

here o € R, 0 # 0. We got expressions for C

Co = h[AlM1 + AN + e (0t (e — 1) + p(0)(1 — P)
A N
() = p(O) 1+ + T 3 X)),
v=0
Co = h|AN M+ ANy + e (o(h(8 = 1)) + p(h(8 + 1)) — Pp(hB))
—p(hB)(1 + €M) + 2L i Wl |, B=12,...,N—1
)\1 PY:O 1 ) ) AR 9
Cn = h [Al)\NMl + ANy 4 e (p(1 —h) — Po(1) +a"e (e " — 1) + (1))

N
—o(M)(L+ €72+ AN Ao |
=0

here Ay, My, N1, \1, P, a— and a™ are known quantities.

Analysis of Difference Schemes for Differential Equations by the Moved Node Method
'Dalabaev U.,>2 Hasanova D.
U University of World Economy and Diplomacy, Tashkent, Uzbekistan ,
e-mail: udalabaev@mail.ru
2 University of World Economy and Diplomacy, Tashkent, Uzbekistan,
e-mail:hasanovadilfuza@inbox.ru

The methods of numerical solution of differential equations are based on the transformation
of a differential problem into a difference problem, called approximation. In simple words: to solve
differential equations, you need to know the approximation of differential equations. Approximation
of a differential equation by a difference - approximation of a differential equation by a system
of algebraic equations with respect to the values of the desired functions on some grid. On the
basis of the movable node, an approximate analytical expression for the difference solution of the
differential problem [1] was obtained. This paper describes the application of the moving nodes
method to the calculation of the approximation error. When a two-point boundary value problem is
solved by difference methods, the question of the degree of approximation usually appears. For the
closeness of the exact and approximation of the solution, and the quality of the difference scheme
are evaluated based on the degree of this parameter [2]. With such an analysis, other parameters
(the coefficients of the differential equation) are not explicitly involved in the approximation error
expression. Obtaining an explicit expression for the approximation error makes it possible to analyse
it.

Let we have a differential equation

Lu=f, (1)

where L is a differential operator, f is a known function, and w is an unknown function. (1) the
equation is considered in some domain D with appropriate boundary conditions. The differential
equation (1) is replaced by the difference equation [2]:

Lyup, = fn, (2)

where Ly, is the difference operator, uy, is the unknown grid function, and f}, is the approximation
of the function f at the grid nodes.
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Usually, the approximation error is given as [2]:
Qn = Lp[u]p — fn, (3)

where [u], is the exact solution of (1) at the grid nodes. Using the Taylor series, from (3) one obtains
that, Q, = O(h™), where h is the grid step and m is the degree of approximation.

You can determine an explicit approximation error if you use the method of a moving node,
which allows you to extend the definition to the entire area D. This allows you to introduce an
approximation error like this:

Ry, = Lyup, — fp, (4)

Here uy, is a predefined continuous function by means of a moveable node.

The method of moving nodes allows the calculation of an explicit expression for the
approximation error when replacing differential equations with difference schemes. Based on the
method of moving nodes, it is possible to construct a differential analogue of the difference scheme.
The differential analogue of the difference scheme in simple cases allows the construction of an exact
difference scheme

In particular, there is a conclusion.

Theorem 1. Given a two-point boundary value problem

d?u

e f(z), u(0) = ug, u(l) = u1,

and f*(x) can be represented as

f(z) = —%fﬁ(%‘)(ﬂﬁm — i) (2 — wim1) — f (@) (@1 +@ic1 — 225) + flay),

then the difference scheme

2 U —U Ui —Uin
Tip1 — X T~ Tio

):f@mi:LQWWN—l

Ti+1 — Ti—1

gives a grid solution coinciding with the exact solution at the nodal points.

Based on the moving node technique, it is possible to build accurate circuits. There is a
conclusion.

Theorem 2. The differential equation

(6 + g) u u =0, w(0)=ug,u(l) =ui,

is exactly approximated by the scheme

%<M—U_U—%>+M—U:0
1—=z

T 1—=x

In the convection-diffusion equations, the issue of approximating the convective term is the
dominant factor. In the concept of a roaming node, various single- and multi-point schemes are
recommended [3-6]. Here we also consider a special kind of approximation of derivatives based on a
moving node.
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Optimal quadrature formulas for oscillatory integrals in the Sobolev space
1.2 Hayotov A., 13 Bozarov B.
L V.I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, Uzbekistan,
2 National University of Uzbekistan, Tashkent, Uzbekistan,
3 Ferghana Polytechnical Institute, Ferghana, Uzbekistan),
e-mail: hayotov@mail.ru, b.bozarov@mail.ru, b.bozarov@ferpi.uz

Methods based on the Fourier transform are virtually used in many areas of engineering and
science. And it is known that, one of the most important and interesting discoveries in mathematics
is that many math functions can be approximated by a series of sinusoids, called Fourier series.
Furthermore, we know that the Fourier coefficients

1 1
Fuw) = / F(8) sin(2rwt)dt, Fuw) = / £(¢) cos(2mwt)dt
0 0

are strongly oscillating integrals for sufficiently large values of w. Moreover, these weighted integrals
can be applied to reconstruct the X-ray Computed Tomography images [1,2]. It should be noted
that standard methods are not suitable for numerical calculation of these integrals. Therefore, it
is necessary to develop special methods for approximate calculation of such integrals. It should be
noted that one of the first numerical integration formula for the integral

b

1.6 = [ @ @)

a

The present work is devoted to numerical calculation of the integrals Fs(w) and F.(w) with
high accuracy.
For this here in the space Lgm) (0,1), we consider quadrature formulas of the forms

L N
/ sin(2mwa)p(e)dz = 3 C,Bllf) (1)
0 p=0
and
1 N
[ costemon)pla)de = Y- i) )
0 p=0

where C[3] and C.[f] are coefficients, [5] = hS3, h = %, N is a natural number, w € R and w # 0.

Lgm)((), 1) is the Sobolev space of function ¢ which are square integrable with m-th generalized
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derivative and equipped with the norm

1 ) 1/2
0

In the present paper, we give the coefficients for optimal quadrature formulas of the form (1)
and (2).

The following theorems hold.

Theorem 1. The optimal quadrature formulas in the sense of Sard of the form (2) in the
space Lgm) (0,1) when w € R and wh ¢ Z have the coefficients with the following analytic expressions

m—1
. 1 cos(mwh) M k Gk — Ns kGh
Cs0]=h - Knws——7—~ — |
(0] [Qth ™ 2sin(rwh) + Z qr — 1

k=1

m—1
Cc's[ﬁ} =h [ mw SIn(2rwhB) + Z (ms’kqg —l—ns’kqiv_ﬁ)] B=1,N—1,
k=1

Cy[N]=h [—Cos(%w) + K cos(2mw — mwh) 75 —Ms kG +ns,ka1

2nwh "9 2 sin(mwh) Pt qr — 1
where
sin(rwh) \ ™ (2m —1)!
Km,w = _ )
wwh m=2
2 > agom—2co8(2nwh(m — 1 —k)) + am—1,2m—2
k=0

qi, are the roots of the Euler-Frobenius polynomial Es,,—o(x) with |gx| < 1, ag o is k-th coefficients
of the Euler-Frobenius polynomial of degree a, m, ;. and ng satisfy the system of linear equations

—1
§ Mot — (WP neag™ 0 (CDPReos(F)
k=1 (g — 1)7+1 7ok (2mwh)it1
(1+ (=1))) K, ,e2mwh o
(e — L@ g =1hm =1
71 . ) ‘
mZ: Mty = (1) ks (@) = jlcos(2mw + )
k=1 (1 —aq)*! oI (2rwh)i+1
(627riw+(_1)j6—27riw)K 7 627riwh . » -
N 2i(1 — e2wiwh)j+71nw E;1(e"™"), j=T,m—1.

Theorem 2. The optimal quadrature formulas in the sense of Sard of the form (2) in the
space L;m) (0,1) when w € R and wh ¢ Z have the coefficients with following analytical expressions

m—1 _ N
OC[O] _ ( m,w + Z mc,kq; Tic,qu ) 7
& —

é [5] =h < meOS(Qﬂ-Whﬁ + Z (mc ka + ne ka B)) ,B=1,N—1,

m—1

. , ) O
CC[N]:h<_Sm(27W)_K sin(27w — 7wh) > mc,kqwnc,qu)’

2rwh " 2sin(rwh) P qr — 1
where mej, and ny, satisfy the following system of linear equations

-1

3

Mekqe — (—1) ne, qu+1E- (qr) = (—1)75!sin(%)
(g — 1)1 T 2mwh)

B
Il
—
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( ( ) ) 27riwh ik -
2(627r1wh _ 1)J+1 Ej—l(e Tiw )7 j=1m-1,
m—1 m N+1 ( 1)] o (2 + ﬂ)
Z c,kdy, Tl/c,k‘qu‘ 1(Qk) _ _].Sln W 5
Pt (1 —qr)i™ ” (2mwh)it!

(627Tiw _ (_1)j6727riw)Km’we27riwh orivh ‘ -
B 2(1 — e2miwh)j+1 Ej_1(e™"), j=1,m— 1.

qr, are the roots of the Euler-Frobenius polynomial Eo,,—o(x) with |gi| < 1, ay o is k-th coefficient
of the Euler-Frobenius polynomial of degree o, K, is defined in Theorem 1.

Multiplying both sides of the approximate equality (1) by i (where i> = —1) and adding to
the left and right-hand sides of the approximate equality (2), respectively, we get the quadrature
formula of the following form

/ 2mivso()dz = S ClBllA). (3)

It should be noted that the construction of optimal quadrature formulas of the form (3) in the space

Lgm) was solved in [2]. The coefficients of the optimal quadrature formulas in the form (2) can be
also defined as follows

Cl8] = C.[B8] + BC,[A], B=0,1,...,N,

where the optimal coefficients Cy[3] and C.[3] are given in Theorems 1 — 2.

Thus, from the results of the present work one can get the results on optimal quadrature
formulas of the form (3) of the work [2] with more simplified system of linear equations for
determining the optimal coefficients.
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The exponentially weighted optimal quadrature formula

in the space V[A/; & of periodic functions
Khayriev U.
V.I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, Uzbekistan,
e-mail: khayrievu@gmail.com.

We consider a quadrature formula of the following form

! N
[ emieraoyin = 3 Cupthn), (1)
where p(z) € WQ(M)(O, 1], Cf are coefficients of the quadrature formula and N € N, h = 1/N.

We denote by WQ(Q’D (0, 1] the subspace of I/V(2 2 (0, 1] [1,2] consisting of real-valued, 1-periodic

functions (see [1] for details).
This space under the pseudo-inner product

1
() = [ (@) + ¢ @) (@) + (a) da,
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where v is the complex conjugate to the function 1.
The error of quadrature formula (1) is the following difference

1 . N
(€)= [ e rplayde = 3 Cuplhb)

k=1

and the corresponding error functional is

N 00
Ux) =¥ =N "Cl > S(z— hk - B), (2)

k=1 B=—00

where ¢ is Dirac’s delta-function and ¢ € %(2,1)'

—(2,1) . .
The problem of constructing optimal quadrature formulas in the space Wg( ) is calculation
of the following quantity:

. J4
HEHN(Q Lo=inf s (¢, )|
Wy Ck — (2,1) H‘P”

®, HW\W2 #0

The main result is:

Theorem 1. The following formulas are valid for the optimal coefficients of the quadrature
formula (1) with the error functional (2)

)

Co'k _ 4 h N 2(62h — 1) ! . e27riwhk
(2mw)* + (27w)? [sin? 7wh  €2h + 1 — 2eh cos 2mwh
fork=1,2,....N.
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The theory of filtration of homogeneous liquids in fractured-porous media (FPM) was
developed in [1, 2|. In [3, 4], models of relaxation filtration of homogeneous liquids in FPM were
derived. The systems of filtration equations in the FPM in the one-dimensional plane-parallel case
have the form [1, 2|:

(1)
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where 3] = By + mofy, oo is the flow coefficient characterizing the exchange of fluid between
fractures and porous blocks; k; is permeability, m?; mq; is porosity at p; = po; p; is pressure, MPa;
By is fluid compressibility factor, MPa~!; B, is medium compressibility factor, MPa~!; x is fluid
viscosity, index [=1 is corresponds to cracks, [=1 is porous blocks.

The initial and boundary conditions of the system of equations (1) are set as follows

D1 (va) = D2 (va) = Po, Do = COHSt, 0 S x S L7 (2)
k1 Op

e =g =const, p;(t,L)=py, 0<t<T, (3)
ko O

2 or =wvg =const, pa(t,L)=po, 0<t<T, (4)
/’L 837 =0

where vg is speed filtration, m/s.
Additionally, we know the pressure change in the well:

p1(t,0) =z(1). (5)

The solution of the inverse problem (1) - (5) for determining the flow coefficients «y, fracture
permeability kjand porous blocks permeability ko, leads to minimizing the discrepancy functional

T
J(ao,kl,kg):/o 1 (£,0) — = (12 dt, (6)

where z (t) are the observed values of the bottom hole pressure, p; (¢,0) are the calculated values
of the bottom hole pressure.

Results. In this work, the inverse problem of determining the flow parameters and filtration
permeability of a homogeneous fluid in fractured-porous media is posed and numerically solved. To
solve the problem, the first-order identification method was used. It has been established that these
coefficients at various initial approximations with unperturbed initial data are restored in almost
eight to ten iterations. At a more distant initial approximation from the equilibrium point, the
iterative procedure converges to the shifted values of the desired parameters. The optimal range of
regularization parameter values is determined.
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In the present work we consider the following quadrature formula

1
/f )dx = Z(Jﬁf zg) (1)
) -

with the error functional

l(x) = €Jo, 1] 2055 xr —xg) (2)

where Cjg are the coefficients and x5 are the nodes of formula (1), zg € [0,1], g 1)(x) is the

indicator of the interval [0, 1], 6(x) is Dirac’s delta-function, a function f(z) belongs to the Hilbert

space W2(72U’1)(0, 1). The norm of functions in this space is defined by the following equality

1/2

1
W00 =3 [ (7@ +of @) dr b where o> 0, )
0

The error of the quadrature formula (1) is the difference

1 N .
(t.0)= [ Hade =3 Coton) = [ b)) (1)
0 p=0 o

The error of the formula (1) defines a linear functional in I/V(2 D (0,1), where W2(2 1)*( 1) is the

conjugate space to the space W2(7U )(O, 1).
By Cauchy-Schwartz inequality

1€, )] < 1 @)IWEED 0, 1)) - [[e() Wz 0, 1))

the error (4) of formula (1) is estimated with the help of the norm

2,1)%*
1w = sup (6 ))-
£ 1W55 (0,1)]|1=1

of the error functional (2). Consequently, estimation of the error of the quadrature formula (1) on
functions of the space W2(2 1) (0,1) is reduced to finding the norm of the error functional ¢(x) in the
conjugate space W2(2 1)*(0, 1).

The main aim of the present paper is to solve the Sard problem in the space WQ(’QC;U(O, 1)
using S.L.Sobolev’s method for any number NV 4 1 of the nodes xg, i.e. finding the coefficients Cj
satisfying the following equality

w5 || = inf [}, was . (5)

Thus, in order to construct the optimal quadrature formula in the sense of Sard in the space
WQ(?J’D(O, 1) we need consequently to solve the following problems.

Problem 1. Find the norm of the error functional £(x) of quadrature formula (1) in the space
(2,1)
Wy (0,1).
Problem 2. Find the coefficients Cz which satisfy equality (5) when the nodes xg are fized.
In the present paper we solve Problems 1 and 2.
The main result of the work is the following.
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Theorem 1. The coefficients of optimal quadrature formulas in the sense of Sard of the form
(1) in the space W2(2'1) have the following form

e

1 h
T MM = M), B =0,
Co=1{ h+M®) (0= e™X + e = DAY ), B=T N1,
1 ah
—otha - M)A =), B=N,
where , ,
h(e™ +1) +2(1 — e“M)] (A — 1
M(h) = [U(e +1)+2(1—e )](1 ) ’
20(e = 1) [Ar(eh — 1) = AV (e + 1) + 20
N oh(e?? + 1) + 2" — 14 (7" — 1)/ (e 4+ 1)2(oh)? + 2(ch)(e20h — 1)
' e2oh 1 2oheoh — 1 ’
and |A\1| < 1.

Shturm-Liuvill operatori parametrlarini tiklashda samarali hisoblash algoritmini
qurish muammolari
! Abdunazarov R.
L O‘zbekiston milliy uniyersiteti Jizzax filiali, Jizzaz, O‘zbekiston
e-mail: rabimkulabdunazarov@gmail.com

Oldindan berilgan 0 < A\g < A1 < ... < Ap < ... va 0 < pg < p1 < ... < fby < ... sonlar ketma
ketligi mos ravishda quyidagi

Y = A +qx)y=0 (1)
y/(0) = hy(0) = 0 o)
y'(m) + Hy(m) =0
y'(0) — hiy(0) =0 3)
y'(m) + Hy(m) =0

chegaraviy masalaning xos giymatlari bo‘lsin. Ushbu berilganlarga ko‘ra (1)-(2)-(3) tengliklardagi
q(x), h, hy, H larni topish masalasi nazariy jihatdan yetarlicha o‘rganilgan va masala Gelfand-
Levitan integral tenglamasini yechishga keltiriladi [1]. Ammo amaliyotda shunday nokorrekt
holatlar, masalan, ma’lumotlarning to‘liq berilmasligi, ma’lumotlarning ma’lum bir aniqlikdagi
xatoliklar bilan berilishi va boshqa shunday holatlar kuzatiladiki, yuqorida keltirilgan teskari
masalani yechishda qo‘shimcha ilmiy izlanishlarni talab giladi.

Ushbu maqolada O(N~%) aniqlikda berigan dastlabki N ta {\;})" va {ux}d xos qiymatlar
ketma ketligi asosida (1)-(2) uchun teskari masala yechimini O(N~%) aniqlikda topish, ixcham va
samarali hisoblash algoritmini qurish masalasi muhokama qilinadi.

Klassik usuldan chetlashgan holda, izlanayotgan noma’lumlarni topish masalasi quyidagi
chiziqli tenglamalar sistemasini yechishga keltiriladi.

+2il% /Oﬂ f1(t)(cos(2syt) — 1)dt + 8%/0 fa(t)(sin(2syt)dt+

1 ” 1 ™ .
+2s4/0 f3(t)(cos(2syt) — 1)dt + 82/0 fa(t)sin(2spt)dt + - - - (4)
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Ushbu tenglamalar sistemasida o(x), fi(x), fa(z), ... noma’lum funksiyalar sifatida
qatnashadi. A, B lar esa bir marta aniqlanadigan noma’lum konstantalardir. Olingan (4) sistemani
ba’zi shakl almashtirishlardan so‘ng noma’lumlari va tenglamalari soni m(N; + 1) + 2 ga teng
bo‘lgan chiziziqli algebraik tenglamalar sistemasiga yoki tur Fredgolm integral tenglamasiga keltirish
mumkin. Yuqori aniqlik talab etilmagan hollarda yoki N ning kichik qgiymatlarida chiziqli algebraik
tenglamalar sistemasidan foydalanish yaxshi samara beradi. qurilgan integral tenglama esa hisoblash
jarayoni va yechimlarni tahlil gilishda qulaylik beradi.

Yuqoridagi (4) sistemani qurishda (1) ning A,, ga mos keluvchi xos funksiyasi

Yn = cos(spz)(1+ ¢18(2x) + qsi(ﬁ +o )+ sin(snw)(h —|—;ﬁ0(az) + w;gx) +
n

n n n

ko‘rinishda tanlangan. Bu yerda

i) = [ a
61(@) = S LA@) +B@], () = [ale) — do@)or(x)
Po(x) = %[fa(:c) + 2o (2) 1 (x) — p3(2)], Vo = [fa(x) — Yo(2)pa(z) — Y1(x)d1(x)],---  (5)
Ushbu rekurrent tengliklarda qatnashayotgan vg(z), fi(z), fo(x), --- funksiyalar (4) sistema

yordamida aniqlanadi.
Hisoblashlar davomida quyidagi belgilashlar kiritilgan: N; — (4) da qatnashayotgan
integrallarni integral yig‘indi bilan almashtirishda [0; 7] oraligning bo‘linishlari soni,

L BnN) Y (T )
In(sk) ’ y(m, )’
N N
12 11
h==) (——=)— ) — — —[1+/2magcthy/2ma
nE—:o(a” 7r) 7;)”2 7r[ + magc T,
N
c k2+x sh(m\/N!) /! i
el | e H ") nVL L O(N) (6)
Pn — An K0 P A + A sh(my /N AL

!/ 1 /
Ap =20 — Any Ay, =2¢5 — Ay Sn =V A,y
’ / . . .
o‘zgarmas cop, ¢y, ag sonlar mos ravishda A, u, va oy, uchun chiqarilgan

/ /

. (&) C1 _ Co A —
1/)\n_n+g+$+...7 \//JTn—n‘f‘g‘i‘ﬁ‘F"', oy =

asimptotik formulalarning koeffisiyentlaridir. cg, cz) o‘zgarmaslarni {\;}} va {uk}év x0s giymatlar
yordamida [2], [3] da keltirilgan usullardan foydalanib hisoblash mumkin. af ni esa (6) formula
bo‘yicha hisoblab topilgan {an}év lar yordamida aniqlash hisoblash ketma ketligini keskin
qisqartirish hisobiga yuqori samaradorlikni ta’minlaydi.

Magqolada tavsiya qilingan hisoblash usulning ahamiyatli jihatlari shundaki, unda hisoblash
jarayonida uchraydigan cheksiz qatorlar, cheksiz ko‘paytmalar, noanigliklar va boshqa barcha shu
kabi holatlar kompyuterga tushuntirish mumkin bo‘lgan qulay alternativlar bilan almashtirilgan,
hisoblash ketma ketligi ixchamlashtirilgan. Eng muhimi, noma’lumlar izlanadigan nochiziqli
tenglamalar sistemasi (5) almashtirish yordamida chiziqli tenglamalar sistemasiga o‘tkazilgan.
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TeopeTnko 4ucj0OBbIe METOABI JAJd PeIleHnus OJHOMEPHUE MHTEerpajibHue ypaBHEHUS
®pearosapbMa BTOpPOro poja
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HpI/IBe)IeM HEKOTOPbIE BCIIOMOTraTe/JIbHbIE YTBEP2KJICHUA U OIIpEJIC/ICHU A

Onpepenenne 1. Bygem rosoputs ,aro dyaknust f(xi,xa, ..., T,) IPUHAIEKHAT Ki1accy B
€CJIV BBITIOJTHSIETCA OIEHKA

C’f(ml, ,mn) = O((ml,mz..mn)_a),

e q— JIeCTBUTEILHOE YHCJI0, OOJIbINE €IMHMIbI, U KOHCTaHTa B cuMBose "O" me saBucuT OT
mi, ..., Mp.
B Tex caydasx, KOrJia Hy?KHO YKa3aTh BeJIEUNHY 9TOI KOHCTAHTHI Oy/1eM BMecTo EY Hanucarhb

Ey (©) y saymmars IpeJbLIYILYIO OLEHKY HepaBEeHCTBOM

C

C <
| f(mlam2> 7mn)‘ =~ (ml,...mn)_o‘

Onpenenenne 2. llenbie ay, ..., a, HA3BIBAIOTCSI ONTUMAIbHLIMI KO3(MMDUITHEHTAMEI IO MOTLY IO
N, eciu cymecrBytor koncrautel 3 = 3(n) u Cy = Cy(n) Takue, 9410 j1j1s1 HEKOTOPOil GECKOHETHOIH
[10CJIeTIOBATEILHOCTU 3HaYeHN [N BBIIIOJIHSIETCST HEPABEHCTBO

!
N—-1
Z 5N(a1m1+...+anmn) <C ]nﬁ(N)
..., =0y
mi,...,mp=—(N-1)
rJie MTPUX B CyMMe O3HAYAET, 4TO CyMMUPOBAHUE BeJIETCS 110 BeeM (my, ..., my,) # (0, ...,0). B sarom

cilydae KOHCTaHTa (3 HA3BIBAETCS MHJIEKCOM ONTHMAJILHBIX KOI(DOUIMEHTOB.

JIemma. [Tyemo gyrxuyuy fi(z1, ..., s) u fo(x1, ..., Ts) npunadiestcum coomeemceenno Kaac-
cam E%(Cy) u E%(Cy). Toeda npu mobwx By u By f1faE%(AC1Ca) u By fi + Bafa € E4(|B1|C1 +
| B2|C3), 2de A < [2(°‘+1) (3+2/(a—1))] " Coueras MeTOJI HTEPAIIH ¢ METOIOM ONTHMAIBHBIX KO-
3 PUIUEHTOB , pacCMOTPUM IPUOJINKEHHOE PEIIeHne caeayIomeit nnrerpaibunie ypasuenne Ope-
rojibMa, 2-ro pojia

1
y() = f(z) +7 / K (, )y(t)dt. (1)
0

[Tycrs B ypasaenuio (1) cBOGOAHBI WIeHb U s/Ipa yIOBJIETBOPSIOT YCJIOBUSIM:
f(z) € EY(Ch), K(z,1) € E5(Ch). (2)

Pemenne ypasuenue (1) 6yaem nckars B Bujie psjgos Heitmana
o0
y(x) = Np(). (3)
1

Bxecs A— mastblit mapamerp, a GyHKIuN @;(z) mogrexkar oupenenennio. [loxcrasiss (3) B
(1), mepecrapJisist HOPsIZIOK MHTEIPUPOBAHKSI U CyMMU- POBaHUsl ( 3aKOHHOCTBH TAKOM MEPEeCTAHOBKU
HE TPY/IHO [TOKA3aTh ), HOJIYIHM

00 > 4 :
N NTlg(w) = f@) + D03 A / K (1, t) pn1(x)da. 4)
0 1 0

Jj=1
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[TpupapuuBas KO3PGUITMEHTH! TP OJANHAKOBBIX CTEIIEHSX N, TTOCTe HEKOTOPBIX IIpeodpas3oBa-
HUH, MOJy4IUM

1 1 q n
2) = / / (o, 10) TT K (trrt) o (b o, (5)
0o 0 =2

.717 7]n

it pp(z) = [ @n(z,t)dt, tne Gp— equHUYHBLL N MEpPHBL KyO.
Gn
Ucnonb3yst ieMMy, MOXKHO 110Ka3aTh, 910 P, (x,t) Kak GyHKuus t1, ..., t, IPUHAJIIEKUAT KIIAC-

cy ES(¢"A"CYCh), a xak DyHKIWS X, t1, ..., t KIaccy Eﬁ+1(q”A"+1C§L+lCl), rie

A:2a+1 2
a—1

[ycts N— pacrymee natypasibhoe uucio u |A| < ((3aqA%Cs)/2(a — 1))~L. Harypambhbre
qucia N1 u M omnpejessieM caeayionumM o0pa3oM

a—1)log N — (af — f+2)loglog N
2(loglog N — log(|A[¢A%Cy))

Ny =[N'2log_g/y N], M = {( (6)

Teopema 1. ITyemw N > 2% « > 1, ewnoanaromes ycaosus (2) . Toeda dasn pewenus
ypasrenue (1) cnpasedauenv paserncmaa

L MoN
y(z) :f(:c)—i—NZ)\"ZqS (@, Min) + R,
n=1 k=1

rie
Ry = ODN™ T 1log0e=DB+M=1 N7 10 < 1,

D = D(a, A\, q, A, C1,Cs)— nocrosinHasi, He 3aBucsimasi ot V.
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CBeZieHUE CUHTYJISPHOTO MHTETPAJI'BHOIO YPABHEHUS K CHUCTEMe ajJredpamvyeckKkmx
ypaBHeHUIA
L A6upaes . M., 2 Myxropos B. K.
U Vabexucman, Jenay, denayckuti unemumym npednpurumamersscmea u nedazo2uri
e-mail: imamali.abirayev@gmail.com
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Criocob mpubIMIKEeHHOTO PEIIeHsT CHHTYISPHBIX WHTErPATBHHBIX yPaBHEHUI, paccMaTpUBae-
MBIl B 3TOif paboTa, OCHOBaH Ha CBEJEHUU CUHIYJISIPHOIO WHTEIPAJ'bHOIO YPABHEHUsI K CUCTEME
ajreOpanvyecKnx ypaBHEHUI IIyTeM IIPUMEHEHUs KBaIPATYPHBIX (POPMYJ ¢ TEOPETUKO UHCIOBBIMU
CEeTKaMU.

PaccmorpuM MHOrOMEpHOE CHHYJISIDHOE UHTErpa/'bHOE yYpaBHEHHE ¢ sapoM ['mirbbepra

_ / [T ctom(a; — v) K (P.Q)o(Q)dQ + £(P), (1)
=1
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rIe

P=(x1- ), Q= (y1--ys), dQ = (dy1---dys),

[Tycrs B ypasaeruu (1) cBOGOMHBII WIEH U sIPO YJOBJIETBOPSIIOT yCIOBUSIM

f(P) € Efer, K(P,Q) € Ejgco. (2)
Baenem obo3nagenne
)\):1+Z(_V1)V)\”/K<]€1:::]€Z>dP1---dP,,, (3)
v=1 G
rae
' K(P, Q)01 () ... K(P1,Qv)Pu(P1)
K (? _?) TSRO , (4)
VY K (B, Q) (P) ... K(P,Qv)Pu(P)

e wYan ) e ()

my, ,ms<Np

k=1,2,---, Ny = (Nlogf N)°5.
NnmeeT MecTo cieyroriast

Teopema. Ilycrb siipo u cBoGoHbI wien ypasHeHust (1) yuoBierBopsitor yciaoBusim (2).
Ecim D(X) # 0, To njist perenusi ypasaerusi (1) cripaBeijInBoO paBEHCTBO

N

A —a « .
O(P) = NZ (P, Mys)o(Mys)or(P) 4+ O (N log 5N> . (j=1,2,---,N)
k

rje BesmauHbl O(Mys) YIOBJIETBOPSIIOT CUCTEME AJreOpanvIecKuX ypaBHeHui

N

ZK(MJ'S)(Mks)QD(Mks)7 (] =1,2,--- 7N)
k=1

B(Mj) = F(Mys) + 3

ok (P) onpezensitorcst o dhopmyiie (5).
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ITpubisin>keHHOE penieHre OJHOMEPHOTO MHTErPaJIbHOTO YPaBHEHUS C SIPOM
T'mabbepTa TeopeTMKa-4NCIOBBIM
L A6upaes .M., *Tommnynaros C.
L Vabexucman, Jdenay, denaycruti unemumym npednpunumMamenscmea u nedazo2uxi,
e-mail: imamali.abirayev@gmail.com
2 Vsbexucman, Tepmes, Tepmescruti 2ocydapemeenmvlii yrusepcumen,

HpI/IBe,HeM HEKOTOPbIC BCIIOMOT'aTe/IbHbIE YTBEP2K/ICHUA 1 OIIPpEAe/ICHUA

Onpepenenne 1. Bydem zo6opumov ,wmo gynxuyua f(x1, ..., Ty) npunadsesicum xaaccy ES,
ECAU BHINOAHAEMCA OUEHKD
Cr(my,...,my) = O((My, ..mp) %),

ede a— deticmeumenvroe uUcAo ,00abiue eQuHuYbL, U Koncmanma 6 cumeone "O"me sasucum om
miy ..., Mp.
B rex cimyuasx, Korja Hy»KHO yKa3aTh BeJICIHHY 9TOI KOHCTAHTEL OysieM BMecTo E HamucaThb

Ey © U 3aMUHATDH IIPEBLAYILYIO OLICHKY HEPaBEHCTBOM

C

C M1, ..., Mp, ST
C(m A AT

Onpenenenune 2. Cemxu 6uda

e ({5 {5 1o

8 KOMOPHIL GEAUNUHBL A1, ..., Ay ABASIOMCA OnMuMasbHble Koapduruenmor no modymo N, 6ydem
HA3BLEAMD NAPAAAEACNUNEIAALHVMY CEMKAMU. 30€Ch T 03HAUAEM OPOOHYI0 JOAI0 YUCAG X.

Jlemma. Eciu fi(zq, -+, 2n,y1, - y) € By (Cr) 1 fo(xr, - @p, 21,7, 2y € E3+t’(01)’
TO f1fs € z+t,+t(ACng), rne A < (2a+1(3 +2/(a— 1)))n.

S,ILer OPpUMEHAEM TEOPETUKa-IMCJIIOBbIEC METOIbI JIJId HpI/I6JII/I}KeHHOI‘O penienusa Caeayroniero
CHUHTYJ/IAPDHOT'O UHTEI'PAJIHOI'O YPpaBHEHU A

1
y(z) = f(x) + )\/ctgw(t — ) K (z,t)y(t)dt. (2)
0

[Tpenmosnozxkum ,ato cBoboHble wiensbl f(x) n sapa K (x) cucremst (1) npuHa/jie’kar cCoOTBeTCTBEH-
Ho kjaccam EY' u B, a > 1.
[ycts A = 21 (3 +2/(a + 1)) m mapamerp \ yjosieTopsier yemosmio |\ < (a—1)/3sACs,
(s xoucranta kiaacca ES(Cy). Ilycrs wncia Ny, M onpe/eneHsl paBeHCTBAMI

a—1)logN — (af — 5+ 2)loglog N
2(loglog N —log((3a — 1)|\[sACY))

Ny = [N'2logh®/2 N, M = [( : (3)

Perrenne cucremst (1) Gymem nckars B Buje psgos Heitmana

[e.e]

y(@) = Nou() (4)

n=1
3aech byHKIMN ©; () moIeskaT OupeIesICHUIO.

[ogcrasnss (4) B (1) mepecrapiisis TOPSIIOK MHTEIPUPOBAHUS ¥ CYMMUDOBAHUS TTOJIYIUM.

o g 1

Z Ao (x) = f(z) + Z Z A" / ctgm(t — z)K;(z,t)pjn—1(t)dt,
n=1

n=1 j=1 0
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ITpupapuuBas KoedPUIMEHTHI IPHA OAUHAKOBBIX A IOCJIE HEKOTOPBIX IIPEe0Opa30BAHNI HAXOIIM

vo(z), enlz) =

= /ctgw(tl —m)Hctgﬂ'(tl — 1)K (z, HK tiov,t)etgm(ty — t1) fin(tn)dty - - - dt,.  (5)
11 1=2

,HJIH KpPaTKOCKH BBEJIEM 0003HAYECHMUSI:

H(:c,ﬂ = ctgm(t; — x) Hctg(tl —t1-1),
n =1
n (6)
Fo(2,t) = K(z,t1) [ [ K(tim1, t0) £ (tn)-
=1

Torna u3 (5) nmeem

~ [ ToF e na @
ah n

Ucnonb3yst JeMMy MOXKHO TOKasaTh 910 F,(x,t) kak dbyHkiys tq,-- - ,t, TPUHAIIEKAT KIACCY
E2(A"C3Ch), a xak dynkmus ty, - -+ ,t, knaccy BEY,, (A"HICITIOY).
CrpaBeyimBa, CJIeIyIOIIast

Teopema. ITycmo N > 2% o > 1. ITycmo gynxyuu f(z)f(x) v K(z,t) npunadaesrcam xkaac-
cam E¢(Ch) u E(C1) coomeememeenno u eeauvumnve Ny u M onpedeaenve pasencmeamu (3).
Ecau napamemp \ ydosaemsopaem ycaosuto [N < (o —1)/(3aACy), mo npu aobom dra pewenus
yposnenus (1) cnpasediusv, pasencmsa

y(z) = Z)\"ZF (2, Mig) Un, () + O [N*”‘T’l loglSa—DA+M-1 | (g)
n 1

rie

n j—1
\I’anl(ﬂf): Z sign Hzmnfs € (9)
s=1

k() <Ny j=1s=
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ITpuban>keHHOE pelIeHne CICTEMBbI MHOI'OMEPHBIX MHTErpaJIbHbIX YPaBHEHUIT
®pearosbmMa BTOPOro pojia METOAAaM UTEPAIUIO
Ab6upaes . M.
Henaycrut uncmumym npeonpuruMamenscmsea U nedazo2uxy, Y3bexucman,
e-mail: imamali.abirayev@gmail.com

Couerast METOJ| UTEPAIMUA C METOJOM TEOPEeTHUKOYHCJIOBBIX CETOK, PACCMOTPHUM IIPUOJIUKEH-
HOE pellleHne CJIeIyIomeil CHCTeMbl MHOTOMEPHBIX MHTErPAIbHBIX ypaBHenuii ®pearoabma BTOPOro
poaa.
[TycTh mano ciaemyromas CHCTEMa MHOIOMEPHBIX MHTErpaIbHBIX ypaBHenuit @pearoabMa BTo-
poro poja:
vi(x1, .y xs) = fi(x1, ..., x5)

11
+A /.../Kij(ml, s Ly Yy -os Ys) X 05 (Y1, oy Ys)dyr .. dys, (1 = 1,2, ..., q). (1)
=to o

Byaem npeanonararb, 9T0 CBOOOJHBII YJI€H M PO ITOH CHCTEMBI NPUHAIIEIKAT COOTBET-
creenno kiaaccam E¢(Ch) u ES(Cy).

st pemenue (1) npuBesieM HEKOTOPbIE BCIOMOTATEIbHbIE YTBEPIKICHUST U OIIPEIEJICHUH.

Oupenesnienne 1. Bydem 206opumo, wmo dynkyus f(x1, 2, ...xs) npunadaesicum xaaccy E,
ecau svinoarvemes oyenka |Cp(my, ..., my)| < O((M, ...,my)~ %), 2de a— delicmeumenvhoe wucno,
boavwe edurnuypl, u Koncmarwma 6 cumsone " O" ne sasucum om my, ..., my,. B mex cayuaazx, xozda
HYAHCHO YKa3amov eeauduny 3mot xonemanwmol, 6ydem emecmo ES nanucams ES(C) u samenamo
OUEHKY HEPABEHCTNEOM

C mi, ..., M < e ———
Crlmas o)l < g

Onpegnesienue 2. [leavie a1,as, ..., A, HAZBBALTNCA ONMUMAALHOLMU KOIPHUUUEHMAMU NO
modyato N, ecau cywecmeyrom xoucmanwmos B = f(n) u Cy = Co(n) makue, wmo das nexomopot
beckoneunoli nocaedosamenvrocmu 3nauenuti N 6unoAHAEMCA HEPABEHCTMEO

szl In(army + apmy,) In® N

< C10 )
MYy eeey My N
mi,..mp=—(N-1)
20e WMPUT 6 CYMMe 03HAMAEM, Mo cymmuposarue eedemcsa no ecem (mi,...,my) # (0,...,0). B
IMOM CcAyHae KOHCMarma B Ha3vul8aemcs UHIEKCOM ONMUMANLHOLT KOIPPHuuuenmos.

Onpenenenune 3. Cemxu suda

ark ank

M = “W}’""{W

Y, k=1,2,..,N

6 KOMOPHLT BEAUNUNHDL A1, A2, ..., Gp ABAFIOMCA ONMUMANLHBLE KOIPPUyUermv, no modyato N, 6ydem
HAZVLBATND NAPAALEAENUNEIANLHBMYU cmekamu. 3decy {x} o3nauaem dpobuyro doaro wucaa .

JIemma 1. Ecau @ € ES(C), mo xaxozo 6o, nu 6wiaa €1 € (0;a — 1) das nozpewnocmu
Keampamyprot Gopmya

1 1 N
1 Gg(9—1)4+1k Gsnk
/.../<I>(:U1,:U2,...,:L‘S)dxld:cg...dzps - N;q)({ “9]\17’“ b {5 - R,
0 0 =

nocmpoennoti npu N = p ¢ nomowp1o onmumMasbivlt KoIPPHuuuenmos, cnpasedisuss 0uenKa

2as

(6a + @)

€1
a—e
p 1

IR < C



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 29

st ymobeTBa BBegeM 00O3HAUEHUST:

a=(ar,...,an), L= (1,....0n), m = (m1,...,my), f— (t1, .y tn), dt = dty,...,dt,, p=
(21, ..., z5), (@, m) = armq + aama + ... + apmy,, K(m) = H max(1,|ms|), My, = ({%2}), Qj =
(Y—1)st15 - Yjs)y T=12,.,n, Q= (Q1,...,Qn), dQ= dyldyz dyn = dQ1dQs...dQy,

Dinle,l) = 3 Kijy (x’tl)f[z Ky (=1, ) fin(tn)

j17"'7j’fl:1
G s—€IMHUIHBIN NS—MEPHbBII Ky0, mj—Iesble dyucya. 1Torma paccMaTpuBaeMyIo CUCTEMY Mbl

MO2KEM HepeHHC&Tb BBI/IrZLe
q
gi(P) = Fi(P)+ 2 /G Ky(P.Q)e;(Q)dQ, i=1,2,....q. )
j=17Gs

Nmeror MecTo ciieayroInme TeOPEMBI.

Teopema 1. Ecau v > 0, 79 = 2s(a + In(3 + =27)) + In(sC2) u [A| = e~ 040 mo npu
n — 00 PEWEHUE CUCTNEMDL ypaGHeHuu (1) y&osnem@opﬂem coom%owewum
wi(P) = fi(P) + fG in(P,Q)dQ + 0De= ™. D = (34 2:)°e7Cy, 0] < 1, dynxyus
<I>m(P, Q) onpedesera pasercmeo

M q
O, (P,Q) = Y A > K (P,Qh) H g (Qi=1,Q1)  u  npunadsescum  Kaacc
n=1  ji,.jn=1 =2
Egs(cl)'
Teopema 2. Ecau fi(P) € E$(Ch) u Kij(P,Q) € ES(Ca) u || < e 14D mo npu npous-
BOALHO MAAOM E OAA peuwernus cucmemo, ypasrerul (1) ewnoanaemes pasencmsa

ei(P) = fi(P)
q

N M
1
+N;2>\" Y Kij (P, My1)Kjyjs (M1, My)...

j17 Jn—l
G g (M (1), M) f, (M) + 0(Cr + D)N~**¢ ji=1,..,q,

k
ede My, = ({&} {O‘S“k}) v=12,..n, ar—0onmumarorbe KoIPPUUUEHTIDL 6 CMBICAE

Kopobosa v, = 4a%s1n(6a + 240‘ 22 ) +1In(sCy), 10 <1, M = [0‘5717‘11]\7], D=3+ %)% 0.
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ABTOMaTH3aNMA OIEHKU ITPOYHOCTHU KOCTeil Ha OCHOBe IIMPOBOro IIPOTOTHUIIA
ITepacumos O.B., ?Paxmarynun P.P., 3Cauenkon O.A.
Hrnemumym mamemamuru u mexanuku um. H.H. Jlobauesckoeo, Kasanckud (IIpusosstccrud)
pedeparvhoiti yrusepcumem, Kaszanv, Pecnybauxa Tamapcman, Poccus,
e-mail: 'valeriy.karasikov@gmail.com, 2rrahmatulin852@gmail.com, 34works@bk.ru

MogenupoBaHne HETOMOTEHHBIX CTPYKTYP HA OCHOBE JAHHBIX ¢ M300paKeHMI BLICTYTIAET O/I-
HUM U3 OCHOBHBIX IIOJIXOJIOB K OIEHKE MX [OBEJICHNS B YCJIOBUSIX JeicTBrs BHelHuX cuil [1]. B arom
CIydae OKa3bIBACTCS aKTyaJbHBIM UCCJIEOBAHIE MHOTOCBSI3HBIX MOPUCTBIX MATEPUAJIOB B KJIMHU-
YeCKOH MPaKTUKe, TaK KaK MPEeJIoJaraeT MOCTPOCHNE MOJIEN Ha OCHOBE METO/Ia HEPa3pyIIaIero
KOHTpOJIsA. 1lebio nccaemoBanus sIBJISIETCA PeaI3alis METOIUKH OIEHKH MPOYHOCTH KOHETHOTO
00bEMa HETOMOT'E€HHOU CPEJIbI IYTEM IIPUMEHEHUS JAHHBIX €10 KOMIILIOTEpHOI ToMorpaduun. Takum
00pa30oM, MPEJIIOJIAraeTCsI TOCTPOCHNE TPEXMEPHOH CETKHM HA OCHOBE BOCBMUY3JIOBOTO H30IIaPAMET-
PUYECKOr0 KOHEYHOTO JIEMEHTA, JIMHEHHON alllpOKCUMAIIUN METO/IOM B3BEIIEHHOIO HHTEIDUPOBAHUS
JIOKAJILHOI MaTPHIIBI XKECTKOCTH O JAHHBIM ITU(POBOrO IPOTOTHIIA.

ITocTpoenne mudpoBOro ABOMHUKA MPEACTABIISIET COOOM MPOIECC BOCCTAHOBJIEHHSI €0 CBOMCTB
Ha OCHOBE JAHHBIX ¢ N300parkennit. HamBbiciiass TOYHOCTH BBIMUCICHUN B 3TOM CJIyYIae MOXKET ObITh
JIOCTUTHYTA [IyTEM MOJIEJTMPOBAHUSI KAXKJI0I0 MUKPOOObEMA (BOKCeJIs) OTIEIbHBIM 3JIEMEHTOM, UTO
BJICUET 3a OO0l 3HAYMTEIbHBIE PACYETHI [2|. YBesndeHre pasmMepa 3JIEMEHTa [T03BOJIseT BKIIOYATD
3aJTAHHOE KOJIMIECTBO BOKCEJIEH, ITO OMPEAEIsIeT BO3MOXKHOCTh NHTEIPUPOBAHNST METOIOM CPETHUX
IPSIMOYTOJIFHUKOB € BBIOOPOM BeCOBOI (DYHKITMU TaKUM 00OPa30M, UTOOBI KaXK/0# y3/I0BOH TOUYKE
COOTBETCTBOBAJIO 06pabOTAHHOE 3HAYEHNE JAHHBIX ToMorpadun [3].

B kagecTBe MozieibHOTO 06pa3Iia paccMaTpUBaIaCh IUIeYeBas KOCTb CBUHBH. [IpoToKo 9KCIIe-
pumenTa 6b11 07100pen KomureroMm 1o yxojy 3a KUBOTHBIMU Ka3aHCKOIro rocyapCTBEHHOIO METH-
nuHCKOro yuusepcurera (mporokos €5 or 20 mas 2020 rozna) [4]. O6pasery mojBeprascs UCIbITAHIIO
HA TPEXTOYEUHBIH M3rub ¢ MPUIOKEeHNeM HOoIepedHoit Harpy3ku B obsactu auadusa. [loctpoenne
KOHEYHO} pPacdEéTHON CETKHU IPOBOJIMIIOCH METOJIOM VIAJEHUs SJIEMEHTOB C HU3KUM COJIEPXKAHUEM
kocTHoro BemectBa (<5%). [losyueHHble JJaHHBIE COMOCTABIISLIUCEH C PE3YJIBTATAMEI HATYPHOTO IKC-
mepumenTa. OTeHKa 06 bHEMHO-YCPETHEHHOTO HATPSAKEHHO-e(DOPMUPOBAHHOTO COCTOSTHUST TTPOU3BO-
JINJIACH Iy TEM BBIYMC/ICHUS 3HAYEHUH HOPMHPOBAHHOI ommbKu suepruu |5).

Ha ocHoBe mostyueHHBIX pe3yIbTATOB OBLIO YCTAHOBIIEHO, ITO MAKCUMAJIbHAST ONTNOKA SHEPT U
COOTBETCTBOBAJIA TPAHUIHBIM 3JIEMEHTAM, 9TO 00bICHSETCS HEPABHOMEPHBIM OOBEMHBIM pacCIIpe/ie-
JIeHHeM KOCTHOro marepuasa. MunnMasbaas omubka sueprun (~ 6%) 1 MakcHMaJIbHbIe HAIIPsIZKe-
uust 1o Muzecy (500 MIla) onpenesnsincs obmacrbio Harpyskenusi. O6pa3oBaHne TPEIUHBL B HATYD-
HOM 3KCIIEPUMEHTE COOTBETCTBOBAJIO MAKCHUMAJLHBIM ITOKA3ATEISIM MEPBON KOMIIOHEHTHI TJIABHBIX
nanpsekennii (400 MITa) 1 muanmansabiM — Tperbeii (-400 MITa) [6]. OrHocuTenbHast HOrpenHOCTD
YHUCIEHHBIX PE3YJILTATOB C JAHHBIMU HATYPHOIO SKCIepuMeHTa coctaBuia He 6osee 15%. [Monyuen-
HbIE PE3YJIHTATHl PACUETOB MOKA3AIU CXOIUMOCTH METO/Ia YUCJIEHHOTO MOJIEJTUPOBAHUS C ITOKa3aTe-
JISIMA HATYPHOT'O IKCIEPUMEHTA, & TAKXKe MMOJTBEPIUIN IPUMEHUMOCTD IIPEJICTABJIEHHOTO TOIX0/1a
K PacyéTy HeroMOT€HHBIX KOCTHBIX CTPYKTYP.

Pabora BeIIONTHEHA Tpu mogAep:kKe ctunenaun IIpesumenta Poccuiickoit Pemeparun MoJio-
JpiM yaéneiM n actmpanTtam (CI1-4182.2022.4).
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YucsieHHOe MOIeJIMPOBaHNE HEN30TEPMUYECKOUN CTPYH C IIOMOMILIO
OJHOTIIApAMETPUYECKON MO/1eJiu TYypPOYyJIeHTHOCTH
17K ymaes 2K., 2Myxammagosa M. /.
LVabexucman, Byvapa, Byzapekuti 20cydapcmeennvili Yynusepcumen,
2 Vabexucman, Byzapa, Byzapekutl 2ocydapemeenionl YHueepcumem

TypbOyieHTHOE IEpeMeInBaHue U PACIIPOCTPAaHEHNe CBOOOIHBIX Ty pPOY/IeHTHBIX CTPYii B CIIyT-
HOM IIOTOKE IIUPOKO PACIHPOCTPAHEHO B XUMUKO-TEXHOJOTMIECKUX IPOIECCaX, MMUIMIEBON MPOMBIIII-
JIEHHOCTH, TIOJINBKE TIOJIEl METOIOM KalleJIbHBIX OPOIIEHUM, SHEPreTHKe U JAPYIUX OTPAC/ISIX TEXHU-
KI W HAPOIHOIO XO03siicTBa. B mociieiHee BpeMst cdepa MHTEHCUBHOTO HCCJIEIOBAHUS U ITPUMEHe-
HUS TMPOIECCOB TEIIO- M MacCoOOMeHa dpe3BbIYaiiHo pacmmpuiack. OHa BKIIOYAET KaK BeLyIIHe
HAIIPABJIEHUs] TEXHUKM(XUMUIECKUE TEXHOJIOIHN, Herepa3paboTKu U T.J.), TaK U OCHOBHBIE €CTe-
CTBEHHBIE HAYKH(OMOJIOTHIO, CTATHCTUICCKYIO (DU3UKY U JIp.)

Ocoby10 BayKHOCTBH MPHOOpPETAET 3aKOHOB JBUXKEHUsSI B TEILJIO- U MACCOOOMEHHBIX ITPOIECccax
B BBINNIEYKA3aHHBIX OTPAC/IAX. B OCHOBHOM 3TH IIPOIECCHI IPOMCXOST MO 3aKOHAM PaCIpOCTpaHe-
HUS TypOYJIEHTHBLIX CTPYH ra30B B M3TEPMUYECKUX U HEM30TEPMUYECKUX CIydasX. Takue TedeHus
M3yYEHBl JIOCTATOYHO MIMPOKO C IEJIBIO OMpPEJeeHNsT X MMePEHOCHBIX CBOHCTB. Teopermueckunii u
[IPAKTUIECKUI UHTEPEC MPEJICTABJISET BBISCHEHUE OJHOW M3 OCHOBHBIX XapaKTEPUCTHUK IEPEHOCA
- ko3 durmenTa TypOyIeHTHONW Bs3KOCTH. [IprMeHseMble B TEOPETHIECKUX PACUeTax IOJIYIMIIU-
pHUYEeCKHe MOJETIN TYpPOYJIEHTHOH BA3KOCTH B OCHOBHOM OIIBICBIBAIOT OCHOBHOI yYacTOK CBOOOIHOIM
TYpOYJIEHTHO CTPYyH.

B macrosimeit paboTe paccMOTPEHO MCTEUEHWE HEU30TEPMUUYECKON TypOyJIEHTHOU CTpyud w3
KPYTJIOTO COILIa PAIAyCOM @ W PACIPOCTPAHSIONIEr0Cs B CIIYTHOM IIOTOKE BO3IyXa Ha OCHOBE OJl-
HOIIAPaMETPUIECKON MOIe/ I TypOyIeHTHOCTH, UCCIEI0BAHBI BJIUAHUSI CTEIIEHN HEM30TEPMUYHOCTH
HCXOJIHOTO TOTOKA Ha, JJINHY HAYAJBHOIO yUIaCTKa, & TaK»Ke Ha OCHOBHBIE [ApaMeTpPhl CTPYH: Jajlb-
HOOOMHOCTD, MMaJIeHre CKOPOCTH U TeMIIEPATyPhl BIOIb OCA CTPYH, IPAHUIILI JUHAMUYECKOTO M Tell-
JIOBOT'O ITOT'PAHUYIHBIX CJIOEB.

CunraeM, 9TO UCTEUYEHNE CTPYU CTYIEHYATOE W OJHOPOIHOE, CTATHIECKOE JABJIEHHE B CTPYe
U B CIIyTHOM IIOTOKE OJIMHAKOBO W paBHO armocdepuomy. s obserdenus: permeHus 3aa9u OCh
HalpaBUM BJIOJIb CTPYH, & OCh IEPIEHINKYASIPHO K CTPYH, 9TO MO3BOJISIET PACCMOTPETH OIHY II0-
JIOBUHY CTPYH.

Wcxoauble 3HAUEHNS 3a/1aBaJIM CTYIIEHYATHIMA U OJHOPOIHBIMU, I U3 SKCIEPUMEHTAIbLHBIX
JIAHHBIX PabOT.

Cucremy muddepeHnnalbHbIX YPpaBHEHUI B IPUOJIMKEHUE TEOPUHU TYPOYJIEHTHOIO IOrPaHIY-
HOTO C€J10s1 B 6e3pa3sMepHOM BHJIe MOXKHO 3anucarh B Buje [1]:

d(puy) | 9(pvy)

Ox + oy =9

U— + v%—a—P—l—}g( e 8—u)
Plos TPy " ax T yay Yoy
INepT) 1 0 d(cpT) Ou
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B (1) meusBectubivu siBastiorest u, ¥, T, p, €. 37€Ch u-IPOIOJIBHOE COCTABIISIONIEE CKOPOCTH, )
- TIOTIEPEYHOE COCTABJISIONIEE CKOPOCTH, T’ - TeMIepaTrypa Cpejibl, p - MIOTHOCTD, € - KOI(DPUIHEHT
TypOysIeHTHO Ba3kocTu. Kak BUIHO, 9UC/I0 ypaBHEHUIT 4, a Inuc/i0 Hem3BeCTHIX 5. Jjist 3aMbIkanmst
CHUCTEMBI HY?KHO HAHATH COOTHOIIEHME sl Ko3dduunuenTa TypOyIeHTHON BI3KOCTH.

B nociennee BpeMsi Bce galle MCIOJb3yeTcs AuddepeHnnaabible YPaBHEHUs IIPU OLpeesie-
Hun Typ6yﬂeHTHOﬁ BA3KOCTH, TaK KaK OHHU IIO3BOJIACT yLH/ITI)IBaTb IIPeabICTOPUIO ITIOTOKaA. A TaK>Ke
[IO3BOJISIET MOEJIMPOBATh HAYAJbHBIA yuacToK crpyu. V3-3a npeumyinectsa auddepeHnnaabHoro
IIOJIX0/1a, OIIpeeieHrs KO uIineHTa TypOyIeHTHON! BA3KOCTHU 3/1€Ch UCIIOIb3yeM OHOIIapaMeTpH-
9eCKyI0 MOJIeJIb TypOYJIeHTHOCTH, NPeJIozKeHHoe B [2] u MoanduupoBaHHOe IS HEn30TepMUYe-
CKHUX TEYECHUN:

Oe de 10 , pey Oe

dp dp
as Ty Ty (9y(Pra Ay

)+ &?ko\—]—l—Coe(u——i- —) (2)

Ox Ox oy

B (2) Pre, ko, Cy - moCTOSIHHBIE BEJMYUHBI, KOTOPbIE OIPEJIJISIOTCS 9KCIIEPUMEHTAIBHO.
['paHnvHbIE YCJIOBUS, IIPH KOTOPOM perraercs cucrema juddepeHinanbbix ypasaenuii (1) ¢
yaeToM (2) umeer BH;

U = Uz, T:TQ, € =¢€9, ﬁZOHpI/I OSySCL

U= U, T:Tl, e=¢€1, v=0mpu a<y<oo (3)
du _ g _ dT _ de _ B

z>0: ay =V =y = cTy 0, mpm y=0

u—u, v—0, T =T, ¢—=>e1 upun Y — Yoo

r=0:

3nech uHjeKcoM “2” 0603HAYEHBI TAPAMETPBI CTPYHU, UHAEKCOM “1” mapamMeTpbl CIIyTHOTO I0-
toka. llpesosaraercst, 9TO CIIyTHBIN ITOTOK MPOIOJIKUTHCS 110 OECKOHETHOCTH.

Cucrema nuddepennnasbHbix ypasaenuii (1) ¢ yaerom (2-3) permasach 9UCIEHHO C HCIIOJIB30-
BaHUEM JIBYXCJIOMHON, HEABHOI YeThIPEXTOYCUYHON KOHEYHO-PA3HOCTHON CXEeMbI ¥ METOAOM IIPOTOHKN
C UTepaIysaMu.

[Mocrosinnble ypaBHEeHUsI JJis TYPOYIEHTHON BSI3KOCTU ONPEJIETIEHBI U3 YCJIOBUS HAUJIY YIIETO
COBII/IEHUsI [IPOJIOJIBHON CKOPOCTU CTPYH € SKCIlepuMeHTa bHbIMU JaHHbiMu [1]. Ha puc.l. npuse-
JIEHBI 3HAYEHUS MPOJOJBHOM CKOPOCTH HA OCH cuMMeTpud. [Ipu 9TOM MOCTOSTHHBIE TSI yPABHEHUST
TYpOYJIEHTHOH BSI3KOCTHU IMPUHUMAJIN CJIEAYIONINE 3SHAUEHMS:

Pr.=0,7; ko=0,02 Cop=0,5.

10 u m
Ug

OrtipeiesieHbl TTaApaMeTPhI TOJIs TEUEHUs!, BJIUSHIE HEU30TEPMUIHOCTH Ha, JJINHY HAYAJIBHOTO
y4acTKa, BJIUAHUE CI[yTHOCTH Ha IIapaMeTphbl CTPYU.

JIuteparypa

1. Jumayev J., Shirinov Z., Kuldashev H. Computer simulation of the convection process near a vertically
located source.// International conference on information Science and Communikations Technologiyes
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2. Cexyndos A.H. ITlpumenenue nudpepeHUabHOIO ypaBHEHUs JJisi TYPOYJIEHTHOM BSI3KOCTU K aHa-
JII3Y TJIOCKUX HeaBTOMOAe bHbIX Tedenuit /MZKT. - 1971.,Ne5.) cr. 114-127.

Hecranmonapaoe BpaiiieHune abCcoJTIOTHO-?KECTKOTO IIapa B MOPUCTO-YIIPYTOM
HOJIyITPOCTPAHCTBE
13Kypaes I.V., 2Mycypmonosa M.O.
! Hayuonarvroti yrueepcumem Yabexucmana, Tawxenm, Yabexucman,
e-mail: gjuraev@mail.ru
2 Kapwunckuti 2ocydapemeenmnvid yrusepcumem, Kapwu, Yabexucman,
e-mail: mmo_ 2704@mail.ru

MaremarundyecKkoe MOJIEJIMPOBAHNE U UCCJIEIOBAHIE PACIPOCTPAHEHUs] HECTAIMOHAPHBIX BOJI-
HOBBIX IIPOIIECCOB B CILIONIHBIX CPEJIAX IPEJICTABIISIET COOON CJIOKHOE M, BMECTE C TEM, aKTYaJIbLHOe
HAITPABJIEHNE BOJHOBON IMHAMWKN CILIONIHBIX CPeJl. AKTYaJIbHOCTD TPOOIEM TUHAMUKY CILIOTITHOM
cpeJibl 00YCJIOBJIEHA, PA3BUTUEM PA3JIUYIHBIX 0OJIACTENl TEXHUKHU, CO3JAHUEM HOBBIX KOHCTPYKITHIT,
paboTaroIux npu INHAMAYECKUX HArpy3KaX, a TaKXKe MPo0JeMbl reopU3nKu, CeiCMOTOTHH, ra30-
pasBesKu, HedTepa3BeKU, JOOBIBAIONIEH TPOMBIILIEHHOCTH, CTPOUTEIBCTBA IPAXKIAHCKUX U IIPO-
MBIIJIEHHBIX COOPY2KEHUIT.

B pabore paccmaTpuBaeTcs 3aja1a 0 HECTAIIMOHAPHOM BPAIIEHUN abCOIIOTHO-2KECTKOTO Iapa
B HACBIINIEHHOM TTOPUCTO-YIIPYTOM MOJIYIIPOCTPAHCTBE CO CBOOOIHOM MIOCKOCTHIO.

IIycTh B OHOPOIHOM M30TPOIHOM HACBIIIEHHOM IIOPUCTO-YIIPYTOM IOJIyIpOcTpancTse z > 0
Ha paccrosinuu h ot mwiockoctu z = 0 Ha ocu Oz (Touka O JIEXKUT HA PPAHUIIE TIOJIyIIPOCTPAHCTBA)
pacmosiozket neHTp O abCoIOTHO KECTKOro HeNoIBUZKHOrO mapa pajguyca R (R < h) (Puc. 1).

)
¢

B mauanbnoMm mMomenTe Bpemenn 7 = () aGCOTIOTHO »KECTKHIT map BpamaeTcs BOKpyT ocn oz
1o 3akoHy V (7,0) npu IIOJHOM CIEIUIEHNH C OKPYKAIOIIEH CPeJIoit.

wyl,—p = V(7,0). (1)

C y‘{éTOM 0CeBO CHUMMETPUHN 3aJa9U JBU2KEHNE CPEJIbl OTHOCUTEIBHO HeHyJIeBOfI KOMIIOHEHTBI
'lb YIIpyTOro BEKTOPHOI'O IIOTEHIINaJIa CMENIECHN A OIIMCbhIBA€TCA BOJTHOBBIM YpDaBHEHUEM

= A -

. )
r2sin26

(2)
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rine A - oneparop Jlamnaca B cepudeckoii cucreme KOOpauHatT 7, 6, 1.

[Ttockast rpaHuUIia TOJIYIPOCTPAHCTBA SBJISIETCS CBOOOIHON MOBEPXHOCTHIO.

HauasnbHble yCIoBUSI — OJJHOPOIHBIE U HA OECKOHEUHOCTU OTCYTCTBYET BO3MYIIEHHE.

HauanbHo-KpaeBast 3ajiada pelraeTcs ¢ IpPUMEHEHHEM WHTErPaJbHOrO npeobpaszoBanust Jla-
miaca 1mo BpemeHn 7. C y4ETOM OTCYTCTBHSI BO3MYIIEHUsI HAa GECKOHEUHOCTH PEIeHNE YpPaBHEHUsI
PA3bICKUBAETCSA B BUJIE CYMMBI JIByX OECKOHEUYHBIX PsAJIOB 10 TojuHOMaM [erenbayspa Cf:/_ 21 () [2].
B meit epBbIit 66CKOHETHOM PsIZl COOTBETCTBYET PACXOISIIEMCST BOJTHAM OT ITOJIOCTH, & BTOPOI PsifT -
CXOJISIIIEMCsI BOJIHAM B JIONOJIHUTENIbHON ceprueckoii cucreme koopjaunar (1,01, ¥1), 1m0y 9eHHOI
mepeHocoM Brosib ocu Ogz nentpa O uexoiHol chepuaecKoit CHCTeMbI B TOUKY (O], CHMMETPUYIHYTO
touke O OTHOCUTEJIBHO IIoCKOCTH 2z = (.

B pesysibrare 3a/1aua ¢ IpuMeHEHHEM TEOPEMBI CJIOXKEHUST JIJIsi C(DEPUIECKIX BOJTHOBBIX (DYHK-
it [1] cBojmTest K GECKOHEUHOIT crcTeMe JIMHEHHBIX aJiredpanvdecKux ypaBHeHUil, perienne KoTopoii
ypaBHEHU PA3bICKUBAECTCS B BUJIE PsAIa 110 SKCIoHeHTaM. 11 koadduiimeHToB 66CKOHETHOr0 Psiia
[TOJIy Y€HbI PEKYPPEHTHBIE COOTHOIIEHNS U HAaYAIbHBIE YCJIOBHUS K HUM. DTH COOTHOIIEHHS ITO3BOJISI-
0T OIIPEJIEJINTh BCE MCKOMbBIE M300parkeHnst 6€3 MCIIOJIb30BAaHUsT PeAyKINA OECKOHEUHOW CHCTEMBbI
ypaBHeHu. AHAIN3 PEKYPPEHTHBIX COOTHOIIEHM IIOKA3BIBAET, YTO N300ParKeHNs €CTh PAIlOHA -
Hble (PYHKIIUU TMapaMeTpa mpeobpas3oBanus Jlamjaca, KOTOPBIA JaeT BO3MOXKXHOCThH BBIYUC/IATE UX
OPUTUHAJIBI, & CJIeI0BATEIbHO, N OPUTHHAJIBI KOI(D(DUIIMEHTOB ITepEMeIeHIsI U HAIIPSI?KEHUS B CPeJie
C TIOMOIIIBIO TEOPUH BBIYETOB (3.

[Tosryaensr popmybl Ay m300pazkennit KoahUIMEHTOB PAJIOB 10 HMoJnHOMaM | erendayapa
KOMIIOHEHT TIePEMEIEHUsT U HaPs2KeHUsi. TuCIeHHbIE PE3YIbTATHI IPEICTABIEHBI B BUJIE rpa]UKOB,
KOTOpBIE MMOKA3BIBAIOT BJIMSIHAE OTPAXKEHHBIX OT CBODOJHOI IOBEPXHOCTH BOJIH Ha HAIIPSIKEHHO-
1e(bOPMUPOBAHHOE COCTOSIHUE CPEIbI.

JInteparypa

1. Heanos E.A. Iudpaxius 3/IeKTPOMArHUTHBIX BOJIH Ha JABYX Tejax. — Munck: Hayka u texuuka, 1968.
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2. Kysneyos /[.C. Cuermanbabie dyukimu. — M.: Breicmas mkosa, 1985. — 423 c.

3. Jlaspenmwves M.A., llabam B.B. Merons! Teopun pyHKIME KOMILIEKCHOTO rtepemerHoro. — M.: Hayka,
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IIponmosrkernne GmanamuTUIecCKUX (PYHKIUHA MHOTMX KOMILJIEKCHBIX II€PEMEHHBIX
'"Mmankynos T., 2®ozunos . I11.
L Camaprandckuii 2ocydapemeernnmis yrusepcumem, Camaprand, Ysbexucmar
e-mail: tolibi@mail.ru
2 Camaprandexuti furuan Tawxenmerozo yHueepcumema un@GopMayuoHHss merHoro2ul,
e-mail: davron _fozilov87@mail.ru

IIycrs D—noaunuanHap B KOMILIEKCHOM 1i—MepHoM npocTpanctse C" mepeMeHHBIX
z2=(21,22,.y2n), 2k =Tk +iyk, (k=1,2,..n).

To ectb D = Dy X ... X Dy, tne Dj—TII0CKH€E OTHOCBSI3HBIE 00JIACTH € KYCOUHO-TVIQIKUMHU IPAHU-
namu 0Dy, Ei—MHOXKECTBa, [TOJOXKUTEIbHOR Mepbl Ha 0Dy, k = 1,..n. OcroB nomumuiuaapa D
0003HAYNM Yepes
I'=0D; x ... x 0D,,. dcno, uro 1 x ... x B, = F CT.
Cuenyst T1. Byprarru [1], npuseiem onpejenenne GuaHaIuTHIECKOH (DYyHKIIUN:
Onpegenenne. Oyukmus w (z) = w (21, ..., 2,) € C? (D) nasbiBaeTcs GHAHATHTHIECKON B

n(n+1
nosunuianHaApe D eciiv oHA yJIOBJIETBOPSIET CJIELYIOIIM % YPaBHEHUSIM C YaCTHBIMU ITPOU3-

BOJHBIMU
0w (2) S 0 1/ 0 0
—2 =0, k<[, kl=1 — == =— 4+i— ).
07,07 ’ -7 W1 07 2 <8xk + Z@yk>
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Kuace dyuknuit 6uanamurudeckux B obsactu D o6oznaunm depes Iy (D).
PaccmaTpuBaercs 3a1ata olpeienennst 6uanamruaeckoil ynkuun w (z) € Il (D) N C* (D)
B nosmnunaape D 110 €€ 3HAYeHHusIM U 3HAUCHUSIM IIPOM3BOJIHBIX II€PBOTO TIOPsiJIKA HA MHOYKECTBE

E:
w(z) = fo(2), 615)::) =fu(2), k=1,n, z€ E.

B,ILGCB I'PaHUIHbIC 3HAYCHUA beHKLLI/IIU/I B TOYKaX OCTOBa IIOJUIUJINHAPa ITOHHMAaCTCA KaK II0 KOOD-
AMHaTHOE YTIJIOBBLIE IIPEJIe/Ibl 1

foe CH(E), ficC(E), k=T1,n.

Banaua (1), (2) sBisieTcss HeKOppeKTHOM [2]. Pemenne enHCTBEHHO, HO HEYCTONYEBO.

st monmanamuTaeckux (YHKIU OJ[HON KOMILIEKCHOI mepemeHHoii 3aja4a (1), (2) pac-
cvarpuBasiach B [3]. Murerpanbras dopmyny Komm mius nosmanasumrudeckux byHKIu 01HOlM
nepemennoii B nepsbiii mosyuna H. Teomopecko [1]. IIpusenem anmasor dopmyssr Kommm st 6u-
AHAJIUTUIECKUX (DYHKIMI MHOIUX [IEPEMEHHBIX B MOJUITUIHHIAPE D.

Teopema 1. /s gynxyuu w (z) € Ilo (D) N Ct (D) uMeem mecmo Gopmyia

s anajuTudeckux GpyHKIUI 01HONH KOMILIEKCHOI IepeMeHHOl pellleHne I'PaHuYHOIl 3312491
upogoszkenus (1), (2) maer dopmyna Kapaemana [2]. B pabore [4] noayden dopmyna Kapiemana
B 10106/1aCTH TIOJIUIUJIMHIpa. B anuoii pabore uCosb3yst pesyibrar paboTsl [4], mosyven anaaor
dbopmysbr Kapiemana jyist nosimanasurundeckux GyHKuii, KOTopbiii naer perenue 3ajaqu (1), (2)

w(t)] dt
—tx) D.
—|—Z 2k k) 3tk rom Z €

B 110JI06/1ACTH TIOJIUIMJITHIPA.
Cuenyst [4], BBomum 0603HaueHMST:

n

h(z) = hi(z),

k=1
hy (zr) —rapmonnueckass mepa ODg\E) ortnocurensno obmactu Dg, k= 1,n. B =
{zeD: h(z) <1} C D, H=intB (uyrpeunocrs B B C"), g (2) = > ;_, 9k (2x), Regr = hy.
Teopema 2. IIycmo Guanasumumeckas 6 noauyuiundpe D dynwyua w € My (D) N C* (D)

ydosaemeopaem ycaosuam (2). Tozda umeem mecmo gopmyara Kapremana

) 1 n e—l9(O)—9()]
w(z):crlgloloW/E[ +; Zi — Ci) fi (€) (ng’ z € H.

JIuteparypa
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3. Hwanxynros T., @ozunos /. III. Tlpomoirkenue nomana nTudeckux Gyukimit. specrust By3os. Ma-
TemaTuka 2021.Ne8, C. 37-45.

4. Gonchar A. A. On analytic continuation from the edge of wedge. Ann. Acad. Sci. Finnical. Ser. AlI:
Mathem.10, 221-225 (1985).
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AJaroputM pelrieHus OAHOW UT'POBON 3a/aYM CO CBA3AHHBIMU II€PEMEHHBIMU
Mamatos A.P.
Camaprandcuti 2ocydapemsernnuts yrusepcumem umenu I, Pawudosa, 140100, Ysbexucman,
Camaprand, Ynusepcumemckui 6yaveap,15,
e-mail: akmm1964@Qrambler.ru

IIycts umeeTcs qBa UrpoKa, KOTOPhIE BLIOMPAIOT BEKTOPHI & U Y COOTBETCTBEHHO U3 MHOXKECTB
X={z|fi<oe<f}Y(x)={y|g. <y<g", Ax+ By="b},

[IOOYepeTHO, CHAvYaJa IMEPBBI UIPOK BLIOWpAET T, 3aTeM, 3Hasd &, BTOPOH HI'POK BLIOMpAET Y C
LEeIAMH :
IIEPBOTO UI'POKA - MAKCHMUBUPOBATEL (PYHKITUIO

xr) = min Y(z,y),
¢(x) = min W(r.y)

BTOPOTO UTPOKa - MUHUMI3UpoBaTh V(z,y) :

U(x,y)=cr+dy, eemaxec X,yecY(x);¥(z,y)=+o00, eccmx € X,Y(x)=0.
31ech
c=c(J),x=a(]), fi=[f(]), f"=[f"(J)eRY
d=d(K),y =y(K),9: = 9:(K),g* = g*(K)) € R}
beR™ A= A(,J) e R™", B = B(I,K) € R™ rankB < I;
I={1,2,...m}J={1,2,..,n}, K ={1,2,....1}.

Torma nmeeM MaKCUMUHHYIO 3a/1a4y CO CBS3aHHBIME IepeMeHHbIME [1,2]:

= min U(z,y) — 1
() ,in (z,y) — max (1)

Bekrop 1 € X HasblBaeTcs cTpaTerueil mepBoro Urpoka, a BeKTop y € Y (x)—z-crparerueii
BTOPOI'O MI'POKA.

Crparerusi £ nepBOro Urpoka Ha3bIBA€TCsl ONTUMAJBHOI, ecan ¢(z) < (&) pst Becex x € X.

B pabore [2| nBoiicTBEHHBIME MeTOaMU OBLT NCCIIEA0BAH U Pa3paboTaH aJrOPUTM PEIleHHs
sajaqan (1).

B jannoit pabore mpejyiaraeTcsi COBEPIIEHCTBOBAHHBII BApUaHT aJropur™a [2|, B KoTopom
3HAYUTEILHO YMEHBIIAIOCh YUCJI0 MATEMATHIECKIX OLEPAIHil JIJIsl TOCTPOEHUST ONITUMAJIBHOIT CTpa-
TEruy 1epBoro Urpoka 3ajadu (1).

AJIropnT™ MILTIOCTPUPYETCs Ha IIPUMepe [P CIIAYIONNX 3HAUCHNSIX TapaMeTpoB 3a1aan (1):

d = (1;-1;0), f« = (=5; =30;0), f* = (3;25;40),d = (1;0; —1;1;5),
g« = (—109; —6; —101; —10; —3), g* = (44;6;298; 10; 15),
1 0 —1 6 3 2 3 4
A‘(o 11 >’B_<4 2 1 2 3>

b= (5:4),I ={1,2},J ={1,2,3}, K = {1,2,3,4,5}.

JIuteparypa
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KacarenbpHoe Hanpsi>keHue cABUTa Npu KoJiebaTeIbHOM TE€YEeHUUN BA3KOYNPYToil
HEeCXKMMAaeMOl >KUIKOCTU B MJIOCKOM KaHaJie
Haspysos K.!, IIlapunosa II1.B.! , A6aukapumos H.M.'Berskanos A.III.!

L Vpeenucrxuti 2ocydapemeennmiti yrnusepcumem, Ypeeny, Yabexucman ;
qurol 46@mail.ru, shshb1990@gmail.com, nabijon.88@mail.ru

NccnenoBanue kosiebaTeibHOE T€UEHNE BA3KON U BA3KOYIPYTON YKUJKOCTH B IJIOCKOM U TIPsi-
MOYTOJILHOM KaHaJIe I0J1 JeHCTBIHEeM MapMOHUYECKUX KOJIeDaHUil pacxoia KUJIKOCTU, MOTYT ObITh
[IPUMEHSITCsI B OMOJIOTUYIECKON MeXaHUKe, B YaCTHOCTU JIIsi PADOTBI CUCTEMbI MUKPOUYMIIOB. DTHU
CUCTEMBI 1IPEIHA3HAYEHBI JIJIS TUATHOCTUKY PAabOTHI PA3JIMIHBIX OPTAHOB YeJIOBEKA, & TAKXKe aJIpec-
HOI JOCTaBKe K HUM JIEKAPCTBEHHBIX IperapaToB. KpoMe 3Toro ¢ 1esbio obecriedenne moCTOSTHHOTO
pacxoia KUJKOCTU, YACTO UCIIOJIb3YeTCs MEINKO-OMOJIOTNYECKIX yCTAHOBKAX [THEBMATHYECKIE MUK-
POHACOCHI C TEPUOIUIECKUM BBITECHEHUEM YKUJIKOCTUA U3 CBOOOJHBIX 00beMOB. B Takmx cucremax
SKOHOMHWYECKHU BBITOJHBIM MOI'YT OBITH YCTAHOBKA C IYJBLCUPYIONIAM PacxXojaM. B cBa3u ¢ 3TuM B
JIAaHHOI paboTe, PEIIeHbl 3aJ[aUn KOJIeOATETbHOTO TeUCHIUS BA3KOYIPYTOil HECXKUMAEMON YKUJIKOCTH
MEXK/Iy JIBYMsI HEIOJBUXKHBIMUA TAPaJIIeIbHBIMU ILIOCKOCTSIMU. OOO3HAYEHBI PACCTOSIHUST MEXKLY
crenkamu depe3 2h. Och 0T MPOXOIUT TOPU3OHTAJBHO B CpeJ/IMHE KaHaja BIOJb 1HoToka.Ock oy
HaIIPaBJIEHO TEPIeH- TUKYAIpHO k ocu ox. TeueHnne BA3KOYIPYTON KUIKOCTUA ITPOUCXOJIUT CUMMET-
puuno o ocu kanasa. luddepenruaibHoe ypaBHEHUE JIBUKEHUsT BA3KONYIPYTroil HECKMMAaeMOi
JKHUJIKOCTH B HAIIPsIZKEHHE UMeeT CJieJyione Buj [1]

pot P T (1)

TJe U-IIPOJOJIbHAS CKOPOCTh; P-IaBJICHUE; P-IIOTHOCTD; T-KacaTe/bHasl HAIIPsKeHus; t-Bpems. Peo-
JIOTUYIECKOE yPABHEHUs COCTOSTHUSI YKIJIKOCTU NMPUHUMAETCS B Bujie ypaBHeHne Makcsemia [2, 3]

L+ A )rnt) =~ 2

Baech A\-BpeMsi peslakcalysi; (- InHaMIIecKas Bsa3KocThb. B (2) mpu A = 0 mosydyaem 3aKOH BSI3KOTO
rpenusi Hetorona. [Tozxcrasisist (2) B ypaBHeHHe JIBUKEHUSI JJIs CKODOCTU YKHUJIKOCTH, [IOJIyIaeM

0.0u 0. 0p 0%u
P(1+)\E)E——(1+/\a)%+ﬂ@ (3)

CunraeM, 910 KojebaTebHOE TEUYEHHE BA3KOYIIPYTOil >KMIKOCTH IIPOMCXOIUT 38 CYET 3aIaHHOIO
FapMOHMYECKOT0 KOJIeOaHNe PACX0/a KUJIKOCTU WU IIPOJAOJIHLHON CKOPOCTH OCPETHEHHO 10 cede-
HUAIO KaHAJIA.

t t

Q =agcoswt = ReaQeiw , < u>= ay,coswt = Reaye™”

Ie aQ U Gy - AMIUIATYBI PACXOa KAJIKOCTH U aMILIATYABI IIPOIOJIBHON CKOPOCTH OCPeSHEHHOM 1Mo
CEeUeHUI0 KaHaja. B JaHHOM cilydae TedeHHe MPOUCXOJUT CUMMETPUIHO 110 OCH KaHaJja, a CTeHKEe
KaHaJIa YIOBJIETBOPSETCS YCJIOBUs Hpuiuianne. B cuty smaeitnoctn ypasuenne (1) mpoaoabHOI
CKOPOCTH, JaBJeHIe, KacaTe/IbHOe HAIIPSIPKEHNE Ha CTeHe MOXKHO 3aIlUChIBATh B CJIEIYIONEM 00pa30M

u(y7 t) = Reul(y)etha p(iﬁ, t) = Repy (x)ei“)ta T(t) = ReTleth

[TojicraBisist 9TH BbIpasKeHUsl B ypaBHeHue (3), mosydaem

Punly)  piwrliw) . i) op(a)
o2~ W=y (4)
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Bnech n?(iw) = (1 + iw\) Pentenns ypasuenne (4) Gymer

uly) = (- 22Dy

piw

,_ cos (iiaon(iw)%)) 5)

cos (i%aon(iw))

e ap — 4 /;"—Oh - KosebaTesbHOe 9uciio Yomepesn (6espasMepHasi 9acToTa Kojaebanuii); vy- KIHe-

MaTH4YecKas BA3KocTh pacrBopa. C momorbio pernenne (5) omnpejesisieM mepejarodnyio (GyHKIUO
W (iw) it KacaTesIbHOrO HALPSIKEHUS Ha CTEHKH, KaK

ho omiw) (i%ao)zsin(i%agn(iw))s )

WTl,ul w) = 5— : 3 3
(i) 3o <wi > (iw)  3(i2agn(iw) cos (i2 agn(iw)) — sin (i2 agn(iw)))

[Tepenarounast ynkuust (6), HHOTIA HA3BIBACTCS aMILIUTYIHO-(a30Basi YaCTOTHAST XapaKTEPUCTHU-
ka (ADYUX). D1u dDyHKIMU 103BOJISIET OIPEIeJIUTh U3MEHEHNE KacaTeJbHOrO HAIIPSIZKEHHE CJIBUTA
[IpU 33J]AHHOM 3aKOHE M3MEHEHHE BO BPEMEHU IIPOJIOJIBHON CKOPOCTU OCPETHEHHON 10 CEYEeHUI0 Ka-
HaJIa.

JIurenarypa

1. Casanellas L., Ortin J. Laminar oscillatory flow of Maxwell and Oldroyd-B fluids J. Non-Newtonian
Fluid. Mechanics. 166. (2011). — p.1315-1326.

2. Ding Z., Jian Y. Electrokinetic oscillatory flow and energy microchannelis: a linear analysis. J. Fluid.
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YuciieHHoe pelieHne o6bIKHOBEHHOrO audPepeHnnajbHOr0 ypaBHEHUsI C MaJbIM
mapaMeTpoM IIpU cTapiieil MPOn3BOAHON CIIEKTPAJIbHBIM METOI0M
Hopmyponos U.B.,TypcyuoBa B.A.

