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SECTION I. MATHEMATICAL ANALYSIS

On the existence of bound states of a system of two fermions on the one
dimensional lattice
! Abdukhakimov S.Kh., 2Azizova M.A.
L2Samarkand State University (Uzbekistan,),
e-mail: abduxakimov93@mail.ru, amukammal@mail.ru

Let ¢2(Z x 7) be the Hilbert space of square summable functions on the cartesian product
7 x 7 of the one dimensional lattice Z and ¢>%(Z x Z) C ¢?(Z x Z) be the subspace of antisymmetric
functions on Z x Z.

In contrast to the results of [1-2] we prove the existence of eigenvalues below the essential
spectrum of the operator H,(k) in the following two cases: in the case k = 0 for all ¢ < 0 and in
the case of k # 0 for large u < 0.

In a position-space representation the two particle Hamiltonian Iﬁl#, associated a system of
two-particles interacting by means of the potential v, in the position space representation is the
bounded self-adjoint operator acting in (>%(Z x Z) as

]ﬁluzﬁo—ku@, w<0.

The free hamiltonian ]ﬁlo of a system of two identical quantum-machanical particles (fermions)
is the bounded self-adjoint operator acting in the Hilbert space ¢*%(Z x Z) as

]ﬁl():il(]@[—{—[@ilo

Here ?L() is R o o
ho := AN+ AAA,
where ) N
Af@) = fla) - LEFVEIEZD e g
The interaction V of the two identical particles (fermions), in the position space representation,

is given as the multiplication operator by function :
Vi@, y) = 0@ —y)f(x,y), felUTxD),
where the function ¢ is defined on Z as
1 _
b(a) = { 0, |‘§| .
Let T = (R/27Z) = (—m, ] be the two dimensional torus, the Pontryagin dual group of Z, equipped
with the (normalized) Haar measure

dp
dp) (= — .
n(dp) 5

Let L?(T) be the Hilbert space of square-integrable odd functions on T.
The discrete Schrodinger operator H, (k) acting in L?°(T) is of the form

Hy (k) = Ho(k) + pV,
where Hy(k) is the multiplication operator by function & (p):

[Ho(k)f1(p) = E(p)f(p), f € L>°(T),

E4(r) = (5 —p) (b + 1),
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and
e(p) = (1 — cosp)® 4 (1 — cosp)®.

The corresponding two-particle dispersion relation &(+) is of the form

23 k 1 3k
Er(p) =8 — ?cosﬁcosp—&— 4 cos kcos2p — 500870083]?

and V is the integral operator of rank one

[V F](p) = sinp / sintf(tyn(dt), f e L2°(T),

T

The perturbation V is operator of rank one. Hence, by the Weyl theorem the essential spectrum
of H,(k) coincides with the spectrum of Hy(k), i.e.,

UeSS(HM(k)) = o (Ho(k)) = [Emin(k), Emax(K)],

with

Emin(k) := min & (p) = 2 [(1 — cos ﬁ)2 + (1 — cos k)3] >0,
peT 2 2

Emax (k) := max E(p) = 2 [(1 + cos ﬁ)2 + (1 + cos k)3] < 24.
p€eT 2 2

Theorem 1. Let k = 0. Then for any > 0 the operator H,,(0) has an eigenvalue z,,(0) below
the threshold Emin(0) of the essential spectrum oess(H,,(0)).
We define the following finite integral for each k € T\{0}:

sin? p77 dp
a(k>€m1n / gmm )
Let
(k) = N
) =, Emin(R))

Theorem 1. Let k # 0.
(1) If pun(k) < p <0, then the operator H, (k) has no eigenvalues below the threshold Emin(k);

(it) If p < pen(k), then the operator H, (k) has an eigenvalue z,(k) below the threshold Emin (k).

References
1. S. Albeverio, S. N. Lakaev, K. A. Makarov, Z. I. Muminov. The Threshold Effects for the Two-particle
Hamiltonians on Lattices, Comm.Math.Phys., 262, 2006, 91-115.

2. S.N. Lakaev, S.Kh. Abdukhakimov. Threshold effects in a two-fermion system on an optical lattice,
Theoret. and Math. Phys., 203, 2020, 251-268.
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Monotonicity of the eigenvalues of the two-particle Schrodinger operator on a
lattice
IAbdullaev J.I., 2Usmonov L.S.
L Institute of Mathematics of the Academy of Sciences of the Republic of Uzbekistan,
e-mail: jabdullaev@mail.ru
2Samarkand State University, University Boulevard 15, Samarkand 140104, Uzbekistan,
e-mail: u.lochinbek@bk.ru

We consider the two-particle Schrédinger operator H(k), (k € T3 = (—m,n]3 is the total
quasimomentum of a system of two particles) corresponding to the Hamiltonian of the two-particle
system on the three-dimensional lattice Z3. Under some additional conditions potential @, the
monotonicity of each eigenvalue z, (k) = z, (k") k), k®)) of the operator H(k) in k%) € [0,7],i =
1,2,3 with fixed other coordinates is proved.

Energy operator H of a system of two quantum particles on a three-dimensional lattice Z3
acts in the Hilbert space f5((Z3)?) by formula (see [1-4])

H=H,-V,
where the free energy operator Hy acts in £5((Z3)?) as

. 1 1
Hy=——A,, ——A,,.
0 2m1 “ 2?712 2
Here mq, my > 0 are denoted the masses of particles, which in the future are considered equal to
one, Ay, = A®I and A,, = I ® A, lattice Laplacian A is a difference operator describing the
transfer of a particle from a side to neighboring side

3

~ ~

(AP)(x) =Y [(x+e) +d(x —e) = 20(x)], ¢ € r(Z°),
i=1
where e; = (1,0,0), ey = (0,1,0), e3 = (0,0,1) are the unit vectors in Z3.
The interaction of two particles is described by the operator V :

(Vi) (x1,%2) = (x1 — x2)¥(x1,%X2), ¥ € lo((Z*)?),

where §(x) > 0 and ¢ € [;(Z?). The energy operator H is the bounded self-adjoint operator in the
space fo((Z3)?). Transition to impulse representation is performed by using the Fourier transform F :
Lo((T3)?) — €2((Z?)?). Operator energy H = F~'HF in the momentum representation commutes
with the group of unitary operators Us,s € Z3 :

(Usf)(k1,k2) = exp ( —i(s, k1 + ko)) f(k1, ko), f € La((T?)?).

From the last fact we obtain [5] that there are decompositions of the space La((T?)?), operators
Us and H into direct integrals:

L((T%)?) = /

DLy(Fi)dk, Us= / oUs(k)dk, H= [ @®H(k)dk.
T3

T3 T3

Here
Fy = {(k17k2) S (T3)2 : ki +ky = k};

Us(k),k € T3 is the multiplication operator by the function exp(—i(s, k)) in the space La(Fk), and
fiber operators H(k),k € T? in Ly(Fy) are defined according to the formula

() )k —q) = (E(a) + £k — ) flak —q) — (2m) 3 / v(a—8)f(s.k — s)ds
T3
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and it unitarily equivalent to the operator H (k) = Hy(k) — V, so-called the Schrédinger operator.
Unitarity is carried out using the unitary transformation

uic: La(Fi) = L(T), (wo)(a) = g5 — a3 +a).

Hy(k) is the multiplication operator by the function

k k
&x(q) = 5(5 +q) + 5(5 -q),
where

3
E(q) =) (1—cosq?)

7j=1
and  V is the integral operator in Ly(T?), generated by the kernel (27)~3/2v(q — s). The kernel v
of the integral operator V is the Fourier transform of the potensial 0.
Assumption 1 Let be
@(25,n(2),n(3)) =0,VseZ

or
8(2s +1,n? n®)) =0,Vs € Z.

Theorem 1. Let assumption 1 be fulfilled. Then each eigenvalue z, (k) = z, (kM) k) k(@)
of the operator H (k) increases in k(1) € [0, x].

Remark 2.4. Let be
@(n(l),2s,n(3)) =0,VseZ

or
f)(n(l), 2s + 1,n(3)) =0,Vse€Z
(respectively
@(n(l),n(2),28) =0,Vs € Z
or

@(n(l),n(2), 2s+1)=0,Vs € Z).

Then each eigenvalue z,(k) of the operator H (k) increases in k(®) € [0, 7] (respectively in k)
[0, 7]).
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Point spectrum of the operator matrices with the Fredholm integral operators
Abdullaeva M.
Bukhara State University, Bukhara, Uzbekistan;
e-mail:abdullayevamuhayyo9598@gmail.com

In mathematics, Fredholm operators are certain operators that arise in the Fredholm theory
of integral equations. They are named in honour of Erik Ivar Fredholm.

A linear operator A from a Banach space X to a Banach space Y is called a Fredholm operator
if

1. A is closed;

2. the domain D(A) of A is dense in X;

3. a(A), the dimension of the null space N(A) of A, is finite;

4. R(A), the range of A, is closed in Y

5. B(A), the codimension of R(A) in Y, is finite.

In particular, on the spaces Cla;b] or La]a; b] an operator of the form

b
(A0)@) = [ Klzo(, (1)

where the kernel K(-,-) is continuous and hence square-integrable function on [a;b] X [a;b], is
Fredholm. The operator of the form (1) is also called a linear Fredholm integral operator with
the kernel K (+,-). In the present note we considered the case where the kernel K(-,-) is degenerate.
Let TY be the d-dimensional torus and Ly(T9) be the Hilbert space of square integrable
symmetric (complex) functions defined on T¢.
In the Hilbert space Lo(T9) we consider the Fredholm integral operators of the form

(Ash)@) = ai@) [ agOf0dt fie o), i< ij=123,

where a;;(+), 7,7 = 1,2, 3 are the real-valued continuous functions on T9. Then it is easy to see that
Afj = Aj; foralli,j =1,2,3.

First we investigate the spectrum of A; := Aj;. Direct calculations show that the operator
A; has a purely point spectrum and the equality opp(A1) = {0, [|a11||*} holds, where the number
A = 0 is an eigenvalue of A; with infinite multiplicity, the number A = |la11]|? is a simple eigenvalue

of .Al.

For the further discussions we denote

LT i= {f = (fi, f2) : fa € La(TY), @ = 1,2},
L (TY = {f = (1, for f3) ¢ fa € L2(T), @ = 1,2,3}.

Notice that the norm and scalar product in LgB) (T9) are defined as
1/2
_ 2 2 (2 )
1= ([ inzaes [ 1mwpas [ inopa)
(ro) = [ hOm@a+ [ pOmbi [ om0

for f = (f1, /2, f3),9 = (91,92, 93) € Lg3)(Td)-

For n = 2,3 in the Hilbert space L;n) (T9) we consider the following n x n operator matrix

A A A Az Agg
Ay = ( AH A12 > , Agi=| A Ay Ags
2b e Az1 Aszz Ass

Under these assumptions the operator matrix A, is bounded and self-adjoint in Lga)(Td) for
a=2,3.
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Operators of this type are arise in the process of constructing the Faddeev equations for the
eigenfunctions of the model operators corresponding to the Hamiltonians of a three-particle system
on a lattice [1,2].