Tepmescruti 2ocydapemsentnd yrusepcumem, Tepmes, Ysbexucman,
e-mail: choribegaliyvich53@mail.ru
Tepmescrutl 2ocydapcmeennoill yrusepcumem, Tepmes, Yabexucman,
e-mail: barno.tursunova.2016@mail.ru

ITpobsiema mocTpoeHns: paBHOMEPHO-CXOSAIIETOCS aIrOPUTMa YNCIEHHOTO PEIeHus JIBYXTO-
YeqHOU KpaeBOil 3a/auy ¢ MaJIbIM IIapaMeTpPOM IIPU CTaplieil IPOM3BOJHON Oblla IIOCTaBJIEHA U
periera B [1] ¢ OMOIIBIO ClIenuasbHON PA3HOCTHO CXeMbl ¢ BecaMu Ha paBHOMepHOii ceTke. B [2]-
[4] meron npemtokenuslii B padore [1| pacipocTpansercst Ha peleHne 6oJiee CIOKHBIX (mapabosm-
YeCKUX,MHOIOMEPHBIX ) KPaeBbIX 3a/1a4. UUCJIEeHHBI cYeT Ha PABHOMEPHOIl CeTKe IIJIOXO OIUCHIBAET
MIOrPaHUYHBINA CJTOM, TOCKOJILKY IIPH JOCTATOYHO MAJIOM IapaMeTpe yxKe IePBBI y3e CeTKU JIEXKUT
BHe norpasciost. Tak Kak JJjIs IPaKTUIECKUX IPHJIOXKEHUH BasKHO 3HATH CTPYKTYDY LIOTDAHCIIOS,
TO Pa3HOCTHYIO CETKY HY’KHO CTPOHUTH Ha PAaBHOMEPHYIO, & CTYIIAIONLYIOCA B OOJACTH MOTPAHCJION.
Paccmorpum ciefryoniyio 3ajiady Jijiss 0OBIKHOBEHHOrO JudepeHnnajlbHoro ypaBHeHus BTOPOro
MOPsI/IKa ¢ MAaJIbIM IapaMeTPOM IIPU CTapIleil TPOn3BOSHOMN

2
Ud—u + du =z,u(0) =u(l) =0 (1)
dz?  dx
st pemenust 3aza4au (1) panee 6blI IPUMEHEH PA3HOCTHBINA MeTOJ [5] ¢ OfHUM HOrpaHcIoeM BO3-
Jie TPAHUIBl OTpe3Ka. B 9Toil paboTe jijisi BbIJAEJEHHs] OIPAHMYHOIO CJI0si CTPOUTCS CHENUATbLHOEe
0TOOpazKeHNe U € TIOMOIIBIO KOTOPOTO MOJIYyYaeTCsi MOHOTOHHAST PA3HOCTHAsI cXeMa. B JlaHHO# paboTe
JUIst pertienusi ypasHenus (1) npumensiercs: criekTpaibHbIil MeTos [6]. B ciekrpanbHOM MeTO1e 30HbI
HOIPAHMYHOIO CJIOS HE BBIIEIAIOTCA U NPUOINKEHHOE PelleHne 3a1a91 UIIEeTCA B BUJIE KOHEUYHOI'O
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psia Mo TOJIMHOMAMBbI JebbImeBa mepBoro poga. M3BecTHO, ITO MOJHHOMBI UeObImeBa OmpeaeIeHb
Ha orpeske [—1, 1].ITosromy 3amaay (1) ¢ moMombI0 0TOOPAKEH s

1 1
=t 1 1,1
x 2+2y7x€[07 ]7y6[ b ]
3anuceiBaeM Jyist orpeska [—1, 1]
v ldu 1
T+ = 5T (-1 =u(+1) =0 @)

Va2 T 2dy 8

[TpubsmkenHoe perenre 3aa4 (2) UIETCs B BUJE Psijia

N
u(y) =Y anTu(y) (3)
n=0

Torma nmeem
N N

f[; -y 2 S a)T)

Cn
n=0 p=n+1(p+n=1(mod2))

N N
=2 > p(p® = n?)ay)Th(y), (4)
n=0 " p=n+2(p=(n)(mod2))
rae
cpn=0,n<0

co=2,n=0
c,=1,n>0.

[Mogcrasnsst psaaet (3),(4) B quddepennuanbioe ypasuenue (2) u npupaBHuBasi KO3(hMUIMEHTHI
IPU OJMHAKOBBIX CTEIEHSX IOJUHOMOB MMEEM aIreOpantdecKyio CHCTEMY ISl OIPEIeIeHns Kodh-
dbunumenTon psia(3):

Az =B (5)

rjae

| = (ag,ai,...an),

BT = (by,by,...bx),

31ech A-3ajaHHas KBapaTHas MaTpuna, B- 3aganHblil BekTop npasoil actu. Pemast cucremy (5)
HAXOJIMM KOMIIOHEHTBI BeKTOpa T 1 110 dopmyiie (3) npubimKeHHoe pereHne 3aadn (2).
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METPOM TIPU CTAPIIUX TPOU3BOJIHBIX.- KpaeBble 3ajiaun sl YpaBHEHUN MaTeMaTUIecKoi (bu3nKH,
Csepiosek, 1973. ¢.30-42.

4. Huwxun I'H. Yucmennoe pereHne JIANTAYECKAX YPABHEHNNH ¢ MaJIbIM ITapaMeTPOM TIPH CTAPIITNAX
IPOU3BOHDLIX.- UUC/IEHHBIE METOAbI MeXaHuku crutomuoit cpeani, HoBocubupck, b.u.,1979,1.10,Ne 4,
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5. Jlucetixun B./[., SAnenxo H.H. O paBHOMEDPHO-CXOISIIEMCs aJIOPUTME YUCJIEHHOIO PEIeHHs] OOBIK-
HOBEHHOIO JndpepeHImalbHOrO ypaBHEHUs BTOPOTO TOPSIIKa C MaJjIbIM IIapaMeTPOM IIPU CTapiieit
MIPOU3BOAHOIN.- UHCIeHHBIe MEeTOIbI MEXaHUKHK CILIONIHON cpeabl, HoBocubupek, 1981, T.12,Ne2, ¢.45-
56.

6. Aoymanues @. b., Hapmypados Y. b. MaremaTudeckoe MOJIeTUPOBAHUE TPOOIEMBI THIPOIMHAMITIEC-
ckoit ycroitauBoctu, Tamkent, Fan va texnologiya, 2011. 188 c.

CobGcTBeHHBIE KOJIeOaHUSA TPYOOIIBOPOBOA KPYTOBOTO IMOMNEPEYHOro CeYEeHUsS C
BHEIITHUM TPEHUEM
lCadapos N.I., 2 Temaes M.X., Bouraes 3.1., Axmenos M.IIIL., 3 2Kypaes I11.11.
L Tawkenmeruti Tumuko-mexnoioeuseckuti uncmumym,
2 Byzapckuti umotcenepro-mernoro2uMeckuti wHemumym
3 Byzapcxuti 2ocydapcemeennsiti YHusepcumen.

UccnenoBanne kosiebanuii TpyOOIIPOBO, HAXOMAIIUXCS B YIIPYTOil Cpee pacCMOTPEHbI Pa3-
JIMYHBIME MeToZaMu. B Hacrosmeil pabore KoJiebaHuss TPyOOIPOBOIOB MOIEIUPYIOTCS KaK IIAJIAH-
JIpUYECKOe TeJIo ¢ pajuycoM T u R, Haxojsierocs B jgedopmupyemoii cpeje. Cpena 3amMeHsIeTCst
BSI3KUM JieMIIpepoM B PaInajbHOM U KacaTeJbHOM HalpaieHusX. OCHOBHON Iebi0 PabOThI, siB-
JISIETCS UCCIeOBaHNEe COOCTBEHHBIX KOJIeOaHU UJINHAIPa ¢ BHEIIHUM TpenneM. [1pu nccienoBannm
BBIIIIE OIPeesIeHbl ONTUMAJIbHbIE 3HAUEHHUT KOI(MMUIIUEHTOB JIeMII(PUPOBAHNS, IIPU KOTOPBIX KOJIe-
OaHusa TPyOOIPOBOIOB MAKCUMAJILHO 3aTyXaloT

PaccmoTpum 3a7ady 0 kKosiebaHusgX OECKOHEYHOIO YIPYTOro IMJIMHJIPA ¢ BHEIIHUM TPEHUEM
Ha rpanure (puc.l). 3aMKHyTasi cucTeMa ypaBHEHHN CBOOOJIHBIX MaJIbIX KOJIEOAHWIi yIPYroro -
JIMHJIPUYIECKOTO TeJia UMeeT BUJI:

Puc.1 Pacuernas cxema TUJIINHAPUIECCKNX TEJI C BA3KUM BHEITHUM TPEHHEM.

) , o>
uVAU + (A + p) grad div @ = P o
Oij :)\9(51‘3'4-2/16”, (1)

rjie U- BEKTOP IepeMellenuit; A, i - koacddurpenTs! Jlame; p - MI0THOCTL NMUIMHAPA; 0 - TEH30D
HaNPsZKEenuit; €;; - Tenzop gedopmanuii. Ha gactu rpannipe! rg 3ajanel nepemeniennd u = 0; na

qacTu R- HalpsiKeHUust 1 0 = %—? A Takke 3a7aHBI HAUAJIBHBIE YCJIOBUSI:

- ou
U lt=0 = 0; e lt=o = 0. (2)

PaccmorpuM 3ajady B IMIMHIPHYIECKOi cucTeMe Koopauuat (r, 0, z). IIpeamonaras, 1ro Ko-
OpJHMHATA Z He BJIMsET Ha IPOIECC KOJeOAHUIl, IOy dnM CHCTEMY yPaBHEHHUIl, pacIaIalolyocst Ha
JIBe He3aBUCHUMBIe 3aja4u [1]:

0o, laﬂez +Urz . 82uz
o roo v o

=/
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— Jus 4 % . — % + Jus (3 )
O-TZ - H 87" 82 ’O-GZ - /‘1’ az 69 9 70’
0oy 180'1“0 Orr — 000 aQUT . f
ar | r 09 r Po I
Oorg 100gg 2 D%ug B
ar Tras T Pae = o

or or r 00 r

10u, Ouyg ug )

r:2 -
oro M(r8¢9+8r r

ou ou 10u U
Orr = 20 T+A< T+9+T>,

10uy  u, ou, 10wy u,
”99—2“<rae+r)“(aﬁrae+r>' (3:0)
C KpaeBbIMHU YCJIOBUAMU IIpU 17 = R:
Qe O o Oug (3.0)
Ory = aataarr— aq ataGTG— a2 ot , C

e R— pagnyc mumuaapa; o, o, (rg - TapaMeTpsl BHEITHero Tpenust. [lpu rg = — 0 :

Torma HazoBeMm KpaeByiwo 3ajady (3,a) — aHTH IJIOCKOH, a (3,b) — miockoit mim 3amadeii o
IJIOCKUX KOJIEOAHUSX ITUINHIPA.

CobcrBennbie Kosiebannsi. HazoBeM cOOCTBEHHBIMU KOJIEOAHUSMU YIIPYTOTO IUJIUHIPA Pellie-
Hie Kpaesoii 3amaun (2 u 3,a) (f=0) juIst aHTH IWIOCKOrO CiIyvasi BUJA:

Orz oy (1) cosnf ‘
op. p= 1| og(r) |- | sinnf | et (4)
Uy v (r) cosnf

vie o (1), 0pg (1) Spr (1), Spg (1), vy (1), vg (1) —HEU3BecTHBIE DYHKIUY PaUAIbHOT (DOPMBI KO-
nebannil; w = wp+iwy- KOMIUIEKCHasi COOCTBEHHAsT YacTOTa KOJAeOaHUil IUINH/PA, JIeficTBUTe IbHAST
9acTh KOTOPOI XapaKTepu3yeT 4acToTy KojebaHuil IUIMHIpa, & MHUMAs 9acTh (Wr)— CKOPOCTh 3a-
ryxanus, n=0, 1, 2... [1]. Ilogcrasisas npeacrasienne (4) B ypasuennst (2) u Kpaesble ycsosust (3),
HOJIyYUM CHEKTPAJIBHYIO 3aady st (IBYX) OOBIKHOBEHHBIX (D epeHInaibHbIX yPaBHEHN, pas3-
PEIIEHHYIO OTHOCHTEJILHO TIEPBBIX IIPOU3BO/IHBIX 110 PAJNAIbHOM KOOPAMHATE 77 JIst CJIydast IVIOCKHUX
KoJiebaHuii.

IIpn o # —1 cymiecTByeT CYeTHOE MHOXKECTBO COOCTBEHHBIX 3HAYCHUIT, ONMPEIE/sieMbIX C M0~
MOIIBI0 MHOTO3HAYHON (DyHKIMH Jorapudma:

. 1 a—1 2Tni a>1
fon =M = IV 5 +{ om(n+1)i a<l ”_O’il’ﬂ}

3Ha4uT HY/IN XapaKTEPUCTUYICCKOTI'O OIIpeAeIUTEe Id A (ZW) ACUMIITOTHUYIECCKHU IIPDOCTbIE U OTIAEJICHBI

JIPYT OT JPyra HEKOTOPBIM IOJIOXKUTEJIBHBIM § UX JIeCTBUTE/IbHBIE YaCTH OJIMHAKOBBI, 8 MHUMbBIE
OTCTOAT JIPYT' OT Apyra Ha 2.

JIuteparypa

1. Asausaxyaros H.H.,Capapos U.H. CoBpeMeHHbBIE 33,1491 CTATUKA U JUHAMUKY MTOJI3EMHBIX TPYDHOIIpPO-
Bozos. Tamkent, Fan va texnologiya 2007. 306 c.
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Bpranciaenus moJsis cKopocTeil (pbuiibTpanmum nepeHoca BeIecTB B IIUJINHIPUYeCKOi
JBYX30HHOM cpejie
CynaiimonoB @.Y., A6aykoaupoBa M.
ocusaxcrutl 20cydapemeennniii nedazozudeckuli YHUGEPCUMEM,
e-mail: fozil.sulaymonov@mail.ru

PllocraBiena n 4ucjaeHHO pellleHa 3a/a4ua [IePEeH0Ca BEIIeCTBA U JIBUKEHUs KUJIKOCTH B IIH-
JIMHJIPUYECKON JIBYX30HHON CpeJie ¢ YIeTOM HEOIHOPOIHOTO PACIIPEIETICHUS TI0JIsi CKOPOCTEl (hUTh-
Tpamuu. Maremarndeckoe onucanme JIBUKEHUs KUJTKOCTH U IIePEHOCa BEIEeCTBA B IIUJINHIPUIECKOM
JIBYXCJIOWHOH cpeJie TIPU yIPYTOM PEXKUME BKJIIOUAET B ce0si CJICMYIONINE YPABHEHUS:

861 861 (901 10 861 (9261
et et =Dy = (=t ) =2 (r, Qi 1
b1 ot Ve Ty b1 1{7’8T<T8T>+8$2} (r) € $h (1)
662 802 (962 . 1 8 862 8202
92 ot + 1)295% + vor or = 92D2 {7’87“ <T‘6T> + W} y (T, x) S QQ, (2)

rae 01 u fy — mopucrocTy; ¢, ¢o — obbeMHble KoHIeHTparun; Dy, Do — koaddurmenTs! nuddysun
B (1 u Q9, coorBeTCTBEHHO (371€Ch U Jajiee 1 - MAKpoIopa, 2 — OKpyzKaroliast IIOPUCTasi CPeJIa).
Hauasnbuble u rpannynbie yeaosust Jyuist (1) - (2) umeror Bu:

c1(0,7,2) =0, ca(0,7,2) =0, (3) 1 (t,0,0) = ¢y, ¢y = const, (4)
8—‘;1(25,7“,0):0, 0<r<a, (5) %(t,r,oo)zo, 0<r<a, (6)
GE(t,0,2) =0, 0<z<oo, (7) é%2(15,7‘,0)20, a<r<hb, (8)
%(i,r,oo)zo, a<r<hb, 9) G2 (t,b,z) =0, 0<x < oo, (10)
Dlel% (t,a,7) = DQQQ% (t,a,z), 0<zx< oo, (11)
a (tya,x) =co (tya,z), 0<z<oo. (12)

Cucrema ypasuenuii (1), (2) pemaercst npu ycsaosusix (3) — (12) ¢ yueToM HEOIHOPOIHOIO pacipeie-
JIEHUsI TI0JIsI CKOpOCTell (DUIbTpaIuu. JTa 3a/a49a PeInaeTcst IpU NU3BECTHBIX 3HAUYEHUN KOMIIOHEHTA
cKopocTH (bUIBTPAIi, KOTOPbIe onpejeaenst B [2],[3].

Hnst pemenust 3aaun (1) — (2) npumeHrM MeTOJ| KOHEUHBIX pasHocTeil [1].

[IpuBesena cepusi BBIYUCIUTEIbHBIX SKCIEPUMEHTOB IIPU CJIEYIONMINX 3HAYEHUAX HCXOHBIX
[IapaMeTpoB:
p=10""Tauc, B =102 Ta™ !, k; = 10714 +2,5- 107" M2, ky = 10715 +2,5-107 M2, ; = 0,2,
02 = 0,01, D1 =2,5-107°+5-1075 m?/c, Dy = 2,5-1076 +5-1076 m?/c, ¢g = 0,01, p. = 1,5-10°
ITa, po =0 Ila, T'= 2700 ¢, hy = 0,1 M, hg =0,05 m, 7 =1c, L =4m, ro = 0,05 M, R = 0,25 m.

[To sTux yKaszaHHBIX 3HAUEHUSIX IapaMeTpa ONPEIEJCHO 2-X U 3-X MepHasi BEKTOPHAS IOJIs
CKOpoCTel (bUIbTpaliy MePEeHOCa BEIECTB B HEOIHOPOIHON MOPHUCTOi cpee. OT MOJyIEHHBIX pe-
3yJIBTATOB PACUETa 3aMETHO, UYTO PACIIPEJIE/ICHUsT KOHIICHTPAIMI [IPU PA3JIMIHBIX BpeMeHaX (DPOHT
[IPOJIBUKEHNST KOHIIEHTPAIIMH HAMHOT'O OTCTaeT OT (PPOHTA ITPOJIBUYKEHNI CKOPOCTU W JIABJICHUS.

Pacripeiesienue naBiieHusi, CKOpOCTA U KOHIIEHTPAIMK [IPU YBEJIUYEHUN 3HAUYEHUN KO3hhu-
[IMEeHTa TIPOHUIaeMocTu k1 u ko IPUBOIUT K YCKOPEHUIO MPOABUKeHus (hpoHTa HaBaenun. Vcxos,
U3 3TOTO MOXKHO CJIeJIATh BBIBOJL O 3HAYUTEILHOCTH BJIUSHUS IIPOHUIAEMOCTU HA PACIIPE]I/IEHUs
JIABJIEHUsI U CKOPOCTHU BEIeCTBa B MOpucToil cpejie. Ilpu aToMm Ha pacipocTpaHeHre KOHIIEHTPAIIAM
u3MeHeHre K03 OUIMEHTOB IIPOHUIIaeMocTeil 0coboro BIIMsIHUSL HE OKa3biBaeT|3)].

O060061I1ast TOJIyYeHHBIE PE3YJIBTATBI MOXKHO 3aKJIOUUTh, YTO HAJUIHE 30H C PA3TUIHBIMU Xa-
PaKTEPUCTUKAMHE CYIIECTBEHHO MEHSIET KaK (puiibTpalnoOHHble XapaKTEPUCTUKH CPEJIbl, TaK U I1apa-
METPBI [IEPEHOCA BEIIECTBA.

JIuteparypa.
1. Camapcruid A. A. Teopus pasHocTHBIX cxeMm. — M.: Hayka, 1977. — 656 c.

2. Xyorcaépos B.X., Maxmydos XK. M., Cysratimornos @.Y. 3amada mepeHoca BENECTBA B IUJIMH-
JIPUYECKOli cpejie ¢ nunHApudeckoit Mmakporopoit // 2Kypuan w/loknaapl akajgeMun Hayk
Pecniybsimku Y3z6exkucramntn €6, 2010. Tamkent. C.30-33.
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3. Xyorcaépos B.X., Maxmydos X .M., Cysratimornos @.Y. Ouibrpanyst U IepPeHOC BEIECTBa B
IJIMHIPUIECKOH IBYX30HHOM CpeJie C yIeTOM HEOIHOPOIHOCTH II0JIsi CKOPOCTEH (prjIbTpalium.
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OnTuMmasibHast KBaJgpaTypHas dhopMyJia aJisi NpubJIM>KeHHOTO BBIYUCJIEHUSI MHTErpajioB
dDypbe
Xaéros A., ’Kyp6onnazapos A.
L Hnemumym mamemamury um. B.H. Pomanosckozo, Tawxenm, Yabexucman,
e-mail: hayotov@mail.ru
2 Unemumym mamemamuxy um. B.H. Pomanoscrozo, Tawxenm, Yabexucman,
e-mail: mumin_1974@inbox.ru

ITpu penrenun MHOTUX TPUKJIAIHBIX 387129 HHTErPaJibl Pypbe COOTBETCBYIONNX (DYHKITUI UMe-
0T CyIIEeCTBEHHBIN poJib. Kak n3BecTHo, K0addunuenTol u nnrerpabl Pypbe OOJIBIITMHCTBO DYHK-
U BBIYUCIAIOTCS Tpub/ImkerHHo. [Ipu 3ToM 1j1st TpubIMKEHHOTO BBIYUCIEHUsST KOI(MDDUITNEHTOB U
nnrerpajos Oypbe MOTYT OBITH UCIIOJIB30BAHBI KBa/IPATyPHBIE (DOPMYJIBI PAZHOTO THIIA.

Hacrositiast paboTa 1ocBsIeHa M0y YeHUU OITUMAIBHON KBaJIpATyPHON (DOPMYJIBI JIJIsl IIPH-
OJIMKEHHOTO BBIYMC/ICHUS MHTEerpajoB Pypbe.

B cBsi3u ¢ 3TMM paccMOTPUM CJIEYIONIYIO KBAIPATYPHYIO (hOPMYILy

1

N
/ s f ()dr = 3 Caf (25), (1)
B=0

0

rne xg = hf — ysael, 8 =0,N , h = %, N eN w#0, weR, Cg — ko3bdurmenTsl KBaapaTyp-
Hoit bopmyuiet (1). IIpeanonozkum, uro dbyuknus f npunajgexar npocrpanctsy Ko (Ps), KoTopast
SIBJISIETCS] THJILOEPTOBBIM U OIPEJIESAETCH CASIYIOMUM 00pa3oM

Ky (P) = {f(:v) :10,1] = R| f — abcomorno nenpepbisuas, f € Lo (0, 1)} ,

CkagnsgpHoe npousBejienne JAByX OYHKIMA f U g U3 9TOrO MPOCTPAHCTBA OIIPEJIEIISIeTC KaK

1
s ) ko = / (F"(2) - 1)) (" () — g(z)) d. (2)
0

COOTBGTCTBYIOHJ,&H HOPpMa 3allbICUBae€TCA CJIC/IYIOIUM o6pa30M
1 1/2

1l = / (f"(x) — f@))dx | (3)

0

[TorpemHocTs KBaApaTypHOii (hopmyJibl (1) onpenessier MuHEHHbIH (DyHKIMOHA, TAK HA3bIBA~
eMoit hynryuonasom noepewrocmuy dopmyrst (1), nag npocrpanctsom Ky (Ps). KosddunuenTsr,
KOTOpBIE JIAI0T HAaUMEeHbIIee 3HaueHne HOPMbI (DYHKIIMOHAJIA TIOTPEITHOCTH , HA3bIBAIOTCS ONIMUMAAb-
HOLMU KOIPPUUUEHMAMU, T COOTBETCTBYIOMAst (DOPMYJIa HAZBIBAETCS ONMUMANbHOT K6adpamypHot
popmy.noi.

B nacrosimeit pabore mjist KoadbdunueHToB onTuMabHON KBaaparyproit ¢popmysibt (1) mosy-
YeHa cjeAylonlad cUucTeMa JIMHEUHBIX yPaBHCHUNA

1

N
Z C,G3 (hB — hy) + dy sinh (h3) 4 da cosh (h3) = /eQﬂszg (x — hp) dz,
v=0 0
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N N

1 1
> Cysinh (hy) = / T Ginh (x) da, > ¢ cosh (hy) = / T cosh () da,
v=0 0 v=0 0

rjae

Gz (z) = 31ng4($) (x cosh (x) — sinh (z))

JloKa3aHbl CyIIeCTBOBAHUE U €IMHCTBEHHOCTDH PEIICHMsS JAHHONW CHCTEMBI U IIOJIyYEHbI CJIEILYIOIIHe
SIBHBIE (DOPMYJIBI [IJIT ONTUMAIBHBIX KOI(MDPUITHEHTOB

cosh 1 NZ_I sinh (1 — hvy)
Y

sinh 1 s sinh 1 ’

Co=qc.—
y=1

Cy=T(w) M L N om XN on, =1 N—1,

1 1=
On = sinh 1(15  sinh1 ; C” +sinh (h),
371eCh
€™ (cosh 1 — 2miw - sinh 1) — 1 e?™ (sinh 1 — 27iw - cosh 1) + 2miw
s = 4m2w? +1 ’ Ge = 4202 + 1 ’

T (w) 1 A\]— U3BECTHBIC BEJINIUHEL

MogenupoBaHue n YMCJEHHOE MCCJIEA0BaHNE BJIMSHUS M'€OMETPHUN COIJia Ha
napameTrpbl ¢pakesia
Xomxues C., 2ABeszos A.X.
L2 Byzapexuti 2ocydapemeennuiti ynusepcumem, Byxapa, Yabexucman,
e-mail: 's.hodjiev@buxdu.uz, 2a.x.avezov@buxdu.uz

CaMbIM aKTyaJbHBIM SIBJISIETCSI METOJI UCCJICJOBAHUS TOPEHUsST HEllePEMENaHHbIX Pearupyio-
MIUX ra30B, OMMCAHUEM €r0 MaTeMaTHYeCKOH MOJEIN W YHCICHHOe permeHns 3hpeKTUBHBIMUA METO-
JIAMU M aJITOPUTMaMK & TaKyKe IPUMEHEHUEeM MOIIHBIX COBpeMeHHbIX DBM.

B mamnoii paboTe NpUBOJATCA HEKOTOPBIE YUCAEHHBIE PE3YJIBTATHI MCCJIEJIOBAHUS TOPIOUeit
CMecH TIPONaHo-OyTaHa BBITEKAIOILYIO U3 MPAMOYIOJBLHOIO COILIA PA3HBIMU COOTHOIIEHUSIM CTOPOH
U PACHPOCTPAHSIIONLYIOCS B CILyTHOM (3aTOILJIEHHOM) IIOTOKE BO3JLyXa.

[TosHy0 KapTUHY TeYeHUsI MOYKHO IIOJIYYUTH IPUMEHEHHEM OCHOBHBIC YDABHEHUSI TEOPHUH
TPEXMEPHBIX CTPYI PEarnpyiomux ra3oB, MOKET ObITh IPEJICTABICHO B (DUZMUECKUX KOODAMHATAX
B caenyoreit popme [1,2].

YpaBHeHUnEe CMeCH JIJIsl Ta30B:

dpu n opv n dpw

ox oy oz 0

VpaBHeHUe JBUKEHUS 10 KOOPJIUHATE I:

u@_’_ v%_'_ waj__aj+2( aiu)_{_g( @)
Plos TP Oy e = ox oy MT@y 82 P a; "

YpaBHeHNE ABMXKEHUS 110 KOOPIMHATE Y:

o v 0v_ 9P 40 0v . 208, Ow
Plos TPy T8, T Ty T 30y My

T S R
92" 5, 30y Krig, ) T o T oy’
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VpaBHeHNE ABMKEHUS 110 KOOPIUHATE 2:

ow Ow _37P+ég( 87w)+3( aﬂ)+a( @_28( 8”)
ay P8z T T 3828z T oy ey’ T oy e, T 302y

YpaBHeHNE TIEPEHOCA SHEPTUN:

JOH  OH  9H 1 9, OH 1 9, OH 1.0, du

0 ou 0
o)+ 5 (o) + A SO+ (G -

B e i R PTLC L N LS B e ias
82 T, Oy 3TV, T 5, WY oy’ Oy KTy, 0z 3'uTw8y '

ITonnaga suTanbIudg:

YpaBHEHUE COCTOSHUS Ta30BOI CMECH:

Ny,
C;
P =pT'R E —
: m;
=1
st TpexMepHOii ciydae ypaBHEHUN KOHIEHTPAIUY i- i KOMIIOHEHT UMeeT BHL:

9C, | OC, _9C,_ 1 9C, 10 00
Py TPV oy PS5, -~ Ser May Ser 0z 0z v

YuceHHbIE PE3yJIbTATHI TOJYYEHBI TI0 METO/LY ¥ aJTOPUTMa pacdera IMPUBEJIEHHbIE B paboTax
[1,2]. Hns Beraucsienus TypOysentHoil Bsiskoctu ucnosb3osad "K - E" mogesn TypOysenTHOCTH
[1,2].

[TapameTpsl TOproYei CTpyHM U OKUCIUTENSI HA CPE3e COILIA 38 ]aBaJIICh OTHOPOIHBIMU U CTY-
NeHY9aTbIMU 3HAYCHUAMU, JTaBJICHUA MEZKIY CO6OI‘/’I PaBHBI.

Paccmarpupaiaocs nuddys3noHHOE ropeHre cMecH IIpornaHa-0yTaHa B BO3LYXE CO CJIeAyOMIIMU
HUCXOHBIMU JIAHHBIMI:

1. I. B 3one okucmurens: U; =0 (5, 10, 18,25/),T1 = 300K; (C1)1 = 0,232; (C2)1 = 0; (C3)1 =
0; (Cy)1 = 0,88.

2. II. B sone okucsmresst: Uy = 61/; Ty = 1200K; (C1)2 = 0; (C2)2 = 0,12; (C3)2 = 0;(Cy)2 =
0, 88.

C TOUYKM 3pEHHs] MATEMATUIECKOTO PacyeTa, PACCMOTPUM YETHIPEXKOMIIOHEHTHYIO CMeCh Ta-
30B B 30HE CMEIIEHNsT COCTOSIIYIO M3 KUCIOpPOJa o - HHIeKe "1 cmecn mponana-6yrana (38 + 410) -
"2 npoyKTOB ropenusi 9 + 92-"3 mHepTHOrO raza Ny - "4".

Huc/ieHHbIe UCCIIeI0BaHMsI IPOBEJIEHbI IPU COOTHOIIEeHUs! JITMH ¢cTopoH Kak (1:1); (1:2), (1:3)
u (1:4).

BrisiBiI€HO, UTO DK OTHOIIIEHHE CTOPOH JUINH cotuta (1:2) 1 OTHOIIeHne CKOPOCTeN OKUCIIUTeIs]
roptovero u B npegene ;0 < uy/ug < 0,41 nymHa dakesna yBenduBaercs, a JajabHeiilee yBeJndeHne
NPUBOJIUTH K YKOPAUMBAHUE JJINHBI (DAKEJIA, ITO MOTBEPK IAETCSI IKCIIEPUMEHTAILHBIMUA JIAHHBIMH.

HucsieHHBbIEe Pe3yJIbTaThl [IOKA3a/i, YTO B CJydae COOTHOIIEHUs CTOpOH comia (1:4) u upw
Pa3HBIX BXOAHBIX YCIOBUSAX TAHMEHIIMATHHOM CKOPOCTH IIPU OJMHAKOBBIX MCXOIHBIX 3HAYECHUAX J[0-

YIUX [apaMeTpoB CTPYH U OUUCIIATEs IPUBOJUT K YMEHBIICHUIO JIHHA (akeaa IPU HEIOIHBIX
up =6,1/.

Jluteparypa
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1. Xodowcues C., Asesos A.X., Mypodos III. H. YucjieHHOE MOIEIUPOBAHIE TPEXMEPHBIX TYPOYIEHTHBIX
CTpYil pearupyrmonmx ra3oB, UCTEKAIINX U3 COILIA IPSMOYTOJbHON (OpPMBI, HA OCHOBe ajrebpande-
cKoit Mojiesn TypOystleHTHOCTH. ¥Y30ekcKumii kypHaJt "[Ipobiembr nadopmaruku u suepreruxu’. 2007.
Ne 3.

2. Xodocues C., Asesos A.X., Mypodos III. H. YucjieHHOE MOJEIMPOBaHIE TPEXMEPHBIX TYPOYJIEHTHBIX
CTpYil pearupymoImx ra3os, HCTEKAIOIINX U3 COILIA IPSIMOYTOJBbHON hopMbl, Ha ocHOBe " — " Moenn
TypOymentaoctu. Hayunsrit Bectauk Byxapckoro rocymapcrsennoro yausepcurera. 2007. Ne3. C. 81—
87.

YucsieHHbIE Pe3yJIbTATHI UCCJIEIOBAHUs CTPYW HA OCHOBE ITOJIHOW CHUCTEMBI ypaBHEHUIA
Hasbe - CTokca ucrekarIline n3 KOaKCUaJIbHOU e Iun
'Xomxuen C., 2ABezon A.X.
L2 Byzapexuti 2ocydapemeennmidi yrnusepcumem, Byxrapa, Yabexucman,
e-mail: 's.hodjiev@buxdu.uz, 2a.x.avezov@buxdu.uz

AKTyasbHOCTB UCC/IE/IOBAHUS CTPYHU, UCTEKAIONIHIE U3 KOAKCHAJIBHOMN eI, PACIIPOCTPAHSIIO-
Iieiicst B KOMOMHIPOBAHHOM IIJIOCKOM KaHAJIe, CBSA3aHBI MINPOKKM [IPUMEHEHHEM B PAKETHOM - KOC-
MHUYECKOH TeXHUKH, HeTH - ra30BOii POMBIIIIEHHOCTH, XUMUIECKONH TEXHOJIOIHUH, [IPU CO3JAHUE
CMECHUTENIbHBIX, TOIIOYHBIX YCTPONCTB, PENIeHNs 3a/1a9 SKOJOTUN KaK BBIOPOCA BPEJHBIX BENIECTB B
armocdepe. DKCIepUMeHTAIbHbIE HCCIIEI0BAHUS COLPSZKEHO PsIJI TPYAHOCTEN CBSA3aHHbIE ¢ MAJIBIMU
pasMepaMy CeYeHNH KaHaJla, BPEHOCTH a30BbIX [IOTOKOB, a TAKKe OH JIOPOT, JIOJIOI YaCTO OIaCeH 1
T.11. IJ09TOMY MHOT/IA OCHOBHBIM HHCTPYMEHTOM SIBJISIETCS] HCCIIEI0BAHNS TAKUX TEUCHHI € IOMOIIBIO
onmcaHueM 00beKTa ero MaTeMaTUuIeCKON MOJIEIH.

B nanHoii paboTe MPUBOJSATCS U AHAJM3UPYETCs YUCACHHBIE PE3YIILTATHI HCCIIEJ0BAHNS CTPYH,
HCTEKAIOIIHeCs] U3 KOAKCUAJIbHOI IeJIH, PACIPOCTPAHSIONIENCsl B PACIIUPSIIOIEM IIJIOCKOM KaHaJle.

[Ipy 9TOM M3 HEHTPAIBHOI IIeJH UCTEKAIOT CTPYH OCHOBHOIO IIOTOKA, a 1o mepudepun -
CITyTHBI TTOTOK Bo3ayxa. Ha Bxosie B KaHAT UCXOJHBIE 3HAUEHUs [IAPAMETPOB OBbLIN 3a/IaHBI OJHO-
POJIHBIME U CTYIIEHYATHIMU 3HAYCHUSIMU.

st onmcaHme TaKOro IPOIEecca MCMOJIb3yeM HECTAIMOHAPHBIE MOJIHOE CHCTEMbI yPaBHEHMUIA
Hagbe - Crokca [1]. I'panndnble n HauaIbHBIE YCJIOBHsI, a TAK:Ke METOJ M aJlOPUTM Pacuera aHa-
JoruyHbIe Kak B pabore [1 + 2]. Ha ocHOBE COCTABJIEHHON IPOrpaMMBbl IIPOBEIEHBI MHOTOUUCIEHHBIE
YUCJIEHHOE UCCJIE/IOBAHUS, HEKOTOPbIE BADHAHTHI M3 HUX IIpUBeJeHbl B Tabuiie. [Ipu uccienoBanust
KaHAJI [I0JIAraJICs CUMMETPUYHBIM U TeYeHHe PACCMATPUBAJICA B 00JACTH OIPAHMIEHHOI OCHIO CHM-
METPUY ¥ OJIHOM U3 CTeHOK KaHasa. O6Go3HaueHUsAX fj MOTyBBICOTA BXOJHOIO CeYeHHst KaHasa, R
- TIOJIyBBICOTA OCHOBHOI'O (IIEHTPAJIbHOIO) TOTOKa (cTpyn). Bapuanrax HuKHUI HHJEKC 1- yKasbl-
BacT IapaMeTp OCHOBHOI cTpyH, a 2 npucTeHHoil crpyu, L - jimua Kanana. Bespasmepnast dopma
kaHaJsa 3a1aBajics B Bujie f(z) = x4 1 (z = 0 BxojHOe cevennst, ¥ = 1 BBIXOJIHOE CEUCHHE KAHAJIA).

N/N | o1 =Us/Ur | o2 =Ri/fo | p3=L/fo | pa=To/T1 | 5= Po/Py
1 14,4285 0.5 10 1 1
2 44,4285 0,26 10 1 1
3 71,4285 0,26 10 1 1
4 44,4985 0,26 5 1 1
5 44,4285 0.5 5 1 1
6 1,6077 0,26 10 1 1
7 1,6077 0,5 10 1 1
8 1,6077 0,5 5 1 1
9 10,6077 0,26 5) 1 1

PesynbraTsl npuBojigTcs B Buje rpadukoB. MoKHO OTMETUTH, YTO PA3BUTHE TE€UEHUS B PaC-
MIAPSIONIEMCsT KaHaJjle TP Habope MmapaMeTpoB, IPUBEIEHHBIE B TaOJIHUIE, 30HBI PEIUPKYIIIUNA He
IIPOCJIE?KABAIOTCA, CKOPOCTH, TeMmIlepaTypa ILJIABHO H3MEHSAIOTCA IO IIOIIEPEYHOMY HAIIPABJICHUIO
BJI0JIb KaHaJla.
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ITpu Bxogubix mensx R/ fo = 0,5 pacupeesenne npogoabHON CKOPOCTH U TeMIIEPATYPbI Ha
Pa3JINYHBIX PACCTOSHUAX BJIOJIb KAHAJIA [IJIABHO MEHsI0TCst. Ha BapuanTe 2) monepevHoe u3MeHeHne
CKOPOCTH ILJTABHOE, T.€. B AJ[P€ MOTOKa CKOPOCTb UMEET MAKCUMAJILHOE 3HAUYEHNE, & HA IPAHUIIE CMe-
HIeHUsl HAOIIOAeTCsd aCUMITOTHIECKOe Bo3pacTanue. 1Ipu 3TOM JaBjIeHHe B 30HE CMEIICHHE JBYX
HOTOKOB, U3-38 TOPMOYKEHHsI CKOPOCTU OCHOBHOI'O TIOTOKA BO3PACTAET, & HA CTAHKE UMEET MAKCUMYM
npu T = 0.1, a BJOJIb KaHajia CKOPOCTh HaJaeT W IIPUHAMAET MOCTOAHHOE 3HadeHue. Ilpu BapuanTe
3) coornomenue mesneii Ry / fo = 0,26 u ckopoctu ocHoBHoro noroka U; = 500/, cyst o pe3ysbrary
rpaduKa, MOKHO CKa3aTh, UYTO IPU CMEIIEHUW M PACIPOCTPAHEHHN JBYX IIOTOKOB TDAHHIILI 30HBI
CMeNIEHNs 3aTsKHbBIE, T.€. IIUPe, YeM B IIPEBIIYIIEM BapUAHTE, PO CTPYHU MEHbBIIIE, & IIOIIePEYHbIE
npoduIM TeMIEpaTypbl B 30HE CMENIEHUs JBYX IMOTOKOB yBEJUUUBAIOTCH. JTO MOKHO OOBACHUTH
TEeM, U4TO B 30HE CMEIIEeHUs JBYX IIOTOKOB M3-3a TPEHHsl JIBYX BA3KHUX Ia30B YBEIUINBAECTCS TEMIIe-
parypa, 9TO NPUBOJUT K yMEHBINEHUIO PA3MEPOB 30HBI CMEIIEHUsI OCHOBHOIO IIOTOKA. DTO TAKIKe
MOYKHO 3aMETHUTh U3 OCEBOI0 U3MEHEHUs IIPOJI0JILHOM ckopocTr. [Tpu neGosbmux ¢3 = 5 (BapuanTb
4) u 5)) Upu MeHBIINX 3HAYEHUSIX COOTHOIIEHNUE Ieseil HabJIo1aeTcss 0Opa3oBaHue MEHBIIEro sijipa
CTPyH U OBICTPOE YOBIBAHME OCEBOTO 3HAYEHUS CKOPOCTH IIPU MOCTOSTHHBIX MCXOHBIX 3HAMECHHAX
JPYyTUX MTapaMeTpOB.

Yucnennble pe3yabTaThl MOKA3a/d, UTO NMPHU HEGOJBIINX OTHONIEHUSAX CKOPOCTEH CITyTHBIX
HOTOKOB, @1 = 1,6077 (Bapuantsl 6 + 9) HonepedHoe pacipejiejieHie IPOJIOJIBbHON CKOPOCTH Ha
BbIxosie Kanasia ( & = 1) mpu Ry/fo = 0,5 "kpussre"6osee mosorue, gem npu Ry /fo = 0,26. Do
O6'])5{CH5I€TCH TeM, 9TO yBe/JIn4YeHrne BXOJHOI'0 pa3Mepa OCHOBHOI'O IIOTOKa IIPUBOAUT K PaCIIUPEHUIO
30HBI CMENIEHHUs U K PA3BUTOMY TEYEHUIO.

JluTeparypa

1. C.Xodorcues, 3.1 2Kymaes, O.0.FEdzopos. “ucjeHHblil pacdeT BHYTPEHHUX TEUYEHUIN CKUMaEMOIO
rasa 10 HesiBHO (akTopu3oBaHHOU pasHocTHO# cxeme. 3B.AH Y3CCP. Cep.rexu.nayk. Tamkent:
Dan. 1990, Ne2, c. 28-34.

2. Bum P.M., Yopmune P.D. HeaBuasi paxkTopm3oBaHHas PA3HOCTHAasS CxeMa s ypaBHeHus Habbe -
Crokca TedeHmsT C:KUMAeMOro rasa. -PakerHast TexHUKa U KocMoHaBTuke, 1978, Ned, ¢, 145-150.

3. C.Xodowcues , A.X.Asesos, III.H.Mypodos. YuciieHHOe MOJe/IMPOBaHUE TPEXMEPHBIX TYpPOYJIEHTHBIX
CTpYil pearupymoInux ra3oB, UCTEKAOIINX U3 COILIa IPSMOYTOJIbHON (opMbIl, Ha ocHOBe " — €"Momesn
rypbysentHoctr // Hayumnbiit Becrauk Byxapckoro rocymapersennoro yuusepcurera. 2007.Ne3. C.81-
87.
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[TostByieHIE COBPpEMEHHBIX MOIIHBIX BBITUCINTEIBLHBIX TEXHOJOTHI M MAaTEMATHIECKOTO MOJIE-
JIMPOBaHUSI TTO3BOJIMJIN IITUPOKO UCCJIET0BATh JIFOOYIO OTpacyb HayKu W TexHuku. Ha ocHoBe 3TOrO
[IO/IXO0/1A, JIEXKUT B 3aMeHe UCXOJHOr0 00beKkTa ero "obpa3oM MaTreMaTUYeCKOl MOJEbIo U JlalbHeii-
IIeM U3YYEeHUU MOJIEJN C IOMOIIBIO Pean3yeMbIX Ha KOMIIBIOTEPAX BBIUNCIUTEIbHO-JIOTTIECKUIX
AJTOPUTMOB.

MaremaTuueckast MOJIENIb UCCTIEYETCA TEOPETUIECKUMHI METOJAMU, UTO MTO3BOJISET Oy YUTh
BayXHbIE TPEIIOCHLIbHBIE SHAHUS 00 00beKTe U SIBIASIeTCS 3PPEKTUBHBIM, MHOTIA SIBIASIETCS €IMH-
CTBEHHBIM METOJIOM WCCJIeJIOBaHUsI HEKOTOPbIX 00bekToB (mporecco). KoHeuHo mporecc MOXKHO
U3yYaTh HATYPHBIM SKCIIEPUMEHTOM, KOTOPOE JI0JIOT, JOPOT, YaCTO JIOO ..., TUOO MOIPOCTY HEBO3MO-
JK€H, MHOTIa, MHOTHE U3 9THX CHUCTEM CYIIECTBYIOT B OIpaHUYEHHOM 3K3eMilisape. [losromy marema-
TUIECKOE MOJCTUPOBAHUE SABJISIEUCS HEM30€KHON COCTABJISIONIEH HAyIHO-TEXHUIECKOrO IIPOrPecca.
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OCHOBHBIE YPAaBHEHUS THAPOA3POINHAMUKNA IOMyIeHbI IIPUMEHEHIEM (PyHIAMEHTAJbHBIX 3a-
KOHOB COXPaHEHNs, KAK SHEPIuy, MATEPHUH U UMITyJIbca. BMecTe 3Th 3aKOHBI B 001IeM BIIEe 00pa3yoT
CHUCTEMBI HEJIMHEWHBIX YpaBHEHUI BTOPOro mopsiaka. OOBIYHO JJIsl OIMUCAHUST BSI3KUX TEUEHUN nC-
IOJIb3yeTCs IOJIHAs HecTalnuoHapHad crucreMa ypasHenmii Hasbe-Crokca. HeoOxomumo oTMeTHTSD,
YTO YUCJIEHHOE MHTEIPUPOBAHME MOJIHON cucreMbl ypasuenunit Hasbe-Crokca npejcrasisier coboit
YPE3BBLIYAMHO CIIOXKHYIO U TPYLOEMKYIO 3aJa4dy, pelleHre KOTOPOil HaXOAUTCA Ha, IIPEIesie BO3MOXK-
HocTel coBpeMeHHBIX DBM, jmaxke B ciiydae paccyera TedeHUN OJHOPOIHOTO BA3KOIO rasa.

B cBsA3M ¢ 3THM BarKHYIO POJIb HI'PAIOT TaK HA3BIBACMBIC MPUOJIMKEHHBIE MOJIECH, KOTOPDIE
CTPOLATCA Ha OCHOBE ITOJIHBIX ypaBHeHI/Iﬁ HaBbe-CTOKC& C HUCIIOJIB30BaHUEM TeX UJIM MHbIX JOIIyIe-
HUI, OTpazkKaomux cuenudpuIecKue 0COGEHHOCTH KOHKPETHBIX IPOLECCOB. XOTH 3TH MOE/IN, KOHEY-
HO, He 00JIaJIal0T YHUBEPCATBHOCTBIO, IPUCYIIel moJiHol cucreme ypasuenuii Hasbe-Crokca, ojHa-
KO B T€X CJIy9asX, KOrJa NPUHATHIE IIPA UX MOCTPOCHUH JOIYIIEHUS BBIIOJHIIOTCS, NCIOJb30BAHUE
IpUOIMKEHHBIX MOZeJIel SIBISIeTCs He TOJILKO BIIOJIHE OIIPAaBIaHHLIM, HO 1 6oJiee Ies1eco0bpasHbIM,
JeM IpUMeHeHHUe MMOJHbIX ypaHenuit HaBbe-Crokca.

OnHa 13 MOJEIBLHBIX YPaBHEHUH sABJseTcs ypapHeHne bioprepca. OHO UCIOIL3yeTCs I U3Y-
YeHHUsI CBOMCTB perreHuit 0ojiee CJIOYKHBIX YPaBHEHUN B YACTHBIX MPOU3BOJHBIX. DTH YpPaBHEHUsI
UMEIOT AHAJATHYECKHE PEIICHUs IIPA HEKOTOPHIX I'PAHUYHBIX M HAYAJIBHBIX YCIOBHAX. 3HAsS 3TH
perrenusd, JIETKO OIIEHUTb U COIIOCTaBUTDL PA3JIMYHBbIEC KOHECIHO-PA3HOCTHBIE METOAbI, UCIIOJIb3YyeMble
IS pemeHns 6osee CI0KHBIX YPABHEHNH B YaCTHBIX IIPOM3BOAHBIX. Y paBHeHHE Bioprepca BKIIOYa-
0T B Ce6ﬂ YJIEHDbI, OIIMChIBaIOIIe Te 2Ke (bI/ISI/I‘{eCKI/Ie IIPOIECChI YTO YJIEHBI, BXO/LAINNE B YpaBHEHUE
rUAPOA3POIMHAMUKY, T.€¢ KOHBEKTUBHBIN, mud)y3NOHHDBIN NN TACCUIIATUBHBIA U HECTAIMOHADPHDIE
YJICHDI.

[TostHOE HeMHElHOE ypaBHEeHUE Broprepca nMemOT B

ou ou 0%u
a + u% = V@ (1)
U ABJISETCS NapaboJMIeCKAM YPAaBHEHHEM B 9aCTHBLIX IIPOM3BOLHBIX.

3ech, 1MepBOE W BTOPOE CJIaraeMble B JIEBOM YaCTH 9TOr0 ypaBHEHMs SABJIAIOTCS COOTBET-
CTBEHHO HECTAIMOHADHLIM M KOHBEKTHBHBLIM WICHAMHM, & B IIPABON YAaCTH COCTOUT BA3KWIL HJICH.
Ypasuenusi Broprepca ucrnosib3yercst Kak MOJIeJIBHOE JIJIs YPaBHEHU TOIPAHUTHOIO CJiost, "mapa-
6ommzoBannbix 'ypasnennii Hapbe-Crokca u monnbix ypasaenuii Happe-Crokca. g ypasreHus
Broprepca cymiecTByoT TOYHBIE aHAJTUTAYECKUE PEIIEeHUs, TIPU HEKOTOPBIX HAYAJIBHBIX U MPAHUY-
HBIX YCJIOBUSIX YpPaBHEHHsI BIOprepca CXOXKU IO BUAY C YPABHEHUSIMHU HECTAIIMOHAPHOIO OJIHOMEp-
HOI'O TEYEHUsI BSI3KOW YKUJKOCTH, C TEM, OJHAKO, CYIIECTBEHHBIM yIporneHneM. MHorouncaeHHbie
KOHEYIHO-PA3HOCTHBIE METOABI paspaboTaHHbIe I ypaBHeHHs Broprepca

ou ou 0%u
T.€ MHOXKHUTE/Ib @ B KOHBEKTHUBHOM 9JICHE IIPUHAT 3apaHee N3BECTHBIM.

C nomoripio ypaBaerust (1) MOXKHO HCCIIEJ0BATH BO3MOXKHBIE CKOPOCTH, T.€ PACIHPOCTPAHEHUE
rasa 1o mapireBoii Koopanuate X (V — KHHEMATHIEeCKast BA3KOCTD).

st aucienHoro perienus ypasaenust (1) paccMOTpuM 3a/1ady ra30BOro OTOKa UCTEKAIOIIErO
U3 UCTOYHMKA CO CKOPOCTBIO U U PACIPOCTPAHSIIONIErocs Ha paccrosiauu h. Ypasaenue (1) MOKHO
pellaTh ¢ HOMOIILIO CAEAYIOMNX I'PAHUYIHBIX U HAYAJILHBIX YCJIOBHIA:

x=0; u(0;t) = up, (3)
0<x<L; (z;tg) =u. (4)

s aucaensoro pemienusi ypasaenusi (1) ¢ ycnoBusivu (3) u (4) obespasMepuBaeM € IOMOIIBIO
CJIEJTYIOIIUX MacIITabOB JJINH, CKOPOCTH U BPEMEHH COOTBETCTBEHHO L, ug, L/ug moiryaum

T=ux/L;u=ufug,t =t/(L/up)
(

B 6e3pasmeprom Bujie ypaBaerue (1) umeer BUJI v J1jist IPUBBIYHOCTU HEM3BECTHBIX YePThI HAJ| HUMU
OIIyCKaeM

@ + u% — La27u (6)
ou Or  Re Ox2



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 49

rine Re = ”?/L - qucyo Peitrosbaca.

FpaHI/I‘{HI)Ie 1 HavaJIbHBIC YCJIOBUA B 663pa3MepHOM BUJ€ MUMEIOT BHL:

x=0:u(0;t) =1, (7)

0<z<1:u(x;ty) =ui/ug (8)

B nmammboit paboTre B 9aCTHOCTH MPUBOISTCS PE3yAbTaThl YNCIEHHOTO NCCIETOBAHUS PEIeHUs ypaB-
Henust Broprepca (1) MeTosoM pas3HOCTel BIiepej 110 BPEMEHH U IEHTPAJIbHBIX PA3HOCTEl 110 1po-
CTPAHCTBY.

[TosryyenHasi pa3HOCTHAs CXeMa, UMeeT BUJI:

n n n ) n
i U S = R 1wy = 2ui +uiy
Y 2Ax Re (Ax)?

D710 - sIBHAsI OJHOIIAIOBAs CXEMa IIEPBOIO IOPS/IKA TOYHOCTU C IIOIPEIIHOCTHIO AIIPOKCHMAIIN
O(Az, (Ar)?). Pemenne y106HO0 HAIICATD B BUJIE:

At At

uptt = Re(Az)? (uiy — 2ui +uiq) — EU? (uir —wilq) +uf
Oqub IIOJIE3HBIM ITapaMeTpOM, KOTOprﬁ €CTECTBECHHO IMOABJIACTCA IIPU YNCJICHHOM DEIIEHUN ypaB-
mermnst Broprepca, okaspiBaercs ancyio Peitnonnaca Re. 9ToT 6e3pasMepHbIit mapaMeTp, XapakKTepu-
3YIOIIUI OTHOIEHNE KOHBEKINY K i py3un, UrpaeT BaXKHYIO POJIb [IPU OIIPEJIEJIEHUN XapaKkTepa
pellieHust ypaBHeHus: Bioprepca.

B ‘HaHHOI';I pa6OTe yCTOIU/IqI/IBOCTb yCTOﬁqHBOCTb HaKJ/IaJIbIBa€TCA Ha BCJIUYIUHY Re n BbI60p
BPEMEHHOI'O ITara I10 yCJIOBUIO

Al < min [(Am)? Ax ]

2w ’un-i-l’
KOTOPBII OOHOBJISIETCST TIOCJIE KaXKI0M BPEMEHHON MUTepallnui.

YuntbiBasg XapaKTEPHOW OCOOEHHOCTBIO AIMIPOKCUMAIINHU SABJISETCST €€ MHOTOBAPUAHTHOCTb.
Hamu 6b1710 paccMOTpEHBI BAPHAHTHI AIIIPOKCUMAIAN WieHa Ou/0x B HEKOTOpOM y3ie x; = 1Az
paBHOMEPHOIT pa3HOCTHON ceTKu ¢ mmarom Ax ObIIN BRIOPAHBI B COOTBETCTBUU C MPUHATHIM 1a0JI0-
HOM, CJICIYIOIMUMH BBIPasKCHUAMNA

Ui+l — Uj Uy — Uj—1 —3u; + 4uip1 — Uigo
1 2 3
) Az ) A ) 2Azx
Su; — 4w + ui— U — Uj— WUjt] — U
4) 7 2zAalj 7 2; 5)S 7 A$z 1 +(1_p) z+1A:C 9

Xopolne cxoauMble pellleHus 0JIy YeHbl IIPY OJHUX U TeX XKe IapaMeTpax UCCJICI0BaHus BapHaHTax
3)ud) mupu S =0,5,p = 0,6 Bapuanram 5. Bapuanrax 1) u 2) HeBcerja moJy94arorcsi CXOIUMbIe
pelenns.

JloCTOBEPHOCTD PE3YJILTATOB ObLIO COACTABIEHBI ¢ TOYHLIM PENIeHreM ypasHeHus Bioprepca
C YACTHBIM CJIy9aeM.
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AJITOPUTM TIOCTPOEHUS ONTUMAJBHBIX KBaJAPAaTypPHBIX (POPMYJI C ITPOU3BOAHBIMHU JIJIsI
OpuGIN2KEHHOT0 BbIYUCJJIEHUsI NHTerpajoB AbeJsisi B IPOCTPAHCTBE ng)(O,t).
L2 MTIagumeros X.M, 2 Janues B.C.
L Tawmenmexuti 2ocydapemeennmiti mpancnopmmoni yrusepcumem, Tawwkenm, Yabexucman
2 Mnemumym mamemamuxy um. B.H1. Pomanosckoeo, Tawkenm, Yabexucman,
3 Qepeancruti nosumernuveckuts unemumym, Pepeana, Y3bexucman,
e-mail: kholmatshadimetov@mail.ru, b.daliyev@Qferpi.uz, bahtiyorjon@inbox.ru .

€T
YpasHenust Buza f(z) = f @ #ls )C)li, 0 < a < 1 Ha3bIBaIOT O0OODOIIEHHBIM UHTETPAJBHBIM yPaB-

mernueM AGejisi. Perrerust 06001IIEHHONO UHTErpabHOTO ypaBHeHusT AGesist nMeeT BUJL

™

o(s) = sin am 51(00)4 +/(Sf_(z))cfia
0

Harma 1menb siBasieTcst B MOC/I€IHEM PaBEHCTBE ¢ OOJIBITON TOYHOCTHIO BBIYUC/IUTH wHTerpaj. s
9TOr0 PACCMOTPUM KBAIPATYPHYIO (hOPMYJTYy C TPOU3BOIHBIMU CJIEYIONIETO BUIA

! N
/ A = 2 (COBle(r8) + COBl D (1B) + CO[Bl D (kB)) M
J e

B stoMm CclIyvdae KBaJdpaT HOPMBI (byHKHI/IOHa.Ha IIOI'PENIHOCTHU 3allMIIIeM B BHE

2 2

5—v VSl n
1L = Z Z Z Z o ](hﬁ h;) (5_1/_91/(;5 hy)

=0 =0 v=0 v'=0

ol (v) 2 v (V) 2ot
+2B§00 812 VA8 - e T ey @)
31ech
(u) 525 (—1)V+j(hﬁ)47jta+j (t o hIB)SJrafI/
3 2],:0 (4—v—j)la+ 4] [+ 5 — ]!
rae b = %’ N=23,.. [a+5]!=ala+1)(a+2)(a+3)(a+4)(a+5). Ksagpar nopmbr (2)

MuEEMEBIpYeM 110 Koadbdumuentan C2) (8], B=0,1,...,N
st aTOro cocraBuM pyHKIWMIO Jlarpanxka

A = 11L®* 2 al @3] — 2142 O[3
1UEE” .01 + 22 | S C®18) - oo "2 ( >+ ¢ WB)(hA))
B=0

Brrunciisis gactabie IIPOU3BOAHBIE U TPUPABHAA K HYJIIO IIOJIYINUM

OA
_C 0, B=0,1,..,N,
scap ~ " P
oA

OTH paBeHCTBa JAI0T HAM CUCTEMY JIMHEHHBIX ajredpanvecKux ypaBHEHUN JJIsi HAXOXKIeHUs Heu3-
secrabix Koabdurmenros C[B] .

S oML kg s, LN, )
=0
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N 2ta+2 N o 2 o
> 018 = o = 2 (€ V1B +E Vi), (4)
=0 =0
31ech X N .
Rl = 118)- 3. (-1)' 3 & Op P s onhi - 1), 6
i=0 ¥=0 ’

(2)[5] _ ;i (_ )j(hﬂ)"ﬂ*jta-ﬁ-j (t _ hﬁ)a+3.

(3 = )M+ ]! o+ 3]! (6)

o o]
Permenne cucremsr (3)-(4), Koropsie Mbr 0603ragmm O (D[], 2 mpeacrapisior cobomo cra-

IIOHApHYIO TOUKY Jyist (yukiwn Jlarpamxka A.
[¢]
Teopema. Onrumanbabie kodddumuenrsr O (2 8], 8 =0,1,...,N gBagparypHbix GopMyI
(3)
Buga (1) B upocrpancrse Cobostesa Ly’ (0,t) umeror Buj
hP

8®M:M1BM—RM+37

C @B = b [R[B+ 1] — 2B:[8] + F[8 — 1]],
mpu 8 =1,2,..., N,

(o]

P
C OIN = 5 +h7 B[N — 1] = B[N
OcrajibHBIE ONTUMAJIbHBIE KOI(DMUIIUEHTHI T.€. (O] O], 8‘ (W[B] mpusemensr B [1].
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L Tawxenmemuuii 2ocydapemeernviti mpancnopmuiti ynusepcumem, Tawkenm, Yabexucman,
e-mail: kholmatshadimetov@mail.ru
2 Qepeancruti 2ocydapemeentod yrusepcumem, Pepeana, Yabexucman,
e-mail: otoshboyev@bk.ru

B nacrosiiieit pabore MBI pacCMOTPHUM CJIEYIONIYIO KBaJIPATypPHYIO (DOPMYJy i npubJim-
JKEHHOT'O BBITHUCJICHUs CJIA00 CUHTY/ISPHOTO UHTErpasia

1
/ plo)dr ch (5). (3)

Baecw ¢ (x) € Lgl) (t,1), Cg, (B=0,1,....,N) - xoscbpurmentsr hopmyisr (3), h = %, N - marty-
pasbHoe uncio, t < 1, xg = hf + t. Hamomumm, uro Lgl)(t, 1) sTo mpocrpancTeo CobosieBa 1 OHO
ABJIAETCS I'MJILOEPTOBBLIM IIPOCTPAHTCBOM (DYHKIMIA IIepBasl IPOU3BOAHAS KOTOPBIX MHTEIPUPYMBbI
¢ kBasipaToM B uHTepBase [t,1]. Ciemyromas pasHOCTh HA3BIBAETCSI [IOTPEIIHOCTHIO KBAJPATYPHOI
dopmyer (1)

1
/ ple Zngaxg) 0<a<l. (1)

B=0
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DTa pasHOCTD OIpee/IesieT JTUHEHHBIH (PYHKIIMOHAJ HAJT JAHHBIM IIPOCTPAHCTBOM

N
l(z) = e (2) — ) Cpd(x — xp), (2)
B=0

1
(JZ o t)lfa

r7ie £,1) (¥) — XapaxTepuctndeckas dynkima untepsana [t, 1], 6 (r) — nenpra-bynxima lupaxa.

[TorpemHocTh KBaIpaTypHOiT (OPMYJIBI OIIEHUBAETCA CBEPXY ¢ HOPMOIi by HKIIMOHAIA TOTPEl-
Hoctu £(x). Yrobbl BorMUCUTH HOPMY (BYHKIIMOHAJA OTPEIIHOCTU UCIIOJIb3YeTCsl IKCTPEeMAaIbHAsT
dyukms kBagpaTypHOii bopmMybl (1), MMeronast ciieyonui Bu,1

lz]

be(x) = —L(z) * G1 (2) +po, G1(2) = 5

, Do — KOHCTaHTA.

Torma aj1st HOpMBI (DYHKIIMOHAIA IOTPEIITHOCTHA UMEEM CJIEIYIOIIee BhIParKeHme

(0, 4y) = [ZZC[;C Gy (hf — hy) —

g | -
B=0~=0

1

11
_QZCB/ (x —t)* Gy (z — (hB + 1)) dz + /a:—ta Yy —t)*'Gy (x — y) dzdy|.  (3)
t ot

Munnmusupys Hopmy (4) dynkimonana norpentsocti (3) no xosddumentam Cg Ipy yCI0BHT

(Za 1) =
J1st KO3 DUIMEHTOB ONTUMAIBHOI KBagpaTypHoil (hopMyiisl (1) oIy duM cucTeMy JIHHEHHBIX ypaB-
HEeHU .
GiB]*Cs+po=filBl, B=0,1,..,N,
Cp=0, hB¢lt1],
N o
> Cs =0
£5=0
31ech
h3
ailg =" g=nst,

1
/ )16y [z — (B + 1) da

1
/ ozld$
t

B nacrosieit pabore, perast Bbilie IPUBEICHHYIO CUCTEMY /1 KO3(DDUIMEHTOB ONTUMAILHON
KBaJpaTypHOii (hbopMyIIbl (2), JOKa3aHa CJIeAyIonast
Teopema 1. Koaguyuenmo, onmumarvholi keadpamyprot gopmysv. (2) 6 npocmparcmee

Lgl)(t, 1) umerom caedyrowuti 6ud

ha
Co= lax1)

o h® a+1 o a+1 —
Cﬁ—m((ﬁ+1)+—264_1“‘(5_1)4_)75_1’27aN_lﬂ
(1= h® a+1 atl1
On =—— +a(a+1)((1—t—h) (1) )
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SECTION IV. PROBABILITY THEORY AND MATHEMATICAL STATISTICS

Panjaradagi ikki zarrachali sistema energiyasining bir ehtimol bilan qabul giladigan
giymatlari
IAbdullaev J.I., 20O¢‘rolov F.R.
L Sharof Rashidov nomidagi Samarqand davlat universiteti, Samargand, Uzbekistan
e-mail: jabdullaev@mail.ru
2 Sharof Rashidov nomidagi Samarqand davlat universiteti, Samarqand, Uzbekistan
e-mail: orolovfarhod41@mail.ru

Mikroobyektning qandaydir fizik migdorini o‘lchash uchun mikroobyektni asbob bilan o‘zaro
ta’sir gilishga majbur etish kerak. Bu o‘zaro ta’sir natijasida asbobning makroskopik holati o‘zgaradi,
yani o‘lchash akti yuz beradi. Odatda mikroobyekt asbob bilan o‘zaro ta’sir qgilganda ko‘chkisimon
jarayonni (masalan, Vilson kamerasida bug' kondensatsiyasini) chaqiradi, bu esa asbobning makro-
holatining o‘zgarishiga olib keladi.

Umumiy holda o‘lchash natijasini oldindan aniq aytib berish mumkin emas ekan (hatto
o‘lchash o‘tkaziladigan sharoitlar hagida barcha mumkin bo‘lgan ma’lumotlar to‘planganda ham).
O‘lchash natijasi tasodifiy miqdor bo‘lib, kvant mexanikasida bunday miqdorlarning tagsimot
gonunlari o‘rganiladi [1].

1-ta’rif. Qiymatlarini tajribada aniglash mumkin bo‘lgan fizik kattaliklar kuzatiluvchan miq-
dorlar deyilads.
O‘Ichash natijalari haqiqiy sonlar deb hisoblanadi.

1-postulat. Kvant mezxanikasidagi sistemaning holatlari Q0 kompleks separabel Hilbert fazosi-
ning (birlik) vektorlari bilan ifodalanadi. Bunda ikkita vektor ayni bitta holatni fagat va faqat nolmas
kompleks ko ‘paytuvchiga farq qilgandagina ifodalaydi. Har bir kuzatiluvchan miqdorga 0 da chizigli
0°‘z-0°ziga qo‘shma operatorni bir giymatli mos qo ‘yish mumkin.

a kuzatiluvchi miqdorga mos chiziqli o‘z-o‘ziga qo‘shma operatorni A bilan, uning aniglanish
sohasini D(A) bilan belgilaymiz.

Energiya har ganday kvantomexanik sistemada muhim fizik kattalik bo‘lib hisoblanadi.
Bu kuzatiluvchan miqdorga mos operatorni H orqali belgilaymiz. Quyidagi postulat H energiya
operatori sistema evolyutsiyasining qonunini aniglashini ta’kidlaydi [1].

2-postulat. Biror t = 0 vagt momentida sistemaning holati 1o vektor bilan tasvirlansin. U
holda iztiyoriy t vaqt momentida sistemaning holati ¥ (t) = Upby vektor bilan tasvirlanadi, bu yerda
U; evolutsiya operatori deb ataluvchi unitar operator. Agar (t) vektor-funksiya H operatorning
D(H) aniglanish sohasiga aqalli t = 0 da tushsa, u differensiallanuvchi bo‘ladi va

dy(t)
h———= = Hy(t 1
w0 = () 1)
munosabat o‘rinli, bu yerda h — Plank doimaysi.

(1) munosabat kvant mexanikasining asosiy tenglamasi bo‘lib, u Shryodinger tenglamasi

deyiladi.

2-ta’rif. Vaqt o‘tishi bilan o‘zgarmaydigan holatlar statsionar (barqaror) holatlar deyilads.

Energiya statsionar holatda ayni bitta qgiymat, energiya operatorining xos qiymatini bir
ehtimol bilan gabul qiladi.

3-ta’rif. Statsionar holatlarni (H energiya operatorining xos vektorlarini) ifodalovchi

Hy = X 2)

tenglama Shryodingerning statsionar tenglamasi deyiladi. Biror A € C uchun (2) tenglama nolmas
yechimga ega bo‘lsa, 1 yechimga statsionar yechim deyilads.

Boshqacha aytganda ) holatda energiya 1 ehtimol bilan A giymatni qabul giladi. Yuqori-
dagilardan quyidagi natijani olamiz.
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1-natija. Kuzatiluvchan a miqdor ¢ holatda ma’lum A qiymatni 1 ehtimol bilan qabul qilishi
uchun 1 holat A operatorning A xos giymatiga mos xos vekori bo‘lishi zarur va yetarli.

Bu ishda bir o‘lchamli panjarada harakatlanayotgan ikki zarrachali sistema energiyasining
statsionar holatlari o‘rganiladi. Panjaradagi ikki zarrachali sistemaga mos energiya operatori £o(Z?)
Hilbert fazosida

H = Ho— Vi
fo‘rmula bilan o‘z-o‘ziga qo‘shma chegaralangan operator sifatida aniglanadi. Bu yerda Hy ikki
zarrachaning kinetik energiyasiga mos operator bo‘lib, u quyidagicha beriladi:

-1 1

Bu yerda m; birinchi zarrachaning, ms ikkinchi zarrachaning massasi. A1 = A® I va Ay =1 ®
A bo‘lib, I — ¢9(Z) dagi birlik operator, panjaradagi Laplas operatori A ni quyidagi ko‘rinishda
tanlaymiz:

(A)(n) = (n +2) +P(n - 2) = 2¢(n), ¥ € ().

Zarrachalarning o‘zaro ta’sir energiyasi Via esa quyidagi ko‘rinishda bo‘ladi:
Potensial © : Z — R ni quyidagicha tanlaymiz:

po, n=20
f)(n) = M1y \n| =1
0 , |n|>2,
to va py lar musbat sonlar (pg > p1 > 0).

Biz Ly(T) bilan T = [—m, 7] da Lebeg manosida kvadrati bilan integrallanuvchi funksiyalar
sinfini belgilaymiz, Ly(T?) bilan quyidagi tenzor ko‘paytmani belgilaymiz Lo (T?) = Lo(T) ® La(T).
Energiya operatori H ning koordinat tasviridan impuls tasviri H = FHF~! ga Furye almashtirishi
F : 05(Z%) — Ly(T?) orqali o‘tiladi. Energiya operatori H va Ls(T?) fazo quyidagicha to‘g'ri
integralga yoyiladi [2-5],

— 2\
H_/T@H(k)dk, Ly(T?) _/T@Lg(’]l‘)dk.

Har bir tayinlangan k£ € T da
H(k) = Ho(k) =V (3)

operator Ly(T) Hilbert fazosida aniglangan bo‘lib, uning qo‘zg‘almas qismi Hy(k):

Ho®)F)B) = ex@)fB),  enlp) = —e) + —elk—p),  (p) =1 — cos2p.

Zarrachalar o‘zaro ta’sirini ifodalovchi operator V' esa:

(VHp) = % /T (110 + 241 cos(p — s)] f(s)ds.

Istalgan k € T uchun H(k) = H(k + m) tenglik o‘rinli bo‘lgani uchun & € [-7, ] deyish mumkun.
a deb quyidagi ifodani belgilaymiz:

1 1 2
a:\/2+2+cos2k.

mjy  myz M2
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Teorema. [ztiyoriy musbat pig, p1, my1, mg va k € [=%5, 5] lar uchun H(k) operator ikkita

1 1 1 1 24+ (i +a)?
M=—+——/a2+ 2 wa A2:—+——a-“§(“—1)2
mi; Mo mi  Mma ps — (1 +a)
xos giymatlarga ega. Agar 1 > a bo‘lsa uchinchi xos giymat
L1 i+ —a)?
my - my i — (p1 — a)?
paydo bo‘ladi va bu giymatlarga mos holat funksiyalari quyidagicha bo ‘ladi:
sin p
er(p) — Az’

1 cosp

hn = B0 =

) =M fs(p) =

2-natija. Har bir f;(i = 1,2,3) holatda energiya o‘zining A; qiymatini 1 ehtimol bilan gabul
qiladsi.
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Estimation of cumulative hazard function by using of efficient estimator of regression
parameter under random censoring from both sides
! Abdushukurov A., ?Erisbaev S.
L Moskow State University named after M.V.Lomonosov, Tashkent Branch, (Tashkent, Uzbekistan,),
e-mail: a_abdushukurov@rambler.ru
2 Nukus State Pedagogical Institute named after Ajiniyaz (P.Seyitov s/n, Nukus, Uzbekistan),
e-mail: sabitbekn@mail.ru

In the analysis of survival data one of widely applied models is the proportional hazards
model of Cox (1972, 1975). According to this model, the relationship between a lifetime Z and the
covariate V' is modeled via cumulative hazard function A(z/v) of Z given covariate V = v as

A(z/v) = Mz /0)exp((57,0)), z € BT = [0, 20), (1)
where the unspecified baseline cumulative hazard function A(x/0) = Ag(x) is assumed to be
continuous,

Az /v) :lgng(Z§$+h/ZZ$,V:U) (2)
and V = (W1,...,V},) is the vector of covariate, 8 = (f1,...,0p) is the vector of regression

parameters. In this model of Cox the primary goal consist in estimation of cumulative hazard
function from independent observations {(Z;,V;) ,i =1,...,n} of vector (Z,V). At present time
there is an enormous literature on researches of the above mentioned problem of estimation when a
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random variables Z; are either observed completely, or subject to random censoring from the right
(see, for example, Badnarski (1993), Pons (2000) Tsiatis (1981), Breakers and Veraverbeke (2005)
and others). We consider this problem when random variable Z is exposed to random censoring
at the left and on the right by random variables L and Y correspondingly. In view of presence of
censoring from the left the problem is reduced to estimation of truncated cumulative hazard function
from the left at some point 7 > 0. Consider Cox’s model under random censoring from both sides
(see, [1-4]).
Let us denote joint distribution functions

m(v) =PV <v)=PVi <v,...,V, <wvp), v=(v1,...,vp) € RP,
H(zx/v)=P(Z <z/V =), K(:E/v):P(LS:L"/V:v),
G(z/v)=P(Y <z/V=v), z€R".

It is easy to see that according to (1) and (2): H (z/v) = 1 — exp {—exp ((57,v)) Ao (z)} .

We consider the conditions, which assumed to hold:

(C1) Joint distribution of a vector (Z, L,Y, V') is such that components of vector (Z, L, V) are
conditionally independent for given V;

(C2) Joint distribution of a vector (Z,L,Y,V) is such that for numbers rand T, 7 < T,
Ao (T) < o0 and

<in£T/P(L§xgmin(Z,Y)/V:v)dTr(v)>0; (3)
=

According to (C1) the condition (3) one can represent as

inf /K(m/v) (1-G(z—/v)(1—-H(x— /v))dr(v)>0,

r<a<T

where H(z—) = lim H (u).
utx

(C3) The observation is available for the (¢, L, x1, x2, x3, V), where ¢ = max (L, min (Z,Y)),
x1=1Imin(Z,Y)<L),x2o=I1(L<Y < Z)and x3=1(L<Z<Y). Here the random variable
Z is observed only in case of y3 = 1.

Let S = {(Gs Ly, x1js X255 X35, Vj) , 5 = 1,...,n} is observed vectors of independent sample.
It is easy to establish the equality

E(zx/v) =P (( <z/V; =v) =Ti(z/v) + Ta(x/v) + T3(x/v), (4)
where conditional subdistributions: Ti(z/v) = [Of] 1-01-Gu—/v)(1—-H(u/v))) dK(u/v),
To(z/v) = [of] K(u/v)(1 — H(u/v)) dG(u/v),Tg(:;:/v) = [Of] K (u,v) (1 — G(u/v)) dH(u/v). Then

according to (4) the distribution function of random variable ¢ is

E() = P(¢; <o) /Ex/vdﬂ) Ti(x) + To(x) + T (),

where T, f Tin(x/v)dm(v), m = 1,2,3. Let us introduce corresponding empirical estimators

for E(x), Tm(x), =1,2,3 and 7(t) by sample S™ (sce,(3)):

n ot
En(x) = & a2 (G sz) =3 103Tmn(2), zER,
TI'n() Z 1](V1j§t1,...,ij§tp), tERp,

Trn ( Z?le(cjgx,xmj:1)7m:1,2,3;x€§+.

|| Sy

For simplify of calculations we consider a case of one-dimensional covariates (p = 1). Let
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w® (u; B) = /vs -exp(fv)P (L < u <min(Z;,Y;)/V; =v)dr(v), s =0,1,2.
R

We estimate parameter 5 by solving the following log-likelihood function equation:

o & wg) u;
HOREE > / ( - M) AN;(u) =0, (5)
1= [07T] n )

where N;(u) = I (Lj < Z; < min(Y;,u)) is the counting process. Let By is a solution of equation (5).
Then a corresponding estimator of A(z) we receive by substitution: K(T%) (x) = A%) (x; En), x>T.

In following theorem we declare the consistency property of estimator Bn of parameter f3.
Theorem 1. Assume the conditions (C1) — (C3) hold, distribution function is absolutely

continuous and

sup E[Vexp(tV)]? < K < oo, (6)
teB(e0;P)

where B(eg; B) is the interval of length 2eg with the center at a point 5 (true value). Then equation
(5) has a solution {Bn,n > 1} and P ( lim Bn = ﬁ) =1.
n—oo

: : : w® wp) _ (wDwp)\? s :
Define information function J(8) = [ WO (wp) (w(0>(u~/3)> dT3(u), and its intermediate
[0.7] ’ ’

2
(2) (4, (1) (4
estimator J,(8) = [ [wn2 (wh) _ (wnl (u,ﬂ)>

[O,T] 'LUS)) (u,ﬁ) w%{)) (uuB)
Let us introduce also the following condition:

(C4) Functions {w(k)(u;t), k=0,1, 2} are uniform continuous functions on u € [0,7] and
t € B(eo; ), and also are bounded on [0,7T] x B(eo; ).

Theorem 2. Assume the conditions (C1) — (C4) and (6) are satisfied. Then at n — oo

dTgn (u)

VB = 8) > N (0: (7(8) )
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Interval akslantirishlari sistemalari uchun markaziy limit teorema
Begmatov A.S., Shadieva Sh.I.
Mirzo Ulug’bek nomidagi O’zbekiston Milliy Universiteti, Toshkent.
e-mail: abdumajidb@gmail.com

Ushbu ishda ba’zi interval akslantirishlarining chekli oilalari orqali hosil gilingan tasodifiy
iteratsiyali funksiyalar sistemasi uchun limit teoremalar o’rganiladi.

Aytaylik, (S, d) metrik fazo bo’lsin. S ning barcha Borel qgism to’plamlari o-algebrasi B(S)
dagi barcha chekli o’lchovlar to’plamini M (S) orqali belgilaymiz. M;(S) C M(S) orqali S dagi
barcha ehtimollik o’lchovlari gism to’plamini belgilaymiz. C(S) orqali |- || supremum normali barcha
chegaralangan uzluksiz funksiyalar oilasini belgilaymiz va < p, f >:= [ g Jfdp deb olamiz.

P : M(S) — M(S) operator Markov operatori deyiladi, agar u quyidagi ikkita shartni
ganoatlantirsa:

(1) barcha A1, A2 > 0, py, o € M(S) lar uchun P (A1p1 + Aopo) = A1 Pug + Ao Pus;
(2) pe M(S) uchun Pu(S) = u(S).

Agar shunday U : C(S) — C(S) chiziqli operator mavjud bo’lib, U* = P, yani f € C(S),u €
M(S) uchun < p,Uf >=< Ppu, f >, bo’lsa, P Markov operatori Feller operatori deyiladi. Agar
Pu, = py bo’lsa, p, o’lchov P Markov operatoriga nisbatan invariant deyiladi.

H™ orqali barcha yo’nalishini saqlovchi aylana gomeomorfizmlari to’plamini belgilaymiz.
Aytaylik, I' = {g1,...,9r} € H" gomeomorfizmlarning chekli to’plami bo‘lsin. >, = {1,...,k}"
deb olamiz va )., =J72; >, — elementlari {1,...,k} to’plamdan bo’lgan barcha chekli so’zlar
to’plami bo’lsin. ¢ € ), i = (i1,...,%,) ketma-ketlik uchun, |i| orali uning uzunligini(n ga teng)
belgilaymiz. ) orqali {1,... ,k}N ko’paytma fazoni belgilaymiz.

Endi T" orqali hosil gilingan yarimgruppadahi akslantirishlarni qaraymiz, ya’ni barcha g; =
Giniim10in = Gin © iy, © 0 gi; kompositsiyalar qaraymiz, bu yerda i = (i1,...,i,) € Y.,. v € S*
nuqtaning orbitasi ushbu O (z) = {g; (z) : ¢ € >_, } to’plam bo’ladi.

Aytaylik, p = (p1,...,pn)— berilgan {1,...,k} dagi ehtimollik tagsimoti bo’lsin. P orqali
ko’paytmadagi ehtimollik tagsimotini belgilaymiz. Tushunarliki, p = (¢g;) = p; deb olsak, p vektor
I" da p ehtimollik tagsimotini aniqlaydi. Barcha p; lar qat’iy musbat deb faraz qilamiz. (I, p) juftlik
iteratsiyali funksiyalar sistemasi deb ataladi. Ushbu

Pp=>Y _geTp(guog

ko’rinishda berilgan P : M (S') — M(S') Markov operatori Feller operatori bo’lib, u I' to’plamdan
tasodifiy tanlangan akslantirish bo’yicha tagsimotning evolyutsiyasini ifodalaydi, bu yerda pu o
g7(4) = (g 1)(A), A€ B(S").

Aytaylik, p, € M(S')-berilgan (T, p) iteratsiyali funksiyalar sistemasi uchun invariant o’lchov
bo’lsin. (X,,)n>0 orqali (T', p) iteratsiyali funksiyalar sistemasiga mos Markov zanjirini belgilaymiz.
Aytaylik, ¢ : S — R funksiya J g1 ¢dp, = 0 va Go’lder shartlarini ganoatIntiruvhi funksiyasi bo’lsin.
Quyidagi belgilashlarni kiritamiz:

S = Su(#) = 6(Xo) + - +6(Xn),  Si=m 21

Teorema. Aytaylik, ¢ : S' — R idatiyoriy Go’lder uzluksiz funksiya bo’lsin. Agar T =
{91, ..., 9k} akslantirishlar oilasi minimal bo’lsa va T ga nisbatan invariant o’lchov mavjud bo’lmasa,
u holda ixtiyoriy p = (p1,...,pr) ehtimollik vektori uchun (T, p) iteratsiyali funksiyalar sistemasi
uchun markaziy limit teorema o’rinlt bo’ladi, ya’ni

S* = N(0,0), o®= lim M(S:)>.

n—o0
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A Kernel estimates of distribution function under right random censoring
Bozorov S.B.
Guliston State University, Gulistan, Uzbekistan
e-mail: suxrobbek 8912@mail.ru

Let X1, X9, ..., X, be a sample of n i.i.d. survival times censored at the right by n i.i.d. random
variables C1,Cy,...,Cy, independent of the X;’s. Let f and F' be the density and distribution
function of the X;’s and G the distribution function of the C;’s. The observed data are then
the pairs (Z;,0;), ¢ = 1,...,n with Z; = min{X;,Y;} and §, = [ (X; <Y;) is the indicator of
the event {X; <Y;}. The observed data form an i.i.d. sample with probabilty density h and
distribution function H which satisfies 1 — H = (1 — F) (1 — G). The main problem consist in
nonparametrical estimating of F' with nuisance distribution function G based on censored sample
cn) = {(Zi,&) , 1= 1,7}, where the number of observed X; ’s v, = 01 + ... + 0, is random. In [1]
authors proposed presmoothed relative-risk power estmator FI'® (t) =1— (1 — H, (t))Rf”(t) ,t€R!
of F(t), where H, (t) = 3" I(Z;<t) is an empirical estimate of H () and Rj(t) =

(A (8)7" - AR, (1), Here A, (1) = Y7y wd i, AL, (1) = [* pn (u)dAy, (u) and for a
given kernel k and bandwith sequence {h (n), n > 1}

R [Z ok (%@

=1

n

P (t) = [Z nhl(n)k (th_(nZ)Z>

i=1

be Nadaraya-Watson esimator of regression function
p(t)=P(5;=1/Z;=t)=E[5;/Z; =t], t e RL.

It is not difficult to see that corresponding presmoothed relatve-risk power estimator of d.f.
P
G (t) may be defined by formula GE (¢) = 1—(1 — H, (t))' ")  Here an estimate of the unknown
survival function S (¢) = P (X > t) for a continuous duration X is S (t) =1 — F (t) where

R 1 0 =2
Fn(t):n21G5R(ZZ)W<h(n)>

=1

and W (t) = ffoo k (u) du. Denote with g, (W) the m th moment, m = 0,1,2 of the kernel W (+)
and with R (W) the integral of function W2 over it A domain. The following conditions are assumed
thraughout:

(C1) S (t) is twice differentiable and S” (¢) is bounded and uniformly continuous;

(C2) For m = 0,1,2, th m th derivative of W, W) is bounded and absolutely integrable with
finite second moments;

(C3) R(W) < 400 and po (W) =1, u1 (W) < 400, i.e. the kernel W is of order 2;

(C4) There exists small enough h such that W (ﬁ) -(1—H ()" is uniformly bounded for

|t — x| > M, for any M > 0. Introduce the ISE:

I, = ISE (S s) - /

—0o0

“+o00

(S (t)—S (t))2 dt.
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Theorem. There exists the sequence d (n) such that under condition (C1)—(C4) and h (n) —
0, nh(n) — 400 as n — oo we have

d(n) (I, — EI,) = C- €.

Where contant C depends on distribution H and ¢ is an standard normal random variable.

1.0 A

0.8

0.6

0.4 1

0.2

—— Fltc)=1—e7" (t=0)

0.0 A —— Fnlt)— estimator

0 1 2 3 4 5 6 7

Fig. 1: F}, (t) — estimator

The model of this estimator is built using the Python programming language and we draw
the following. Sample size n = 1000, degree of censorship 10%.
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The Use of Principal Components Analysis in the Assessment of Regional
Development Processes
Khudoykulova H.
National University of Uzbekistan named after Mirzo Ulugbek, Tashkent, Uzbekistan
e-mail: hxb-2004@mail.ru

Socio-economic development is a multi-dimensional process that cannot be fully assessed by
a single indicator. This requires the construction of a composite index (rating) of socio-economic
development based on the optimal combination of various development indicators.

Principal components analysis (PCA) is justified by data set dimension (12 characteristics
for the 14 regional administrative divisions of Uzbekistan), all the 12 variables being quantitative
continuous. According to the principal component features and the component index value we use
this formula to calculate composite score:

Formulas in the text are numbered as follows

n
CI=> (PCV;*PCC;) (1)

i=1
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where CI - composite index, PCVi - i-th principal components variance contribution rate, PCCi -
i-th principal component coefficients, n - number of components.

Assign each of the composite Z-scores to a score in the range 0 to 1 by mapping to the
cumulative normal distribution.

The inter-district variations are grouped into four categories of less developed region, moderate
developed region, developed region and highly developed region on the basis of natural break (Jenks)
method.

Statistical data processing was conducted using SPSS software.

By using the method of the composite index (CI) the level of development in terms of socio-
economic development in Uzbekistan has been evaluated (table 1). The relation between the value of

Ta6smia 1: Composite index value matrix of socio-economic indicators

Composite Level of | Name of regional administrative divisions

index development

0.26—0.36 Very low Surkhandarya(0.26), Kashkadarya(0.29), Namangan(0.33),
Samarkand(0.30), Fergana(0.34)

0.36—0.52 Low Andijan(0.36), Rep.of Karakalpakstan(0.39), Khorezm(0.42),
Jizzakh(0.46)

0.52—0.90 Moderate Bukhara(0.52), Syrdarya(0.58), Tashkent(0.64)

0.90—0.95 High Navoi(0.90)

0.95—1 Very high Tashkent city (0.95)

composite score and the level of development is direct for instance regional administrative divisions.
With the greater value of composite score have the advanced level of development and the state
having lesser value recognize the lower level of improvement.

In social sciences cluster analysis was recognized as the most suitable method of classifying
units into groups of similar characteristics. Serving as input variables for cluster analysis were factor
scores. For grouping objects into clusters. non-hierarchical clustering method, the "k-means"method
was used. The main advantage of this cluster method is that it is more convenient to group the
objects into clusters according to the measured characteristic. Most clustering methods are based
on distance or similarity matrices calculated from the underlying data rather than from the original
data. Here we shall concentrate on distance measures, of which the most common is the Euclidean
distance given by:

n

dij = | Y (@i —z5)° (2)

=1

where d;; is the Euclidean distance for two individuals ¢ and j, each measured on n variables, x;;, x,
l=1,...,n.

Decision on the number of clusters is based on the analysis of variance (ANOVA) (table 2).
At the given significance level of 5 percent and empirical significance level of 0.000 for factor one

Tabimma 2: ANOVA Results for Two Proposed Clusters

Factor | Means between clusters | s.s | Means within clusters | s.s | F ratio | p—value
Factor 1 2.439 5 0.101 8 | 24.167 0.000
Factor 2 2.397 5 0.127 8 | 18.856 0.000

and 0.0000 for factor two, hypothesis H1 is accepted, etc. we may say that the means between the
six proposed clusters differ significantly (see Table 2 ANOVA results for six clusters). The results
indicating grouping of regions into six different clusters are significant.
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Fig. 2: Means of each Cluster

As this is confirmed by the significance test in ANOVA, the same can be verified by looking
at the graph of means, etc. by factor analysis identified dimensions of socio-economic development
and means of an individual cluster (see Figure 1).

According to the results of the cluster analysis, Khorezm, Andijan, Fergana, Namangan,
Samarkand, Kashkadarya regions and the Republic of Karakalpakstan belong to cluster 1; Tashkent
city to cluster 2; Tashkent and Bukhara regions to cluster 3; Jizzakh and Surkhandarya regions to
cluster 4; Syrdarya region to cluster 5; Navoi region was classified as the regions belonging to cluster
6.
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Limit theorem for the critical Galton-Watson branching processes
'Kudratov Kh., 2Saydulloyeva Sh
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Suppose that {{(k, j) , k,j € N} be a sequence of independent identically distributed random
variables taking non-negative integer values. Let the random variable £(1,1) have the distribution

pr=PE1,1)=k), k=0,1,...,

with the generating function
o
F(s):= B0 =) "psb 0 <s <1,
k=0

and pg + p1 # 1. Consider the process W(k), k > 0 defined by the following recurrent relation:

W(n—1)
W©O)=n, Wn)= > &nj), neN, (1)

=

—

here 7 is a random variable that takes positive integer values and independent on the sequence of

random variables {{(k,j) , k,j € N}.
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We call the process {W(k) , k> 0} the Galton-Watson process starting with a random
number of particles . It is well known [1], the asymptotic state of the process {W (k) , k > 0}
depends on the mean value of the random variable £(1, 1), and it is divided into the classes as follows.
It is clear that F'(1) = E£(1,1). The process (1) is called subcritical, critical and supercritical if
F'(1) <1, F'(1) = 1 and F'(1) > 1, respectively.

In this work, we consider only critical processes.

We denote the Galton-Watson process generated by the i-th particle in the initial state
by Wi(n), n = 0,1,.... Obviously, W;(n), n = 0,1,... , ¢ > 1 form independent and identically
distributed Galton-Watson branching processes. It is known [1] that W (n) can be represented as

W(n) =Y Wi(n), neN. (2)

i=1

Independence of random variables 1 and (¢, 5), ¢ > 1, 7 > 1 implies independence of W;(n) and the
random variable 1. Denote by P(n) the probability of degeneration of the process {W (k) , k > 0}
at the n-th step, i.e. P(n) = P(W(n) = 0). We denote by R(n) the probability of continuation
of the process Wi(n) at the n-th step, i.e. R(n) = P(Wi(n) > 0). In what follows, we need the
following designations:

Q(n)=1—P(n), h(s):=FEs", Hy(s):=EsV™ A=K(1), o> =F"(1),

Fy(s) =s, Fi(s) = F(s), Fn(s) = F(F,—-1(s)) is the n-th iteration of F(s).
Further the sign a, ~ b, indicates that lim = =1.
n—oo "
The case when the process {W(k), k> 0} starts with one particle (7 = 1) has been studied
by many authors. So, in 1938, A.N. Kolmogorov [4] obtained the following famous result for the
probability of continuation R(n) of the critical Galton-Watson process:

2
R(n) ~ —. 3
()~ 2 3
In 1947, A.M. Yaglom [5] studied the conditional distribution of the variable W(n) given
W(n) > 0 and obtained the following result:

lim P (UEnW(n) <y/W(n)> 0> =1—-e? y>0, (4)

n—oo

here it was required F"’(1) < oo. The given results (3), (4) were later obtained by Kesten, Ney,
Spitzer [6] under the condition F”(1) < oo. In [7], V.M. Zolotarev obtained similar results for
branching processes with continuous parameters.

In 1968, Slack [8] considered the case of

F(s)=s+(1—-s)'"L(1~-5), ac(0,1], (S)

here L(x) is a slowly varying function on a neighborhood of zero, and obtained the following:

(1— Fy(0))°L(1 — Fy(0)) ~ — (5)

Tim B (exp {=A(1 = F(0))W(n)} /W(n) > 0) = 1= A(L+ A9 7HVe x>, (6)

This result implies the result by Yaglom (4) if « = 1 and F”(1) < oco. It should be noted that in
the case considered by Slack, the equality F”(1) = oo can be satisfied.

In [3], K.V. Mitov, G.K. Mitov, N.M. Yanev considered the critical case (F'(1) = 1) when the
second factorial moment was finite: F”/(1) = 0 < oo, and the generating function of the number of
particles in the initial state was satisfied the condition

1
1—s

h(s)=1—(1—s)"Lyg < > , 0€(0,1), (M)
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here Lo(z) is a slowly varying function at infinity, and obtained the following results:
P(W(n) > 0) =1 — h(F,(0)) ~ (¢°n) " Lo(n), (7)
lim E (exp {=A(l = F,(0)W(n)} /W(n) > 0) =1~ Ma+)"7?, x>0 (8)

With the help of Tauber’s theorems, it is not difficult to see that condition (M) implies that
the average number of particles in the initial state is infinitely. But it follows from (7) that in this
case, too, the critical Galton-Watson process will degenerate with probability 1.

Theorem. If the conditions (M) and (S) are satisfied, then
lim E (exp {~A(L = Fu(0)W (n)} /W (n) > 0) =1 = X(1+ A0 X > 0.

In the case of F"(1) < oo, Theorem 4 implies the result by Mitov, Mitov, and Yanev. If we set
formal @ = 1, a = 1 in the last Laplace substitution, we get the Laplace substitution (1+\)~! of the
exponential distribution.
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Proporsional intensivlik modeli bahosi uchun muvofiqlik kriteriysi
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Medik-biologik tadqgiqotlarda bemorning yashovchanligini tekshirishda,
injenerlik tajribalarida texnik qurilmaning ishonchliligi o‘rganilayotganda tekshirilayotgan obyekt
haqgidagi ma’lumotlar o‘ng tomondan senzurlanishi mumkin. Bunga misol qilib biror klinikada
davolanayotgan bemorning ma’lum sabablarga ko‘ra (doimiy yashash manzili o‘zgarganligi, boshqa
klinikaga o‘tganligi v.h.) klinikadan ketib qolishini keltirish mumkin. Bu holatda bemorning
klinikaga kelgan vaqtidan boshlab, toki klinikani tark etganigacha bo‘lgan ma’lumotlar bor. Ammo
ketganidan keyingi ma’lumotlar mavjud emas. Klinikada fagatgina bemorning chiqib ketgan vaqt
momentigina bor xolos. Shu va shu kabi misollar o‘ng tomondan senzurlanishli ma’lumotlarga misol
bo‘la oladi.

Faraz qilaylik X —o‘rganilayotgan obyektning umr davomiyligi bo‘lib, u o‘ng tomondan
gandaydir Y tasodifiy miqdor bilan senzurlangan bo‘lsin. Bu X va Y tasodifiy miqgdorlar o‘zaro
bog'ligsiz bo‘lib, ularning tagsimot fuksiyalari mos ravishda uzluksiz F' va G bo‘lsin.
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Ushbu {(Xk, Yx), £ > 1} ketma-ketlik (X, Y) juftlikning bog‘liq bo‘lmagan amaldagi
qiymati va

SM = {(Z;,6),i=1, ...,n}

—kuzatilgan tanlanma bo‘lsin. Bu yerda Z; = min{X;, Y;},6; = I (X; <Y;),va I (A)—A hodisaning
indikatori. Bu yerdagi asosiy statistik masala S tanlanma yordamida F tagsimot funksiyani
baholash. Bunday masala bilan bir-biridan bog’ligsiz ravishda [1| va [3] adabiyotlarda o’rganilgan
bo’lib, [4] da uni ACL (Abdushukurov-Cheng-Lin) bahosi deb atalishi tavsiya qilingan:
FF () =1-[1- H, ()", teR! (1)
bu yerda p, = 137 5 va H, (t)=L13" 1(Z;<t), teRL
Endi ushbu (1) baho uchun Kolmogorov kriteriysini o’rganish magsadida quyidagi statistikani

kiritib olamiz:
DACL — qup| P (1) — FACE (1
T

: (2)

bu yerda T' < Ty = inf (v : H, (t) = 1).
Yuqoridagi (2) ifoda uchun [4] adabiyotda ushbu intilish tezligi keltirib o‘tilgan:

DACL — sup |F (1) — FACE ()] = O ( lngm) . (3)
T

Biz yuqoridagi (3) intilish tezligini hisobga olib,

o sup [ (1) = FF (1) (4)
nimn T

tasodifiy miqdorni hosil gilamiz. (4) tasodifiy miqdorning tagsimot funksiyasi va limit tagsimoti
hagida xulosa chiqarish magsadida (4) ning ko‘rinishida tanlanma beruvchi dastur tuzib, ushbu
dastur yordamida turli F' (¢) va n lar uchun tanlanmalar olamiz. Olingan tanlanmalar asosida xulosa
chiqarishga urinamiz.

(4) ning limit tagsimoti olingan bosh to‘plam tagsimoti F'(¢) ning parametrlariga bog‘ligmi
yoki yo‘q ekanligini tekshirish uchun F (¢t) sifatida eksponensial tagsimotni tanlab, u yordamida
n = 500 (Rasm 1.) hajmli (4) ko‘rinishdagi tasodifiy migdorni hosil qilib uning tagsimot funksiyasini
chizib ko‘ramiz.

Fl:)~Expl-), n=500

109 - Expil)
Exp(3)
Expl(5)

0.8 1

0.6

0.4 1

0.2 1

0.0 1

0o 025 050 075 100 125 150 175

Fig. 3: F (t) —eksponensial tagsimlangan (tanlanma hajmi n=500)

Yuqoridagi rasmdan (Rasm 1) ko‘rinib turganidek tanlanma hajmi n=500 bo‘lganida
eksponensial tagsimotning parametrlarini A = 1,2, 3 olib, (4) ning tagsimot funksiyasi tasvirlangan.
Undan F' (t) ning parametrlari turli bo‘lganda ham (4) ning limit tagsimotiga ta’sir o‘tkazmasligini
xulosa qilishimiz mumkin.
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Shunday qilib, F'(t) —sifatida bir turdagi va turli parametrli tagsimot funksiyalarni
olganimizda (4) ning limit tagsimotida o‘zgarish bo‘lmadi. Endi tagsimot funksiyalarni ham turli
tanlab ko‘ramiz. Yuqorida parametrlarga bog‘liq emasligidan umumiylikka ziyon yetkazmagan holda
barcha tagsimot funksiyalarni standart parametrda chizamiz.

n=500

109 —=- yo 1)

Exp(1)
0.8 1 NiD, 1)
0.6
0.4
02
0.0

0o 025 050 075 100 125 150 175

Fig. 4: Turli tagsimot funsiyalar (n=>500)

Endi (Rasm 2) dan (4) ning limit tagsimoti tanlangan bosh to‘plamning tagsimot funksiyasini
tekis, eksponensial va normal olganimizda (4) ning tagsimot funksiyasi deyarli usma-ust tushmoqda.
Bu chizmalar asosida (4) F' (t) ga bog‘liq emas yoki bog‘liq bo‘ladigan bo‘lsa ham amaliy jihatdan
sezilarli emas degan xulosa berishimiz mumkin.
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Ushbu maqolada biz Markov zanjirlari tushunchalaridan amaliy masalalarni yechishda foyda-
lanish mumkin bo‘lgan misollarini ko‘rib chigamiz. Bularning barchasi shuni ko‘rsatadiki, insonning
amaliy faoliyatida duch keladigan ko‘plab hayotiy muammolarni hal qilish usullari Markov zanjir-
laridan foydalanishni talab qiladi|1-5].

1. Markov zanjitlarining amaliy masalalarni yechishda qo‘llanilishishga doir misollar.

1-misol. Avtomobillar taksi to‘xtash joyiga bir vaqtning o‘zida (bir vaqtning o‘zida) etib
kelishadi. Agar to‘xtash joyida odamlar bo‘lmasa, mashina darhol chiqib ketadi. Avtoturargohga k
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vaqt momentida kelgan yo‘lovchilar sonini n bilan belgilaymiz va 11,12, . . ., larni bog‘liq bo‘lmagan
tasodifiy miqdorlar deb hisoblaymiz. K vaqt momentidagi navbat uzunligi &, & = 0 bo‘lsin. &,, n >
0 tasodifiy miqdorlar ketma-ketligi Markov zanjiri bo‘ladimi?

Yechish. Agar &, = i bo‘lsa, u holda k + 1 momentda navbat uzunligi ;1 ga teng, bu yerda

~ _ Nk+1, 1= 07
”@y‘{¢1+m i>1

vani, &1 = (& — 1), bu yerda at = max(a,0). U holda, 7, tasodifiy migdorlarning
bog‘ligmasligiga ko‘ra

P(&1 = §l&k =i, ... &0 = 10) = P((&—1) k1 = J1&k = ik, ..., &0 = i0) = P(mps1 = j—(ixg—1)")

Xuddi shunga o‘xshash P(&,11 = j|&k = ix) ni hisoblaymiz.

2-misol. Sinaluvchilar oldida ko‘k (s) va yashil (z) chiroglari bo‘lgan ikkita tablo bor.
Chiroqglarning yonish ketma-ketligi bir qadamli o‘tish matritsalarga ega Markov zanjirlari bilan
tavsiflanadi

z S z S
1) =z 1/3 2/3 2) 2z 1 0
s 1/2  1/2 s 1/3  2/3

Sinaluvchi agar har ikkala panelda yashil chiroq yonib tursa, tugmani bosishi kerak. Tugmani
ketma-ket ikkita to‘g‘ri bosgandan so‘ng, u qanday ehtimol bilan, bosmasligi kerak bo‘lgan vaziyatni
kutishi mumkin?

Yechish. Agar sinaluvchi tugmachani birinchi marta bosgan bo‘lsa, ikkinchi panelda yashil
chiroq yonadi, u holda u yerda doimo yashil chiroq yonib turadi. Shuning uchun, izlanayotgan
ehtimollik birinchi paneldagi yashil chiroq yonishi ehtimoli va uchinchi marta ko‘k chirogning yonishi
ehtimoli ko‘paytmasiga teng, ya'ni

z S 1 2 2
R(-)- R(-)==z--=-.
(z) (z) 33 9
3-misol. Uzoq vaqtdan keyin o‘z shahringizga qaytib kelganingizdan so‘ng, siz barcha eski do‘st-

laringizga qo‘ng‘iroq qilib, kelganingizni e’lon qilishga qaror qildingiz. Sizning qo‘lingizda ikkita
eskirgan telefon kitobi bor edi va siz ulardan birida barcha ragamlarning uchdan bir gismi noto‘g‘ri
ekanligi haqgida ogohlantirilgansiz, ikkinchisida esa choragi, ammo qaysi biri ekanligi noma’lum.
Bunda ikkita taktikani tanlash mumkin:

1) kitob tasodifiy tanlanadi va agar sizga kerak bo‘lgan telefon raqami to‘g'ri bo‘lsa, undan
foydalanishda davom etasiz, bo‘lmasa, boshqa kitobni olasiz;

2) ikkita sinov usul: “to‘g‘ri-to‘gri”, “to‘g‘ri-noto‘g‘ri” va “noto‘g‘rito‘g‘ri” hollarda kitob
o‘zgarmaydi, “noto‘g‘ri-noto‘g‘ri” bo‘lsa, boshqa kitobga o‘tish kerak.

Qanday xatti-harakatlar taktikasi ostida telefon ko‘rsatkichlarining to‘g‘ri bo‘lish ehtimoli
yuqori? Yechish. Ikki holatga ega bo‘lgan Markov zanjirini ko‘rib chiqaylik: (k. 1, k. 2). Birinchi

taktika uchun o‘tish ehtimollari matritsasi quyidagi shaklga ega
1 — kitob 2 — kitob
1) Kitobl 2/3 1/3

Kitob2 1/4 3/4
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chunki birinchi kitobda barcha ragamlarning uchdan bir gismi noto‘g‘ri, ikkinchisida esa - barcha
raqamlarning to‘rtdan biri. Bunday holda, statsionar taqsimot (3/7,4/7) shaklga ega, yani birinchi
kitob 3/7, ikkinchisi - 4/7 ehtimollik bilan tanlanadi. Keyin to‘g‘ri qo‘ng‘iroglarning o‘rtacha ulushi
2/3-3/743/4-4/7 ~ 0,714 ni tashkil giladi. Ikkinchi taktikasi uchun o‘tish ehtimollari matritsasi
quyidagi shaklga ega

1 — kitob 2 — kitob
1) 1-— kitob 8/9 1/9

2 — kitob 16/16 5/16

chunki birinchi kitobdan ikkinchisiga o‘tish ehtimoli (1/3)2, ikkinchidan birinchisiga (1/4)2. Bunday
holda, statsionar tagsimot (9/25,16/25) ko‘rinishga ega. Keyin to‘g'ri qo‘ng‘iroglarning o‘rtacha
ulushi 2/3-9/25 4+ 3/4 - 16/25 = 0, 72 ni tashkil qgiladi.

2. Markov zanjirlari tushunchalaridan ehtimollar nazariyasining o‘ziga tegishli masalalarni
yechishda ham foydalanish mumkin.

2. 1,2,3 raqamlari bo‘lgan uchta karta bo‘lsin. Sistema holati - bu kartalarning raqamlari
i1,12,13 ketma-ketligi Faraz qilaylik 1/2 ehtimollik bilan i;,1i9,i3 holat is,i1,i2 va i1,i3,i2 o‘tsin.
Ushbu sistema Markov zanjiri ekanligini ko‘rsating. Bir qadamda o‘tish ehtimollari matritsasini
tuzing va yakuniy tagsimotni toping.

Yechish. Sistema Markov zanjirini hosil qgiladi, chunki ma‘lum bir holatga tushish ehtimoli
faqat oldingi holatga bog‘liq. O‘tish ehtimollari R matritsasi quyidagi ko‘rinishga ega:

123 132 231 231 312 321

122 0 1/2 0 0 1/2 0
132 1/2 0 1/2 0 0 0
213 0 0 o 1/2 0 1/2
231 1/2 0 1/2 0 0 0
3120 0 o 1/2 0 1/2
320 0 1/2 0 0 1/2 0

Limitik ehtimolliklar

DP2+p4 = 2py, p1+p6 = 2p2, p2+pa = 2p3, p3+ps = 2p4, p1+pe = 2ps, p3+ps = 2ps
sistemadan topiladi.
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Annotatsiya

Ushbu ishda xarakteristik funksiyaning ta’rifi hamda uning asosiy xossalari keltirilgan. Diskret
va absolyut uzluksiz tasodifiy miqdorlarning xarakteristik funksiyalarini topish formulalari topilgan
hamda ularga oid namuna-viy misollar yechib ko’rsatilgan. Shuningdek, xarakteristik funksiya orqali
tagsimot funksiyani ifodalash formulasi, hamda tasodifiy miqdorning xarakteristik funksiyasi uning
tagsimot funksiyasini bir qiymatli aniglashi haqidagi teorema keltirilgan.

1. Xarakteristik funksiya ta’rifi. Haqiqiy {(w) tasodifiy migdorlar bilan bir qatorda xuddi
shunga o‘xshash kompleks giymatli tasodifiy migdorlarni ham garash mumkin. Kompleks giymatli
tasodifiy miqdor deb & (w) + i€2(w) funksiyaga aytamiz, bu yerda w € Q, (&1 (w), &2(w)) - tasodifiy
vektor. Ta'rifga asosan

M (& +i&) = M& +1iME

deb olamiz.

Kompleks qiymatli tasodifiy miqdor matematik kutilmasi uchun matematik kutilmaning
barcha xossalari bajarilishini osongina tekshirib ko‘rish mumkin.

1-ta’rif. Haqiqiy &(w) tasodifiy miqdorning zarakteristik funksiyasi deb ushbu kompleks
qiymatli funksiyaga aytiladi:

p(t) = M = /

Q

@ P (w) —/ " dF(x), (1)

—Oo
bu yerda t— hagiqiy son, Fe(x) esa & tasodifiy miqdorning tagsimot funksiyasi.

Agar ¢-diskret tasodifiy migdor bo‘lib, x qiymatni A = {w € Q : &(w) = zx} to'plamda
gabul qilsa, u holda xarakteristik funksiya

pelt) = / M P () = / ¢ dP(w) =
Q UkAk

= Zem’“ / dP(w) = Zem’“P(Ak) = Zem’“pk (2)
k Ay, k k

tenglik orqali topiladi.

2. Xarakteristik funksiyaning xossalari. Endi tasodifiy miqdor xarakteristik funksiya-
sining xossalarini keltirib o‘tamiz. Bundan keyin ¢¢(t) xarakteristik funksiyada zarurat bo‘lmasa £
indeksni tushirib qoldirib, £ tasodifiy migdorning xarakteristik funksiyasini ¢(t) shaklda yozamiz.

1. Ixtiyoriy & tasodifiy migdor uchun ¢(0) = 1 va barcha t larda |¢(¢)| < 1 tengsizlik o‘rinli
bo‘ladi.

2. Ixtiyoriy a va b sonlar uchun ppeiq(t) = €@p¢(bt) tenglik o‘rinli. Darhagiqat,

50b§+a(t) _ Meit(bf-i—a) _ eitaMeibtf _ eimwg(bt).

3. Agar &1,&9,...,&, o‘zaro bog'liq bo‘lmagan tasodifiy miqdorlar bo‘lsa, u holda S, (w) =
&1(w) + ... + & (w) yig'indining xarakteristik funksiyasi uchun quyidagi tenglik o‘rinli bo‘ladi:

5 (t) = e (D) pe ()0, (1) = Ty g, (8)-

Ushbu xossaning isboti bog‘lig bo‘lmagan tasodifiy miqdorlar ko‘paytmasining matematik kutilmasi
hagidagi xossadan kelib chigadi. Haqgiqatan ham,

P, (1) = MM ErTF8n) = Nreiter . Neite2 . M = g (1) - gy (t) - ... g, (1)
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4. Xarakteristik funksiya R tekis uzluksizdir. Agar M|[¢|F < oo bo‘lsa, u holda ¢(t)
xarakteristik funksiya k— tartibgacha uzluksiz hosilalarga ega va quyidagi tenglik o‘rinli:

)(0) = z’s/ & (w)dP(w) = is/ 2’dFe(v) =i°ME*, s=1,2,..,k.
Q —0o0

/ €5 (w) - W dP(w) = 4 /_ szemng(m).

Binobarin, agar M|¢|F < oo bo‘lsa, u holda ¢ = 0 nuqta atrofida ushbu yoyilma o‘rinli:
= 1+Z M{S o[t[F), t = 0.

5. pe(t) = pe(—t) = 9¢(t)
6. Agar ¢ tasodifly miqdor absolyut uzluksiz bo‘lsa, u holda t — oo da ¢¢(t) — 0.

1-misol. Elementar hodisalar fazosi 2 = [0;1) va ehtimollik o‘lchovi P(A) = u(A) bo'lsin.
Bu yerda A, As, ..., A, Ar € Q lar esa bog’ligsiz hodisalardir. &, tasodifiy miqdor sifatida A,
hodisaning indikatorini olamiz, ya’ni

En(w) =14, (w).

Su(w) = 2(&1(w) + fz(w)\;rﬁ... (W) —n

Sp(w) tasodifiy migdorning xarakteristik funksiyasini hisoblang.

Yechish. Dastlab &, tasodifiy miqdorning matematik kutilmasi va dispersiyasini topamiz:

M&, = /an(wdw = /An n(w)dw + /An En(w)dw = % +0= %7
1

1 1

D&, = M&, — (M&,)? = 5~ (Z>2 =1

Sp(w) tasodifiy miqdorni quyidagi ko‘rinishda yozib olamiz:

_2a@) F o)+ W) =1 N
Snw) — \/ﬁ = ] k:( )

bu yerda

— v 2w)-1 2 1
&k(w) = N AR &k(w) T
&1,8, ..., &, ... tasodifiy miqdorlar Ay, As, ..., Ay, ... bog’ligsiz hodisalarning indikatorlari bo‘lganligi

uchun &1, &9, ...,&,, ... lar ham bog’ligsiz tasodifiy miqdorlar bo‘ladi. Bundan tashqari barchan € N
lar uchun P(4,) = 3 bo‘lganligi sababli &1, &o, ..., &,, ... tasodifiy migdorlar bir xil tagsimlangan
bo‘ladi.

‘Oz navbatida 1, €2, ..., &n, ... lar bog’ligsiz va bir xil tagsimlangan tasodifly migdorlar bo‘ladi.
Endi & tasodifiy miqdorning xarakteristik funksiyasini hisoblaymiz. & = % & — % tenglikdan
va xarakteristik funksiyalarning 2-xossasidan hamda quyidagini olamiz:

vz, (t) = Meitgk(w) —
itE (w) 3 oy 1 _it 1 _ it cost
ek dw = k(@) duy + eMr@ldy = Z eV 4 —e Vi = ——.
Q Ag, A 2 2
Xarakteristik funksiyalarning 3 - xossasiga ko‘ra S, tasodifiy miqdorning xarakteristik funksiyasi

quyidagicha bo‘ladi:
cost ( cost > n

(IDSn() Hk 17 = \/* = \/ﬁ
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3. Xarakteristik funksiya orqali tagsimot funksiyani ifodalash formulasi. Shunday qilib,

har bir tasodifiy miqdor uchun unga mos xarakteristik funksiya aniglanishini ko‘rdik. Endi tagsimot
funksiya xarakteristik funksiya orqali bir giymatli aniglanishini ko‘rsatamiz. Bu faktni quyidaga
teorema isbotlaydi:

1-teorema. & tasodifiy migdorning zarakteristik funksiyasi p(t) va Fe(x) uning tagsimot
funksiyasi bo‘lsin. Agar x va y lar Fe¢(x) funksiyaning uzluksizlik nugtalari bo‘lsa, u holda

A efitx _ efity)
Felw) = Felo) = - i [* St
_A it
tenglik o‘rinli bo‘ladi.
1-natija (Yagonalik teoremasi). Tasodifiy migdorning zarakteristik funksiyasi uning tagqsimot
funksiyasini bir qiymatli aniglaydsi.
Agar F¢(y) — Fe(x) ayirma F¢(x) funksiyani bir giymatli aniqlashini e’tiborga olsak, uholda
yuqoridagi teoremadan natijaning isboti kelib chiqadi.
Aytaylik, {¢n(t)}022; —xarakteristik funksiyalar ketma-ketligi, {F,(z)}72,— tagsimot
funksiyalar ketma-ketligi bo‘lsin.
2-ta’rif. Agar iztiyoriy uzluksiz va chegaralangan g(x) funksiya uchun

o0 [e9]

lim g(x)dF,(z) = / g(z)dF(x)
n—oo —00 —0

tenglik o‘rinli bo‘lsa, F,(x) tagsimot funksiyalar ketma-ketligi F(x) tagsimot funksiyaga sust yagin-
lashadi deyilads.

Buni F,(z) = F(x) orqali belgilaymiz.

2-teorema (to‘g'ri limit teorema). Agar F,(z) = F(x) bo‘lsa, u holda ularga mos {p,(t)}
zarakteristik funksiyalar ketma-ketligi o(t) zarakteristik funksiyaga istalgan t € [—A; A] ning har bir
chekli oralig‘ida tekis yaqinlashadi.

3-teorema (teskari limit teorema). Agar {¢n(t)} ketma-ketlik uzluksiz va t =0 da 1 giymat
qabul qiluvchi ¢(t) funksiyaga nuqtali yaqinlashsa, u holda F,(x) = F(x) va quyidagi tenglik o‘rinli
bo ‘ladi:

[e.e]
o(t) = / AR (z).

—00
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Law of large numbers for random fields with values in [,(1 < p < 2)
Ruzieva D.S.
National University of Uzbekistan named after Mirzo Ulugbek, Tashkent, Uzbekistan,
e-mail: dilnura.saidovna@gmail.com

Let {X(t),t € Z?} be a random field with values in space I,(1 < p < 2) (a space of the

o0 . 0 . 1/p
sequences z = (1), 2 ...) such that 3 [P < oo with a norm ||z|| = <Z |x(’)|p> ).
i=1 =1
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{e;,1 > 1} - is a standart basis of [,(1 < p < 2), i.e. ¢, = (0,...,0,1,0,...) where i-th component is
1 and others are 0. Thus we can write

X(t)=> XD(t)e;, tez’
=1

Assume that the following representation holds
XO@)=g; (&t —s), s€Z?) i=12,.. (1)

where g; is a measurable function and {{(t),t € Z2} is a random field of independent random
variables with values in [,(1 < p < 2).

Real-valued random fields of type (1) were considered in [1]. Let { \(t), teZz 21 be an independent
copy of {f(t), te ZQ} and

XYt =g (€t —s), se€2?)
where g( ) i
e 7)., if j#0,
“9)‘{ €(0), if j=o.

1/2

5:(t) = <E ‘X(i) (t) — x% (t)’2>
A=) i)

tez?

Denote S, = Sr,, = > X (t). We establish the moment inequality and the strong law of large
teln

numbers for {X(t), t € Z%}.
Teopema 1. Let X(t), t € Z? be a random field with values in [,(1 < p < 2) space defined by
equation (1).
Suppose it satisfies the following conditions:
oo
EX(t)=0, > (A)? <00, 1<p<.
i=1

Then there is a constant C' > 0 for which the following inequality holds:

E|Sp|? < CITP2 Y (0P, (2)
i=1
where |I'| = cardl’ < oo and T is bounded subset of Z2.

Teopema 2. Suppose that X (t), t € Z2 l,(1 < p <2 in space is a random field defined by equation
(1) that satisfies the following conditions:

o

Z(Az)p/z < 0.

=1

Then as n — oo
(|02

(Log|T'w|)'/?

Sr,,
Tl

— 00

a.s.
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A central limit theorem for branching branching processes with immigration
!Sharipov S., ?Toshqulov H.
LV.I. Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan,
e-mail: sadi.sharipov@yahoo.com
2 National University of Uzbekistan, Tashkent, Uzbekistan.

Let {&ki,k,i > 1} and {e;,k > 1} be two sequence of non-negative integer-valued random
variables such that the two families {&;;,k,7 > 1} and {ey, k > 1} are independent, {{;, k,7 > 1}
are independent and identically distributed (i.i.d.). We consider a sequence of branching processes
with immigration Xy, k > 0 defined recursively as

Xp—1

Xo=0, Xp= > &it+er, k>1. (1)
i=1

We can interpret & ; as the number of offsprings produced by the i—th individual belonging to the
(k—1)—th generation and ¢y, is the number of immigrants in the k—th generation. We can interpret
X}, as the number of individuals in the k—th generation.

Assume that a = E& ;1 < o0o. Process X}, is called subcritical, critical or supercritical
depending on a < 1, a = 1 or a > 1, respectively. We refer the reader to recent survey of [1]
where one can find a historical overview of limit theorems for process (1).

The aim of this paper is to establish a CLT for fluctuations of supercritical process defined
by (1) in the case when the immigration process satisfies ¥y—mixing condition and the mean of
immigrants tends to infinity. Theorem 1 (see below) extends the corresponding result of paper [2].

We present the mixing conditions involved in the paper.

Let {&, k > 1} be a sequence of random variables with zero mean and finite variance and F%
denotes o-algebra generated by the random variables &;, a < ¢ < b. Given two o—algebras B, R in
S, let
P (AB)

PR s e luei o PP ()

AEB,BERP(A)P(B)>0

- 1‘ |
Given a sequence {&k, k > 1}, we associate its sequences of ¢¥—mixing coefficient by letting

¥ (n) =sup v (35,83%.)

k>1

A sequence of random variables {&, k € N} is said to be ¢—mixing if ¢ (n) — 0 as n — oo.
We also assume that a(n) = Ee,, < oo and 5 (n) = Var(e,,) < oo for all n € N.
Further, we set
A(a,n) =EX,, B?(a,n)= Var(X,),

p=P&1=k), B=E(&,1) (61 —1), b= Var(éy),
Bt:Zk‘t—l(k‘—l)pk<oo, t>1.
k=2

Our result reads as follows.
Theorem 1. Assume a > 1, Byis < oo for some 0 < 6 < 1 and let {g,,n > 1} be a
n
sequence of ¥ —mixing random variables with >°7° ¥ (k) < oo. If x (a,n) := 3 a %a (k) — oo
k=1

and B (n) =o(x (a,n)) as n — oo then

X, — A(a,n) 1 )2
P(B(a’m<:z:>—><1>(1:).—m/_ooe du, n— o0, zeR.

References
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Opb6ura KpUTUYIECKON TOYKHU U OTOOparkeHue MePBOTO BO3BPAIIEHUS
LA6nyxakumos C.X., 2A6ayxakumosa M.T.
L Torcusarcruti 2ocydapemeenioiti nedazozuveckuti yrueepcumen,
e-mail: asaidahmat@mail.ru
2 ITorcusaxcruti 2ocydapemeennvidi nedazozuveckud yrusepcumen,
e-mail: abduhakimoval995@gmail.com

B macrosmeit pabore Mbl M3ydaeM CBOMCTBa JUHAMUYECKHX DPasOMEHWil JId KPUTHICCKUX
orobpaxkenuii okpyHoctu.Ciesyst paborer OctiyHa u ap.(cM .[3])onpeiesanm mpocTpancTBoO Hap
(¢(w),n(z)) xpuTHaecknx romeomopdusMoB npamoit RY.Jlia xaxmoro n > 1 ompeesmmM MHOXKe-
crBo X", cocrosimee u3 nap (£(z),n(x)) aHaJIUTHIECKUX, CTPOrO BO3PACTAIONIMX TOMEOMOP(hU3MOB
npsMoii R yI0BIETBOPSIONINX CJICIYIONIIM YCIOBHSIM:

a) 0 < £(0) < 1;6) £(0) =n(0) + 1;8) £(n(0)) = n(£(0));

) €00) < 0.0(0) < 0, €100 <O ) >0

e) €(0) =7'(0) =£"(0) =1"(0) = 0;¢7(0) # 0,7 (0) # 05 ) (£ o) (0) = (n0&)"(0)

Iycrs (€, 77) € X, BameTuMm, YTO YCJIOBHS &)-J1) IO3BOJISIOT MOCTPOUTH IOMEOMODPMOU3M

okpyzxkuoctu [7(0),£(0))
py T (@) = { &(x) ecrm x € [1(0),0),
& n(z) ecmn x € [0,£(0)).

Teneps onpeneny npeodbpazosanue peHopMrypynnsl Ry, : X — X no dopmyre:
Ry, (&,m) = (i€" " (n(a; '2))), aue® ™ (n(é (o 1))
e, a; = a;(&,n) = (€571 (n(0)) — €4 (n(0))) ™" < -1

Ob6osnaunm 1epes X (p) mogmuokecrBo X, cocrosimue u3 takux map (£(x),n(z)), aro
Tqucsto Bparernst (cM.[1])

p(é.?n) =p= [k17k27 "'7k57k17k27 "'7k87 ]7 kl Z 17 S Z 2.

Penopmrpynmosoe npeobpaszosanue R, B mogmuoxkecrse X (p) MMeer eMHCTBEHHYIO THIIED-
6ommaeckyo HenoapuKHY0 TouKy (£(z),n(x)) (em.[2]-[4])

Bpemena miepBoro BO3Bpallenus, T.e. 9UCIa ¢s, = Gsn(p),n > 1, yAOBIETBOPSIOT PA3HOCTHOMY
YPABHEHUIO

dsn+1 = ksn—l—len + Qsn—1, qsn = kansn—l + @sn—2, Q0 = 17 q1 = kla q2 = kle + 1.

Orobpazxkenust T%" n > 1, Ha3bIBalOTCd O0TOOparKeHUsIMUA TIEPBOTO Bo3Bparienus. Cremayro-
mas TeopeMa [HoKas3blBaeT MoBejieHne orobpazkenuit 1'% u T%ntdsn—1 5 peHOPMIPYIIIOBOil OKpPeCT-
uocru [1(0),£(0)), kpurnaeckoit Touku o = 0 .

Teopema 1. Jlaa xasicdozo n > 1 umerom mecmo cAedyrowue CoomHoULEeHUs:
T (a™"z) = a "¢(x), = € [1(0),0)
Tttt (a™"z) = a”"n(z), © € [0,£(0))
2de oo = a1 - Qup
Cnenctsue 1. ITycmv v9 =0 ux; = T(x), i > 1. Jaa 6cexn > 1 cnpasedausnv pasencmea
Tgs, =@ "E(0), Zgutgen = "1(0)

2de v = o - Qg
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0O600611eHHbIe BapUaHThI “r-ob1cTpo’” cxomumoctu B. ITITpaccena m ux nmpuMeHeHUs:
T'adpypos M.V.
L Tawwernmeruti 2ocydapemeennviti mpancnopmuwiti ynusepcumem, Tawkenm, Yabexucman,
e-mail: mgafurov@rambler.ru

[Ipetozkenbr HOBBIE 0000ITEHHBIE BapuaHTHI ‘T-0bicTpO”  cxomumoctu B. Irpaccena. Ycra-
HOBJIeHa “®P-6bICTPO”  CXOAUMOCTD MOCJIEJIOBATEILHOCTH CYMM CJIyYaiiHBIX BeJIMYIUH (C.B) ¢ OTOPO-
MMIEHHBIMA 9KCTPEMATbLHBIMU TICHAMI.

ITycrs {(n;n > 1} — nocaemoBaresbHOCTD C.B., Ve >0 x(e) = sup{n > 1,|G,| > €} .

Bemmanna x(g) 6but0 BBesena B. Illrpaccenom [1] B ¢Bsi3n ¢ HOBBIM HOHSATHEM “T-ObICTPO’
(r-quickly) cxoauMoCTH MOC/IE0BATENILHOCTH C.B. (; K HYJIO.

Onpepenienne [1]. [Tocnenosarenbrocts ¢.B. {(y;n > 1} upu n — oo “r-6eicTpo”’  cxopuTcst
K Hyo ecm Ex"(e) <ooVe >0ur > 0.

B uacrrom ciaydae ¢, = n =t Y 7 &, tae {&,;n > 1} — He3aBUCHMBI U OJIUHAKOBO pacIipeie-
JeHbl B 1] ycTaHOBIEHO HEOOXOAUMOE U JIOCTATOYHOE yesoBre rapantupyioiiee Ex" () < oo, Ve > 0,
u r > 0, u ucciegoana acumiroruka P (x(g) > n) npu n — oo.

Uccnenosanus [1] npogosmzkaiuce B [2]-[10] u agpyrux (crnucox my6uukanmii JoCTaToqHO JJIHH-
HBI 1 reorpadUIecKu MUPOK) B PA3INIHLIX HAPABICHUIX.

B Hacrosiee BpeMsi HHTEPECHI CIIENUATUCTOB BOKPYT THX MCC/IEJIOBAHNN PACIIUPSIIOTCST, 0OCO-
OyI0 aKTHMBHOCTB MPOSABJISIOT KATailcKue, MHAMNHCKIE 1 HEMEIKHUE CHEeIaACThI.

[Ipennaraemas: pabora, pe3yabTaThl KOTOPOH B MIEHHOM OTHOIIEHWH OJTU3KU K KPYT'y BbIIIE
[UTUPOBAHHBIX UCCJIEIOBAHNI, OCHOBBIBAIOTCsI HUZKe TIpe ToskeHHoM [10] 0606menHoM onpeiesiennn
“r-BpICTPO”  CXOJMMOCTH: IYCTh ((Z)— HEKOTOpasi HeoTpulaTeabHasi (DYHKIMs, Olpe/Ie/IeHHAs Ha
1,00),

xX
o) = [ el
1
Onpepenenne. IlocienoBarenbHocTb C.B. {(p;n > 1} “@-6bicTpo”  CXOAUTCS K HYJIIO IIPH

n — 00, ecjian

Ed®(x(e)) < 00,Ve >0

B upemaraemoit pabore ripu n — 0o u puxkcuposannom [ > 0 uccieryercs moBejeHne CyMMbl

Gl) = gy 2 &0,

k=Il+1

rie éﬁ); 1 < k < n— mopsiIKOBbIE CTATUCTUKU WHAYIIUPOBaHHBIE C.B. &1, &9, ...,&, pacCIoOo-
JKeHHbIe B HOpsijike yObiBanust, a dyukiwms H(x) rakosa, uro z € [1,00), H(z) > 0, H(x) 1T .

[omoxkum x(g,1) = sup{n > [;|(,(I)| > €}.

1. Hamu onmcan kiace &.p. ¢.B. & u kinaccos dyukuuii ¢(x) nu H(x) B KOTOpbIX 1pu (hukcn-
poBanaoM [ > 0,n — 00 (p(l) = 0 “P-6picTpo”;

2. IlpuBesnensl Apyrue SKBUBAJIEHTHBIE 00ODIEHHbIE BAPUAHTDHI “P— OBICTPO” CXOAUMOCTH
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Ycunenune teopeMbl U>kyHa 0 paBHOMEPHOM 3aKOHE OOJIBIINX YUCEJT
Tadpypos M.V., 2Takabaes V.A.
L Tawmenmexuti 2ocydapemeenoni mpancnopmmondi ynusepcumem, Tawxenm, Yabexucman,
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[Tycrs {X,;n > 1} — He3aBuCHMBbIE OIMHAKOBO PACIPE/ICJICHHBIE CIIydailHble BEJNYIUHBL (C.B)
¢ obmeit dyukiumeit pacupeenenust (b.p) F (z).

O6osuaunm yepe3 K kiacc ¢.p. F' () KOHEUHBIM MATEMATUIECKUM OKUJIAHIEM , 0018 A0
CBOIICTBOM:

lim sup / |z|dF (x) =0
|z|>a

a—r o0 FeK

B [1] Yxky#n mokazan, uro Ve > 0

. 1
lim sup Pr(sup i~ Sn — | > ) =0,
rae S; = X1, Xo,...,X;,j > 1, Pp, up = Ep Xy COOTBETCTBEHHO BEpOATHOCTHAS Mepa U MaTeMaTH-
qeckoe oXKujanue, npu koropom Xp mmeer ¢.p. F(z). D1oT dakT uM ObUT HAZBAH PABHOMEDHBIM
BapuaHTaM yCHJIEHHOIO 3akoHa Gosbinux guces (y.3.6.1) Kosmoroposa. Pesynbrar Yxkyna oka-
3aJI0Ch IEPCIEKTUBHBIM, B CMBICJIE IIPUMEHEHHUsI B 331a9aX IOCIeJ0BATEILHOIO CTATUCTHIECKOTO
aHaJIN3a, UCCIEOBAHUS PACIPeIe/IeHI TPAHUIHBIX (DYHKIIMOHAJIOB JIJIs CJIYUAHBIX OJIyKIAHUN U
r. ([2][3)
[Henpio HacTosIIell PabOTHI SIBJIIETCA YCUJIEHNE U 0D00IIEHIE IIPUBEICHHOTO Pe3y/abTara JxKy-
Ha ¥ UX IPUMEHEHUsI B TPAHUYHBIX 3a/1a9aX JIsi CIYIaiHBIX OJIy 2K IAHII.
OjiuH U3 OCHOBHBIX Pe3yJIbTaTOB JaHHOI paboThl ABJsgeTcs onucanue Knacca Ky, g d.p. Xy
u dyuxIwit g(x), ¢(x) KOTOphle rapaHTUpyeT
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_ S;
sup Z m*Lg(m) Pp{sup |—%| > €} < 00,Ve > 0.
o(4)
JlokazaHbl psi yTBEPKICHUN O CYIIECTBOBAHUN OOOOIIEHHBIX MOMEHTOB HEKOTOPBIX (DYHKITH-
OHAJIOB MH/yIIPOBAHHBIE CITydaiiHbIM OsyzkmanueM {S;; j > 1} ¢ monBuKHOI rpaHuIeii.
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IlpenenbHble pacupenesieHus KPAalHUX YJE€HOB BAPUAIMOHHOTO PS/IA MPU CJIydaiiHOM
o6beMe BLIOOPKH
"Mamypos 11.H.
L Towmenmexuti unancosont uncmumym, Yabexucman,
e-mail: imamurov58@gmail.com

BapuanuoHHbIil psiji SBJISIETCS OTIPABHBIM IIYHKTOM JIJIsi MHOTHX HPHUKJIAJHBIX 338189 U CAMO
9TO TOHATHUE MUPOKO UCIOJIB3YETCS B BOIPOCAX MATEMATHYECKON CTATUCTUKE U JIPYTUX OOJIACTAX
suanus. [losTomy nccse0BannIo pacipe/iesieHuil YJIeHOB BAPUAIIMOHHOTO Psi/la IIOCBSIIEHO OOJIBITIOEe
4ncsio padoT. B Kiiaccnyueckoit MaTeMaTHYeCcKoi CTATUCTHKE 06beM BBIOOPKY 110 KOTOPOit 06pa3yeTrcs
BapUAIMOHHBIN PsiJi CIUTAETCS JIETEPMUHUPOBAHHBIM.

[Iycrs X1, Xo, ..., X;, - M0CI€I0BATEIBHOCTD HE3aBUCUMbIX CJIyJailHbIX BeJUYUH (CJILBEJL.) C
obeii dyukiwmeii pacupeyesnenns (d.p.) F(x) = P(X1 < x) u f%n) < én) <. < ffzn) — Bapualu-
OHHBII psifl (B.p.) HOCTPOEHHBIH 110 cJI. Bed. X1, Xa, ..., Xp.

OrHoreHne % Ha30BEM PAHIOM UJICHA flgn). Ecnu mpu n — oo, % - A 0< A< 1, 10 A

HA3bIBAETCS IIPEJICJIBHBIM PAHIOM ITOCJIEI0BATEIBHOCTH & ,(cn). Yiensr & ,(Cn), JIJISE KOTOPBIX TIPEJIC/IbHBIIH
paur A = 0 wimm A = 1 HA3BIBAIOTCS KPAHHUME 4I€HAME B.D..

UccnenoBannio acUMIITOTHYECKUX PACHpEIeIeHnil KPAtHIX YJE€HOB B.P. -00PA30BAHHOTO W3
HE3aBUCUMBIX OJIMHAKOBO PACIPEICICHHBIX CJI.BEJ.- TIPH JETEPMUHUPOBAHHOM 00bEMe BBIOODKH IO~
CBSIIIIEHBI MHOTO PaboT.

B nacrosmeit paboTe MbI H3ydaeM aCUMITOTHIECKUE PACIIPEIEICHNs] KDANHUX “JIEHOB BapUa-
[IMOHHOTO PsiJia B TOM CJIydae, Korja o0beM BhIOOPKU caM 110 cebe siBJIAeTCs CIIyvYaliHoil BeJnInHoii,
T.€. PACCMaTPUBAEMbIE TIPU3HAKYI TeHEPAIBHON COBOKYITHOCTH HAOJIIONAIOTCs (B CHILY TeX WJIM UHBIX
0OCTOSITEIHCTB) B CJTy9ailHOM 1HC/Ie UCIbITanuii. Takoe mosiozkenne 9acTo BCTpeIaeTcs Ha IPAKTHKE
U sIBJIsieTCst boJtee OOIUM, YeM JIeTePMUHUPOBAHHBIN CJIydail.

Craygaiiupiit 06beM BBIOODKU TIOSIBJISIETCS B CTATUCTHYIECKUX 33/1a9aX TEOPUU HATEYKHOCTH,
TEOPHUU MACCOBOIO OOCIIyKUBaHUs, MOCse0BaTeibHoro anaansa u ap.[1|. Ilpu sTom o6bem BBIGOD-
KI KaK CJIydaiiHasl BeJIMIMHA MOXKET OKa3aThCsl He3aBHUCsIIEH (HA30BeM 3TOT CiIydaii “He3aBuCuMOii
cxeMoil”), a B psijie CJIydaeB 3aBUCSINEH OT CaMUX HADJIIONAEMBIX BEJUYUH (HA30BEM STOT CJIydaii
“saucumoii cxemoit”). JI.M.Yubucosbim [2| nccsie10Bannch aCHMITOTHIECKIE PACIIPE/ICJICHUS 1.B.D.
B CcJydYae, KOTJa 5,(:), % — 0 (wm n — k — oo, ”Tfk — 0 mpu n — o0). IIpu srom Ha TOBemE-
HUE PaHroBoro HoMmepa k = k(n) HajaraeTcs cjejyoliee yCcJoBUe, KOTOpOoe B JiajibHelinem Gyjer
obozHavaThCs Kak (*):

npu HeKoTopoM «, 0 < o < 1 jist J1060# 1EeJIOYNCIEHHOI TT0ce0BaTebHOCTH M = m(n)

m(no)é

YAOBJIETBOPAIOIIEH COOTHOIIECHUIO i

— t, n — oo cymecryer upezgen lim (\/k(n+m) —
n—oo

k(n)) = %lt, rae [ > 0, t-HeKoTopble KOHCTAHTHI.
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B [2] upuBogsiTcsi HEOOXOMMBIE U JOCTATOUHBIE YCJIOBUs, JJisi TOro, 4rodbl &.p. F(z) upn
n — oo u k(n) , yaosiaerBopsitoiias ycjaosuto (*) npuHa/iexkana K 00JacTu NPUTIKEHUsT TOIO UJIH
WHOI'O THUIIA PACIPEICJICHUN.

UccnmenoBatnst aCHUMIITOTHIECKAX PACIPEIEIEHUI UJI€HOB B.p. IPH CJIyYaiiHOM 0ObeMe BbI-
OOpKH, B OTJIMYHE OT JIETEPMUHUPOBAHHOTO 00bEMa, SIBSIOTCS BEChMa, 3aTPYIHUTEILHBIM.

[Iycrs v, — mocaeaoBaTeIbHOCTD MOJIOKATEIbHBIX [IEJIOUNCIEHHBIX CJI.BEJ.

st KpaifHUX 9.B.p. PACCMOTPEHHBIX B pabore (2], 6e3 Mpe/InoIoKeHrsi HE3aBUCUMOCTH Vy, 1
X (“saBucuMas cxema’) ClpaBeInBa CJIELYIOMIAsi TEOPEMA.

Teopema. Ilpu n — oo, k(n) — oo, @ — 0, k(n) yunosnersopsier yciaosuo (*) u npu
HaJlJIeKallleM BhIbope IIocienoBareIbaocTeil a, > 0, b, umeer MecTo

5(”) _ bn vo—m
ko) T o p ) S ew) w Tl ey,
Ay, n- 2

P

rie 0 < a < 1 - onpenensiercst u3 yejaosust (*) u v - cobersennast cii.sest. Torya pu n — 0o

400
P / O(v(z)+1(1 —a)y)dP(v <vy).

—0o0

gki (vn)

an

P

Baech P(x)-craHmapTHBIA HOPMAJIbHBINA 3aKOH pacupejenenns u pyHKnus v(x) uMeer OJuH
U3 CJIeLYIOMUX BUJIOB!

—00, z <0 —Blog|z|, =<0
v () =  (a) = Blog x|

, w(z) =z, —00o <z < o00.
Blogz, >0 +00, x>0

B X0O/ie JJOKa3aTeJIbCTBO TE€OPEMbI IIPDUMEHACTCA CJICAYIoad JIeMMa.

JIemma. Eciu npu n — oo, k(n) — oo, @ — 0, T0

Rin () = Ppp(anx + by) — ®(vy(x)) — 0 paBHOMEDPHO 110 X, TJ1€
+bn)

B () = PE < 2) 1 () = n(acck—(nn)k(m

W3 s10ii 1eMMbl CJIeAyeT, 9TO [Jjid BBIIIOJIHEHNA COOTHOIIIECHU A

, an >0, b, - TPOU3BOIbHBIE KOHCTAHTHI.

Dy (anx + by) = Po(x), n — 00

HEOOXOIMMO U JTOCTATOTHO, ITOOBI
vn(x) = v(2),
rie v(x) oupegensiercs: ypasuennem $o(z) = ¢(v(z)).

[IpuBenennas nHamu TeopeMa siBjisieTcsi OoJiee ODIIUM UCCIIEIOBAHUEM IIPEJIEbHBIX PACIpee-
JIGHU} YJIEHOB BAPUAIMOHHOTO PAJIA IIPHU CAyYaiiHOM 00beMe BLIOOPKHY B “3aBucumoii cxeme”. Ipyrue
Pe3YJIbTAThI TAKKE ITOCBAIIEHHbBIE ACUMIITOTHIECKIM PACIPEIeIEHUAM YIEHOB BAPUAIMOHHOTO PSIa
pu ciydaifHoM o0beMe BBIOOPKe B “3aBHCHMOIl cxeme” npuejsieHsl B (3] u [4].
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ITpoBepka runoresbl O COPABEAJINBOCTYA MOJEU IPOIOPIUOHAIBHBIX NHTEHCUBHOCTEM
Caiidynnoena I'.C.
Hasoutickuti eocydapcmeernnnit nedazozuveckut uncmumym, Hasou, Ysbexucman
e-mail: sayfullayevagulnoz@gmail.com

Caenyst paboram [1-3], onpemennm obIILyI0 MOJIE/b CJIYYailHOrO IEeH3YPUPOBAHNUST CJIELY FOIIUM
obpaszoM: mycTh Z ciydaiinas Beamdanna (c.B.) ¢ dyuknueir pacupeenenns (b.p.) H(z) = P(Z <
r),z € R'. Jlna duxcuposannoro nejoro uucia k > 1, mycrsb AWM A% ponapro mecoBMecTHBIE

cobniTus. Beegem cybpaciipeiesienus

H(z;z’)zp(zgx,A“)>,ieJ:{1,...,k}.

1 k .
IIycTn {(Zm,AM, e Aﬁn)) ,m > 1} IIOCJIEIOBATE/IBHOCTh HE3aBUCUMBIX peasiu3alluil ¢ COBO-

kymuoct (Z, A, ..., A®)) ma mexoropom BepositHOCTHOM mpoctpancTse {Q, A, P}. Ilycts dbynk-
wn H(z), H (x;4) ,i € J senpepsiBabl. O603HAYNM BEPOSTHOCTH p) = p (A(i)) u nyers 0 < pl) <
1,4 € J. B upocroii Mojiesin KOHKYDPEHTHOrO pucKa depes byHKImO pacipesesienus H () Bbipasum
dyukmun ycroitausyio 1 — F' (z;4), COOTBETCTBYIOIILYIO (Z, A(i)) U IIPEJCTaBUM PaBEHCTBOM

1 - F(e;i)=(1—H@@)" ,ieJreR. (1)
Baecb 1 — F (z;i) = exp (—A (z;1)) u A (z;4) = f(_oo ] fiilg"(ﬁ)) [Tpusenem Teneph JeMMy XapakTe-

pusytomntyo MIIT.

Jlemma. Pasencmea (1) pasHocusbHro He3a6uUCUMOCU CAYHaTHOT seauvunvl Z u cobbmul
AW AR,

Paccmorpum runoresy H : “C.B. Z He3aBUCUT OT IOJIHOW IPYIIILI COOBITUI
{A(l),A(Q), ...,A(k)}”. Samerum, 9To THIOTE3a H SKBUBAJEHTHA HE3ABUCUMOCTH C.B. Z U BEKTO-
pa (5(1),...,5(k)), rne 6 + .+ 6% = 1. IIpu cupasemymsoctn H uMeeM paBeHCTBA A(z;0) =
pDA(z),i€JBx<Ty=inf{z: H(z)=1} mna uarerpanpupix byskuui narencusroctTn A ()
u A (x;1). HasBanue mMojesn nmpoucxour us 3roro pasencrsa. s nposepku H cocraBuM craTn-
CTHUKY:

X, &) = 1~ ps () @) 3 (89 = ) K (2.
m=1

n)

U BBEJIEM CJIC/IYIOIINE YCIIOBHS:

(V1) B (x) = % >0,z € (13,T;) n B(®) () = 0,2 ¢ (1;,T;) € (—00;00); dyHKIMI K@) (z),
RO (z) u K" () orpanmuensr;

(V2) K (x) — orpanuyeHHasi IJIOTHOCTb BEPOSITHOCTH U

a)K (x) =0,z ¢ [-A; A], K () dysxkuust abcosorno HenpepbiBaa Ha [—A; A, coeyionme npeje-
a6l KoHeuHsl K (—A) = xlijK (x), K(A) = }clTrﬁK (x); mm

6) K (z) dyukiusi, abCoIOTHO HENPepbIBHAsSI Ha UHTEpBaJje (—00;00) U

oo
/ |K (z)|"dx < 00,8 =1,2;

—0o0
a TaKzKe

/OO 2K (2)dz = 0, /OO 22 |K (2)| dz < oo

—0o0 — 00

(¥V3) {u(n),n > 1} nocienoBaTebHOCTD YHCEJ TAKOBA, 4TO IpH 1 — 00 i (n) | 0 u nu (n) — oo;



80 SECTION IV. PROBABILITY THEORY AND MATHEMATICAL STATISTICS

Kpowme Toro, pacmmpstornuecss UHTepBabl (T, Tin) TakoBbl, uro mpu n — o0 (Tin, Tin) C
(Tint1, Ting1)
(Tins Tin) — (13, T3) 1 log (Tyn — Tin) = O (n) . Taxoke myctsb c,pu? (n) — 0 as

¢p = max sup ‘h(i) (91:)’71/2 u
i€ 1, <x<Tip

1 (n) <1—H(Ti )*1) —0,i € J,n— 0.
Teopema 1. ITycmo ycaosua (Y1-Y8) evinoanmomes oaa K (t), hD (z) u {p(n),n > 1}.

Ecau nocaedosamenvrocms urmepsanos (Tn, Ty) oan u(n) = n_ao,% < gy < % B8OPAHG NPU
n —r 00 MaKxol, YMO YCAOBUSA

ci= sup [h (x)]—l/Z -0 (n71/2(1750751)) ’

Tn<$<Tn
' () 1 -
su = O (n!/?(e0—e1)
ot | 7 () ( )

soinoanens, h(z) = Zle A (2) u yeaosusn 1 —eg —e1 > 0,69 —e1 >0 ul—2g0—e1 < 0 dan

go > 0, g1 > 0 doaotcnvr bvims cnpasedaues. Ilpu cnpasedausocmu 2unomesv, H
lim P {(2log7n)1/2 : ( sup | X (2)] (A (K))"Y2 = don> < y} =exp{—2¢7¥},y > 0.
n—00 Tn<x<Th

_ Th—m
eae FY’VL - ;2760”7

d = (210g7n) Y% + (21og v,) V2 {log m=1/2N; (K) + 1 loglogv, } , ecm Ny (K) > 0,
- (21ogva)""? + (2logyn)~/* log [27 Ny (K)] , nmavre,

K2(A)+K2(—A 1/2 i no g
2de Ny (K) = %,NQ (K) = {ﬁf{[{’ (u)]2du} upl) = D 5%~ ouenna

dna p@.
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ITpenenbHbIe TEeOpEMBI JJIs PYHKIIMOHAJIOB OT CJIyYailHBIX BBINYKJIBIX 0D0JIOYEK B
€/INHUYHOM KpyTe
Xammamon .M.
Hayuonanrvnoti ynusepcumem Ysbexucmana umeny Mupso Yayebexa
e-mail: khamdamov.isakjan@gmail.com

B macTosmeit pabore 1oKa3aHbl HEHTPAJIbHBIE IIPEJE/IbHBIC TEOPEMBI I (PYHKIIMOHAJIOB, Ta-
KIX, KAK IUCJI0 BEPIIWH U ILJIONIA b BBIMYKJIONW 000JI0UKY, B CIydae, KOraa CIyJIaiiHble TOUYKN 33,18~
HbI B IIOJISIPHOM CHCTeMe KOODIMHAT, IPAYEM MX KOMIIOHEHTHI HE3aBHCUMBI MEXKly COOOM, yriaoBast
KOOpJIMHATa PABHOMEPHO paclpejie/ieHa U XBOCT paclpeeseHus PaInabHOIl KOOPIUHATHI SBJISeT-
¢ IPaBUJILHO MeHsIoIeiics gpyHKIuell BOIU3KM Tpanulibl HocuTe st — Kpyra. JlaHHoe ucce1oBanmue
SIBJISIETCsI IPOJIoJIzKeHneM pabor [1-6].

B pa6ore H.Carnal [1] ucciemoBanbl acuMITOTHYECKHAE BbIPAYKEHUsI CPEIHUX 3HAYEHUN OC-
HOBHBIX (DYHKITMOHAJIOB, TAKUX, KAK YUCJIO BEPIINH, IJIOMAIb U IIEPUMETP BBIIYKJIOH 000JI0UKH,
HOPOXKICHHOI HE3aBUCUMbBIME HAOIIOACHUSIME HAJT JIBYMEPHBIMHA CJIy9ailHBIMU TOYKAME, KOTIa CIIy-
yaliHble TOYKHU JAHbI B [IOJIPHOI CHCTeMe KOOPAMHAT, IPUYeM X KOMIIOHEHTHI He3aBUCUMBL MEXK LY
co0OoIi, yraoBas KOOpAMHATA pacupeeseHa PABHOMEPHO, W XBOCT PaCIIPeIe/IeHIs paJuaabHOi Ko-
OPJIMHATDI ABJIACTCA IPABIILHO MEHsIOImelica (hyHKIueil B 6eckoneunocTy (ecam Hocureas — R?)
i BOJIM3N OKPY?KHOCTH (€C/In HOCUTEJIb - €IMHNIHBI KpyT). BTopoit cay4aii, B 9acTHOCTH, BKITIO-
yaeT PaBHOMEPHOE paclpee/eHie B eNHIIHOM KpyTe 1 06001IaeT paHee oIy YeHHbIE Pe3YJILTAThI
B.Efron [2].

[Tycrs A — emaugHBLE KpyT, 1eHTp KoToporo Haxoaurcs B (0, 1).

[Tpeamosozkum, 4To cirydaiinbie ToUKu (7, ), ¢ = 1, ..., 1 JaHBI B IIOJISIPHOMN CUCTEME KOOD/IH-
Hat B A (mauaso koopauuar naxomurcs B (0,1)), Tae 7; U oy HE3ABUCHMBI, TIPUYIEM (; PABHOMEPHO
pacipe/iesieHsl B [—m, 7] u

1
P(ri>1—$):x6L<>,0<$<1,ﬁ21, (1)
T

siech L(x) — MeyieHHO MeHstomasicst pyHKIws B cMbicsie Kapamara, npejcraBumasi B BHUJIE

L(u):exp{/lug(tt)dt}, e(t) -0, t— o0

Hasee momoxkum X; = r;sinq;, 1—Y; = r; cos o; u gepe3 C), 0603HAUNM BBITyKJIbIe 000JI0IKH,
nopoxkjennble ciaydaitapivu roukamu (X1, Y7); (Xo, Ya);...; (X, Yy), a depes3 v, u s, obosHaqmM
YUCJIO BEPIIUH U I101aib C), COOTBETCTBEHHO.

Ormerum, urto B Kiacce pacupezenennii (1) H.Carnal [1| yeraHoBu acuMnToTuky st cpe/i-
HUX 3HAYEHUI yKa3aHHBIX BbIe (DyHKIMOHAIOB

Evy = M (B)b2 (1+0(1)) 1 Esp =7 — Aa(B)b " (14 o(1)),

npu n — 00, rjie b, — HANMEHBIINI KOPEHb YPABHEHUS

na;_(ﬂ+%)L(ar) =1

Y

A1(B) m A2(B) — abcosroTHBIE KOHCTAHTDI, 3aBUCSIIUE JIUIIb OT IEPEMEHHBIX, YKA3aHHBIX B CKOOKaX
u

2

vEBEstLd) [ ax \TTT 1
M(B) 2 B(B+1;3) F<3_25+1>’

B
na(8) = 2041 (V2 r(3+ ! )

2843\ B(B+1;3)

28+1
B nmamnoii pabore mpobiema HAXOXKICHUS IIPEICIbLHBIX PACIPENCJICHUA 1V, U Sy PeIleHa, s
KJIACCa PaCIpe/IeIeHuil, 3a/1aBaeMbIX cooTHomeHneM (1).
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[TpuBenem ocHOBHBIE PE3Yy/IBTATHI PAOOTHI.

Teopema 1. Ilpu n — 0o cupaBedInBO COOTHOIIEHNE

VUn — )\1(6) é

V25 ()b

d
rie A3(f) BBenena B pabore [5], = o3navaer caabyio cxomumocthb, N (0, 1) — HOpMabHas CirydaiiHast
Besimanaa ¢ napamerpamn (0,1).

4 N(0,1),

HaJjtee myctb A, = T — Sy,
Teopema 2. Ilpu n — 0o cupaBeIInBO COOTHOIIEHNE

™

Fb% (An
204(8)

- Az(ﬁ)b;1> 4N(0,1),
rie Ay(S) BBesena B pabore [6].

[TpuBenennbie HAMU PE3YJILTATHI SIBJISIOTC Oojiee OOIUMY U, B YACTHOCTHU, U3 TeOpeMbl 1 u 2
B caydae = 1 cienyror ocHOBHBIE pe3ysbrarsl paborsl (3| u [4] coorBercTBeHHO.
2

s ITOJIyY€HHBIX PE3YyJ/IbTaTOB CJACAYECT, YTO 02K TJa€MO€ IUCJIO BEPIITNH n 26+1 , MaTeMaTUIeCKOe

OXKUJIAaHUE TIJIOIIAN MEXK Ty T'PAHUIIEN BBIITYKJION 000JI0UYKH U OKPYKHOCTH, UMEIOT ITOPSII0K niTlJrl.
Orcroia MOXKHO CIeJIaTh BBIBOJ, YTO €CJIM XBOCT paCIpeeseHus BOIM3M T'PAHUIBI TsiXKesee, TO
BOJIM3W T'PAHUIILI HOCUTEJIS PACIIONATaeTCS MHOI'O 9JIEMEHTOB BBIOOPKH, U 9TO O3HAYAET, ITO UMEETCS
MHOTI'O BEPIIUH, HO 00JIaCTh, OTPAaHUYIEHHAS IEPUMETPOM BBIMYKJIONH 000JIOUKHU U OKPY2KHOCTHIO, KaK
¥ Pa3HUIA MEXKTy TIePUMETPOM BBIITYKJION 000JIOUKH 1 OKPYKHOCTHIO, CTAHOBUTCS HE3HAMUTEILHOM.

B nokazarenbcrBax Teopem 1 u 2 MCIIOIB3yeTCst OJHA U Ta Ke TexHuKa. CHadaia MCXOTHAS
BBINIYKJIas 000JI0YKa AIIIPOKCUMUPYETCs BBIMYKJION 000JI0UKO#, TTOPOXK/IEHHO ITYACCOHOBCKUM TO-

YEYHBIM IIPOIECCOM B KpyTre. 3aTeM B KPyTe PacCMaTpUBAETCS 11, HEIePEeCEeKAONNXC sl CerMeHTOR
27r(10g n—log® n)
Von

puBaeTCs My, HellepeceKaroIuxcs cerMenToB Ky, k = 1,...m;, (MajgeHbKuX 6JI0KOB) C IeHTPAJIBHBIM

Ey, k =1,...my (601b1ux GJIOKOB) C IEHTPAJIBLHBIM YIJIOM ¥ aHAJIOTUYIHO PACCMAaT-

5
YIJIOM 2”10%, mpu 1 > § > 26%’ B KasKJ/IOM U3 KOTOPBIX JIOKa3bIBaeTCs IeHTPaJbHasd IIpeIesib-
n

Hasl TeopeMa JJisi OCHOBHBIX (DYHKIMOHAJIOB, TJIE M, = 1o§n- IIpu 3TOM OCHOBHBIMU CPEICTBAMU
JOKa3aTe/IbCTBa ABJIAIOTCA CUJIbHOE IlepeMellMBaHie U MapTUHIAJIbHbIE CBOMCTBA CTAIlMOHAPHBIX
BEPIIUHHLIX IIPOIECCOB, MOPOKIECHHLIX HEOTHOPOIHLIM ITyaCCOHOBCKUM TOYEYHBIM IIporeccoM. B
KOHIIE JOKa3aTeIbCTBA, AIIIPOKCUMHUPYEM IIyaCCOHOBCKUE TOYEUHDBIE MTPOIECCH B KAXKIOM OOJIBIIIOM
6noke Ejy u MajenbkoMm 6oke E} oTaenbHO. 3aTeM, UCHOJb3ys CBOHCTBO HE3ABHCHUMOCTH IIPHpPa-
IIEHUS ITYACCOHOBCKOTO TOYEYHOI'O IPOIECCa, Vy U Sy NMPEJCTaBIIEM KAK CYMMY 1M, HE3aBUCHUMBbIX

HOPMaJIbHO pacHIpeac/IeHHbIX CJIy‘IaIL/'IHI)IX BCJIMYHNH.
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Ycunnennnlii 3akoH 6oJbIinux unces MaprnumakeBrnda-3urMyHaa AJisd cjiabo 3aBUCUMBIX
CJIy4alHbIX BEJIMYUH CO 3HAYEHUSIMU B OAHAXOBBIX ITPOCTPAHCTBAX
MTapunos O.I11., 2Kymmypomos A.A.

U Hayuonarvnuti Yrnusepcumem Yabexucmana umernu Mupso Yayebexa
e-mail: osharipov@yahoo.com
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YeuneHHbI 3aK0H 00JIBIINX Yucel MapiuHkeBuda-3UrMmyHia, JIJIsl TOCIeI0BaTe/IbHOCTER CIy-
YafHbIX BEJIMINH (C.B.) CO 3HAUECHUSIME B OECKOHEYHOMEPHBIX IPOCTPAHCTBAX MCCIIEOBAH MHOTHMU
asropamu (cMm.([1])-([3]) u sureparypy B Hux). CupaBeyIiBOCTb 9TOrO 3aKOHA CYIIECTBEHHO 3aBH-
CHTBH OT TeoMeTpun OaHaXOBOr'O ITPOCTPAHCTBA.

[IpuBenem onpeesienne 6aHAXOBOT'O TPOCTPAHCTBA TUIIA P.

Onpepenienne 1. Cenapabesvroe bararoso npocmparcmeo B (¢ nopmot ||-||) nasvisaemesn
umerowgum mun p (1 <p < 2), ecau das 6cex KOHEYHHT HAOOPOE HE3ABUCUMBT CAYUATHYIT GEAU-
wun X1, Xo, ..., X, co snauenuamu 6 B ¢ EXp=0 u F|| Xy||"<oco k=1,2,...,n umeem mecmo
caedyrouee Hepasencmeo

n
E| X1+ Xo+ .. + X[ < C Y E||IXi||”
i=1
206 KOHCMAaHMQ C 3a6UCUM TMOADBKO 01 NPOCIPAHCMEaq B up.

MpbI paccMOTPUM MOCJIeI0BATEILHOCTH ¢ IIepeMeITuBaHIuEeM U Telephb IIPUBeJIeM OlpeieeHne Kodd-
PUIMEHTOB TIepPeMeITNBAHNSA.

Ounpenenenune 2./[1a nocaedosamenvrnocmu B-suaunoir cayuatinor eeauvun {X,, n > 1}
KoahuyueHmbL Y— NEPEMEUUBAHUA ONPEICAAIOMCA CACOYOULUM 00PA3OM:

P(AB)—- P(A)P(B)
k)= : Ae FI'.B o N
O e € F,B € B n e
20e Flf - o3navaem o- aneebpy, noposicdennyro c.6. Xq, Xat1l, -y Xp-

YceuteHHBIN 3aKOH 60JIbINX duces] MaprmHkeBuda-3UrMyHIa JIjIs [TOC/IeI0BATEIbHOCTEN HeiicTBY-
TeJIbHOZHAYHBIX CJIy9IaliHbIX BEJMYMH C CHJIBHBIM IepeMernuBanneM usyuet B ([4]).
OCHOBHBIM HAIIIUM PE3YJIBTATOM SIBJISIETCS CJIEIYIOIIAsi TEOPEMa.

Teopema. [Tycmv {X,, n > 1} nocaedosamervrocmv 00unaK080 PACNPEICNEHHBIT CAYHATHBLE Ge-
AUMUH CO 3HaueHuAMU 6 B banarosom npocmparcmee muna p (1 < p< 2) u svinoanaOmes
caedyrouLue Yeao8Uus:
EX = O, EHX1Hp<OO,
Yoo (k) <oo, (1)< 1.
Tozda npu n — oo,
1

n

— g X; =0 ¢ sepoamnocmovio 1.
nl/p —
i

JIuTeparypsr

1. Kywmypodos A.A., llapunos O.III. 3akon 60bux uncesa MapiuHKeBudIa-3UrMyHIA JJIs cJ1abo 3a-
BUCUMBIX CJIyYaHHBIX BEJUYUH CO 3HAYEHUSAMHU B OAHAXOBBIX IIPOCTPaHCTBax. Brojserens MucruryTa
Maremaruku, Vol.4, 2021, N.6, 86-91.

2. Li D., Qi Y ., Rosalsky A. A refinement of the Kolmogorov-Marcinkiewich-Zygmund strong law of
large numbers. Jour. Theor. Probab., 24. 2011, 1130-1156.

3. Asnapos T. A. , Boaodun H. A. 3akoHbI OOJBIINX YUCET JIJjIsI OJMHAKOBO PaCIpEIeIeHHBIX OaHaXo-
BOZHAYHBIX CJIYYaHHBIX BeJUMIUH. Teopus eepoam.u ee npumen.,26. Boir.d. 1981, 584-590.

4. Rio E. A maximal inequality and dependent Marcinkiewich-Zygmund strong laws. Ann.Probab., vol
23, No.2, 1995, 918-937.



4 SECTION V. ALGEBRA AND GEOMETRY

SECTION V. ALGEBRA AND GEOMETRY

Katetlari ayirmasi bir xil bo‘lgan Pifagor sonlarini topish usullari
I Abdullayev J.I., 2Ibragimov H.H.
L Sharof Rashidov nomidagi Samarqand davlat universiteti, Samarkand, Uzbekistan,
e-mail: jabdullaev@mail.ru
2 Denov tadbirkorlik va pedagogika instituti, Surzondaryo, Uzbekistan,
e-mail: husniddinhikmatovich@gmail.ru

Pifagor sonlari haqida juda ko‘p ma’lumotlar bo‘lsada, bu sonlarni o‘rganishga bo‘lgan qiziqish
borgan sari ortib bormoqgda. Bu sonlar haqida ko‘pchilik yaxshi tushunchaga ega, biz bu sonlardan
kundalik hayotda ko‘p foydalanamiz.

1-ta’rif. Agar a, b, ¢ nolmas butun sonlar uchun
a2 +b?=¢2

tenglik o‘rinli bo‘lsa, u holda (a, b,c) uchlikka Pifagor uchligi deyiladi.

Biz matn ichida (a, b,c) Pifagor uchligining a, b sonlarini to‘g‘ri burchakli uchburchakning
katetlari, qisqacha katetlar deb ham ataymiz. Biz, "eng kichik"  uchta Pifagor uchliklarini
keltiramiz.

(3,4, 5), (5, 12, 13), (7, 24, 25).
Ma’lumki, (a, b,c) Pifagor uchligi bo‘lsa, u holda

(a, b, ¢), (2a, 2b, 2¢), ..., (na, nb, nc), ... (1)

uchliklar ham Pifagor uchliklari bo‘ladi.

2-ta’rif. Agar (a1, bi,c1) va (ag, ba,c2) Pifagor uchliklari va biror n natural soni uchun
nay = ag va nby = by tenglik o‘rinli bo‘lsa, u holda (a1, bi,c1) va (ag, be,ca) Pifagor uchliklari bir
sinfga qarashli deyiladi.

Agar (1) sinfda a va b katetlar o‘zaro tub bo‘lsa, u holda (a, b, ¢) Pifagor uchligini (1) sinfning
yaratuvchisi deymiz. Masalan, (3, 4, 5) Pifagor uchligi

(3, 4, 5), (6, 8, 10),...,(3n, 4n, 5n), ...

sinfning yaratuvchisidir.
Ma’lumki, istalgan tengmas n, m € Z sonlari uchun

a=m?—n? b= 2mn, c=m?+n?
sonlar Pifagor uchligini hosil giladi.
Biz quyidagicha savol qo‘yamiz. Agar (n,m,t) lar Pifagor uchligi bo‘lsa, ular yordamida
boshqga Pifagor uchliklarini hosil gilish mumkunmi? Bu savolga ijobiy javob bor ekan. Quyidagi
tasdiq shu haqgida.

1-teorema Agar (n, m, t) lar Pifagor uchligi bo‘lsa, u holda
m=2n+m-+2t, mi=n+2m+2t, t1=2n+2m+ 3t

sonlar ham Pifagor uchligi bo ‘ladi.