Note that all matrix elements A;; of A3 are one-dimensional operators, and hence depending
on the functions a;;(-), 4, j = 1,2, 3 the operator matrix Ajg is an at most 9-dimensional operator.
Analogously, the operator matrix As is an at most 4-dimensional operator. Since Lg(T9), Lg) (T4)

and Lg?’) (T9) are the infinite-dimensional Hilbert spaces, that is,
dimLy(TY) = dimL{P (T9) = dim L (TY) = o,

the equalities hold:
Uess(Al) = Uess(AQ) = Jess(AS) = {0}

To study the non zero eigenvalues of the operator matrices A,, @ = 2,3 we introduce the
following functions:

AH()\) JAND) 0 0
10 Aga(N) Ay Aqs
AoV 1= JAND! JAVD) Aszz(A) 0 ’
0 0 Aos Agq(N)
Ap(A)  Agg o Agg
N
Agy Ago <o Agg(A)

where the matrix elements are defined by

A (A) = [lan]? = A, A= (a11,a21), Az = (a1, a31);
Agp(AN) i= =X, Aoy = [laral]’, Aoz = (a12,a22), Ags:=(

Ass(A) ==X, Agr:=[lais|®, Ass:= (a13,a23), Ao = (a3, ass);
Aygp = (a21,011), Ag2 = [lagr]?, Aug = (a21,a31), Aga(N):= =)

a2, a32);

Asy = (ag2,012),  Ass = [laall” =X, As = (a2, as);

Ags(N) := =\, Agr:= (a3, a13), Ags:= [lags]|®, Ao := (a3, ass);

Ari = (azi,a11),  Ar = (az1,a21), Arzi=llaal®, Arr() ==X

Ags = (as2,a12), Ags = (az2,a2), Ass:=[lag|?®, Ass(A) = —X;

Ag7 == (ass,a13), Aog:= (ass,az), Ase = [laga|®, Agg(N) := [lass]* — A

A;; =0, otherwise.

In the following theorem we describe the point spectrum of A,, o = 2, 3.

Theorem 1. For a = 2,3 the operator matriz A, has a purely point spectrum and
opp(Aa) = {0FU{X e R: Ay(N) = 0}.

Moreover, the number A = 0 is an eigenvalue of A, with infinite multiplicity.

It can be seen that the function Ag(-) is a polynomial of order 4 with respect to A. Therefore,
it has at most 4 real zeros (taking into account the multiplicity). Therefore, by virtue of Theorem
1, an operator matrix A can have at most 4 (taking into account the multiplicity) eigenvalues with
finite multiplicity. Analogously, an operator matrix A3 can have at most 9 (taking into account the
multiplicity) eigenvalues with finite multiplicity.

Using Theorem 1 and the fact about oy, (A1) it is possible to find an exact representation
of the numerical range of the operator A,, a = 1,2, 3. It should be noted that since the operator
Aq, a=1,2,3 has a purely point spectrum, its numerical range W (A,) always a bounded (closed)
segment and for v = 1,2, 3 the equality

W(Aa) = [minopp(Aa); max opp(Aq)]
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is valid. In particular, we have W (A;) = [0; [la11[|*] . The study of quadratic numerical range of Ay
and cubic numerical range of A3 needs an additional investigations.
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Panjaradagi ikki fermionli sistemaga mos Schrodinger operatori xos qiymati
uchun asimptotik formula
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Biz panjarada ikki qadamda o‘zaro tortishuvchi potentsial yordamida ta’sirlashuvchi ikkita
bir xil fermionlar sistemasini qaraymiz.

Bu tezisning asosiy magsadi panjaradagi ikkita bir xil fermionlar sistemasiga mos diskret
Schrédinger operatorlari oilasi H,,(k), k € T' ning muhim spektrdan chapda yagona xos giymatga
ega yoki ega emasligini ko‘rsatish va xos giymati uchun asimptotik formula topishdan iborat.

Z% panjaradagi ikki zarrachali sistemalar hamiltonianlarining spektral xossalari keyingi
vagtlarda faol o‘rganilyapti([1-2|larga qarang).

Faraz qilaylik, Z bir-o‘lchamli panjara va T = (—, 7] esa bir-o‘lchamli tor bo‘lib, £2°(Z) va
L?°(T) lar orqali kvadrati bilan jamlanuvchi va integrallanuvchi toq funksiyalarning Hilbert fazolari
belgilangan bo‘lsin.

Panjarada ikki qadamda o‘zaro ta’sirlashuvchi ikkita bir xil fermionli sistemaga mos ikki
zarrachali diskret Schrédinger operatori Hy(k), k € T koordinata tasvirda quyidagi

H, (k)= Ho(k)+pV,keT,n<0

formula bilan aniqlanadi.
Har bir k£ € T uchun qo‘zg‘almagan operator Hy(k) quyidagicha aniglanadi:

[Ho(k)f1(z) = Y Elx —y)f(y). | € £4(2).

yeZ
Bunda . .
Ep(x) = [e"2" + e "2%e(x)
va
2, Is| =0,
&s) =8 -4, Is|=2,
0, |s| #0,2.

Ta’sir operatori V — ko‘paytirish operatori bo‘lib, u

[V f)(z) = v(@) f(2), f € £2°(Z7).
kabi aniqlanadi. Bunda v(-) funksiya
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kabi aniqlangan.
Impuls tasvirda garalayotgan operatorlar oilasi H(k), k € T quyidagi ko‘rinishga ega:

H,(k) = Ho(k) + uV,k €T, u < 0.

Bunda Hy(k) = FHo(k)F*, k € T bo'lib, u

[Ho(k) f1(q) = Ex(a) f(a), f € L>°(T),

bunda L
E(q) =2 — 2cos 5 cos 2q.

Qo‘zg‘alish, ya’ni ta’sir operatori 1% quyidagi formula

[V f](p) = sin2p / sin 2t f (t)dt, f € L>°(T),
T

orqali aniglanadi.

Bu holda Z panjarada aniglangan V operator rangi birga teng bo‘lgani uchun Weyl
teoremasiga ko'ra H,(k), k € T operatorning oess(H,(k)) muhim spektri Hy(k) operatorning
o(Hy(k)), k € T spektri bilan ustma-ust tushadi. Ravshanki,

A~

UeSS(Hu(k)) = UeSS(Hu(k)) = {gmin(k)agmaX(k)]

bunda,

k
Emin(k) =2 — 2cos 5 Emax(k) =2+ 2cos 5

Min-max prinsipi va V' operatorning musbatligidan H,(k),k € T operatorning faqat muhim
spektr oess(H,(k)) ning chapida va faqat chekli karrali xos qiymatlarga ega bo‘lishi kelib chiqadi.

Eslatib o‘tamizki, itarishuvchi zarrachalar sistemasi bo‘lgan p > 0 bo‘lganda natijalar biz
garayotgan holdagi kabi o‘rganiladi.

Theorem 1. a)Agar p < p(k) = %COS% bo‘lsa, H, (k) operatorning muhim spektrdan chapda
xos qiymati mavjud emas.
b) Agar p > p(k) bo‘lsa, Hy(k) operatorning muhim spektrdan chapda yagona z,(k) xos
qiymatga ega va ushbu xos qiymat quyidagi ko ‘rinishga ega:
2 k 2,2
cos“ 5 +mu
Ey=24 —2 ",
z2u(k) + o

Theorem 1. Yetarlicha kichik p — (k) < 0 lar uchun quyidagi yoyilma o ‘rinli

[e.9]

0lB) — Euin(k) = S0 (k) — o

n—1k
n—2 COS 2
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Ground states for the SOS model with special external field and
countable set of spin values on a Cayley tree
Abraev B.
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e-mail: abrayev89@mail.ru

At low temperatures, a periodic ground state corresponds to a periodic Gibbs measure.
Therefore, the problem of description of periodic ground states naturally arises (see [1]).

Let T* = (V, L) be the Cayley tree, where each vertex has k + 1 neighbors with V' being the
set of vertices and L the set of edges (see [1]). For an arbitrary vertex zo € V, we put W,, = {z €
V| d(z,z%) = n},V, = {z € V| d(x,2°) < n}, where d(x,y) is the distance between x and y in
the Cayley tree, i.e., the number of edges of the path between z and y. Two vertices « and y are
called nearest neighbors if there exists an edge [ € L connecting them and we denote | = (z,y). Let
S(z) ={y € Wyy1 : d(y,z) = 1} be the set of direct successors of .

It is well-known that there exists a one-to-one correspondence between the set V' of vertices
of the Cayley tree of order k > 1 and the group G} of the free products of k + 1 cyclic groups of
second order with generators aq, az, as, ...ax11, (see [1]). Assume that spin takes its values in the set
Z. By a configuration ¢ on V we mean a function taking o : V' — Z. The set of all configurations
coincides with the set Q = ZV.

Denote

V={o: (z.y)eL, |o(x)—oly)|< P}

where P is a finite natural number. In this work we study translation-invariant and periodic ground
states of the model with spin values in the set Z on the Cayley tree of order two.

Definition 1. A configuration o(x) is said to be G} —periodic if o(x) = o; for all z € G},
with z € H;. A Gp—periodic configuration is said to be translation-invariant.
The SOS model with special external field is given by Hamiltonian:

H(o)=~J Y l|o(x)—o(y)+a)>_ ox)modP, (1)

(z,y)eL zcV

where J € R is coupling constant, o € R is external field and o € .

By the restricted configuration oy, we mean the restriction of a configuration ¢ to a unit ball
b€ M. Let ¢ denote the center of a unit ball b. The energy of a configuration o on b is defined by
the formula )

Ulo) =57 3 lo(@) = o(y)| + ac(es)modP. (2)
(z,y):z,ycb

Note that the energy of configuration o}, (2) way be infinity. Therefore we consider ' = {o(x) :
(x,y) € L, | o(x) — o(y) |< P}, where P is a finite natural number and on the set 2’ we study the
translation-invariant, periodic ground states of model (1) with spin values in the set Z on the Cayley
tree of order two. It is easy to see that U(op) € {U;;: i=0,1,2,...,3P,j=0,1,2..., P —1} for
all o3, where
Uo,o = O, U0,1 = «, U()’Q = 204, ey Uo’p_l = (P — 1)04,

1 1 1 1
Uip = —§J, U171 = _§J+ a, U172 = —§J—|— 204,...,U17P,1 = —§J+ (P - 1)04,

“ey

3P -1 3P -1 3P -1
5 J, Usp—11 = — 5 J+a,...,Up_y1p1=— 5

Usp—10=— J+ (P —-1)a.

3P
2

3P

3P 3P
ng,o = — J, U3P71 = —?J-l- a, ng,g = —7J—}-2a, .. .,ng’p,1 = —7!]4- (P - 1)a.