Bu teorema shu bilan ahamiyatliki, bunda Pifagor uchliklarining katetlari orasidagi farq
saglanadi, ya'ni m —n = mj — n; tenglik o‘rinli. 1-teoremani (ny,m1,t1) Pifagor uchligiga qo‘llab
yangi

ng = 2n1 +m1 + 2t1, mo =n1 4+ 2my1 + 2t1, to =2n1 4+ 2mq + 3t
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Pifagor uchligini hosil gilamiz.

2-teorema (3, 4, 5) Pifagor uchligidan 1-teorema yordamida hosil gilingan barcha Pifagor
uchliklart biror sinfning yaratuvchisi bo‘ladi.

Pifagor uchligi (3, 4, 5) ga 1-teoremani qo‘llab, (20, 21, 29) Pifagor uchligini hosil gilamiz.
1-teoremani hosil gilingan (20, 21, 29) Pifagor uchligiga qo‘llab (119, 120, 160) Pifagor uchligini
hosil gilamiz. Bundan keyingi Pifagor uchliklari (696, 697, 985) va (4059, 4060, 5741) lardir. Hosil
qilingan Pifagor uchliklarida katetlar farqi (b — a = 1) 4-3=1 saqlanganligini ko‘ramiz.

Agar (a, b, c) Pifagor uchligidagi sonlar o‘zaro tub, ya'ni EKUB(a,b,c)=1 bo‘lsa u holda a,b
va c¢ lardan biri albatta tub son bo‘lishi kerak degan gipoteza ilgari surilgan. Quyidagi tasdiq bu
gipotezani noto‘g'ri ekanligini isbotlaydi.

3-teorema. Agar (n,m,t) Pifagor uchligi bo‘lsa, u holda ixtiyoriy butun musbat p va q sonlari
uchun,
ny = n|m?tp? — 3¢%,  my =m2nt’pq|,  t1 = tinm?p* + nt??|

lar ham Pifagor uchligi bo‘lads.

Izoh. Bu teoremadagi ni, m1 va t1 lar tkkita butun sonning ko ‘paytmasi bo‘lganligi uchun,
ularning barchasi murakkab sonlar bo‘ladi.

Pifagor uchligi (3,4;5) ga 3-teoremani qo‘llab (p = ¢ = 1) yangi Pifagor uchligi (135, 600;615)
ni hosil gilamiz. 135,600, 615 sonlarining barchasi murakkab sonlardir.

3-ta’rif. Bizga to‘g‘ri burchakli parallelepipedning qirralari x,y,z va diagonali d berlgan
bo‘lsin. Agar x,y,z va d lar butun musbat sonlar bo‘lsa bunday parallelepipedni Pifagor g‘ishti,
(z,y,z,d) ni Pifagor to‘rtligi deymiz.
Ma’lumki Pifagor to‘rtligi (z,y, z,d) € N* uchun, 22 + 32 + 22 = d? teglik bajariladi.
Quyidagicha savol qo‘yamiz. Pifagor to‘rtligini Pifagor uchligi yordamida hosil qilish
mumkunmi?
Bu savolga ijobiy javob mavjud, quyidagi tasdiq shu hagida.

4-teorema. Agar (n,m,t) Pifagor uchligi bo‘lsa, u holda
r=t—-n, y=t—-m, z=n+m-—t, d=2t—n—m

lar Pifagor to‘rtligi bo‘ladi.
Bu teoremani quyidagicha ham bayon qilish mumkun. Agar n? + m? = t2 bo‘lsa, u holda
quyidagi tenglik ham o‘rinli bo‘ladi:

(t—n)?+({t—m)?+ (n+m—1t)?=2t—n—m)

Pifagor g‘ishtini hosil qilishini quyidagi misolda namoyish qilamiz. Bizga (3, 4, 5) Pifagor uchligi
berilgan bo‘lsin. Bu uchlikka 4-teoremani qo‘llab

r=5-3=2, y=56—-4=1 2=3+4-5=2, d=2-5-3-4=3
hajmi minimal bo‘lgan Pifagor g‘ishtini hosil gilamiz.
2 +1°4+2°=39=9

Quyida biz 4-teorema yordamida Pifagor uchliklariga mos Pifagor to‘rtliklarini keltiramiz.

Pifagor uchligi | Pifagor to‘rtligi
(3,4;5) (2,1,2;3)

(20, 21;29) (9,8,12;17)
(119,120;169) | (40,41,79;81)
(696,697;985) | (288,289,408;577)
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2-local derivations of Okubo algebra
Allambergenov A.
Nukus state pedagogical institute, Nukus, Uzbekistan,
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The notion of 2-local derivation has been introduced by P. Semrl in [7] and there the author
described 2-local derivations on the algebra B(H) of all bounded linear operators on an infinite-
dimensional separable Hilbert space H. Namely he has proved that every 2-local derivation on B(H)
is a derivation. A similar description for the finite-dimensional case appeared later in [6].

In |2] a new technique has been proposed which enabled the authors to generalize the above
mentioned results for arbitrary Hilbert spacesH. Namely it was proved that on the algebra B(H)
for an arbitrary Hilbert space H (no separability is assumed) every 2-local derivation is a derivation.
A similar result for 2-local derivations on finite von Neumann algebras was obtained in [3].

In [1] the authors have extended all above results for arbitrary semi-finite von Neumann
algebras. Finally, in [4] it was proved that for any purely infinite von Neumann algebra M every 2-
local derivation on M is a derivation. This completed the solution of the above problem for arbitrary
von Neumann algebras.

Let F be a field of characteristic # 2, 3 which contains a cube root # 1 of unity or equivalently a
square root of —3. Thus, F contains the solutions y to the equation 3X (1—X) = Lor u = £(3+v/=3).

Let M3(F) be the associative algebra of 3 x 3 matrices over F. Denote by sl3 (F) the
corresponding special Lie algebra. Let us consider [5] a new product on sl3 (F) defined by

1
zxy = pary+ (1 - pye - S(tray)l (1)

where tr is the canonical trace on M3(IF).
Linear space O = sl3 (IF) with multiplication * as in (1) and non-degenerate quadratic form
n is a symmetric composition algebra:

n(zxy)=n(x)n(y), n(rxy,z) =n(z,yxz),

for any z,y, z (see [5]).
The symmetric composition algebra (O, ,n) is called the Okubo algebra over I (see [6]).
Recall that a mapping A : A — A (not necessary linear) is said to be a 2-local derivation,
if for every pair z,y € A there exists a derivation D, : A = A (depending on z,y) such that

A (37) = Dqyy (x)v A (3/) = Dyy (y>

Theorem. Let O be the Okubo algebra. Then every 2-local derivation A : O — O is a
derivation.
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Lie algebra of solenoidal vector fields
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Vector fields whose divergence is calculated in different physical applications have very
different physical meanings. However, everywhere the divergence of the vector field is directly related
to flows through closed surfaces S.

The very concept of flow originally arose in hydrodynamics, when describing the motion of an
incompressible fluid, the bulk density of which is the same at all points in space: p = const. Since
the concept of hydrodynamic flow is closest to life, therefore its discussion makes sense. In addition
to the gradient and divergence discussed above, in applications one more 1st order differential
operation, called a rotor, is often encountered, which maps a vector field into a vector field.

Proposition 1. Any integral curve of a potential vector field X = gradu is an intersection
of two second-order surfaces.

Definition 1. A scalar field that depends only on the distance of a point to the origin is
called spherical.

Proposition 2. The gradient vector field of a spherical scalar field is a potential vector field.
Let the vector field X = f (r) 7.

Proposition 3. If X is a vector field of a spherical scalar field, then it is solenoidal in any
region that does not contain the origin.

Proposition 4. If X is a vector field of a spherical scalar field, then it is irrotational. Let M
be a smooth connected Riemannian manifold of dimension n, and let a smooth vector field X be
given on the manifold M.

Definition 2. A vector field X on M is called a Killing vector field if the one-parameter
group of local transformations generated by the field X consists of isometries [6].

Theorem 1. [6] The Lie algebra K (M) of the Killing vector fields of a connected Riemannian
manifold M has dimension at most $n(n + 1), where n = dimM. If dimK (M) = in(n + 1), then
M is a manifold of constant curvature.

Proposition 5. The Killing vector field in three-dimensional Euclidean space is a solenoidal
vector field.

Theorem 2. The Lie bracket of two solenoidal vector fields in three-dimensional Euclidean
space is a solenoidal vector field.

The proved Theorem 2 shows that the space of solenoidal vector fields forms a Lie algebra,
and their Lie bracket is considered as an operation of multiplication of two fields.
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Operator Rota-Baxter. Rota-Baxter algebra is an algebra A over a field K with a linear
endomorfism 3 : A — A satisfying the Rota-Baxter relation

5(62')6(6]') = 5(5(6’2‘)6]' + 6iﬁ(ej)) + aﬁ(eiej)7i>j =1-2, (1)

where a is a fixed element of K

The map f is called a Rota-Baxter operator of weight a.Associative Rota-Baxter algebras
arise in many mathematical contexts, i.e., in integral and finite differences calculus, but also in
perturbative renormalization in quantum field theory and many more see [1].

Over an algebraically closed field F' (Char(F) # 2 and 3), any non-trivial 2-dimensional
algebra is isomorphic to only one of the following algebras listed by their matrices of structure
constants [2].

Problem 1. Here we would like to ask the following issue:If any non-trivial 2-dimensional
algebra will be isomorphic Ais,in that case, is it possible to find the view of the a Rota-Baxter
operator?

If we use the matrix form of the operator Rota-Baxter, then for the twelfth class:

0000
A”(C):<1 0 0 0)'

We are find following;:

ere1 = 0ey + leg, ejea = Oeg + Oeg, eseq = Oeq + Oeg, e2e2 = Oeq + Oeo, (3)

We know that:

B(er) = <“§ i{) . <é) — we1 + zes, (4)
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5@g=<iz>*e>:wpw@, (5)

We construct the following system of equations taking into account 7,7 = 1 — 2 and the left
and right sides of equation (5):

22y +ay =0
22 -2zt —at=0
o : (6)
xy—yt=20
y> =0

Taking into account the system solutions, we divide the solutions into the following cases:
Case 1:If the condition 2z 4+ a # 0 holds, then the solutions :

2
y=0,t= 57,z # 3 vaz— accepts an arbitrary value.

Rota-Baxter operator view will be as follows:

= (””” E ) @
2x+a

here x # —* and z— accepts an arbitrary value.
Case 2:If the condition z = =* holds, then the solutions:
y =0,z =% 1t= ¢ and z— accepts an arbitrary value.

Rota-Baxter operator view will be as follows:

= 0
s (7 9). 0
here z—accepts an arbitrary value.
In conclusion, we arrive at the following theorem:

Theorem 1. If any non-trivial 2-dimensional algebra will be isomorphic Ai9,in that case,The
matrix form of the S—Rota-Baxter operator can be found.
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P-precompact space and its hyperspace
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In this paper, we will study the connection between a P-precompact and its hyperspace. It
is proved that if a uniform space (X, U) is P-precompact, then a uniform space (exp, X, exp, U) is
P-precompact.

Let X be a non-empty set, and «a and S be covers of the set X. It is said that « is inscribed
in the cover of G, if for any A € « there exists B € 3, such that A C B, and write o > (5. If
{aq :a € M} is an arbitrary family of covers of the set X, then the interior intersection of the
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family {a, : a € M} of covers is a cover consisting of all sets in the form N{A, : a € M}, where
Ag € g is for any a € M and is denoted by A{a, : a € M} or /\M aq. If @ and B are two covers
ae

of the set X, then their interior intersection: a Af={ANB: A€ a, Bec g} [l

Let « be the cover of the set X and Y C X. Theset a(Y) =U{A € a: ANY # (0} is called
the star set with respect to the cover .. If Y = {z}, then write « (x) instead of a ({z}). Next, put
a® ={a(z): z€ X}, of = {a(A): A€ a}. They say that a cover « is star inscribed in g, if
a® > B. If a* > (3, then they say that « is strongly star inscribed in 3. Note that if the cover « is
star inscribed in 3, and the cover § is star inscribed in «y, then the cover « is strongly star inscribed
in 7 [1].

Definition 1 [1]. Let X be a nonempty set. A family U of covers of a set X s called
uniformity on X if the following conditions are satisfied:

(h1h7 If &« € U and « is inscribed in some cover (B of the set X, then 5 € U.

(h1h7 For any oy € U, ag € U there exists o € U, which is inscribed in oy and ag.

(h1h7 For any o € U, there exists 5 € U strongly star inscribed in .

(P4) For any x, y of a pair of different points of X, there exists o € U such that no element
of a contains both x and y.

A family U consisting of a set X, satisfying conditions (P1) - (P3) is called pseudo-uniformity
on X and a pair (X, U) is called a pseudo-uniform space.

A family U consisting of a set X, satisfying conditions (P1) - (P4) is called uniformity on X
and a pair (X, U) is called a uniform space.

Proposition 1 [1]. For any uniformity of U on X, the family
T ={0 C X : for eachx € O existsa € U such thata(z) C O}

is a topology on X and the topological space (X, 1y) is a T1-space.

The topology of 74 is called the topology generated or induced by the uniformity of .

A uniform space (X, U) is called a compact if the set X with the topology induced by the
uniformity of U is a compact [2].

Let (X, U) be a uniform space and exp X the set of all nonempty closed subsets of the space
(X, my). For each o € U, put P(a) = {{(&/) : &/ C a}, where (¢/) = {F €expX : F C Ud and
FNA#aforeach A € o'},

Proposition 2 [1]. If B is the base of a uniform space (X, U), then P(B) = {P(«a) : « € B}
forms a base of some uniformity expU on exp X.

A uniform space (exp X, explf) is called a hyperspace of closed subsets of a uniform space
(X, U), and uniformity exp is called Hausdorff uniformity on exp X.

Remark 1 [1]. Let exp X be the set of all nonempty compact subsets of the uniform space
(X, U). For each a € U, put K(a) = {{¢) : &' Caandd’ is finite}. Note that K(«) is the cover
of the set exp, X.

Corollary 1 [3]. Let (X, U) be a uniform space. Then w (U) = w (expU).

Corollary 2 [3]. If the uniform space (X, U) is metrizable, then its hyperspace (exp X, expU)
s also metrizable.

Theorem 1 [4]. A uniform space (X, U) is uniformly paracompact if and only if a uniform
space (exp, X, exp.U) is uniformly paracompact.

Let us give examples of the property P of uniform covers of uniform spaces:

(1) covers of brevity < n;

(2) star-finite covers;

(3) point-finite covers;

(4) finite covers;

(5) covers of power < 7, T > Ny.

A uniform space (X, U) is called P-precompact if the uniformity ¢ has a base B consisting
of covers with property P.
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Theorem 1. A uniform space (X,U) is P-precompact if and only if a uniform space
(exp. X, exp.U) is P-precompact, where properties P is a uniformly point-finite cover of uniform
space.
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On idempotent elements of a three dimension genetic algebra
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Let E = {1,...,m} be a finite set and the set of all probability distributions on F
m
Sl = {x = (21, 29,...,2m) €ER™: z; >0, for any i and le =1} (1)
i=1

be the (m—1)-dimensional simplex. A quadratic stochastic operator (QSO) is a mapping V : ™1 —
S™=1 of the simplex into itself, of the form V(x) = x’ € S™~!, where

Vi = Z Dij kTiTj, k€K, (2)
i,jER
and the coefficients p;; ;. satisfy
m
Pijk = Pjik > 0, sz'j,k =1, i,j,kc E. (3)
k=1

Such operators frequently arise in many models of mathematical genetics, namely theory of heredity
(see e.g. [1-3]). Let us recall the definition of an evolution algebra of a free population following
[2]. The QSO is closely related to an algebra structure on R™ containing the unit simplex (1). Let
{er}}; be the canonical basis of R™, and we introduce a multiplication as follows

m
eiej = ejei = Zpij,kek. (4)
k=1

Thus, we identify the coefficients of inheritance as the structure of an algebra, i.e. a bilinear mapping
of R™ x R™ to R™. Suppose that x = (z1,...,2,) € R™ and y = (y1,...,Ym) € R™. Then the
general formula for the multiplication is the extension of (4) on R™ generated by the QSO (2) and

it has the form
m

xoy= Y (ysrayler = ((Vx+y)—V(x—y)) (5)
i4,k=1

Using (3) it is easy to see that x oy =y o x, i.e. the multiplication (5) has the commutative
property. The algebra Ay generated by the evolution operator (2) is called the genetic algebra.
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An element x € Ay is called idempotent if x?> = x. The idempotents of an evolution algebra
are especially important, because they are the fixed points of the evolution operator V. Denote by
Zd(Ay) the set of idempotent elements of the algebra Ay .

Consider V: R? — R3, x = (21,79, 23) — V(x) = X' = (2, 7, ¥}) defined as

(CL’% + (1+a)xyze + (1 — b)zows, m% + (1 —a)xryze + (1 + ¢)z123, :13% +(1—=c)xjzs+ (1 + b)mgajg) ,

(6)
where —1 < a,b,c < 1.

Let x = (21,72, 23) € R® and y = (y1,v2,y3) € R? and let Ay be a genetic algebra. Recall that a
character of Ay is a linear functional h: A — R with h(xoy) = h(x)h(y) for all x,y € Ay.

Theorem 1. (i) The function h(x) = 1 + 22 + x3 is a character of Ay;
(ii) The function h(x) = 1 + x2 is a character of Ay if and only if when b =1 and ¢ = —1.

Theorem 2. The set of idempotents Id (Ay) is equal to

{(a,, 1 = 20v), « € R}, it a=b=c=0,
{x*}, if a=b=0 c#0,
{x*}, if a=c¢=0 b#0,
(0, e5} U {x*(a),x*(cv), a€R}, if b=c=0 a#0,
{x*(a,b),%(a),x(cx), € R}, it ¢c=0 ab#0,
{x*(a),x*(a,c),X(a),x(a)} if b=0 ac#0,
{x*,x*(b),x*(bc)}, if a=0 be#0,
{x*,x**(a),x*(a),x*(abc),x**(abc)}, if abc #0.

where O = (0,0,0), x* = (1/2,1/2,0), x*(a) = (—1/a,1/a,0), x*(b) = (1/(2b), —1/b, 1/(2b)),

=(
. 111 1 . 111 1 . 2 2+a
X ((I,b) = ( a7 ba a b> , X (a,c) = <_a’c’a - C> y X ((I) = <_CL’ a >O> )

2a

X*(be) = b—c+bc b—c+bc c—b x*(abe) = 1 Qlib—l—c
~\cb+c) bb+c)’ be )’ Catbtel\c e )’

™ (abe) = 1 b—c+bc b—c+bc abc+ c? — b
Ca+b+ec c ’ b ’ be ’
%(a) <a2+\/4+a2 a+2—+vV4+a? O) %(a) <a2x/4+a2 a+2+V4+a? 0)
a) = a) = .
2a ’ 2a L 2a ’ 2a ’
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Almost inner derivations of solvable Leibniz algebras whose nilradical is a
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In this note, almost inner derivations of solvable Leibniz algebras whose nilradical is a quasi-
filiform Leibniz algebra of maximum length are considered.

Definition 1. A vector space with a bilinear bracket (L, (—,—)) over a field F is called Leibniz
algebra if for any x,y,z € L the Leibniz identity

[z, [y, 2]] = [z, v, 2] = [[z, 2], 9]

holds.
The notion of a derivation in the case of Leibniz algebras is defined as usual, that is, a linear
map d : L — L of a Leibniz algebra L is said to be a derivation if it satisfies

d([z, y]) = [d(@), y] + [z, d(y)]

for any x,y € L. The set of all derivations of L denoted by Der(L).

Note that the right multiplication operator Ry, : L — L, R.(y) = [y, z], y € L, is a derivation.
This derivation is called an inner derivation. The set of all inner derivations of L denoted by
InDer(L).

Definition 2. [2| The derivation D € Der(L) of the Leibniz algebra L is called an almost
inner derivation if D(x) € [z, L] holds for all x € L; in other words, there exists ay € L such that
D(z) = [x,az]. The space of all almost inner derivations of L is denoted by AID(L).

For a given Leibniz algebra L we consider the lower central and the derived series

L'=L, L' =% 1), k>1, =L st =k Lkl s>1,

respectively.

Definition 3. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there
exists n € N (m € N) such that L™ = 0 (respectively, L™ = 0).

Evidently, for an n-dimensional nilpotent Leibniz algebra L we have L"T! = 0.

The maximal nilpotent ideal of a Leibniz algebra is called the nilradical of the algebra.

Let R be a solvable Leibniz algebra with nilradical N. We denote by @) the complementary
vector space of the nilradical N to the algebra R. Let us consider the restrictions to N of the right
multiplication operator on an element x € @ (denoted by R, ). Thanks to [4] we know that for
any = € (), the operator R, is a non-nilpotent derivation of N.

Let {z1,...,2m} be a basis of @, then for any scalars {a1,...,a,} € C\ {0}, the matrix
1Ry + o0 + amRy, |, is non-nilpotent, which means that the elements {x1,...,7,} are
nil-independent [5]. Therefore, the dimension of @ is bounded by the maximal number of non-
independent derivations of the nilradical N (see [4], Theorem 3.2). Moreover, similar to the case of
Lie algebras, for a solvable Leibniz algebra R the inequality dim N > %dimR holds.

Below we define the notion of a quasi-filiform Leibniz algebra.

Definition 4. A Leibniz algebra L is called quasi-filiform if L2 # 0 and L™~! = 0, where
n = dim L.

A Leibniz algebra L is called Z-graded if L = @;czV;, where [V;,V;] C Viy; for any i,j € Z
with a finite number of non-null spaces V;.

A gradation L =V}, & --- @V}, of a Leibniz algebra L is called connected gradation if Vi, # 0
for any 7 (1 <14 <t) and the number I(®L) :==1(V, & --- & Vi,) = kt — k1 + 1 is called the length
of the gradation.
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Definition 5. A Leibniz algebra L is called to be of maximum length if

max{l(®L) such that L =V}, & --- & Vi, is a connected gradation} = dim(L).

The following algebra is one of n-dimensional quasi-filiform non-Lie Leibniz algebra of

maximum length [3]:

[617 el] = €n,

MO . .
lei,el] =eip1, 2<i<n-—2.

In work [1] the following theorem was proved.

Theorem 1. An arbitrary algebra of the family R(M“° 1) admits a basis {e1,e2,...,en, T}

such that its table of multiplications is one of the following types:

Ry (M'0.1) (a2, ..., 00) ¢ Ry (M*0.1) (a)
le1, 2] = agen, [, 2] = anen, e, 2] = ex,
n-1 e xl=0—1)e;, 2<i<n-—1,
lei,x] =€+ >, au_iqoer, 2<i<mn-—1, leis 2] = ( e -
t=i+1 [en, 1] = 2ey, [z,e1] = —e1 + aea,
Rs (M°,1) (a Ry (M0,1) (a)
enal —e1, [enal = 2 +aem [ lena]—ex+aens o] — —aens,
lei,x] =1e;, 3<i<mn-—1, lei,x] =(t+3—n)e;, 2<i<n-—1,
[enaw] — 2en’ [xael] = —é€q, [enax] = Q€p—1 + 26717 [$>el] = —€1,
Rs (M*°,1) (a Rg (M*°,1) (o)
le1, x] —€1+aen 1, le1, 7] = e1, [z,e1] = —e1,
lei,z] = (i +2—n)e;, 2<i<n, lei,z] =(i+1—n)e;, 2<i<n-—1,
[z, e1] = —e, [z,2] = —aen—2, [en, 7] = 2ep, [z, 2] = aep—1,
Ry (MLO, 1) ()
[61,(1)] = €1, [m761] = —€y,
lei,z] =(i—2+a)e;, 2<i<n-—1,
[en, x| = 2en, a¢{1,2,3—n,4—n,5—n},
where a0 € C and the first non-vanishing parameter {oo,...,a,} in the algebra

Ri(M*0, 1)(a,...,an) can be scaled to 1.

The following theorem is main result.

Theorem 2. Let L = R;(M'°,1), 1 <4 < 7 is a solvable Leibniz algebra. Then any almost

inner derivation of solvable Leibniz algebra is inner.
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Let H™ be an n-dimensional vectors space over the skew field of quaternion numbers, and let
GL (H™) be a group all the invertible linear transformation in H". Also, a subgroup of GL (H")
that of all symplectic transformation, is denoted by Sp (n), i.e

Sp(n)={oc € GL(H") : (ox,0y) = (z,y)},

where (z,y) = Z 1y, ,y € H™, j;—Hermitian conjugate of y;. It is plain that the space H™ can

be regarded as a 2n dimensional complex vector space. We will denote this complex space by V.
As a set, V' coincides with H". Then every element o € GL (H") defines a linear transformation
o' € GL(V), and GL (H™) can be regarded as a subgroup of GL (V') using the into isomorphism
o — o'. Then Sp(n) can be regarded also as a subgroup of GL (V). This subgroup is called the
complex representation of Sp (n), (see, [1]). In the following, we consider only complex representation
of Sp(n).

Let the vector & = (£1,&2, ...,&2n) € V correspond to the vector = (21, x9, ...,z,) € H", and
let the vector ¢ = (91, M2, ...,m2n) € V correspond to the vector y = (y1,y2,...,yn) € H™. Then, as a
simple calculation shows, we have

2n
Zfzm [Z §1Mi4n — §l+n771)] J-

=1

We denote by Qi (Z,%) and Q; (Z,y) of the sums E{ml and Z (&Misn — Eenmy), respectively.

Obviously, a symplectic transformation leaves 1nvar1ant of a blhnear form (x,y). Then, the
corresponding complex transformation leaves invariant of the bilinear forms € (%, ) and Q; (Z,¥),
(see, [2]). We will have the following definition from this property.

Definition 1. The group of linear transformations ¢/ € GL (V) is called a group of the
complex representation of the group Sp(n), if it satisfies the following conditions:

{o' € GL(V): M (o'z,0'y) = U (z,y), Q; (0'z,0'y) =Q; (z,y)}.

We denote of the group complex representation of Sp (n) by USp (2n,C).

Let C (&, z*) the differential field of differential rational functions with differential variable
Z € V, over C. In this case, the differentiation mapping d : C (Z,7*) — C (Z,7*) is defined using
by equalities
(dp) g —p(dg)

¢ ’
where, a € C, f = f(Z,T*), ¢ = ¢ (Z,&*) are differential functions, p = p[Z,&*], ¢ = ¢[Z,T*] are
differential polynomials, (see, 3] or [4]).

Definition 2. If G is a subgroup in the group GL (V) and f (0@, 0Z*) = f (&, ") for all
o € G, then the differential rational function f (Z,z*) € C (Z, ¥*) is called G—invariant.

The set of all G—invariant differential rational functions is denoted by C(#,Z*)¢. The set
F = {f:}.ex € C(Z, **>G is called the system of differential generators of the field C(Z, _'*>G,

if any element f(Z, &*) € C(Z,#*)¢ can be obtained from a finite number of elements of F by

applying a finite number of times algebraic operations, differentiation and the complex conjugation
in C <:Z",f*)G . In the following, we will consider the problem of describing the generating system
of the differential field C(Z, )¢, for the case G = USp(2n, C). Some results were obtained during
the study of this problem. We present them in the form of the following theorem:

d(a)=07d(f+<p>=df+ds0,d(f)=d(§> _
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Theorem 1. Let G = USp(2n,C). Then the system og G—invariant polynomials

Ql(‘f’ 5)7 Ql(drilfa dT‘f)a Qj(drilf,drf)a T = ].,Tl

is a finite system of genmerators in the differential field C(Z, i’*)G, where d”" is the r-th order
differential of the vector T.

Let I = (a,b) — an arbitrary interval from the set R of real numbers (cases are possible
when a = —o0, or b = +00). It is known that I-path in C*" is such a continuous vector function
z(t) = {z;(t)}", from I to C?", in which all coordinate mappings z; : I — C are infinitely

N 2n
differentiable functions on I, where | = T,2n. The vector (") (t) = {xl(r) (t)}l X where :):}T) (t)—r
-th derivative of the coordinate function z; (t). The I-path z (t) is called regular if (M) () # 0 for all
2n S
t € I. For each I-path z (t) by M (t) we denote the 2n x 2n-matrix (371(2 (t))l o= 0,2n —1.
,m=
The I -path z (t) is called strongly regular if the inequality det (M (t)) # 0 is true for all ¢t € I, (see,
[4] or [5]).

Let G be an arbitrary subgroup of the group GL (V). Two I -paths z (t) and y (¢) are called
G—equivalent if such an element exists o from G such that y (t) = oz (t). The following theorem
gives a solution to the problem of equivalence of two paths, for the cases G = USp (2n, C).

Theorem 2. Strongly reqular I -paths x (t) and y (t) are USp (2n, C) —equivalent if and only
if, when the equalities hold

i) N (Z,7) =N (¥,9);
i) O (&2, d7E) = Q (&1, d7);
iii) Q; (4, d"7) = Q; (d"~'g,d"y)

where r = 1,n.

References

1. Twahori.N Some remarks on tensor invariants of O(n), U(n), Sp(n). Journal of the Mathematical
Society of Japan, 10(2), April, 1958,

2. Cheuvalley.C. Theory of Lie groups. i. Princeton., Princeton University Press. 1946.

3. Xadjiyev. Dj. Application of the theory of invariants to the differential geometry of curves. Tashkent:
Fan,1988.

4. Muminov. K. K., Chilin. V.I Equivalence of curves in finite-dimensional spaces. Lap.Lambert
Academic Publishing. Deutchland (Germaniya) 2015.

5. Khodyrovich M. K., Solyjonovich J. S. Equivalence of Paths under the Action of the Real
Representation of Sp(n). Journal of Applied Mathematics and Physics. 2022. 10. No. 5. p. 1837-1858.

Complete systems of invariants of parametric topological figures in the
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Abstract. Let Es be the two dimensional Euclidean space and T be a topological space. A
continuous mapping v : T — FEs will be called a parametric T-figure in Fy. Let O(2, R) be the
group of all orthogonal transformations of Fo. Put

SO(2,R) = {g € O(2, R)|det(g) = 1},
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MO(Q,R):{F:EQ%EQ‘FJZIQJJ-FZ),QGO(ZR),()EE&},
MSO(2,R)={F : Ey » Ey | Fx =gz +b,g € SO(2,R),b € Ey}.

The present paper is devoted to solutions of problems of G-equivalence of parametric T-figures
in Ey for the groups G=0(2, R), SO(2, R), MO(2, R), MSO(2, R) in terms of G-invariants of
a parametric T-figure. Complete systems of G-invariants of a parametric T-figure in Fs for these
groups have obtained. Complete systems of relations between elements of the obtained complete
systems of G-invariants have given.

Derivations on algebras of measurable functions
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Institute of Mathematics named after V.I. Romanovskiy, Uzbekistan Academy of Sciences,
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e-mail: karim2006@Qmail.ru

Recall that a linear mapping D : A — A is called a derivation if it satisfies the identity
D(zy) = D(z)y+axD(y) for all x,y € A. Each element a € A defines a derivation ad(a) : D : A — A
given by ad(a)(x) = ax — za, x € A. Such derivations ad(a) are called inner derivations. It is clear
that if A is commutative, all inner derivations are zero.

Let S(0,1) be the algebra of all (classes of equivalence) measurable complex-valued functions
and let AD(0,1) be the algebra of all (classes of equivalence of) almost everywhere approximately
differentiable functions on [0, 1].

Recall that the existence of non zero derivations on S(0, 1) were obtained independently by
A.F.Ber, F.A.Sukochev, V.I.Chilin [1] and A.G.Kusraev [2]. In [3, Proposition 6] it was shown that
the dimension of the linear space of all derivations on the algebra S(0,1) is uncountable.

Theorem. Let DerS(0,1) be the linear space of all derivations of S(0,1). Then

dim DerS(0,1) = dim Der AD(0, 1) = 2°.
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Some topological properties of the space of permutation degree SP"X are discussed. We
prove that if the product X™ has some network-type properties, then the space SP™X also has
these properties.

Let X™ be the n-th power of a compact X. The permutation group S, of all permutations,
acts on the n-th power X" as permutation of coordinates. The set of all orbits of this action
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with quotient topology we denote by SP"X. Thus, points of the space SP"X are finite subsets
(equivalence classes) of the product X™. Thus, two points (z1, z2, ..., Zyn), (Y1, y2,...,yn) € X" are
considered to be equivalent, if there is a permutation o € S, such that y; = z4(;. The space
SP"X is called the n-permutation degree of a space X and it is always a quotient of X™. Let G be
any subgroup of the group S,. Then it also acts on X" as group of permutations of coordinates.
Consequently, it generates a G-symmetric equivalence relation on X™. This quotient space of the
product of X™ under the G-symmetric equivalence relation is called G-permutation degree of the
space X and it is denoted by SPEX [1].

A family v of subsets of a topological space X is called a network for X if for every x € X
and any neighbourhood U of z there exists V' € v such that x € V C U [2].

A family k of subsets of a topological space X is called a k—network for X if whenever
K C U with compact K and open set U in X, there exists  of finitely many members of k such
that K ¢ Us' C U [3].

A sequence {z,,} in X is called eventually in P if {x,} converges to x, and there exists m € N
such that {z} J{z,: n>m} C P. A family ¢ is called a cs—network at a point x € X if for any
sequence {z,} converging to x and a neighborhood U of z, there exists P € £ such that P C U and
{zy} is eventually in P [4].

A family £ is called a cs*—network at a point € X if whenever {x,} is a sequence converging
to a point € U with open set U in X, then {z,, : i € N} C P C U for some subsequence {z, }
of {z,,} and some P € £* [4].

Theorem 1. If X" is a T1—space that has a network which cardinality equal to 7, then SPHX
also has a network which cardinality < T.

Theorem 2. If X" is a T1—space that has a k—network which cardinality equal to T, then
SPLX also has a k—network which cardinality < 7.

Theorem 3. If X" is a T1—space that has a cs—network which cardinality equal to T, then
SPLX also has a cs—network which cardinality < 7.

Theorem 4. If X" is a T1—space that has a cs*—network which cardinality equal to T, then
SPLX also has a cs*—network which cardinality < 7.
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Let us recall some notions from geometry of Hamilton systems. Given a smooth manifold M a
Poisson bracket on M assigns to each pair of smooth, real-valued functions F, H : M — R another
smooth, real-valued function, which we denote by F, H. There are certain basic properties that such
a bracket operation must satisfy in order to qualify as a Poisson bracket.
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Definition-1. A Poisson bracket on a smooth manifold M is an operation that assigns a
smooth real-valued function {F, H} on M to each pair F, H of smooth, real-valued functions, with
the basic properties:

(1) Bilinearity: {\F + uP,H} = M{F,H} + p{P, H},

{F,\H + uP} = M F,H} + p{F, P} for constants A\, u € R,

(2) Skew-Symmetry: {F,H} = —{H, F'},

(3) Jacobi Identity: {{F, H},P} + {{P,F},H} +{{H,P},F} =0

(4) Leibniz’ Rule: {F,H - P} ={F,H}- P+ H - {F, P}.

(Here - denotes the ordinary multiplication of real-valued functions.)

A manifold M with a Poisson bracket is called a Poisson manifold, the bracket defining
a Poisson structure on M. The notion of a Poisson manifold is slightly more general than that
of a symplectic manifold, or manifold with Hamiltonian structure; in particular, the underlying
manifold M need not be even-dimensional. This is borne out by the standard examples from classical
mechanics.

Let M be the Euclidean space R™ with coordinates

(p7 q7 Z) = (p17p2"'?pn’ qu q2"'7 q”? Zl? 22"'7 Zl)?

where 2n + 1 = m. If F(p,q,z),H(p,q, z) are smooth functions, we define their Poisson bracket to

be the function
n n

OF OH OF OH
{FH} = Z oqi pt Z; opt Oqi

=1 =

This bracket is clearly bilinear and skew-symmetric; the verifications of the Jacobi identity
and the Leibniz rule are simple exercises.
We note the particular bracket identities

in which ¢ and j run from 1 to n, and 53 is the Kronecker symbol.

Definition 1. Let M be a Poisson manifold. A smooth, real-valued function C' : M — R
is called a distinguished function if the Poisson bracket of C' with any other real-valued function
vanishes identically, i.e. {C,H} = 0 for all H : M — R.

In the case of the canonical Poisson bracket on R™ the only distinguished functions are the
constants, which always satisfy the requirements of the definition.

Definition 2. Let M be a Poisson manifold and H : M — R a smooth function. The
Hamiltonian vector field associated with H is the unique smooth vector field Xz on M satisfying
Xu(F)={F,H} = —{H, F} for every smooth function F': M — R.

In the case of the canonical Poisson bracket on R™, m = 2n + [, the Hamiltonian vector field
corresponding to H(p, q, z) is clearly

" 9H & OH 9
X = Zz;{ opt 0q* B oq' Opi}'

The corresponding flow is obtained by integrating the system of ordinary differential equations
dp* _ OH dq’* _ OH dz!
dt  dqt’ dt  dpt’ dt

There is a fundamental connection between the Poisson bracket of two functions and the Lie

bracket of their associated Hamiltonian vector fields, which forms the basis of much of the theory
of Hamiltonian systems. It is well known following theorem |[3].

Theorem 1. Let M be a Poisson manifold and let F, H : M — R be smooth functions with
corresponding Hamiltonian vector fields Xz, Xz. The Hamiltonian vector field associated with the
Poisson bracket of F and H is the Lie bracket of the two Hamiltonian vector fields:

Xry = —[Xrp, Xul.
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The Hamiltonian vector field associated with H(x) has the form

mom

. OH_ 0
Xp =3 A>T @) 5 o

i=1 j=1

where J¥ (z) = {x%, 27}.

Let us consider system of ordinary differential equations in Hamilton’s form

dx
i J(x)VH(x). (1)

where H(x)— Hamiltonian, J¥(x) = {2%,27}— the structure matrix , defining Poisson bracket.

Definition 3. A function P(z,t) is called the first integral of system (1) if for the solution
x(t) it holds P(x(t),t) = const for all ¢.

The first integrals are easily described using the Poisson bracket. The following theorem is
known [3] on the first integrals of the system

Theorem 2. The function P(x,t) is the first integral of the Hamiltonian system (1) if and
only if
apP
— P, H} =0.

for all t. In particular, a time-independent function P(z) is the first integral if and only if {P, H} =0
everywhere.

Now we will study geometry of curvature lines.

Let us recall the notion of curvature line.The lines of curvature or curvature lines are curves
which are always tangent to a principal direction (they are integral curves for the principal direction
fields). There will be two lines of curvature through each non-umbilic point and the lines will cross
at right angles [1], [2].

It holds following theorem.

Theorem 3. One of the families of curvature lines of the elliptic paraboloid consists of
integral lines of Hamilton vector field. Second family of curvature lines of the elliptic paraboloid
consists of geodesic lines.
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Let M,, be the set of n x n complex matrices. Consider the action of the group GL,(C) on
the direct product M¢% in the natural way:

g-(X,Y)=(9X197",...,9Xag""), g€ GL,(C).
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Definition. The n-th Calogero-Moser space is defined to be
Cn ={(X,Y) € My, x M,, | rank([X,Y] + I,,) = 1} )/GL,,.

In 1978, authors of the paper [1] defined the Calogero-Moser spaces over R, and in 1998 they
are defined over C by G.Wilson [2]. The Calogero-Moser spaces are named after a class of integrable
systems in classical mechanics that play an important role in geometry and representation theory.

The action of GL,, induces an action on the algebra C[MZ] of polynomial functions on M.
The algebra C,q = (C[M%]GL" of GL,-invariant polynomials is an object of study in the invariant
theory of d-tuples of matrices. The First Fundamental Theorem of Matrix Invariants states that
it is generated as a C-algebra by the traces of monomials in the generic matrices X1, ..., X4. The
Second Fundamental Theorem, established by Razmyslov [3] and Procesi [4], independently, states
that over a field of characteristic zero, all relations are the result of the Cayley-Hamilton theorem.

The goal of this thesis is to study the Calogero-Moser spaces over the fiels of p-adic numbers.
p-adic numbers were first described by Kurt Hensel in 1897 [5]|. For a given prime p, the field Q,
of p-adic numbers is a completion of the rational numbers. There are several equivalent definitions
of p-adic numbers. One can say also that any p-adic series represents a p-adic number, since every
p-adic series is equivalent to a unique normalized p-adic series. This is useful for defining operations
(addition, subtraction, multiplication, division) of p-adic numbers: the result of such an operation
is obtained by normalizing the result of the corresponding operation on series. This well defines
operations on p-adic numbers, since the series operations are compatible with equivalence of p-adic
series.

Let us denote the Calogero-Moser space over the field of p-adic numbers by Q.

Proposition. For any pair (X,Y) of p-adic matrices from Q,,, the following equality holds:

n(n—i—l).

Tr(ABAB) — Tr(A2B?) = 5

The coordinate ring of the second Calogero-Moser space Qs has the following set of generators:

{Tr(X), Te(Y), Tr(X?), Tr(XY), Tr(Y?)}

Now, we define the following generators of Q,[Qs]:
ay = Tr(X), ay = Te(Y), a3 = Tr(A?), ay = Tr(AB), as = Tr(B?),

where A and B are traceless versions of X and Y, respectively.

Theorem. There exists a defining relation between the above generators as follows:
aZ —asas = 1.

The results of the above Proposition and Theorem are true in the Calogero-Moser spaces over
C since used operations are well-defined in both fields.

However, what is the difference between them? The answer could be that the points
which satisfy the defining relation are different since the difference of underlying set of these fields
is not empty. This implies that there exist points (a3, a4, as) in C3 which are not in Qg satisfying
the defining relation and vice versa.

For example, the point (i,i,2i) € C3 satisfies the relation. However, i ¢ Q, for p # 4k + 1.
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Let C(X,Y’) be a free algebra in the indeterminates X,Y (endowed with the degree function
and the valuation function at the origin, which are denoted by deg and wval). A C-automorphism
f of C(X,Y) will be identified with its sequence f = (f1, f2) of coordinate functions f; € C(X,Y")
(1 =1,2). If g is a C-automorphism of C(X,Y’), we agree that fg will denote the C-automorphism
of C(X,Y’) obtained by composition of f and g.

The subgroup of Aut(C) generated by all the elementary automorphisms is called the tame
subgroup,and the elements from this subgroup are called tame automorphisms of C(X,Y). Non-
tame automorphisms of the algebra C(X,Y) are called wild. It is well known [1], [3], [4], that the
automorphisms of polynomial rings and free associative algebras in two variables are tame.

The algorithm to decide whether an endomorphism of C[z, y| is a tame automorphism is given
in [2]. The goal of this thesis is to give such an algorithm for the endomorphism of C(X,Y’).

We define:

the degree of f by degf = max(degfi,degf2);
the bidegree of f by bideg(f) = (degf1,degf2);
the total degree of f by tdeg(f) = degfi + deg fo;
the commutator of f by [f1, f2] = f1fa — faf1.

Also we introduce the following groups:

G As(C), the group of all C-automorphisms of C(X,Y);

Afa(C), the subgroup of GA3(C) of affine automorphisms, i.e., automorphisms of the shape
(aX +bY + ¢,dX + €Y + f) where a, b, c,d, e, f, are complex numbers such that ae — bd = 1;

GL2(C), the subgroup of Af(C) of linear automorphisms;

BA5(C), the subgroup of GA3(C) of triangular or "de Jonquieres"automorphisms, i.e.,
automorphisms of the shape (aX + P(Y),a"'Y + b) where a,b are complex numbers, a # 0 and
P(Y) is an element of C[YT;

T Ay(C), the subgroup of GA3(C) of tame automorphisms, i.e., the subgroup of GAs(C)
generated by Afy(C) and BA,(C).

We use GAjy for GA2(C), Afs for Afa(C) and so on.

The following proposition is the key of the announced algorithm: if f € TAs satisfying
tdegf > 3, it ensures the existence of o € G A of a very special shape such that tdeg(a~!f) < tdegf.

Proposition. Let f = (f1, f2) € T Ay with bideg(f) = (dy,ds). Denote by g; the homogeneous

component of degree d; of f; fori=1,2. Then dy|dy or da|di. Moreover:

(1) If di < do, then there exists \ € k such that go = )\gfz‘dl ;

(1) If do < dy, then there exists \ € k such that g1 = )\ggl‘d2
(111) If dy = do > 1, then there exists (a,h) € Afy x T Ay such that f = ah and d; = deghy > deghs

where h = (hy, ha).
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We deduce from Proposition an algorithm to decide if a k-endomorphism of A% belongs to
TAQ(k)

ALGORITHM.
i: Enter a k-automorphism f of C(X,Y).
ii: Let (dy,dg) = bideg(f1, f2).
iii: If d; = do = 1, then goto viii.
iv: If dy # ds, then goto vi.

v: If there exists o € Afy such that tdeg(af) < tdeg(f), then replace f by af and goto ii, else
STOP: f & TAs.

vi: If dy < dy, then replace f = (f1, f2) by (f2, f1).

vii: If (dq]|d2 and there exists A € k such that gy = )\gih/ dl), then replace f by

(X,Y — AX9%/d) f and goto ii, else STOP: f ¢ T A,.
viii: If [f1, fo] = [X, Y], then STOP: f € T As, else STOP: f & T A,.
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Abstract The Schrodinger algebra is a non-semisimple Lie algebra and plays an important
role in mathematical physics and its applications. In this paper, local derivations of the Schrédinger
algebra are studied.

Keywords Derivation, Local derivation, Schrodinger algebra.

1 Introduction

The Schrodinger Lie group describes symmetries of the free particle Schrédinger equation in
[6]. The Lie algebra S(n) in (n + 1)-dimensional space-time of the Schrédinger Lie group is called
the Schrodinger algebra, see [3]. The Schrodinger algebra is a non-semisimple Lie algebra and plays
an important role in mathematical physics. The Lie algebra S (1)is one of the most essential case for
n = 1 and admits a universal 1-dimensional central extension which is called the centrally extended
Schrodinger algebra or, simply, the Schrodinger algebra, abusing the language. We denote S (1) by
S in this paper. Let C be the complex number field. Recall that the Schrodinger algebra S is a Lie
algebra with a C-basis {f, ¢, h, ¢, p, e} and brackets
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[h7 6] = 2e, [hv f] :_2f7 [evf] = h7
h,pl =p, [hhd = —q [pad =¢
le,q =p, b fl = —a¢ [f dqd =0,

e, p] =0, [¢, S] = 0.

The Schrodinger algebra S can be viewed as a semidirect product

S = HNSZQ
of two subalgebras: a Heisenberg subalgebra H = span {p, ¢, ¢} and slo = span {e, h, f}.

The notions of local derivations were first introduced in 1990 by R.V. Kadison [4| and
D.R.Larson, A.R.Sourour [5]. The main problems concerning this notion are to find conditions
under which local derivations become derivations and to present examples of algebras with local
derivations that are not derivations. R.V.Kadison proves that each continuous local derivation of a
von Neumann algebra M into a dual Banach M-bimodule is a derivation.

Several papers have been devoted to similar notions and corresponding problems for
derivations and automorphisms of Lie algebras [1], [2]. In [1] Sh.A.Ayupov and K.K. Kudaybergenov
have proved that every local derivation on semi-simple Lie algebras is a derivation and gave examples
of nilpotent finite-dimensional Lie algebras with local derivations which are not derivations.

In this paper we investigate local derivations of the Schrédinger algebra. We show that every
local derivation of the Schrodinger algebra is a derivation.

2 Derivations of the Schrodinger algebra
Let us review some details about the derivation of a Lie algebra.
Definition 2.1. A linear map D from a Lie algebra L into itself is called a derivation of L if
it satisfies that
D ([z, y]) = [D (), y] + [z, D (y)]

forall z, y € L.

For x € L, it is easy to see that ad, : L — L, y — ad, (y) = [y, z] for all y € L is a derivation
of L, which is called an inner derivation. Denote by DerL the vector space of all derivations, InnL
the vector space of all inner derivations.

Let 0 be an outer derivation of S determined by

1 1

5(h) =5(e)=6( =0, 6()=c, 6() = 3p. 6(0) = 50

Theorem 2.2 [7|. DerS = InnS & C5.
Let D derivation on §. For a € § and A € C from Theorem 2.2 we can write a derivation the
following form
D (z) = adg () + A0 (2)
forall x € S.
3 Local derivations of the Schréodinger algebra

Definition 3.1. A linear operator A is called a local derivation if for any x € L, there exists
a derivation D, : L — L (depending on x) such that A (x) = D, (x). The set of all local derivations
on L we denote by LocDer (L).

We now state our main result as follows.

Theorem 3.2. Fvery local derivation on S is a derivation.

4 Almost inner derivations of the Schrédinger algebra
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Definition 4.1. A derivation D’ is called a almost inner derivation if for anyz € L, there
exists a inner derivation ad, : L — L (depending on z) such that D’ (z) = ad, (x). The set of all
almost inner derivations on L we denote by AID (L).

Theorem 4.2. Every almost inner derivation on S is inner derivation.
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In this thesis the begin with a brief description of Sasakian geometry is concired. A detailed
discussion of both Sasakian and contact geometry can be found in [BGO08|. A Sasakian structure
incorporates several well-known geometries, contact geometry with a chosen contact 1-form 7, CR
geometry with a strictly pseudoconvex Levi form, and a 1-dimensional foliation with a transverse
Kahler structure.

Definition 1. Let i : (S*"*1 g) — (R?"*2 < >) be the standard isometric embedding of
the unit sphere S?"*1 into R?"*+2, equipped with the canonical metric. Any wector field X on §27+1
is identified with i..X.

We consider the so-called Sasaksian structure on S$?"*! induced by the standard complex
structure J on C™!, identified with R?"*2, which is described as follows. Let N be the unit
outward vector field normal to $?"*!. Putting:

JN = —¢

€ turns out to be a global vector field tangent to S?"*!. Moreover, for any vector field X on S27*!,
the decomposition of J X in the tangent and normal components determines a (1, 1)-tensor field ¢
and a 1-form 7 on S?"*!, such that:

JX = o(X) + n(X)N.

Definition 2. A(2n + 1)— dimensional manifold M has an almost contact structure (¢, &, n)
if it admits a vector field £ (the so - called characteristic vector field), a 1 — form n and a field ¢
of endomorphisms of the tangent spaces satisfying:

n€) =1, @»=-I+nx¢
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These conditions imply that ¢(£) = 0 and o ¢ = 0; moreover, ¢ has rank 2n at every point of M.
Equivalently, as proved by J. Gray, a (2n + 1) dimensional manifold M carries an almost contact
structure if and only if the structure group of its tangent bundle is reducible to U(n) x {I}.

Theorem. (S%"*1 o € n,g) is a Sasakian manifold.

Proof.A Sasakian manifold is defined as a normal, contact metric manifold (normal, almost
contact metric manifold with the 1— form nof maximal rank). Thus, firstly we need to show that
nA(dn)™ # 0 everywhere. To this aim, using a result due to Blair, we prove the equivalent condition
dn = ® It is well known that, in this case,the Gauss and Weingarten equations for a hypersurface

reduce to:
DxY =VxY —g(X,Y)N;

DxN=X

Where D denotes the Levi-Civita connection on R?"*2. Applying
JX =¢o(X)+n(X)N
DxY =VxY —g(X,Y)N;
DxN =X
9(X, ) =n(X), X € x(5*"*)
one has:
(DxJ)Y = (Vx@)Y +g(p(X),Y)N — g(X,Y)§ + g(VxEY)N +n(Y) X
and, since (R?"*2 J, <, >) is a Kihler manifold, this relation gives:
(Vxe)Y =g(X,Y)E —n(Y)X,Vx&=—p(X), Ve =0

The skew-symmetry of ® and the second relation above imply that £ is a Killing vector field and,
combining with

(Vxp)Y =g(X,Y)§ —n(Y)X,Vx&=—p(X), Ve =0

one has:

So dn = ® and (p,&,n,9) is a contact metric structure. Finally,
(Vxe)Y = g(X,Y)§ —n(Y)X,Vx¢ = —p(X),Vef =0

implies the vanishing of the tensor field [p, |+ 2dn® &, (i, e. the normality condition), where [, ¢]
is the Nijenhuis tensor of ¢, defined by

[0, 0)(X,Y) = [pX, 0Y] — ([¢X,Y]) — o([X, oY]) + ¢*([X, Y]),

for any vector field a X,Y.
The first relation in

(Vxo)Y =g(X,Y)§ —n(Y)X,Vx&=—p(X), Ve =0

Tharacterizes the Sasakian manifolds among the almost contact metric manifolds.
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Saddle surfaces and solutions of the hyperbolic equation in Galilean space
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The three-dimensional Galilean space R} is defined as an affine A3 space with a degenerate
inner product [1].

The introduced degenerate scalar product generates a degenerate metric. In this case, the
distance between points is defined as the norm of the vector connecting these points.

Let Ozy be the coordinate system in the R} space and {i, j, k} - be unit basis vectors. The
x = const planes are called special planes of space.

In the work of the [1], the theory of the surface in R} was studied. Let us present some
necessary facts from the theory of the surface of a Galilean space.

L R}; studies surfaces that do not have special reference planes. The class of such surfaces is
quite wide [2].

Galilean plane is a linear transformation [1-3|:

{ :U/:ac+a

/ 0 < h < 4o0,
y =hx+y+0,

The classification of the surface points of the Galilean space was considered in the work of A.
Artykbaev [1]. Where, unlike Euclidean space, the surface points of the Galilean space are divided
into four classes, i.e. elliptical, hyperbolic, parabolic and cyclic.

General and special solutions of equations belonging to the Hyperbolic type determine a
geometrical surface. The geometrical meanings of the motion characteristics of these equations
represent asymptotic lines on the surface.

If the coefficients in front of an equation of the hyperbolic type are a constant, then the integral
(asymptotic lines) of the characteristic equation is a line. In other words, let’s look at G areas where
the equation is of the same type at all points. Two characteristics pass through each point in the
G domains, namely, for equations of the hyperbolic type, there are two real and mutually distinct
characteristics. This means that two asymptotic lines pass through each point on the hyperbolic
surface.

If the non-homogeneous equation belonging to the hyperbolic type is in view

Ugm = q>(£7n7u7u€7u'f7)' (1)

From this, equation (1) has the following form: uxx — uyy = ®; where ®; = ® . According
in Galilean space is:
uxy — huYy =&

where X and Y are new variables. It is necessary to solve the homogeneous equation of oscillations

uxy —huyy =0, 0 <Y < 400, —00 < X < +00 (2)
under initial conditions
u(X,0) = ¢(X),
uy (X,0) = ¢(X), (3)

where the function ¢(X) and 9 (X) are specified on the entire number axis. Problem (2) and (3) is
called the Cauchy problem for the wave equation.

Theorem 1. There are
X+3
u(X,Y) =o(X)+ h/ P(s)ds.

X

solutions of equation (2) that satisfy the condition (3).
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Theorem 2. In a Ré dimensional Galilean space, the cyclic type of the u¢, = ® equation
can be reduced to the hyperbolic type of the uxx — uyy = ®1 equation.
The surface equations considered above z = zy , z = %(mQ — y?) can be considered as a

solution of the z;, = 0 and 2;, — 2y, = 0 equations.
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In 1990, R.Kadison [8], D.Larson and A.Sourour [10]| independently introduce the concept
of local derivation. In [8], R. Kadison proved that every continuous local derivation from a von
Neumann algebra into its dual Banach module is a derivation. In [10], D. Larson and A. Sourour
proved that every local derivation from B(X) into itself is a derivation. More detailed information
about local derivation can be found in [3, 4, 5, 11].

Let H be complex Hilbert space with a conjugation a — @ and the triple product

{a, b, ¢} = (a, b)c+ (¢, b)a — (a, ¢)b,

where a, b, c € H. Note that this triple product is linear in the first and third variables (a and c)
and conjugate linear in the second variable b. Since, by the definition of the inner product, we have
(a, €¢) = (¢, a), the triple product is symmetric in the outer variables, i.e.,

{a, b, ¢} ={c, b, a}.
The space H with the above triple product is called the complex spin factor and will be denoted
by S.
A triple derivation or simply a derivation d on a real or complex spin triple factor S is a linear
operator satisfying

6{a, b, ¢} = {da, b, c} + {a, 6b, ¢} +{a, b, ic}

for all @, b, c € S.
A linear operator A : S — S is called a local derivation if for any a € S there exists a
derivation d, such that A (a) =, (a).

Theorem 1. Let S be a spin factor. Then every local derivation A : S — S is a derivation.

Proof. Let A : § — S be a local derivation. Since every derivation in the spin factor is skew-
symmetric (see [6, Proposition 25.2.7]), by the definition of a local derivation, for each a, b € S we
have
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Thus
(A%(a), b) =(—-A(a), b)

for all a, b € S, that is A* = —A. Therefore, every local derivation A is a derivation. The proof is
complete.

The concept of 2-local derivation was firstly introduced by P. Semrl [11] in 1997. P. Semrl]
[11] proves that every 2-local derivation from B(H) into itself is a derivation for a separable Hilbert
space H. Many other authors study 2-local derivations and there are several important results (see
1,2, 3,609, 12, 13]).

A map A : S — S (not necessarily linear) is called 2-local derivation if for any two elements
a, b € S there exists a derivation D, (depending on a and b) such that A(a) = D, (a) and
A (b) = Da,b (b)

Theorem 2. Let S be a spin factor. Then every 2-local derivation A : § — S is a derivation.

Proof. Let A : S — S be a 2-local derivation. Let’s first show homogeneity of A. By the
definition of a 2-local derivation, for each a € S and every A € C there exists a derivation ¢, 5, such
that

A (@) = 0g, rq (@)
and
A (Aa) = g, xa (Aa) .
Then
A (Aa) = g, xa (Aa) = Ag, aq (@) = AA (a) .

Therefore, A is homogeneous.
We shall show that A is additive. Since every derivation in the spin factor is skewsymmetric
(see |7, Proposition 25.2.7]), by the definition of a 2-local derivation, for each z, y € S we have

(A (), y) = (buy (), y) = (z, 65, () = — (2, buy () = — (z, A(y)).

Thus (A (x), y) = — (=, A(y)) for all z, y € S. For arbitrary a,b,c € S, set x =a+b, y =c.
Then from above we get

(A(a+b),c) = —(a+b, Ac))=—(a, A(c))— (b, A(c)) =
(A(a), )+ (A(D), c)=(Aa) +A(D), o),
and so
(A(a+b)—A(a)—A(),c)=0
for all a,b,c € S. Therefore,
A(a+b)—A(a) —A(b) =0,

i.e. A is additive. Hence, A is a linear operator. Then A is a local derivation and, by theorem 1 is
a derivation. The proof is complete.
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Let M be a smooth connected Riemannian manifold of dimension n with Riemannian metric

Smoothness in this paper means smoothness of class C°.

Definition-1. Differentiable mapping 7w : M — B of maximal rank, where B is a smooth
Riemannian manifold of dimension m, called submersion for n > m.

By the rank theorem of a differentiable function the full inverse image L, = 7 1(p) of of every
point p € B is a submanifold of dimension k¥ = n — m. So the submersion of 7 : M — B generates
a foliation F' of dimension £ = n — m on the manifold M, whose leaves are connected components
of the inverse images of the points of p € B.

Suppose that L is a leaf of the foliation F', x € L, T, L is the tangent space of L at the point
x, and H(z) is the orthogonal complement of T, L. There arise two subbundles TF : x — T, L and
H : x — H(x) of the tangent bundle T'M of the manifold M. Each vector field X € V(M) can be
represented in the form X = X, + Xj, where X,, and X} are the orthogonal projections of X onto
TF and H, respectively. If X, = 0, then X is called a vertical field (tangent to F'); if X,, = 0, then
X is called a horizontal field.

Geometry of submersions is investigated by many authors, in particularly in papers [3,4,5].

Definition-2. A submersion of 7 : M — B is called Riemannian if its differential dm preserves
the length of horizontal vectors.

To the study of the geometry of Riemannian submersions is devoted many investigations
[1,2,6], in particularly in [7] obtained fundamental equations of Riemannian submersion.

In this paper we study foliations defined by submersions.



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 111

Let M be a smooth connected Riemannian manifold of dimension n with Riemannian metric
g, where B is a smooth Riemannian manifold of dimension m.
Let us consider submersion
m:M— B (1)

and denote by F' the foliation defined by submersion.

From a geometrical point of view, the important classes of foliations are totally geodesic
foliation and Riemannian foliation.

Foliation on a Riemannian manifold is a totally geodesic if every geodesic tangent to the leaf
of the foliation at one point lies in this leaf, i.e each leaf is a totally geodesic submanifold. The
geometry of totally geodesic foliation studied in [8].

Foliation F' is called a riemannian foliation if each geodesic orthogonal at some point to the
leaf of the foliation F, remains orthogonal to all leaves F' in all their points [9]. Riemannian foliation
without singularities were first introduced and studied by Reinhart in [2]. This class of foliations
naturally arise in the study of bundles and geometry of orbits of vector fields[10,11,12,13].

Let us recall notion of C"— bundle. C"— submersion 7w : M — B, where M is a manifold
of dimension n, B is a manifold of dimension m, is called C"— bundle if there exist an n — m
dimensional manifold N and open cover {U,} of B satisfying following conditions:

1. for every point p € B submanifold 7—1(p) is diffeomeorphic to N;

2. for each U, there there is a diffeomorphism

Yo : T H(Uy) = Uy x N,

such that
Pa(m(p)) = {p} x N.p € Ua.
It follows from [1] the following theorem holds.

Theorem 1. Let M be a smooth connected complete riemannian manifold. If (1) is a
riemannain submersion then it is a bundle. In addition if the foliation F' is a totally geodesic
then all leaves are mutually isometric.

In the case B = R Theorem 1 can be strengthened in the following form.

Theorem 2. Let M be a smooth connected complete riemannian manifold and
T:M—R (2)

is a riemannian submersion. Then foliation F' is a total geodesic riemannian foliation with isometric
leaves.
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Olti o’lchamli filiform Li algebralarida transpozed Puasson algebralari tuzilmalari
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Puasson algebralari 1970-yillarda Puasson geometriyasini o’rganish natijasida paydo
bo’lgan. U matematika va fizikaning Puasson ko’pxilliklari, algebraik geometriya, kvant
nazariyasi, kvant gruppalari, klassik mexanika kabi juda keng sohalarida qo’llanilmoqda.
Transpozed Puasson algebralari dastlab [1] ishda fanga kiritilgan bo’lsa, uning barcha
tuzilmalarini Li algebrasi bilan tasvirlash usuli B.L. Makedo Ferreira, [.Kaygorodov va
V.Lopotkinlarning ishida qo’llanilgan [2]|. Bunda asosiy vazifa berilgan Li algebrasining
%-differensiallashlari topish va ushbu %—differensiallash yordamida transpozed Puasson
algebrasining assotsativ, kommutativ ko’paytmalarni aniqlashdan iborat. Ushbu ishda olti
o’'lchamli filiform Li elgebralari qaralib, ularning i-differensiallashlari topiladi va uning

2
yordamida hosil bo’luvchi transposed Puasson algebralari aniglanadi.

Ta’rif 1. [1]. L vektor fazo va ikkita nol bo’lmagan bichiziqli - va [, | amallari berilgan
bo’lsin. Agar (L, -, [, ]) uchlikda (L, -) kommutativ, assotsiativ algebra va (L, [, ]) Li algebrasi
bo’lib, quyidagi shartni o‘rinli bo‘lsa,

2z [z, y) = [z 2, y) + [z, 2 - Y]

u holda (L, -, [, ]) uchlikka transpozed Puasson algebrasi deb ataladi.

Ta’rif 2. (L, [, |) algebra va ¢ chiziqli akslantirish berilgan bo’lsin. Agar ¢ akslantirish
uchubn quyidagi shart o’rinli bo’lsa,

ol ] = 5 (1el@). o] + [, o)

u holda u %—differensiallash deyiladi.

Lemma 1. [2]. (L,-,[,]) transpozed Puasson algebrasi va z € L ixtiyoriy element
bo’lsin. U holda (L, -) assotsiativ, kommutativ algebradagi R, o’'ngdan ko’paytirish operatori
(L, [, ]) Li algebrasining 3-differensiallashi bo’ladi.

Ushbu ishda biz model filiform Lie algebrasi orqali hosil bo’luvchi transpozed Puasson
algebrasini tasniflaymiz. Ma’lumki, ixtiyoriy n-o’lchamli model filiform Lie algebrasida
{e1, €9, ..., e,} bazis topilib, bu bazisda algebraning ko’paytmalari quyidagicha bo’ladi [3]:

Pin: e e1] =eip1, buyerda 2<i<n-—1.
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Tasdiq 1. n-o’lchamli model filiform Lie algebrasining %—differensiallashlarining
umumiy ko’rinishi quyidagicha bo’ladi:

( d(e1) = aqe; + ageg + -+ - + e,
d(ez) = farea + fzez + -+ + Bren
d(es) = %((041 + B2)es + Bsea + Baes + -+ + Buien)

(2% = 1)ay + Bo)en

Quyidagi teoremada 6-o’lchamli model filiform Lie algebrasi yordamida hosil bo’luvchi
transpozed Puasson algebralarining tasnifi keltirilgan.

Teorema 1. Olti o’lchamli y; ¢ algebra yordamida hosil gilingan transpozed Puasson
algebralari quyidagi algebralardan biriga izomorf bo’ladi:

(e1-e1 = aje; + agey + azes + aues + ases + ages

2
_ 2
e1- € = ey + qFares + (—068 + 5 CY7)€5 + (2ag + 5 e + oo — 3067) €6

€1 €3 =163+ Ea765 + ( asg + —067)66

201
€164 = %[404164 + Z—fOé?@ﬁ]
€165 = €5

€1 - €g = (N1€4

€9 - g = 7€y + (rges + (gt
€9 - €3 = %(Oz7€5 + a866)

_ 1
€9 - €4 = 104766

_ 1
\ €3 €3 = 1&766.

€1 €1 = (€9 + Q3 + Q364 + Qi €y + 5€6, €1 ° €y = g€y + ey + Qg€q

1 1
II:{ e1-e3=5(ages + areg), €1 €4 = 70666
2
ey - €y = B¢
2 2 daq 6-

€1 €1 = (x1€3 + o€y + (671523 + y€g, €1 ° €9 = (X5€4 + (6715 + 7€g

1 1

IIT:4 e1-e3= 3(ases + ageg), €1 €4 = 70564
o? a2
J— 5 J—
€2 - €2 = 5 €5 + (g€, €2+ €3 = 5,-C6-
€1 - €1 = 1e5 + Qoeg, €1+ €2 = (3€5 + (y€pq
1
v €1 - €3 = 5036, €9+ €2 = (i5€4 + Q€5 + Qreg

1 1
ey - e3 = 5(ases + ages), €2-e4 = 50566

€3 - €3 = %Oé566.
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Definition 1: A Leibniz algebra L is said to e filiform, if dimL’ = n — i, where
n=dimL and 2 < ¢ < n. The set of n—dimensional filiform Leibniz algebras we denote
by Leib,. The following theorem from [1]| splits Leib,; into three disjoint subset. Any
(n+1)—dimensional complex filiform Leibniz algebra admits a basis ey, ey, ..., e,calle adapted
and more information [2|, such that the table of multiplication of the algebrs has one of the
following forms, where undefined products are zero:

(

les, €0] = €1 1<i<n—1,
[eg,ei] = —€i11 2 S 1 S n — 1,
[60, 60] = bo,0€n
. leg, e1] = —ea2 + by 1€,
TLeibnir = [e1, e1] = biae, (1)

€5, €] = aj j€itji1 +.. —i—aZ;(HJH)en,l +bije, 1<i<j<n-—1,
lei, ej] = —[e;, ] 1<i<ji<n-1,

L lei, en—i] = —[en—i, ] = (—=1)"bi i€y 1<i<n-—1,

Problem 1. We are need to fint view T Leib, 1 forn = 8 and we are need to check it
have been Filiform Leibniz algebra

Where a” b;; € C and, b;,—; = b whenever 1 < ¢ < n—1 and b = 0 for even n

sincecn = 8 is éjonsidered inthe system [e;, e,—i] = —[en—ise;] = (1) bip_ien, 1 <i<n-—1,
So the following is relevant: [ey, e7] = [ea, €6] = [e3,€5] = b17 = bag =35 =0

When opening the system, we find the range of 7 and j changes

1+7+1<8,

i+J<7,1<7,(1;2),(1;3),(1;4),(1;5), (1;6),(2,3),(2,4)(2,5), (3,4)

( [eo, €] = —ein1 2<1 <7,
[607 60] = bo,oes
[60, 61] = —€9 + 60’168
[617 61] = b1,1€8
le1,e9) = —[ez,e1] = a%,264 + a%265 + &?7266 + azll72€7 + b1 o€
le1, 6[3} = ]—[63, 6[1] = C]Ligef)l—i‘ aigeﬁz‘i‘ Clil)’,;ge? + b1 3€s8
. €1,€64] = —|€4,€1]| = CL174€6 + CL17467 + b1’468
TLeiby = [e1, e5] = —[es, e1] = Cl;1L5€7 + b1 €8
[61766] = _[66761] = bl,668
[627 63] = —[63, 62] = CL%73€6 + CL§73€7 + b2’368
[e2, 4] = —[ea, 2] = aj 4e7 + by yes
[62, 65] = —[657 62] = b2,568
le2, €6] = —[eq, €2] = bages =0
\ [63, 64] = —[6’4, 63] = b3,4€8

we will be using this equalities
{60761762}7{60761763}7{60761764}7 {607€1a65}a {60761a66}7 {€0a627€3}7 {60762764}7

{607 €2, 65}7 {617 €2, 63} 7{61a €2, 64}
and using the following notations, we write the system as follows



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 115

T _ 1 _ 2 2 3 _ 3 _ 4 _ . 1 _
A1 g =013 = 01,09 =] 3 = Q2,0] 5 = A) 3 = Q3,07 9 = b1 3 =y, b1 2 = a5,a; 4 = a,

2 1 2
a1 4 = O7, 51,4 = (s, b1,5 = Qy, b1,6 = 00, g3 = O] — g, g3 = A2 — (g,

1
besz = a3 — ag, a4 = 1 — g, b g = a2 — g, b3 4 = 201 + a9 — 3a,

( [eo, €] = —ein 2<0<T,
[607 60] = bo,0e8
{60, 61] = —€9 + bo’leg
[617 61] = 51,168
le1, e2] = —[e2, 1] = ares + anes + ases + cuer + ases
le1, e3] = —[es, e1] = aes + anes + ager + aqes
TLeibg = [61, 64] = —[64, 61] = (g€ + Qrer + agey
[e1,e5] = —[es, e1] = (2a6 — ay)er + ages
[61766] = _[66761] = (10€s8
[eg, €3] = —[es, ea] = (a1 — ag)eg + (g — a)er + (a3 — ag)es
lea, e4] = —eq, €2] = (a1 — ag)er + (o — ag)es
[627 65] = —[657 62] = (20&6 — 1 — 0510)68
L [63, 64] = —[64, 63] = (20(1 + 10 — 30410)68

now let’s find at the base of T Leib,, 1 for n =8
L= {60, €1, €9, €3, €4, €5, €, €7, 68}
I?=LxL= {62, €3, €4, €5, €g, €7, 68}
P=[?>xL= {63, €4, €5, €g, €7, 68}
L4 = L3 x L = {64, €5, €g, €7, 68}

L5 =L*x L = {es, e5,€7,¢e8}

LS =15 x L = {eg,er,es}

L"=L5x L ={er, es}

L8 =L"x L= {es}

L =18 x L={0}

So, we are showing this theorem:

Theorem 1. T'Leib, 1 algebra for n=8 will be fliform Leibniz algebra.
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Local automorphism on simple Leibniz algebras
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L V.I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, 81, Mirzo
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In last decades a series of papers have been devoted to study of mappings which
are close to automorphism and derivation of associative algebras (especially of operator
algebras and C*-algebras). Namely, the problems of describing so-called local automorphisms
(respectively, local derivations) and 2-local automorphisms (respectively, 2-local derivations)
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have been considered. Later similar problems were extended for non associative algebras, in
particular, for the case of Lie algebras.

Let A be an associative algebra. Recall that a linear mapping ® of A into itself is
called a local automorphism (respectively, a local derivation) if for every z € A there exists an
automorphism (respectively, a derivation) @, of A, depending on z, such that ®,(z) = ®(x).

Local automorphisms of certain finite-dimensional simple Lie and Leibniz algebras
are investigated in [1]. Concerning local automorphism, T.Becker, J.Escobar, C.Salas and
R.Turdibaev in [2] established that the set of local automorphisms LAut(sly) coincides with
the group Aut®(sly) of all automorphisms and anti-automorphisms. Later in [3] M.Costantini
proved that a linear map on a simple Lie algebra is a local automorphism if and only if it is
either an automorphism or an anti-automorphism.

An algebra (L, [-,-]) over a field F is called a (right) Leibniz algebra if it satisfies the
property

[1’, [yv Z” = [[$’ y]’ z] - H$v z]a y]’

which is called Leibniz identity. For a Leibniz algebra L, a subspace generated by its
squares Z = span {[z,z| : € L} due to Leibniz identity becomes an ideal, and the quotient
Gr = L/T is a Lie algebra called liezation of £. Moreover, [£,Z] = 0. Following ideas of
Dzhumadildaev[4], a Leibniz algebra L is called simple if its liezation is a simple Lie algebra
and the ideal Z is a simple ideal. Equivalently, £ is simple iff Z is the only non-trivial ideal
of L. A Leibniz algebra L is called semisimple if its liezation G, is a semisimple Lie algebra.
Simple and semisimple Leibniz algebras are under certain interest now [5].

Let G be a Lie algebra and V a (right) G-module. Endow on vector space L =G &V
the bracket product as follows:

[(g1,v1), (g2, v2)] := ([g1, g2], v1 - 92),

where v - g (sometimes denoted as [v, g]) is an action of an element g of G on v € V. Then
L is a Leibniz algebra, denoted as G x V.
The following theorem is the main result of this note.

Theorem 1. Let £ be a simple Leibniz algebra. Then a linear mapping A : £ — L is
a local automorphism if and only if A is an automorphism.
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Local derivations of rank one solvable Lie algebra with a filiform nilradical
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Let A be an algebra (not necessary associative). Recall that a linear mapping D : A —
A is said to be a derivation, if D(xy) = D(x)y + 2D(y) for all z,y € A. A linear mapping
A is said to be a local derivation, if for every x € A there exists a derivation D, on A
(depending on x) such that A(z) = D,(z). The definition of local automorphism is similar
[7]. These notions were introduced and investigated independently by R.V. Kadison [6] and
D.R.Larson and A.R. Sourour [6]. The above papers gave rise to a series of works devoted to
the description of mappings which are close to automorphisms and derivations of C*-algebras
and operator algebras. In [6] D.R.Larson and A.R. Sourour proved that if A = B(X), the
algebra of all bounded linear operators on a Banach space X, then every invertible local
automorphism of A is an automorphism. Thus automorphisms on B(X) are completely
determined by their local actions. In [4]it was shown that the set of all local automorphisms
LocAut(A) of an algebra A form a multiplicative group.

In [2| Sh.A. Ayupov and the first author have proved that every local derivation on semi-
simple Lie algebra over an algebraically closed field of characteristic zero is a derivation and
gave examples of finite-dimensional nilpotent Lie algebras with local derivations which are
not derivations. In [11]| the authors studied local derivatoions of standard Borel subalgebras
of a finite-dimensional simple Lie algebra over an algebraically closed field of characteristic 0
and proved that every local derivation of such algebras is a derivation. In [3| have shown that
in the class of solvable Lie algebras there exist algebras which admit local derivations which
are not ordinary derivation and also algebras for which every local derivation is a derivation.
The authors found necessary and sufficient conditions under which any local derivation of
solvable Lie algebras with abelian nilradical and one-dimensional complementary space is a
derivation. For the structure of solvable algebras with a given nilradical see [1,5,9]

Let £ be a Lie algebra. Consider the following central lower and derived sequences:

LY=L, LMY =[CF L] k>1,
= Lt =Ll £B] 5> 1.

A Lie algebra L is called nilpotent (respectively, solvable), if there exists p € N such that
LP = 0 (respectively, LIP) = 0). The smallest integer & such that £* = 0 is called the nilindex
(or the nilpotency class) of £. A Lie algebra £ is called filiform, if dim £*¥ = n — k — 1 for
1 < k < n—1. Note that the filiform Lie algebras have the maximal possible nilindex, n — 1.
These algebras are the "least"nilpotent.

In this note we give descriptions of the space of all local derivations of rank one solvable
Lie algebras with filiform nilradical.

Let n > 5 and let W, be a (n + 1)-dimensional solvable Lie algebra with a basis
{eo, €1,¢€3,...,e,} such that

Note that W,, = DWW, W] = span{e, ..., e,} is the n-dimesional filiform Lie algebra
which called a Witt algebra.

Fori,j € {0,1,...,n} by A;; denote a linear mapping on W, defined on basis elements
as follows

€, lf] = l{i,
A jler) = {O itk (2)
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Set
PLocOW/) = span{A;; : 0<j<m—1,2j+1<i<n}, (3)
if n = 2m is even,
PLocOW,)) = span{A; j, Ak : 0<j<m,2j+1<i<n, k=m+1,...,n}, (4

if n=2m+1 is odd.
Theorem. Any local derivation A on W, is uniquely represented in the form

A = ad(a) + A, (5)

where a € sp(m{eo,el, . .,e[ﬂ]_l} and A € PLoc(W:), [t] is the integer part of the real

number t. Moreover, the space LocDer(W;") equipped with a Lie bracket is a Lie algebra and
PLoc(W;F) its ideal.
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T'eomeTpudecKknii cMbICJI yCJIOBHOII M 0000IIeHHOII BHeIITHEellT KPUBU3HBI
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N.41. BakesibMaHOM OIIpeJIe/IEHO IIOHATHE YCIOBHOM KPUBU3HBI BBIITYKJION ITOBEPXHOCTH
[1]. Onpeesienne qaHo MaTeMaTHIECKUM METOJIOM, Kak (hyHKIMs 00Ia/Iaromas CBOficTBaMK
BHEITHE KPUBU3HBI.

3BecTHO [2], 9TO BHElIHsIA KPUBU3HA ABJIAETCS ILIOMAIBI0 chepUIecKoro orobpazke-
HUS BBITYKJIO# TTOBEPXHOCTH.

B nannoit pabore BBOJUTCH MOHATHE ODOOIEHHOM BHENTHEH KPUBU3HBI BBITYKJION IT0-
BEPXHOCTH.

O060011IeHHAS BHEIITHAS KPUBU3HA OIIPeJIe/IeHa NeOMETPHIECKIM METOAaM, KaK ILIOMIA b
[EHTPAJBHO IPOEKITNH ChepUIecKoro 0ToOPaKEHNsI Ha IIOBEPXHOCTD, 3BE3/IHO PACIIOIOYKEH-
HOIl OTHOCUTETHLHO C(PEPHI.

JlokazaHo CBOICTBa BIIOJIHE & IUTUBHOCTH 0OOOIIEHHON BHEIHE KPUBU3HBI. BhiscHe-
HO IeOMEeTPUYIECKOe MoCcTpoeHue oO0OIEeHHON BHEITHEHl KPUBU3HBI, IIPUYEM, YCJIOBHAS KPH-
BU3HA SIBJISIETCS YACTHBIM CJTydaeM 0OOOIIEHHON BHeIIHel KPUBU3HBIL [3].
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O mefinoseix u C'—cBoiicTBax nogunpocrpancrsa Pr(X) npocrpancrsa
BEPOSITHOCTHBIX Mep JJis 6ECKOHEYHOIro KoMITakTa X
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B nannoit 3amMeTKe HCCIEAYIOTCA MIEHToBble, pa3MepHOocTHbIe n C-CcBOMCTBA TOJIIPO-
crpancTBa Pr(X) mpocrpancrsa BepoATHOCTHBIX Mep P(X) olpe/ie/ieHHBIX B OECKOHETHOM
komrrakTe X . Vcnosb3yst romeomopduocTu gonosnenus noainpocrpancts Pr(X) u Pr(Y) no
npocrpancrea P(X) u P(Y') cooTBeTCTBEHHO, JOKA3BIBAETCSI PABEHCTBO IIEHIIOB GECKOHEY-
HBIX KOMITAaKTOB X, Y.

Mepa p € M(X) nasbiBaercs nosoKuTeIbHOM (cuMBomdecku p > 0), ecn () > 0
Jutsd Besikoro o > (0. MHOXKeCTBO MOJIOYKUTEIHLHBIX Mep Ha3bIBAETCS TOJOKUTETHHBIM KOHY-
com mipocrpancta M (X)|[1].

Mepa f mostoKuTEIbHA TOrJA U TOJIBKO TOrja, Korja ||u|| = p, toe 1, + X — [0, 1]~
dyHKIWSA, TOXK/IECTBEHHO paBHasd 1.



120 SECTION V. ALGEBRA AND GEOMETRY

Mepa i HazbIBaeTcst HOpMUPOBaHHOI, ecan ||| = 1. [TomokureapbHast HOpMUPOBAHHAST
Mepa Ha3bIBAETCsl BEPOSITHOCTHOM.

BHauUT, M10JI0KUTEIbHAS MEPa. (4 IBJISIETCsI BEPOSITHOCTHOM TOTJIA U TOJIBKO TOTJIA, KOTJIa
[ 1.dp=1.

Hapenum muoxkecro M (X) cnaboit Tomosorueii, T.e. 6ymem cunrars M(X) nosu-
MHOYKECTBOM THXOHOBCKOTO Ipom3Befennst 4nciaosblx npsambix [I{R, : ¢ € C(X)}. Ba-
3y okpecTHOCTel 3yementa p € M(X) obpasytor muoxkecrBa O(u, 1, ..., o, €) = {i €
M(X); |1 (i) — u(pi)| < ,i=1,k}. Urak, M (X )-Brosme pery/spHoe MpocTpancTso. 11o-
upocrpancTBo M (X)), cocrosiee n3 Bcex BEPOATHOCTHBIX Mep, obosnaunm P(X). Jlerko
BUJIETH, 9TO TTpoctpancTBo P(X) samkuyro B M (X). Kpome Toro, P(X) siexkut B iponsse-
nernn orpeskos [I1{l, : p € C(X)}, tme I, = [— ||l [|l¢ll] 7 [[¢| = sup{|e(z)] : z € X}.
Canenosarenbho, P(X) sisiercst GukommakToM|1].

Tosopst, 410 Mepa fi cocpeporovuena Ha Muoxkecrse F' C X, ecm [ dy = 0 s
moboit ¢ € C(X), obpamatomieiicst B Hysib Ha F. Hanmenbliee 3aMKHYTOEe MHOXKECTBO,
Ha KOTOPOM COCPEJIOTOYEHA Mepa (i, Ha3bIBAETCd €6 HOCHTEeJIeM U OOO3HAYAETCS SUPPLL;
suppp = ({F € X : F = F u p(X) = pu(F)}. g BesAkoit TOYKM CYIMIECTBYeT eIuH-
CTBEHHAsI BEPOSITHOCTHAsl Mepa , COCPEJIOTOYeHHas B . B caMoM jefe, mycrb 0,— Takas
mepa. Torga 0,(1,) = 1 u, snaunt, 0,(¢) = 0.(p(z) - 1) = ¢(z). C apyroit croponsl, Mepa
s, OmpejiesisieMasi PaBeHCTBOM d,(¢) = ¢(x)— BEPOATHOCTHAST U COCPEJOTOYEHA B TOUKE .
Mepa 6, cocpeoroyeHHast B TOUKe I, Ha3bIBaeTcs mepoii JIupaxa.

s 6ukommnakra X depe3 P,(X) 0603HAYMM MHOMKECTBO BEPOSITHOCTHBIX BCEX Mep
p € P(X), HOCHTE KOTOPBIX COCTOAT He HoJee YeM U3 n TOUEK, T.e.