Definition 2. A configuration ¢ € ' is called a ground state for the Hamiltonian H, if
U(pp) =min{U;; : i=0,1,2,...,3P, j=0,1,2..., P — 1}, for any b € M.
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Fori=0,1,2,...,3P,j=0,1,2...,P—1. We put C; j = {0y : U(0p) = U, ;} and
Aij={(J,a) € R?: U;j = min{Uop, Uo1, Uo2,.-,Uspp_1}.
Quite cumbersome, but not difficult calculations show that:
Agpo={(J,a) ER*: J<0,a >0}, Aig={(J,0) eR*: J=0,a >0}, i=1,2,...,3P — 1,

Azpo={(J,a) €R*: J > 0,0 >0}, Ag; ={(J,0) €eR?*: J <0,a=0},j=1,2,...,P -2,
Aij={(J,a) eR?*: J=0,a=0}, i=1,2,....3P-1,j=1,2,...,P -2,
Aspj={(J,a) eR*: J>0,a=0},j=1,2,...,P—2, Agp_1={(J,a) e R?: J <0,a <0},
Aip1={J,a)eR?:J=0,a<0},i=1,2,...,3P—1, A3pp 1 ={(J,a) €R?: J >0,a < 0},

and U.AW' = R2.
mIn [2], it is proved that for the three-state SOS model with non-zero external field on Cayley

tree of order two all ground states are translation-invariant. In the present paper, the existence of
a set of countable periodic ground states is proved on Cayley tree of order two.

Theorem 1. Let a # 0. For the Hamiltonian (1) the following assertions hold:

i) If (J,a) € Ap,, then there exists at least a countable set of ground states, which is given
by {o(z) =0 (mod P), Vx € V'}.

ii) If (J, ) € Ag,p—1, then there exists at least a countable set of ground states, which is given
by {o(z) = P —1 (mod P), Vz € V}.

Remark 1. The configuration o(x) = 0 (mod P), Vx € V, in general, might be non-
translation-invariant. If we take translation-invariant configuration o(x) = z - P, z € Z then due to
Theorem 1 this configuration is a translation-invariant ground states on the set Agg. Since z € Z,
we can conclude that such kind of configurations are countable.

Similar remarks also applies to the configurations o(z) = P —1 (mod P), Yz € V.

Let Hy = {z € Gy : ) wg(a;) — even}, where wy(a;) is the number of a; in the word x.

i€EA
If | Al=Fk+1, then Hy = Gl(f) = {x € Gy : | © | —even}, where |z| means length of the word
x. Note that Hy4 is a normal subgroup of index two (see [1]). Let Gx/Ha = {Ha,Gr\Ha} be the
quotient group. Denote Hy = Hy, Hi = G\ H 4. We note that each Hy-periodic configuration has
the following form:

. o1, if x € Hy,
ofz) = { o9, if x € Hy, (3)
where 01 # 09, |01 — 02 |= P, 0, €Z, i=1,2.
Theorem 2. Let |A| =7, r=1,2,3 and o # 0. If (J,«0) € A,.py, ¢ € {0; P — 1} then there
exists at least a countable set of Hyp-periodic ground states, which are given by
z1 =q (mod P), if x € Hy,
o(x) =
29 = q (mod P), if x € Hy,

where 21 # 29, | 21 — 22 |= P, 21,22 € Z.
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On the Fixed points of a Gonosomal Evolution Operator
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Population dynamics theory is important to a proper understanding of living populations at
all levels. This is a well developed branch of mathematical biology, which has a history of more than

two hundred years.

In this paper we consider a bisexual population which consists females partitioned into types
indexed by {1,2,...,n} and the males partitioned into types indexed by {1,2,...,v} (see [1], 2],
[3] for details).

Let ’yz(kf)] and fyi(,:?l) be inheritance coefficients defined as the probability that a female offspring is
type j and, respectively, that a male offspring is of type [, when the parental pairis ik (i,j = 1,...,n;
and k,l =1,...,v). These quantities satisfy the following

v >0, A4 >0, "
S+ A =1, forall ik,

Denote
0= {SES"+”_1 (21, ., 2,) = (0,...,0)0r (y1,...,4) = (0,...,0)}.

S — Sn+y71 \ O.

Following [1] define an evolution operator Wy : ™" — S™ (which is called normalized
gonosomal operator) as

( 7,/ f
, Z?ngl 'Yz(k)]xzyk .
;L'j g o » 5 J = 17 .« o ,TL
<Zz’:1 371) (Zj:l yj)
Wo : () (2)
, Di ket Ykl Tilk
yl = " y 5 l == ]., ey V.

In this paper we consider the special case: n = v = 2 and the following coefficients:

'7910,)1 = ay, '75]10,)2 =0, 7?172 = a2, 7?17?2 =0,
vg?l =0, %5?2 =c, Yl =c A3 =0, -
751107)1 = bla 75{?2 = b27 ’Yg;q = bS) ’)/;Tl)?% = b47
755,)1 =0 755,)2 = di, 7&?; = da, 7512%% = d3.
Then corresponding evolution operator W : §%2 — §2:2 is
, a1xu + biyu
r = —"
(+y)(utv)
J = boyu + crxv + diyv
- (@+y)(uto)
w (4)
, asxu + bsyu + coxv + doyv
u =
(+y)(u+tv)
S bayu + dsyv 7
(@ +y)(utv)
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where coefficients satisfy
ar+az=by+by+b3+by=cr+co=di+da+d3=1,

and
ai, az, b17 b27 b37 b47 1, C2, dla d27 d3 S [Oa ]-]

The main problem is for the given operator W and arbitrarily initial point 50 € 5§22 we will study
the trajectory {s(m)}fnozo, where

s = W (s = W (.. W (s))...).
————
m

In general, this is very difficult problem. In book [4] several recently obtained results related to this
main problem are given.

To find fixed point of gonosomal operator plays essential role for solving this main problem.
A point s is called a fixed point of the operator W if s = W (s). The set of all fixed points denoted
by Fix(W).

Let us find all the fixed points of W given by (1), i.e. we solve the following system of equations
for (z,y,u,v):

z(z +y)(u+v) = arzu + biyu,

y(z +y)(u +v) = boyu + crzv + diyv, -
u(z + y)(u+v) = agzu + bsyu + cozv + dayv,

v(@ +y)(u+v) = bayu + dsyv.

We make the following notaions in order to get an easy way to find fixed points of the operator W.

/ ’U,

u + o’

z v , T ,
y = s (8% :77 =
T4y 8 u+v '+ b

which yields the nonlinear dynamical system

(6)

o =

, (1= B)(m1 + maa)
a = )

n1 + nga + n3f + ngafS
g = (1 —a)(m3 +map)

1 — (n1 4 noa+n3f + nyaf)

with the initial point (a(?), 3)) € A, where
A:={(a,f)eR?*:0<a<1, 0<B<1=10,1)%
and

my = by, mo = ai — by, mz = bs, my = d3 — by,

n1 =by + by, ng =a1 — by —ba, n3=d; — by — b2, ng=cy —ay + by +by—ds.

Lemma 1. There is one to one correspondence between the set of fixed points of the operator
W and the set of fixed points of the operator V.

Thus in order to find the fixed points of the operator W it is sufficient to find all fixed points
of the operator V.

Theorem 1. For the fixed point of the operator V we have the following:

i) (e, 0) is fixed point if by =by =0, a3 =be, az = bz, where a € (0,1);
ii) (1,0) is fixed point if by #0, a3 = by + bo;

iii) (0, 1) is fixed point if dy = 0;

iv) (0, 1141-)&-74@) is fixed point if b1 =0, dy =be, by+ de #0;

V) (0, 0) is fixed point if b1 = b4 = O, d1 7& bQ, 1= d3 + bQ;
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vi) (0, =952t ) s fixed point if

b1 =0, b4750,d1 > do + by + by, (dg—b4+62—1)2:4b4(d1—b2)
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Singularity of invariant measure of generalized exchange maps of the circle
L2 Akhadkulov H., 3Safarov U.
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In this work, we consider two generalized exchange maps of the circle with a finite number
of break-points, whose first derivatives have discontinuities of the first kind at these points and
satisfy certain Zygmund conditions. We prove that if these two generalized exchange maps have
zero mean nonlinearity and do not break equivalent then the conjugating map between these two
maps is singular.

Estimates for the best M-term approximations of functions
with bounded mixed derivative in the Lorentz space
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We denote by L, the Lorentz space of all real-valued Lebesgue measurable functions f that
have 2m-period in each variable and for which
1 1/7
e =3 2 [ (@)t ar} <o 1<p<oetsr <o
0

f*(t) is a non-increasing rearrangement of the function |f(27z)|, T € [0,1)™. Let 7 = (r1,...,7m),
rj > 0,j =1,...,m and Fx(Z) — m-dimensional Bernoulli kernel (see [1], [2]). We consider a
functional class W) . = {f: f = o * Fr, |l¢llpr <1}, where 1 < p < 00, 1 <7 < 00,

(0% Fr)(T) = / (@ — W) Fy)(@da, T" = [0,2m)".

PR
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In case when 7 = p the class W] has been considered in [2], [3]. ens(f)p,r is the best M-term
trigonometric approximation of a function f € L, ., M € N.

The work presents order-sharp estimates for the best M-term approximations of functions of
W; -, in the space Ly, -, for various relations between the parameters p, ¢, 71, 72. The obtained result
is formulated as

Theorem. Let 0 < ri = ... =7, <Tpp1 < ...Tm, ¢ = 2 < p < 00, max{7y,2} < 7 < o0,

1 1 1
§—E<T1<§. Then

_ _ 1,1
et (W] o < O M E07540) (1ogy =1 1)

li
- (L L )m)+ _1
T2

2 (logg M)? T,

[NIES

T2

’
where ay = max{a,0}, and 7y = 2.

Remark. For 7 = 2 and 7o = p the theorem is proved in [1]-[3]. In case when 1 < ¢ < 2 <
p < oo an analog of this theorem is given in [4].
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The existence of eigenvalues of the discrete Schrodinger operator on a
one-dimensional lattice
Alladustova 1.U.
Samarkand State University, University Boulevard 15, 140104 Samarkand, Uzbekistan,
e-mail:alladustova.iroda@mail.ru

We study the eigenvalues of the Schrédinger operators H)y, (k) which models a system of
two identical fermions interacting via the indefinite sign potential V),, A\, u € R of rank-two.
We investigate the number and location of isolated eigenvalues of the operators Hy,(k), k € T
for all values of the interactions A, p € R and the quasi-momentum k. We establish one-to-one
correspondence between the isolated eigenvalues of the operator Hy, (k) and zeros of the associated
Fredholm determinant.

For any A, 4 € R and k € T, the Schrodinger operator Hy, (k) is bounded and self-adjoint
which acts in L?°(T, n) as

Hyu(k) = Ho(k) + Vg

Here the non-perturbed operator Hy(k), k € T is the multiplication operator by the function & (-)
(quasi-momentum dependent pair dispersion relation) as

() (B) = ) 0), 64(p) =2 |1 - coscosp)  peT.