Po(X) = {p € P(X) : |suppu| < n}.

Buaunt, Toukn npocrpancTBa P, (X) —5T0 BbIIyKIble JUHEHbIE KOMOUHAIINH

k k
Zmzéazﬂk < nazmi = 1>mi > 07
i=1 i=1

Mep [lupaxa.

B pa6ore [2| npusenen noabynkrop Py dyukTopa P BeposiTHOCTHBIX Mep, 00Ja/1a-
IOIUI CJICIYIONIUM CBOHCTBOM: €CJIU HOCUTE/Ib MEPBI [t COCTOUT U3 N TOYEK X1, T, ..., Ty,
TO Mepa, Mo Kpalineii Mepe, OJHON M3 TUX TOYEK, He MeHbIne 1 — % OHn nHTEpeceH TeM,
YUTO SABJIAETCs (DYHKTOPOM C KOHEUHBIMU HOCUTEJISIMU U HE UMeeT KOHedIHOi crerenn. DyHK-
Ttop Py : Comp — Comp ynoBieTBopsdeT BceM TpeOOBaHUAM, HaJaracMbIM Ha HOPMaJIbHBIC
dbyHuKTODHI 2], KPOME coxpaHeHUsT SMUMOPMOUIMOB.

I3 oupenenenus npocrpancrsa Pr(X) ciaemyer, uro npocrpanctso 0(X) mep Jupaka
nexut B Pr(X).

loBopsiT, uTO HpOcTpaHcTBO X sIBJIsIeTCA CJIADOCUIETHOMEPHBIM, ecau X SIBJISIeTCs
CYETHBIM OOBEJMHEHNEM CBOMX 3aMKHYTBIX KOHEYHOMEDPHBIX IIOJINPOCTPAHCTB, T.e. X =
U2, Xi, dim X; < oo, X;- 3amkuyTo B X.

IIpennoxenue 1. [lycmo xomnaxm X caabocuemmnomepen. Tozda xomnarm Pp(X)
maxotce CAaboCHeMmHOMEPEN.

Onpepenenne [3|. Tononrozuueckoe npocmparcmeo X nasweaemes C- npocmpan-
cmeom (uau obaadaem, ceolicmeo) ecau das ecaxot nocaedosamenvrocmu U,, n € N ezo
OMEPLIMBLL NOKPLIMBLT Hatidemea makas nociedosamesvrocmov V,, n € N Judsronkmmoulr
omkpomoir cemeticms, wmo Vy, enucano 6 Uy, a U{V, : n € N} asasemca nokpoimuem
npocmpancmea X.

Teopema 1. /s ao6oz0 beckonewnozo komnarxma X npocmparncmso Pr(X) obaadaem
ceoticmeom C, mozda u moavko, mozada xozda camo X obaadaem ceoticmeom C.

[Iycte X u Y Geckoneunnie merpudeckne komrmakTel u ShX = ShY. B stom ciyuae,
UMeeT MeCTO JimarpaMma
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X I v
) )

Pr(x) Y py(v)

rie h : X — Y meiinoBoe orobpaxkenue. B 3roM ciiyuae u3 HAC/IEJICTBEHHO MIEHIIOBOM
SKBUBAJICHTHOCTH (KOPOTKOro, hse) oroGpazkenuit 7 i r} BBITEKaeT, 4r0 OTOOpazKeHue h
ecTb hse orobpazkeHune TOra U TOIBKO Torga, korja Pr(h) ects hse orobpaskenue [4].

Teopema 2. Jlasa a06vix beckoneunoir komnaxmos X u Y, cywecmsyem hse omoob-
paosicenue h : X — 'Y moeda u moavko moezda, Kozda cyuecmeyem pasHoMepHo Henpepvle-
noutt  2omeomopgpusm P(X)\Pr(X) — P(Y)\Pr(Y).

Teopema 3. Jlobwvie xomnaxmo X u'Y umeem odunaxosvie wetinv, mozda u moavko
mozda, koeda P(X)\Pr(X) u P(Y)\Pr(Y) pasnomepro 2omeomopgro 6 xamezopuu Uasnp

15/
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AnHoTanua

YKazaH aJropuTM pelleHns Takoil 3amadu. IlycTb B n-MepHOM BeIeCTBEHHOM IIPO-
crpanctBe R™ 3amano m (m < n) 1meJ0YUCIEHHBIX BEKTOPOB. VX jmHeiliHas 06009YKa 00-
pasyet JinHeitnoe nojnpoctpancTso L B R™. Tpebyercs BbIMUCINTD TaKYIO YHUMOJLYJIAPHYIO
MaTpHUILy, 9TO JIMHEIHOe TpeoOpa3oBaHue C Hell MEePEBOJUT IOAITPOCTPAHCTBO L B KOODIH-
nHataoe [1|. TakxKe HpuBEICHBI IPOIPAMMBI, PeaU3yIOINe STH AJTOPUTMBI, U CTEIeHHbIE
npeobpazoBaHus [2], /st KOTOPBIX OHU TIpe/THA3HAYECHB.

JImreparypa

1. Bpwono A. JI., Asumos A. A. Berumciienne yHUMOIYIsApHbIX Marpui,. IIpempuater WUIIM wwm.
M.B.Kemgpima. Mocksa, 2022, Ne 46. C. 1-20.

2. Bpiono A./]. Crenennas reomerpus B ajrebpandeckux u auddepeHnnaibHbX ypapHeHusx. M.: Qus-
matant, 1998. 288 c.
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JlokasibHasi mapamMeTpus3alius ajaredpamdeckoro MHOroodopa3usi BOJIU3U ero
0COOBIX TOYEK
!Bprono A.J1., 2AzumoB A.A.
L Hnemumym npuxaadnoti mamemamuru um. M.B. Keadvaua PAH, Mocksa, Poccus,
e-mail: abruno@keldysh.ru
2 Camaprandcxuti 2ocydapemeennvti ynusepcumem, Camaprand, Ysbexucman,
e-mail: Azimov_Alijon Akhmadovich@mail.ru

AnHoTarusa

B Teoperuteckoii pusuke 1npu n3yueH HHBAPUAHTHBIX METPUK DWHINTEHA BOSHUKIA
HOTPEOHOCTH U3YUUTh B KOOPJIUHATAX (1,09,a3 ajrebpandeckoe Muorooopasue € [1|, koropoe
OIUCHIBAETCS YpaBHEHUEM

Q(s1, 52, 53) % (251 +453—1) (6457 — 645+ 855+ 2405253 — 15365, 52— 409653+ 1252 — 2405, 55+
4768535 — 651 + 6053+ 1) — 85159(251 +453—1)(25; — 3253 —1)(105; + 3253 —5) — 165255 (5257 +
16405, 53+102452 — 525 — 32055+ 13) +64(25; —1)55(25; — 3255 — 1) +20485, (25, —1)s3 = 0,

riae si1,S2,S3— dJIeMeHTapHble CUMMETPHUYCCKHEe MHOI'OYJICHbI, paBHbIe COOTBETCTBECHHO

S1=a1+tas+as,So=aj-ax+ay-as+as-as,s;y =aj-a- as.

[Ipu srom Q(s1, S2,s83) = P(ay,as,as), rjue muorowien P umeer crenenb 12. Muoro-
obpasue ) uMeer 3 0cobble TOYKH TPETHEroO IOPsiKa, 1 0COOYI0 TOYKY BTOPOrO HMOPsIKA
U 2 KpHUBbIE OCOOBIX TOYEK IEepBOro nopsijka. C IMOMOIIbIO aJrOPUTMOB CTEIEHHON IeoMeT-
pun [2| u mporpaMM KOMIBIOTEPHOI asreOphl [3] MOydeHbl JIOKAJIbHBIE HapaMeTpU3allui
MHOTOOOpa3us §) BOIU3M JIBYX €ro 0COOBIX TOUYEK TPETHETrO MOPSIIKA.

JIuteparypa

1. Bamzun A. B., Bprono A. JI. UccnenoBanue OnHOI BelecTBEHHON ajrebpandeckoil mosepxuocTu //
[Tporpammuposanue, 2015, .41, Ne 2. C. 7-17.

2. Bprono A. /[. Crenennasi reoMeTpusi B ajredpandeckux u guddepeHnua bHbIX ypaBHeHusix. M. :
Ouzmariut, 1998. 288 c.

3. Thompson I. Understanding Maple. Cambridge University Press, 2016. 228 p.

Omnepanusi Npou3BeaeHNsl HAJl CBEPXIPYyHIaMMI
'Bypues T.3., ?Xacanosa /I.B.
U [Ipenodosamens 6 wagedpe anzebpo, u 2zeomempuu 6 Camaprandckom 20cy0apcmeenom
ypusepcumeme, Yabexucman,20pod Camaprand,
e-mail: avtorl@mail.ru
2 Mazucmparm xagedpv areebpu, u ceomempuu 6 Camapkandckom 20cy0apcmeertom
yrusepcumeme, Yabexucman,2opod Camapraro,
e-mail: diyora.khasanova.97@Qmail.ru

Mpbr Oyaem paccMaTpUBATh TaKWe COBOKYITHOCTH 1 KOHEYHOI'O MHOYKECTBA SJIEMEHTOB
T =ty,ts,...,t,, KOTOpbIE COCTOAT U3 ABYX dacreit R =1y,ry,... , o u H =hy, ho,... h,
6e3 0o0IMX 3/1eMeHTOB. Paszjmane MexK 1y STUMU JBYMsS 9acTSIME OyJI€T BBISCHEHO B JIAJIb-
HeHIeM, a 3/1eChb MPEJJIOKUM TIOKa CJISIYIONIee: M3BECTEH 3aKOH, 110 KOTOPOMY W3 JIIOOBIX
JBYX (OMHAKOBBIX WM Pa3HBIX) jeMeHToB t'u t” coBokynHocTH T’ OTHO3HAYHO IOJTY9aeT-
¢l HEKOTOPBI TPETUil 3JIeMEHT t, KOTOPBI MOXKET MpPUHAJJIe’KATh WM He NPUHA/IEXKATh
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JIAHHOM COBOKYTIHOCTH T'. DTy ONEPAIUIO IOy IeHrs dj1eMenTa ¢ u3 3aeMeHToB ' u t” Gymem
HA3BIBATD, 110 OOIIENPUHATOMY, KOMIIO3UIMEH UM IIpUyMHOXKEeHneM 3jemMedToB t' u t” | a
Pe3y/IbTaT KOMIIO3UINU-IIPOU3BEICHIEM STUX 3JIeMeHTOB. [Ipousseaenue GyaeM o6o3HaYaTH
sHakoM t't” wim craBs TOUYKY Mexjy MHOxKuTeastmu, t' - 7. Takum obpasom, t't” = t wiam
t' -t = t. Ilpy KOMIOBUIMK 3JIEMEHTOB COBOKYIHOCTH 1 KOMMYTATUBHBIA 3aKOH, BOOOIIE
roBOpsi, He UMeeT MecTa, Tak 4ro Booduie t't” # t't'.

Onpegnenenne 1. Ceeprepynnotll nasveaemes cosoxynnocms 1 xonewnozo usu bec-
KOHEUH020 MHOINHCECTNEE IAEMEHNO6, COCTOAULAA U3 J6YT wacmetll 6e3 00WuUT IAEeMEHMO6-
peayaapnot obaacmu R (koneunol usu beckoneunot) u donosnumenvnot obaacmu H (max
orce KoHewHol uau beckoneuHol).

Bameuanmne 1. Eciin kommosuiust jio0bIx ABYX s7eMeHToB t' u t” cBepxrpytmbst T moj-
YUHSIETCS] KOMMYTATUBHOMY 3aKOHY ¢+’ = t'-t, TO cBepXIrpyIina Ha3bIBAETCsl KOMMY TaATUBHOIA,
B IIPOTUBHOM CJIydae-HEKOMMYTaTUBHOIA.

Paccmorpum onepanuio mponsBejieHre CBEPXTPYIII.

Onpenenenue 2. Hazosem npoussederuem deyx ceexpepynn Ty u Ty cosoxynnocmo,
obosnauaemyro cumsonrom 11Ty u cocmoawyro u3 aremenmos euda tity, 2de t1 1100601 sae-
menm u3 Ty, a ty 210000 snemernm us Ty. Taxum obpasom, cosoxynnocmsv 11Ty cocmoum u3
npouseedenutl xKaxncdozo aremenma 11 na ece aremenmat Ty, npu wem

T1T2 - (Rl + Hl) (RQ + HQ) - R1R2 ‘I‘ R1H2 ‘I‘ H1R2 + HlHQ.

[Tponssenenne 177, me Bcerma obnafacT TPYNIIOBBIM CBOHCTBOM, TO €CTb HE BCETIA
pesyJibrarT Komrosunuu (tits) (t)th) mobbix aByx s1ementos u3 1Ty GyJer BXOAUTH ONAThH B
9TY K€ COBOKYIIHOCTD.

BosbmMeM cBepXrpymisl 0O0OMIEHHBIX I10/ICTAHOBOK:

[/1234\ (1234\] [[/1234\ [(1234)]
T“‘Rr+H1__(1234)’(3214)_+_(2224>’<4444>;
[/1234\ (1234\] [[/1234\ [1234)]
B"R”+Hé__(1234)’(1324)_+_<1114>’<4444);

KOTOpre YAOBJIETBOPAIOT IIOCTaBJICHHOMY BbIIIE Tpe6OBaHI/IIO OTHOCHUTEJIbLHO pacCcMaT-

PUBAEMbBIX HAMH CBEPXTPYIII, TaK KaK SABJIAIOTCS JICJTUTEISIMI OJIHON U TOH K€ CBEPXI'PYIIIIbI
000O0IIEHHBIX TOJICTAHOBOK. [IpomsBejienne 3THX JABYX CBEPXIPYHI €CTh CJEIYIOIas COBO-

1234
1234

) (

1234
2314

) (

1234
1324

) (

1234
3214

)

KYITHOCTb!:
TlTQ_(
1234 1234 1234 1234
’ "\3334)'\4444)

1114 2224
DTO COBOKYITHOCTH He 00JIaJIaeT TPYIIOBBIM CBOHCTBOM, TaK KaK, HAIPUMED, Pe3eyib-
1234 1234 1234
TaT KOMIIO3UITUN 3JIEMEHTOB (1 39 4) ( 321 4) paBeH TOJICTAHOBKE (3 15 4) , KOTOpasl He
BXOJUT B JIAHHYIO COBOKYIHOCTHL. Harma 3ajada 3akaiodaeTcd B OTBICKAHUM YCJIOBUM, ITPU

KOTODBIX mpoussejienne 1175 0bsa/1aeT TPYIIOBbLIM CBOMICTBOM U TIPEJCTABIIAET CBEPXIPYII-

1y.
Hpnmep 2: Coepxrpymnt T = (1 555) + [(1773) (Gia )] n o= (1553) +
(; g g i), UMEIOIINe Pa3/IMYHble HYJIEBBIE 3JIEMEHThI (}1 Z i i) u (; 2 g j) , B IIpou3BeJieHue

JAI0T CBEPXTI'PYIILY
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T=TT=(55)+ (170035

4
A } C HYJIEBBIM 3JIEMEHTOM (
[IpousBenenue ke cpepxrpyrm 1] = (

1234
i)l e Mettot {4414)-
111)HT2:(123) (222)C
§)

Pa3IUIHBIMHU HYJIEBBIMU 3JIEMEHTaAMKI (1 2 3) 71 ) yaeT ceepxrpymmoit 1T = TiT, =

111

(} ; g) + [(} f :f) , (; ; g)} 6e3 HyJIeBOIO SJIeMeHTa.I/ITaK, ana T = 11T, BBIOJHSAIOTCA BCE

AKCHUOMBI CBEPXI'DYIIIbLI, KPOME, OBITD MO2KET, aKCUOMbI O HYJIEBOM 3JIEMCHTE.

Jlureparypa:

1. A.I'" Kypow A.TI. Kypom, Teopus rpymmn. Mocksa, Hayka, 1967, crp.:580 ( Tperbe wusua-
HHEE,/IOOTHEHHOE )

2. 0.F0. IImudm Abcrpakrtaast Teopust rpyni. I'TTK Kues,1916; 2-e uzn.,Mocksa,1933; Nz6pannbie
Tpynbl,Maremarnka, M.1959, cTp.:17-175

3. M. Xoan The theory of groups,New York,1959.(Pycckuii nepesom: Teopust rpymm. J1,1962.)
[60 : 12,13617]

4. E.C. Jlanun E.C. JTanuu, A.4. Aizenmrar, M.M. Jlecoxun, Yupaskuenus: mo Teopuu rpymnn. Mocksa,
1967.

O HeKOTOpPBIX DECKOHEYHOMEPHBIX MHOroOOpa3usaxX sBJISIONIECS
MO/IITPOCTPAHCTBAMY HPOCTPAHCTBA IMOJIHBIX CIENJIEHHBIX CUCTEM
! Nasaeros /1.3., 22Kysonos K.P.
b Tawkenmeruiti 2ocydapemeenmoiti nedazozuveckuti ynusepcumem umenu Husamu,
e-mail: de_ davletov@mail.ru
2 Hayuonarvroti uccaedosamenvcruti yrueepcumem “Tawxenmexuti unemumym
UHIHCEHEPOS UPPULAUUL U METAHUSAUUU CEADBCKO20 TO3AUCMNEE
e-mail: qamariddin.j@mail.ru

B nammoit paboTe paccMaTpUBAIOTCS TOMOJIOTHYECKHe, (DYHKTOPHUATbHBIE U T€OMETPH-
JeCcKhe CBOICTBa MHOXKECTBA CIEIJIEHHBIX cucTeM & U CBONCTBA €ro MOJIIPOCTPAHCTB THUIA
pa3sMepHOCTH, TPaHUYHBIE CBOWCTBA M OECKOHEYHOMEpHBIE MHOroobpasus. Ilycts Tomosoru-
weckoe mpocrpancrso. Cucrema & = {F, : F, C X, F, = F,,a € A} 3aMKHyTBIX HOIMHO-
»KecTB TpocrpancTBa . Cucrema & Ha3bIBAETCA CIEIIEHHOM, ecyi JII00ble J[Ba ee dJIeMeHTa
UMEIOT HEIyCToe MepecevdeHue.

Cuemtentas cucreMa £ 3aMKHYTBIX TIOJMHOYKECTB IIPOCTPAHCTBA HA3BIBAETCS MAKCH-
MaJIBHOI, ecjii OHa 00J1a/1aeT CJIe/LYIOIIUM CBOWCTBOM:

“ecrtm 3amKHYTOEe MHOXKecTBO A C X mepecekaercs ¢ KayKJIbIM 3jeMeHTOM u3 &) TO
Aeg 1] ()

CreruieHnyo cucremy & 3aMKHYTBIX [OJIMHOYKECTB HA30BEM TI0JIHO [2], ecoin jij1st Besi-
KOI'0 3aMKHYTOro MHOXKecTBa, F' C X BepHO ycjoBHE:

“mobast okpecraoctb OF muoxkecrBa I comep:kur muoxkectso ¢ € &7 pieder € &
21,09

BamernM, 4TO JJIsd BCSIKOW CIEIIEHHOM cucTeMbl & CYIIeCTBYeT HaMMEHbIIas IOJIHAas
ClleIUIeHHAs CHCTeMa (KOPOTKoO, mcc) &, comepxxkamas . Cucremy &y, KOTOpyto OymeMm Ha-
3BIBATDH MONOJIHEHHEM &, KOTOpasd MOKET OBbITh IOCTPOEHA IIyTeM IPHCOCAUHEHUSA K & BCEX
3aMKHYTBIX TOMHO)KeCTB F' C X, yI0BIeTBOPSIONHX yeaoButo (*%).

HamomuuMm, 91O CcymeppaciuimpeHneM TOMOJIOMMYeCKOr0 MPOCTPAHCTBA — HA3BIBAETCS
MHOKeCTBO A(X) cocrosiiiiee U3 BCeX MAKCHMAJIbHBIX CIEIJIEHHBIX CHCTEM 3aMKHYTBIX T10JI-
MHOKECTB [IPOCTPAHCTBA . & MHOYKECTBO BCEX MOJIHBIX CIEIIEHHBIX CUCTEM (IICC) 3aMKHYThIX
HOJIMHOXKECTB TIpOCTpaHcTBa obo3Havaercs depe3 N(X).

OTmeruM, 4TO BCsiKas MAKCHUMaJIbHAsl (110 BKJIFOUEHUN) CIEIIeHHAs CHCTeMa 3aMKHY-

TBIX HOJMHOXKECTB (M.C.C.) siBJIsgercst mostHO#. OTcojia, MOXKEM IIHCATh Cylep PACHINpPEeHHe
A(X) — aro mommpocrpancrso N (X). m. e. A(X) C N (X).
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Hnga 6ukomnakra X depe3 A, (X), N,(X) u N¥(X) 0603HAIMM COOTBETCTBEHHO TIO/I-
muoxectsa | 2 A, (X)), Uy Nk (X) n U~ N (X). O4eBrHO, 9TO ST IOAMHOKECTBA
O-KOMIIAKTBI U BCIOY IIOTHBL B ipocTpancTBax A(X) u N(X) coorBercTBeHHO.

Onpepesienne [3|. Mnoowcecmso B(Q) nazvieaemes epanuinvim muodcecmeom 6 Q,
ecau Q\B (Q) = ly;

Samemum, wmo ncesdoepanuya Bd(Q) 2uavbepmosa xyoa (), A6AAEMCA 2PAHUYHDM MHO-
arcecmeom kyoba ().

[IpuBenem ciemytonie 0603HAYCHUA:

Q=]12, [ —1;1], - rmmbepron ky6; Wi = {(g;)} € Q : g; = +1}-i-as rpamn xy6a Q;

BdQ =U=, W —ncepnorpannna ky6a @; S=Q\BdQ ncesaosnyTpennocTs Kyba Q;

S = (y-cenapabeIbHOE THIHOEPTOBO IIPOCTPAHCTBO;

Y — smneitHasg 000JI09Ka CTAHIAPTHOTO KUPIUYa B IIJILOEPTOBOM MPOCTPAHCTBE (o]

rint@ = {z = (z,) € Q : |z,| <t < 1 s upoussosbroro n}, BdQ~ > (Anaepcon|3]);

rint Q~ BdQ(Beccara-Ilemanucknii|3]);

Q’ —nommpocrpancTBo Kyba () cocTosmee n3 Beex TOUeK, JIMIIb KOHETHOEe THCI0 KOOp-
JINHAT KOTOPBIX OTJIUIHO OT HYJIS;

@c - JINHEITHOE TTOITPOCTPAHCTBO THJILOEPTOBA TPOCPAHCTBA {9, COCTOSIINEE U3 BCEX TOUEK
JIUIIH KOHEYHOE YUCJI0 KOOP/MHAT KOTOPBIX OTJUYIHO OT HYJIS;

[Tosty4ensl ciieryromme pe3yabTaThl:

Teopema 1. Jlaa 106020 mempusyemozo neswuiposcdenrozo kowmunuyma X umeem
MECno:

a) A\, (X) asasemea epanuunom mroscecmeom komnaxma \(X);

6) Ny(X) asasemeca epanuvnvim muoocecmeom xwomnaxma N(X);

8) N,(X) asasemea epanuarovim mroocecmeom komnarma KA(X).

Onpepesienne [3]. Tonosrozuueckoe npocmpancmeo X nazvieaemcs MH02000pa3uem
MOOENUPOBAHHBIM Ha npocmparcmee Y uau Y MHo2000pasuem, eciu 6CAKAA MOUKA NPO-
cmparemea X umeem 0KpecmHocmb 20MEOMOPHHYIO OMEPLIMOMY NOOMHONCECTEY NPO-
cmparcmea Y.

Teopema 2. J[aa 4106020 MeEMPUIYEMO20 HEGLIPONHCICHHO20 KOHMUHUYMA X UMEEM:
a) N(X)\Nn(X) asasemea Q-mnozoobpasuem, das 1106020 n> 2;
6) A( X))\ (X)  asasemea Q-mmnozoobpasuem, das aobozo n > 2;
6) N(X)\N"(X) sasasemea Q-mmnozoobpasuem, oas 1106020 n > 2.

Teopema 3. Jlasa 1106020 mempusyemozo HesuPOHCIEHH020 KOHMUHUYMG X umeem,
MECTNO:

a) npocmparcmeo N¥(X) asasemcsa Y-mro2000pasuem;

6) npocmpancmeo N, (X) asasemea ¥ - mnozoobpasuem; ecau N, (X) codeporcum
2unvbepmos kyb (Q;

8) npocmparcmeo A, (X) aeasemes S-mnozoobpasuem, ecau \,(X) codeporcum 2unv-
bepmos kyb Q).

Teopema 4. Jlas 1106020 Mempusyemozo HesuPOHCIEHH020 KOHMUHUYMG X umeem,
MECO:

a) npocmpancmeo N®(X) aeanemea 5 — (uau Q=) mmozoobpasuem, ecau X xoney-
HOMEPHO;

6) npocmpancmeo Ay(X) aeasemes €5 — (uauw Qf =) mnozoobpasuem, ecau X woneu-
HOMEPHO;

6) npocmpancmeo \o(X) asasemes - (uau Qf =) mmozoobpasuem, ecau \y(X) e
codeporcum eusvbepmos xyb Q;

2) npocmpancmeo N, (X) asasemca Eg-(Qf—) mHo02000pasuem, ecau N, (X) ne codep-
orcum 2unvbepmos xkyo ().
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Tomosorun Ha IEeHTPAJILHBIX pacHimpeHusax ajreop dou Helimana
xymamyparoB P.T.
Karakalpak State University, Uzbekistan.
e-mail: rauazh@mail.ru

[Iycrs M — npoussosibHast anrebpa ¢don Heiimana ¢ nearpom Z(M) = L™ (Q, X, u)
u LS (M) — anrebpa Bcex JIOKAJHO U3MEPUMBIX OIepaTopoB otHocuTeabHO M. OGo3HATIM
gyepe3 F (M) muO)KeCTBO Beex 9j1eMeHTOB x u3 LS (M), 11 KOTOPBIX CYIIECTBYET MOCJIEI0-
BaTEILHOCTL B3aHMMHO OPTOIOHAIBHBIX IIEHTPAILHLIX IIPOEKTOPOB {2i},.; B M ¢ Z'\E/I zi =1,

Takas, 9T0 z;x € M njd Bcex ¢ € 1. T.e.

EM)={x e LS(M) : 3z, € P(Z(M)), zz; =0, i # j, .\/Izizl, zix € M, i€ I},
1€

rae P(Z(M)) — pemerka npoektopos na Z (M).

Pacemorpum m3mepumoe mpocrpascTBo (§2, 3, 1) ¢ Mepoit p obsrajakoniee CBOCTBOM
psMoit cyMMbl 1 ycth Lo = Lo(§2, X, 1) — anrebpa BceX KOMILUIEKCHBIX H3MEPUMbIX (DyHK-
it Ha (€2, 2, 1) (paBHbIE MOYTH BCIOLY (DYHKIIMHA OTOXKJIECTBIISTIOTCS ).

Basa okpecTHOCTEil Hy/IS B TONOJOTHU CXOIMMOCTH JIOKasIbHO 1o Mepe Ha L (2,3, 1)
COCTOUT U3 MHOYKECTB BUJIA

W (Ae6)={fel’(Q%u:3BeX, BCA u(A\B) <4,

f “XB € L (Q7Z7M) ) Hf ’ XBHL‘X’(Q,E:N) = 8} ’

riee,d >0, AeX, p(Al) <+oo.
Basza okpecTHOCTE{! Hy/Is B TOMOJIOIHH CXOAUMOCTH JIOKaIbHO 110 Mepe t(M) na LS (M)
cocroutT (B IIPUBEJIEHHBIX BbIIE O003HAUEHUSIX ) U3 CJIEYIONUX MHOMKECTB

V(A,e,8) ={x € LS(M) :3p € P(M),3z € P(Z(M)),zp € M,

lzpllar < e, 2" € W(A,e,6),d(zp") < ez},

rne e, 0 >0, Ae X, p(A) < +oo (em. [2]).
Ha npocrpancrse E(M) paccMOTpuM CJIe/Iyomue MHOKECTBA:

OA e,0)={z € EM):|x| e W(A, e, )} (1)

rae ,0 >0, A€ X, u(A) < +oo. Crenyrornee pe/jIozKeHne JaeT dJeMeHTapHbIe CBOfCTBA
muo)kecTB O (A, £,0), KOTOpBIE HEIIOCPECTBEHHO BBITEKAIOT M3 COOTBETCTBYIOIIMX CBONCTB
muO)kecTB V (A, €, 0) (em. [1, Ilpemnoxenne 3.5.1]).

IIpennoxenue 1. [lycmv e, €;, >0 ud, §; >0, j=1,2, Ae X, u(A) < oo. Tozda
i) AO(A, g 6)=0(A, |N e, §) daa scex A € C; X\ #0;

ZZ) O(A, €1, 51) Q O(A, €9, 52) ecCAU &1 S 9, (51 S 52,

ZZZ) O (A, €1, 51) + O (A, £9, (52) - O (A, €1+ €2, (51 + 52);
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’iU) O(A, €1, (51) O(A, €9, (52) Q O(A, £1€9, (51"‘52)7
v) O*(A, & 0)=0(A4, ¢, 0§), 20e O (A, ¢, d)={a":2€O0(A, ¢, 0)};
vi) N{O(A, g, d) : e>0,6>0, Ae¥X u(A) <oo}={0}.

s IPEJIOZKEHU A 1 cjleyer, 9To CUCTEMa MHO2KECTB
{r+0(4, ¢ 0)}, (2)

rnexr € E(M), e >0,d >0, Ae X pu(ld) < oo, onpenensier wa E (M) BekTOpHYTO
torosioruio Xaycaopda t. (M), aist Koropoit MHOKecTBa (2) 0bpasyioT 6a3y OKpecTHOCTei
ssiementa x € E (M). BoJiee Toro, B 910 TONOJIOTUY HHBOJIIONUS HEIPEPHIBHA, 8 YMHOKEHUE
HenpepbiBHO, T.e. (E (M), t. (M)) aBiserca Tonosorndeckoit x-anredbpoii. U3 |2, TIpeioxe-
uue 5.3| crenyer, uro (E (M), t.(M)) SBIS€TCA HOIHBIM.

Takum oOpazoM, MOJTYIUM CJIEYIONINN PE3YJIbTAT.

IIpennoxenne 1. M ssasemcs t. (M)-naomnwm 6 E (M).
Teopema 1.i) Cemv {p,} C P (M) cxodumca x nyao 0mHOCUMEALHO TMONOAOZUL

te (M) moada u moavko moezda, koeda ¢ (pa) wzan), 0, 2de t (Z (M)) — monosoeus cxrodu-
MOCTU A0KAAbHO 6 mepe Ha Z (M)

ii) Cemv {xo,} C E (M) crodumca x nymo ommnocumenvno monosoeuu t. (M) moeda

u moavko mozda, xo2da ey (|xa|) 20D dus wr06oz0 X > 0, 2de {ex(|zal)} — cemeticmeo

CNEKMPANLHOLT NPOEKMOPOS 0N ONEPATNOPG X, .
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CybMeTpu3yeMoCTh U MPOCTPAHCTBO UAEMIOTEHTHBIX BEPOATHOCTHBIX Mep
!3autoB A.A., *dmxkobuaosa J1.T.
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e-mail: adilbek zaitov@mail.ru
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[Iycrs manbl Tonosiorndeckue npocrpanctsa (X, 1), (Y, 72) u orobpakenue f uz X B

Y.

Onpepesienne 1. [1] Omobpasicenue [ nasvisaemesa ynaomuenuem us X 6 Y, ecau
BUINOAHAIOMCA CAEOYOULUE YCAOBUA:

1. f: X =Y - nenpepuenoe omobpasicenue;

2. f — 00no3naumo, m. €. UMBEKMUGHO;

3. f(X) =Y, m. e. cropsexmusho.

Onpenenenune 2. Ilpocmparcmeo X nHasvieaemcsa CcyoMempudyemvim, ecat 0Ho
YNAOMHAEMCA HA MEMPUSYEMOE NPOCTNPAHCMEO.

ITpumep. IIycrs X =Y = [0,1). Paccmorpum npocrpanctso (X, 7-,), T1e 7_,— TOIO-
Jiorust, opoxkieaHas 6a30it B, = {[a,b) : 0 < a < b < 1}. OHO He ABJIAETCA METPUUECKUM
[POCTPAHCTBOM (T. €. HEBO3MOXKHO MOPOKJIATH ero Tomosoruto Merpukoii). [Iycrs (Y, 7,) —
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MEeTPHUIECKOe MPOCTPAHCTBO, TJI€ T, — €CTeCTBeHHOe Torojorus Ha Y. O4YeBUIHO, UTO I
orobpazkeHus f , OIPeJIEJIEHHOrO PaBEHCTBOM f(X) = Z, BBIIIOJIHSIFOTCS BCE BbIIIIEyKa3aHHbIe
Tpu yesosus. [lo onpenenennto, (X, 7_,) cybmerpusyemo.

st TuxonoBekoro npocrpancTBa X depes I5(X) 0603HAMAIOT MHOKECTBO BCEX HJIEM-
MMOTEHTHBIX BEPOSTHOCTHBIX Mep Ha X, T. €. HOpMUPOBAHHBIX, UJIEMIIOTEHTHO OJHOPOIHBIX U
UJIEMIIOTEHTHO IUTUBHBIX pyHKImoHaaoB v: Cy(X) — R, onpejie/ieHHBIX Ha TPOCTPAH-

CTBE BCEX HEIPEPBIBHBIX OI'PAHMYEHHBIX (DYHKIINI Ha X, IIPH 9TOM MEPBI I/ COCPEIOTOYEHbI
B X.

Teopema. Omobpasicerue Is(f): 1s(X) — 15(Y) asasemea yniomuenvem mozda u
moavko moezda, xoeda f: X — Y — ynaommuenue.

Hokazatensctro. Ilycrs f: X — Y — ymioraenne. Torja B cuty HOpMaabHOCTH (DYHK-
topa I (cM. npemoxkenue 2.12 u3 [2|) ciemyior, aro

1. Ecam orobpaxenne f: X — Y — menpepsiuo, To orobpaxenne I5(f): Iz(X) —
I5(Y') onpenensiemoe dopmyioit I5(f)(1)(p) = p(p o f) menpepsisuo [3];

2. Ecim f — onnosuawno, To Ig(f) TOXKe SIBIISIETCA OJHO3HAYHBIM;

3. Ecm f(X) =Y, o Is(f)(Ip(X)) = I5(Y), 1. e. I3(f) ciopbekTusHo.

Obparno, nmycts f: X — Y — HenpepblBHOE 0TOOpazKeHue Takoe, 9TO OTODPaKeHUe
I5(f): I3(X) — I3(Y) asasierca ymnornenuem. Torga I5(Y) merpusyemo, I3(X) He 06s3a-
TesibHO Merpusyemo. CiresoBaTebHo, Y MeTpH3yeMo, MeTPH3yeMoCTh X PABHOCHUIBHA MET-
pusyemoctr I5(X). A orobpaxenue f = Is(f)|x: X — Y ciopbekTHBHO (MHBEKTUBHO)
TOrJIa U TOJILKO Torja, Korga orobpaxenne [g(f): I3(X) — Ip(Y) ciopbekTuBHO (MHDBEK-
TUBHO, COOTBETCTBEHHO ).

Taxum obpasom, Teopema 1 jokazana. VI3 Hee cpa3y BbITEKaeT yTBEDPK/IEHUE.

CaencrtBue. Ecau X — cyomempusyemo, mo 15(X) maxoice cyomempusyemo.
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[Iycte M — rnajkoe MmHOroOOpasme pasmMepHOCTH 1, A— MaKCHMaJIbHBIN aTjaac, ornpe-
nensiionuii Ha M cTpyKTypy TUtagkoro muHoroobpasus kiaacca C7, e v > 0. Muoroobpasue
M sBnsiercs Takxke mHOTooOpasuem kjacca C°) ecim 0 < s < r. Cucremy JIOKaJIbHBIX KPH-
BOJIMHEHHBIX KoopauHaT Ha C° mHoroobpasun M obosnaumm depes A®. Ilycrs Tenepsb nesoe
k ynosnerBopsier HepaercTtBam 0 < k < n.

Onpenenenne 1. Pazbuenue F' mrozo006pasus M na nodmmnozoobpasus L, 1asvieaem-

CA 2AA0KUM CUHRYAADPHOIM CAOEHUEM, ECAU BLINOANEHVL credyrousue yeaosusa: 1) | Lo = M;
a€B
2) Jaa ecex a, B € B umeem mecmo obasamesvno Lo, N Lg = @ npu a # B; 3) Kanonu-

weckas unsexyus i 2 Lo, — M aeasemces noepyocenuem; 4) JTas kaorcdot mouku x € M
cywecmsyem C"— xapma (o, U), codeporcawsan mowry x makas, wmo o(U) = Vi x Vs,
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2de Vi— oxpecmmocmv navano 6 R¥, Vo— oxpecmmocmo navano 6 R, k—ecmo pasmep-
HOCMb CA04, npoxodswezo wepes mouky x; 5) o(x) = (0,0); 6) Has kascdozo nodmrnoz006-
pasua Le maxozo, wmo Lo, NU # @, umeem mecmo pasercmeo Lo, NU = o 1 (Vy x 1), 20e
[={veVy:p10,v) € Ly}

[Toxmuoroobpasun L, HAa3BIBAIOTCA CJIOSAMHU CHHIYJISIPHOTIO cjioeHus F'.

Ecim pazMepHOCTDb CJI0EB CHHTYIPHOIO CJIOEHHUS OJIMHAKOBBI, TO CJIOEHHE HA3BIBAETCS
PEryasipHBIM CJIOEHUEM.

Ciaoit L crnoenust F' Ha3bIBaeTCs PETYASPHBIM, €CJIN PAa3MEPHOCTH 10 L MaKCcuMaJIeH.
Cnoit L cnoenus F Ha3bIBAETCSI CUHTYJISPHBIM, €CJIH OH HE SIBJISIETCS PErYJISIPHBIM.

Onpenenenue 2. Bexkmopnoe noae X na M naswvieaemca eexmoprvim nosem Kuarun-
2a, ecal, 00HONAPAMEMPUIECKAA 2PYNNG NPEodPa306aHUT, NOPOHCOEHHAA NOMOKOM 6EKMOP-
Ho20 noaa X, cocmoum us udomempudi. llyctb D— ceMelicTBO TUIaJIKUX BEKTOPHBIX TOJIEH,

3aIaHHbIX HA MHOTOOOpasuu M. CemeiicTBO D MOXKET COJIEP2KATH KOHEUHOE NI OECKOHETHOE
YUCJIO TJIAJIKUX BEKTOPHBIX TOJIEH.

Onpepenenne 3.[1] Opbumoti L (z) cemeticmea D sexmopnwvix noaet, npoxrodsuset
wepe3 movky T, HaA3bIBAECMCss MHONHCECTNEO MaKux mouek iy ud M, din xKomopoix cyuecmey-
rom deticmeumenvrole wucaa ty,ta, ..., tx u sexmopnve nosa X,, X,, ..., X, us D (20e k—
NPOU3BOALHOE HAMYPANLHOE YUCAO) MAKUE, YIMO

y=X*(XE (X (2))..). (1)

Onpepenenne 4.[2] Cunzyasproe caoerue F Hasvieaemes pumaHro8uim, ecau Karcoas
2e00e3UMECKAA, OPMO2OHANOHAA 68 HEKOMOPOt mouke K caow, caoenus F ocmaemes opmo-
20HANDHOTL KO 6cem caoam F.

NsBectHO|3], uro ecim cemeiicTBo D cOCTOUT M3 BEKTOPHBIX ToJieit Kusuinara u cioeHne
F, nopoxkieaHoe opburamu, He IMeeT 1.— MEPHBIX OpOUT, cjioeHune F' gBJIgeTcs pUMAHOBDBIM.

Pacemorpum cemeiicteo Dy = {X,Y'}, Dy = {Y,Z}, Dy = {X, Z} rnajkux BeKTOp-
HbIx nojeit Kumnra B B3, rye

X = {-yz;0}, Y = {202}, Z={0;0;0}, a #0. (2)

s 3TUX ceMeficTB BEKTOPHBIX TOJIeHl CIipaBe/InBa CJIeIyIoNas TeopeMa.

Teopema 1. Opboumus cemeticmea Dy, Doy sexmophnvix noset noposcdarom cuHzysap-
noe pumaroso croenue F 6 R3, a opbumu cemeticmea Ds 6exmoprviz noaeti nopostcoarom
peayaapHoe pumaroso caoenue F 6 R3.
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BHemiHasi reoMeTpusi IOBEepXHOCTH B R}
'Kyp6onos 3., Borupos /I.
U Ibicusaxcruti noaumexnuveckutd unemumym, Yabexucman
e-mail:ergash-qurbonov68@mail.ru
2 Ibicusaxcruti 20cydapemeentvid nedozoeuneckuti yrusepcumem, Ysbexucman

OHolt M3 KJIaCCHIeCKHX 3a/ad reoMeTpust Y B 1eoM Y SBJISETCA 3a/a4a CYIIeCTBO-
BaHUs BLITYKJIONH OBEPXHOCTH 110 3aJaHHON MeTpuKe. BHYTpeHHsIa reoMeTpust IIOBEPXHOCTH
BIIOJIHE OIPEJIEIAETCS METPUKO moBepxHocTu. 3ajaBas KOI(DMUIMEHTHI IEePBOH KBaJpa-
Tuanoit hopmbl osepxnoctu E(u,v), F(u,v), G(u,v) B kmacce C*(D) , MOKHO Onpe/e/uTh
YIOJT MEKJIy KPHUBBIMU, ILIOMIAJIb, TEOJE3NICCKIE BEJMIUHDI, OTHOCAIINECT K BHYTPEHHER
reomerpun. TakyKe M3BECTHO, YTO BHYTPEHHsISI T€OMETPHs MOBEPXHOCTH COXPAHSIETCS MPH
M3rubaHUN [TOBEPXHOCTH.

MeTpuka IIOBEpXHOCTH He OIPE/Ie/isieT BHY TPEHHIOI NeOMETPHIO TIOBEPXHOCTH TaJInjIee-
Ba IIPOCTPAHCTBA, B YaCTHOCTH, MayCCOBA KPUBU3HA HE MOKET ObITH OIIPeJIesIeHa IOJTHOCTBIO ¢
HOMOITbI0 KO3 MUIMEHTOB 1IepBoit KBajpaTuaHoii hopmbl [2]. HacTh rayccoBoit KpUBU3HBI,
He OIpeIesIAIoNIyIocsa KoahuImenTaMn nepBoil KBapaTuaHoi (hopMbl, HazoBeM 1e(heKTOM
KPUBHU3HBI IOBEPXHOCTHU TaJINJIeeBa IIPOCTPaHCTBa [4].

[Tepexo/ M K U3yYEHUIO BHEIIHAsl CBOMCTBA MOBEPXHOCTH TajlujieeBa MPOCTPAHCTEA,
KOIJIa TIOBEPXHOCTH 3aJIaHa B CHEIUATbHBIX KOODJINHATAX.

Jokazana caeayiomas JeMMa, ONpeIesionas XapakTep AedeKTa KpUBU3HBI TIOBEPX-
HOCTH.

Jlemma. Jledhexm kpususHvr noseprHoCmU NPONOPUUOHANEH 2€00e3UNECKOT KPUBUSHE
Kkpueoti v = const , mo ecmw

D(u,v) = Fy(u,v) — %Ev(u, v) = V/G(u, v)kr=emst

G(u,v) K03(pduImeHT mepBoil JOMOJHUTEIbHON KBagpaTHIHOl (Gopmbl. V13 jemMbl
cJeyeT OYeBHIHOE YTBepKIeHue: Ko KpuBble v = const Ha MOBEPXHOCTHU SIBJIAIONA Ne€O-
nesuaecknmu, 10 D(u,v) = 0.

asee moKa3bIBAETCS BO3MOXKHOCTD MOJ00pa KPUBOJMHEHHBIX KOODIUHAT HA KOTOPOii
nedekT obpalaercss B HyJ I'b.

Teopema. Ha noseprnocmu ® € R xpusosunetinvie xoopdunamo (u,v) moowcro npe-
obpaszosams max, wmo D(u,v) = 0.

[IpoBesien anann3 moBepxHocreii, mederT KpuBusHbl KOTOpbIX D(u,v) = 0. [Ipumepom
TaKUX MOBEPXHOCTEl SIBJISIIOTCS TIOBEPXHOCTH BPAINEHUsI, KOT/Ia OCHIO BPAIEHUs ABJISIETCS
npsMag obrero mosoxkenus (Ox) .

PacMmoTpum KpuByio 7y , 3aJaHHYIO ypaBHEHUEM

z=f(z),a<z<b

Ha mirockoctu xOz. [lpu Bparennn KpuBoii v BOKpyr ocu Ox MOJIydaeM IMOBEPXHOCTH Bpa-
IICHUS, ONMMCBIBAIONIYIOCS yPaBHECHUEM

T =T7(u,v) = ui+ f(u)cosvj + f(u)sinvk

rJie v - yroJ moBopora Kpusoit y . B srom cayuae D(u,v) = 0.

YuaurbiBas M0JIyYeHIne BhilIe (haKThl, UMEEeM, UITO JIJIst JTI0O0H MOBEPXHOCTU BPAIEHUs]
rajimjieeBa MpoCTPAHCTBA KPUBOJIMHEHBIE KOOPJAMHATLL U = CONSt ABJIAIOTCS I'e0e3UIeCK-
mu. [ToBepxuocTn B R3 110 3HAKY KPUBU3HBI PA3JIE/IAIOTCS Ha ABa KJIACCa: IIOBEPXHOCTH HOJI0-
JKUTETbHON KPUBU3HBI U TIOBEPXHOCTH OTPHUIIATEIbHON KPUBU3HEI [3]. DTy Kiraccudukamnumio,
KOTOpas CTaJia eCTeCTBEHHOH B €BKJINJOBOM IIPOCTPaHCTBE, Mbl IIPDUHUMaEeM U B I'aJINJICEBOM
IPOCTPAHCTBE
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NsBectHo, grto miockoctu JlobadeBCcKOro He JOMYCKAIOT PETYISIPHBIX U30METPUIECKIX
HOTPY2KeHUil B eBKJINJOBO mpocTpaHcTBo [1|. B ommdme or eBK/IMI0BA MPOCTPAHCTBA, B
raJTNJIeeBOM ITPOCTPAHCTBE CYNIECTBYIOT MOJIHBIE PETY/IAPHbIE TOBEPXHOCTH ¢ KPUBU3HOM K =
—1. DTH MOBEPXHOCTHU IOJIyYAIOITCS BpallleHHeM KPUBOil z = chx mian z = e* BOKPYT' ocH

Ozx.
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B eBk/mmoBoM MpocTpaHCTBE reojie3nvecKas JIMHUS OIpeIe/sdeTcs Kak KpaTdaifiias
JINHUS, COEJIMHSAIONIAsI JIBé TOYKN Ha MOBEPXHOCTU. AHAJIOIMIHOE OIpEJIeJIEHNe Ieoe3nde-
CKOIl HE IPUMEHNMO B IajIMjIeeBOM IPOCTpaHcTBe R} |, Tak Kak JiioOble KPUBbIE, COEJIMHAIO-
e JBe TOYKH, JIeXKalllle Ha Pa3HbIX OCOOBIX IJIOCKOCTAX, PaBHBI MexKIy coboii. ITosromy
re0JIe3NYECKYIO JIMHUIO MOYXKHO OIPEJICIITh KaK KPUBYIO, Me0/Ie3ndecKas KPUBU3HA KOTOPOI
obpaliaercs B HYJI'b.

Cy1iecTByeT JIpyroe ompejiesieHne NeoIe3uIecKoil JTUHIN KaK KPUBOM, MMeoIlIell Hau-
MEHBIIYIO BaPUAIIIO TIOBOPOTA.

Teopema 1. Kpusasa v = v(u) na noseprrocmu 2aiuiee6a NpoCmparcmed uMeem Ha-
UMEHBULYIO BAPUALUIO NOBOPOMA M020a U MOABKO M020a, k0200 €€ 200€3UMECKAA KPUCSUHA
PABHA HYA10.

Teopema J1aeT BO3ZMOXKHOCTD OIPEJIEIUTD IeOIE3NIECKYI0 JIMHUIO MTOBEPXHOCTU KaK
KPUBYIO UMEIONIYIO HYJIEBYIO Ie0JIe3NYEeCKYI0 KPUBU3HY. Tak»Ke MOJIydYeHO yCJIOBHE, oDecIie-
YUBAIOIIEE I'e0J/IE3NIHOCTH KPUBOW Ha IIOBEPXHOCTH.

Teopema 2. Ecau npoussedenue yeaa h meocdy kpusvimu v = v(u) u v = const Ha
daure 0c06020 8eKMOPaA T, NOCMOAHHO, MO Kpusas v = v(U) ABAAEMCA 200€3UNECKO.

[ToBepxHOCTH B €BKJIMJIOBOM ITPOCTPAHCTBEKIACCUDHUIIUPYIOTCA 110 XapaKTepy TOYeK,
TO €CThb 9TO IOBEPXHOCTH, BCE TOUYKH KOTOPBIX SIBJISIOTCS SJIIUNTHICCKUME, TUIIEPOOTIIE-
CKUMU ¥ TApabOMICCKUMI U COCTABJIAIOT, COOTBEIITBEHHO, KJIACC BBIMYKJIbIX, CEJJIOBBIX U
MIIMHIPUYECKUX WU KOHUYIECKUX ITOBEpXHOCTEN. FcTecTBEeHHO, IPEICTaBIISIOT UHTEPEC TT0-
BEPXHOCTHU, BCE TOUYKH KOTOPOI SIBJAIOTC IMUKJIMICCKIMU B TAJIMICEBOM ITPOCTPAHCTBE.

AHajiorn Takux TOU€eK He CYIIeCTBYIOT Ha IIOBEPXHOCTH €BKJ/INI0Ba TpocTpaHcTBa. [[uk-
JIMYecKas TOYKa XapaKTepHa TOJ'bKO JIJI MMOBEPXHOCTH TaJuIeeBa IIPOCTPAHCTBA.

st 0ObsICHEHHUS aHAJIOTMIHOTO XapaKTepa THIepOOINIecKoi W IUKINIeCKOH TOYeK
MMOBEPXHOCTHU Ta/IlJIeeBa MMPOCTPAHCTBA IIPUBEJIEM T'eOMeTpUYIecKas KapTHHa BOKPYT ITHUKJIHU-
YeCKOW TOYKHU C IIOMOIII'bI0 BTOPOH KBaJIpaTUIHONW (POPMBI ITOBEPXHOCTU. BOKpYyT NMUK/IIYE-
CKOI TOUKHU TOBEPXHOCTH UMeeT (Popy TaKyio, KAK BOKPYT THPEPOOINIECKO TOUKH ITOBEPX-
HOCTH €BKJIMJIOBA IMPOCTPAHCTBA. XOTd (hopMa MMOBEPXHOCTU BOKPYT MUKJUYECKONH TOUKU
aHAJIOTHYHA (POPMe IMOBEPXHOCTU I'UIEPOOTUIECKON TOYKHU TOBEPXHOCTU, HO OHU HE SIBJISIOT-
Csl OJINHAKOBBIMU.
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B okpectHOCTH THIIEpOOINIECKON TOYKN TTOBEPXHOCTH 00a aCUMITOTHYECKNE HAIIpaB-
JICHUS IIPOCTPAHCTBEHUNE, & B OKPECTHOCTHU IUKJINYECKON TOYKH OJHO U3 aCUMITOTUYECKUX
HAIPAaBJIEHUN TTPUHA/JIEZKUT 0COO0I TIJIOCKOCTH, TO €CTh COBIAJIAET C OCOOMUM HaIPaBJIEHH-
€M.

JlBuzkeHneM rajmsieeBa IIpPOCTPAHCTBa HEBO3MOYXKHO IIepeBeCcTH 0co00€e HalIpaBJIeHIe Ha
[POCTPAHCTBEHHOE U OOPATHO. DTUM OObSACHICTCS PA3JIUUNE MEXKJIy TUIIePOOJIUIECKON 1
IIUKJIMYECKO TOYKaMU IMOBEPXHOCTU B T'aJIMJIEEBOM IIPOCTPAHCTBE.

N3 ycioBusg, 910 TOYKa Ha TOBEPXHOCTH SABJILAETC ITUKJINYECKO, ITOJTydeH OOl BU/I
ypaBHeHus nosepxHocTu. imeem ciiejyroriee ypaBHeHnue

F = 7(u,0) = ui + i) F(0) + f)]f + @) F ) + fa(w)]F

910 o0mMil BUJ ypaBHEHHU: IIOBEPXHOCTH, BCE TOYKH KOTOPOH ABJISIOTCHA ITUKJIMIECKUMIL.
ssectno, 1ro kmace dynxuuit f;(u), F(v) € C* nocrarouno mupok. Ecan Bbimosnnennn
yenoBust N = 0, M # 0 Bo Bcex TOYKax MOBEPXHOCTHU, TO IIOBEPXHOCTH COCTOUT TOTBKO U3
IUKJINIECKUX TOYEK.

Onpenesienne. [loseprrocm, 6ce mouwky KOmMopol ABAAOMCA YUKAUMECKUMU, Mol OY-
dem Ha3vIeamd YUKAUNECKOT NOGEPTHOCTIOIO 2GAUNECECE NPOCTMPAHCMGA.
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O coxpaHeHHMH TIOTHOCTU MPOCTPaHCTBa npu AeiictBun dpyukropa I,(X)
"Mamapnanues H.K., 2Manacsimosa P.3.
L2 Havyuonarvruiti yrusepcumem Ysbexucmana, Ysbexucman, Tawkenm
e-mail: 'nodir 88@bk.ru, *rezidabadrutdinova@gmail.com.

[Iyctp X - Tomonormiaeckoe mpocTpancTBo. [lokpbiTneM MHOXKecTBa X Ha3bIBaeTCA Ta-
Koe cemeiicTBo {A,}, s ero moamuozkects, 4to | J, ¢ A = X . Iokperrue { AL}, o MHOKecTBa
X saBysercs noanokpeTueM nokpbitus {Ag} oo Muozkecrsa X, ecm S’ C S u A = A e
Bcex s € S'.[1].

Tonosorunyueckoe mpocTpancTBo X Ha3bIBAETCA KOMIIAKTHBIM, €CJIN KarKJI0€ €0 MTOKPbI-
THE COJEPKHUT KOHETHOE TOANOKPLITHE. KoMIaKTaMu MMEHYIOTCA KOMIIAKTHBIE XaycIopdo-
BBIE IIPOCTPAHCTBA. [1]

[TnornocTh npocTpancTBa X ONPEIEIAETCa KAaK HAMMEHbIIee KapIuHAJIbHOE YUCIIO BU-
na |Al, tne AYBciony mioTHOE TOMHOXKeCTBO tpocTpancTBa X, T.e. [A] = X Dro kapsu-
HaJibHOe uncsio obosnadaercs d(X). [1]

Hocuremnem toukn x € F'(X) naspiBaeTcst TaKOE 3aMKHYTOE HOIMHOXKECTBO suppp(x) C
X , uro coorromenust A O suppp(xr) u x € F(A) sKBUBaJEHTHBI JJisl JIEOOOTO 3aMKHYTOTO
muozkectsa A C X.

[Iycrs X II xommakt. Ha C'(X) onepaiuu @ u @ ompeesinM 1o mpaBuiaM ¢ @ 1 =
max{p, Y} n pOY =+, tae p, € C(X) . Oynkmumonasn p : C(X) — R nazsiBaercs [2]
UJIEMITIOTEHTHOM BEPOATHOCTHOI Mepoii Ha X, ecjii OH 00J1aJlaeT CJIeIYIONIUMU CBOWCTBaMMU:

1) p(Ax) = Ayt Bcex A € R (HOpMUPOBAHHOCTB );

2) u(A© ) =X O u(p) st Beex A € Ru ¢ € C(X) (0MHOPOIHOCTD );

3) ule ® 1) = plp) ® p(v) ana scex ¢,y € C)(X) (ammmTusnoCcTs).
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Hnga xkommakra X obosnaunm depes [(X) MHOXKECTBO BCEX HMJIEMIIOTEHTHBIX BEPOSIT-
HOCTHBIX Mep Ha X, a depes [, (X) - MHOKEeCTBO BCEX UJIEMIIOTEHTHBIX BEPOSTHOCTHBIX Mep,
MOIITHOCTL HOCUTEJICH KOTOPBIX HE IPEBLIIIACT 7.

MuoxkectBO Rpyax = R|J{—o0} Hamensiercss merpukoii p, omnpemnesnentoit dbopmy.ioit
p(z,y) =| e* — eV | (cornamenne e~ =0 ). Ilycrs Takxke RY, = (Ryax)”.

[IpuBeiém mpumep mjieMnoTeHTHONH Mepbl. Ilyctb q,....,x, € X 1 Aq, ..., N\ € Rpyax
VIIOBJIETBOPSIIOT cBoicTBY max {Ay,...,\,} = 0. Onpenenum p @ C(X) — R caenyrommm
obpaszom: pu(p) = max {p(z;) + Ni|i = 1,...,n}.

Kazknas naeMnorenTHas BEPOATHOCTHAA MEPa, 4 ¢ KOHEIHBIM HOCUTEJIEM HPEICTABIs-
eTcd B BUJIE

,LL:/\1®5x1 69)\2659@65@5%

eJIMHCTBEHHBIM CIIOCOOOM (C TOYHOCTBIO JI0 TIEPECTAHOBKA MECTAMH ), TJIE X1, ..., T, LI HOCHTE b
(. 31mech KO3 MUIMEHTBI \; YIAOBIETBOPAIOT YCIOBHIM

Ai>0=—-00,1=1,2,..nu X dXB..BEN, =1=0.

Teopema 1. Jlasa aoboz20 beckorewrozo xomnarxma X
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[IycTs 3a71an0 TpexmepHoe adbduHHOE POCTPAHCTBO As, Oxyz — cucrema adpHUHHBIX
koopyuuar ¢ Hadajaom B Touke O(0,0,0) u {4, j, k} — 6asucHble BEKTOPHI B 3TOM IIPOCTPAH-
CTBeE.

CkassipHoe npoussejienne BeKTOpoB X {x1,y1, 21} u Y{xa, ys, 20} onpenensiercs 1o

dopmyite

>y | wimg, ecm xyx0 # O,
<XY> B { Y1Y2 + 2122, €CAU T1X2 = 0. (1)

Omnpepnenenne 1. Adbdunnoe npocTpaHCTBO, B KOTOPOM CKaJIADHOE MPOU3BE/ICHHE
BekTOpoB X, Y onpenesneno 1o dopmyse (1), HasbiBaercs [ajmieeBbIM TPOCTPAHCTBOM 1
obosnauaerca yepes RE wmm Iz [1].

Ckasisipaoe mpoussejierre (1) Ha3bIBaeTCd BBIPOXKIEHHBIM CKAJISIPHBIM [TPOU3BE/ICHNU-
eM. BBhIpoxKJIeHHOE CKaJIsipHOE IIPOM3BEJEHUE BEKTOPOB IOSBJISETCA B IICEBIOEBKJIHIOBBIX
IpocTpaHcTBax |1| Kak pe3yabraT m30TPOMHOCTH BEKTOPOB.

BhisicHuM reoMeTpryecKuil CMbIC PACCTOSTHIS MEK /Ly JBYMs Toukamu [ajuieesa mpo-
crpancTBa R, onpejiesiseMoe Kak HOpMa BEKTOPa, COSJMHAIONIEr0 TOUKHU, MEYKJLY KOTOPBIMH
OIIPEJIEJISIETCS PACCTOSTHIE.



134 SECTION V. ALGEBRA AND GEOMETRY

I
A(mlaylazl)
1
1
: B(:cz, Y2, Zz)
1
B(x0, yp, 22) : 1
1 |
1 |
| I
A(xo, Y2, 22) I 1
1 |
1 1
1 ..' 1 ,I x
| S A " S/ B
4
| g
| ry
P 1 K
| 1,/
@ Py

[Iycrs Trouku A(z1,y1,21) n B(x

2, Y2, Z2) ABJIAIOTCS TOYKaMU [asrimieeBa IpoCTpaHCTBA,
R, npuuem x; # x4. Torjga BeKTOD Aé

z@{xz — 1, Y2 — Y1, 22 — 21}

AB:]B‘ —\/(AB - AB) = |5 — 2] .

BHauenne paccTOAHUA MEXKIy ToukaMu A u B paBHO JJIMHE IPOEKIUKA BEKTOPA A§ Ha
ocb Oz (cMm. puc. 1).

Ecim 1 = x5 = x9, TO BEKTOP AB napaJiiesier miockoctu Oyz, a PacCTOSTHIE MEKLY
toukamu A(xo, 1, 21) 1 B(xg, ya, 22) oupegensiercs mo dhopmysie

AB = |AB| = V(s — )2 + (22 — 2"

OueBnno, 9To Toukn A m B Jjiexkar Ha IJIOCKOCTH T = Ty, U paccrosHue Oyiaer Es-
KJIMJIOBBIM PACCTOSHUEM MEXKJIY COOTBETCTBYIOIIMMU TOUKAMHU.

[TosToMy reomerpust Ha ILIOCKOCTH & = To lajmiaeeBa mpocTpaHcTBa Oyaer EBKinmo-
BOIi, TaAKHE TIOCKOCTH HA3BIBAIOTCS OCOOBIMU IJIOCKOCTsAME ['astiieeBa mpocrpascTsa [1].

Bce mitockocTn npoctpaHcTBa RY KpoMe 0coObIX Ha3bIBAIOTCH IMJIOCKOCTAMU OBIIEro
roJioxKeHusi. ['eoMeTpus MI0CKOCTe OOIIEro MmoJIoyKeHns sABJsgeTcs | amaeeBoii.

[Iycrs F' — mOBepXHOCTH HpocTpancTBa R, He nMeromas 0coObIX KacaTeTbHbIX MI0CKO-
creit. BeeneM crenuaabHyIO CHCTEMY KPUBOJHMHEHHBIX KoopauHat. /[yt 9Toro paccMorpum
BCEBO3MOKHbBIE TTepecedeHns F' ¢ 0COOBIMU ILIOCKOCTSAMU T = const.

BribepeMm B KauecTBe KPUBOJIMHEHHBIX KOOPJIMHAT 1 = g CEMEHCTBO KPUBBIX, 00Pa30-
BaHHBIX IIepeCeIYCHUAMU ITOBEPXHOCTU OCO6bIMI/I IIJIOCKOCTAMU, a B KadeCTBE KOOPJAMHATHBLIX
JIMHUN ¥ = vy — MPOU3BOJIbHBIE JINHNU, OOpa3yolne ceTh Ha noBepxaoctn F. Ilpm Takom
BBIOOpE KPUBOJIMHENHBIX KOOP/MHAT yPABHEHUs [TOBEPXHOCTU UMEIOT B [2]

-
’

%
=r(u,v) = wi +y(u,v)7> + z(u,v) k.
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[Ipr 9TOM BEKTOpPHI T4, 7, 00Pa3yiOT Oa3UC B KaCATEJIbHON IJIOCKOCTH MOBEPXHOCTH,
KoTOpas siByigercs: LanmmmeeBoit. Hampasienune BekTopa 7, COOTBETCTBYET BBIJIETIEHHOMY Ha-
paBJIeHuIo [anieeBoii mI0CKOCTH.

Breipoxk rennocts MeTpuku ['ajmieeBa mpocTpaHCTBa He JaeT BO3MOXKHOCTH U3YUEHUs
IPOU3BOJIbHON MoBepxHOCTH B [ammiaeeBom mpoctpancrsBe. [loaToMy MBI paccMmarpuBaeMm
TOJIBKO ITOBEPXHOCTH, HE MMEIOIINeE OCO6I)IX OIIOPHBIX IIJIOCKOCTEI.

BameTuM, 9TO KJacC IMOBEpPXHOCTel lajmieeBa IpOCTPAHCTBA, HE MMEIOIINX OCOOBIX
OIOPHBIX ILIOCKOCTEN, TOCTATOYHO IINPOK.

[Iycts Oxyz — cucrema KoopauHaT [ajnieeBa MpOCTPAHCTBA, W IJIOCKOCTH T = CONst
— 0cOOBIE TIJIOCKOCTH.

YrBepxkKkaeaune 1. BoimyKJible IOBEPXHOCTH, OJITHO3HAYHO ITPOCKTUPYIONINECS Ha T1JI0C-
KOCTb obrtero nojioxkenns: Oxy (npoekTupoBanue mapaJuiesibio ocu (Oz), He UMEIOT 0CODBIX
ONOPHBIX IIJIOCKOCTEH.

Korma obsacTh HMpoeKTUpOBaHUs OrpaHUYeHa, MOBEPXHOCTH MOXKET HMETh 0CO0OYIO
OTIOPHYIO ILJIOCKOCTh Ha TOYKAX I'PAHUIILI 00J1acTh. B 3TOM cilydae B KOHKPETHBIX 3a/a9aX
YTOUHSIETC yCJOBUE O KACAHUU OIOPHON ILJIOCKOCTH.

JI1060it 3aMKHYTBII BBITYKJ/IbI OBAJION I IMEET JIBE TOUKHU, I'e 0c00as IJI0CKOCTb OyI1er
onopuoit. Ho, nck/rodasi HEKOTOPYIO 00/1aCTh, COJIEPIKAIILYIO ITY TOUYKY, MOYKHO PacCCMaTpPH-
BaTh ITOBEPXHOCTD C JABYMs KOMIIOHEHTAMU Kpasi, He UMEIOILYI0 0COOYIO OIMOPHYIO ILIOCKOCTD.

AHaAJTOrTYHBIM METOJIOM, MCKIIOUYNB TOYKHU HMOBEPXHOCTH, MMEIOIIHE OCOObIE OIMOPHBIE
IJIOCKOCTH U 3aMeHss UX KpaeM, MOXKHO IHOJIYIUTh pa3HOOOPa3Hble MTOBEPXHOCTH C KPasSMHU.

Haru mcesieioBatust B 9aCTHOCTU CBsI3aHbI ¢ JinHeuaTbiMu nosepxuoctsmu [1]. Ho B
[anmmeeBoM MpocTpaHCTBE pa3IndaloT IpsIMble, JIeXKalue Ha 0CO0O0 IJI0CKOCTH, U IPSMBbIE,
He IpuHaJIexKalne ocoboit mmockoctu. [lepBble n3 HUX HA3BIBAIOTCST OCOOBIME IIPSAMBIMU, &
JIPyTue — MPAMBIMEA OOIIETrO ITOJIOYKEHUS.

[TosTomy JMHeiUaTast MIOBEPXHOCTH U3YYaeTCAd B 3aBUCHMOCTH OT TOI'O, KAKOBBIMU OY-
JIyT ee oOpa3yroline.

Ecyim obpasyrorias mpsiMas TUHEHYIATON MOBEPXHOCTU ABJISETCS MTPAMOI ODITETO T0J10-
KeHust B R}, TO OBEPXHOCTD HA30BEM JIMHEHIATON TTOBEPXHOCTDIO.

Korma obpazytomas JuHeiidaToil MOBEPXHOCTU sABJISIETCS 0CODOM MPsIMOi, TO eCTb 00-
pasyrolias Bcerja JIeXKUT Ha 0Co00i TIJIOCKOCTH, TO 9TOT CJIydail pacCMaTPUBAETCs OTIEIbHO.

[Iycts F' — nmuHeituaTas nopepxHocTh. OOpasyiomast ero mpsMast BCerjia MpuHaJIeXKUT
0co00it T1ocKOCTH. Torma IMeeT MeCTO CJIEIyIoNnias TeopeMa.

Teopema 1. IloBepxHocTh F' sIBJIsSIeTCsST IIMKJINYIECKON TTOBEPXHOCTHIO.

CrolicTBaM IUK/IMYECKUX TIOBEPXHOCTEl nocBsinennbl paborsl D.K. Kypbanosa [3,4].
B EBkimoBom npocrpancTBe n3ydena nosepxuocts Kararana [5,6].

Onpepenenne 2 [6]. JIuneituarast HIOBEPXHOCTD, NPSIMOJIMHEHBIE 06pa3yOIIne KOTO-
poii mapaJsiieIbHbI OJHOM M TOM »Ke IIJIOCKOCTH, Ha3bIBaeTCd IMOBEPXHOCTHIO KaTaaaHa.

Paccmorpum HekoTopyio noBepxHocth Karamana K EBKinoBa npocTpaHcTBa.

Teopema 2. Iloepxuocth Karamana K Bcerma MOXKHO pacCMOTPETh KaK IUKJIATe-
CKYIO TOBEPXHOCTH [ammieesa npocrpanctsa Ry,
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OcHOBHBbIE TEOMETPUYECKHNE XaPAKTEPUCTUKN MHOTOTPAHHUKOB
HTamummes A.
Jorcusaxcrutl 2ocydapemseennvil nedazozuveckutl yHusepcumem

MHuororpaHHUKH 3TO OJINH U3 BUJIOB MIPOCTEHINNX TPOCTPAHCTBEHHBIX (POPM, UCTIOJIH3Y-
€MBbIX C JIDEBHEHNIINX BPEMEH U JI0 HAINUX JHEN ITPU MTPOEKTUPOBAHUN TEXHUYECKU CJIOKHBIX
KoHCTpyKIuii. Vlcropus mpaBU/IbHBIX MHOTOIDAHHUKOB YXOJIUT B TVIYOOKYIO JIDEBHOCTbD.

Hauunas ¢ 7 Beka j10 narieii spol, B Jpesueit ['perun cozmaorces dpusiocodpekue mKoIIbI.
B nacrosiee BpeMst Teopus MHOTOTPAHHUKOB SBJISIETCSI COBPEMEHHBIM Pa3/IeJIOM MaTeMaTH-
ku. OHa TeCHO CBs3aHa C TOIOJIOTHEl, Teopueil rpadoB, uMeeT HOJBINTOE 3HAUCHUE KAK JIJIs
TEOPETUYCCKUX UCCJIEIOBAHUIN TI0 TEOMETPUU, TaK U JJId MPAKTUIECCKUX IMPUIOKEHUN B JPY-
IUX pasjie/lax MaTeMaTUKN, HallpUMeD, B ajredpe, TCOPUH YHUCe T, TPUKJIATHON MaTeMaTUKI —
JIMHETHOM ITPOTPaMMHUPOBAHUH, TEOPUU ONITHMAJIBHOTO yIpaBieHnsd. MHOrorpaHHUKN NMEIOT
KpacuBble (DOPMBI, HAIIPUMED, NPABUALHBLE, NOAYNPAEUALHYIE U 36€30UAMBLE MHO202PAHHU-
KU.

Onpenenue-1. [IpaBUIbHBIME CIUTAIOTCS MHOTOTPAHHUKHU, y KOTOPLIX BCE I'DAHU ITPABUJIb-
Hble U KOHI'DYSHTHBbIE MHOI'OYTOJIbHUKHU, & MHOTI'OIDAHHBIE YIJIbI IIPU BEPINUHAX BbLIITYKJIbIE
U COJEpKAT OJMHAKOBOe ducyio rpaHeii. CyIiecTByeT MATh MPABUIBHBIX MHOIOIDAHHUKOB:
mempaadp,kyb,oxkmasdp,doderasdp,uxocasdp. Tempasdp — 3TO IETHIPEXIPAHHUK, BCE I'DAHU
KOTOPOTO SBJISTIOTCSI PABHOCTOPOHHUMU.TPeyroibHuKaMu. (OCHOBHBIE T€OMETPUIECKHE Xa-
PaKTEPUCTUKH.

- Kaxxnmas ero BepimHa siBJIsIeTCS BEPIIMHON TPeX TPEYTOJIHHUKOB.

- CyMMa TJIOCKHX YIJIOB TIPH Kaxk0i Bepinie paBHa 180 rpa/rycos.

- Terpasnp nmeer 4 rpanu, 4 BepmuHbl U 6 pedep.

- TeTpasap He nMeeT MeHTPa CUMMETPUN, HO IMEET 3 OCU CUMMETPHUNU U 6 IJIOCKOCTeicCMMeT-
pun.lexcasdp— 9TO MECTUTPAHHUK, BCE IPAHU KOTOPOIO sBJIAIOTCA KBaJipaTamu. OCHOBHbBIE
reoOMeTpUYecKre XapaKTePUCTUKH.

- Kaxkiast ero BeprimHa siBjageTcd BEPIIUHON Tpex KBaJIpaToB.

- CyMMa mJI0CKUX yIJIOB TIPU KaxK oM BepiuHe paBHa 270 rpajiycos.

- Ky6 nmeer 6 rpaneit, 8 Bepmun u 12 pebep.

- Ky6 mmeet nieHTp cuMMeTpun - eHTp KyOa, 9 oceit cumMerpun 1 9 MJIOCKOCTECHMMETPUN.
Oxmasdp — 9T0 BOCbMUTPAHHUK, BCE I'PAHU KOTOPOI'O sABJIAIOTCS PABHOCTOPOHHUMU TPEYTOJIb-
HukaMmu. OCHOBHbBIE F€OMETPUIECKIEe XapaKTEePUCTUKY.

- Kaxkiast ero Beprmna siBageTcd BEPIINHON YeThIPEX TPEYTOJIbHUKOB.

- CyMMa IJIOCKUX yIJIOB IIPU KaxK 0l BepruHe paBHa 240 rpa/iycos.

- OkTasap umeer 8 rpaneit, 6 Bepmmn u 12 pebep.

- OkTasp mMeeT MEHTP CUMMETPUN - TEHTP OKTa’pa, 9 oceil cuMMerpuu u 9 mI0CKoCTell.
/lodexaadp — 3T0 IBEeHAIATUTPAHHUK, BCE TPAHU KOTOPOT'O SIBJISIIOTCS TPABUIBHBIMU TISTH-
yrogabaukamu. OCHOBHBIE TEOMETPUIECKHIE XaPaKTEePUCTHK.

- Kaxxmast ero BepInmHa gBJIsIeTCS BEPIIUHON TPeX MATHYTOJHHIKOB.

- CyMMa IJIOCKUX yTJIOB IIPU KaXKJIOi BepIHe paBHA 324 IpajIycoB.

- lonekasap nmeer 12 rpamneit, 20 Bepruna u 30 pedep.

- Jlonmekasip uMmeeT MeHTP CUMMETPHUH - IEHTP JI0/IeKadjipa, 15 oceit cummerpun u 151roc-
KOCTEHCUMMETPUU.

Hrocasdp — nBagnarurpaHHUK, BCe TPAHU KOTOPOT'O SBJISTIOTCS MPABUIBHBIMUA PABHOCTOPOH-
HUMI TpeyrojibHIKaMu. OCHOBHBIE T€OMETPUIECKIE XaPAKTEPUCTUKH.
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- Kaxxast ero BepimHa siBJIsseTCsl BEPIIMHON AT TPEYTOJTBHUKOB.

- CyMMa TJIOCKUX yIJIOB TIpU KaxKaoi BepimuHe paBHa 300 rpaiycos.

- Ukocasap mmeer 20 rpaneii, 12 Bepmmn u 30 pebdep.

- Nkocasap nMeer 1eHTp CUMMETPUH - IIEHTP UKocasapa, 15 oceit cummMerpun u 15 mockocTei
CUMMETPHH.

Ipasusvhve 36e3dwamoie MHO202paHHUKY, HA3bIBaeMbie mesamu [lyanco. B stux mmnozo-
eparHuKar UbO TpaHU IIepeceKaloT JAPyTr Jpyra, JO0 caMK IPAHK CaMOIEPECEKAIOIINECM-
HOTOI'PDAHHUKU.

Homekasap mmeer 3 3BE3aUaTBIE (DOPMBL: MaAbLl 36E30uamubili dodexasdp, boavwot dode-
kaadp, boavwoti 36€30uamuiii dodexasdp. Masblil 3Be319aThIil T0AeKadp UMEET IBEHAIIATD
I paMUJI, HaJCTPOEHHBIX HAJl KaXK 0N 13 IPaHell HCXOTHOTO JI0/IeKadIPa, CO3IAI0T IMPOCTPAH-
CTBEHHYIO 3BE3JLY. . .

['panu 0OJIBIIOrO 3BE31YaTOrO JI0JEKadapa — IeHTarpaMMbl, KaK U y MaJoro 3Be34aTo-
ro Jojekasapa. ¥ Karxkoil BepIIMHbI coeauHsiorcs Tpu rpau. C OJHON CTOPOHBI MOXKHO
HPEJCTABIATh cebe 3TOT MHOIOIPAHHMK MKOCA3IPOM, Y KOTOPOI0 I'PAHU BLIIIOJIHEHBI B BHJIE
YTOILICHHBIX BHYTPb TPEYTrOabHBIX dall. C JIpyroii cTOPOHLI MOXKHO OTYETJIMBO PA3LIsieTh
BBICTYTIAIOIIE 3BE3/bI Ha IJIOCKUX MSTUYTOJbBHUKAX. Tperbs popMa MOIydaercs, ecjiu Ha
IPaHN UKOCAJIPA MTOMECTUTD JIJIMHHBIE YIVIBI TPEYTOJIbHBIX MTHPAMUI.
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Algorithm vs Data: who wins the Super Resolution Game?
Amirali B.
University of Victoria, Victoria BC, Canada,
e-mail: amiralib@uvic.ca

While conventional problem solving relied on finding the right algorithm, a new class
of data driven solutions continue to push for new and more effective ways to deal with
computational challenges. In this talk we discuss the importance of data and algorithms
in modern computing. Our goal is to use the case of Super Resolution and investigate two
ways to approach the challenge. Superresolution refers to building high quality images in
the absence of “enough” information. First, we discuss mathematical interpolation solutions.
Then we go over modern intelligent solutions which rely on machine learning. We review
how each method approaches the problem. We use error measurements and quality metrics
to evaluate the two classes of solutions. In our concluding remarks we provide insight into
possible future directions and comment on the path ahead.

To the qualitative properties of self-similar solutions of parabolic system not in
divergence form with in variable density
!Aripov M., 2Matyakubov A.S.,’Khasanov J.O.
L National university of Uzbekistan, Tahkent, Uzbekistan
e-mail: mirsaidaripov@mail.ru
2 National university of Uzbekistan, Tahkent, Uzbekistan
e-mail: almasa@list.ru
3 Urgench state university, Urgench, Uzbekistan
e-mail: jamshid_2425@mail.ru

In this work, we used method of nonlinear splitting. Using this method, we have
shown that the weak solution is the global solution. Property of finite speed propagation
of distributions and the asymptotic behavior of the weak solutions were studied for the slow
diffusive case.

The development of science and technology requires the early prediction of processes
in nature and their rational use. Many processes in nature are represented by equations and
systems of equations of the parabolic type using the Cauchy problem. Many scientists have
conducted their own research on this type of parabolic equations and systems of equations
[1-2]. In particular, there is a growing demand for solving Cauchy problems and studying
its properties in non-divergent parabolic type systems [3-9].

In this work, we consider in ) = {(t, r):t>0,2€RY } parabolic system of nonlinear
equations not in divergence form with variable density

n auz

2" 5

= uV (umi_1|Vuf|p72Vui> + |zl (1)

u; (0,2) = ug; (z), v € RY, (2)
where k, p, n,m;, oy, B; (i = 1,2) the numerical parameters,V(-) = grad, (-) , t and 2 € RN

- respectively, the temporal and spatial coordinates, u; = wu; (x,t) > 0, are the solutions.
It is clear that the system (1) is degenerate. Therefore, it does not have classical solutions
on the domain defined by equations w; (z,f) = 0,Vu; = 0,(i = 1,2) meaning system (1)
may not have a classical solution. Therefore, in this case we consider a weak solution having
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the property u; = w; (x,t) > 0, u*V (uml_l‘Vuk}pqu) and obeying to the system (1)

in sense of a distribution [1]. The numerical parameter n characterizes the variable density
of the nonlinear medium. The system of equations (1) describes many physical phenomena
[1-9]. Introduce the following notations

o Y+ o p—1 — ptn —
a > 0,4; = (kl’—2ll¢\lli|p_2(N+n+l(li(miJrk(pr))f(pfl))))’ li = m¢+k(p72)+awl’l — 7
14+ (2—k(p—2)—mi—ay _ 14q; S

( (p+n) )’/Yi__T;I:’,—i’T>O72_1’2

The following theorem is proved.

Theorem 1. (A global solvability). Let
N = Aiai-l—k(p—Q)-l—mi—lk:p—lelli|p*2

ACTRE=204ma 072 kp=211 (4 N) + AD a5 4 4, < 0

u(t,0) < u(t,0),, 0 € RN, i=1,2

Then, for sufficiently small ug; () the followings holds:
u(t,x) <ult,z), = (T+1t)" - A <a— (#) )+ in Q.

The results obtained in the above theorem are a generalization of the results in [4]. If we
take £ = 1. and my; = my = 1, in our given theorem, then the results in [4] are obtained.
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Student’s digital trajectory: E-learning analysis with LMS
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Currently, a high percentage of teaching, whether classroom-based or online, is done
in blended learning mode using Learning Management Systems (LMSs). LMSs are modular
and collaborative digital environments such as Moodle (Modular Object-Oriented Dynamic
Learning Environment). Learning Management Systems are widespread around the world,
among which Moodle is a leading example. Found not only in academia [1], it is also
a commercial product in many businesses and companies. Live Moodle usage statistics
are reported in [2]. Moodle is currently consolidated in 245 countries, with over 172, 000
registered sites. Its expansion is partly because it is an open-source product, which greatly
facilitates new developments of the package and research; as a result, more than 1600 plugins
have been developed to date. As with other LMS tools, Moodle collects a large amount of
data including all the interactions of registered participants (students, teachers, and editors,
among others). All these data can offer insight into the online behavior of students, improving
both learning and teaching [3].

The large volumes of data now available highlight the relevance of e-Learning Analytics
in the educational environment. The definition of e-Learning Analytics in [4] is: “the
measurement, collection, analysis and reporting of data about learners and their contexts,
for purposes of understanding and optimizing learning and the environments in which it
occurs”. With this definition in mind, it is impossible to bypass these activities which are
fundamental innovations integrated in the teaching—learning process and in higher education.

By type, learning analytics can be divided into three big questions to which it provides
answers:

1. What is happening in the educational process now?

2. What might happen next and why?

3. What should be done to change the educational process for the better?

The answer to each of these questions, in turn, consists of different parameters.
Educational analytics is not about numbers, but about students, their behavior and their
learning patterns. Analytics allows us to make adaptive courses that will take into account
the capabilities and progress of students.

Moodle LMS has a number of standard and optional learning analytics plugins like
GISMO, Heatmap, Learning Analytics, Confirable Reports and others. They collect various
data: the time to pass the test, the number of tasks completed, feedback from students, etc.
And then it gives us in the form of tables and graphs. The default installation of a Moodle
instance has no suitable display blocks or plugins that can facilitate analytic visualization

[5].

We have developed a web-application for visual analysis of Moodle e-learning. The
main features of the application are described from three key perspectives: logs, grades, and
activity completion. The figure below shows the architecture of the student learning analytics
with Moodle.

With this application, can analyze:

1) the activity of students by viewing course elements;
2) activity of students by day, by week;

3) intermediate learning outcomes;

4) visual presentation of data on various types of charts.

Log data are a fundamental point in learnig analytics tasks. Moodle can display user
activity logs in text mode, can filter them, and can download them (although this is not
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Manager

Figure 1. Learnig analytics architecture with Moodle.

an intuitive option and not always well known by regular Moodle users). This application
hides the complexity of the following processes: downloading and structuring the data. Log
data are loaded and the data appear grouped in two different facets: component type and
course module. Depending on the selection, the resulting charts group and display the data,
focusing on different aspects of the activity in the course.

One of the Moodle core modules is the gradebook. This application loads the complete
gradebook (if grades were previously inserted in Moodle). Once the course data have been
loaded, the gradebook is displayed in its corresponding Grades tab along with its filters. It
can filter the categories and items by name or Moodle activity type. It means they can apply
different views, for example, to see only grades on quizzes or assignments.

By monitoring the activity in the modules or sections of the course it possible to gather
and to collect high volumes of student information. This information makes it possible to
apply specific measures to certain students, to identify at-risk students aiming to personalize
education.

The visualization of the monitoring through easy-to-use tools for the teacher reveal very
valuable information on which resources are the most effective in relation to each learning
pattern. LMSs tools can be used to analyse the records of student and teacher interactions on
the Moodle platform throughout the teachinglearning process; this facilitates the follow-up
of students and the detection of students at risk of failure.

The effectiveness of the use of LMS and blended learning techniques is directly related
to the effective use and management of technological resources among teachers. The of
research in this field is therefore important, as is the design of tools and their implementation
for data analysis and visualization that provide complete, simple, and clear information to
teachers and managments of univercity.Using our student learning analytics tool can be of
great value to faculty and university leaders as it can help in the early identification of
students at academic risk.
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Models Of Forming Surface Water Resources In The Republic Of Uzbekistan
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Given the values of the solar radiation power behind the ionosphere (1W/m?) for several
years, water consumption, for example, of the country’s agriculture in these years given
in (m?). If we know these data at the beginning and end of a certain period, then the
values of the solar radiation power and water consumption in the intermediate years can be
determined using interpolation. Using spline — interpolation of functions, which are given in
the developed model of water consumption of agriculture of the republic. Water consumption
of the country’s economy depending on the solar radiation power behind the ionosphere is
shown in the table 1.

Table 1.
Solar radiation power behind the ionosphere [WW/m?| and water consumption, consumption
by sectors of the economy of the Republic of Uzbekistan

Years | Radiation Power of the Sun, W/m? | Water consumption, million.m?
1991 1365,2 61681
1992 1367,2 61510
1993 1366,2 62131
1994 1364,4 58445
1995 1363,0 52960
1996 1361,8 53525
1997 1363,4 56158
1998 1366,7 56697
1999 1367,2 60705
2000 1366,4 48070
2001 1367,0 44012
2002 1367,0 50259
2003 1367,0 56501
2004 1365,0 58457
2005 1363,3 59476
2006 1362,8 58617
2007 13618 52690
2008 1361,3 43870
2009 1364,1 50591
2010 1367,1 56760
2011 1365,6 48413
2012 1365,3 55482
2013 1365,6 53977
2014 1367,1 51849
2015 1365,4 55138
2016 1366,2 52514
2017 1361,7 54546
2018 1365,6 51003
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The developed models are based on spline functions, in which ten points and ten
function values are taken, and a spline function is constructed in the form of a three-

dimensional polynomial.
Agricultural Water Consumption Model of the Republic of Uzbekistan

—1.32145370 712596 - 107 4 9740.06614 132738 - P — 3208.91828

503439 - (P — 1361.8)% P < 1363.3

1.63039813 4094432 - 107 — 11920.1322 826548 - P — 14440.1322 826548 - (P — 1363.3)%+
+1.62414551 092023 - 10° - (P — 1363.3)3 P < 1363.4

1.3584546 562399 - 107 — 9935.72220 642501 - P + 34284.2330 449521 - (P — 1363.4)%—
—17515.2541 662103 - (P — 1363.4)3 P <1365
4.74768623 466351 - 107 — 34743.3284 590734 - P — 49788.9869 528573 - (P — 1365)%+
+50442.4468 915099 - (P — 1365)3 P < 1366.4
—1.67270038 494294 - 10® 4 1.22449095 795004 - 10° - P + 1.62069289 - 991484 - 10°

Q=< (P -1366.4)%—

—1.58725795 695314 - 105 - (P + 1366, 4)3 P < 1366.7

2.85514104 035473 - 2.08868978 587453 - 105 - P — 1.26646287 126634 - 105 - (P — 1366.7)%+
+6.33796101 783021 - (P — 1366.7)3 P < 1369.99
—8.96226792 737443 - 10® 4 6.55650120 876629 - 10° - P + 4.24756321 424594 - 106

(P —1366.99)% — —4.31966677 974730 - 10% - (P — 1366.99)3 P < 1366.999
—8.57251209 493407 - 10® 4 6.27138355 985196 - 10° - P — 7.41553709 107178 - 10°

(P —1366.999) + +1.09510196 981615 - 108 - (P — 1366.999)3 P <1367.01

—6.88577124 098699 - 108 + 5.03748741 485943 - 105 - P — 3.80170059 067850 - 10°
(P —1367.01)% + 46.66965015 908508 - 10¢ - (P — 1367.01)*

Water consumption of agriculture of the Republic of Uzbekistan is shown in table 2.
Table 2.
Water Consumption of Agriculture of the Republic of Uzbekistan

Agricultural Radiation Power | Calculation of | Error
water of the Sun, | water consumption
consumption, W/m? by model, million.
million m? m?
49485 1361,8 49485,0 0,0
52091 1363,4 52091,0 0,0
52871 1366,7 52871,0 0,0
56661 1367,2 56661,000000048,0 | 0,00000004845
44406 1366,4 44406,0 0,0
40366 1367,0 40366,0 0,0
46296 1367,0 46296,0 0,0
52443 1367,0 52443,0 0,0
52219 1365,0 52219,0 0,0
53265 1363,3 53265,0 0,0
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Obtaining images of the internal anatomical structure of human organs and tissues, the
study of their functions in norm and in pathology are of great interest for medical science.
Diagnosis of diseases and their treatment, analysis of treatment outcomes should be based
on data obtained by medical visualization. In this regard, the development of methods for
the restoration of internal structures of objects to their integral characteristics arise.

In the work [1] new formulations of weak ill — posed problems of integral geometry on
parabolic curves with special weight functions were investigated. In [2] there was obtained
the analytical representation for the Fourier transform on the first variable from the required
function, which implies a statement about the strong incorrectness of the problem solution.
The stability estimates and inversion formulas for certain classes of linear problems were
obtained in |3, 4].

In the present paper, we consider the problem of integral geometry in a strip on a family
of curves of hyperbolic type. An explicit formula for the Fourier image of the solution of the
considered problems of integral geometry in the class of smooth finite functions is obtained.
Based on the Tikhonov method, a sequence of approximate solutions is constructed.

Denote by Ly = {(z,y) :z € R\, n <y < H}.

Statement of the problem. In the strip Ly reconstruct the function of two variables
u (x, y), if its integrals over the curves of the family are known {Y (z, y)}

/ u(&,m)dé = f(z,y), (1)
T(z,y)
where an arbitrary family curve is represented by the expression
T(l’7y): {(6777) (x_§)2:n2_927 O<y§’l’]§H}

Theorem. Let the function f(z,y) be known in the band Ly =
{(z,y) : 2 € R',y < H < co}. Then the solution of equation (1) in the class f € *° (Ly) has
the representation

19 anh(A n2—y2>.
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Consider the problem of finding a function u (z,y) from the operator equation

/g(x,y,g,mu(f,n)dg:f(x,w

I(z,y)

where I' (z,y) = {({,n) : y—n=(z—&)°, —co<{<w, 0<n<y< HY,
We denote:

Ly ={(z,y):x € (—00;0),0<n <y < H H < oo}.

In [1], problems of integral geometry on families of parabolas with a weight function
g(x,y,&,m) = 1 are considered. An inversion formula for the problem of integral geometry
on families of parabolas is obtained.

In this paper, we consider problems of integral geometry on families of parabolas with
a weight function g (z,y,£,m) = /¥y — 1. An inversion formula for the problem of integral
geometry on families of parabolas is obtained. Based on the idea of A.N. Tikhonov on the
regularization of ill-posed problems, a sequence of approximate solutions is constructed.

Theorem. Let the function be f (xz,y) known in the strip
Ly ={(x,y):x € R',0 <y < H < oo}, the weight function g (z,y,&,n) = /Yy — 1.
Then the solution of equation (1) in the class of twice continuously differentiable finite
functions supported in the strip is Ly unique and the representation takes place

) ~

) 10 [ch(AWy—n) Of (\n)
U(A’y)_ikﬂa_y/ Y= o
0
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Note on a two-species predator-prey model with two free boundaries
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In [1, 2|, the authors studied a two-species competition-diffusion model with two
free boundaries. The existence, uniqueness and long time behavior of global solution were
established. In this note we still discuss the long time behavior of global solution and provide
some new results and simpler proofs.
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Recently, Guo Wu [1] studied the existence and uniqueness of global solution (u, v, sy,
S9) to the following free boundary problem

'

— dytgy — Ky, = u(l—u) —v (7)), t>0, 0<z<s(t),
— doVyy — kovv, = kv (1 — u+a) , >0, 0<uz<sy(t),
u(O,ac) =up(x), 0<x< sy =s(0)>0,
v(0,2) =vo(z), 0<x<spe=:5(0)>0,
uz(t,0) = v, (¢,0) = u(t, s(t)) =v(t,s(t)) =0, t=0,
S1(t) = —prug(t, s1(t)),  S2(t) = —pova(t, s2(t)), £ >0

where the parameters are positive constants.
The coefficients of biocapacity a(u), b(v) and functions ug(x), vo(z) satisfy:
ug(z) € C*([0, s01]), up(0) = up(se1) = 0 and ug(x) in [0, so1];
vo(x) € C?0, s02], vo(S02) = 0,v4(0) = 0,vp(x) = 0 in [0, Sp2].
This model describes how a new species with population density w invades into the
habitat of a native competitor v.
Since the natural biological process is associated with the invasion, we consider it
necessary to add terms reflecting the transfer and change in concentration to the equations

using the transfer term and the new “biocapacity” coefficient.
First we establish some a priori estimates for the problem (1).

Theorem 1. Let (u(t,x),v(t, z), s1(t), s2(t)) be a solution of problem (1) fort € [0,T].
Then we have the following estimates

0<u(t,r) <M, t>0, 0<z<s(t),

0<ov(t,r) <My, t>0, 0<z<ss(t),

0<8.1()<,M1N1 Mg, 0<t\T7
0<S'2()</L2N2 M4, O<t<T,
where N1 = max {ﬁ, Lo(@) } N, = max {ﬁ) vo(z) }
2€[0,501] LF17 01— z€[0,502) L k27 so2—a

The main contribution of this article is the establishment of the global existence of the
classical solution to problem (1) and the study of the behavior of the solution. A method is
proposed for establishing a priori Schauder-type estimates for a new class of free boundary
problems for mixed-two-phase equations. The principle of comparison is proved.
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Dynamics of trajectories of compositions of some Lotka-Volterra mappings
operating in a two-dimensional simplex
! Eshmamatova D.B., Yusupov F.A.
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The task of the qualitative theory of dynamical systems is to develop methods that
allow us to study the behavior of the trajectories of the system in the entire domain of its
task (for discrete dynamical systems without system integration). The main step of these
studies is to study the behavior of the trajectories of the system in the vicinity of each of
its singular points. It is known that the founders of the qualitative theory of differential
equations, i.e. continuous dynamical systems, are the famous French mathematician Jules
Henri Poincare (1854-1912) and the famous Russian mathematician Alexander Mikhailovich
Lyapunov (1857-1918). To date, despite numerous works in the theory of dynamical systems,
quite a lot of questions remain open in this area. In this paper, we consider the dynamics
of the trajectories of compositions of some quadratic stochastic Lotka-Volterra maps acting
in a two-dimensional simplex corresponding to transitive tournaments with one mutually
inversely directed edge.

In [1], the Lotka-Volterra mapping was introduced, acting in the simplex S™~!,
represented as

T}, :xk(l—i-Zakia:i),k:: 1,m, (1)
i=1
where ay; = —agy, |ag;| < 1. The theorem is also known from the work [2]:

Theorem 1. The mapping V. : S™ ' — S™ 1 defined by formula (1), is a
homeomorphism, and for | ay; |< 1 for all k,i = 1,m — by a diffeomorphism of the simplex
Sm=1,

For an arbitrary starting point 2° € S™~! the sequence {z(™} C S™~!, defined by the
recurrent formula

) =V n=0,1,..,

it is called a trajectory starting from a point z°.
Consider two Lotka-Volterra mappings operating in a two-dimensional simplex S? :

x) = x1(1 4 ajowse + ayzrs), x) = x1(1 + biaxs + bizws),
Vit f’g = fz(l — Q12T + a23$3), Vo ﬁlg = $2(1 — by — 523353), (2)
$é = $3(1 — 131 — a23$2), [Eé = [Eg(l — b31$1 + bggfﬁg),

3
here |ak;| <1, ak; = —@i, |bri| < 1,0k = —big, Y x; = 1.
=1

1=

Consider the composition V; o V5 of these mappings. Each of these maps is an

automorphism of the simplex, and it is also obvious from this that the composition V; o V5
is an automorphism of the simplex S?, and it is representable as:

v = z1(1+ fi(wg, x3)),
VioVo:q ay=wza(l + fozy,23)), (3)
ry = 23(1 + f3(21,22)),

where are the functions f1, fo, f3 are polynomials of the third degree from x4, x4, x3, satisfying
the condition
- fitaze fotaz f35=0.
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If we describe the system (3) in detail, we will get the following picture:

'

VioVy: xh

s

As we can see from expression (4), with arbitrary coefficients, six parameters are obtained
in the system. Let’s consider the dynamics of the composition first with the introduction of

one coefficient, since the picture of the phase portrait turns out to be interesting. In other
words, let’s consider the composition of the Lotka—Volterra mappings having the form:

x1(1 + biaxs + b1373)(1 + ar222(1 — bioxy — bagzs) + a13x3(1 — bigzy + basxa)),
x2(1 — biax1 — bazx3)(1 — ar2x1(1 + bioxe + bi3zs) + agszs(l — bz + basxa)), (4)
x3(1 — bigx1 + bazza)(1 — ar3z1 (1 + bioxa + bisxs) — agsxa(1 — biax1 — bazxs)).

¥ =x(l+ay+ z), ¥=x(l4+y+2),
Vs:¢ v =yl —ar—2), Vi:g v =y(l—z+2), (5)
2= 21— s+y), Y= 21—z —y),

The compositions of these mappings look like this:

o(1+y+2)(1+ay(1— 2+ 2)+ 21— — y)
y(1— 2+ 2)(1 —ax(l +y+2) — =(1— 2 — y) (6)
2l—z—y)(1—z(l4+y+2) +y(l—z+2))

l,l
VsoVy:< o
Z/

r(l+ay+2)1+y(l—axr—2)+2(1 —z+y))
yl—ar—2z)(1—z(l4+ay+2)+2(1—2+vy)) (7)
2l—z4+y)(l—z(1l+ay+2) —y(l —az — 2))

where is the coefficient 0 < a < 1.

For a qualitative study of the dynamics of the trajectory of the internal points of the
composition V3oV, and V,oV3, we find the fixed points of these compositions. For composition

(6) we get a fixed point Og (0, %5, @) , and for composition (7) the fixed point has the

form O, (0, @, %) :
In addition to these fixed points, all vertices of the simplex are stored as fixed points
for compositions, i.e. e1(1;0;0),e2(0;1,0),e3(0;0;1).
To determine the characters of fixed points, we will be based on the literature ([1], [2]).
Theorem 2. The fixed point Oy of the operator (6), as well as the fixed point O; of
the operator (7) are repeller fixed points, with an arbitrary parameter value 0 < a < 1.
Now let’s move on to the following operators Lotka—Volterra:

x/
VioVi:g of
Z/

¥ =x(14+y+az) ¥=x(1+y+2)
Vsiq v =y(l—z—2) Vi:q ¢ =y(l-z+2) (8)
2 =2z2(1—ax+vy) Z=z(1—z—vy)

x( 1+y(l—z+4+2)+az(l—x—1y))
VsoVi:k vV=y(l—z+2)1—-2z(14+y+2)—2z(1—2-—1y)) 9)
2= z( (1—azx(l+y+2)+y(l—z+=2)
)

)
r=z(1+y+az)(1+y(l—2z—2)+2(1 —axr+y))
VioVs:{ yV=y(l—a—2)1—2(1+y+az)+2(1 —axr+y)) (10)
Z=z(1l—-ar+y)(l—z(l+y+az)—y(l—x—2))
Here 0 < a < 1. For both compositions, there is a fixed point on the edge of I's5: for operator

(9), a fixed point is a point O (0, 3_2\/5, @) , for operator (10), a fixed point is a point
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03 (0, Y52, 2505

1T 2
stored as fixed points.

Theorem 3. The fixed point O, of the operator (9), respectively, the fixed point O3 of
the operator (10) at an arbitrary value of the parameter 0 < a < 1 are repeller fixed points.

As you can see, the picture is similar for both cases, but a completely different picture
is obtained if we introduce the coefficient as3 = a # 1. We will visually show a detailed
picture of all cases and the dynamics of the trajectories of internal points, i.e. the phase
portrait, in an expanded article.

) . In addition to these fixed points, here also all vertices of the simplex are
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Discrete models of viral diseases transmitted by airborne capillaries
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We know [1] quite a lot of works related to the modeling of infectious diseases. Basically,
the models considered in these papers are continuous, but we believe that discrete models
more adequately describe the real situation. Based on the foregoing, we consider a discrete
SEIR model for the study of diseases transmitted by airborne capillaries.

It is known [2]| that the Lotka-Volterra mappings acting in a simplex S™~! have the
form:

Ve a:;g = (1+ Zakixi), kE=1m
i=1
where ay; = —ag, |ag| < 1.
The following important proposition was proved in [3].

Theorem 1. [3] Let A = (ay;) be a skew-symmetric matriz, in this case
P={zeS™ ' Ar>0}#2, Q={rcS" ' A2x<0}#0

consist of from fixed points.
Consider the Lotka—Volterra mapping acting in a three-dimensional simplex S, which
has the form:

21 (1 — a9 — a13x3),

To(1 + a191 — G233 — A24%4), (1)
3 23(1 + a1321 + @239 — azay),

Ty = 1‘4(1 + A24T9 + a34x3).

~="~

T
T
T

=N

V.

The corresponding skew-symmetric matrix is degenerate, since some coefficients of the matrix
are equal to zero [4], i.e., ag; = 0.

In cases where skew-symmetric matrices are transversal, we could introduce the notion
of a tournament (|2], [3]). In the case under consideration, the skew-symmetric matrix is
degenerate, so we introduce the notion of a mixed graph.

Definition 1. /5] An oriented graph or digraph is a finite nonempty set containing
vertices and a given set of ordered pairs of different vertices.
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The definition implies that every orientation of a graph generates a directed graph.
From the definition, one can understand that the mixed graph is a graph that contains
both directed and undirected edges.

Definition 2. [5] An undirected graph is a graph that has no oriented edges and,
generally speaking, it can be included in the set of mized graphs.

A digraph can be considered as a mixed graph, in which each symmetric pair of directed
edges is replaced by an undirected edge.

Now we give all unknowns z;(i = 1,4) the corresponding epidemiological meaning:

x7 are healthy, but susceptible to infection individuals, i.e., the group S;

xo are infected individuals that are in the stage of incubation (latent) period, i.e., the
group E;

x3 are infected and prone to infecting other individuals, i.e., the group I;

x4 are recovered and individuals with immunity, i.e., the group R.

Then our mapping has the following form in epidemiological terminology:

(S'=S(1—aFE —bl),
E' = E(1+aS —dI —eR),
I'=1(1+0bl +dE — fR),
R = R(1 +eE + fI).

\

Infection can result from contact between infectious and susceptible individuals. The
main question is how the proportion of infected and the proportion of susceptible in the
population change. The corresponding degenerate matrix and the corresponding mixed graph
are shown in Figure 1.

0 -a -b 0
a 0 -d -e
R E A=
bod 0 =f
0 e f o
i
Figure 1.

In the model, there are three transitions from a state to a state of individuals in the
population:
NVS—-FEF—-R, 2)S—>I—-R;, 3)S—E—I— R

Theorem 3. If there are three transitions in the epidemiological situation
1)S—FE—R,2S—1—-R,3)S—FE—I—R,

then the following conditions are satisfied for each of them.:
1) S — I — R. This corresponds to the situation on the verge U's;g. Here there is a

neutral point Nl(ﬁ,o, ﬁ) on the edge I'sr, then we get
P—{L<S<1}andQ:{O<S<L},
f+b6— = - T f+b

or
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If the starting point lies to the left of the curve connecting the vertex I and the neutral
point Ny, then the disease progresses, but up to a certain time, and as soon as the trajectory
crosses this curve, then the epidemic is on the decline in the set ().

2)S — E — R. This transition corresponds to those individuals, for which the disease
does not manifest itself explicitly, i.e., this situation is on the face I'sgr. Then on the same

edge U'sg, there is a neutral point No (GL_LG, 0; a%e) . At the same time, either

P:{ € SSSl}andQ:{OSSS ‘ }7
a-+e ate

P:%SRS—i}amQZ{
a-+e

or

<R< 1} .

a+e

If the starting point lies to the left of the curve (straight line) connecting the vertex E
and neutral point Ny, then the disease progresses, but up to a certain time, and as soon as
the trajectory crosses this curve, then the epidemic is on the decline in the set Q.

3) S — E — I — R. This situation occurs for those individuals who completely go
through all stages of the disease.

If eb < af, then

f e
P=<—<5<1 d = <5<
{f+b_S_ and Q) O_S_a+e ,
or
b a
P:{OgRﬁ—} andQ:{ §R§1}.
+0b a+e
If eb > af, then
Py <s<ilanao-fo<s<-1
S lade T T S R f+o)’
or
a b
P:{OSRg }ansz{—SRSl}.
a+e +0b
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Behavior dynamics of the Lotka-Volterra mapping composition, with transitive
tournaments describing models of sexually transmitted diseases
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Mathematical ecology as a science began to take shape at the beginning of the XX
century. Its emergence was facilitated by the works of outstanding mathematicians like
Vito Volterra and his contemporaries L.Lotka and V. A.Kostitsin. Further development
of mathematical ecology is associated with the names of G.F.Gause, A.N.Kolmogorov,
Yu.Odum, Yu.M.Svirezhev, R.A.Poluektov, etc [1]. Mathematical methods have penetrated
most deeply into the study of the dynamics of the number of biological populations, which
occupy a central place in the problems of ecology and population genetics. The paper
considers the composition of two Lotka—Volterra mappings operating in a two-dimensional
simplex with transitive tournaments, with two inversely directed edges, since the composition
can be used to simulate sexually transmitted diseases. All fixed points are found for the
composition and their characters are studied, as well as the dynamics of the asymptotic
behavior of the trajectory, i.e. the phase portrait, is shown for each component of the
composition.

Consider the Lotka-Volterra mappings acting in S™~!, having the form (|2]-[4]):

Vi :x;czxk <1+Zakm>, k=1,m,

=1

ngx;f:xk<1+2bkixi),k‘: ,m (1)
i=1

where S™ ! = {x = (T4, T) : T >0, > = 1} c R™.
i1

Since the Lotka—Volterra mapping is an automorphism of the simplex S™~! into itself,
obviously the composition Vj o V4 is also an automorphism, and it is representable as [4]:

VioVsy: w;c = 2p(1+ fe(T1, oy ooy Tp_1, Tpg 1y ooy Ti) ), k=1, M

The compositions of these mappings at m = 3 with coefficients ay;, by; = £1 are represented

as:
o) =x1(1 4+ 29 — x3)[1 + 22(1 — 21 — x3) + 23(1 + 21 + x2)],

VVlOVYQ: CCIQ21'2(1—.%'1—1'3)[1—$1<1+.T2—£L'3)+$3<1+l’1+$2)], (2)
o =x3(1+ 21 + 29)[1 — 21(1 + 22 — 23) — 2o(1 — 21 — 23)],

or
.4 3 2,.2 2
) = —x7 — 4xyre — daixs + 207 + 4wy 29,

VioVy:{ o= —22(22% + dzy39 + 23 — 2), (3)
hy=1—2a] — .
For the composition , we obtain the following theorem:

Theorem 1. If the mapping is Vy and V; are represented as (1), then their composition
(2) has the following fixed points:
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e:

Figure 1. Card of fixed points of composition V; o V5.

—the five fixed points belonging to the simplex are the points—

e1(1;0;0),e2(0;1;0),e3(0;0; 1),

5—1 3—+/5 5—1 3—+5
M1<f ; 05 \/_>€P13;M2<0§\/_ ; \F)GF%,

and

2 2 2 2

— two fixed points outside the simplex belonging to H are the points Ny <’1;‘/5; 0; 3*‘/5)

N, <O;ﬂg;ﬂg> , where H ={x € R™ : Y x; = 1}.
=1

2 2

As a result, the card of fixed points of composition (2) looks like
As a result, we get a consequence that determines the characters of these fixed points
of the composition:

Corollary 1. The fized points defined by Theorem 2 are — ey, es — attracting,

— My, Ny — repelling,

—points ey, My, Ny

— saddle fixed points.

Sexually transmitted diseases (e.g. AIDS) have spread in almost all countries of the
world. For example, it has been estimated that in some regions of Central Africa up to twenty
percent of the population is infected with the human immunodeficiency virus (HIV), and
that in the Bronx in New York 13 percent of men and 7 percent of women aged 25-40 years
are HIV-infected [7|. To prevent the further spread of these epidemics, it is important to
understand how these infectious diseases are transmitted.

The transmission dynamics are complex. Many biological and sociological factors are
involved. One of the main factors determining the spread of STDs is how people choose
their sexual partners. Changes in sexual behavior are recorded in almost every survey of
homosexuals or bisexuals and injecting drug users over the past decade [7|. These behavioral
changes occur as sexually active people become more careful in their sexual activities to
avoid contracting STDs such as AIDS. Understanding the consequences of these behavioral
changes can help guide educational programs to prevent STD transmission.

The proposed model in this paper represents the contact of a population susceptible to
infection, where the first mapping V; — defines a certain population (male or female), and the
second V5 — defines a certain population (male or female). The dynamics of each component
of the composition determines the course of the disease, as well as a complete picture of the
phase portrait of the entire composition and the full interpretation in the epidemiological
vocabulary of this work will be given in the next article.
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Model of two-component suspension filtration in a porous medium with
“charching” effect
Fayziev B.
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In this paper a mathematical model for the filtration of two-component suspensions
in a homogeneous porous medium, taking into account the “charging” phenomenon and
dynamic factors in the kinetics of deposition is considered. The system of filtration equations
consists of the mass balance equation, multistage kinetic equations taking into account the
dynamic factors and “charging” effect in the active zones, the kinetics taking into account the
phenomenon of “aging” in the passive zone of deposition for each fractions of the suspension
and Darcy’s law [1,2]

dc) ac®  9pd plP

T e TR T (1)

8p i
ap - B (pp ) p; )) ()7 (2)
ap) (0 @) @) (1) (2) i)
ke L (oD, p2,1Vpl) ¢ = By (08D, p, 1Vpl) P, (3)
ko’ W @ 1)L @)
U:k(m)|vp|7k(m):m,mzmo—(ﬂa +p Ty 0y, (4)

where ¢V are concentrations of suspension, v is filtration velocity, m, myg are the current and
initial porosity of the medium, BZ(,Z) are coefficients characterizing the kinetics in the passive

zone and “aging” effect, Béil), 6(222) are coefficients characterizing the kinetics in the active
zone and “charging” effect, p((f), p,(,i) are concentrations of depositions formed in active and
passive zones, respectively, |Vp| is the module of the pressure gradient, k(m) is coefficient
of permeability, i = 1,2 - correspond to the component numbers.

To solve the problem (1)-(4) for the given initial and boundary conditions a numerical
algorithm is developed. Based on numerical results, the main characteristics of suspension
filtration in a porous medium are analyzed. Influences of dynamic factors and “charging”
effect on transport and deposition of suspended particles of two-component suspension
in the porous medium are established. It is shown, that the multistage nature of the
deposition kinetics can lead to various effects that are not characteristic for the transport
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of one-component suspensions with one-stage particle deposition kinetics. In particular, in
distribution of the concentration of suspended particles in a moving fluid a non-monotonic
dynamics has obtained.

References

1. Venitsianov E. V., Rubenshtein R. N., Dynamics of sorption from liquid media, Nauka, Moscow (1983).

2. Khuzhayorov B., Fayziev B., Ibragimov G., Md Arifin N. “A deep bed filtration model of two-
component suspension in dual-zone porous medium”, Applied Sciences, Vol. 10, No. 8., 2793 (2020).

Fuzzy Divergence Method for Medical Image Thresholding
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Thresholding is a segmentation technique that divides pixels into two groups: those
that fall below and those that fall above the threshold. It includes analysing the histogram.
A threshold might be either global or local. The global threshold option chooses a threshold
for the entire image. If there is uneven illumination, this strategy does not function; in such
situation, local threshold works effectively. Local thresholds obtain thresholds from each
subregion of an image, responding to local differences [1,2]. For optimal threshold selection,
the fuzzy divergence method is applied. The criteria function minimizes the divergence
between the thresholded image and an ideally thresholded image. The gamma membership
function computes the membership values of pixels in a picture. The following are the
membership functions for the object and background regions:

\ _ ) exp(—c-ag —mol), if a;; <'t, for object
pa(ai;) = { exp(—c-|ai; —mal), if a;; > t, for background (1)

where ¢ is the any chosen threshold, a;; is the (i,j)th pixel in image A, constant ¢ =
, mg and my are the means of object and background regions, respectively.

Z;:O f - count(f) ZJLc;tIH f - count(f)
mo = 7 o M= -1
> o count(f) > =1 count(f)

The optimal threshold is chosen by minimizing fuzzy divergence [3]. Fuzzy divergence
between two images A and B is written as:

1
(fmax _fmin)

M—1 M-
(2 _ (1 — [ia (%‘j) + 1 (bij>> ehalaij)—np(bij) _ (1 — I (bij) + pia (aij))el‘B(bij)_HA(aij))
0

—_

t= j=
For thresholding purposes, fuzzy divergence between the thresholded image and the
ideally thresholded image, pp (b;j)= 1, is written as [5]:
M—1M-1
D(A,B) = Z Z (2= (2 — pa (ag) €4 )™ — iy (a5) - €' Halen)) (2)
t=o0 j=0

Divergence is determined for each threshold grey level, and the grey level with the
lowest divergence is chosen as the ideal threshold [4-5|. Image thresholding with fuzziness
and entropy measures follows the same method as fuzzy divergence in that the fuzziness or
entropy measures are minimized.
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The segmentation of masses from mammograms is a difficult challenge due to their
variety in shape, appearance, and size, as well as their low signal-to-noise ratio. Despite
the advancement of several breast mass segmentation techniques, computer-aided diagnosis
(CAD) systems that rely on reliable breast mass segmentation methods are still not
commonly used in clinical practice. In fact, the use of CAD systems has been shown to
diminish screening accuracy by increasing the rate of biopsies while not enhancing detection
of invasive breast cancer. One of the causes, we believe, is the lack of an easily reproduced
and accurate assessment mechanism that gives a clear comparison between competing
approaches, allowing for a more informed decision process when selecting acceptable
algorithms for CAD systems. In this paper, the SSVM model is studied; the inference is
based on graph cuts, and training is based on a max-margin optimization.

Assume that we have an annotated dataset D including images of the region of interest
(ROI) of the mass, represented by x : 2 — R(£2 € R?), and the respectively manually
provided segmentation mask y : 2 — { — 1,41}, where D = (x,y)'lﬂ Also assume that
the parameter of our structured output prediction model is denoted by 6 and the graph
G = (V, E) links the image x and labels y, where V' is the set of graph nodes and F, the set
of graph edges [1,2,5]. The process of learning the parameter of structured prediction mode
is done through the minimization of the following empirical loss function [6-7]:

D

1

0 — argm@inm Zl(:{:i,yi,é’), (1)
=1

here [(x,y,0) is a continuous and convex loss function being minimized that defines the
structured model. We use SSVM formulation for solving (1). The SSVM optimization
to estimate 6 consists of a regularized loss minimization problem formulated as 6* =
ming [|0]* +A Y2, 1(4, v, 0), with I(-). The introduction of slack variable leads to the following
optimization problem [7]:

1 C
minimizegiﬂew + ] ;fi
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subject to
E(yi,2i;0) — E (i, v4,0) > A (yi, 9i) — &, Vi # ¥i, & > 0 (2)
This optimization is a quadratic programming problem with an insurmountably high
number of constraints. We implement the cutting plane method to keep a reasonably small

subset of the constraints by solving the maximization problem in order to keep the number
of constraints manageable:

Ui = argm;xxA(yi,y) +FE (ya T, 9) —F (yz‘7$i; 9) - &, (3)

which finds the most violated constraint for the i** training sample given the parameter
6. Then if the right-hand side is strictly larger than zero, the most violated constraint is
included in the constraint set and (2) is resolved. This iterative model continues until no
more inequalities are found to be violated [5].

Note that if we remove the constants from (3), the optimization problem is simply: ; =
argmax, A(y;,y) + E (y,z;;0), which can be efficiently solved using graph cuts [1] if the
function A(.,.) can be properly decomposed in the label space. A simple example that works
with graph cuts is A (y,y;) = >, 1 — d(y (1) — v;(4)), which represents the Hamming distance
and can be decomposed in the label space. Therefore, we use it in our methodology. The
label inference for a test mammogram z, given the learned parameters 6 from (2), is based
on the following inference:

y* = argmax E(y, x;0) (4)
y

which can be efficiently and optimally solved for binary problems with graph cuts [3-4].
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Superpikselli segmentlash usuli asosida giperspektral tasvirlarda tasniflash
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Giperspektral tasvirlar turli xil kosmik yoki havodagi sensorlar orqali olinadigan
tasvirlar bo‘lib, undagi har bir piksel ultrabinafsha nurdan boshlab infraqizilgacha bo‘lgan
yuzlab spektral kanallarni o‘z ichiga oladi [1,2]. Masofaviy zondlash bo‘yicha olingan
ma’lumotlarni tahlil qilish dasturiy ilovalarda giperspektral ma’lumotlar yer sirtining
turli xil tuzilishga ega qoplamalari farqlash qiyin bo‘lgan materiallar uchun ko‘p spektrli
ma’lumotlarni olish imkoniyati beradi. Spektral ma’lumotlardan tashqari, giperspektral
ma’lumotlar ham katta fazoviy ma’lumotlarni o‘z ichiga olib, tasvirlarda qo‘shni piksellarning
o‘xshash spektral xususiyatlari va katta ehtimolli tuzilishga ega yer qoplami aniqlashda
foydaniladi [3,4]. Lekin , klassik tasniflash usul va algoritmlari, masalan, tayanch vektor
mashinasi (SVM) [5] va ekstremal egilish mashinasini (ELM) [6] lar potensial fazoviy
ma’lumotlarni e’tiborga olmagan holatda, fagat spektral ma’lumotlarni hisobga olgan holda
turli xil yer sirtining qoplamalarini tasnialaydi. Bu esa ushbu giperspektral tasvirlarni
tasniflashning modellarini to‘g‘ri qurishga olib kelmasligi mumkin.

Spektral belgilar va fazoviy timsollar asosida giperspektral tasvirni tahlil qilish va
tasniflash samaradorligini sezilarli darajada yaxshilash mumkin. Bunga erishish sifatida
qaraladigan fazoviy timsollar giperspektral tasvirning lokal yoki global fazoviy belgilarini
ifodalovchi chiziq, nuqtalar klasteri yoki tasvir teksturasi ko‘rinishda ifodalanadi [5,7,8].

So‘nggi yillarda giperspektral tasvirlarni tasniflashda superpiksel tushunchasi kiritildi.
Giperspektral tasvirlar uchun superpiksel ichki fazoviy tuzilishning adaptiv moslashishiga
ko‘ra bir hil sohalarni ifodalaydi. Shu sababli superpikseldan giperspektral tasvirlarning
fazoviy ma’lumotlaridan samarali foydalanishda va giperspektral tasvirlarni tahlil qilish
dasturiy ilovalar aniqligini oshirishda foydalanish mumkin.

Superpikselli segmentlash usuli bir xil intensevlikka ega bo‘lgan piksellarni gisqartirish
yoki guruhlash g‘oyasiga asoslangan bo‘lib, odatda tasvir segmentasiya va obyektlarni tanib
olish kompyuterli ko‘rish masalalarini yechishda keng qo‘llanilib kelinmogda [9,10]. Bunday
masalalar sifatida qaraladigan masofadan zondlash asosida olingan aerokosmik giperspektral
tasvirlar asosida maydonlarni tasniflash masalalarini yechishda foydalanilmoqda. Masofaviy
zondlashda asosiy ma’lumotlar biri sifatida spektr qaraladi va bu fazoviy timsollar bo‘yicha
go‘shimcha ma’lumotlar olish imkoniyati beradi.

Superpikselli segmentlash usulining dastlabki ishlov berishda superpikselli segmentlash
obyekt chegarasi mahkamlash va kichik murakkablikdagi hisoblashga ega bo‘lishini
ta’minlashi lozim [11,12]. Masofadan zondlash tizimlarida giperspektral tasvirlarga dastlabki
ishlov berish tez moslashuvchan va samarali bo‘lish uchun entropiya tezligi bo‘yicha
superpikselli segmentlash yondashuvi qo‘llaniladi [13].

Bizga V —bo‘luvchi piksellar to‘plami, U o‘xshash piksellar juftligi hosil qiluvchi
qgirralar to‘plami bo‘yicha giperspektral tasvir uchun G = (V,U) graf berilsin. Bu graf
asosida entropiya tezligi bo‘yicha superpikselli segmentlash yondashuvning A C U shartni
qanoatlantiruvchi G = (V,U) grafning G' = (V, A) qism graflarini aniglaydi. Samarali
segmentlashni amalga oshirish uchun entropiya tezligi bo‘yicha superpikselli segmentlashni
magsad funksiyasi quyidagicha bo‘ladi,

A* = argflninTT {H(A)+AB(A)}, AcCU. (1)

(1) ifodada H (A) — bir jinsli va kompakt klasterlarni hosil gilish uchun entropiya tezligi,
B (A) —o‘lchamlari anolog bo‘lgan klasterlarni rag‘batlantirishni muvozatlashtirish va T'r(-)
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— matrisa izi. (1) ifodada berilgan optimallashtirish masalasini yechishda murakkab evristik
algoritmlar qo‘llaniladi.

10.

11.

12.

13.
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So‘nggi yillarda yerni masofadan zondlash sohalarida ko‘rinuvchi va infraqizil spektr

diapazonlarida giperspektral suratga olish vosita va texnologiyalari keng qo‘llanilmoqda [1].
Giperspektral tasvirlarning xususiyatlarini spektral kanallarning soni ko‘pligi hamda har bir
kanalning kichik spektral kengligi tashkil etadi. Giperspektral tasvirlar umumiy holda uch
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o‘lchovli massiv ma’lumotlar strukturasini bilan ifodalanadi. Bu strukturada ikkita o‘lchov
fazoviy koordinatalarni, uchinchisi esa spektral koordinataga to‘g'ri kelidi. Shuning uchun
ham odatda giperspektral tasvir fazoviy-spektral kub deb yuritiladi [2].

Tasvirlarni tahlil gilishda yuzaga keladigan muhim masalalardan biri segmentlash, ya'ni
tasvirni qandaydir mezonlar bo‘yicha bir jinsli bo‘laklarga ajratish hisoblanadi [3, 4, 5.
Giperspektral tasvirlarda segmentlash murakkab va to‘liq hal etilmagan masalalardan biridir.
Birjinsli segmentlarni tanlash uchun tasvir sohasining bir xilligi nimani anglatishini aniglash,
turli segmentlash variantlarini taqqoslash mumkin bo‘lgan mezonlarni shakllantirish,
shuningdek, eng yaxshi variantni topish uchun samarali usul yoki algoritmni aniqlashni talab
etadi. Hozirgi kunda tasvirlarni segmentlashda turli xil yondashuvlar qo‘llanilmoqda. Ushbu
masalani hal qilishda eng keng tarqalgan yondashuv turli xil belgilar (spektral, tekstura
va boshqalar) ko‘rinishda berilgan tasvir asosidagi hosil qilingan jadvalli ma’lumotlar
strukturasi qo‘llaniladigan klasterli tahlil algoritmlaridan foydalanishga asoslangan |5, 6].

Klasterli tahlilning ko‘plab usullari mavjud bo‘lib, ushbu wusullar biri-biridan
birjinslilikni anglash, bo‘linish variantlari va turli cheklanishlarni o‘rin almashtirish
va ma’lum bir sohaning o‘ziga xos xususiyatlarini hisobga olish bilan farqlanadi. Bu
farqglanishlarni klasterlarni aniqlashga turli yondashuvlar mavjudligi va har bir sohaga
x0s bo‘lgan qo‘shimcha ma’lumotlarni hisobga olish zarurati, shuningdek, qo‘yilgan
optimallashtirish masalasini yechish uchun turli xil algoritmlarning mavjudligi bilan izohlash
mumkin [4].

Klasterli tahlilda faol rivojlanib kelayotgan yondashuvlarda biri hisoblangan
ansambli yondashuv guruhlash natijalarining algoritm parametrlarini tanlashga bog‘liqligini
kamaytirish va shovqinli ma’lumotlarda yanada turg‘un yechimlarni olish imkonini beradi.
Oddiy algoritmlar kompozisiyasiga asoslangan ansambli yondashuv ma’lumotlarni tahlil
qilish, timsollarni tanib olish va prognozlashning zamonaviy nazariyasi va amaliyotida faol
foydalanilmoqda [3].

Klaster tahlilining turli xil usul va optimallashtirish proseduralarining variantlari
to‘plami mavjudligi ularni birgalikda qo‘llash bilan kelishilgan yechimni shakllantirish
imkoniyatini paydo qiladi. Bunday yechim qarorini ishlab chigishda guruhlash turli qarashlar
asosida amalga oshiriladi, ya’ni nuqtai nazardan bir-biriga qarama-qarshi yoki bir-birini
to‘ldiradi deb tahmin gilinadi (bitta yechim, boshqa yechimni kuchsiz tomonlarini to‘ldiradi).
Ansambli yondashuv umumiy ma’lumotlar bazasini olish imkoniyati past bo‘lgan yoki
ahamiyatli bo‘lgan hollarda tagsimlangan hisoblashni amalga oshirishga imkon beradi.

Ushbu tadqiqotning maqgsadi esa giperspektral tasvirlarni tahlil gilishda qo‘llaniladigan
klaster tahlilning ansambli yondashuvni tadqiq etishga qaratilgan. Ansambli yechimni
qurishda jiddiy muammolardan biri foydaniladigan o‘rin almashtirish proseduralarini sezilarli
darajada hisoblash murakkabligidir. Mavjud algoritmlar giperspektral tasvirlarga xos bo‘lgan
katta hajmdagi ma’lumotlarni tahlil gilishda yetarli darajadagi hisoblash murakkabligiga
ega. Bu esa katta hajmdagi ma’lumotlarni tahlil gilishda foydalanidigan hisoblash jihatidan
samarali ansambli segmentlash usul va algoritmlarni ishlab chigishni taqozo etadi.

Klaster tahlilda berilgan sifat mezonga ko‘ra qandaydir A = {ay,...,an}
elementlardan (ob’ektlardan) tashkil topgan P = {C},...,Cy} to‘plamni K guruhlarga
(klasterlarga) ajratish talab etiladi. Sifat mezoni deganda — guruh ichidadagi tarqalishlarga
va guruhlar o‘rtasida masofalarga bog‘liq bo‘lgan ma’lum bir funksional tushiniladi. Qoidaga
ko‘ra har bir ob’ekt Xj,..., X, haqiqiy o‘zgaruvchilar orqali tavsiflanadi. * = x(a) =
(21,...,2,) vektor o‘zgaruvchi orqali a ob’ektni belgilaymiz. Bu yerda z; = X (a), j =
L.on, Tnxn = (z(a1), ..., 2 (a1y))" esa matrisa (ma’lumotlar jadvali).

Tasvirlarni tahlil gilishda element sifarida piksel qaraladi va o‘zgaruvchilar piksellarning
turli xil xususiyatlarini, ya’ni ma’lum bir diapazondagi spektral yorqinlik, tekstura
xarakteristika va boshqalarni tavsiflaydi. Masalan, RGB modelidagi tasvirnining har
bir pikseli qizil, yashil va ko'k rangli komponentlarining intensivligini tavsiflovchi
X1, X5,X3 uchta o‘zgaruvchi orqali ma’lumotlar jadvalini taqdim etish mumkin.
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Giperspektral tasvir uchun har bir pikselini X;, Xs,..., X, tartiblangan ketma-ketlik
asosida ma’lumotlar jadvalini ifodalash mumkin.

Klasterlar ansamblini qurish algoritmlari matritsa elementlarini saglash uchun N2
yaqin xotira yacheykalarini talab qiladi va ular bir xil murakkablik tartibi bilan tavsiflanadi.
Bu esa katta hajmdagi ma’lumotlar jadvallarini tahlil gilishda ular kichik samarani beradi.
Bunday hollarda ma’lumotlarni sigish va ansamblni guruhlash kombinatsiyasiga asoslangan
algoritmlarni qurish va qo‘llash maqgsadga muvofiq bo‘ladi. Tadqiq etilayotgan algoritmni
g‘oyasi jamoaviy yechimni qurishda, kuzatishlarning barcha mumkin bo‘lgan juftliklari
hisobga olmay, faqat klasterlarni ifodalovchi nisbatan kichik miqdordagi prototiplar juftligni
hisobga olishi qo‘yilgan magsad muvofiq ekanligini bildiradi.

Asosiy guruhlash variantlarini olish uchun esa k-means algoritmi qo‘llaniladi, uning
murakkabligi chiziqli ravishda ma’lumotlar jadvalining o‘lchamiga bog'liq. Klasterlarning
kerakli soni algoritm ishlashining parametri hisoblanadi.

Klaster markazi klasterdagi barcha elementlari bo‘yicha hisoblangan mos belgilarning
o‘rta arifmetik giymatlaridan iborat vektor sifatida aniglanadi. C klaster prototipi deganda,
uning markaziga eng yaqin bo‘lgan p; elementi qaraladi. CMP (Co-association Matrix of
Prototypes) algoritmi ansamblning asosiy elementlarini qurish uchun tasodifiy qism fazo
usulidan foydalanadi. Shu algoritmdan o‘zgaruvchilarning dastlabki soni gism fazoning
o‘lchoviga nisbatan etarlicha katta bo‘lgandagina foydalanish mumkin.

CMP klaster ansamblini qurish algoritmi quyidagi qadamlardan iborat.

e I-gadam. Barcha | € {1,..., L} uchun quyidagi amallar bajariladi:

— Qism fazolar o‘lchovi de,s qiymatlari tasodifiy tanlaniladi(har bir elementni
tashlash ehtimoli doimiy deb hisoblanadi);

— k-means algoritmidan foydalanib, A to‘plami belgilanishlar tayinlangan
klasterlarga bo?linadi;

— klaster prototiplari hisoblanadi va ularning dastlabki jadvaldagi tartib ragamlari
saglandi;

— A to‘plamning har bir ob’ekt uchun unga yaqin bo‘lgan prototip topiladi va uning
tartib raqami saqlanadi.

e 2-gadam. 1.3-qadamda topilgan prototiplar uchun barcha variantlar bo‘yicha
o‘rtachalashtirilgan koassotsiativ H matritsa hisoblanadi.

e 3-gadam. lerarxik aglomerativ algoritmdan foydalanib H matritsa bo‘yicha Cp,
prototiplar to‘plami K klasterlarga ajratiladi.

e /-qadam. A to‘plamdagi har bir ob’ekt uchun barcha L asosiy variantlar bo‘yicha eng
yaqin prototiplar tartib ragami aniglanadi. Nomzodlarga ovoz berish yo?li bilan har bir
obyekt C), dan mos klasterga biriktiriladi.

Koassotsiativ prototip matritsalari asosida CMP giperspektral tasvirlarni segmentlash
uchun ansambli yondashuv tadqiq etildi. Mavjud segmentlash algoritmlaridan farqli ravishda,
tadqiq etilgan algoritm shovqinlarga turg‘un tahlilni amalga oshirishni va yetarlicha katta
hajmdagi ma’lumotlarga ishlov berish tezkorlogini ta’minlash imkonini beradi.
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The task of finding eigenvalues and eigenvectors is often faced by engineers who carry
out calculations in such industrial areas as construction, mechanical engineering, aircraft
building, etc. Also, the operation of various devices in electrical engineering and electronics
can be analyzed using a mathematical model in the form of a generalized eigenvalue problem:

Az = \Bx (1)

where A and B are known real n X n matrices.

In real life and real calculations, the parameters inevitably turn out to be uncertain
due to inaccurate measurements, simplification of model hypotheses, diversity of system data
and calculation errors, etc.

The element of uncertainty is, of course, a highly undesirable factor in calculations. But,
unfortunately, the uncertainty of setting independent variable parameters can be reduced,
but not completely eliminated.

To account for parameter uncertainties, a more realistic approach is to replace equation
(1) with the following “perturbed” eigenvalue problem (Recall that the interval values in the
text are highlighted in bold font [1]):

Ar =)ABz, AcA, BecB. (2)

Here A is an interval matrix of size n X n, that is, each element a;; of matrix A takes a
fixed (but unknown) value within the interval a;;, regardless of other elements of the matrix;
B is also an n x n interval matrix. Relation (2) defines each eigenvalue A\; as an implicit
function of A and B, that is, \y = M\(A, B). In the case of real eigenvalues, the range

= [\, A, is given by the real set:

Ap={\ | Az® =\ B2®™ A€ A, Be B} (3)

Similarly, we define the eigenvector 2**) associated with A, whose components are
x:(k) andt=1,2,...,n:

2i® = (2] Az® = \,Ba®, Ac A, Be B} (4)

7
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The problem considered in this article is to determine the range A; of a real eigenvalue
for a given ordinal k. This formulation, although not as general as the case of complex
eigenvalues, has many interesting applications. Thus, in many cases (mechanical analysis of
electrical or electronic devices, finite approximations of electric, magnetic or thermal field
distribution problems), the resulting matrices A € A, B € B are symmetric, this guarantees
that all eigenvalues of equation (2) are real. If the matrices are not symmetric, then the
following two problems are sometimes of practical interest:

e guarantee that the given eigenvalue Ay is structurally stable [2] (it remains valid for all
A€ A Be B);

e check the robust aperiodicity [3] of the considered interval problem for eigenvalues (all
eigenvalues are real structurally stable eigenvalues).

It should be emphasized that determining the real range of eigenvalues is an NP-hard
problem, its numerical complexity depends exponentially on the size n of the matrices used.
This fact was proved by J. Ron [4, 5| for a simpler case of the standard interval eigenvalue
problem (when B is the identity matrix):

Ar =Xz, A€ A (5)

In some cases, the so-called outer solutions of equation (5) or equation (2) [2, 6] for Ag,
x) = (a:gk), . ,:vgf))T with the inclusion property:

AL C A, x*®) ™, (6)

The main idea of the proposed method is to use the outer bounds *) and y® for the
right and left eigenvectors associated with the considered eigenvalue Ay, using full or partial
invariance of the sign patterns of both *) and y®. Since we know that such an approach has
not yet been proposed in the context of the generalized equation of the eigenvalue problem

(2).

From a computational point of view, this method essentially reduces to the formation
and solution of two nonlinear systems (incomplete quadratic systems) to find the outer
intervals « and y for the right and left eigenvectors corresponding to own values. It should
be kept in mind that its current implementation is based on full-matrix operations, which
limits the application of the method to problems of moderate size.

The method is applicable if certain sufficient conditions are met, i.e. an incomplete
quadratic system must have a positive solution, and the signs of the outer solutions must
satisfy full or partial invariance. The method also guarantees reliable numerical results when
the original eigenproblems contain interval uncertainties, which, strictly speaking, most often
occurs in practice.
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The problem of initial data uncertainty fully applies to electric power systems. The
parameters of the elements of electric power systems in most cases are determined by
passport, design or reference data, are based on a significant number of assumptions, and
are considered unchanged or slightly changing. At the same time, it is known that the
parameters of power lines, transformers, reactors (especially controlled ones), reactive power
compensation devices depend on many factors and can undergo significant changes during
operation.

In recent years, the methods of interval analysis and the theory of fuzzy sets have
become widespread as a means of accounting for uncertainty in solving a number of important
applied problems. These relatively new approaches are analytically, firstly, extremely efficient
in algorithmic and computational terms, and, secondly, allow one to correctly investigate
meaningful models.

Many tasks of calculating electrical systems are characterized by setting interval values
of parameters and modes of operation, due to their natural spread, variation in the process
of operation, measurement errors of modes, or other factors. As a criterion for solving such
problems, a description of the limits of variation of the desired characteristics of electrical
networks is required. Since such problems are often encountered in practice, there is every
reason to pay special attention to them.

Below we will use the notation from the draft informal international standard for
interval values, in particular, interval values are highlighted in the text in bold, and non-
interval values are not highlighted in any way [1].

In interval analysis, rectangular and circular complex intervals are most often used as
complex intervals [2]. The corresponding sets are denoted by IC,..; and IC,;,... Below we will
consider intervals only from IC,.., and further, for brevity, we denote this set simply by IC:

a:a1+ia2:{a:a1+m2€((j]a1Gal, ageag}

for real intervals aq, a, € IR.
In this paper, we consider an interval system of nonlinear algebraic equations [3, 4]
relating currents and voltages in network nodes:

n
S; .
E aijxj = — — Q;pXy, 1 = 1,2,...,n, (1)
- T
7j=1
or
n
.i'i E a;;r; = 8, i:1,2,...,n. (2)
7=0

Here a;; € IC™" are the elements of the matrix of intrinsic and mutual nodal conductivities,
s; € IC" is the interval power value in the i-th node of the network, and x; > x; are the
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required complex intervals (&; is the complex conjugate interval for x;), i.e. interval value of
voltages in the i-th node of the given network. In our considerations, the complex intervals
a; and xy (modulus and phase of the voltages of the balancing node, respectively) are set,
but may change in the process of solving a more general problem.

System (2) can also be written in a short form

F(z,i,a)=s, for a€a, s€s. (3)

System (1) is “sparse” in the sense that most of the coefficients a;; are equal to zero.
They are non-zero if the i-th and j-th nodes of the network are directly connected.

It follows from the monotonicity property of interval arithmetic by inclusion over IR (or
IC) that the result of performing interval operations contains all possible results of applying
point methods to point data contained in intervals specified by system (1). It can be seen
that the set of solutions of system (2) forms a combined set of solutions [2]:

Eumi (Fya,8)={x€lC|(Ja€a) (Ise€s)(F(r,t,a)=s)} (4)

and the problem of external interval estimation is considered.

Since system (1) is nonlinear, it is natural to solve it by iterative methods. In this case,
the structure of the iterative process is very important, since the convenience of implementing
the process and the rate of convergence will depend on it.

Thus, our goal is to find, if possible, the best (that is, the smallest by inclusion) interval
vector bounding the solution set =,,; (F, a, s).

The most universal and suitable for solving a large class of nonlinear equations is the
Newton-Raphson method. The idea of this method is to sequentially replace at each iteration
of the nonlinear system with the equation of some linear one, the solution of which gives
the values of the unknowns that are closer to the solution of the nonlinear system than the
initial approximation.

We will look for wng) by mgk), setting @) = a:gk) N (mgk) + Amgk)), where Aa:z(»k)

i

is the correction vector, are found from the equations
44 (a:(k)) Az =F <m(k)> : (5)

Here W (z) - Jacobi matrix is calculated at the first iteration and remains unchanged during
the entire iteration process; F'(z) - vector of residuals for given values of nodal equations.
The criterion for the end of the calculation of steady modes is the condition: z*+1) —z(*) < ¢
Where ¢ is the allowable calculation error.

The main advantage of the Newton-Raphson method is its fast convergence, when even
the first approximation can give a satisfactory result for practice.

In the work, an algorithm of the method for calculating the steady-state modes of
electrical networks has been developed, as well as a computational experiment has been
carried out and the corresponding numerical results have been obtained.

The results obtained make it possible to study the behavior of the process of successive
approximations and indicate ways to accelerate convergence. Currently, experiments are
being carried out to find the optimal acceleration coefficients. When calculating using the
interval Newton-Raphson method, the number of iterations is significantly reduced, which
gives narrower external interval estimates for the sets of solutions.
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Scientific and methodological foundations for optimizing the identification of non-
stationary objects under conditions of limited a priori information, uncertainty, non-
stationarity of processes using three-layer and five-layer neural networks have been developed.
Polynomial functions, nonlinear filters, wavelet functions for identification of images of micro-
objects, in particular, pollen grains, unicellular organisms in the blood, have been studied.
Mechanisms for pre-processing images of micro-objects of a complex structure are proposed
for selection, segmentation, identification of unique characteristics and features, as well as
optimization, setting the variables of models for describing random time series. Optimization
mechanisms are implemented, focused on the use of a database and a knowledge base,
statistical, dynamic, specific characteristics of the random time series, the formation of a
set of informative elements, taking into account the variation of statistical parameters, auto,
pair, cross correlation coefficients. The equivalence coefficients of the formed training sets
from multicomponent processes are determined. Identification mechanisms based on Haar
wavelet transforms of the 5th, Daubechies of the 6th orders, combined with neural networks
and Gabor filters, wavelet transforms of the model, were tested. A generalized algorithm has
been constructed that includes mechanisms for selecting segments, boundaries, a common
interval of element values, selecting informative elements, and forming a training set. The
identification software package in C++ was developed and implemented in the CUDA parallel
computing environment.
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Scientific and methodological foundations for optimizing the identification of micro-
objects based on generalized dynamic models and neural networks of various topologies with
mechanisms for extracting statistical, dynamic, specific characteristics of images, extracting
and segmenting contours, selecting reference points, reducing redundant points and setting
variables have been developed. Methods for determining using correlations and dynamic
changes in the set of points are proposed. Matrices with coordinates of displayed points,
approximations taking into account deformation of segments, selection of stationary sections
of the contour are formalized. A comparative analysis of the effectiveness of tools for image
preprocessing, recognition and classification was carried out using examples of pollen grain
images. Modified component schemes, adaptive learning algorithms for multilayer neural
networks, radial-basic networks. A software package for identifying, recognizing, classifying
pollen grain images with non-linear influences of factors, a priori insufficiency and uncertainty
has been developed. A software package based on the use of a three-layer neural network of
forward and back propagation of errors, supervised and unsupervised learning algorithms,
training set with vector quantization, clustering, segmentation, image identification, and
“sliding window” formation mechanisms has been implemented. The software modules for
identifying images in the presence of "noise as well as filtering the curve of the contour of
images of micro-objects, have been studied.

References
1. S. V. Kuleshov, Yu. A. Aksenov, A. A. Zaitseva. An approach to identifying the source of images from
digital cameras, Innovative Science, €5. pp. 82-86, 2015.

2. Yu. V. Vizilter. Image processing and analysis in machine vision tasks: A course of lectures and
practical exercises Yu.V. Visilter [and others]. Moscow. Fizmatkniga. pp. 672, 2010.

3. Ibragimowvich, J.I. et al. Optimization of identification of micro-objects based on the use of characte-
ristics of images and properties of models, Int. Conf. on Inf. Science and Com. Tech., 9351483, 2020.



168 SECTION VI. MATHEMATICAL MODELING AND INFORMATION TECHNOLOGIES

4. D. V. Shashev Image processing in intelligent medical robotic systems, Informationmeasuring equip-
ment and technologies, Tomsk, pp. 544-550, 2016.

5. G.M. Popova, V.N. Stepanov. Analysis and processing of images of biomedical microobjects, Auto-
mation and telemechanics, No. 1. pp. 131-142, 2004.

6. Jumanov, 1., Djumanov, O.I., Safarov, R.A. Recognition of micro-objects with adaptive models of
image processing in a parallel computing environment, Journal of Physics: Conference Series 1791(1),
012099. 2021. doi:10.1088/1742-6596/1791/1/012099

7. D.A. Bezuglov, S.Yu. Rytikov, V.I. Yukhnov, S.A. Shvidchenko. Extraction of image contours using
the wavelet differentiation method, Modern problems of radio electronics: IV international scientific
conference, Rostov-on-Don, pp. 203-212, 2012.

8. M.V. Dyudin, A.D. Povalyaev, E.S. Podvalny, R.A. Tomakova. Contour analysis methods and al-
gorithms for classification problems of complexly structured images, Bulletin of the Voronezh State
Technical University. Vol.10. e. 3-1, pp. 54-59, 2014.

9. Jumanov, I.I., Djumanov, O.l., Safarov, R.A. Methodology of optimization of identification of the
contour and brightness-color picture of images of micro-objects Proceedings - International Russian
Automation Conference, pp. 190-195, 2021. DOI: 10.1109/RusAutoCon52004.2021.9537567

Adaptive activation functions in multiple weight neural networks
L.2Khudaybergenov K., ? Saidov D.
U National University of Uzbekistan, Tashkent, Uzbekistan,
e-mail: kabul85@mail.ru
2 Yeoju Technical Institute in Tashkent, Uzbekistan

Activation functions are considered as main component in artificial neural networks.
The current paper considers learning activation functions with combination of activation
functions in multiple weight neural networks. We propose two approaches to use activation
functions and construction of adaptive activation parameters to input data. Namely, to show
effectiveness, we investigate linear form and non-linear form to combine activation functions,
then introduce adaptive activation function. Numerical experiments show the proposed
activation techniques overcome by performances and accuracy than standard rectified unit
family functions. In the last two decades a lot of effort can be seen in development and

implementation of convolutional neural networks (CNN) in solving practical problems, such
as pattern recognition [1-3], face detection [4], face recognition [5,6], object detection [7]
and tracking [8,9]. In order to get best accuracy in neural networks, choosing most suitable
activation functions are very important. Among them, non-saturated activation functions
are more accurate rather than saturated forms in deep learning models, which have shown
themselves a successful of deep models. In recent researches, saturated forms of these
functions are used more compared to non-saturated variants. Meanwhile, one problem exists
with some of these functions, which gradients can to vanish when using saturated forms.
However, these type of activation functions can be very helpful to accelerate training the
deep learning models.

Adaptive activation function

However, once each joining coefficient is trained in combined activation approach, then the
joined activation is used as constant value. This means that, it is not adaptable to the
certain input. In particular, instead of training a joining coefficient, we instead train a gating
pattern. The result of the gating pattern and input signals is presented to a SoftPlus function
to form the joining coefficient with fi e (1) and fe, (+). Consequently, the actual joining
coefficient rely on both the gating pattern and the input signals. Let us consider that the
input signal and the learnable parameters are denoted by x and A, respectively. Then the
joining coefficient can be determined as follows:

fsoftplus(x) =In (1 + 6)\1)
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where foopipius(+) 1s @ SoftPlus function [10], A € (0, 1] is constant value in the given
interval.
In the adaptive approach, the combination coefficient is replaced with SoftPlus function, and
combined with a basic fyren (+) and fpew (+). According to adaptive approach aforementioned
earlier, the joining of basic fpen (+) and fyen (+) is considered adaptable to the certain input
signals. Therefore, we can define an adaptive activation function as follows:

farelu(x) - fsoftplus(x)fprelu(x) + (]- — fsoftplus(x))fpelu<x>

To calculate gradients with respect to A and x are as follows

oF
a = JW (fprelu ($) - fpelu <I>)

OF A 0 relu apeu apeu_
8_x =90 <m (fprelu ([E) - fp€lu (l’)) + fsoftplus (:L‘) < fpalx (x) B falf(x)) * fall'(x)>
oF 0 relu oL 0 e
a—& = (stoftplus(x) J;Pal ’ % - 6(1 N fsoftplus(x)) gpﬁl

The combined approach and the adaptive approach can adopt both linear and nonlinear
transformations. If we compare the two approaches, the significance is that the joined
approach is not adaptive to the specific input signals. Therefore, using flexible joining
parameter fq,repius(-)7 is more preferable. Particularly, in adaptive approach trains A, which
determines the degree of signal change for the input value. After training X, fsofipius(-) defines
the certain proportion of signal variability for the certain x. Additionally, when x changes
to a small value in fo,pipius(-), the degree of signal change tends to be defined only by one
of the activation function. Overall, the adaptive approach is desired to be adaptive to signal
change in online training.

In the joined and adaptive approaches, we only use basic fpren (1) and fyen (+) activation
functions in order to test the productiveness. In general, the adaptive approach can increase
the ability of training neural models which its datasets have complex structure.
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Modern methods of data mining are actively used in various medical decision support
systems. Data mining technology demonstrates excellent results in risk assessment for
patients and helps in making clinical decisions when building disease prediction models.

The search for criterias of premature aging of the cardiovascular system is due, on the
one hand, to the global trend towards an increase in the proportion of people older than
working age, on the other hand, to the growth of premature aging processes among people
of mature and even young age. Methods for determining biological age using the intima-
media thickness of the common carotid arteries are more sensitive, allowing more accurate
prediction of the possibility of adverse vascular events [1]. In recent years, using modern
methods of data mining, operating on the basis of rules that formalize expert knowledge,
it has become possible to obtain good results in medical diagnostics. The development and
use of knowledge-based models using artificial intelligence methods is an important means
of improving the efficiency of medical research.

For the research was used a method that allows dividing the features that characterize
objects (patients) into dominance intervals, calculating the values of the membership
function, nonlinear transformations of features by the value of membership functions and on
this basis to determine the generalized assessment of objects [2,3].

The mathematical formulation of the problem is as follows. As a result of medical,
laboratory and instrumental studies, a sample is created that serves to build an information
model that determines hidden patterns in the analysis of the aging rate. The sample
consisted of m objects (patients), the objects E' = {S;}* were characterized by nominal and
quantitative characteristics X = (xy,...,x,). Objects are divided into two classes (successful
aging and premature aging) by a specialist (medical specialist) depending on the thickness
of the intima-media complex.

The ordered sequence of feature values is divided into 7. non-intersecting intervals
[TensTe,)' s 1 <u,u <v <m,i=1,7. Values of features lying in the interval [r.,,r.]|" can
further be considered as a gradation of a nominal attribute.

Let di (u,v),ds (u,v) be the number of representatives of the corresponding classes
K1,K, in the interval [r,,, 7.,]'. For the recursive selection procedure 7., , r., the criterion (1)
is used:

di (u,v)  di_, (u,v)
— — max, 1
Kl Rl @
d"i (u,v) - d% (u,v) 3

Denote by ny; = results optimal partition for each interval [r.,, r., |,

K| 0 2T R,
i = 1,7.. The value of the membership function of the ¢ th feature to K; over the interval
[TensTe,]' is defined as
i
fci - 9 2
i + N2i 2)
The boundary between class objects according to (2) for z. € X (n) is defined as:

Ge= (0 +@)/2, (3)
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;Vhere q}l = min{fe(u)|1 — fo(p) < 0.5, =1,....7.}, ¢ = max{f.(1)][0.5 — fo(u) > 0,0 =

The value (3) can be used for describing objects in a new (binary) feature space. The

transformation of the feature is defined as

wo L S <G
L2 fw)>Ge

The generalized estimation of each object after the transformation of features by (4)

(4)

is calculated by the following formula:

Principal Component 2

100

50

-100 1

R(S) =3 pilaa), (5)
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Figurel. Before and After nonlinear transformation.

For computational experiment was used dataset that consisted of 150 objects (patients)

described by 77 quantitative and nominal features [4]. The expert (medical specialist)
assigned 35 objects of the sample to the class K1 (the degree of CIMT - 1, 2 gradations) and
115 to the class K2 (the degree of CIMT - 3, 4 gradations).

Weight of features (number of intervals, value of membership functions, top 5):
Carotid artery stenosis: 0,912 (2, f1=0.99, £2=0.05)

IMT max (right): 0,859 (2, {1=0.92, {2=0)

IMT max (left): 0,749 (2, £1=0.92, £2=0.05)

Max echogenicity ASP (right): 0,631 (2, f1=0.87, £2=0.06)

Interadventitial diameter: 0,453 (3, 1=0.83, {2=0.17, £3=0)

Weight of features after nonlinear transformation (top 5):

Carotid artery stenosis: 0,912

IMT max (right): 0,779

IMT max (left): 0,749

Type ASP (right): 0,693

Max echogenicity ASP (right): 0,630

The compactness [3] of the generalized estimates of objects on the original sample

is 0.96. After a non-linear transformation, the compactness increased to 1. It’s difficult to

visualize high dimensional spaces, so we reduce the number of dimensions (features) by using
PCA technique [5].
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Asymptotic property and localization of solutions of mutual cross-diffusion
systems
'Mamatov A., 2Nurumova A.
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Consider in area ) = {(t, x): t>0, € RN} the following problem

ou — dip (™t |Vuk’p_2 Vu) — div (c(t)u) — 7 (t)u

e
_ (1)
9 = div (umt Vo] ? Vv) — div (c(t)v) — ya(t)v
u (0,2) = ug (x) >0, v(0,2) =v () >0, x€ R, (2)
where & > 1, p, m;, i = 1,2 are numeric parameters, V(-) = grad(-), are 0 <

up (), vy (x) € C(RY), c(t) > 0,0 < (t) € C(0,00),i = 1,2 given functions.

The system (1) describes a number of physical processes in a two-component nonlinear
medium, for example, it describes the processes of mutual reaction-diffusion, heat conduction,
combustion, polytropic filtration of liquid and gas [1-2]. The system (1) is also called cross
diffusion [5-6].

After the necessary calculations for functions f(&), (), we have the following system
of degenerate self-similar equations [3-4]

1-N d N—1,,mi—1 | df* af € df
a f 1/} 1 7 _> 4+ 849 4 blf (3)
g fm2 ‘_ _) + 2=t 4 bgw =0

where by = ay/[1 — (my — Vg — k(p — 2)a], be = ag/[1 — (mo — Dag — k(p — 2)ay] .

Theorem 1. Let ¢; <0, N+ kqq; <0, i =1,2. Then the solution of the system (3)
disappearing at infinity as n — oo (7) =In (a + fp/(p_l))) has the asymptotic representation

{ f(§) = Ar(a+€)" (1+0(1))
(€)= Az (a+ €)™ (1+0(1))

where the coefficients A; >0, i = 1,2 are the solution to the system of algebraic equations
_ i 2—
A =2 gyl — _m + by | (|kyqu])* "

1 _ 2
ATl Ak = —m‘f‘bz ([kyaa])™™"
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Choosing the structure of convolutional neural networks for face recognition
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Face recognition is one of the most research direction in computer vision and image
processing. Face recognition is to find regions in a given image (in each frame in real time
video) that contain faces and make a prediction of the faces. It is used in almost all of the
applications, from surveillance up to entertaining software in mobile applications. Demand for
high accuracy and speed are exist and new algorithms and methods are still in development.
Some of these algorithms have reached the precision comparable with a human ability of
recognition [1-4].

Main result

In the current study, we are going to show that there exists a neural network which is
a fully connected neural network part of CNN and this neural network has two hidden layers
with infinitely differentiable sigmoidal activation function o, d inputs, d neurons in the first
hidden layer, 2d 4+ 2 neurons in the second hidden layer, k outputs and having the ability to
solve face recognition tasks within a given arbitrary accuracy.

We use this structure of feed-forward neural network with 2 hidden layers as a fully
connected neural network part of the face recognition model which is shown in Figure 1.

Below we present a theorem for feed-forward neural network to choose a structure in
the number of hidden layers and hidden neurons.
From feed-forward neural network theory, all the weights and other parametersd, =

(d,@) s Ap = <fyg(f)> , Cpg, Up ,wpy require adjustment via training and tuning using training
data set. There exist many optimization algorithms for neural networks, such as gradient
descent, newton, conjugate gradient, Levenberg-Marquardt and etc. We use the gradient

descent algorithm to optimize the weights and free parameters of the network.
Since, the proposed structure of feed-forward neural network in the model has k
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outputs, such as fi,..., fx, and a training dataset, (z;,y,), (I =1,..., M), then the overall
output of the network is as follows

ko 2d+2 d
r) = Z Z d;(j)g (Z Cpg0 (Wpg T — Opg) — 7;@) .
i=1 p=1 g=1
We use the learning error of the proposed model is defined as follows
o 3 I3 i=1,...,M
5;( () —1,)% i=1,... M.

To train the network, the standard back-propagation method was performed using a batch
learning.

Convolutional neural networks

Recent studies show that CNNs have demonstrated a high-performance result on face
recognition applications. CNNs are widely used in applications of computer vision, speech
recognition, natural language processing, and etc. CNN can efficiently solve image processing
problems due to its unique characteristics, such as shared weights, local receptive fields and
subsampling. In general, CNN model contain of such blocks, like an input layer, a convolution
layer, a combining layer, a fully related layer, and an output layer. The input layer accepts
the raw pixel values of the input image; the convolutional layer calculates the output of
units that are connected to local domains in the input layer; the pooling layer performs
the down-sampling operation along the spatial dimensions; the last part which is called
fully connected layer, calculates the scores for each class; and the output layer provides
the final results. Thereby, we can make a deep learning models by alternately stacking the
convolutional layers and pooling layers to get full the CNN architecture. A simplistic CNN
model is shown in Figure 1 below.

Conv Conv
5x5x32 Sx5x64

/—/L\/—/\—\/—/\—\/—/\—\ /—/;\/4 =

Pooling 2x2 Pooling 2x2

— N — = O

8, .\\ 2 = = 3 ‘. =0
Elal L =5t

28x28x1 24x24x32 12x12x32 Bx8x64 4xdxb64 1024 10

Figure 1. A CNN model with a fully connected neural network

In order to get the desired accuracy, it is necessary to find most useful features to
represent human faces. The feature descriptors, like Local Binary Patterns (LBP), Local
Phase Quantization (LPQ) and Binarized Statistical Image Features (BSIF) are not enough
powerful, thus in practice, applying these methods we might miss some useful information. In
the current note, we use of deep learning to extract the most useful features. The excellence of
deep learning models has been shown in a number of recent papers [6-8]. Moreover, we show
that information extracted from deep learning is enough to build face recognition models
with feed-forward neural networks, thus we construct a cascade structure of CNN with neural
network.

The proposed CNN framework is combined with feed-forward neural network, which
its hidden layer size and hidden units’ size are dependent to CNN’s output size. The neural
network part, which is fully connected network of the CNN can be called as a classifier part.
In order to achieve precise verification, we design the CNN structure as follows.
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e detect and resize the face image to 224 x 224 dimension;
e to get the landmarks, we use method which is given in [5];

e 5 landmarks are chosen as the center of regions (left eye center, right eye center, nose
apex, left and right corner of the mouth); Region patch dimension have 2 scales (40 x 40
pixels);

e In training process, all the patches in the same region of different persons are used to
train the proposed model;

e In testing process, different regions in face will be identified by the corresponding
network;

We design a convolutional neural network structure to extract the features as given next
subsection. We claim that the proposed CNN model is much faster than others are.
Structure of CNN framework

As illustrated in Figure 2, we propose a distinct layer type of feed-forward which is combined
to CNN. The configuration of the proposed model is formed in the following form:

1. Input layer of CNN is set to 224 x 224 x 3 (cropped face image size);
2. The second layer is 40 x 40 local patches (overall three-channel of RGB);

3. The third layer is a convolution layer; kernel size 5 x 5, stride size 2 x 2 and feature
number is 64, followed by a max-pooling layer Max-Pool-1 with kernel size 3 x 3 and
stride size 2;

4. The fourth layer is also a convolution layer; kernel size 3 x 3, stride size 2 x 2 and
feature number 256, followed by a max-pooling layer Max-Pool-2 with kernel size 5 x 5.
So the output of the Max-Pool-2 is a 256-dimension vector;

5. The last part of CNN is fully connected neural network which is constructed according
to Theorem 1 in Section 3.1. The first hidden layer has 256 hidden neurons and the
second hidden layer size equal to 514 (2 x 256 + 2) neurons;

Layer-2
2*256+2 - neurons

Images(224*224*3) Local patch with three channels Feature maps 1 Feature maps 2 Feature maps 3 Layer-1 Softmax
(40*40%*3) (10*10*64) (5*5*256) (1*1#%256) ~ 256-neurons

Figure 2. A proposed CNN configuration with a fully connected, two hidden layer feedforward neural

Human
frontal face

Alignment and crop Conv1(5*5%64, stride 2) Conv1(3*3*256 stride 2) ~ MP2(5*5, stride5)
MP1(3*3, stride 2)

network.

We claim that the feed-forward neural network layer in face recognition can have a
distinct structure. Namely, we show that artificial neural network with a two hidden layer
neural network with d inputs, d neurons in the first hidden layer, 2d+ 2 neurons in the second
hidden layer, outputs and with a sigmoidal and infinitely differentiable activation function
can solve face recognition problems with a given arbitrary accuracy. Here d is the output
size from CNN.

References



176 SECTION VI. MATHEMATICAL MODELING AND INFORMATION TECHNOLOGIES

1. Saez D.T., Meng L., Hartnett M. Enhancing convolutional neural networks for face recognition with
occlusion maps and batch triplet loss. Image and Vision Computing, Vol. 79, 99-108 (2018).

2. Li Y., Zheng W., Cui Z., Zhang T. Face recognition based on recurrent regression neural network.
Neurocomputing, Vol. 297, 50-58 (2018).

3. Jain N., Kumar S., Kumar A., Shamsolmoali P., Zareapoor M. Hybrid deep neural networks for face
emotion recognition. Pattern Recognition Letters, Vol. 115, 101-106 (2018).

4. Zhao J., Lv Y., Zhou Z., Cao F. A novel deep learning algorithm for incomplete face recognition:
Low-rank-recovery network. Neural Networks, Vol. 94, 115-124 (2017).

5. Ren S., Cao X., Wei Y., Sun J. Face alignment at 3000 fps via regressing local binary features.
Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, Columbus, U.S.A|
1685-1692 (2014).

6. Simonyan K., Zisserman A. Very deep convolutional networks for largescale image recognition. arXiv
preprint arXiv:1409.1556.

7. Girshick R., Donahue J., Darrell T., Malik J. Rich feature hierarchies for accurate object detection
and semantic segmentation. Proceedings of the IEEE Conference on Computer Vision and Pattern
Recognition, Columbus, U.S.A, 580-587 (2014).

8. Krizhevsky A., Sutskever I., Hinton G.E. Imagenet classification with deep convolutional neural
networks. Proceedings of the Advances in neural information processing systems, Harrahs and Harveys,
Lake Tahoe, 1097-1105 (2012).
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Introduction. Immiscible fluid displacement in porous media, as well as the study of
the mechanism of the effects observed is the subject of numerous studies of the heterogeneous
media flow in oil-saturated reservoirs [1]. The reason for the close attention to such processes
is the search for ways to reduce of unconventional oil content in the total balance of produced
hydrocarbons. In all the above-mentioned processes, the object of research is a complex
structure of pore space, which significantly influences the hydrodynamics and distribution
of the saturating fluids [2].

Problem statement. The research has shown that capillary processes and instability
of oil displacement front with water are important factors in dependence of residual oil
saturation on reservoir hydrodynamic pressure under water flooding. One of the ways of
optimization of water impact considering capillary processes in the reservoir system is
the method of periodically increasing hydrodynamic pressure, which provides coordinated
accounting of both displacement conditions and capacitance-and-filtration characteristics of
fluid-saturated reservoirs [3|. As the injection rate changes, the rate of pressure distribution
in heterogeneous zones of the reservoir will vary because of their different reservoir properties,
and consequently oil may flow from less permeable zones to more permeable watered layers,
or conversely, water may flow from more permeable zones to less permeable ones, reducing
the phase permeability of the reservoir for water and increasing it for oil.

Problem statement. Let us take P(t) as the simplest discontinuous function, e.g.,
a stepped function. Consider the derivative of a piecewise continuous function P(t) with
piecewise discontinuous derivative P’(t), discontinuity points t1, ts, . . . and corresponding
jumps hy, ho, . . .
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Pt th (t = te), (1)

1, t>0
0, t<0

It is known that ¢'(t) = 0, i.e., 6(¢) in the usual sense is 0 at ¢ # 0 and does not exist
at t = 0. The function P;(t) is absolutely continuous and recoverable from its derivative
P|(t), coincides with P'(t) everywhere except at discontinuity points P(t), where P’(t) does
not exist. Therefore, P/(t) is the derivative of the generalized function P; in the space of
generalized functions. On the other hand

Pi(t) th (t—ty), (2)

where 0(t) =

where f’ is the derivative of the generalized function P(t). As a result, we get
P'(t) +th (t —t3) (3),

i.e. the derivative of the generalized function is reconstructed from its usual derivative and
the sum of the delta function at the points of discontinuity with the corresponding jumps.

Conclusion. Based on these studies, the paper proposes a technological solution to
increase the efficiency of oil displacement sweep efficiency by creating periodically increasing
hydrodynamic pressure to overcome the resistance of capillary forces along the length of the
injection zone.
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In this work, it is given the results of research and comparative analysis of the
application of the random forest [1,2] algorithm in the different type features space in
regression and classification problems. The importance of the problem lies in the fact that
the direct application of the random forest algorithm in the space of various categories
of features is considered inappropriate by most researchers. However, this algorithm is
implemented in different programming packages like Scikit-Learn in the space of different
types of features. Usually, in most studies, qualitative features are not directly used, but
based on their characteristics, they are converted to binary or quantitative features using
conversion techniques such as one hot encoding, label encoding, and only after moving
to the quantitative features space. a random forest algorithm is used. Which of these



178 SECTION VI. MATHEMATICAL MODELING AND INFORMATION TECHNOLOGIES

conversion techniques to choose for a given qualitative attribute is often determined by
an expert. This is of course a challenge when the feature space is large enough. Another
disadvantage is that if the number of gradations is large enough during conversion using
the one hot encoding technique, the feature space may increase dramatically and lead to
dimensional curse problem. When using label encoding, the problem of expressing equally
strong gradations is encountered.