The perturbation operator V), is defined as

Vauf)(p) = / (,u sinp sint + Asin 2p sin 2t)f(t)dt, f € L*°(T, n).
T
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The perturbation V), is an operator of rank two. Hence, from the Weyl theorem (see [4]) the
essential spectrum of H), (k) coincides with the spectrum of Hy(k), i.e.,

UeSS(HAu(k)) = o (Ho(k)) = [Emin(k), Emax(K)],
with

Emin (k) 1= min & (p) = 2(1 — cos ﬁ) >0, Emax(k):=max&(p) =2(1+ cos ﬁ) < 4.
peT 2 peT 2

For any (A, ) € R? and k € T, we define the Birman-Schwinger operator on L%°(T, 1) as
B)\u(ka Z) = _V)\;LRO(ka Z)a

where Ro(k, z) = (Ho(k) — 2I)~! is the resolvent of Hy(k) for the point z € C\[Emin(k), Emax(k)]-
We denote the determinant associated to the operator By, (k, z) by D(A, u; k, z).
For each (\, u), the following asymptotic relations hold

1 1
(Z) D(Aa 3 ka Z) = ok C_()‘7 M3 k) +

2k 0
4 cos® 5 2cos2§\/cos§

+ O(Enin(k) — 2), as z— Enin(k)—,

Cr (A w3 k) (Emin(k) - 2)3

where

k k k
Cy (A, p; k) = 4 cos? 5 + 4\ cos 5 +2u cos o + A\,

k k
CT(\ p; k) = 4)\(:055 +u cos o + Ap.
2

N

. 1 1
(“) D(A7 22 kv Z) :m Car()\’ 22 k) + CI()‘a 22 k)(Z - gmax(k;))

2k / k2
2 2 cos 51/COS 5

+O0(z — Emax(k)), as z — Emax(k)+,

where

k k k
Cy (s k) = 4 cos” 9 4\ cos — — 21 cos 5 + A\,

2
k k
CT(\ w5 k) = 4X cos 3 + co8 5 — ALl
2

Note that for a fixed k € T\ {r}, the curves (hyperbolas) Cj"(\, u; k) = 0and Cy (A, w; k) = 0
divide the A-p-plane into several connected components. Let us denote those components with
Gy (k), G (k), Gy (k) and G, (k), Gy (k), Gy (k) as

G5 (k) = {0 1) €BZ: G (A s k) <0, A>2cost),
Gf (k) ={(\, p) €R?: CF (N, p; k) > 0},
Gy (k) = {0 1) € B2 G (A wik) <0, A< 2cos )
and

~ k
G { Cy (N, u; k) <0, /\<—2cos§},
Gy (k) ={(\ w) eR®: Cy (A, s k) >0},
G { C

k
5\, p; k) <0, A>—2cos 5}
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In notations, the lower index corresponds to the number of eigenvalues of the operator which will
be stated later.

The following theorem is about the number and locations of the isolated eigenvalues of the
operator Hy, (k) for all A, p € R.

TheoremLet k € T\ {r} be fixed.

i) For any (X, p) € Goo(k) = G, (k) NG (k), the operator Hy,(k) has exactly two eigenvalues
2 0 ©
z1(A, p; k) and 22(A, p; k) in the interval (—oo, Emin(k)), which satisfy the relations

21 (A, 5 k) < Crins 15 k) < Crax (A 5 k) < 22(A, 5 k) < Emin(k).

(ii) For any (X, p) € Gio(k) = Gj (k) N G{ (k), the operator H,,(k) has a unique eigenvalue
z1(A, p; k), which lies in (—00, Emin(k)).

iii) For any (A, u) € Goo(k) = G (k) N GJ (k), the operator Hy,, has no eigenvalues outside the
0 0 " g
essential spectrum.

(iv) For any (A, u) € Gi1(k) = Gy (k)NG; (k), the operator Hy, (k) has two eigenvalues satisfying
21(A, 5 k) < Emin(k) and 22()\ w; k) > Emax (k).

(v) For any (A, ) € Goi(k) = Gy (k) N Gf (k), the operator Hy,(k) has a unique eigenvalue
z1(A, p; k), which lies in (Emax(k), +00).

(vi) Forany (A, u) € Goz2(k) = Gy (k)NG5 (k), the operator H), (k) has two eigenvalues 21 (A, u; k)
and za(\, p; k) satisfying

Emax(k) < 22(A, 3 k) < Chin (N, 15 k) < a1 k) < z1(N, s k).
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Asymptotics of the eigenvalues of a discrete Schréodinger-type operators on two
dimensional lattices
! Almuratov F.M. ?Avalboyev 1.B.
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Let Z% be the two dimensional cubical lattice and ¢2(Z?) be the Hilbert space of square-
summable functions on Z2. We denote by T? := (—, 7T]2, the two dimensional torus, the dual group
of Z2. Let L%(T?) be the Hilbert space of square-integrable functions on T2.

In the coordinate space representation the energy operator H u of a one-particle system on
the two-dimensional lattice Z? with a potential field ¢ is defined as

ﬁ,u 3:ﬁ0+ﬂ‘7, /.LZO,
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where the free energy operator Hyis a Laurent-Toeplitz-type operator in ¢2(Z?)
Hof(x)= Y @ —y)fw), fer?),
yeZ2

given by given by a Hopping matriz ¢ € £*(Z?) of the particle which satisfies ¢(x) = ¢(—x) for all
x € Z2, and the potential energy operator is the multiplication in £2(Z?) by the function

a, ifx=0,
O(x) =q0b, if|z] =1,
0, if|z|>1,

where a,b € R\ {0}.
In the momentum space representation, the operator acts in L?(T) by

H, = FHoF* + uFVF* = Hy + puV,
where )
F (2% = LX(T%), Ffp) == fla)®?
is the standard Fourier transform with the inverse

FrOIATY) 5 A2, Frf(n) = o

—_ 7i(p7$)
27 o f(p)e dp.

The free hamiltonian Hy is the multiplication operator in L?(T?) by the function ¢ := 27 F¢ so-called
the dispersion relation of the particle and the potential V' acts on L?(T?) as a convolution operator

Vi) = 1z [, (a+ 2bgcos<pi ~a)) fla)da.

Since V' is compact, by Weyl’s Theorem [4],
Oess(Hy,) = 0(Hp) = [min ¢, max ¢] = [emin; emax]-

Hypothesis The dispersion relation ¢ is a real-valued even function, symmetric with respect
to coordinate permutations and having a non-degenerate unique mazimum at @ = (m,m) € T2
Moreover, ¢ is analytic near 7.

Let L?¢(T?) and L?°(T?) be the subspaces of essentially even and essentially odd functions
in L?(T?) and let

L¥(T?) :={f € L**(T?) : f(p1.p2) = f(p2.p1) for a.e (p1,p2) € T?},
L>(T?) :={f € L**(T?) : f(p1,p2) = —f(p2,p1) for a.e (p1,p2) € T},
L295(T?) :={f € L*°(T?) : f(p1,p2) = f(p2,p1) for a.e (p1,p2) € T?},
L2(T?) :={f € L**(T?) : f(p1,p2) = —f(p2, ;1) for a.e (p1,p2) € T}

be the (Hilbert) subspaces of (essentially) even-symmetric, even-antisymmetric, odd-symmetric and
odd-antisymmetric functions in L?(T?), respectively. Recall that

L2(T2) — LQ,OS(TQ) D L2,oa(T2) D LQ,ea(TQ) ® L2’68(T2).

We remark that by the symmetricity of e each of the subspaces L?*(T?) is invariant with respect
to Hy,.

Thus, we study the discrete spectrum of H,, separately restricted to these subspaces. Moreover,
we study the asymptotics of eigenvalues as i — +o00. The existence of eigenvalues for this operator
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is explored in this work [3]. In this work, we only define the asymptotic expansions of eigenvalues
as ( — +00.

Theorem 1. (a) Let w = es, ab < 0 and let E¢s(-) be the unique eigenvalue of HMLZES(W).
Then

b + 1Lr [ (cos g1 + cos g2)%e(q)dg + O(1/p) ifb>0>a

Ees(u) =
ap 4 1% [12e(q)dg + O(1/p) ifa>0>b

as p — +oo.

(b) Let w =es, a,b > 0 and let Eé;)() and Eég)() be the eigenvalues of HH‘LQVES(W Then

.
max{E) (1), B2 (1)} = max{tha (), ¥u (1)} + O(1/ 1)

and
min{EY (1), B2 (1)} = min{epq (1), ¥ (1)} + O(1/p1)

as pr — 400, where

alp) =+ g [ eladda, bl = bt o

2 /11‘2 (sin ¢, + sin g2)%e(q)dq.

(¢) Let w € {ea, 0s,0a} and let E,(-) be the unique eigenvalue of Hy, . Then

}Lm(qr?)

b+ i fpa(cosqr — cosg2)e(q)dg + O(1/p)  if w = ea,
Ey(n) = { b+ g5 Jpa(singr +singz)®e(q)dg + O(1/p)  if w = os,
26(

b+ oz Jp2(singr — singe)?e(q)dg + O(1/p)  ifw = oa

as p — +oo.
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About a class of partially integral operators
L2Arziev A., !Orinbaev P.
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Let (2,3, 1) be a measure space having the direct sum property and let Ly = Lo(2, 3, u)
be an algebra of all complex measurable functions on € (functions equal almost everywhere are
identified).

Consider a linear space X over the field of complex numbers C. A mapping || - || : X — Lo is
called a Lg-valued norm on X, if for every z, y € X, A € C the following relations hold:

[zl =0, [z = 0 < 2z =0; [Azl| = [Allzll; [lz+yll <zl + [yl
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The pair (X, || -]]) is called a lattice-normed space over Ly.

A lattice-normed space X is called d-decomposable, if for any z € X with ||z|| = A1+ X2, 0 <
A1, A2 € Lo, A1A2 = 0 there exist x1,x2 € X such that x = x1 + 22 and ||z1|| = Ai, ||z2|| = A2, A
net {a},cq C X (bo)-converges to an element x € X, if the net {||zo — z|[},c4 (0)-converges to
zero in Lo (note that the (o)-convergence in Ly coincides with convergence almost everywhere). A
(bo)-complete d-decomposable lattice-normed space over Ly is called a Banach—Kantorovich space
over Lg. It is known that every Banach—Kantorovich space X over Ly is a module over Ly and
| Aul| = [A|||u|| for all A € LY, u € X (see [1-2]).

Let X be a Banach—Kantorovich space over Ly and let C' be a subset in X and V be a Boolean
algebra of all idempotents in Ly i.e. V. = {x4: A € X}, where x4 is characteristic function of the
set A. Denote by mix(C) the set of all elements x from X for which there is a partition of unit
{mi}tier in V such that mx € C for all i € I, i.e.

mix(C) = {x eX:dmeV,mrnj=0,i#j \Vm=1mzrelic I}.
icl
In other words mix(C') is the set of all mixings obtained by families {x;};c; taken from C. A
subset C' is said to be cyclic, if C' = mix(C').
A Lp-module H equipped with a mapping

(1) X x X — Lo

is called a pre-Hilbert module over Lg if the following conditions are satisfied:
1) For x € H we have (z|x) > 0. Moreover, (z|z) = 0 if and only if z = 0.
2) The map (-|-) : H — Lo, x — (z|y) is Lo-linear for every y € H.
3) (z|ly) = (y|z) for all z,y € H.
In a pre-Hilbert module H the Cauchy—Schwarz inequality

[(z]y)] < v/ (z]2)\/ (yly)

holds for all x,y € X. The pre-Hilbert module H is called a Kaplansky—Hilbert module, if it is
complete with respect to this norm.