In this paper, as a solution to the above problems, it is proposed to convert nominal
(qualitative) features into quantitative features using the criterion of superiority intervals [3].
In addition, even when the space of features is different type, all features were first processed
by this criterion, transferred to the space of quantitative features, and only then, using the
random forest algorithm, the results were obtained and compared with raw cases.
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The word game modeling, as defined in this thesis, is a process of suggesting a set
of letters for a game letter cubes to design a word game in the Uzbek language. The
matching letter game is formed game tray, letter cubes and word cards that help preschool
children to increase letter and word recognition as well as memory building expanding their
vocabulary, emphasizing left to right directionality and letter order. There are some issues
with preschoolers on recognizing letters and merging them as word formation. This model
is implemented to design such word games in the Uzbek language.

The work aims to present a new model which emphasizes the matching letter game,
more precisely, the model provides the opportunity of forming as many words as possible
from the dataset while minimizing a number of cubes.

The model has been created with two approaches using a combination of character-level
n-gram language model, letter frequency, and fine-tuning approaches based on the selected
dataset of Uzbek words with 3-5 letters which contains about 4.5k.

Table 1 presents the accuracy of the model which calculated of number of words that
can be formed in dataset by two approaches respectively.

Our main goal is to reduce the number of cubes while maintaining model accuracy. In
comparing the approaches, the second approach produced significantly high in case 6 and
8 cubes with 63.9% and 88.7%, respectively, while achieved slightly less accuracy than the
first one in cases 5 and 7 cubes. Moreover, both method obtained same result in the case of
4 cubes.
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Cubes count Total word 3 letters word 4 letters word 5 letters word

4 0.179 0.357 0.100 -

4 0.179 0.357 0.100 -

5 0.257 0.676 0.421 0.115
5 0.247 0.662 0.266 0.073
6 0.537 0.876 0.710 0.406
6 0.639 0.923 0.546 0.333
7 0.769 0.959 0.889 0.687
7 0.767 0.950 0.604 0.436
8 0.751 0.961 0.605 0.418
8 0.887 0.996 0.657 0.531

Tabmuna 3: Accuracy (%) of our model based on the first and second approaches.
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Abstract - Automated educational systems account and classification of account
objects issues are investigated in this article. To analyze LMS systems that develop accounts,
classification and to study them by their specification considered to be the main object in
this article.

In organising educational process in higher educational institutions and in controlling
it automated educational system MOODLE [1-3] is used.Professora teachers and students
are using this sytem effectively. Teachers create their own cource elements in this system and
studen do their tasks according to these materials. These tasks are evaluated by professor-
teachers and the system itself. To cut it short, educational process is organised; student’s
knowledge is evaluated and educational system is controlled in this way. To learn aimed
automated systems that perfommed in this way, to control their activity and monitoring is
one of the basic objectives of present day educational system.

Dynamic algorithm of automated educational systems account -classification is
elaborated, and due to it, algorithm of system database research objects classification task
solution is developed.

Imagine, to use the system, one of the cources are given. So, this cource is prepared by
professor-teachers and is put into the system; learners, students and teachers of this cource
are formed.

It is required: to identify if the cource composition is complete; to identify when,
where and which course elements are addressed by users; to solve such tasks as identification
of quility index of effective using the cource included to system.

Usually, to solve these issues, events list- files in chronological order used in big
information systems are used. In some literature, [4-11]| they are called "journal, report,
registration file (eia. Log)".

Log-information consisted of special files, they are forming executed works in the system
by users and programmes, as well as reports of executed events with the system and save it.
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Imagine, that account is given in table presented below.

1 2 N
xl, x17..;,x1
1 2 N
T x T
X = 29 29 y M2 (1)
331 $2 ,:L'N

Here X - is the system, elements of account, the complex of events happening by
system users, made works are z; = (z, 2?,...,2))and i-is object of the table (event). Each
x; -event is the complex of z; € Xevents, and regards to them.

The table of events are required to classify X- events into different classes. That is,
events complex have to be clustering.

Thus, X -events should be divided into such m- classes, that these classes shoudn’t

cross with each other:
X=X;UXxU.UX, XiNnX,Nn..NX, =0

In the third figure graph, the number of declarations to the course elements are
discribed. In its turn, the course elements the "course module viewed"value is equal to
1, and it means that declaration has happened.

The same mod quiz events - The events of test module, that is the test element
parameters consist of the following. If test element object is 81gned with e; vector, than
er= (e}, e,...,el) el €{0, 1}, thisi =1, N

Here e} -vector parameters can be deﬁned as follows:

el= attempt abandoned (rejected);

e} = attempt became overdue;
e3 = attempt deleted;

e] = attempt preview started;
e] = attempt reviewed;
attempt started;

e; = attempt submitted;

e] = attempt summary viewed;
e] = attempt viewed;

0
<
I

e1® = course module viewed;

ei! = edit page viewed;

e1? = question manually graded;

el? = report viewed.

If e;=(ef, ef,....eY), el € {0, 1}, vector parameter recieves value of 1, than it

means that this event has happened, and if it recieves value of 0, it means that event has not
happened. For example:if e? = 1, than it means that test was evaluated by hands, otherwise,
if 1> = 0 than it means that test result was not evaluated by hands again.

In such way, the complex of e1, e5 ,e3,...,e, € E vectors, that is, the complex of course
elements identified by specialists in this sphere is given. Here:

e;— test elements vector;

ey - lecture element vector;

e3 - task element vector;

e4 - glossary element vector;

es - resource element vector;

eg - questionare element vector;

e; - forum element vector;

and etc. Each vector N is measured, and here it is

e=(ef, ef,...,ef) e E, € €{0,1},i=1N,j=1n

Usually, E - is the course element the set of vectors are identified by experts.
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“Accounts” - the algorithm of classification of events complex elements.
Imagine, we are given the set of Fand X.
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Figure 1. The results of the assessment of the provision of courses with course elements

Here X - is the set, elements of account, the complex of events happened by system

user, made works z; = (z}, 22,...,zY) is the i-object of table (event). Each z;-event refers
to the set and complex of x; € X. Events can be divided maximum into n classes. As the
representative of each class ey, ey, e3, ..., e, vectors defined by experts. In its turn, they refer
to e;,es,e3,...,e, € E set.

Thus, the task can be defined briefly in such way: x; € X- events complex of EICS
should be classified in comparison with standart e, ey ,es, ..., e, objects.

We present calculation algorithm to solve this task.

The algorithm of task solution based on the theory of calculating marks [3].

One of the class represantative e; is chosen;

1. Objects are chosen in sequence from events complex, and , and K; objects complex
suitable for chosen e; on the basis of “Calculating marks algorithm” [3] is defined. Here, for
all i = 1, n situations, the process are repeated.

2. After all K; objects complex are defined, it is considered that algorithm executed
it’s job.

3. Objects wchich is not refered to K, that is, events are considered to be unclassified
objects.

The system is designed to ensure the quality of education by improving the organization
and management of the e-learning process in educational institutions. makes it possible.

Conclusion

The classification of account objects of information controllling system in education is
studied and defined mathematically. Formation of model classes and on the basis of their
selection, model class objects are purposed by experts. With the help of the theory and
algorithm of calculating marks, hybrid algorithm and software that classifying EICS events
objects are developed.
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In this work we propose an explicit formula for reconstruction of a solution of the
Poisson equation
2

AU ==Y 55 = ), )

a domain from its values and the values of its normal derivative on part of the boundary,
i.e., we give an explicit continuation formula of a solution of the Cauchy problem for the
Poisson equation.

The Cauchy problem for the Poisson equation (1) is well-known to be ill-posed [1], [2],
[11]. It has applications in many different areas such as plasma physic, electrocardiography,
and corrosion non-destructive evaluation (e.g., [3], [5], [8], [10]).
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The result established by G.M.Goluzin, V.I.Krylov, V.A.Fok, and F.M.Kuni in the
theory of holomorphic functions of one variable [9] is a multidimensional analog of the
Carleman-type formulas [4].

Introduce the following notations: R? is the third dimensional real Euclidean space,

/

T = (21,22,23), Y= (Y1,Y2,Y3) € R 2 = (z2,23), ¥ = (Y2, y3) € R,

s=a’ =y —a| = (y2—22)” + (g3 —23)*, P =5+ (1 —21)* = |y — ],
Q) is a bounded simply connected domain in R* with boundary 92 composed of a compact
connected part 7' of the plane y3 = 0 and a smooth Lyapunov surface S lying in the half-space
y3 >0, with Q =QUIN, 02 =SUT.
Theorem. Let f € L,(Q,),(p > 3), U(y) € C*(Q,) N C*R,) satisfied of Poisson

equation and 5
U(y) = o), S-(6) = folw)w € S, @)

where f1(y) and fo(y) are given functions of the class C(S). Then the Carleman formulas
0'U(x) lim 0'U,(x) _

o’ o—o0 O}
) 0'®,(y — ) 0" d®,(y — x) 0'®,(y — x)
=1 —dy — . — ———23%dS
Jim | [ =gy [ T - b = s,
s
) ) (3)
are valid for every x € €),, where i = 0,1,5 = 1,2,3, 883%“ U,,,ad?” = ®&,, and the
convergence in (3) is uniform on compact sets in Q,,
where -
aw E
Vira
0
r du
U, (y—2x)= Im 4
-2 / . ()
0
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Dynamics of some two-dimensional cubic mappings
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The present paper is devoted to the investigation of the multi-dimensional case of some
cubic mappings. We investigated the properties of the sets of Mandelbrot and Julia for the
two-dimensional case of the mapping on the plane to itself. The sets of Mandelbrot and Julia
help to define asymptotical behavior of the trajectories of certain mappings. The analytical
solutions of the equations for finding fixed points and the computer simulations for describing
the sets of Mandelbrot and Julia are the main results of this paper.

The study of dynamics of the mapping
2= 2 4c

on the complex plane to itself and its various generalizations are devoted hundreds of papers
beginning the classical researches of G. Julia, P. Fatou, B. Mandelbrot, Feigenbaum [3], J.
Yorke , R. L. Devaney [2], and A. N. Sharkovsky [1]. In the present time, the theory of one-
dimensional mapping is the most learned part of the general theory of dynamical systems.
This paper is devoted one of the possible generalizations cases of the cubic mapping on R?
to itself.
Let z = (1,29, ...,2,) € R",c = (¢1,¢C,...,¢c,) € R", I =1,2,.nand 7 : I — [ some
permutations. We learn this
T = :L’?r(k) + Cr(k), k= 1,_71 (1)

on R™ to itself is multi - dimensional case of the cubic mapping. There is learned of this
problem for some quadratic mappings in [1]. In this paper we investigate for cubic mappings.
First we learn when n = 2. In this case mapping (1) is

¥ =1+,
Foe, : { (2)

Y =23+ cy.

where (z,y) € R? and (cy,c3) € R%.
Definition 1. The filled Julia set K(F,,.,) of a mapping (2) is defined as the set of all
points (x,y), that have bounded orbit with respect to mapping (2).

K (Fiey) = {(2.9)  Fl,(2.4) 00 as n— oo}

c1cC2

Definition 2. The Julia set is the common boundary of the filled Julia set

J(F0102) = 0K (F0102) .
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Definition 3. The Mandelbrot set My, ., for the mapping (2) is the set of all points
(¢1,¢2) on the parameter plane, which the orbits of the all critical points are bounded.

Theorem 1. If the mapping (2) has fized points that (x7,y5), (25, y5),....,(2%, y’) and
let the points having a mazimum and minimum coordinate abscissa of them (T}, ..y Yk 0w)

and (x}.., k) then filled Julia set consists of rectangle that vertices (x}, .., Yiae) and
(;

Theorem 2. The orbits of all points on the filled Julia set tend to an attractive fixed
point or periodic cycle with period two. It means the orbits of all points on the filled Julia
set are regular.
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Integration of the loaded modified KdV equation with source
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In this work, we consider the system of equations

Uy + 6u2uz + Ugpzx — ’Y(t)U(O, t)u$ = igl ($il - i?) 5 <1>
LS, =&S$,, k=1,2..2N, z€R,
where 8, = (Spui(x,t), S$ra(z,t))"-eigenvector-function of the operatorL (t) =
i o
{ _dzﬁu _ ﬁ , corresponding to the eigenvalue &, v(t)-is arbitrary bounded continuous

function. It ig assumed that
/ $k1$k2dl‘:Ak(t), k= 1,2,...,2N, (2)

given continuous, nonzero function A(t), satisfy the following condition
Ap(t) = An(t) at & = =&

The equation (1) is considering with initial
u(z,0) = up(x)
where initial real value function ug(x) satisfy the following properties:

L [7 (1 +]z]) - Juo(z)| dz < oo

;4
2. The equation L (0)y = ( Yas Mo ) ( h ) = 5( % >, x € R! has N simple
Uo —g, Y2 Y2

eigenvalues and it does not spectral singularities.
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Let us assume that function wu(z,t) is sufficient smooth, tends to its limit rapidly enough
when x — 400, and it satisfies condition

/OO ((1 TlaDu(@, )+ Y

oxk

—0o0

MD dr < 0. (4)

Here, we show the way to construct the solution of the Cauchy problem for the system
of equations (1)-(3) in the class (4).

Note that completed integrability of the modified Korteweg-de Vries (mKdV) equation
the loaded modified KdV were established in the class of "rapidly decreasing"functions using
the method of the inverse scattering problem in [1-2].

The goal of this paper is to study the integration of the loaded mKdV equation with
source in the class of "rapidly decreasing'"functions in terms of inverse scattering problem.
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Regularization of the problem of integral geometry on families of semicircles
and parabolas
lUteuliev N., ?Djaykov G., 3Seidullaev A.
L Nukus branch of Tashkent University of Information Technologies, Nukus, Uzbekistan,
e-mail: utewlievn@mail.ru
2 Tashkent University of Information Technologies, Tashkent, Uzbekistan,
e-mail: gafur djaykov@mail.ru
3 Karakalpak state university, Nukus, Uzbekistan,
e-mail: abat 1984@inbox.ru

In this paper we consider modeling problems of integral geometry on families of
spherical and parabolic curves. In the first part of this paper we consider problems of integral
geometry on families of parabolas. In the second part of the paper we present a regularization
of the problem of integral geometry on a family of semicircles [1].

We denote:

Ly ={(z,y) v € (-00;00),0<n<y < H H < oo},
Ly ={(z,y) 7z €[-ww],0<n<y<H H< oo}

Problem 1. In the strip Ly restore the function of two variables u (z, y), if the integrals
of it are known over the curves of the family {Y (z, y)}

/ w(é,n)de = f (2,) 1)

T(z,y)

where an arbitrary curve of the family is represented by the expression

T(z,y)={En):z—-=Vy—n, 0<n<y}.
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In work [2] obtained an explicit formula for inversion, which is expressed through the
right-hand side of equation (1), but the stability of this problem has not been proved. In this
paper we present an estimate of the stability of this problem in the space L,. Such problems
are most often used in modeling seismic problems.

Theorem 1. Let the function f(x,y) known in the strip Ly. Let’s consider the
reqularizing operator for equation (1)

R(u,a) = F! [11 : e’o‘%’\z] :

Then the solution of problem 1 in the class of twice continuously differentiable finite functions
with a rectangular carrier Ly in the strip Ly has the representation

e (o) = ()
ten () = zalfay/ / Y N L.

and the inequality is satisfied
o, =l (z) < Codl Nl ()

where oy > 0 — regularization parameter, F~* — the inverse Fourier transform, Cs -
constant.

Problem 2. We consider in the strip Ly restore the function of two variables u (x, y),
if the integrals of it are known over the curves of the family {1 (z, y)}

/ w(E,m)de = f (x.y). 2)

T(z,y)

where an arbitrary curve of the family is represented by the expression

Yi(zy)={&n: @—& +n*=y* 0<n<y<H}.

Theorem 2. . Let the function f(x,y) known in the strip Ly. Then the solution of
problem 1 in the class of twice continuously differentiable finite functions with in the strip
Ly has a performance

B UM )\ Oé2 —izA o
oy (019) = =5 / / J ) ddy

ch? (,\\/W)

ch2<)\\/y - )Jraz (A24+1)’

where M (X, o) = , g > 0 — regularization parameter.
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B pabore nipejictaBieHo yeTpORCTBO U METO/T JIJIsl OIIPE/Ie/IEHUs CTPYKTYPbI MaTepuaJia
mwim 0O6pa3IoB MPU OJHOOCHOM CXKATUU U TPEJICTaB/IeH crocod ero mcnoab3oBanus. [Ipes-
CTaBJICHHOE TEXHUYECKOE PeIeHue PeHA3HAYEHO JIJId MOJyYeHUusT TH(MOPMAIUA O CTPYK-
Type, MEXaHMYECKUX CBOMCTBAX HEOTHOPOHBIX MATEPUAJIOB U 00pa3IOB, MPHU ITPOBEJICHUN
JiecbopMuUpOBaHUS TI0JT, JEHCTBUEM OJHOOCHOTO CXKATHSA, U CKAHUPOBAHMS C TIOMOIIBIO PEHT-
reHOBCKMX m3yydeHnii. llenbio paboThl sABIsgeTCS peann3aliis METOIUKH MPU HArPYKEeHNN
obpaszia n cuaxpoHusupopanHoMm ckanupoBannu PKT, a rtak:ke meromuku oOpabOTKU I10-
JIy9eHHBIX JaHHbIX. CYITHOCTHIO 3asBJAEHHOIO TEXHIUYECKOTO PEIeHUs sIBJISeTCS YyCTPONCTBO
JUUIsl OTIpeJiesieHnsl CTPYKTYPbl MaTepuaJia o0pasiia mpu oJHOOCHOM cxkatuu. Ha cBobosHbIE
MMOBEPXHOCTHU KCCJIELyeMOro 00pasiia MpeIBapUTE/IbHO Pa3MeIaeTcss KOOPINHATHAs CeTKa,
HaJ[ BEPXHE KPBIIMIKON Ha MIMUJILKA YCTAHOBJIEHBI YEThIpe TallKu JIJIsl epegadn CxKIMATO-
mero ycuusg. C moMoIpio pa3paboTaHHOTO MPOTPAMMHOTO KOMILIEKCA HA OCHOBE JAHHBIX
KOMIIBIOTEPHON TOMOTPauu OIPEIeIIIOT CeTKY IMPEJICTaBUTE/ILHBIX 00bEMOB, JId Ha3Ha-
YEeHHOW CEeTKN MPeJICTABUTEIbHBIX 00BHEMOB ITPONUCXOIUT aBTOMATU3NPOBAHHOE OIpeIe/IeHre
SMIOPHI epeMe-Triennii. Ha ocHOBe moJts mepemertienuii ornpeiessiioT TeH30p JiedopMariuil Jirs
KazKJIOTO MPEJICTABUTETLHOIO 00beMa, Jlajee JJid KaXKJI0ro oobemMa, ¢ yIeToM J1epopMupo-
BAHHOI'O COCTOSTHUS, Ha KaXKJIOM ITIare Harpy KeHus OIpeesaioT TOPUCTOCTb, TEH30P CTPYK-
TYpPbl U T€H30p YIPYTIUX KOHCTAHT. [lj1s1 HaX0XKieHusi y3/I0BBIX TOUYEK CETKH Ha oOpasIe Ha
ToMorpadun ObLIT UCIOTB30BAH JIETEKTOP YIJIOB Xappuca Jyist Tpexmeproro ciydas [1]. Ha
[PEJICTABIEHHOE YCTPONCTBO U METOJL TIOJIydeH TaTeHT Ha u3obperenue |2|. UccrenoBannch
MOJIUMEpPHbBIE 00PA3IIhl PA3IUYHON MMOPUCTOCTH, ¢ HAHECEHHOI Ha BHEITHIOI MOBEPXHOCTH
CETKOI 3 MeTHOI mpoBoJIoKH TomuHOR 90 MuKpoH. OTIeIbHO CErMEHTHPOBAIACH CETKA HA
KazKJIOM Il1are HarpyzkKeHusl, IocJIe Yero 10 Hall/IeHHBIM TOYKaM 11018 IIepeMeIieHnit TPOn3BO-
Jtach anmpokcumanud. [[o HafileHHbIM almpoOKCUMIPYOMUM (DYHKITUAM BOCCTAHABINBA-
JIUCH TIEPEMEIeHNs B TPEJCTABUTETbHBIX 00beMax, OlpPeIeIaIuch TeH30p Aedopmarnmii. /s
[OCTPOEHUs TeH30pa JAedopMaliuil MpeICTaBUTEILHOIO 00beMa OBbLIN OIIPeJie/IeHbI He00X0-
JINMbIe KOMIIOHEHTBI BEKTOPOB IiepeMertiennii. st ammpokcumalum ucnoib30BaInch Onu-
HeitHast (DYHKIMS TPOCTPAHCTBEHHBIX KOOP/INHAT. JTH JICHCTBUS TPOBOININCH JIJIsT KAXKI0T0
mara Harpyzenus [3]. Takum o6pazom, ObUIN TOJTy9eHBI TAHHBIE O PACIPEETIeHIe CTPYK-
TYPHBIX ITapaMeTpoB 00pa3Iia, moJje mepeMenieHuit u gedopMaliuii 1 BHENTHEH HATPY3KH.
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Yucsennoe moaeanpoBaHue Audy3nOHHBIX ITPOIECCOB B JIBYXKOMIOHEHTHBIX
HEJIMHEMHBIX CPelax C MePEMEHHON MJIOTHOCTHIO 1 MCTOYHUKOM
!Apunos M.M., Hurmanosa /.B.

U Havyuonanonwiti ynusepcumem Ysbexucmana, Tawxenm, Ysbexucman,
e-mail: mirsaidaripov@mail.ru
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Henuneitnbie 3aa4u npeacTaBissior coboii OOJIBIIYI0 TPYIHOCTD I n3ydeHus. AHa-
JINTUYIECKNE METOJIbI 3/1eCh, KaK IIPaBUIO, He paboTaioT. B 9Toil cuTyarun HeoOX0IMMO OIIH-
paTbCd TOJBKO HA BBIYUCAUTEIbHBIE MEeTObl. MeKIy TeM MaTeMaTUdecKhe MOJIEIN T'eHe-
PUPYIOIIHECs: COBPEMEHHBIMHU IIPOOIeMaMi HAYKHM M TEXHUKH, KaK IIPABUJIO, HEJIUHEHHBIE.
DT0 06CTOSTE/HLCTBO-EIE OJIHA MPUINHA STOI0 BBIUYUCIUTEIHHONO SKCIEPUMEHTa B HACTOS-
Iee BpeMsI CTAHOBUTCSI ITOYTH €IMHCTBEHHBIM CPEJICTBOM IIPOBEIEHUS TEOPETHIECKUX UCCTIe-
JIOBaHWIT B NMPUKJIQIHBIX 3aja4ax. PaccMarpuBaeTcsa cucTeMa peaknnn-auddys3nn ¢ JIBOii-
HO¥ HEJIMHEHHOCTBIO C TEPEMEHHON IIJIOTHOCTHIO, YUCIEHHO MCCIEyeTCs] CHCTEMbI PEAKIIII-
nuddysun ¢ JIBOWHON HEJTMHEHHOCTHIO.

Bajata  ONHUCHIBAETCS  CJEAYIONIUM  ypaBHeHWeM B objactu () =

{(t,z): 0<t, e R}

ot

o] ' = v |x|”um1*1’Vuk‘p_2Vull> + || eurron,
o[ =V |x]”vm2_1}Vvk‘p_2Vvl2) + |z| e

C HAYAJBHBIM yCJIOBUEM
u(0,7) = up(x) >0, v(0,z) =wvo(x) >0, z€ R (2)

rne, k € R, mi,mo > 1, pi,q; > 1, p > 2, 11,ls > 0 nomoKurejabHble JeCTBUTEIbHBIE
ncia, V (+) = grad () u, up(x) > 0,v9(x) > 0- HeTpUBHATbHAS, HCOTPHUIATEIBHAS, OIPAHH-
YeHHas W JIOCTATOYHO TIaJIKast (DyHKITUS.

Cucrema (1) onucbiBaer pasHbie (husruecKue IMPOIECChl B JIBYXKOMIIOHEHTHO HeJInHe -
HOII cpejie NPW HAJUYUM UCTOYHUKA MOITHOCTH KOTOPOro paBugercd uP'v?, uP?v?. Hampu-
Mep, OHA OIHICHIBAET IPOIECChl peakiuu Juddy3un, TEIIONPOBOIHOCTH, TOPEHNUSI, TOJTUTPO-
duveckoit huIbLTPAIUN XKIJTKOCTH U I'a3a ¢ MOIMTHOCTBIO UCTOYHUKA, paBHbIM uPt v, uP?oi2.

B obsactu, tie u = 0, v =0 wimm Vu = 0, Vv = 0, cucrema ypasuennii (1) BbIpoxK1a-
eTcs B ypaBHEHUsIX I1epBOro mnopsijika. [losromy HeoOX0[IMMO UCC/IeI0BATH C1ad0e pelleHue,
[OTOMY YTO B TAKOM CJIy4dae CucTeMa ypaBHeHuil (1) He uMeeT cMbIC/Ia B KJIACCHIECKOM CMbIC-
se. Ilpex ie ueM 9uC/IEHHO PENUTh U BU3YAJU3UPOBATH MPOIECC, OMUCHIBAEMBIM CUCTEMaM
ypasHenuit (1), HEOOXOIUMO M3YUUTh pa3/MYHble KadeCTBEHHbIE CBOHCTBA, TaKhe KaK KO-
HEYHYIO CKOPOCTH BO3MYIIEHUSI, JIOKAJIN3AINA PEIeHNsI, aCAMIITOTAKA peIeHuii u (ppoHTa,
3aBUCSINErO OT 3HAYEHUI apaMeTpoB cucrema ypasHeHuit (1).

[losenenne perrennit 3agaqau (1), (2) cymecrBeHHO 3aBUCHT OT 3HAYEHUN UUCIIOBBIX
[apaMeTpoOB M COOTHOIIEHUN MEXK/Iy YUC/IOBBIMU ITapaMeTPaMU, BXOJANIUMEA B PacCMaTpPH-
BaeMoe ypaBHeHHe, CBoicTB dhyHKumit ug (x), vo (z)[1,3]. UsBectno [1], uTo 3a cuer nnren-
CHBHOT'O 9HEPIOBBIJIEJIEHUsI TIPOIECC XUMUIECKOI peakiuu (TOpeHwsi) MOXKeT IIPOUCXOIUTh B
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pexume ¢ obocrpenuem [1]. dpyrumu cioBamu, 3agaa Kommm (1), (2) MoryT He nmersb TJ1o-
0aJILHOI'O 110 BPEMEHHU PeIIeHnsd U B HEKOTOPBI MOMeHT BpemeHn t = T < 400, KOTOPbIi
Ha3bIBACTCA MOMEHTOM ODOCTPEHUS aMILIUTYIbl CTAHOBUTCA OECKOHEUHO OOJIBITION

supu (t,z) — oo, t = T
x€RN

OTa 3aja9a n3ydagachb MHOTHME aBTOPaMM U B YaCTHOM cjIydae, Korda p = 2. B gact-
noctu, Camapekuit A.A., Kypmomos C.II. u ap. [2-6] monyunin yeiosue riaobaibHON pas-
pemuMocTr 3a7a49n Ko J1j1st BBIPOXKJIEHHOTO TapabOJIMIecKOro CUCTEMA.

du _ div (™ 'Vu) + o, o _ div (v™7'V) + uP? (3)
ot ot

Onn pazpaboTaju TEOPUIO W MPAKTUKY U3YUEHUs 339 O pa3pylIeHud MPUMEHUTETHHO K
cucreme (3) B caydae, korga p = 2w m = 1. Heorpanndennbie perierust GbLIH HA3BAHBI Pe-
JKUMOM paspyiienus. PaszpaboTaHbl crienuabHble METO/bI UCCCTOBAHUS HEOTPAHUIEHHBIX
peleHnii HeJTMHEHHBIX TapaboTMIecKuX yPaBHEHU, TTO3BOJIAIONIUE TPOBOIUTH JIOCTATOTHO
JleTaJIbHOE MCC/IeI0BaHNEe HEOIPAHUYIEHHBIX PEIeHuil Ha IIpUMepe yPaBHEHUsT TEILIONPOBOJI-
HOCTH € MCTOYHUKOM ODIIEro BUIA.

A. B. Mapreinenko, A. @. Teees |9] usyuasn 115 BBIPOZK TAIOIIETOCS TAPAOOIITIECKOr0
YpaBHEHUA C HCTOIYHUKOM U HeO,Z[HOpO,ZLHOI;'I IIJIOTHOCTBIO BHIAQ

p(z)u, = div (um_l\Du])‘leu) +p(x)uP (@)
(.I'7t) EQT:RN X (07T>7 T>O, N > L,

u(x,0) =uy(z), xRN (5)

B pabore [9] pacmarpusasiack 3ajada Komm ¢ HavajbHON (ByHKIMEH, MEIJIEHHO CTpeMsi-
mieficst K HyJo npu |x| — 0o. Bbumm HaliIeHbl yeJIoBHsI CYIIECTBOBAHUST M HECYIIIECTBOBAHUS
pernienns 3agadu Korru rimobaabHO 110 BpeMeH!, KOTOpbIe B 3HAYUTE/IHLHON Mepe 3aBUCSIT OT
HOBE/ICHIsT HAYaJIbHOT (DYHKIWMN 1pu |x| — 00. B cirydae riobaabHON paspentuMocTs ObLTi
[IOJIy9€HbI TOYHAST OT[EHKA PEIeHUsT IPU OOJIBINMUX 3HATYEHUSIX BPEMEHM.

OHn Hamu ycjIOBHS Ha HapaMeTphl 3aJladu, PU KOTOPBIX pernerue 3ajadn Kormm
B3phIBaeTCA 3a KOHEYHOEe BpeMs. BoJjiee Toro, mojiyuena ToyHas yHUBepcaJbHad, T.e. HE 3a-
BUCAIIAA OT HaYaJIbHOM (DYHKIINU, OTICHKA PEIieHus BOJU3U BPEMEHU 0DOCTPEHUS.

MoTuBanueii Jijisi pacCMOTPEHHsSI TAKOr'0 CUCTeMa YpPaBHEHHil siBJISeTCS TO, 9TO OHO
SIBJISIETCS BBIPOXKJIAIOIIMMUCS yPABHEHUEM B YACTHBIX HPOU3BOIHBIX U IIOITOMY SIBJISI€TCS
HUCTOYHUKOM /IS TIOSIBJIEHHE HOBBIX HEJIMHEIHBIX 3(PEKTOB TaKUX KakK KOHEYHas CKOPOCTHb
pacIpOoCTpaHeHne BO3MYIIEHUsI, TPOCTPAHCTBEHHAS JIOKAJIU3AIMS OIPAHUICHHBIX U HEOI'Da-
HIICHHBIX PEIICHNT BOSHUKHOBEHNIO KOTOPBIX BIIEPBBIE OBLIN yCTaHOBJIEHBI B pabote [1] mis
YaCTHOI'O 3HAYEHUA YMUCJIOBBIX apameTpoB n =¢q; =p; =0,k =1,p= 2.

[Ipu umcieHHOM pelennn 3aJ1a9u ypaBHEHUE allllPOKCUMUPOBAJIOCH Ha, CETKE 0 HesiB-
HOII cxeMe [lepeMeHHbBIX HAIPpaBJIeHn ! (J1JIs MHOTOMEPHOIO CJIydasi) B COYETAHUN C METOJOM
bastanca. VTepalmoHHbIe TIPOIIECCHI CTPOUINCH Ha ocHOBe Meroja llnkapa, Heorona u cie-
uaJbHON JIMHEeapU3aIUn.

B cnernpaibaOM citydae JIMHeApU3AIUK JIJIst nTepanun 4ieHbl cucteme (1) mpeacrasiis-
I0TCS KakK

P1,,q1 p1—1 p1—1 P2, ,q2 p2—1 g2—1 .
wyt ol ~ o (e vt (), wto? o (ue v (), =1, 2
e uy(t), vy(t) pemenns cucreMbl 0OOBIKHOBEHHOTO [T hEPEHITHATBHOIO YPaBHEHNS
Pesynbrarhl BBIYUCIUTEIBHBIX SKCIEPUMEHTOB IMOKA3bIBAIOT, UTO BCE IEPEYIUC/ICHHbIE
UTEPAIMOHHBIE MeTO/IbI 3 MEKTUBHBI JIJIsI PEIIeHUs] HeJIMHEMHBIX 3a/1a9 U IPUBOJIAT K HEJIU-
HelHbIM 3@ deKTaM, ecju B KadecTBe HaJYaJIbHOI'O IPUOJINZKEHHs HCII0/JIb30BaTh PEIIeHHSs
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ABTOMOJICJILHBEIX yPABHEHMI, MOCTPOCHHBIE METOIOM HEJIMHEHHOIO PACIICIICHUS ¥ METOI0M
cranjapTHoe ypasHenue |7, 8|.

dUO
g - Yoo, g T WY
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A TMTHBHBIE TEXHOJIOTHH HAXOJISAT Bee HOJIbINee PAacIpOCTPaHeHne B IIPOU3BOICTBE W3-
jtenuit. JTaHHBIH 110/1X0/T TPOU3BOJICTBA MTO3BOJISET MPOEKTHUPOBATEH CTPYKTYPY CAMOIO H3/1e-
JIST QJIAIITUBHON K BHENTHUM CUJIOBBIM BO3J/IEHCTBUSIM.

ABtopamu 6611 0000IIEH paHee pa3zpabOTAHHBIN AJTOPUTM K ITPOEKTUPOBAHUIO (hep-
MeHHOrO 3Hjonpore3a [1,2], Koropbie npejcrasien B pabore. KoHcTpyKims paccMarpuBa-
eTcs KaK KOMIIOBUIIUS HEKOTOPBIX IJIEMEHTAPHBIX sUeeK, 00JIaIafoInX MUKPOAPXUTEKTY-
poit. CamMa MUKPOApPXUTEKTypPa OMUCHIBAETCSI HEKOTOPBIM BEKTOPOM IapamerpoB. Ha ocHo-
BE BBIUHC/IATETHHBIX IKCIEPUMEHTOB BEKTOP IAapaMeTPOB MUKPOAPXUTEKTYPhI CTABUTCSI B



192 SECTION VI. MATHEMATICAL MODELING AND INFORMATION TECHNOLOGIES

COOTBETCTBHE (PU3MKO-MEXaHUIeCKUM cBoiicTBaM. Ha ocHoOBe 31Ol (pyHKIIMOHAILHON 3aBU-
CUMOCTH MOKET OBITH OIpejie/ieHa MHUMMAIU3UPYIONas BeKTop-pyHKIMsA. Tak, Bapbupys
BEKTOP ITapaMeTPOB BapbUPYIOTCH U (PU3UKO-MEXaHMIECKHEe CBOWCTBa 0A30BOTO 3JIeMEHTa U,
KaK CJIeJICTBUE, BCell KOHCTPYKIIUNK B IIEJIOM.

CdhopMmymupoBal UTepaoOHHbBINA IIPOIECC CTPYKTYPHOTO IMPOEKTUPOBAHUST KOHCTPYK-
I, B paMKaX KOTOPOI'O UCIIOJIb30BaHA T'HIIOTE3a COOCHOCTU TEH30Pa HAIIPAXKEHU U oceil
OPTOTPOINN 3JIEMEHTAPHON sTUeiiki. BBIXOIHBIME JaHHBIMU ABJISIIOTCA BEKTOPHO-CKAJIsIPHBIE
IOJIsI TTApaMeTPOB, Ha, OCHOBAHUN KOTOPBIX IIPOUCXOINT PEKOHCTPYKIIAS NEOMETPHUH, & TaKrKe
rOTOBBIE K ITPOU3BOJICTBY stl-daitib . [Iperaraemblii moixo 1 ObLT peaan30BaH Jjisd TIOPUCTOM
9JIEMEHTAPHON TYEfKN ¢ BHIPAXKEHHON SJIIMIITUYHOCTHIO B OJITHOM HAIlPABJICHUM.

Pabora BbIOSIHEHA B paMKaxX IPOrPAMMbI CTPATEITIECKOIO aKaJIeMUIECKOrO JIMIEP-
crBa “IIpuopurer-2030”.
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JlmarnoctupoBaTh 3a00/I€BaHIe U PEAOMTUTHPOBATE U€JIOBEKa IIPH IMaTOJIOTUN B ITOCTY-
PaJIbHOI CHCTEME IOMOTACT PAa3BUBAIOIIMINCA W OTHOCUTEJBHO HOBBIA METOM, HOCAIIAN Ha-
3BaHNE KKOMIIbIOTEpHas cTabuaIoMeTpusdth. CTabuIoMeTpus, UCCACTYIONasd XapaKTepUCTH-
Ky TOJIJIEPKAHIs PABHOBECUS UEJIOBEKOM, sIBJISIETCS OJHUM U3 IVIABHBIX JUATHOCTHICCKUX U
BepUMPUKAIIMOHHBIX METOJIOB MCCJIEIOBaHUsI B HAIIPABICHUAX KJIMHUYIECKOW MEIUIINHBI KaK:
OpTOINe/IUsI, HEBPOJIOIUsI, KHHE3UOJIOIHsI, CIIOPTUBHAS MeIUIINHA, TOKCUKOJIOTHS, aHEeCTe3UO0-
jiorusi, opragbmosiorus. CtabuaoMeTpus U ee BAPUAHTHI IIPUMEHSAIOTCS BO MHOTHX 00J1aCTSAX
MEJIUIINHBI, KAK METOJI UCCIe0BaHUs (PYHKINI Opranu3Ma, IpsiMO UJTH KOCBEHHO CBSIBAHHBIX
¢ TIOJJIepyKAHNEM PaBHOBECHUSI. SHAUUTE/THLHOE MECTO B COBPEMEHHBIX HMCC/IEOBAHUAX 0OJIb-
HBIX C Pa3JUYIHON MaTOJOrueil MO3:KedKa 3aHUMaeT CTAOUIOMETPHUSI W HEeKOTOPhIE MTPOMU3-
BojiHbIe TecThl. TecT Pombepra 1mo3BoJisier ObICTPO 0OHAPYKUTH BO3POCIIYIO POJIb 3PEHUS B
noJijiepxKanun dasianca, HapuMep y OOJIbHBIX CO CIIMHOIEPEOE/IAPHOI JlereHepalueii.

B wucciieioBannn 1o iHAT BOIIPOC MPUMEHEHHS HOBOI'O METOJA CIEKTPAJILHOIO aHAJIH-
3a CHUI'HAJIOB, TIOCPEICTBOM KOTOPOI'O BBISABJISIOTCS HOBbIE 3aKOHOMEPHOCTH U ITOKa3aTe Id, He
npucyinue mpeoopazosanuio Pypre. Meros nmpeodpazosanust ['nibbepra — XyaHra ¢ KazKIbIM
roJIoM Bce OOJIbINIe HAXOJUT CBOE MPUMEHEHUE B PA3JIMIHBIX 00JIACTIX HayKu. Kro mpume-
HUMOCTbD JIJIs HECTAIMOHAPHBIX CUTHAJIOB UTPAET BaXKHYIO POJIb IPHU CIEKTPAJIHHON OIECHKE
curnajoB. ndopmaTuBaocTh 1 3PEHEKTUBHOCTD OIEHKU TOBBIIMIAETCHA, TaK KaK METOINKA
IIOCTPOeHUsT Da3nca JaHHOIO Ipeodpa30BaHNs IIOJTHOCTHIO N30aB/IgeT HAC OT 3HATUTEIbHBIX
OTpaHUYeHUl, KOTOpPbIE HE IMO3BOJILAIOT HAM U3ydaTh jgaHHbie Pypbe MpeodpaszoBaHUEM.

CrekTpaJ bHBII aHaInu3 MPEJICTaBIgeT CODOI MAaTEMATUIECKYIO OTICHKY KOJIeOaHmii 1eH-
Tpa japiennii. Kak ObLIO HallmcaHO paHee, paBHOBECHE UEJIOBEUECKOIO Tejia KOHTPOJIUPYeT-
CsI BECTUOY/ISIPHO#, 3pUTEIbHOI ¥ IIPOIPUOIEIITUBHOM cucTeMaMu. TakuM 0Opas3oM, IIPOIece
I0/1/IEPYKAHUS PABHOBECHS Y€JIOBEKA MOYKHO IIPEJICTABUTH KaK CYHNEPIO3UINIO0 KOJieOaHuii Ha
pa3HBIX YacToTax. Kpome TOro, B COOTBETCTBUU C YACTOTAMHU MOXKET OBITH OIIPEJIe/IeHa CH-
creMa, 3a/efiCTBOBAHHAS IIPU T0/[JIEPKAHUN PABHOBECHSI.
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CoryracHo Hambojiee BBICOKOIACTOTHBIE KOJEOAHUS CBA3AHBI C JIBUKEHUSIMU TOJIEHO-
CTOITHOI'O CyCTaBa 1 IMPOIPUOIEIITUBHBIMEI CUTHAJIAMU, & 00Ias CIIeKTpa/ibHas SHEPTUs IPe/I-
cTaBJigeT cobOM HU3KOYACTOTHBIE KojiebaHus Teja. B Xxoje mccieoBanns CIeKTp ObLI pa3-
nester Ha Tpu uHTepBasa 0-0,5, 0,5-2 u 2-20 'n. B Huskue gacrorsr (10 0,1 ') cs3anbt co
3pUTEIbHBIM KOHTPOJIEM, jinamnason cpeaue-uu3kux dactor (0,1 - 0,5 ') — ¢ BecTuOysisipHbI-
Mu pediekcamu, cpeHeBbicokne dacTorsl (Boiiie 0,5 I'11) - ¢ coMaToceHCOPHO aKTUBHOCTHIO,
a BBICOKHE YaCTOTHI - C TIEHTPaJIbHONW HEPBHOI cuctemoii. [onoHuTe/ IbHO OBLIO TTOKAa3aHo,
410 Hu3KKe 9acToThl (10 0,5 I'11) B OCHOBHOM OTBEYAIOT 3a 3PUTEbHO-BECTUOYISIPHYIO Pe-
ryJsiuio, cpenare 9actotel (0,5 - 2 ') - 38 MO3KEIKOBYO PEryJIsIIiUiO, & BHICOKHE TaCTOTHI
(Boimte 2 I'y) - 3a npornpuorenTuHyio peryisnuio. Ciie0BaTesIbHO, CIEKTPAJILHOE Pa3/IozKe-
HU€e CUTHAJIA OIpeJiesIdeT KaueCcTBO aHa/M3a.

Metro/Ka OCHOBaHA Ha BBIYUCJIEHUU IMIIMPUIECKON MOI0BOI jekommosunuu (DM/T)
u nocrpoennu ciiekTpa ['unbpbepra. OcHOBHOII 1esbio TpeobpazoBanus ['nibbepTa SB/IsI€TCS
olpe/ie/icHIe YHUKAJIbHOIO aHAJUTUYECKOIO CUTHAJIa U3 PEAJTbHOIO CUTHAJA JJIsd BBHITHCTIC-
HIs MCHOBEHHBIX CBOMCTB. AJIPOPUTM IOJTyUeHNsT MTHOBEHHBIX 3HAUEHUI CHUTHAJIA 3aKII019a-
€TCsl B TOM, 9TO, €CJIU OIpeIe/IeH KOMIIJICKCHBIH CUTHAJT, U3 HET'O MOYKHO U3BJICYb aMILIUTYLY
n ¢dazy. Obe XapaKTEPUCTUKNA 3aBUCAT OT BPEMEHHU, IMOITOMY UX HA3BIBAIOT MIHOBEHHBI-
M#. YTOOBI BBIYUCIUTD CIIEKTpP ['mibbepTa, He0OXOIMMO BBIYUC/IUTD MIHOBEHHYIO SHEPTHIO U
MTHOBEHHYIO 9aCTOTY CUTHAJa. B pe3y/brare ClieKTPaJbHOTO pasyiokenus [ misbepTa nexosi-
HbI€ JIAHHBIE MOTYT OBITH IIPEJICTABJICHBI B TEPMUHAX SHEPrus-BpeMs-dactora. J[is anaanza
JIAHHBIX CTAOMJIOTPAMMBI B 3aBUCHMOCTHU BpeMs — SHEPIUs«d, JaHHbIe ciieKTpa [ ninbepTa ObLIm
paszaesneHnl 1o dactoraM. OCHOBBIBasiCh Ha (PUBMOIOTTIECKOM ITPOUCXOXKICHUN KOJIeOaHNUIA,
JacToTHas 00JIacTh ObLIa pasjeseHa Ha cieayrormue uaTepBassl: 0 - 0,1 ', 0,1 - 0,5, 0,5 -
2 I'.

D10 1peodpasoBaHMe IO3BOJISIET COOTHECTH WUCXOJHBIE JAHHBIE C TPEMs YHEPro-
BPEMEHHBIMH clleKTpaMu. KazKIbIil CIIeKTp OCHOBAH Ha IaCTOTHOM MHTEpPBaJie I MOXKeT ObITh
MMOHAT KaK PeakIis Ha ONpeJeeHHbI TUIT 0OpaTHO# CBsA3U. A MMEHHO, CYIIeCTBYIOT 3pH-
TEJIbHBIN KOHTPOJIb, BECTUOYIAPHDbIE PeIEKChI U MPOIPUOIEIITHBHAS aKTHBHOCTH, COOTBET-
CTBYIOIIUE THTEPBAJIAM.

B pabote ucciemayiorest crabusoMerpuydeckie JlaHHble AHOHUMHBIX JIUIL ¢ UCIIOJIb30Ba~
HUEM YacTH METOIUKHU KOMIIBIOTepHOI crabuiorpadun, paspadborantoit B Boenno — memqu-
IIMHCKOHN aKaJIeMnn, KOTOpast BKJIIOYAeT B ceOs IPOOBI ¢ OTKPBITBIMU U 3aKPBITHIMHI IJIa3aMIU.
s obomx TeCTOB aHAIU3UPOBAJIUCH CAaruTTaJIbHbIE KoJieDannd. Peajm3arus MeTO/IOB OCy-
IECTBJIsIIach B mporpammuom obecredernn MATLAB.

Takum oOpa3oMm, ObLIa OCYIIECTB/ICHA OIEHKA KOMIILIOTEPHON CTabUJIOMETPUN B 3aBH-
CUMOCTH OT METOJIMKU WCCJIeJIOBAHUSA, HAIMCaHA IIporpaMMa Jijisd 0OpabOTKU Pe3y/IbTaToB
OTIEHKH, OBLJIN YCTAHOBJIEHBI BO3MOXKHOCTH JIJIT TPAKTUIECKOT'O UCIIOIb30BaHuA pa3paboTaH-
HOI METOIMKHU B KJIMHUIECKUX MCCJIEIOBAHUAX, & TaKKe ObLIa IPOU3BEIeHa OIEHKa CUTHAJIOB
OMI' oTHOCHTE/ILHO AKTUBUPOBAHHON U JI€3aKTUBUPOBAHHOM 3pUTe/IbHOM peryssanuu. [Toka-
3aHO, UTO CIEKTpaJIbHBII aHAIN3, OCHOBAHHBIN Ha mpeobpaszoBannu ['minbepTa — XyaHra 1mo3-
BOJIsIET HANTH HOBbIE 3aKOHOMEPHOCTU M BO3MOYKHOCTHU UCCJIETOBAHUS CTAOMIOMETPUIECKIX
1 3JIeKTPpOMHUOrpaduIecKux JaHHBIX, UTO, HECOMHEHHO, SIBJISETCS BayKHBIM Pe3yJIbTaTOM B
Pa3BUTUU HOBBIX JIMAIHOCTUYECKUX U PEAOUIUTAIIMOHHBIX METOJIOB MTOCTYPAIbHON yCTOMIH-
BOCTH.
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MognenupoBanue doMexXaHUUECKUX CUCTEM HA OCHOBE CHAMKOBBIX HEIPOHHBIX
cereil
MBanosa A.J1., 'Xapun H.B., 'Banckos I1.C.,
Xamaruyposa P.A., 'Cauenkos O.A.
U Kasanexuti dedepanvroi yrusepcumem, 2. Kasanv, ya. Kpemaesckas 18, Poccus
e-mail: ivanovaanastasya0449@gmail.com

Heitiponnbie cetu mMMpoOKO pacipoCTpaHEHbl BO BCEM MUPE i 00PabOTKU JTaHHBIX.
Wcroputieckn MoJie/1b TIEPCENITPOHA SIBJISIETCS OJIHOM U3 MEPBBIX MaTEMaTUIeCKUX MOJIe/Ieit
ounostornaeckoro Heftpona. Paspaborka Takux mojeseit mpogoskaercs. CrnaiikoBble HeHPOH-
HBbIE CETU B HACTOSIIEE BPeMsl sIBJIAIOTCSA Hanbojee OJIM3KUM TUIIOM CETH JIJI ONUCAHUS Heli-
pOHA& C TOYKH 3pPEHHs OMOJIOIMYECKOTO MPOUCXOKieHudA. 110/1X0/1bl, OCHOBAHHBIE Ha TAKOM
THIIE ceTeil, MoJIydaloT Bce OOJIbIliee paclpocTpaHeHne B 3ajiadax CTaOWU/IN3alluid U YIIPaB-
Jenus. Psji aBTOpoB IPpUMEHSIOT TaKue MOJIEJIM K areHTHOMY YIPaBJIEHUIO, HO C IIPUMEHe-
HUEM TaKuX MoJiesieil, IPOUCXOIANINX Ha areHTHOM MAaKpoypoBHe. Haille Bcero Jijisi arenra
OIIPE/IE/IEHBI IBA YIPABJISIONINX BO3JCHCTBUS - MIPABbLIl U JIEBBIl JIOKOMOTOPBI U CEHCOPHASs
cucrema, omnpejiensgeMas yriioM o03opa. B aroMm cirydae criaiikoBas ceTh 3aIlyCKaeT KarKJIbIi
JIOKOMOTOD. A opHeHTaIus arenTa OIpeJe/sieTcsl Pa3HOCThI0 CKOPOCTeH JIEBOTO U IIPABOTO
JIOKOMOTOPOB. Pacmpocrpanena MoJie/ib U OJTHOKOJIECHOIO areHTa ¢ aHaJOTMIHONW CEHCOPHOM
CHUCTEMOIl M yIIpaBJIeHHE areHTOM OCHOBAHBI Ha OOPATHOM CBsI3U, CKOPOCTH W OPUEHTAIIUU
OJIHOKOJIECHOT'O BeJiocuIie/ia. B obonx ciaydasix mMmeeTcs TOJIBLKO OJIMH BHJ OOpaTHOW CBA3U
- peakIusi Ha OKpyzKaloliyio cpeiay. Ha camom jiejie B peajbHBIX OMOJIOTMYECKUX CHCTEMaxX
CYIIECTBYET psJ OOpATHBIX CBsI3ell B CHUCTeMaX yIpaBjeHus. boJiee TOro, 3TH MeXaHU3MbI
00paTHOIl CBA3M CYIIECTBYIOT B BHJE MHOTOYPOBHEBBIX CUCTEM B peasIbHBIX OMOJIOIMIECKUX
Opranm3Max. JTO O3HAYAET, UTO OJHU OOPATHBIE CBSI3M OCYIIECTBJISIOTCS 110 TIape CEHCOP-
MOTOHEHUPOH, a JIpyrue depe3 MeHTPAJIbHYI0 HEPBHYIO CUCTEMY. DTOT MEXaHU3M HA3bIBACTCS
peditekTopHabiMEu Jyramu. [lo aToit mpuyamHe uccieoBaHre OBLIO ITOCBSIIEHO MOJIETUPOBa-
HUIO HEHPOMEXaHIeCKON MOJIeIn ¢ 0OpaTHON CBA3bIO HE TOJIBKO Uepes3 JIaTINK, HO U depe3
Jpyrue pedJaeKTOPHbIE JTyTH.

[IpecTaBieno uccieoBaHuEe aJrOPUTMa MOJICTHPOBAHIS MBIIIIETHOIO TOHYCA C ITOMO-
IO UMITYJIBCHOM HefiporHoit ceTu. MojieinpoBanue mojgpasyMeBaeT OMOJIOTUIECKYI0 apXu-
TEKTYpPY HeHpoHHOI ceTu. MbIMEYHBI!I TOHYC MOYKHO IMOHUMATDH KaK JIJINTEJILHOE HAIPSIZKe-
HUE WU COKPAIEHUEe MBI TOMOJOrndecKr KOHCTPYKINS UMITYIbCHOM HEHPOHHOU ceTu
[IOX0Ka, Ha MHOTOCJIONHBIHN 1tepcenTpon. [Ipunnunuanbaoe oTyinane 3aKII0MACTCS B MaTEMa-
TUYEeCKON Mojienn mepcentpora. C OMOJIOTMIecKOl TOYKHU 3PEHUs] HEHPOHBI MIPEJICTABIISTIOT
cODOM CJIOKHBIE CTPYKTYPBI C JIEKTPOXUMHUIECKUM MEXaHU3MOM Iepeiadn WH(OPMAIIN.
B macrosiee BpeMs CyIIecTByeT HECKOJBKO COOTBETCTBYIOIIUX MaTEMaTUIECKUX MOJIEIEN.
B uccrenoBanny ucnosib3oBaiack Mojesb Heiipona Leaky Integrate-and-Fire (LIF). B kaue-
CTBE MATEMaTUIECKON MOJI€JIM MBIIIIIIBI JIJTI UMUTAIIIT MEXaHUIeCKON peaKIny MBIl ObLIa
BbIOpaHa TpexdJeMeHTHas MOJe/ib, OCHOBaHHAs Ha Mojesn Xuuia. Kak onucano B, MoJesb
BKJIIOYAET B ce0sl IACCUBHbIE TI0C/IE/I0BATE/ILHBIE U TTapaJlIe/IbHbIe HEeJTUHEHbIE TPy KU HSIIIIE
9JIEMEHTDI 1 AKTUBHBIN COKPATUTE/IHHBIH 3/IEMEHT. Y IPYTHUil 3JIEMEHT MBIIIIHI HAXOIUTCS TI0/T
JietictrBueM BHerHeR cuibl. [[0CKOBKY JjTMHA MBIIIIIBL JOJKHA OBITH MOCTOSHHOMN, PacTs-
JKEHUE TOCIEIOBATE/IHHOTO 3JIEMEHTa MOXKET IMPOUCXO/IUTH TOJIBLKO ITPU PABHOM COKPAICHUN
COKPATUTEILHOTO djieMenTa. TakuM 00pa3oM, COKPAIIEHIE MBI IPUBOIUT B JICHCTBHE CO-
KPATUTEJIbHBII 9JIEMEHT, MO9TOMY Ha Hero GyJeT BO3/eliCTBOBATEL yIpaBieHne (HeHpOHHbII
craiik). 3ajada— onpenesuTh YHKIUIO yIPABIEHHs! [T PEATU3aIU MBIIIETHOIO TOHYCA.
[Ipu sTOM MBIIIIIA COXpaHIeT 3ajaHHoe yiauHeHne. J[is1 IpoeKTHPOBaHMsT TOTIOJIOTUN Heli-
POHHOI CeTH UCIOJIL30BAIUCEH Orosornyeckue. Tomosiorus mpejyraraeMoii ceTu ObLiia OCHOBA-
HA HA apXUTEKType U3 JUTEePATYPHBIX JaHHbIX. CeHCOPHBII HEfPOH MMoJIyYaeT HH(MOPMAIIUIO
0 pacTsizKeHUU MBIIIIBIL. [Ipu TocTHKeHnn O1pe/Ie/IEHHOrO TIOPOTa CEHCOPHBIN HEPOH reHepu-
pyeT BO30Y2K IAIONINE CUTHAJIBI, TIOCTYIAIONINE Ha JBUTATETLHBIN HEPOH, YTO ONUCHIBAETCS
mozenbio LIF. /IBuraresbablil HEHPOH MeHEPUPYET CUTHAJ aKTHBAIUU Ha COKPATUTE/IHLHDIN
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9JIEMEHT W CUT'HAJ TOPMOXKEHHsT Ha ceds. 3a cueT aKTHUBAIUMKM COKPATUTEILHOIO 3JIEMEHTA
MBIIIIA COKPAIAETCI U U3MEHSIeTCsI ee JIJIMHA.

[To mepe Toro, Kak yIJUHEHUE CrJIaykKUBaeT KPUBYIO, CHAMKN 3allyCKaTCs C IIOCTO-
sIHHOIT gacToToit. MOXKHO c/ieaTh BBIBOJ O MOSIBJIEHHN TOHOBOTO Heifpomarrepra. OaHako
IIpU W3MEHEHNN 3HAUYEeHN CHHAIITHYECKOTO Beca XapaKTep Y/TMHEHUS MBI TPUHITUTAA/ b
HO MeHsiercd. IIpoucxomuT KosiebarebHOe JABM2KeHne. Takoe MoBeaeHrne MOXKHO O0bsICHUTH
TUIIEPpaKTUBHBIM peduiekcoM. B aToM citydae cucrema yipaBjeHUs ObICTPO pearupyer Ha
HeDOJIbIINEe U3MEHEHHS B JUHAMUYIECKON cucTeMe. Kpurudieckoe 3HadeHHEe CHHAITHIECKOI'O
Beca MOKHO IIOHUMATh Kak OMdypKAIMOHHbBIN TapaMeTp JUHAMUIECKOH CruCcTeMbl. DTO 3Ha-
JeHHe MOXKeT ObITh HafilJIeHO IIyTeM aHaJ/u3a JUHaMU4IecKoil cucrembl. [Ipu Takom moxose
MOJI€JIb MBIIIIIl, OCHOBAHHYIO Ha XWJIe, MOXKHO HOHUMATh KaK JTUHAMUYIECKYIO CHCTEMY C
HEKOTOPBIMU YaCTBIMU MCXOAAIIUME U BXOIHbIMI curHajiamu. Mogens LIF moxxHO pacemar-
puBaTh KaK HEJUHEHHBIN IIpeodpa3oBaTe/b YacTOThI.

Bpruncinenune nHaekca 310poBbsi 60bHbIX COVID-19 B cobcTBEeHHOM
MPU3HAKOBOM IIPOCTPAHCTBE 00bEKTa
'Urnarbes H.A., 'Paxumosa M.A., Paxumos B.B.
U Havyuonarvnwiti ynusepcumem Yabexucmana umenu M. Vayebexa, Tawxenm,
e-mail: mehribonu@gmail.com
2 Tawxenmcewaa Meduyunckas Axademus, Tawxenm
e-mail: rakhimov.b.b@gmail.com

PaccmarpuBaercs: BbIUUC/ICHRE KOJMYECTBEHHBIX OIEHOK COCTOsIHUS (MHJEKCA) 3710PO-
Bbs. Jloka3bIBaeTCs, 9TO JIJIsd OIPEJIe/IeHUs UHJIEKCa KOHKPETHOI'O YeJI0BEKa HEOOXOIMMO UC-
[OJIb30BATh €ro COOCTBEHHOE MPOCTPAHCTBO (HAGOP) M3 CHMIITOMOB U CHHJPOMOB.

MHO02KeCTBO METOIMYECKUX YKA3aHUN 110 OINPEJIEIEHIIO KCIIEPTHLIX OIEHOK WHJIEKCA
3/I0POBbS ITPAKTUYIECKN OECIIOIE3HBI TAK KaK HEBO3MOXKHO IIPOCJIEINTH M3MEHEHNE UX 3HaYe-
HUII Ha Pa3/IMYIHbIX HAOOpax M3MepsieMbIX Mokaszareseil. HeT nmpakTuieckn pean30BaHHBIX
METOJIMK 0O0CHOBAHUSA BHIOOpa NH(MOPMATUBHBIX HAOOPOB 3aBUCUMBIX ITOKa3aTe el ¢ yIETOM
Pa3IMYIHBIX TITKaJ U3MEPEHUIA.

Jlns cHMXKeHust poJin CyObeKTUBHBIX (PaKTOPOB PEKOMEHJIYETCsS pelleHne mpod/IeMbl
peam30BbIBaTh B PAMKaX MHTE/JIEKTYaJbHBIX CUCTEM, C MOMOIIBIO KOTOPBIX JIJIA KayKJI0TI0
WHJIMBUJLYYMa MOYKHO BBIYUC/IATD UHJIEKC 3JI0POBbs, BBIJICIATH JIMArHOCTUYECKHE TTOKA3aTe-
JIA, OTIPEJIETISIONINEe 3HAUEeHNE NHJIEKCA U TPU HeOOXOIMMOCTH PEKOMEH/IOBATH UCIIOJIb30BaAHNE
03JI0POBUTEJILHBIX ITPOIE/LYP.

Broraucienne KOJIMYIEeCTBEHHBIX OICHOK 3J0POBbs SBJSETCA MPEJIMETOM HMCCJIECIOBAHUS
B pabore. Bysiem pazinyarh ONEHKN KaK OTHOCUTEILHO IPYIIILI TaK U OTJ/IEIbHBIX JTIOJCH.

OO1muM J1j1st 9TUX CIYy9aeB SBJISIETCS MIPEJICTABICHIE JAHHBIX JJIs AHAJIN3a B BUJIE BbI-
OOpKM M3 JIBYX KJIAacCOB. [[JIg OIEHKM OTJEBbHOrO 4esIOBeKa OyJieM KCIOJIb30BaTh TEPMUH
KUHJIEKC 3JI0POBbdAth. lIpu BbIYHMC/IEHUN WHEKCA 3/I0POBbA HEOOXOJMMO TOKa3aTen KOH-
KPETHOT'0 YeJI0OBEKa CPABHUBATH C IPEJCTABUTEISIMU CBOEI'O U MPOTUBOIIOJIOXKHOIO KJIacca ¢
11eJIbI0 0TOOpa COOCTBEHHOI'O IIPOCTPAHCTBA.

Baaan orbopa MHGPOPMATHUBHBIX IPU3HAKOB siBjIsgeTcss NP-IToTHbBIMI U 71 UX perre-
HUS Pa3paboOTaAHO HECKOJBKO SBPUCTUK. DTU IBPUCTUKU PASIUUIAIOTCI 10 BBIOODPY MEpPbI
OJIM30CTU MEXKJTy 0ObEKTaMM; CIiocobaM Mpeo0pabOTKU JIAHHDBIX; UCIIOJIb3YEMbIM KPUTEPH-
siM oTOopa. Takas c/ioyKHas cuCcTeMa KaK 9eJJOBEeYeCKUil OPraHu3M OIPEJIe/IAeTCs CJI0KHBIM
coYeTaHMEeM CHUMIITOMOB U CHHJIPOMOB, KOTOPbIE M3MEHSIETCS B ONPEIEJIEHHBIX JUAla30HaAX
U CTPEMHUTCS K YCTOWIMBOMY paBHOBecHio. JIjist maeHTH(UKAIIMN yCTONINBOIO paBHOBECHE
Yale BCero MCIOJIB3YIOT TEPMUHBI KHOpPMa 3/10pOBbsith. Hopma 3/10poBbst B 00IEeM — TO
SABJIAETCH HEYETKUM, PA3MbITBIM ITOHATHEM JIJId IIPUHATHS PEIIEeHUs 110 yCPeTHEHHBIM TTOKa-
3aTeJIsIM.
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Cy1ecTByeT KOHIIEIIHNSI, COTJIACHO KOTOPOH CIMTAETCsI, ITO KarXK bl 0OHEKT B IIPU3HA-
KOBOM ITPOCTPAHCTBE XapaKTEPU3YeTCsd CBOEU JIOTUIEeCKON 3aKOHOMEPHOCTHIO. [ maxowxk-
JIeHUsI 9TUX 3aKOHOMEPHOCTEl B MHTEJIEKTYAJLHON CHCTEME TIPEe/IaraeTcsl MCIOJIb30BATh
PE3YJILTATHI PEMIEHNs CIEIYIONNX 3a1a4:

— BBIYHC/ICHUS TapaMeTPOB JIOKAJbHONW METPUKU I KarXKJOTO O0beKTa O0ydaroIiero
MHOZKECTBA;

— BBIJIEJIEHUS JIOKAJbHBIX O0JIacTell PA3HOTUIIHOTO IIPU3HAKOBOIO IIPOCTPAHCTBA JIJIs
ollpeJiesIeHnsl yCTOMINBOCTH O0bEKTa B KJIACCE;

— oTOopa MHGPOPMATUBHBIX HAOOPOB PA3HOTHUIIHLIX MPU3HAKOB JI/Isi IPUHATUS PEIeHHs
110 OIUCAHUIO JIOITYCTHMOTO OObEKTA.

JIuteparypa

1. 1. Henamves H. A. InnekcupoBanre 0ObEKTOB 110 NWHINBULYAJbHBIM HAOOpaM HH(MOPMATUBHBIX [IPU-
3rak0B. Bectnuk ToMCKOro rocy1apCTBEHHOTO YHUBEPCUTETA. ¥ IPABJICHNE, BEITUCIUTEIbHAS TEXHIKA,

u undopmaruka. 2016, Ne 4(37), C. 27 - 35.

YcroitunBocTh HeauHeliHoit moaenn Jlorku-BoJsibTreppa ¢ 3ana3abIiBaHEM
'Kaxxopos A.9., 2Coatos VY.A., *Xycanos /1.X.
b Axademuneckuti auueti um. M. Kapumosa TI'TY, Tawxenm, Ysbexucman,

e-mail: azizqahhorov@gmail.com

2 Torcusarcruti nosumexrnuveckuti uncmumym, ocusax, Ysbexucman,

e-mail: ulugbeksoatov595Q@Qgmail.com

3 Iicusaxcruti noaumernuveckuti uncmumym, Jocusax, Yabexucman,

e-mail: d.khusanov1952@Qmail.ru

B pabore paccmarpuBaercs 3a1ada 00 YCTONINBOCTH OMOJIOIMIECKUX, SKOHOMUIECKIX
U JIPYyTHUX IPOIECCOB, MOJEJUPYEMBIX ypaBHeHusMu JloTku-Bosbreppa ¢ 3anasaplBaHmeM.
Orau4ne nccjieyeMbIX ypaBHEHUIl OT M3BECTHBIX COCTOMT B TOM, YTO BXOAAIIME B HUX
GyHKIUN IPUCIOCOOIEHHOCTH U KOI(PPUIMEHTHl OTHOCUTEIHHOTO M3MEHEHUS B3anMO/Ieli-
CTBYIOIIUX CYOBHEKTOB WM OOLEKTOB, COCTABJISIONMX MOIEJUPYEMBI IIPOIECC, SABJISIOTCS
HEJIMHEHHBIME ¥ YIUTBIBAIOT IIEPEMEHHOe 3alla3/IblBaHue B aeiicTBun (hakKTopoB, BIUSIONINX
Ha, KOJITIECTBO CYObEKTOB MJIM OObEKTOB.

[Tyctb R"-nmuneiiHoe BelecTBEHHOE IIPOCTPAHCTBO BEKTOPOB & ¢ HOpMOit |z|, |z|* = 23 +
x%+...+x%,Rﬁ={x€R”: v, >20Vke Z 1<k<n}, intR} ={rc R": x, >0Vk €
Z, 1<k <n}, OR} = R} \intRY. Let hy > 0-nekoropoe uuciio, C-6anaxoBo IPOCTPAHCTBO
HenpepbIBHBIX DyHKIMA ¢ : [—ho,0] — R™ ¢ Hopmoit ||¢|| = max(|p(s)], —ho < s < 0),
Ci ={peC:p:[-hy0 = R}, intCy = {p € Cy : ¢p(0) #0Vk € Z, 1 < k < n},
0Cy = Cy \ intCly.

s wenpepsiBaoit dynkimn x @ (o — ho, ) = R} (o, € R", a < ) dynkumo
x; inCy onpenesmM paBeHCTBOM Z4(S) = z(t 4+ s), —ho < s < 0. Ilox @(t) 6yaem nmoHMMaThH
IPaBOCTOPOHHIOI IIPOU3BOIHYIO.

PaccmarpuBaercs cieyomee BeKTOpHOe ypapHenne tuna JIorku-Boabreppa ¢ 3anas-
JILIBAHIEM

(1) = D(x(t))(A + BF(z(1)) + GF(x(t — h(1)))), (1)

riae dyuxmun D(z), F(x) n h(t), a Takxe nocrosamse BekTop A n Marpuisl B u G ynosie-
TBOPSIIOT yCJIOBHSIM:

1) D(z) = diag(dy(x1),da(x2), ..., dp(x,)), dy € CHRT — RY), di(zp) = 0 & 2 =
0, k=1,2,...,m;
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2) F(z) = (fi(z1), fa(xa), ..., fu(zn))T ((31ech u nanee (-)T-onepanust TpancroHupo-
Banusg), fr € CY(RT — RT), fi(zx) =0z, =0, dfi(z)/dzr, >0, k=1,2,...,n;
3) A= {ak}, Ae Rn, B = {bjk}, B € Rnxn, G = {gjk}, G e Rnxn;

4) b= (hi(t), ho(t), - ()T, b € CHRT — [0, o)), po < hu(t) < 1= pr (11 > 0),
k=1,2...,n.

O6osnamv: AV = (ay,as,...,a,1)7, BY = {b;1}, GY = {gu} G,k =1,2,...,n —
1).

JlommycTuM, 9TO CUCTEMBI YpaBHEHUI
(B+G)y+A=0, (B(l) + G(l))y(l) + AW =
UMEIOT €JJMHCTBEHHBIC DEIICcHUA
Yy =1yo € intR, y = y(()l) € z'ntRi’l.

Torma cucrema (1) mmeer Tpu THIA OJIOKEHNST PABHOBECHSI:
1) TpuBnasbHOE

x(t,a,0) =0, t > a — h; (2)
2) eJIMHCTBEHHOE HETPUBHAJILHOE B obacTu int Y
x(t,o, ) =g, t > a—h, F(xg) = yo; (3)

3) eJIMHCTBEHHOE HETPUBUAJILHOE B 00JIACTH OR!} cnemyromero Buja

1 ) 1
z(t, o, p) = m(() ) = (xgo), xéo), e ,xEn)_l)O, 0, t>a, (4)

F(l)(if(()l)) = y(()l)a F(l)(m) = (fi(z1), fao(x2), .. 'afnfl(xnfl))T'

Ha ocnose pabor |1, 2, 3, 4| nokazan psjg TeopeM 00 yCTORUINBOCTH MOJIOKEHUN PABHO-
Becus cucrembl (1) Tunos (2), (3), (4), B ToM unciie, CeyoIie Te0peMbI.

Teopema 1. IIpu ycaosuu a, < 0 Vk = 1,2, ....,n nososcenue pasnosecus (2) pagro-
MeEPHO acumnmomuyvecku ycmotvuso. FEeau oce dap, > 0, k = 1,2,...,n, mo noaoostcenue
(2) neycmotiuuso.

Brenem dbynkImm

Tk

Sk(lﬁk):/(fk(T)d;(il;(wko))dT.

TkO

Teopema 2. I[Ipednosootcum, “mo HaGdymes nocmoarHvle Pi, P2y ..., Pn > 0,
1,92, - - -, qn > 0, maxue, uwmo:

t"(PB+ B"P+Q + ;' PBBTP)x < —ol|||?,

2de P = diad(plvp% s mpn); Q = diag(q17 q2, - - - 7qn>; /80 = min(QIa q2, - .- 7@!1),“17 Yo > 0.
Tozda noaoscerue pasHoBeECUA (3) PABHOMEPHO ACUMNMOMUUECKU yC’ITLO’lj,’LtUGO.

IIpu donoarnumenvrom ycaosuu si(xy) — 0o npu x,, — oo (k=1,2,...,n) norostcenue
(3) 240604010 PABHOMEPHO ACUMNMOMUUECKY, YCTNOTHUBO.

Teopema 3. Ilpednonooicum, wmo wHatGdymca NOCMOAHHVIE P1,D2,-..,Pn > 0,
q1,92, - - - qn > 0, maxue, 4mo 6biNOAHEHD, HEPABEHCTNEA:

2L (BoE — GW(GN )z < wyl|||* (vo > 0),

QPnG%I)dn(yn) + 2pn(dn(yn) - fn(yn))<B(l)>TF(l)(y)+
+yT(PB+ BY"P+Q+ 3,' PBBTP)y+
+p2(dn(yn) — fulyn))? < —W(y) <0,

Y= — xol .
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Tozda noaoocernue pasnosecus (4) pasromepro yemotivuso. Ecau owce W(y) = 0 <
y =0, mo noaoorcenue (4) pasnomepno acuMnmomuuecky Yemoiuueo.
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ITocTpoenne MHOronmapamMeTrpuyeckKoe MareMarudeckoe Moaean QPuiIbTparuu
HeJIMHEMHBIX (DJIIOUIOB B JABYXCJIOWHONI MOPUCTOI cpee
'Karomos I11., 2Apsukynos I'.I1., 3Mapganos A.II.,
‘Xautos T.O., °Bekuanos I11.3.
12345 Tawkenmexuti 2ocydapemeennoiti mexnuveckuts ynusepcumem. 2. Tawkernm,
e-mail: 'kayumovmatemic@gmail.com, 2arzikulov79@mai.ru, *apardayevich@mail.ru,
4tojiboy.xaitov.77@gmail.ru, *sherzodbekjonov@gmail.com

Kak m3BecTHO mocTpoeHneM MaTeMaTHIECKON MOJe N (DUIBTPAIUN PA3IUIHBIX (DJIIO-
UJIOB B MHOTOCJIONHBIX IIJIACTAX 3aHIMAETCsS. MHOTOYUCICHHBIE YUeHHbIe Bcero Mupa |1-3].

STI/I uccjeJgoBanue B OCHOBHOM IIPOBEIECHBI Jigdd HbIOTOHOBCKHX CbJHOI/I,ZLOB 1 MHOTI'ue
N3 HUX aHpO6I/IpOBaH Ha peaJIbHbIX ITOPHUCTBIX MHOTOCJIOMHBIX ILJIacCTax 1 BHEIPEHBI B IIPO-
IECChI KCILTyaTallud MEeCTOPOXKICHU, U OHM o0Jierdaer paboTy pa3pabOTIUKOB ILIACTa 110
ompeie/IeHNs] TEXHUKA, - SKOHOMUYECKHX ITapaMeTpOB IIpOMbICIa. Bee 9TH ncciejoBanmne B 0c-
HOBHOM TIOCBSINEHBI K OJITHOMY BHU/Iy BBIOMPAEMbBIX HCCJICIOBATEIAIMU 3aKOHOB (DUIbTpaIun
U COOTBETCTBEHHO CYMMAapPHOM BH/IE 3aTPAThl HA HUX OIPOMHBIE.

MozKHO IpoIece MOJACTUPOBAHIE OIITUMU3UPOBATD MCIIOJIB3YsT MHOTOIIApAMETPUIECKIE
mogenu [4]. Ornenbabie nccenoBaresn 3| cowm HEOOXOMUMBIMEI BBECTH TOHSITUST MHOTOIIA~
paMeTpuUecKuil 3aKOH, BBOJISI B BbIpaXKeHue cKopocTu uabTparuu napamerpbl. O 1Hako sta
naesd He 6I)I.Ha nogacpzkaHa APYTUMKU YICHHBIMU TaK KaK 3aKOH IIpeAlloJjaraeT €JIMHCTBEH-
HOCTH U eMy COOTBETCTBYeT ojHa KpuBasg. [losTomy ObLra paspaborana MHOTrOMapaMeTrpu-
JecKue MaTeMaTHdecKue MoJesn 3a1a4qn puibTpanui (pJIron 0B 0000IaIue Bce paHe n3-
BECTHBIX MaTeMaTHIecKux Mojesteii [4,5]. B 91ux Mojesnsix myrem BBejieHne TapaMeTpU30BaH-
HOlt byHKIMEU (M3BECTHO, 4TO (DYHKIMS ObIBAET OJHO3HAYHBIN MJIM MHOIO3HAYHBII) y1a710Ch
110 OJIHOM MaTeMaTUIeCKOHl MOJEIN OIUCHIBATH BCE BHJIbI 3aKOHOB (DUJIBTPAIIMU C COOTBET-
CTBYIOIIUME HadaJIbHBIMH, FPAHUIHBIME U KpaeBbIME ycjoBusMu. [lapamerpusanum Kpae-
BBIX YCJIOBHI [TO3BOJIMI B3AMMHO OJHO3HAYHOE OTOOPAYKEHUS yPABHEHUI ¢ €r0 I'PAHUIHBIMU
yestoBusiMu. Cozjianre MHOTOIIapaMETPUIECKON MOJIETN TIO3BOJIIIO PAa3paboTaTh napaMeTpr-
30BaHHbI€ BbI'TUCJ/IMTE/IbHBIC aJITOPUTMbBI 1 COOTBETCTBYIOIIE MaTEeMaTUICCKUE O6eCH€quI/IH.
Omna J1aJ10 BOBMOZKHOCTD ITPOBECTHU KJIACCHU(DUKAIINIO MOJIEIEHl U aITOPUTMOB PEITIeHUST, HCXOIsT
U3 CXOXKECTH 3aKOHOB (PUIBTPAIUNKA U UX AJITOPUTMOB PelieHus. TeM caMbIM HCC/IeI0BaATE b
MOJTyYUJT BO3MOYKHOCTB I10 JIAHHBIM KOHKPETHOI'O U3Y9aeMOro MeCTOPOXKICHU, POITyCcKas
9Tall MOJIEJIMPOBAHNSA, U3 MHOT'O ITapaMEeTPUIECKON MOJIE/IH MTOJIyIUTh TY KPaeByIo 3a/1a4dy KO-
TOpPOE eMy HY>KHO U BBOJIS JIAHHBIE IPOBECTHU BBITUCIUTE/IBLHbBIE ITPOIEyPhl. TakuM odpazom
MHOT'OIIApaMETPUYIECKasi MOJIEJb JIAJI0 BO3MOYKHOCTD MCIIOJIb30BATE ITAITBI BHIUUCTUTETbHBIX
TEXHOJIOTUH.

B ,Z[aHHOfI pa60Te CJA€/JIaHO IIOIIbITKa IIPUMEHATH OIIMCaHHBbIC TEXHOJIOTHUMN K JABYXIL/Ia-
CTOBOII cucreMe umMeromue ru JpOANHaAaMNIYICCKYI0 CBA3aHHOCTH.
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[Ipeamonaraercsa obsactsb dubrpanuu {2 cocrout u3 aByx (D; u Dsy) mogobmiacreit,
npudeM Dy XOPOIIOIPOHUIIAEMBIH I/le TOPU30HTAIbHBIE XapaKTEPUCTUKHU TIJIacTa U (DJIIOUIA
npeobJiajilaeT HaJ BEPTUKAJBHBIMUA U CJIEJIOBATEIHLHO JIBUKEHUA (DJIIOWIa ITPOUCXOIUTD 10
FOPU30HTAJILHBIM HAIPaBIEeHUAM, a 001acTh Dy TaKOBa UTO B HEM BEPTHKAJIbHBIE XapaKTe-
PUCTHUKHU IIpeodbsataeT HaJl TOPU3OHTAIBHBIMU, 9TO JAe€T BO3MOXKHOCTU CUNTATH JIBUYKEHUS
duronia B HEil TPOUCXOIUTH 10 BEPTUKAJIH.

Ecan obmacts D HACBIIIEHHO HEHBIOTOHOBCKUMHE (QHOMAJBHBIMHU HJIH CTPYKTYPHPO-
BaHHBIMHI ) (DITIOUAMHE, TO ¢ HAYAJIOM IKCILUIYATAIN ITOTO IJIaCTa TPOMCXOIUTH BO3MYIIEHUE
obJract (pUJIbTpAIUU, B pe3yJibTaTe 4ero u3 oojactu Dy OCYIIECTBIISETCS MTEPETOK (PIIIou-
Jla TI0 BCell KOHTAKTHON I'paHUIlbl K HIKHeMYy obJyiactu Di. Benuuawmna meperoka 3aBUCHT
oT cBoiicTBa (JIonIa, OT MHTEHCUBHOCTH OTOOpa JIonIa, a TakKxKe OT HEOIHOPOIHOCTH
HPUTPAHUIHBIX CTPYKTYP Iutacta. s rmoctpoenus: ajropurMa perieHus 3a1adu, cHavdaa
IPUMEHEHO METOJ[ UTEPAIMU 110 HeJUHEHHBIM KoddduimeHTaM ypaBHEeHUN U 10 ITepeMeH-
nomy t. B jaspreiinieM nposejieHa MHTEIPUPOBAHUC 33141, HO OTPE3KAX [T 1/2, Tit1/2| HO
IIPEMEHHOMY & M Ha OTPEe3KaX [2;_1/2, Zi+1/2) 110 1epeMeHHOMY 2. IlojyueHnsle JucKpeTHEIE
KpaeBble 33J1a491 HCHOJIb3YECT Pa3HOCTHBLIA BapUAHT CETOYHON ITOTOKOBLIA HPOTOHKU [6] B
HEU3BECTHBIX TOJIBUKHBIX TPAHUIAX BO3MYIIEHUI UCIIOIB3YeTCs] METOJ JIOB/IsI TPAHUIL, WA
MeTO/ YeJTHOUHBIX ureparmii [4,7].

CHagaJjia TIpeJIIoIaraeTcsi. 9To KoapOUIMEHT MepeTOKa PaBEH HYJIIO U PENIaeTcst 3a1a-
4Ja B obyractu Dy, JaJbHERIINM perraeTcs 3ajada B Dy U MOJydeHHbIe PEIIeHUs T03BOJISeT
YTOUHUATDH UCXOIHYIO perieHus oojaactu Di. DTo nporeypa BEIUUCIEHNAs TPOI0JIZKACTC 10
TpebyemMoil TOYHOCTH MeToja uTepanuu, u T.J. Ha rumorerndeckux JaHHBIX alpoOUpPOBaH
BBIYUCIUTEIbHAS IPOIEIypa /s HEKOTOPBIX 3aKOHOB (PUILTPAINA ¥ CPABHEHBI paHee I10-
JIYI€HHBIMH PEIIEeHUsIME, UTO IMO3BOJIMJIO CAEJIATh BBIBOJ O IPUMEHUMOCTH JAHHON MOJIEIN
JIS OIIPEJIeJIeHIsI TAKTUKA - TEXHUIECKNX XapaKTEPUCTUK ITPOMBICIIOBBIX TAHHBIX MECTO-
pPOXKIeHUIT KoTOpas 1Mo00Ha K JIaHHONW MO/IEJIH.
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O6 ycToiiynBOCTH KPUBOJIMHEHOTO JIBUYKEHUSI aBTOMOOWJISI C YYE€TOM
YIPYTOCTH U J1e(bOPMUPYEMOCTHU IINH
'Mamarkabuios A. X.
L Kagedpa npuxsradnoti mamemamury v ungopmamury Tepmescrozo 20cydapcmeeniozo
ynusepcumema, 2. Tepmes, Yzbexucman,
e-mail: abdilmajid@mail.ru

B pabore paccmoTpena 3ajiada 00 yCTORINBOCTU KPUBOJIUHEHHOTO JIBUZKEHUST aBTOMO-
OIS C yIeTOM yIPYTOCTH U JIe(DOPMUPYEMOCTH IIUH C MEJIBIO OIPeIeeHUsT PAIMOHAIbHBIX
3HAUYEHN KOHCTPYKTUBHBIX ITapaMeTPOB.

B pabore paccmaTrpuBaercs 3aj1ada 00 yCTORIMBOCTH KPUBOJIUHEITHOTO JIBUYKEHUST ABTO-
MOOWJISI ¢ YI€TOM yIPYTOCTU U JePOPMHUPYEMOCTH IITUH, HOIIEPETHOIO U IIPOJIO0JIHLHOIO YIJIOB
KpeHa Ky30Ba C TEeJIbI0 OIpe/leIeHns PalnoHaIbHbIX 3HAUYEHUN TapaMeTPOB.