Let T : H — H is a Ly operator that maps Kaplansky — Hilbert module H into itself and
denote by B(H) is a set of all Lg-linear Lo-bounded operators on H.

The spectrum of the operator T is the set sp(T") (T € B(X)) — the set of all A € Ly such that
the operator 7' — I\ is not invertible in B(X).

By spm(7T') we denote the set of all A € sp(T') such that for every m € V, 7 # 0, the operator
(T — AI) is invertible for any 0 # 7 € V in 7B(X).

Now consider a partial integral operators on mixed norm space gives, which gives an important
classes of homomorphisms. Note that partial integral operators and equations arise in different areas
(see [3-5]).

Let (Q,Xq,p) and (S, 3g,v) be the measure spaces with complete finite measures p and v,
respectively.

Let Ly, (2xS), 1 < p,g < oo be a space of all classes of complex-valued measurable

functions z on 2 x S such that
| [ stwspants

Q LS

U

f(w)

exists and finite (see [4]). For x € Ly, , (€2 x S) set

S =

lellp = / 2w, ) P (5)
S

Then (Lp 4 (2 x S), || - |lp) is a Banach-Kantorovich space over L9(€2).
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Now we consider the case when p = ¢ = 2, and Q = S = [a,b], i.e. Lo ([a, b]Q). Then
(L2 ([a,b)%) , (-]')) is a Kaplansky—Hilbert module over Laa, b], where

1
b 3
(@lo) = lolla = | [ oo,y s)dv(s) | alew.s),y(w,s) € Lal(a b
Let k(w,t,s) be a complex-valued measurable function on [a, b]® such that

b b

| [ 1K@t v

a

exists for almost all w € [a, b] and this function satisfies the following conditions:

1) K(w,t,s) = K1(w)K(t,s), a<w<b;

2) K1 (w) satisfies the Lipschitz condition i.e. |Kj(w1) — K (w2)| < L|wy — we| for all wy,ws €
[a; b].

Assume that the partial integral operator T" defined as

b
T(z)(w,t) = /K(w,t,s)x(w,s)dy(s), z € Ly ([a,b]?) (1)

maps the Kaplansky — Hilbert module Lo ([a, b]2) into itself. For any w €  we consider a integral
operator Tj, with kernel K, (¢, s),

1
T.(z)(t) = /kzw(t, s)z(s)dv(s), x(s) € Ly ([a,b]2)
0

in particular
b

To(z)(t) = /ko(t, s)x(s)dv(s), x(s) € Lo ([a, b]z)

Let A1, Ao, ..., An, ... be eigenvalues of Tj. Set

Theorem 1. Let operator (1) has the kernel which satisfies the conditions 1)-2). Then the
spectrum and cyclic spectrum of this operator has the following form respectively:

sp(T) = U (M, M) U{0} and spm(T) = mix{\, : n >0}

n<l
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Separately-analytic function with singularities set of positive Lebesgue measure
! Atamuratov A., ?Rasulov K.
L Khorezm branch of the Institute of Mathematics named after V.I. Romanouvsky,
Khorezm, Uzbekistan,
e-mail: avtorl@mail.ru
2 Urgench State University, Khorezm, Uzbekistan,
e-mail: avtor2@mail.ru

The well-known Hartogs’ theorem [1] states that if a function f is holomorphic at any point of
the domain D C C™ with respect to each of the variables z,, then it is holomorphic in D with respect
to the set of all variables. This fundamental result laid the foundation for the theory of separately
analytic functions. Hartogs¥ theorem has different variations and generalizations in the works of
many authors. Significant results in this direction were obtained in the works of M.Hukuhara [3],
I.Shimoda [4], T.Terada [5], J.Siciak [6], V.P.Zaharyuta [7], A.A.Gonchar [8], A.S.Sadullaev and
E.M.Chirka [9], A.S.Sadullaev and S.A.Imomkulov [10], A.S.Sadullaev and T.T.Tuichiev [11].

In 1942, Hukuhara stated the next problem: If a function f(z,w) be regular or not in a domain
UxV cC, xC, when f(z,w) is regular with respect to w for each fixed z € U and it is regular
with respect to z for only w,, which converged to an inner point wy € V.

In 1957, Shimoda [4] gave the next solution for the problem.

Shimoda’s theorem. Let f(z,w) be a function defined in a polydisc U x V = {|z| <
1} x {Jlw| < 1} € C? and let E C V be a countable subset having at least one limit point belonging
to V. If

1. for each fixed 2° € U, f(2°,w) € O(V),

2. for each fixed w° € E, f(z,w°) € O(U),

then there exists a nowhere dense closed set S C U such that f(z,w) € O(U \ S) x V).

In this paper we construct an example separately-holomorphic function with singularities set
of positive Lebesgue measure.

Example. First of all we construct Cantor type set with positive Lebesgue measure: let F
be the segment [0, 1] on the real line of complex plane C,. Let us remove the interval (l, 2) from
F and denote the remaining closed set by F;. Then we remove from F the intervals (g5, 55) and
(2 3l L, and denote the remaining closed set by Fy. In each of these four

36> 5g) Which are of length 545,
ﬁ from their middle, and so on in every next step

segments, we remove the intervals of length
we remove from middle of remaining segments intervals of the length 6 times less than lengths of
previous removed intervals. Continuing this process, we obtain a decreasing sequence of closed sets
F,.

If we put

o
K=()Fn,
n=0

then we get Cantor type set K with Lebesgue measure mesK =
Obviously, the points

1

5-

1 2 5 7 29 31

373 3 36" 36" 36"

i.e. the endpoints of the discarded intervals belong to K. Let’s designate the left border points of
the removed intervals by z,, v = 1,2,..., (for example, z; = %, z9 = %, 23 = %, ...). Now we fix
an arbitrary v and consider the point z, as well as the discarded interval J, adjoining it. We take

0, 1,

a strictly decreasing sequence of points {m,(g)} from the interval J,, that converges to z,. Let 57(5) be
(v) (v) (v) (v)

a vanishing sequence of positive real numbers satisfying the relation x, | +¢€, 1 < zm’ —&n’ for
any m € N.
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Let U = |z| <1 C C, be a unit disc. We put
IV ={zeU: z=a2¥ +iy, y >0}

and consider the sets G}y, = U \ {2z : dist(z,I};,) < 57(5)}. B
Obviously, complements C, \ G¥, of compact sets GY, are connected and their intersections
with unit disc U are pairwise disjointed. On the complex plane C, we construct polynomials p,, (2)

of some degree satisfying conditions \pym(x%)ﬂ > m and [|pym(2)[lgy < 3. By the MergelyanV's
theorem GY, is polynomially convex and such polynomial always exists (see [2]).
We put ||pum(2)||g = Avm and

Aj = max Ay, J=2,3,... (1)
v+m=j

Let V = {|Jw| < 1} be a unit disc on the complex plane C,, and E C V be a polar compact. We
denote by t,,(w) the Chebyshev polynomials for the compact set E, all zeros of which also lie on
1
E. Since the capacity is C(E) = 0, we have ||t,,(w)||# — 0 as m — oo. This implies that there is
1

a sequence of numbers s; (s; < s;j41) such that [/ts; (w)||g < 5% holds where sequence A; defined
J

by (1). Let’s put Pym(2) = [pum(2)]%. Since, all the roots of the polynomials t,,(w) lie on the unit
circle V, it holds the inequality ||ty (w)|5 < 2™.
Consider now the series

flz,w) = Z Z .ﬁpym(Z) s, (w). (2)

For the series (2), all conditions of the Shimoda theorem are satisfied and f(z,w) € O(U\ S) x V),
where S={z=z+iyecU: z€ K, y>0}.
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Approximate solution of BVP by Ritz finite element method using an optimal
interpolation formula.
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The finite element (FE) method was developed to solve complicated prob- lems in engineering,
notably in elasticity and structural mechanics modeling involving elliptic PDEs and complicated
geometries.

There are at least three different formulation to consider 1D model

—u"(z) = f(z), 0<x<1,

w(0) =0, wu(l)=0. (1)

problem [4]. These are the (D)-form, the original differential equation, the (V)-form, the variational
form or weak form, the (M)-form, the minimization form. The minimization form

i {] G- )iz )

when the corresponding finite element method is often called the Ritz method.

In this work we examine the (M)-form, i.e., the Ritz method.

Approximate solution of problem (1) by the Ritz finite element method described in the
following steps.
1. Construct a minimization (M) formulation (2).
2. Generate a mesh, e.g., a uniform Cartesian mesh z; = ih, i = 0,1,...,n, where h = 1/n, defining
the intervals (z;—1,2;), i =1,2,...,n.
3. Construct a set of basis functions based on the mesh, such as the piecewise functions (i =
1,2,...,n — 1). 4. Represent the approximate (FE) solution by a linear combination of the basis
functions

n—1
up(z) =) agds(x) (3)
B=1

where the coefficients «; are the unknowns to be determined. On assuming the hat basis functions,
obviously wuy(z) is also a piecewise function, although this is not usually the case for the true
solution u(x). We then derive a linear system of equations for the coefficients by substituting the
approximate solution wuy(z) for the exact solution u(x) in the minimization form is

min F(v) : F(V)zl/ol(yx)de_/Ol fuda.

veHL(0,1) 2

we look for an approximate solution of the form (3). Substituting this into the functional form gives

1 1 /n—1 ) 2 1 n—1
F(up) = 2/0 (Bz:laﬁ%(x)) dl‘—/g f;l%cﬁﬂ(x)dw» (4)

which is a multivariate function of aq, aso,. .., a,_1. The necessary condition for a global minimum
(also a local minimum) is

OF _ OF oF OF

— = —=0,... =0,... =0.
8041 ’ 80[2 ’ ’ 80éi ' ’
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Here we use coefficients of optimal interpolation formula in the space W2(1’0) instead of ¢g(x).
We could execute an optimal interpolation formula

pl(a) = Po(a) = ) ds() - plap),
8=0

with equal spaced nodes in WQ(LO) space [1-3|. Coefficients of the optimal interpolation formula have

the following form

$p(2) = g ey [sgn(z — hB — h) - (ehBH2h—z _ gz—hB)
+sgn(z — hB+ h) - (ehﬁ—z _ ez—h,8+2h)

+(1 4 e?) -sgn(z — hpB) - (e M8 —ehB=2)| | B =0,1,...,n.

and the finite element solution sought is
n—1
up() =Y apes(x)
B=1

and the minimization form (M) can be used to derive a linear system of equations for the coefficients
ag.
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On the spectrum of a tensor sum of the Friedrichs models with rank 2
perturbations
Bakhronov B.
Bukhara State University, Bukhara, Uzbekistan;
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Let T be the one-dimensional torus and L§(T?) be the Hilbert space of square integrable
symmetric (complex) functions defined on T?.
Let us consider the Hamiltonian:

H, o : L3(T?) — L5(T?),  H, = Hoo — p(Vir + Viz) + A(Var + Vag), 1, A > 0,
where Hy is the multiplication operator:

(Hoof)(p;q) = (u(p) +u(q) f(p, q)

and V;;, ¢,7 = 1,2 are non-local interaction operators:

(Virf)(p, @) =vi(p)/1rvi(t)f(tch)dt, (Viaf) (P, q) :Ui(Q)/Ui(t)f(pa t)dt, i =1,2.

T



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 37

Here f € L§(T?), are positive reals, u(-) and v;(+), i = 1,2 are real-valued continuous functions
on T. By the definition, the operators Vj;, i,j = 1,2 are partial integral operators with degenerate
kernel of rank 1.

Under these assumptions the operator H,, ) is bounded and self-adjoint.

The spectrum, the essential spectrum and the discrete spectrum of a bounded self-adjoint
operator will be denoted by o(-), 0ess(-) and oqisc(+), respectively.

To study the spectral properties of the model operator H, » we introduce a Friedrichs model
hy, x with rank 2 perturbation, acting on Lo(T) by the rule:

Py = hoo — pk1 + Ak,
where the operators hoo and k;,7 = 1,2 are defined as

(ho,09)(p) = u(p)g(p),

(kig)(p) = vi(p) / wi(tg(Hdt, i =1,2.

T

From the definitions of H,, ) and h, ) we obtain the representation
H/»h)‘ = h‘u’)\ ® I + I ® h“’)\,

where I is an identity operator on Ly(T).
Therefore, by theorem on the spectrum of the tensor sum of two operators [1] the equality

U(Hu)\) = U(hu,)\) + J(hu,A)

holds.
Let supp{va(-)} be the support of the function v,(-) and mes(£2) be the Lebesgue measure of
the measurable set 2 € T and

m:=minu(p), M = maxu(p);
peT peT

02
I,(2) ::/Tu(t‘;(t_)zdt, a=1,2, ze€C\[m;M].

Since the function I,(-) is monotonically increasing in the intervals (—oo;m) and (M;+00)
by the dominated convergence theorem there exist the following finite or infinite limits

Li(m) = Z_1>17Inn_OI1(z), I, (M) = Zi%l+ofz(z).

From now on we suppose that

mes(supp{v1(-)} A supp{va(-)}) = 0 (1)

and
[I1(m)| < 400, |L(M)] < +o0. (2)

In the latter case we set
po == (I1(m)) ™", o= —(Io(M)) .
In the following lemma we describe the number and location of the eigenvalues of h, .

Theorem 1. Let the conditions (1) and (2) be fulfilled.

(2) If 0 < p < po, then for any A the operator b, x has no eigenvalues in (—oo;m);

(#) If 1 > po, then for any X the operator h, ) has an unique eigenvalue ELI) located in
(—o0;m);

(¢43) If 0 < XA < Ao, then for any u > 0 the operator h, ) has no eigenvalues in (M ;00);
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(iv) If A > Ao, then for any p > 0 the operator h, ) has an unique eigenvalue E§\2) located in
(M;;00).
Now, we precisely describe the spectrum of H, ).

Theorem 2. Let the conditions (1) and (2) be fulfilled.
(7) For any 0 < gt < pp and 0 < A < A\g we have

Oess(Hyux) = [2m; 2M],  opp(Hpun) = 0.
1t) For any pu > pg and 0 < A < )g the number 2EW is a simple eigenvalue of H, » and
[ I
ess(Hyp) = [EW +m; W + MU 2m;2M],  opp(Hy)) = {2EM}.

(2)

(¢73) For any 0 < p < po and A > g the number 2E,” is a simple eigenvalue of H), ) and

Gess(H,p) = URm; 2M] U [EP + m; EQ + M), opp(Hun) = (2B}
(iv) For any p > pop and A > Ao the number 2E,(,,1) are 2E§\2) are the simple eigenvalues of

H,, . Moreover, the equalities

m

Oess(Hy\) = [Ef}) +m; Efll) + M] U [2m;2M] U [E/(\Z) +m; E/(\Z) + M];

2 2
opp(Hyn) = {QE;(}); E;Sl) + E§ )5 2E§ )}
hold.

Remark 1. In the assertion (iv) the location of the eigenvalue El(}) + E/(\2) of H, \ depends
on the value of the parameters y > 0 and A > 0. Choosing © > 0 and A > 0 one can show that

EY + EP € 0us(Hyp).
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Uniqueness and stability issues in general integral geometry problem on the
plane
Begmatov A.H.
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Integral geometry studies the transformations assigning to functions on a manifold X their
(weighted) integrals over submanifolds from certain set M [1].This important and intensively
developing domain of modern mathematics is closely connected with the theory of PDE,
mathematical physics, geometric analysis [2], [3].

With the advance of the technical base of computerized tomography and widening of the
field of applications of tomography methods the problem of determination of functions from their
integrals over manifolds of quite complicated shape acquire greater importance. The importance of
such the general problems of integral geometry is also caused by the intrinsic demands of the theory
of inverse problems for PDE and ill-posed problems of mathematical physics and analysis [2], [4].

We investigate new wide classes of integral geometry problems on curved manifolds as well as
the problems of inversion the Radon transform.

The following results will be presented:

1) Theorems of uniqueness and estimates of conditional stability of general integral geometry
problems on smooth convex plane curves.
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2) Uniqueness and stability of integral geometry problems with sufficiently general
perturbations in a strip (layer) for special families of curves (surfaces) were investigated, evolution
equations connected with such problems of integral geometry were considered and explicit analytic
formulas for solutions to the problems without perturbations are obtained [5-7].
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Combinatorial properties of cayley tree
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Combinatorial properties have become more important contour method on the trees. The
contour method on the lattice Z¢ d > 1, is generally called the Pirigov-Sinai theory [3]-[8].

The Cayley tree I* of order k£ > 1 is an infinite tree, i.e., a graph without cycles, with
exactly k + 1 edges issuing from each vertex. We suppose that ¥ = (V, L,4) , where V is the set
of vertices of Q*, L is the set of its edges, ¢ is the incidence function assigning each edge | € L
its endpoints z,y € V. If i(l) = {z, y},then the vertices x and y are called nearest neighbors, and
we write [ = (x,y). The distance d(z,y), x,y € V, on the Cayley tree is defined by the formula
d(z,y) = mind{3z = o, 1,22, x4-1,24 = y € V such that (zo,x1),, (Tq_1,2q)-

For a fixed 2° € V, we set

W, ={zeV|dz ") =n}, V,={zecV|dxx)<n}, L,={l=(z,y)€L|zyecV,} (1)

It is well known that there exists a one-to-one correspondence between the set V of vertices of the
Cayley tree of order k > 1 and the group Gy of free products of a k 4+ 1 cyclic group of order two
with the generators aq,aq, ..., ap41 -

We consider the models in which the spin takes values in the set ® = 1,2,¢,¢ > 2. A
configuration o on the set V is then defined as a function z € V. — o(z) € ®; the set of all
configurations coincides with Q = ®V.

Let A C V be a finite set, ' = V \ A\, and wy = {w(z),z € N'}. Let o) = {w(x),z € V}
be given configurations. Let wgl,) =141 =1,...,q, be constant configurations outside A. For each
configuration oy in the interior of A we extend the configuration to the entire tree using the ¢ th

(@)

constant configuration; we let o, denote this configuration and set wg\i) = {O’/(\i)}.
We considgr Vi and Vn(]) = Vé])(ag\l)) = {t € VTL : af\z)(t) =jthj=1,...,q,] # i, for a given
configuration Ug\z) € Q(;), ACV,. Let G = (Vn(]),L%])) be a graph such that
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LY =l=(zy)eLl:zyeVP j=1.4q

n

It is obvious that the graph G™J contains finitely many (m) maximal connected subgraphs
G’ for a fixed n, i.e.,

G = (G, G, G = (VDL LY), r= 1,0,

n,r? n,

)

where V,ir is the set of vertices and Lgf; )r is the set of edges of G?’j )

The number of elements of a set A is denoted by |A].

Two edges 11,12 € L,l; # la, are called nearest neighboring edges if |i(l1) Ni(l2)| = 1, and we
write < l1,ls >1 in this case.

Let G be a graph. We let V(G) and E(G) denote the sets of vertices and edges of the graph
G. For any two subcontoursT} and T the distance dist (77,7%) is defined as

dist(Ty, Ta) = mingey (1,)ye (1) AT, Y)

where d(zx,y) is the distance between the points z,y € V.

Definition 1. The sub-contours 77 and T are said to be adjacent if d(T1,T2) < 2. The
set of sub-contours A is said to be connected if for any two sub-contours 717,75 € A, there exist
sub-contours 17 = 11, To = T3 in the set A such that the sub-contours T; and T;,; are adjacent for
eachi=1,,7— 1.

Definition 2. Any maximal connected set (component) of sub-contours is called the contour
of the boundary T'.

Theorem 1. Let K be a connected sub-graph of the Cayley tree S* k > 2. Then

Vo=) (k+ 1k (2)
i=1
Theorem 2. Let K be a connected subgraph of the Cayley tree S* k& > 2. Then

n

Lp=) (k+ 1)k

=0
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The number of eigenvalues of the one-particle Schrodinger operator on a lattice
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Let T? = (—n, 7] be a three-dimensional torus, i.e., a three-dimensional cube whose opposite
faces are identified. We note that the operations of addition and multiplication by a real number
for the elements of the set T3 C R? are understood as operations modulo (27Z)3 in R3. Let Lo(T?)
be the Hilbert space of square integrable functions on T3.

The one-particle Schrédinger operator hy,, p € R, associated to the Hamiltonian h of one
particle on the lattice Z? interacting via attractive short-range potential, is a self-adjoint operator
acting in Ly(T?) as

hy=ho—pv, peR,

where hg is the multiplication operator by

3

ep) = (1 - cos2p),

i=1

and v is the integral operator with kernel

—s—l—l—Zcos o — Sa)-

Note that by the Weyl theorem (see [1]), the continuous spectrum ocons(hy) of the operator
h,, is therefore independent of the parameter u € R and coincides with the spectrum ocont(hy,) of
h,. Hence, the equality

Ucont(hp,) = U(h0> = [076]

holds.
Since v > 0 with u > 0,

sup (huf, f) < sup (hof,f) =6(f, f),  f € La(T?).
[IflI=1 [IflI=1

Hence, h, does not have eigenvalues lying to the right of the continuous spectrum, i.e.,
o(hy) N (6,00) = @.
Similarly, since p < 0

i = 3
nf £ (hut, f) > ||lr”1£1(hof7f) =0,  f€Ly(T%.