Kunemarndeckne ypaBHEHUH JIBUZKEHUS aBTOMOOUJISI 110 KPUBOJIMHEHHOMY Iy TH JI0CTa~
TOYHO MaJION KPUBU3HBI UMEIOT cJieytormuii Bu|l]:

PO+ 0+ 1) — G+ 0((ls — 1 — 1)1 + (s — U — 1)0y + (I3 — 1))+
(10 + 2r 0 + 11010 + (1180 — 101 + 11+ Iz — Tyt — rif) Y + & = 0,
2(Brpr — Bron&y) + (1 — (Bilion — Bulson + Billan )&y + (Bilspr — Billpr — Bilipr)pr)+
+(Biripr — firans) + 91+ ((Birvoan)&n — (Biriyo)er) + @1+ (1m70)th — 1y = 0,
E(uurs + 14 My — paror) + 9((pary — paron)dy + (pary — puron)d + 0((ls — 1l — 1, —
—lypyry + Lipgroy + Upgroy — lapgroy + lspary — Upary) + (I3A — b\ — U ) m+
01+ 1A+ (=13 — 71 Bops — lspary + Isparor — r1Bo + r1Boparo)0) + (=13 Bopn+
lsparor + 11 fopror — lspry — lsr1Bo)th — (r170M)m — rivos + riyopmror — riye)th = 0,
2(0 + Vs + 2) — 4+ 0((—ls + 1 — L))o + (I — U5 — )02 + (1 — 13)0)+
+ (190421905 — roth Yo+ 1202 )t + (=12 B0 — ooz +T2th — ls — 2rayg s — ray00) g+ &, = 0, (1)
#(Bapa — Po0als) + (1 + (Balraa + Balsos — Ballon)s — (Balsier + Ballios — Balipa)pa) +
+(Baraps — Paraabs) + Va(1 4 ((Bararees)és — (Barana)pe) + 2 + (1270)02 — 7210 = 0,
f(l + pora 4+ Aamo — porog) + §((pars — paros)de + (pare — paros)d + 9(([1 —l3—1l—
—lipiare + lipiarog — lpgrog + laparog + lapars + Upiara) + (Ao — l3Ag — liAg)ma+
1 + 1y + ((Is — 12 Bopin + lspiars — lapiaroy — 1980 — T2 Bopar02)0) + (212 Bopia—+
Isfia705 — 23 Bopiar 02 + lspiors + I3 + 212 fo) Vs — (rayoda) 12 — 12702 + 2o liar 02 — oY )2 = 0,
20+ @3) — 9+ 0((la — r3B)ps + (—la — r3B)0 + (Ul + 13)) + & = 0
#(Baps — B3asés) + O((1 + Barsas — Balacs)&s + (Bsle — BarsB)ps) — 3B + 3 = 0,
2(1 4 Aans + piars — psros) + §((pars — par03)0) + 0((ly — 738 + lapirs—
—lapi3ros — 7503 + r3Bpusros) + (loAs — raBAs)ns) + s + rsly =0,
£+ ) — 9+ 0((la — raB)pa + (=l — 14B)0 + (—1l — I3)) + & = 0
E(1 4 A + para — paros) + §((para — paros)0) + 0((lo — raB + lapuara—
—laptaroy — r5Bpia + raBparos) + (lahs — raBAa)m) + i+ raldy = 0.
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JIunaMIIecKie ypaBHEHIN UMEIOT ceytommuit i [1]:
mwy + asws — hayws + Yoharwe + Yoheows + 201 N19 + 209 Natp — 01 N1y — 02 Nayoga+

Fhiiés + hiabe + hisés + huala + ar&y + axle + as€s + as€y = 0.
mws + Bawy — marlzwe + maslswr — o3 N3 B0 + 04Ny B0 — 03 N3 0091 + 04Ny U2+
+IKm + Koy + Kpyns + Kyna = 0.
mws + Ysws + Yomarlzws — Yomaalswr — Ky 11 — heir
—K,,m2 — heara — Kopyr3 — hesrs — K1y — heara + Ky To1+
+he1o1 + KryTo2 + heatoz + KpsTo3 + hearos + KiyTos + hearon
—N; — Ny — N3 — Ny + ksz + h3z = 0.
myw1+mawa+maws+Aywe+ Agwr+BC3w10+ BCsw1 + (I hor +lhag+13hoy +lhor i hog ) as—
(I = I3 + L)voharas + (I — I — L)Yohasar + hii&s + haali&o + huslads + hialo€a—
—(01N1ly + 02 Nol, + 01 N1l — 03 Noly — 01 N1l — 09 Nal3)h + (04 Nuls B + 04 Nyl 3 + 03 N3l B+
+04 Nyl 8 + a1 Niliyo + 01 Niluyo — 01 N1ls3v0) U1 + 02 Noyo(ly — L + 13) 0o+
+(204Nyl3 B0 + 204Nyl By + 203N3l350 + 203 N3l 50)0 — 024baB + 123038~
—a1&1l + ar1&ls — a6l — axboly + axoly + aséyly — asésrsf — as&yryS + o4 Nyry—
03N3r3 + 03N3fly — 04 Nyfly — Ktaugnsl, — Ktaugnsls + Ktaugngls + Ktaugnyl, = 0. (2)
maws + Mmsws + YoMeWs + Yomrwr + (r1ho1 + rahoy + hag + har)as + (harry — hay)yoas—
—(haars — haz)yoar + har&ary + haskora + hai&y + haala + (01 N17 — 02 Nary + 751 Ny )00+
+a16§1m1 + agdara — (0111 — 1o1) N1YoU1 — (0212 — 102) Noyota + k1tp + hit) = 0.
lswy + lgws + Awy + lyws + lswg — BoCrws — (hay — haorr1)y0as — (har — hairy) o€ —
—(Ktauyrim — yoro1 N1)¥ — (01 N1 — a1r1)7061
—(Ktauyr By — Ktauylz)m + k‘él)ﬁl + hgl)zél =0.
lsswe — leggws + Agwy + lrrws + lgswr — BoCowg — (haa — haora)yoas — (hsa — h127“2)7052+
+ (702 — 0919) Noyot) — (02 Ny — asrae)yoée — (Ktausrs By — Ktausls)ne + kég)ﬁg + hg)f,g = 0.
Cy(—Bowg + wg) — (1 K-, — i N1)m = 0. Cy(Bowr + we) — (r1 K., — uaNa)ny = 0.
C3(—Powy + wig) — (13K, — psN3)nz = 0. Cy(Powy + wry) — (ra Ky, — paNy)ny = 0.

Cucrema ypasaennii (1) u (2) mpeacTaBiasoT MaTeMaTHIECKY0 MOJETb KPUBOJIMHE-
HOTO JIBIZKEHNST aBTOMOOWIISL C yYeTOM YIPYTOCTH U JAeOpPMUPYEMOCTH MINH (TIOHIEPETHOIT,
YIJIOBO{i, TIPOJIOIBHON jtedbopMaIlin IMH ¥ HAKJIOHA KOJIeCa), & TAKyKe He ITOTeHIMATbHBIX
CHJI B MaTepuaJe IIHHBI.

Beul  mpoBeJieH  BBIYMCJIUTENBHBI  9KCIEPHUMEHT € IOMOIIBIO  IIPOIPAMMHO-
uncrpymentaiabaoil cucreMsr AVTO 1o uccrenoBanmio 3a1ad 06 yCTONYIUBOCTH JIBUZKEHUST
aBTOMOOMIISI|2).
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OG ogHOIT 3a/1aYe ONTUMAJBLHOIO yHpPaBJIeHNUs AUCKPETHbIMI HEJINHEHBIMU
YyPaBHEHUSIMU APOOHOr0 mopsjaka ¢ (pyHKIMOHAJIbHBIMI OrPAHUYEHUSIMU TUIIA
PABEHCTB U HEPABEHCTB
! Mancumos K. B.,> Anuesa C. T.

U Baxuncxuti 2ocydapemeennoti ynusepcumem, Baxy, Asepbatioscan
Hnemumym cucmem ynpasaernus HAH Aszepbatioorcana, Baxy, Aszepbatioocan,
e-mail: kamilbmansimov@gmail.com
2 Baxunckuti 20cydapemeennniti yrusepcumem, Baxy, Asepbatioscan
Hnemumym cucmem ynpasaernus HAH Aszepbatioorcana, Baxy, Aszepbatioocan,
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B pab6orax [1,2] paccmorpena ojiHa 3aada ONTUMAIBHOTO YIIPABJIEHUS OMUCHIBAEMBbIii
CUCTEeMOI HeJIMHENHBIX PA3HOCTHBIX YPaBHEHUI JIPOOHOIO MOPsIKA CO CBOOOIHBIM ITPABHIM
KOHIIOM TPACKTOPUU U TOTYYEHBI PsiJT HEOOXOIUMBIX YCJIOBUI ONITUMAILHOCTU THIIA JTUCKPET-
HOI'O U JIMHEAPU30BAHHOI'O IIPUHINAIIA MAKCUMyMa.

B npetaraemoit mokitajge paccMaTpuBaeTcs 3ajada, ONTUMAIbLHOTO YIIPaBJIeHNs 00b-
€KTOM OINCHIBAEMBIIl CHCTEMOII OOBIKHOBEHHBIX HEJIMHENHBIX PA3HOCTHBIX YpaBHEHUS JIPO0O-
HOT'O TIOPSJIKA MPU HAJMYINHN (DYHKITMOHAIBHBIX OTPDAHUYEHNI TUIIA PABEHCTB U HEPABEHCTB
Ha COCTOAHUE TPACKTOPUU CUCTEMBI.

[Ipu npejmosiozKeHun OTKPBITOCTH OOJIACTU YIIPABJIEHUS, IOJYYE€Hbl HEOOXOIUMbIE
YCJIOBHUS OITUMAJILHOCTU IIEPBOI'0 U BTOPOI'O IOPAIKOB.

[IycTh ympaBiisgeMblil IPOIECC ONMUCHIBAETCS CJIEYIONIEN CUCTEMON HEJMHEHBIX pa3-
HOCTHBIX YPaBHEHUI JPOOHOIO MOPSAIKA (v.

ACz(t+1) = f(t,a(t),u(t),t € T = {to,to + 1, . t; — 1}, (1)

Baech x(t) — n— MepHBIT BeKTOP (Hha30BbIX IepeMeHHbIX, u(f) — r— MepHBI BEKTOD
YIPaBJISIIONIUX BO3IEHCTBYM, to,t1, xo— 3a7asbl, f(t, ,u)— 3ajaHHasg n— MepHas BEKTOD-
dyHKIMs, HENPEPBIBHASL 110 COBOKYITHOCTHU IIEPEMEHHBIX BMECTE ¢ YACTHBIMU TPOU3BOHBIME
1o (z,u) 70 BTOPOro nopsiyjika BKIOUnTeNbHO, a A%x(t),0 < a < 1— apobublil onepaTop
nopsijika « (cm. mHanpumep [1-5]).

Yupasienue u(t) = {u(to), u(ty + 1), ...,u(t; — 1)} Ha3bIBaeTCS JOMYCTUMBIM yIIPABJIe-
HUEM, €CJI OHO YJIOBJIETBOPSAET OIPAHUYEHUIO

u(t)e U C R'teT. (3)

Baech U— 3aaHHOE HEITyCTOE, OPPAHUIEHHOE M OTKPBITOE MHOKECTBO.
Yupassstongyio dyaknuio u(t) € Ut € T HazoBeM JOMyCTHUMBIM YIIPABICHUEM, €CJII
cooTBeTcTByIOIIEe emy perterue x(t), 3agaqau (1)-(2) yaoBieTBopsier orpaHuYeHusIM

Si(u) = pi(z(t)) < 0,i=1,p, (4)
PaCCMOTpI/IM 3aa49y O MUHUMYM€E€ TEPMUHAJILHOI'O beHKHHOHaJIa
So(u) = ¢o(z(t)), (6)

rie p;(x),i = 0, ¢g— 3aJaHHbIe IBaXK bl HEIIPEPHIBHO T depeHImpyemMble CKasipHble BhyHK-
IUN.
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[Tycrs (u(t), z(t)) HEKOTOPBIX JOMYCTUMBIX MPOIECC.
Bsenem obosnadenus

I(u) = {i: gi(x(tr)) = 0,i = 1, p}, J(u) = {0} U I(u).
JL1st TpOCTOTHI U3JI0KeHUsT OyJIeM CIUTATh YUTO,
I(w) = {1,2, ... m}, (m < p).

B paccmaTpuBaeMoii 3a/iaue BbIUUCIEHBI [IepBas U Bropast Bapuaiyu (B KJIaCCUIeCKOM
cmbicie) yuknuonanos. C MOMOIIBIO 3TUX Bapuanuu (HyHKIUMOHAIOB ChHOPMYJIUPOBAHBI
HEOOXOAMMBIE YCJIOBHUSI IIEPBOIO U BTOPOIO HMOPSJIKOB HOCSIME KOHCTPYKTUBHBIA XapakKTep
[6,7]. Hasee u3ydeHbl HEKOTOPBIE TACTHBIE CJIYIAH.
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Onenka nJis blow-up peliieHusi HeJIMHENHOTO MApPabOJINYECKOTO YpaBHEHUS
HeJINBEPIreHTHOI0 BU/a C TPAHUYHBIMHU YCJIOBUSIMU
"Maraky6os A.C., ?Paynos .P.,*Hoprunnaes K.H.,

L Basedyrowuti xagedpv [IMuKA HY Y3, 0.¢.-m. .,
e-mail: almasa@list.ru
2 Omapwuti npenodasamens xagedpv. BMull Axademuu MYC PYs.,
e-mail: raupov.dilmurod@mail.ru
3 Hayunwoiti coompyonur Axademuu MYC PYs.
e-mail: raupov.dilmurod@mail.ru

B sroit pabore mbr pacemorpum Blow-up cBoiicTBa perieHus ciietyroreii 3a1a4am,

‘?)_1; —uoV (W 'VU) + P (3,1) € D x (0,T), (1)
g_z +o(z,lu=0 (z,t)€dD x (0,T), (2)
w(z,0) =ug(z) >0 z€ D, (3)

rie D - raskas orpannuenHas obiaacte B RN, N > 2. 0 < T < +o0.
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Blow-up cBoiicTBa perienus Jijisi napabOJIUIeCKUX yPaBHEHUN U3YdaloTCH OOJIBITUM
YHCJIOM aBTOPOB, TaK KaK IMOKa3aHHOM B [1-7].

HemasioBazkHoe MecTo B Teopun HeJIMHEHHBIX YpaBHEHUI 3aHUMAET HCCJIeIOBaHUe
HEOIPAHWYICHHBIX PEIICHU, WU TO-IPYTOMY, PesKIMOB ¢ oboctperuem (blow-up). Hesnneii-
HbIE 3aJIa9H, JOIYCKAOIIHe HeOrPAHUUIEHHbIE PEIeHUs], SIBJIAIOTCI TJI00AIbHO Hepa3pel-
MBIMU TI0 BPEMEHU: PEIIeHre HEOTPAHUIECHHO BO3PACTACT B T€UEHUE KOHEUHOTO TPOMEKYTKA
BPEMEHM.

Homycrum T MakcuMaJsibHOE BpeMsi CyIIeCTBOBaHUe pereHnn u(x,t) KOTopoe MOKeT
OBITh KOHEUHOE Win OeckoHeuHoe. Ecin T' < 0o, Torjaa « HeorpaHn4deHHa B KOHEIHOM BpeMe-
HU ¥ JIOIYCKAEeTCs pekuM ¢ obocrpenneM. Ecim T = 0o, MbI TOBOPUM pellieHne Ty100aIbHOE.

Teopema 1. ITycmo u(x,t) - pewenue (u € C3(D x (0,7)) N C*(D x (0,T))sadauu
(1)-(3)

IIpednonootcum, 4mo 8vINOAHAEMCA CACOYIOULUE YCAOBUSM:

1) 1<m<p,

2) BDx (0, T) o(z,t) >0, o¢(x,t) <0

(3) B = H}[ijn {“8;—{; [ugV (ug™"Vug) + ug]} >0

+oo mop-14. _ MPP
(4)fMO smTP ds—po_m, m<p
2de My = max uqg.
D
1 M™P
Tozda u(x,t) pewenue cywecmeyem 3a kornewnoe epemsa T u'T < 3 pom

1

max orce war u(z,t) < H Y BT —1)) = ((p—m)B(T —t))" "2de H(z) = 2

p—m’

m—p

z>0

uw H=' - obpammnas dynwyus H.

B sroit pabore 6bl1a paccmorpena 3a1ada (1) - (3) u mosrydeHbl HeJMHEHHBIX Tapabo-
JIMIECKUX yPABHEHUI CyIeCTBOBaHUs U HeorpanmdeHHbX (blow-up) pemenuii 3a KoHEUHOE
BpeMs, a TaKKe IMOKa3aHbl BEPXHUE OIEeHKN blow-up pereHnii.
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YHucsieHHOE pellleHne 33/1a4M aHOMAJIbHOU (DUJIbTpAaIiy U IIepeHOoca BeIlecTBa B
IIOPHUCTOI cpene
Maxmynos 2K.M., ¥Yecmonos A.U., Kymkonos 2K.B.
Camaprandcxuti 2ocydapecmeennviti ynusepcumem, Camaprand, Yzbexucman.,
e-mail: j.makhmudov@inbox.ru; a.usmonov.91@mail.ru;

[Ipu dunbTpaniuu u mepeHoce BeIeCTBA B HEJIMHEHHBIX Cpejlax, a TaKKe IPU TeUCHUH
PEOJIOTUYECKH CJIOYKHBIX CPEJT XapaKTEPUCTUKH YaCTO OOHAPYKUBAIOT MACIITAOHYIO0 WHBAPH-
aHTHOCTH ((hpaKTaIbHOCTH) KaK 10 IPOCTPAHCTBEHHBIM, TAK 1 BDEMEHHBIM ITapaMeTpaMm. JTO
00CTOATE/ILCTBO TIO3BOJIAET BHIPAOOTATH HEKOTOPbLIE ODOIKME METObI MOJCTUPOBAHUS CJIOXK-
HOTIOCTPOEHHBIX CPeJI U B PsJie CIydaeB obJierdaer OMucanre MpoOTEKAIONNX B HUX IIPOIECCOB

[1].

31ech paccMaTpuBaeTcs GUIBTPAIS U IIePEHOC BEIecTBa B JIByMEpHOii cpejie ¢ hpak-
TaJIbHOM CTPYKTYPOIA.

[Iycrs obacts nccaenoBanns 3ajgadu coctont u3 R{0 < x < oo, 0 <y < h}. [lepso-
HadaJbHO 00J1acTh R 3amoJnena »KUIKOCTbIo Oe3 YacTHIl.

Bepxusist u HuzKHsIsI rpanuiia obactu [ HellpoHUIaeMa, Jijisl XKUJIKOCTH 1 dacTuIl. 2Ku1-
KOCTb JIBU2KETCs B HallpaB/ieHuax r u y B obyactu R. [Iporecc nepenoca BemecTBa ¢ y4eToM
AHOMAJIBHBIX 3(DHEKTOB MOXKHO OIMCATH ypaBHEHHEM|2]

dc 0% O%2c  O(ve) O (vye)
E_Dxﬁxﬁl—i_Dy@yﬁ?_ or Oy (1)

IJie ¢ - KOHIIEHTPAIUsA TBEP/IbIX YaCTHUIL B XKUJKOCTH, Uy, Uy - KOMIIOHEHTBI CKOPOCTU (PUIIbTPa-
uu, Dy, D, - npono/bHeLil 1 nonepednbiit Kosddunuentsl nuddysun, 51, B2 - nokasaremn
IIPOU3BOJIHON, ¢ - BpeM4.

KommoneHTB! ckOpocTH (bUIBTPAIN OMPEJETAI0TC Kak [3]

kO kO o)
pdxn’ oy
rae p — JaBjieHne, [, — KOI(M@PUITMEHT BAZKOCTU CYCIIeH3UU, k — KoM UIUEHT TPOHUTIaeMO-
CTH, 71, Yo — HOKA3ATEIN IMPOU3BOIHOIL.
YpaBHeHUE HEPA3PBIBHOCTU TEUYEHUs] CKIUMAEMOIl YKUJIKOCTH {Yepe3 MOPHUCTYIO CPeJLy
MOZKHO 3anmucarh Kak [18]
d(pm)

=5+ div(pv) = 0, (3)

rje m — KO3 UIUEHT TOPUCTOCTH, p — IUIOTHOCTD XKUJIKOCTH.
Ucnonb3yeM ypaBHEHHsI COCTOSIHUS YUPYTOil YKUJIKOCTH ¥ YIPYTOH MOPHUCTOH Cpejibl
[10]
p=po(1+ Bi(p = po)), m=mo + Bm(p — Do), (4)
rie [5; — KoapDunmueHT 00 beMHOI0 C2KATUS KUJKOCTH, [, — KOIPDUIIMEHT YIIPYTOCTH CPEJIbI,
Po — HepBOHAYAbHAS IVIOTHOCTD KIUJKOCTH, Py — HEPBOHAYAILHOE JaBJICHNE.
[Toncrasus (2), (4) B (3), MOKHO HOJIyYNTh YPaBHEHNE MBE30IPOBOAHOCTH C JPOOHOIL

IIPOUBBO/IHOMI
@ B aV1+1p @72+1p
ot X dxntl 1 Gyratl )7

()

e x = MIZ,* - K03 DUIMEHT Mbe30MPOBOHOCTH, $* - KOIDMUIINEHT YIIPYTOEMKOCTH CPEIbI.

Hauasnabie n I'paHAYIHbBIE YCJIOBUSA 3a/ a9 UMEIOT BU/L

c(0,z,y) =0, (6)

c(t,0,y) = ¢y, co = const,y = h/2, (7)
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) =0, 0Sa<ox, ®)
@(txh)—O 0<z<o 9)
ay 9 9 — 9 — 9

Oc

5y (1 0.9) =0, y#h/2, 0<y<h, (10)
Oc
— (T =0. 0<y<h 11
ax(,oo,y) , 0<y<h, (11)
p(()?'rv y) = Po, ,Po = CODSt, (12)

p(t,0,y) = pe,Pe > po, Pe = const,y = h/2, (13)

g—Z(t,x,O):O, 0<z< o0, (14)
a—p(ta:h)—() 0<z<o0 (15)
ay I el - ) — I

dp
dp
— (¢ =0, 0<y<h. 17
5, (oo y) =0, 0<y< (17)

Hst permenus 3amaan (5) - (17) ucrnosbp3yeM MeTos KOHEUHBIX PA3HOCTEN.

Paccmorpena 3ajiaua (uiibTpanui U MepeHoca BEIeCTB B JByMEPHOl HOPUCTOI cpe-
Je ¢ dhpakTaabHOil cTpyKTypoii. IlepeHoc BemecTBa B TaKUX CPeJax OIMCAH YPABHEHHEM C
JPOGHBIMU TIPOM3BOIHBIMU KaK 110 BPEMEHHU, TaK U 10 KoopuHare. Ha oCHOBe YnCJIEHHOrO
pellieHrsi ypaBHEHUs TIPU COOTBETCTBYIONIMX HAYAJbHBIX M TPAHUYHBIX YCJIOBUAX MOKA3a-
HO, YTO yMEHbIIEHHUE ToKa3aTe s JIPOOHON MPOU3BOIHON 110 KoopuHaTe OT 1, IPUBOIUT K
OOJIBITIEMY PACIIPEJIEJIEHIIO ODIIeil MacChl
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MareMmaTn4decKoe MoOAeJupOoBaHKue I'APOJUHAMUYIECKOTO COIIPOTUBJICHUS B
KoJie6aTeJIbHOM IIOTOKE BSI3KOYIIPYTOil >KMIKOCTU
Haspyszos K.!, IIlapunosa II1.B.! , A6aukapumos H.I1.!
L Vpeenuckuti 2ocydapemesennond ynusepcumem, Ypeenu, Ysbexucman,
shshb1990@gmail.com

[IpakTryecknit MHTEpPEC IPEeIOCTaBsSIeT U3yUeHHe KOJedaTebHOIO TeUeHUsl BI3KO-
YIPYTOi 2KUJKOCTH B IJIOCKOM KaHaJ/Ie U B IUJIMHIPUIECKO TpyDe 1101 BO3/IECTBIEM TapMO-
HUYECKNX KOJIeDaHuil rpaIueHTa TaBIeHns WK IPU HAJOXKEeHNHU Ha TeUeHre TapMOHUIECKIX
KoJIebaHMil pacxojia KUJIKOCTH. B ¢BA3M ¢ 3THM,pelIeHbl 3a1a9uKo/1e0aTeIbHOT0 TedeHn-
ABA3ZKOYIIPYT'OM HECXKMMAaEeMON KUJIKOCTA MEXKJIy ABYMdA HEIIOJBUKHBIMU apaJlyle/IbHbIMU
mwockocTsaMu. OO03HAUEHbI pACCTOTHUS MeXK Ty cTeHKamu depe3 2h. Ocb ox IpoOXoauT ropu-
30HTAJILHO B CpeJuHe KaHaJia BIOJb 1oToKa. OCh oy HalpaBJ/IEHO IHEPIEHIUKY/IAPHO k och
ox. Teuenne BA3KOYIPYTO#l »KUJIKOCTU ITPOUCXOIUT CUMMETPHUYIHO 110 OCH KaHAJIA.

Peosnoruveckue ypaBHEHHSI COCTOSIHUS YKUJKOCTH ITPUHUMAETCsT B BUje 000DOIIEHHOTO
ypasaenusi Makcsesuia [1, 2]

0
T:TS+TP,TSI—?75—U )\%—l-Tp

oy’

__, ou
- Wpay

31ech A -BpeMs peJlaKCallisd; Ty - KacaTelbHas HalpsizkeHnst HbTOHOBCKOM »KUIKOCTH;
T, -KacaTejbHad Halpszkennsd MaKCBeIIOBCKON KUJKOCTH; T - KacaTeJbHasd HallPAXKeHUs
pacTBOpa; 1) -AUHAMUYCCKasd BASKOCTb HBTOHOBCKOI KUJIKOCTH; 1), - - JUHAMHYCCKAA BA3-
KOCTb MaKCBeITOBCKOM KUIKOCTH. MexK Ty NUHAMIUYCCKUX BA3KOCTEH BBITTOJTHACTCS PaBEH-
CTBO

Mo = Ns + Mp

rIe 7o - AMHAMIYECKas BA3KOCTL PACTBOPA.
YpaBHeHHe JIBUXKEHUsT J[JIs1 CKODOCTU JKUJIKOCTH, TIoJydaeM [3]

9. .0u 9 . Op 0 . 0%u

ot’ ot ot’ Ox (1)

C‘{I/ITaeM, qTO KoJiebaTeIbHOe TeUEHIE BHSKOYHPYFOﬁ KNIAKOCTU IIPOUCXOJUT 3a CHET
3aJaHHOI'0 T'apMOHMYECKOI'O KoJiebaHme pacxoJa 2KUIAKOCTU WJIN HpO,ILOJIbHOfI CKOpOCTH
OCpe,ZLHéHHOﬁ II0 CEYCHHNIO KaHaJla.

Q = agcoswt = Reage™', u = a, coswt = Rea, ™" (2)

rne ag U G, - aMIUIITYJbl pacxola KUAKOCTHU 1 aMILJIMTY/IbI HpO,ZLOHbHOfI CKOPOCTH OCP€/I-
HEHHON II0 CeYeHnuio KamaJja. B JaHHOM CJIyda€ TedeHHue IIPpOUCXoAUT CUMMETPUYHO IIO OCHU
KaHaJia, a CTEHKE KaHaJla YIOBJICTBOPACTCA YCJIOBUA IIPpUJIUIIaHUE. B CUJIy JUHETHOCTHI YpaB-
HEeHue (1) HpO,ILOJIbHOfI CKOPOCTH, [JdaBJIeHUE, KaCaTE/IbHOE HallPpA2KCHNE Ha CTEHE MO2KHO 3a-
IIKUCbIBATHh B CJIEYIOIEM o6pa30M

u(y,t) = Rew(y)e™’, (z,t) = Repy(w)e™,  7(t) = Rere™’

[Moxcrasiisist 51U BhIpazKkenus B ypasaerue (1), mosydaem

Pui(y)  piw Z 1 1 Z _,0p1(2)
0y? Mo m) w(y) = %<X * (1+ iw/\)) Ox )
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3ech
x=P z=" x4z=Tyl_y
o o Mo 7o

Pertenust ypasuenue (3) Gyaer

m(y) = (- 2y

plw

,_ cos (i%aon(iw)%)

) (4)

cos (i2 agn(iw))

rae ag — +/ wh xonebarenbHoe 1uCI0 Yomepen (6espasmepHast dacToTa KoJebaHuil); vy -
KIHEeMaTHIecKkas BA3KOCTh pacTBopa.C momorpio perenne (3) omnpeiesiseM mepeiaToaHyto
dbyuxmuio W, (iw) 1yis KacaTeJ bHOTO HANPSAKEHHs Ha CTEHKH, Kak

h 7 (iw) _ (z%ozo)2 sin (i%aon(iw)) (6)

- 3170 s (iw) 3(i2 agn(iw) cos (i2 agn(iw)) — sin (i2 agn(iw)))

Wi (“U)

[Tepenarounas dyrakmus (5), HHOTIA HAZBIBAETCS aMIUIATYIHO-(BA30BasT YaCTOTHAS Xa~
pakrepuctuka (ADYUX). D1u dHyHKIMH MO3BOISIET ONPEIEJNTh U3MEeHEHUET T IPOIHHAMI e~
CKO€ COIIPOTUBJICHUE IIPH 3aJIaHHOM 3aKOHE M3MEHEHHEe BO BPEMEHUIIPOJIOJIBLHON CKOPOCTU
OCPEJTHEHHOM 110 CEYeHHMIO KaHaJIa.
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KoHiienTpamnusi HAIIPsI>KeHU B BOJIOKHUCTOM IJIACTUHE C yNPOYHSIOIIUMU
OTBEPCTUSAMU
ITonatoB A.M., Ukpamos A.M.
Havuonarvrwii ynusepcumem Yabexucmana,
e-mail: asad3@yandex.ru

Kommosunnontbie MaTeprasibl MOJIYYUId IMIUPOKOe PUMEHEHNEe B Pa3/IMIHBIX OTPAC-
JISIX TIPOU3BOJCTBA. KOMIIO3UTHI MPUMEHSIIOTCA B CTPOUTEILCTBE, MAIIMHOCTPOCHUH, PAKeT-
HOM U siIEpHOIl TEXHUKE, CAMOJIETOCTPOCHUN U CO3/IaHUNA aBTOHOMHBIX TVIYOOKOBO/IHBIX alllla-
paToB. HOBeIL/'H_HI/Ie TEXHOJIOI'NHU IIO3BOJIAIOT CO3/JaBaTh KOMIIOSUTHBIE MaTE€pUraJibl 1 KOHCTPYK-
oK C 3apaHee 3a/laHHbIMA OIITUMaJIbHBIMI CBOIICTBaMU. B CB43U C 9TUM 6OHbH_IO€ 3Ha4YcHUue
NMEIOT HCCJICJOBaHUA ,ZLerOpl\H/IpOBaHI/IH QJIEMEHTOB KOHCprKHHﬁ, N3TOTOBJIEHHBIX N3 KOM-
IIOBUIMOHHBIX MaTepHruaJioB. HpI/I CO3JaHNN Pa3JIMIHbIX KOHCTp}/'KLH/IfI HJacCTO IMPUXOAUTCHA II0
TEXHOJIOTTIECKO HeOOXOIMMOCTH JIeJIaTh B UX 3JIeMEHTaxX OTBEPCTHUs Pa3IUIHOrO Ha3HaUe-
uust. [Ipu skcrTyaTanum KOHCTPYKITHI 9TH OTBEPCTHsT CTAHOBSITCSI KOHIIEHTPATOPAMHE - CO3/1a~
10T BOKPYT ce0st 00JIaCTH TOBBIIIEHHBIX HAIIPSIzKEHUN pa3HooOpa3HbIix KoHurypanmit. Kon-
HEHTPAIMN HaIPSKEHUN ABJISIIOTCA OJHUM U3 OCHOBHBIX (DAKTOPOB, OIPEJIE/TAIONIIX TPOU-
HOCTb KOHCTPYKIIUU, U ITIOTOMY UCCJIEIOBAHUE BJIUAHUS PA3JIMIHBIX TUIIOB KOHIIEHTPATOPOB
Ha 11oBeJeHne KOMIIOSUTHDBIX 3JIEMEHTOB KOHCTPYKLLI/IIU/I " TIIOUCK HyTefI CHU2KEHU A KOHIIEHTPa-
[N HATIPSZKEHUI PeJICTABIISIETCs OJJHON 13 BasKHBIX 3aJ1ad COBPDEMEeHHOiT MexaHuku [1-5].

HpI/I n3ydeHuu I1oBeAeHUAd 3JIEMEHTOB KOHCTPYKHHﬁ, HU3rOTOBJIEHHBIX M3 KOMIIO3UTOB,
HanboJIee PACIIPOCTPAHEHHBIM ITO/IX0/IOM SIBJISIETCS CBEIEHIE PaCCMATPUBAEMbBIX MaTEPUAJIOB
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K OJIHOPOJIHBIM, B OOIIEM Ciydae aHM30TPOIHBIM, C HEKOTOPBIMHU 3MDPEKTHBHBIMI XapaK-
repucTukaMu [6]. DToT MOIXO/ MO3BOJISIET JTOCTATOYHO TOYHO OIUCHIBATH CTATHYECKOE IMO-
BeJleHe KOMIIO3UTHBIX KOHCTPYKIIMI, Bce reoMeTpUYecKue pa3Mepbl KOTOPBIX CYIIIECTBEHHO
[IPEBBIIIAIOT XapaKTepHbIl pa3Mep CTPYKTYPHOII HEOIHOPOJHOCTH UCCIEyeMOI'0 KOMIIO3U-
ta. O/IHaKO, OH He JlaeT BO3MOKHOCTH PACCMATPUBATD 3a/Ia4U UCCIEI0BAHNS KOHIIEHTPAIIN
HaIPsKEHW T, BOSHUKAIONINX BOJIN3U TPEIINH, BEIPE30B, PA3JINIYHBIX TEXHOJIOTTIECKIX OTBEP-
CTHil, UMEIOIINX Pa3Mepbl, CPABHUMBIE C XapaKTEPHBIM pa3MepOM CTPYKTypbl. Mex iy Tem
BJIUSHUE 3TO MOXKET OBITH OY€Hb BEJIUKO U CIOCOOHO KaK NMPHUBOJUTHL K M3MEHEHUIO ITPOY-
HOCTHBIX XapaKTEPUCTUK MaTepua/ia BOJIU3M KOHIIEHTPATOPOB HAIIPSKEHU, TaK U CJIyKUTH
IIPUYNHON pa3pylleHus KOHCTPYKINI, KOTOpOe HEBO3MOXKHO IIPe/ICKa3aTh, pacCMaTpUBas
KOMIIO3UT KaK OJHOPOJIHOE TEeJIO.

JInst pa3MYHbIX TUIIOB KOMIIO3UTOB CYIIECTBYIOT YIIPOIIEHHBIE MOJEN, YIUTHIBAIO-
e CTpyKTypy Marepuasia. OHAKO, OHU TO3BOJIAIOT PEIIaTh 33/1a91 JIUIIb JJId JIOCTATOTHO
MIPOCTOI TeOMEeTPUN 0OPA3IOB U HEDOJIBIIIOTO KOJIMYECTBA CTPYKTYPHBIX 371eMeHTOB. K ToMy
K€ 3T MOJICM YacTO IIPEJNOJaraloT CyIICCTBCHHBIC YIIPOIICHUSA PEaJbHOI0 HAIPAZKCHHO-
J1e(bOPMUPOBAHHOTO COCTOSHUS, KAaK HAIPUMEp, IpeHedperkeHne HeKOTOPBIMI KOMIIOHEHTa~
MU HalpsKeHUll, KOTOpble, OJHAKO, B HEKOTOPBIX CUTYyallusiX MOT'YT UIPaTh CYIIECTBEHHYIO
POJIb B pa3pyIIeHnu KOMIIO3UTOB. VMeromuecd Ha JAHHBIIE MOMEHT OOIUeE TOIXObI He 1103~
BOJISIOT y4ecTb MHOTHUE 3(DPEKThI, CBI3aHHBIE CO CTPYKTYPHON HEOTHOPOIHOCTHIO KOMITO3H-
IIMOHHBIX MATEPUAJIOB, B TO BpeMs Kak 3TU 3(PPEKTHl B PA3TUIHBIX CUTYaIUAX CIOCOOHBI
OKa3bIBaTh CYIIECTBEHHOE BJIMSIHUE Ha TIOBEJEHUE JJIEMEHTOB KOHCTPYKITUIA.

B crarbe paccmaTpuBaeTcs YucIeHHOE UCCIeIoBaHuE J1e(DOPMUPOBAHUST KOMITIO3UTHBIX
9JIEMEHTOB KOHCTPYKIINI C Pa3IUIHBIMA THUTAMU KOHIIEHTPATOPOB HAIPSIKEHWI ¢ yIeToOM
CTPYKTYPHOI HEOJIHOPOJIHOCTH MaTepuaJ/ia Ha IpumMepe dopasrromunus. VcciieioBanne KOH-
IEHTPAIN HANPSKeHN BOJM3M KPYTrOBOIO OTBEPCTHSA B ILIACTHHE M3 OOPOATTIOMUHUS ITPO-
BOJIUTCS C MCIIOJIB30BAHUEM ILIOCKON BOJIOKHUCTON KOHEYHO-9JIEMEHTHOM MOJIEJN, SIBHBIM 00-
Pa30M BOCIPOU3BOJIAIIEN CTPYKTYPY MaTepuaJia ¢ coOXpaHeHueM 00beMHbBIX JI0JIeil COCTaBIIs-
IOINX U XapaKTEePHBIX CTPYKTYPHBIX Pa3MePOB B JIByMEPHOM IipejicTaBjieHuu. Vcmnosb3yercs
BOJIOKHHUCTas CTPYKTYPa, COCTaBJIEHHAS U3 OJHOPOJIHBIX 3JIEMEHTOB Pa3HOil JKECTKOCTH C pa3-
MepaM# MeHbIIle XapaKTepHOro pa3dMepa CTPYKTypHO# HeogaHnopoanoctu. [lomobuas Momgenn
MIO3BOJIAET PACCMOTPETh KOHIIEHTPAIIUIO HAIIPSKEHUI BOJM3U OTBEPCTHU, PaInyC KOTOPOT'O
Ha TOPSAJIOK IPEBBINIAET IMUPUHY BOJIOKHA, 0€3 IpeHeOpeKeHUs pPa3IuIHbIMU KOMIIOHEH-
TaMU HAIPSKEHHOI'O COCTOSIHUSA, CBOWCTBEHHOT'O NMPUOJIMZKEHHBIM ITOX0/1aM. BooKHuCTas
KOHEYHO-3JIeMeHTHas MO/IeJIb TaKzKe HUCIOJIb3yeTcd JUId U3yYeHNd KOHIIEHTPAIIUU HallpazKe-
HUIl B BOJIOKHAX U CBA3YIOIIEM IIPU PACTAKEHUH BJIOJIb BOJIOKOH M IIPU CJBUIE.

O6BbekT ncceoBanus U MoJiesb. Vccemyembrit MmaTepuast, 60poalOMUHAN, TPEICTAB-
JisieT coOOi BOJIOKHUCTBII KOMITIO3UT, B KOTOPOM POJIb CBA3YIOIIETO BBIIOJIHAET JTIOPATIOMU-
uuit D-16, a posb apMarypbl — GOpHbIE BOJIOKHA, HAIIPaBJI€HHbIE 110 ojHOi ocu. B [1| mpu-
BeJICHbI CXeMBbI JIEHCTBUTE/ILHON KOHCTPYKIIUN 13 OOPOAIIOMUHUS U €€ ILJIOCKOTO IIPe/ICTaB-
JIEHU, TJIe COXpaHeHa BOJIOKHUCTAs CTPYKTYpa, COOTHOIIEHNE J0/1eit Oopa 1 JI0paJIOMUAHUS
U XapaKTepPHBII pasMep CTPYKTYPbI. Tak:Ke IMpeJICTaBJIeHbl TPU 384U, PEIIEeHns] KOTOPBIX
CPaBHUBAJINCH JIJII IPOBEPKU KOPPEKTHOCTU BOJIOKHUCTON MOJEIN U BO3MOYKHOCTH €€ JIaJlb-
Heiinero ucnoJibdoBanud. [lepsole jBe — 3a/1a9m 00 OJTHOOCHOM PACTS?KEHHH KBaJIpATHOMN
IJIACTUHKYU ¢ KPYTOBBIM OTBEPCTUEM, PEIIaBIIuecd B ynpyroit nmocranoske. [lepsas 3amada
perrajgach MO BOJOKHUCTON MOJEN, COCTABJIEHHON M3 MAKETOB IMJIOCKUX YeTHIPEXY3/IOBBIX
KOHEYHBIX 39JIEMEHTOB. Bropas 3ajada perajach M0 MOJEIN OJHOPOIHOTO OPTOTPOITHOIO
MaTepuaJia ¢ 3pOEKTUBHBIMEI YIIPYTUMHI XapaKTepUcTHKaMu bopoasitomutnsd. Tperbs 3a/1a-
4Ja — 3aja49a 00 OJTHOOCHOM PACTAXKEHUHM OECKOHEYHON OPTOTPOIHON IJIACTUHBI ¢ KPYTOBBIM
OTBEPCTUEM, aHAJUTUYIECKOE PelieHrne KOTOPO#l MCI0/Ib30BaJIOChH JIjI ITPOBEPKHU PACUYETOB 110
KOHEYHO-3JIEMEHTHBIM MojiesiM. V3 anaim3a pe3yabraToB IPOBEPKH &JIeKBATHOCTU TPEJIJIO-
JKEHHOI TPeXMePHOIT MOJIes, MOZKHO 3aKJIIOUNTh, YTO BOJIOKHUCTYIO MOJIEIb MOYKHO CUUTATh
KOPPEKTHOU U MCIIOJIL30BaTh JJId JaJIbHEHINNX PacueTosB.
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Uccnenyercs 3a1ada 00 ONPEIETICHIN MECTOPACIIONOXKEHUA JIOTOJTHUTE/THHBIX MAJIBIX
KOHIICHTPATOPOB B ILJIACTHHE U3 OOPOAIOMHHUS, CIOCOOHBIX OC/JIabUTh KOHIICHTPAIUIO Ha-
NpsizKeHuit, KoTopas (opMuUpyeTcs H3-3a HAJUYIUsT KPYroBoro orsepctus. s sToit menn
HCIIOJIb3YIOTCS KBaJIpaTHbIE OTBEPCTUSA ITPUOJIMKEHHO KBaJIPaTHON (POPMBI, pa3Mepbl KOTO-
PBIX OIPEJIEISINCh KOJUIECTBOM II€PECevIeHHbIX UMU BOJIOKOH. KBajparuast dpopma oTBep-
cTuit ObLIa BIOpaHa B CBSI3U C TEM, UTO B BOJIOKHUCTOM MAaTepHUaJie TPYIHO CO3/IaTh KPYTIJIoe
OTBEPCTHUE, UMEIOITee TuaMeTp TOro Ke TMOPSJIKa, 9YTO U XapaKTepHbIE pasMePbl CTPYKTYPHI.
Pasmepsl oTBepeTHS yBEJIMYUBAJINCH JIO TEX MOP, TOKa JIMOO He TIePecTaBaIu OCIa0 IATh Ha-
NpsizKEeHUe B TIePBOHAYAJIBHON 00J1acTH, JTUOO caMi OTBEPCTHUs HE cO3/1aBaJin 00J1acTeil orac-
HOl KOHIIEHTPAIINH, ITPEBIIIAIOINIEH 3HaYeHUs B IIepBOoHaYa/IbHOI 30He. Ha puc 1. npuseienb
PeE3yJIbTaThl PACUETOB JIJIST JIBYX PACIIOJIOYKEHUIN OTBEPCTHSI.
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Puc 1. PesynbraTsl pacyeToB /s ABYX PaCIIOJIOKEHUI OTBEPCTHS

[TepBoe — y BepuIMHBI KBaJipaTa, OMUCAHHOIO BOKPYT OTBEPCTHsl (HAMIyUINee ¢ TOUKH
3peHHs CHUYKEHUsI KOHIICHTPAIINN), BTOPOE — CABHHYTOE BIIPABO, IE€PECEKAIOIIee Te BOJIOK-
HA, Ha KOTOPbIE IPUXOAUTCH 00JacTh HamboJsbiieil KoHrenTpamun. Hanbosbmuii 3¢ dexr,
KOTOPOTO yJIaeTCs JOCTUYh IIPU TOMOIIM TAKOT'O YIPOUYHSIONIEr0 OTBEPCTUSI — CHUYKEHUE Ha-
NpsIZKEHUs B 30HE HANOOJIBITIEl KOHIIEHTpAIUN 0e3 cO3/1aHusi HOBOI OTIACHOM 30HBI TPUMEPHO
Ha 7 %.
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In logical recognition systems, logical methods based on discrete analysis and
propositional calculus based on it are used to construct recognition algorithms proper. In the
general case, the logical recognition method provides for the presence of logical connections
expressed through a system of Boolean equations, in which the variables are the logical
features of the objects or phenomena being recognized.

The logical signs of recognizable objects can be considered as elementary statements
that take two truth values: true and false [1].

First of all, logical signs include signs that do not have a quantitative expression. These
signs are judgments of a qualitative nature (the presence or absence of certain properties
or certain elements of recognizable objects or phenomena) [2]|. Logical signs, for example, in
medical diagnostics, may be the following symptoms: sore throat, cough, runny nose, etc.
The engine type of the recognizable aircraft - jet, turboprop or piston - can also be considered
as a logical feature. In geology, logical signs can be solubility or insolubility in certain acids
or in certain mixtures of acids, the presence or absence of odor, color, etc [3].

The number of logical features can also include features that have a quantitative
expression, however, it is important (and taken into account) not in itself the value of the
feature of the recognized object, but only the fact that it falls or does not fall into a given
interval. In practice, logical features of this kind take place in situations where measurement
errors can either be neglected, or the intervals of feature values are chosen in such a way
that measurement errors practically do not affect the reliability of decisions made regarding
whether the measured quantity falls within a given interval.

A new area of application of the methods of algebra of logic, which has emerged recently,
is the problem of recognizing a set of objects and phenomena, which can be reduced to solving
systems of logical equations. This paper describes the basic principles for solving systems
of logical equations and constructs algorithms for obtaining solutions to the maximum joint
subsystems of Boolean equations.
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Mexanika masalalarini matematik modellashtirish va MAPLE dasturida yechish
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Nazariy mexanika fani harakatlarning eng oddiysi — mexanik harakatni o‘rganadi.
Mexanik harakat deb, vaqt o‘tishi bilan jismlarning fazodagi bir-biriga nisbatan holatlarining
o‘zgarishiga aytiladi. Harakatning boshqa turlari — issiqlik, ximik va boshqa jarayonlardagi
harakatlar ham mexanik harakatlar asosida yuz beradi. Shuning uchun mexanik harakatni
to‘la bilgan holdagina boshqa harakatlarni tekshirishga kirishish mumkin. Ikkinchidan,
jismlarning tinch holati aslida nisbiy tushuncha bo‘lib, tabiatda absolyut qo‘zg‘almas jism
topilmaydi. Demak, biz tinch holatda deb hisoblagan jismlar yer kurrasi va planetalar bilan
birga juda murakkab harakatda bo‘ladi.

Nazariy mexanika masalalarini yechishda Maple dasturidan foydalanish katta
ahamiyatga ega. Chunki statika masalalaridagi ko‘p sonli chizigli tenglamalarini yechishni
avtomatlashtirish mumkin bo‘lsa, kinematika va dinamika masalalarida moddiy nuqta va
jismlarning harakatini tekislikda va fazoda o‘rganish uchun grafik tasvirlash va animasiyani
qo‘llash ularni chuqur o‘rganishga yordam beradi [1].

Statikadagi tenglamalar sistemasini yechishning kompyuter modelini ko‘ramiz.
Tenglamalar sistemasini matrisa ko‘rinishida ifodalaymiz:

AxX =B (1)

Bunda A— ma’lum qiymatlar koeffisiyentlaridan tuzilgan matrisa, X — noma’lumlar
matrisa ustuni, B— ozod koeffisiyentlar matrisa ustuni. Bunday modelning qurilishi
masala parametrlarining turli giymatlari uchun ayni bir xil sonli hisoblash ishlarini takror
bajarilishida vaqtni tejasa, ikkinchidan kuchlarning ta’sir chiziqlarida tayanch reaksiya
giymatlarining optimal (eng kichik yoki eng katta) qiymatlarini topishda, talabalar
mushohada qilishi va masala shartlarini grafik tasvirlashida qo‘shimcha imkoniyatlar
yaratadi. Tashqi ta’sir kuchining giymatini va ta’sir qilish chegaralarini o‘zgartira borib,
reaksiya kuchlarining o‘zgarishini hisoblash va natijalarni displey ekranida ko‘rsatish mumkin
bo‘ladi.

Kompyuterda o‘tkazilgan sonli hisoblash ishlarini har doim tiklash va takror o‘tkazish
mumkin. Nazariy mexanika darslarida kompyuter bilan muloqot talabalarda masala yechish
malakalarini rivojlantirib, zamonaviy kompyuter texnologiyalari asosida ilmiy tadqiqotlar
o‘tkazishga o‘rgatadi.

Kinematikada jismlarning massasi va ularga ta’sir etuvchi kuchni hisobga olmagan
holda wularning harakati ko‘riladi. Ko‘p masalalarda jismning o‘lchamlari hisobga
olinmaydi va bu jismni (material) nuqta sifatida ko‘riladi. Nuqta harakatini hamma
harakteristikalarini(tezlik, tezlanish, yo‘l) shu nuqta harakatini tenglamasidan olish mumkin.
Parametr sifatida mexanika masalalarida vaqt bo‘ladi.

Yuqoridagi ishlarning natijalarini to‘ldirgan holda, erkinlik darajasi ikkiga teng bo‘lgan
manipulyatorlarning kinematik va dinamik hisoblarini matematik dasturlash paketida
bajarib ko‘ramiz. Hisoblashlar tajriba ishlari ko‘rinishida berilgan va o‘quvchilarga tekis
mexanizmlarning harakatini tadqiq qilishga o‘rgatadi.
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Gorizontal XOY tekislikda harakatlanuvchi, erkinlik darajasi ikkiga teng bo‘lgan
manipulyator mexanik sistema sifatida qaraladi (1-rasm). Uning geometrik va dinamik
parametrlari berilgan bo‘lib, kinematik juftliklardagi ishqalanish kuchlari va elementlarning
deformasiyalari hisobga olinmaydi.

Boshqgaruv dvigatelining quvvati, C' panjaning va D detalni 7 vaqt oraligidagi ushlash
uchun sarflanadigan kuch aniqlansin.

Aniglansin:

a) boshqaruv kuchi P(t) va moment M (t);
b) dvigatellarning quvvatini N;(t) va Ny(t);

v) umumlashgan koordinatalar s(t), ¢(t) va dekart koordinata z., y. larning vaqt bo‘yicha
o‘zgarish qonunini.

=8

1-rasm. Erkinlik darajasi ikkiga teng bo‘lgan manipulyator.

Sistemaning harakat differensial tenglamalarini Lagranjning II-tur tenglamalari
ko‘rinishida chigaramiz
dor or dor or
____:qu ____:Qgp
dt s  Os dt 0p  Op
bunda 7'— kinetik energiya, Q,, Q,— umumlashgan koordinatalarga s(t), p(t) mos keluvchi
umumlashgan kuchlar.O‘zgaruvchining tepasidagi nuqta vaqt bo‘yicha hosilani bildiradi.

Xulosalar:

1. Maple matematik paketlari yordamida matematik masalalardan tashqari boshqa
texnika fanlari masalalarini ham analitik va grafik ko‘rinishlarda yechish mumkin.

2. Bundan tashqari Maple ko‘plab mexanizmlarni harakatini ko‘rsatish, animasiyalarini
hosil qilish uchun juda qulay dasturlash vositasi hisoblanadi.

3. Maple dasturini maktablar, kollejlar va oliy o‘quv yurtlarida chuqurroq o‘rganilsa,
fagat matematika masalalaridan tashqari boshqa fanlarning murakkab masalalarini
ham ixcham dasturlar orqali yechish mumkin bo‘ladi. Bu esa o‘quvchi va talabalarda
masalaning mohiyatiga yetish, ularning grafiklari va animasiyalarini yaqqol ko‘rish
imkoniyatiga ega bo‘ladi.
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IIpencraBiienue BHyTpeHHEN apXUTEKTYpPbl OMOJIOTNYECKNX OOBEKTOB Yepes3
ANNPOKCUMUPYIOIINIT TEH30P CTPYKTYPbI
! Cemenona E.B., 2 Axmerssnosa A.I., *IIlapodyraunosa K.P. , ‘Cauenkon
O.A.

b Kasanckuti @edeparvnviti Yrnueepcumem, ya. Kpemaesckan, 18, 2. Kasanw, Poccus
e-mail: elena.semionova2011@gmail.com

2 Kasancruti Pedeparvnviti Ynusepcumem, ya. Kpemaescrasn, 18, 2. Kasanw, Poccus

e-mail: ahmetzyanovaa0@gmail.com

3 Kasanckuti @edepanvrwti Ynusepcumem, ya. Kpemaescxas, 18, 2. Kaszanv, Poccus

e-mail: KaRSharafutdinova@stud.kpfu.ru
Kasanckuii @edeparvroiti Ynusepcumem, ya. Kpemaescrasn, 18, 2. Kazann, Poccus

4works@bk.ru

JI1st HEKOTOPBIX OOBEKTOB KakK IMPUPOIHOTO, TaK M MCCKYCTBEHHOI'O IPOUCXOXKICHUS
MeXaHHYeCKne CBOMCTBA CBasi3aHbl B OOJIbINEN CTEIIEHN CO CJIOXKHOM BHYTPEHHEH apXUTEeKTY-
pOii, ToTr/1a KaK caMu MaTepuaJibl MOYKHO CIATATH OJITHOPOIHBIMYU U N30TOIPEeHHbIMU. B Takom
ciaydae OOJIBIION MHTEPEC, HAPSY ¢ OTHOCUTEJILHBIM O0bEMOM, IIPEJICTAB/ISIET OPUEHTAIINS
UCCJIEyIOMON (ha3bl U OIEHKA pacIpe/ie/ieHns MHTEPECYEMOT'O BEIeCTBA B OObEKTE.

JLnst perienns 10 100HBIX 38184 OBLIM PA3BUTHI METO/IbI CTPEOJIOTHH, TTO3BOJISIONIIE BbI-
YUCJIATh UHTEPECyeMble 3HAUEHUs JJIsi TPEXMEPHBIX 00pa3IoB IOCPEJICTBOM HCCJIC/IOBAHUS
ockux cedennii [1]. Takoii moaxo/ MUPOKO PUMEHNM B MeToJiarpadui, a Tak:Ke B THCTO-
JIOTHYECKUX HUCCJICTOBAHUAX. TakKe ObLIO MOKa3aHO, UTO JIJIT HEKOTOPBHIX OMOJIOTMYECKUX
CTPYKTYP pacipejie/ieHne MOKET ObITh OIUCAHO SJLIMIICOM B JIBYMEPHOM CJIydae WA 3J-
JIETICOMJIOM B TPEXMEPHOM, KBajpaTudHas (popMa KOTOPBIX IPEJICTaB/IsAeT TEH30p BTOPOI'O
panra-ren3op axuzarpormu [2,3]. C mossiBHEEM METOIOB PEKOHCTPYKTUBHON TOoMOrpadmm
MOABUJIACH BO3MOXKHOCTH HEpPa3pyIIAIONIEro MUCCAEOBAHNS HETIOCPE/ICTBEHHO BHYTPEHHOT'O
cTpoeHus: 00pa3IoOB U MPEJICTABICHUS BHYTPEHHEN CTPYKTYPBI B BOKbCETHOM (hopMe.

B pabore paccMoTpeHbl BO3BMOXKHBIE METO/IbI OITUCAHUS CTPYKTYPHBIX CBOHCTB JIByMep-
HBIX U TPEXMEPHBIX OMOJIOIMYECKUX OOBEKTOB TEH30paMU BTOPOI'O YeTBEPTOrO PAHIoB. B
Ka4veCcTBe BXOJIHBIX JIAHHBIM OBLJIN HCIOJb30BaHbI M300pParKeHUs M JIAHHBbIE KOMIIbIOTEPHO
tomorpacdun. g onncanus HeOAHOPOIHON cpeabl ObLT ncnoib3oBan MIL-Mmerom, mo3Bosis-
IOMNI TTOJIyIUTh paclipejiesienre nnrepecyorieii ¢paspl B oobekTe. [lomydentnoe pacmpee-
JIEHUE TIpeJICTaB/IsgeT co0oi PYHKIMOHAJIBHYIO 3aBUCUMOCTh, HHTEIPUPYEMYIO C KBaJIpaTOM,
KOTOpas MOXKET ObITh pasyiokena B psji Pypbe. B pabore ObLin paccMOTpeHbI TpU UjieHA
pazioxkenus. Hanbospmmit nnTepec npeJicTaBIgioT TEH30P BTOPOTO PaHTra, KOTOPbI XapaK-
TEpPU3yeT OCU OPTOTPOIHMHU WU CTENEHb BBITSIHYTOCTH OCPEIHYHHOI TTOPBI U TEH30P YeTBEP-
TOrO paHra, TakK KakK IOTEHIUAJIbLHO OH MOXKET CBA3aTh XapaKTEPUCTUKY PACIPEICICHUS C
TEH30POM MOJIyJIeil YIIPYTOCTH.
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KoctHas Tkanb obpasyeT ckesieT OOJIBITUHCTBA ITO3BOHOYHBIX U HEOOXOIMMA JIJIsd TIe-
peJBIKeHUsT 1 3aiuThl opranoB. OHa mepecTpanBaeTcsl Ha MPOTSKEHNN BCEH KU3HU Kak
JKUBas TKaHb, YTOOBI OCTaBaThCA HEIMOBPEXKIeHHOM. KocTu ocTaioTes MaKCUMAaJILHO JIeTKH-
MH ¥ B COYETAHHHU C MBIIIIAMHI, CyXOKUJINIME U CBA3KAMHU JIEJAI0T BO3MOXKHBIM 3D deK-
THUBHOE JBMKeHre. KocTu MOryT M3MEHHTb CBOIO CTPYKTYPY B 3aBUCHMOCTH OT Harpy30K
1 PU3MOJIOINIECKIX O0CODEHHOCTEH. AHaIn3 KauecTBa KOCTHOW TKAHU BarkKeH B Pa3/IMYHBIX
O6.HaCTHX MEIUITMHDBI. BHaHI/Iﬂ 0 COCTOdHUU KOCTHOI TKaHU MOT'YT IIOMOYb IIOHATDH ITPOILECCHI,
HPOUCXOIAIINE B HEM.

TpajuimonHo aHaJ M3 OUOJOTUTIECKUX JAHHBIX ITPOBOJIUTCH BPYYHYIO M Ka9eCTBO aHa-
JIM3a 3aBUCHUT OT OIbITa crieruasucTa [1-5]. B nesiom aBroMaTusaius Takoro aHaIu3a 3aTpy/l-
HeHa M3-3a CJYYANHBIX BXOJHBIX JAHHBIX [6-8]. MOXKHO BBIIEIUTH CJIEAYIONHE TIOIXO/bI K
00paboTKe M300parKeHnii: OTCEUBAHUE MTyMa PA3JIMIHBIMUA (PUJIBTPAME, CeIMEHTAIUs n300pa-
KEeHHUd 1 aHaJIN3 9JICMECHTOB. Hpe,[[‘ﬂaFaG‘MbHU/I IIOJXOI ABJIACTCA B HEKOTOPOM POJIE FI/I6pI/I,Z[‘OI\I
9TUX IOJAXOI0B.

Broriu perenbl ciiejiyionie TUIIOBBIE 3a/1a491 JIjIsI CHUMKOB ¢ paciiupenneM 2x10: uieH-
TudUKaIus TpabeKyJ Ha CHUMKE; BITUCICHUE CPEJIHEr0 3HAUCHU TOJIIIMHA KayKI0i Tpade-
KYJIbI; BBIUYUC/IEHAE CPEIHEr0 PACCTOTHUS MEXKYy COCeIHUMU TpabeKyaamu. i CHUMKOB ¢
pacmmmperneM 10x10 BbIIe/IsI1aCh 30Ha PA3MHOXKEHUsT U 30HA TUIIEPTPOMUPOBAHHOIO XPSIIIIA.
B nambreitmem OyJieT 10/ICIUTaHO KOJMYECTBO AA€P B 30HE PA3MHOMKEHUS.

st pertiennst mepBoro Habopa 3a71ad HeoOXOIUMO IIPOBECTH CErMEHTAIINI0 U300parke-
nus. Vcnosp3oBanue aaropurMa Kiacrtepusainun K-cpeHuX 1Mo3BoJIsieT pa3jieanTh n3o0pa-
»)KeHne Ha cjon. Ha KaxK1oM cjioe ocTtaiorcss OObeKThI CO CXOXKUMU IIBETOBBIMUA CBOMCTBAMMU.
Heobxoaumo BeIOpaTh CJ10ii, Ha KOTOPOM OCTaJINCh HHTEepecyoue Hac 00beKThI. Jasee mpo-
U3BOJUTCS yCTpaHeHHe MIyMOB m3o0pazkeHusi. Takmm obOpa3zoM Ha M300parkKeHUun OCTAlOTCs
TOJIBKO UCKOMBIE€ O0BEKTHI — TPaOEKY/IbI.

Kaxktag Tpabekysia OmuChbIBACTCA SJIIUIICOUIOM, YTO TO3BOJIAET ONPE/IC/INTh IJIaBHbIE
HanpaB/enns oobekTa. [ BbIIUCIeHUs MMUPUHBI HEOOXOIMMO ITPOBECTU OTPE3KU IEePIICH-
JIMKYJIsIPHBIE TTIEPBOMY TJIABHOMY HallPABJIEHUIO, COEIMHSIONNE KpaiiHue TOUKN TPabeKyJIbl.
Tax mosygarorcs gaHHble 00 U3MEHEHUM MUPUHBI Tpabekysibl. [ BBIUUC/IEHUS PacCTOs-
HUS MEXKJy COCEIHUMHU TPabeKyJIaMu MPOBOIUTCSI HOPMaJb OT OJHONW TPabeKyJbl K JAPYToi
u u3MepseTcs ero jnuHa. Jlannas mporieaypa BBIIOJIHAETCA BJOJb OJHON TPAOEKYyJIbl, IO-
Ka He MCYe3HYT Iepecedennsd. Jlasee npousBoanTcs aHaJIOTUYHAS TPOIEIyPa, HO HOPMAJIN
CTPOATCS OT BTOPO#l TPaOEKyJIbl K MEPBOIA.
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AJITOpUTM BBITIOTHIETCS ABTOMATHIECKN C MCIIOJIB30BAHNEM TTaKeTa MPUKJIATHBIX TTPO-
rpamm Matlab.

Jlnst perieHust BToporo Habopa 3a/iad HeoOXOIMMO IIPOBECTU OIEePaIy I Ipe/IBa-
puTeabHON 00pabOTKU M300parKeHus, TaKhe KakK: IMOMCK BEJIMIUHBI IPAUeHTa U HaIpaBJje-
HIE JIBYMEPHOI0O M300paskeHust; Pa3MbITE N300parKeHus ; MOp(OIOrniecKas pEKOHCTPYKIIN
n300paKeHNs; yaIeHue He3HAIUTETbHBIX O0HEKTOB ¢ OMHAPHOTO N300parkenus. Boigenenne
30HBI TUITEPTPOMUPOBAHHOTO XPAIIa IPOU3BOIUTCA IIyTeM pas3Ouenusd n300parKeHusd Ha, CeT-
Ky U IIOMCKa HamboJiee T'yCTO COCPEJIOTOYEHHBIX OOBEKTOB B KaXKJOi KJeTKe. Bblienenue
30HBI PA3MHOKEHUsI TTPOUCXO/IAT IIyTeM CerMEHTAIMN M300parKeHnsT Ha OCHOBE KJIaCTepru3a-
nnu K-cpegHux ocTaBIIerocsa n300parkKeHuns.

BxomabiMu JaHHBIMEU JJ1sI pAOOTHI IPOrPAMMBI CJIY?KUT CHUMOK MUKPOCKOITHH, BBIXO/I-
HBIMH JIAHHBIMHE sIBJISIIOTCsI 0OpaboTaHHble n3o0bpaxkenus n Excel-daiin ¢ KosmmdaecTBeHHBIMI
XapaKTePUCTUKAMU.

B nannoit pabore mpejicraBiieH MeTOJ aBTOMATHICCKOTO aHaIN3a JIAHHBIX MUKPOCKO-
nun. [Ipenokennsiit crocod MO3BOJISIET YIPOCTUTD PACUET THMCTOJOTUIECKUX MAPaMeTpPOB.
Ornmcannasi MeTo/inKa ObLIAa MCIOIH30BaHA JIJIsI aHAJIM3a Cpe30B KocTu. OIMUCAHHBIN ajro-
PUTM MOKeT OBITh JIETKO II€peHeCceH B KaKoe-JIuO0 IIporpaMMHOe obecrievueHne J1jisi OU0JI0ru-
YeCKOr0 aHaJIU3a.
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AKTyanpHOI 3a/1a9eil SBISIeTCs MOJIE/INPOBAaHNe HAIIPAKEHHO-1e(OPMUPOBAHHOTO CO-
CTOSTHUS TIO-PUCTBIX MHOTOMA3HBIX CPeJl, TPUMEPOM TaKOi CPeJIbl SABJISIETCS KOCTHAsT TKaHb.
[Tpu cumysuu mo-BeIeHust KOCTHON TKaHu | 1] HeoGXouMo yuecTb aHU30TPOIIHBIE CBOHCTBA
CpeJibl, ompeessieMble 0OCOOEHHOCTSIME Pa3/JINIHBIX BUI0B KOCTHBIX OPraHOB B 3aBUCUMOCTHU
oT uX (YHKIMOHAJIA, BO3pACcTa, I10J1a, Cpeabl OOUTaHUs W T.II.; TaKad 3ajada - aKTyasbHa.
B ciaygae mMomesmpoBaHUsS aJalTAIMOHHBIX IIPOIECCOB |2|, BOZHUKAIOIINX B KOCTHOH TKa-
HU [IPU BO3JEHCTBUU BHEITHUX (PaKTOPOB, HEOOXOIUMO 3HATH IEPBOHAYAIBLHOE COCTOSTHUE
KOCTHOI'O OpraHa, a 3HAYNT, Paclpeje/ieHre B Tejle aHN30TPOIHBIX cBOWCTB. [t onpeese-
HUsI OPTOTPOITHBIX CBOMCTB HEOOXOIMMO TTPOBEJIEHNE HATYPHBIX SKCIIEPUMEHTOB, TAKOW METO/T
HEBO3MOXKEH, TaK KakK TpedyeT OOJIbIIoe KOJUIeCTBO 00pa3IoB; OoJjiee TOrO JAHHBINH METO/I
TpebyeTr paspylleHrne KOCTHOI'O OpraHa.

Ha cerogngmmmauit 1eHb pa3BUTHE KOMIILIOTEPHONW TOMOTI'PAMUN TTO3BOJIAET OJIydaTh HH-
dopmaluio o cTpyKType obdpasia 6e3 pa3pylleHusd, a pacipoCTPAHEHHOCTb KOMITbIOTEPHBIX
ToMOTpad OB B KJIU-HUKE Pa3BUBaeT 00J1aCTh IPUMEHEHUST METOIUKN B 3a/a9UaX OMOMEeXaHM-
ku. Pa3sBuTre HampaB/ieHNs KOMIBIOTEPHON ToOMOTpadun pacimpsieT 00/1acTh MPUMeHEeHUsT
MeTo/la Ha MUKPOYPOBHE (MUKPOOHO-JIOTHs, KpUCTALIorpadusi U T.I.) 1 MAKpOypOBHE (Me-
JIUIIHA, MAIIMHOCTPOEHHE U T.II.).

[Henbro manHO# PabOTHI SIBJISETCST CO3/IAHNE METONKN aHAJIN3a PACIIPE/Ie/IeHUs] OPTO-
TPOITHBIX CBOMCTB KOCTHOI'O OpraHa I0 JaHHBIM KOMIIBIOTEPHON ToMOrpadun.
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PaccemorpuM crietytomue ypaBHeHre IepeHOCa BEIECTBA B IIOPUCTON CpeJie

2 *

R _ple v O g1 (1)
ot 0x?  mox m
rie R — perapaannonuslii pakTop; ¢ — KOHIIEHTPAINS MACChl BEIIECTBa B KUJIKON dase, T.
€. Macca pacTBOPEHHOIO BellecTBa B eguHmIe obbeMa pacTBopa (Kr/m?), m — mopucTocThb
nopucroii cpene (Mm% /M%), ¢ — obbeMHAsZ CKOPOCTH 3aKAYKH MCXOIHOM ZKUKOCTU HA €IMHUILY
obbema cpeapt (¢71), ¢ — Bpemst (¢), v — CKOpPOCTb TeYeHHs KUJKOCTH B MOPHUCTOI cpejie
(M/c), ¢* — KOHIIEHTpAIHs BEIeCTBa B 3aKaIMBAEMOil KUJIKOCTH B MIOPHUCTOI cpejie.

st pemnenns ypasaenne (1) ucrnosb3yercs ceyromiue HadaJlbHOe 1 PAHITHOE yCJIO-
BUs

c(0,2) =0, (2)
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c(t,0) =co, c(t,1)=0, (3)
c(t,zg) =2, (t), k=1,2,.., n (4)
e 2 (t) — sHavenns Gyukiwm A(t, xy) B TOUKaX T, HOJTYyI€HHBIE OOBITHO ITyTeM U3MEepPeHuii,
k=1,2,...,n.
PaccmorpuMm tenieps 3a1aty onpejiesieans Koadgduruent R n3 ycjioBusg MUHUMYMa CJie-
JIYIOIIEro (pyHKIMOHA/IA, HEBAZKH

J(R) =) /0 e (¢, 21) — 21, ()] dt. (5)

Yegosue cranumonapuoctu dyukiuonaia (5) umeer sug [5|

% _ 2; / e (tyan) — 2] w (¢, 25) dt = 0, (6)

S
Paznoxum dyuknuio A(t, r) B OKPeCTHOCTH HEKOTOPOTO R B PsJi ¢ TOYHOCTHIO JIO0 UJIEHOB

BTOPOrO mopsijika [5]
s+1

At x) ~ it a) + (R — Ry, o), (7)

s+1 s+1
rae A osnadar 3uadenue A(t,x) upu R = R.
S
Ucxoaublit hyHKIMOHAT HEBA3KHY (5) Ha KarKJI0N HTEpAIui B OKPECTHOCTH 1R PA3JIOKIM

J0 9JICHOB TpeThero mnopsdikKa, T.€.

J(szl) :J(}S%> +@ (Sﬁl—fz) +%$ <sﬁl—fz)2. (8)

Torpa ycnosue cranmonapuoctu (5) umeer Buj

dJ (Sﬁl) I (R) & (R) (s+1 ) o

AR~ dr " Tap \ R

s+1
s ycJj1oBuA (7) B pe3y/ibTaTe HaXO/JIUM CJIETYIOIINE HpI/I6JII/I}KeHI/IH R
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AnroputM pacdera moTpebHOCTH BOJAHBIX PECYPCOB yYaCTKOB MAarucCTPaJIbHOTO
KaHaJja
!9conrypaues M.H., 2Seytov A., *Haydarova R., ‘Ergashev 1.
Y Qupyukexuti Tocydapemeenniti nedazozuneckuti ynusepcumem, Jupuux.
e-mail: esonturdiyev80@mail.ru
2 douernm Yupuurcroeo 20cydapemeeniozo nedazozunecko2o yrucepcumema, Jupuusk.
e-mail: seytov.aybek@mail.ru
3 JToxmopanm Tepmescrozo 20cydapcmeeniozo yrnusepcumema, Tepmes, Yabexucman,
e-mail: roziyadavronovna0412@gmail.com
4 Qupyukcerwuti Tocydapemeennviti nedazozuneckuti yrusepcumem, upuur, Ysbexucman
e-mail: isroilbek19960818@gmail.com

Paccmorpum 1mocsieioBaTeibHOCTh BBIUNCJIEHUsT IIOTPEOHOCTENH BOIHBIX PECYPCOB Maru-
CTPaJbHOIO KaHaJa COCTOAMMX U3 m € M ydJacTKOB, B KaxKJIOM ydacTKe KaHaJia MMEITCs
OTBOJIBL j € Jy,, U KaKJIBIl OTBOJL j OPOIIAET IJIOMAIN Wjik-

—meM— HOMEDa Y9aCTKOB MalruCTpaJibHOI'O KaHaJla, M — MHO>KECTBO HOMEPOB y4acCT-
KOB MalruCTpaJIbHOT'O KaHaJla;

— 1 € Ip,; — BUJIBI CEIbXO3KY/IBTYP IOCESHHBIE Ha IO/IBEIIeHHBIX 3eMJISX j — 'O OTBOJIA Ha
yJacTKe KaHaJja ¢ HOMepoM m, I,,; — MHOKECTBO BHJIOB CEJIbXO3KY/IbTYD MOJBEIIeHHbIX
3eMJISIM ] — I'O OTBOJIa Ha yYaCTKe KaHaJla ¢ HOMEPOM In;

— k € K,,jr — THUIIBI I'HJAPOMOJYJIBHBIX PAilOHOB IIOJBEIIEHHBIX 3eMJIAM j — I'O OTBOJA Ha
ydacTKe KaHaJja ¢ HoMepoM m, K, , — MHOXKECTBO THIIOB;

— THJIPOMOJY/TBHBIX PAlOHOB TO/BEINTEHHBIX 3€eMJIAM j-TO OTBOJIa Ha yJYacTKe KaHaJa C
HOMEDPOM.

Takum 00paz3oM, Wy, ji, IPeAcTaBIdeT coO0 CTPYKTYPY IOCEBHBIX ILJIOIIa el Bcero Ma-
TUCTPAIBLHOTO KaHA/Ia, TOTJIA JIJIsi KayK/I0T0 OTBOJIA C YIETOM PEXKMMOB OPOIIEHUST CETbX03-
KYJIBTYD HOTPEOHOCTh B BOJHBIX PECYPCOB OIPEIEISeTCs Cey oM obpasom [1]

QiknWmjik
ngjn = Z —J7 ngn = ngjn + AT mjns (1)

i€1m; kEKmji Nz

TJI€E (ikn — JEKaJIHbIE THIPOMOJIY/IN 1 — Off CEeJIbXO3KYIBTYPHI K — IO THIPOMOJIYIBHOTO paitoHa

JIg N — Ot 1eKa/ibl; ngjn — HOTpeOHBIA pacxo Ha OPOMICHUE BOIBIL, ([]mjn — HOTPEOHbIE

pPacxoabl HEeCe/IbCKOXO3AMCTBEHHBIX IIOTpeOnuTeelt, Q,l;[jn — BCEro MOTPEOHBIN PacXo/ BOJIBI j

~ T'0 OTBOJIa I — I'0 y4acTKa MaruCTPajbHOIrO KaHaJa Jjid N — Oif JeKaJbl; Mym; — Kodddnu-
IIUEHT TOJIE3HOTO JIENCTBUS BHYTPUXO3SIUCTBEHHBIX KAHAJIOB j — I'O OTBO/IA M — T'O yYacTKa
MarucTpaJbHOIO KaHaJA.

[TomuBHBIE IIOMIAIN IO TTOTPEOUTEIAM OIPEIEIAIOTCS B BUIE

Snrmljn = Z Z SiknWmjik (3)
1€1mj kEKmj;
e ngn — [IOJIMBHBIE IIONIAJM j— TO OTBOJA M — I'0 y4acTKa MarkuCTPAIbHOIO KaHAJa JIJIsd
N — Oif JieKaJibl BEreTAIMOHHOIO [IEPHOJIA; Sik, — JeKaJiHble MOJMBHBIE MOJY/IH 1 — Oif celib-
XOBKYJIBTYPBI K — 10 THIPOMOJLY/IbHOIO paifona Jiyist n — oif jerapt [2].
Anasoruano 1o dhopmyiie (1) onpeensorcs noTpebHbIe PACXO/bI BOJIbI Ha KOHEYHBIX
OTBOJIAX MAIMCTPAJBHOIO KAHAJIA.
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O6 ogHOM pernieHNN yCcTpaHeHUs ITPOOJIeMbl B KPEJUTHOI cucTeMe o0yUueHUs
Y arapos T. I., 2Aauxkynos A. X.
U Towrernmexuti ynusepcumem ungopmayuornvx mexnorozuti, Tawkenm, Yabexucman,
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B kpeauTHOIT cucteme oOyUdeHrnss BOSHUKAIOT MHOI'O IIPOOJIEM B CBA3M € YIEOHBIMU MaTe-
puajiaMu U BBIOOPOM JIAHHBIX O IperojiaBaresieil. B coBpeMeHHON Kpe uTHOI cucreme o0y-
YeHUs CTABUTCA BOIPOC 00 aBTOMATHU3UPOBAHHOM IIPOIECCE TOJIYUeHUd MHMOOPMAITHOHHBIX
JIAHHBIX B CUCTEMBI YIIPABJIEHUS O0yICHUEM.

3/1ecb HAJI0 YI€CTh, 9TO OOBEKTOM HUCCJIE/IOBAHUS SBJISIETCA YIeOHBIN TPOIECC B Kpe-
JIATHON cucTeMe O0yJIeHMs.

B Hacrosiiee BpeMsi, CTYIEHTBI CAMU OIIPEJIEJISIIOT U BHIOMPAIOT MPEJIMEThI (MCKIIIO9ast
6a30Bble) U €CTECTBEHHO COOTBETCTBYIOIINX IperojaBaresieil B 3Toii ob1acTu.

OcHoBHOIT TPO6JIEMOIT B COBPEMEHHO# KPEIUTHOM crucTeMe 00ydIeHNs CANTAEM, 9TO HET
o0ITIeTI0CTYITHOM 6a3bl JAHHBIX WM KaK MOXKHO TOYHO ONIPEJICIUTH MHMOPMAIITMOHHON Oa3bl
JMaHHbIX. JI0KHBIM 06pa3oM, J0KHA OBITH CHCTEMa TIepeiadn (IIporpaMMHOe obecedeHue )
nHMOPMAITMOHHBIX JIAHHBIX JIJIs 00eciiedennsi pabOThl ¢ HEOOXOIUMBIMU JIAHHBIME B IIPOIECCE
KPEJIUTHON cucTeMe 00y JIeHNsI.

Jlnst yerpaneHust 9TUX Bce HEOOXOMMbIe WHMOPMAINOHHBIE JTAHHBIE JOJIKHBI HAIPSI-
MYIO HaxXojuTcsd Ha ceppepe. /lajiee, depe3 3ampochl HA cepBep yIPABJIAIONIMX CUCTEM, Ha-
npumep LMS, HEMIS u apyrue mepemaércst coOTBETCTBYIONIUI HH(MPOPMAIMOHHBIA TOTOK
JIAHHBIX.

Nudopmarmonnbie jtanuble:

1) VuebHble MaTEPHATIBL.

2) Uudopmaruu o npenogaBaresieii.

B coBpeMeHHOM MOHATHM OHM Ha3bIBAIOTCS KOHTEHTOM B YUe€OHOM IIpoIiecce 00y IeHNUs.
st Toro, 4ToObI Bce MHMOPMAIMOHHbBIE JJAHHbIE, KaXK bl [TperoiaBaTeib TOTOBUT U IIe€pe-
CBLJIAeT Yepe3 JIOKAJILHYIO CeTh WJIM Uepe3 UHTEePHET Bee HeOOXOIMMbIe yueOHbIe MaTePUAJIBI
U JIaHHBIE O cebe.

st yTOYHEHU HAIIOMHUM, 9TO BCE CYIIECTBYIOIINE CUCTEMBbI YIIPABJICHUS 00yIeHHEM
TpebyeT OT IperoiaBaTe/id BHECTH 110 OJMHOYKY ydeOHble MaTepuaJsbl. U Hajo ydecThb, 9TO
JIONIOJTHUTETHHO BBOJIUTC HamboJjiee TOJTHas CIpaBKa O IperojaBaresie, re JOJKHaA CoIep-
JKATCSA BCsT MH(MOPMAITHS.

[Ipuanun paborer nepegadn MHMOOPMAIMOHHBIX JIAHHBIX CXeMATHIECKH MOXKHO IPE/I-
CTaBUTD CJIEJIYIONIUM 0OPa30M:

EcrecrBenno, na cepBepe y KaxKJ0ro mpenojiaBareis CBOM KOJI, JJOTUH U [1apOJib.

[IycTh yuebHBIE MaTEpUabl OJHOIO IMPENoaBaTe/si CUATaeM KaK IepeMeHHble Xi 1
dbyukmo nepegaan nudopmanun obozuadnmM V(Xi). s nHbDOpMAaImu o mpernoasaresieii
BBEJIEM IIepeMeHHYI0 Y1 U COOTBETCTBEHHO (DYHKIHIO Tepeiadn jJaHHbx obosnadnm U(Y1).
3/1ech MOXKHO BBECTH [T€PEMEHHYTO 3aBUCAIINMCS OT BpeMeHHU t U IPU KOHKPETHOM WHTepBaJie
3HAYEHUH t= tp IeperaloTcs JaHHbIE.

Torma moJryvIaercst CJIeIyomnme CyMMBb:
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HoHTeHTh ‘ HoHTeHTbI ‘ | HoHTeHThb
npenocaaeaTens npenogaeaTtend | npenocaaearena
CEPBEP YTIPABNEHWMA
KOHTEHTOB

Puc.1 Cxema mepeaan KOHTEHT

n

V=3 V(Xit,), (1) Uy = S V5.1), (2)

=1

I'maBHOIT 9acTBHIO pa6OTbI CUCTEMBI yIIDaBJIEHUA O6y‘{eHI/IHMI/I ABJIAETCA 3alIPOChI Ha Cep-
BED YyIIpaBJIeHUA KOHTEHTa JJId Bbl60pa JaHHDbIX.

CHMCTEMBI ¥NPABNEHMA
OBYHEHWAMMK

CEPBEP YTPAB/IEHWA
KOHTEHTOB

Puc.2 Banpoc — nepenayga.

Ha cepsepe ynpasienust nHGOpMaIMOHHbIE JJAHHBIE NIPEJICTABIACTC B BUJIE CJICIYIO-
UX cucTeM (DPYHKITMOHAJIOB:

F(x) =Y "V, Z(1) =) _ U,

CirenoBaTeIbHO, Kazkgast (DyHKIMS OTBEYAET 38 COOTBETCTBYIOIINIT KOHTEHT.
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