Therefore, h, has no eigenvalues lying to the left of the continuous spectrum, i.e.,
o(hy) N (—00,0) = @.
Let the functions ¢; be defined as

ei(p) =mPa);  {mpa)} € {1, cospi, cosps, cosp3,sinpy, sinpy, sin ps}. (1)

These functions consist of a 7 orthogonal system {¢;}. The operator v can be expressed via the
functions {¢;(-)}, defined in (1), in the form

7
=> (o f
=1
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Below, we describe the conditions for the existence of eigenvalues of h,.
We introduce the following subspaces H;, [ = 1,7, of Ly(T?) as

eee eee eee eee oee eoe eeo
My = HOOO? Ho = HT(OO’ Hs = HO#O? Ha = HOOm Hs = 700> He = HOTA’O7 Hr = HOOTH

where o, e, 0 and 7 denote even, odd, m-even and m-odd notions of variable, respectively. For example
1550 denotes a space of functions f(p) which are even with respect to each variables p1, p2 and odd
with respect to p3, and m-even with respect to pi, p2, and m-odd with respect to each variable ps.

Remark that the space H;, I = 1,7 is invariant under the operator h,. We denote by hyy the
restriction of h“'Hl of h, to H;.

Note that ¢; € H;, 1= 1,7. Therefore, the operator h,;, | = 1,7 acts in H; as
hyug = ho — pvy,

where

vif)(p) = (o1, ei(p), wr€H, 1=1,T.

Then we have

7
U(hu) = U U<hu,l)-

1=1
Next, we study the operator h,;, | =1,7.
We set 2(0)
7 (s)ds —
= [ ——— [=1,7 C\ 0, 6]. 2
a2)= [ L% e, 1=T7 zeC\ng &)

T3

Remark that the integral (2) converges as z = 0 (2 = 6) (see [2]).
We set

1 1
0 0
wi(0) = ——, u(6)=——, 1=1,T7.
!0 &(0) (0) &(6)
Let C(T3) be the Banach space of continuous (periodic) functions on T? and Gy(z), [ €
{1,2,...,7} be the (Birman—Schwinger) integral operator with the kernel

Gi(p,q;2) = , 2 € (—00,0)]U[6,+00).
Definition. Let f be a solution of hy,;f =0 (resp. h, f =6f).

1. If f € Ly(T?), then we say that 0 (resp. 6) is a threshold eigenvalue of Py
2. If f € L1(T?)\La(T?), then we say that O (resp. 6) is a virtual level of hy,.

Theorem 1. The following statements are true:

1. For any 0 < o < pP(0) (resp. pf(6) < p < 0) the operator hy,; has no eigenvalues lying to
the left (resp. to the right) of the continuous spectrum.

2. Let 0 < = pd(0) (resp. pd(6) = pu < 0). If p,(0) # 0, then hyy has a virtual level at z = 0
(resp. at z =6), if ¢1(0) = 0, then the number z =0 (resp. z = 6) is a threshold eigenvalue of hy, ;.

3. For any pu > p(0) > 0 (resp. p < pd(6) < 0), the operator h,; has a unique eigenvalue
lying to the left (resp. to the right) of the continuous spectrum.

Theorem 2. The following statements are true:

1. For any 0 < p < pd(0) (resp. pud(6) < p < 0), 1 = 1,2,...,7, the operator h, has no
eigenvalues lying to the left (resp. to the right) of the continuous spectrum.

2. Let 0 < p = pP(0) (resp. pd(6) = p < 0). If ¢;(0) # 0, then hy, has a virtual level at
2z =0 (resp. at z = 6) of multiplicity g > 1, if p;(0) = 0, then the number z =0 (resp. z =06) is a
threshold eigenvalue of multiplicity ¢ > 1 of hy,.

3. For any p > pd(0) >0 (resp. p < pud(6) <0), 1 =1,2,...,7, the operator h, has ezactly 7
eigenvalues (counting multiplicities) lying to the left (resp. to the right) of the continuous spectrum.
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Remark. Note that the item 2 of the Theorem 2 shows that the number z = 0 (resp. z = 6)
might be a virtual level or a threshold eigenvalue for the operator h,. For the case = 19(0), the
number z = 0 is a simple virtual level of h, with

fi(p) = (1]@ € Li(T3)\Lo(T®).

For the case g = p3(0) = p3(0) = pl(0) or p = p2(0) = pd(0) = £2(0), the number z = 0 is a
virtual level of multiplicity 3 or a threshold eigenvalue of multiplicity 3 of h,, respectively, with

sin p;

e(p)

Cos p;

e(p)

fivi(p) = € Ll(’]I‘3)\L2(’]I‘3) or  fuyi(p) = S L2(T3)a

i=1,2,3.
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Let T¢ = (—m, 7% be d-dimensional torus, Lo(T?) be the Hilbert space of square integrable
functions on T¢.

The two-particle Schrédinger operator hy(k), p > 0, k € T, d = 1,2, associated to the
Hamiltonian h of a system of two particles on the lattice Z¢ interacting via attractive short-range
potential, is a self-adjoint operator acting in Ly(T%) as

hu(k) = ho(k) — pv, k=€T? u>0,

where hg(k) is the multiplication operator by

d

1 1 1 2 1

Ek(p) :Z<7+7— —5 + costi+—zcos2pi>,
izl mi ma my mims ms

m; > 0 is the mass of the i-th particle, i = 1,2 and v is the integral operator with kernel

d
vip—s)=1+ Z cos(pa — Sa) + cos(p1 — s1) cos(pa — s2).
a=1
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Note that by the Weyl theorem [1] the essential spectrum oess(h,(k)) of the operator hy, (k)
coincides with the spectrum of the unperturbed operator hg(k)

Tess(hyu(k)) = o(ho(k)) = [m(k), M (k)],

where m(k) = min E(p), M (k) = max E(p).
peTd peTd
Since v > 0 and p > 0,

”;W:plwk)f, f) < H?lepl(ho(k)f, £)=ME)(f f),  fe€ Lo(TY.

Hence, h, (k) has no eigenvalues lying to the right of the essential spectrum, i.e.,
o (u(k)) N (M (k),0) = 2.

Let the functions ¢; be defined as

d
=TT nta). o)} € (cospa,cospsinn,sinpa) (1)

These functions consist of a 3% orthogonal system {¢;}. The operator v can be expressed via the
functions {¢;(+)}, defined in (1), in the form

3d

(vh)(p) =Y (1, Nar(p)-

=1

Below, we describe the conditions for the existence of eigenvalues of h, (k).

We denote by H; C Lo(T%), I = 1,2,...,3% the subspace spaned by the functions {(;(-)}
which defined by (1).

Remark that the space H;, [ = 1,2, ...,3% is invariant under the operator hu(k). We denote
by h,1(k) the restriction hu(k)‘yl of the operator h,(k) to H;.

Note that ¢; € H;, [ =1,2,...,3% Therefore, the operator hyi(k), 1 =1,2,... ,3% acts in
H; as

hui(k) = ho(k) — pvi,

where

Vif)(p) = (o, )eep), @i €My, 1=1,2,...,3%

Then we have

Next, we study the operator h, (k), 1 =1,2,... , 3¢,
There exist (finite or infinite) limits:

Z/l(lqgl Gk;z), 1=1,2,...,3%

where

2 s)as
alkiz) = [ £

Td

o eHM, 1=1,2,...,3 zeC\[m(k), M(k). (2)

Assumption. Assume that m = m; = my and k € II, where IT is a set of k € T? with
ko = =% or ko = § for some o € {1,2}.
If the Absumption 1 is not fulfilled, then for any k € T¢ there exists finite limits:
0 1

0(1) .— - — d
wp (k) ==y (m(k)) = z/l‘lnI?k) ATk l=1,2,...,3%
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Moreover, if ¢;(0) # 0, then u? (k) = 0 and if ¢;(0) = 0, then 0 < P (k) < occ.
Let us define the functions

0, if ue(OO,u?(k‘)), ©1(0) =0,
)i p= k), p1(0) =0,
k) =9 1 i pe (W(k),00), @(0) =0,
L if pe(0,00),  @i(0)#0,

foralll =1,2,...,3%

Theorem 1. Suppose that the Assumption 1 are not fulfilled. Then the following statements
are true:

1. For all p > 0 the operator h,;(k), | =1,2,.. 3% has oy(ps k) eigenvalue lying to the left
of the essential spectrum.

2. Let = pd(k) and p(0) = 0,1 € {1,2,...,3%}, then the number = = m(k) is an eigenvalue
of the operator hy, (k).

Theorem 2. The following statements are true:
1. For all > 0 the operator h, (k) has

3d

2d < Zal(u; k)< 34
=1

eigenvalues (counting multiplicities) lying to the left of the essential spectrum.
2. Let p= pd(k) and ¢;(0) =0, 1 € {1,2,...,3%}.
2.1. If |ki| # |ka|, for d = 1,2, then the number z = m(k) is a simple eigenvalue of the

operator hy, (k).
2.2. If |k1| = |kal|, there exist l1,1a,13,14,15 € {1,2,...,3%} such that the operator hM?(k)(k),

i =1,5, has an eigenvalue at z = m(k) with multiplicity

Z O‘li(ﬂg(k); k), i=
l;

L, 5,

in? s5;(s)ds cos? s; sin? s;(s)ds
0 (k) = 10 (k) = w7 Ukzok:/ il J i i=1,2, i+,
pig, (k) = p, (k) Er(s) — = pigy (k) = p, (k) Er(s) — = J #J

sin? s sin? so(s)ds
() = [ el
Ek(s) — =
Td

We set

poin (k) = min{pu)(k)},  piax(k) = max{yf (k)}, 1=1,2,...,3%

Remark. By the item 1 of the Theorem 2, if u < pO. (k) (vesp. u > pQ..(k)) then the
operator h, (k) has an eigenvalue of multiplicity 2¢ (resp. 3¢) (counting multiplicities) lying to the
left of the essential spectrum. If > p0 . (k) and ¢;(0) # 0 (resp. ©;(0) =0), 1 =1,2,...,3% then
the operator hy, (k) has an eigenvalue of multiplicity 2¢ (resp. 3¢ — 2¢) (counting multiplicities) lying
to the left of the essential spectrum.
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First Schur complement corresponding to a lattice spin-boson model with at
most two photons
IDilmurodov E., 2Rasulov T.
L2 Bukhara State University, Bukhara, Uzbekistan
L2 Bukhara branch of the Institute of Mathematics, Bukhara, Uzbekistan
e-mail: elyor.dilmurodov@mail.ru', rth@mail.ru?

Let TY be the d-dimensional torus, Ho := C be the set of all complex numbers, H1 := Lo(T9)
be the Hilbert space of square integrable (complex) functions defined on T9, Hy = L5™((T)?)
be the Hilbert space of square integrable (complex) symmetric functions defined on (T9)? and
H:=Ho D Hi1 D Ho.

We consider a lattice spin-boson Hamiltonian A with most two photons. Then [1] the operator
A act on C2 ® H and has the 3 x 3 tridiagonal block operator matrix representation

Ao Aor 0
A= A5 An A |,
0  Aj, A

where matrix elements A;;,4,j = 0,1,2,7 < j are defined by

Ao = sef® . Apf® = a / o) 17 (b,

Td
A f) @) = (= + w7 0), (Aifs)p) = a /?r () fs Y (v,
(Anfy)).a) = (2 + wp) + @)y 0.a). £ =" 1 s =4 e Cot

Here s = +, & > 0, the dispersion w(-) is a continuous function on T9; v(-) is a real-valued continuous
function on T9; the coupling constant o > 0 is an arbitrary.

To study the spectral properties of A we introduce the following two bounded self-adjoint
operators A®), s = 4+ which acts in H as

A Ay 0
a0 &y A A
0 A, A7
with the entries

jé%)fo =sefo, Aonfi= Oé/ v(t) f1(t)dt,

Td

A1) = (52 wiD AP, Aaf)o) =a [ vOnE-L
(A5 f2)(p.0) = (s2 +w(p) + w(@)fa(p.0),  (fo fu, fo) € Mo
For any p € T we define an analytic function A®)(p;-) in C\ [se + w(p);se + M + w(p)] by

2 2
ATp;2) = —se+wlp) - 2 2 Jpase+w(p) +w(t) -z’
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where
m = ,?é%r]% w(p), M= max w(p).
Let 0® be the set of all complex numbers z € C such that the equality A®) (p;z) = 0 holds
for some p € T9. Then (see [2]) for the essential spectrum of A®) we have
ess(A®)) = 0 U [se + 2m; se 4+ 2M].

Using the unitary equivalence of the operators A and diag{ A, A7)} we describe the
spectrum of the operator A, see [1].
Lemma 1. We have 0(A) = o(AMH) U o(A)). Moreover,

ess(A) = Tess (A U e (AT)); 05 (A) = op (AT U g, (AD).

Next, we represent the space H as a direct sum of two Hilbert spaces Hg & H1 and Ha,
that is, H = Ho1 @ Hs. Then the first Schur complement of the operator A® with respect to this
decomposition (see [3]) is defined as

~

SO (2): Ho @ Hy — Ho DMy, =€ p(AL);

. A\(S) A\01 0 ~(s) 1 ~

Define
St (2) = Al ==z 557 (2) == Aoss
S0 (2) 1= Ay, 817 () 1= A — 2 = Ann(AF - 2) 7 Ay
Then the operator S®)(z) has form
SO)(2) = ( S{)Z;(@ Séi;(@ > '
Sio (2) Si7(2)

For convenience we represent the operator Sﬁ)(z) as a difference of two operators

511 () = D (z) — KO(2),
where the operators D®)(z), K®)(2) : Lo(T4) — Lo(T9) are defined by

o?u(p) o(t)(t)dt
/

(DB (2)f)(p) = A (pi2) f(p);  (KE(2)f)(p) = 2 ase +w(p) +w(t) —z

Since for any fixed z € R\ [se 4 2m,se + 2M] the kernel of the integral operator K®)(z) is
a continuous on (T9)?2, it is a Hilbert-Schmidt operator. By the Weyl theorem on the invariance of
the essential spectrum under compact perturbations and by the continuity of the function A®) (-32)
as z € R\ [se + 2m,se + 2M] on the compact set T4 we obtain

Tess(S®)(2)) = Ran(A®)(-; 2)).

Proposition 1. The following equality holds:
(A [se + 2m, se + 2M] = o(S®).
Proposition 2. )y € Udisc(.A(S)) if and only if 0 € ogisc(S (S)(/\o)). Moreover, the eigenvalues

Ao and 0 have the same multiplicity.
Let us denote by N, ) (A®)) the number of eigenvalues of A®) lying in (a,b) C R\ 0ess(A®).
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Proposition 3. For any \ < ES) := min oess(A®)) the equality holds

N(—oo;)\) (A(b)) = N(—oo;O) (S(b) ()‘)) :

(s)

Remark 1. In the same manner we can see that for all A > Ema, := max oess(A®) the
inclusion gess(S®)(\)) C (—00,0) holds. Moreover, the equality

Nnoo) (A®) = Nig o) (ST(N))

holds for any A > EI(I?;X
From Proposition 3 one can conclude that for any A < min oess(A) the equality

N—oon)(A) = N(_o0,0)(STHN)) + N(_oo0)(STN))

holds.
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On spectrum of convolution operator with potential
I Elena Zhizhina
U Institute for Information Transmission Problem (Kharkevich Institute) of RAS, Moscow, Russia
e-mail: ejjQiitp.ru

In my talk I present results of our paper [1]| on the spectral properties of a bounded self-adjoint
operator in Ly(R?) being the sum of a convolution operator with an integrable convolution kernel
and an operator of multiplication by a continuous potential vanishing at infinity. We study both the
essential and the discrete spectra of this operator. It is shown that the essential spectrum of the sum
is the union of the essential spectrum of the convolution operator and the image of the potential. We
then provide a number of sufficient conditions for the existence of discrete spectrum and obtain lower
and upper bounds for the number of discrete eigenvalues. We also compare the spectral properties
of the operators considered in this work with those of classical Schrodinger operators, and discuss
the connection of the spectral problem with the so-called contact model in continuum [2].
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Diskret Hardi tengsizligiga oid ba’zi natijalar
IEshimova M. 2 Ismatov N. ®Eliyeva F.
L O%FA V.I.Romanovskiy nomidagi Matematika instituti, Toshkent 100174, Uzbekistan
e-mail: eshimova math@mail.ru
2 Jizzax davlat pedagogika universiteti, Jizzaz 130100, Uzbekistan,
e-mail: ismatov@Qgmail.ru

3 Buzoro davlat universiteti, Buzoro 200114, Uzbekistan,

e-mail: eliyevaferuza@gmail.ru

p va q haqiqily sonlar, {u,}2°; va {v,}5°; nomanfiy sonlar ketma-ketligi berilgan bo‘lsin.
Ixtiyoriy {f,}>2; nomanfiy ketma-ketlik uchun quyidagi

00 n q % 00 %
(Z (Z flc) Un) <C (Z f,fvn) (1)
n=1 \k=1 n=1

diskret Hardi tengsizligi bajarilishi uchun {u,}°2; va {v,}22; ketma-ketliklarga qo‘yiladigan zarur
va yetarli shartlar oilasini topish masalasini ko‘rib chiqgamiz. 1 < p < ¢ < oo holda quyidagi

1
Aq = sup (Z uk> (Z v,i_p/> ’ < 00,

neN h—1
1
N “p» / N k a\ ¢
—p o/
Ay 1= sup E v,i P E g, g v,i P < 00,
neN \j—1 k=1 n—1

0o Y 00 00 p P’
Az := sup (Z uk> Z v,ifpl (Z un> < 00

shartlarning ixtiyoriy birining bajarilishi, 0 < p < 1,p < ¢ < oo holda

Ay = sup (Z uk> _1/7’ < 00,

nenN

l<p<oo,0<qg<p,1l/r=1/q¢—1/pholda

r P
7 T

e’ 0 % n A3
(X)) (X)) <
n=1 \k=n k=1

q < p =1 holda

0o 00 q/(1—q)
o q/(q—-1)
Ag = Z Un (; uk> lréllgié(n vy, < 00,

n=1

0<g<l<p<oo,1l/r=1/qg—1/pholda esa

00 00 n , q %
£(E) (5] <~
n=1 \k=n k=1

shart (1) Hardi tengsizligi o‘rinli bo‘lishi uchun zarur va yetarlidir[3]. Bundan tashqari, [2] ishda (1)
tengsizlik bajarilishi uchun parametrga bog‘liq bir qator ekvivalent shartlar keltirilgan, ya'ni, agar
1 < p < g < oo bolsa, (1) Hardi tengsizligining o‘rinli bo‘lishi quyidagi shartlarning ixtiyoriy
birining bajarilishiga ekvivalentdir:

Q3

1=

s—1 a(p—s)

N D [e%s) n P
Aq(s) := sup (Z v,i_p> Z Un (Z U;i_p> <00, 1 <s<p, (2)
= k=1

Q
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w
|
—
3
~
=~
S
L[S
|
@
=
bS]
N

1
N q N 00 o
As(s) := sup (Z un> Zvifp/ (Z uk> <oo, 1<s<(, (4)

00 - 00 0 p’(é-‘rs) p 1
Ay(s) := sup ) Z T (Z uk> <oo, 0<s< 7 (5)

Xususan, A1(p) = As(q¢’) = Ay, Ag(%) = Ay va A4(%) = As.

Biz ushbu ishda (1) Hardi tengsizligi o‘rinli bo‘lishiga ekvivalent bo‘lgan (2)-(5) parametrga
bog‘liq shartlar oilasini kengaytirib, qushimcha ravishda o‘zaro ekvivalent bo‘lgan yangi oltita
shartlarni keltiramiz.

Teorema. 1 < p < g < 00,0 < s < 00 bo‘lsin. (1) Hardi tengsizligi barcha {fn}o> 1, fn >0
da o‘rinli bo lishi uchun quyidagi shartlarning ixtiyoriy birining bajarilishi zarur va yetarlidir:

q Lis
oo 8 [ AEETDAN i
As(s) := sup (Z Uk) ZUk; (Zv}f”) < 0, O<s§?,

k=N k=N n=1
_ / pl/'i‘s
N , s N 1w e q(1+sp”) 1
Ag(s) := sup vl=P ka_p Zun <oo, 0<s<—,
N21 n=1 k=1 n=~k p
q L
o S (N k ANEDA N 1
Az(s) := sup Z U, Zuk Zvifp <oo, 1<s< =,
N21 \g=n k=1 n=1 q
q 1
o) s 0 p/(1—qs) q 1
1—p'
Ag(s) := sup (Z uk> Zuk (ka p) <00, §> —,
N21 \g=n k=n n=1 q
1
/ ]
al 1—p/ & 1—p/ > q(lfsp,) ’ 1
— —p —p
Ag(s) := sup ka ka Zuk < 00, 1<s§?
NZ1 \k=1 k=N n—=k
1
/ ]
al 1—p/ X 1—p/ > q<135p,) ’ 1
Ajo(s) := sup ka P ka P Zuk <00, §2> .
NZ1 \k=1 k=1 n—=k P

Bundan tashqari, (1) tengsizlikning eng yaxshi konstantasi uchun C ~ A;(s),i = 1,2, ...,10 o‘rinli.
Foydalanilgan adabiyotlar

1. Kufner A., Maligranda L. and Persson L.-E. The Hardy inequality-about its history and some related
results, Pilsen, 2007 y.

2. Okpoti C. A., Persson L.E., Wedestig A. Scales of weight characterizations for the discrete Hardy and
Carleman type inequalities, In: Proc. Conf. "Function Spaces, Differential Operators and Nonlinear
Analysis FSDONA 2004, Math.Inst.Acad.Sci. Czech Republic, Prague 2005, 236-258.

3. Bennett G. Some elementary inequalities III. Quart. J. Math. Oxford Ser. (2), 42(166):149-174, 1991.

4. Hardy G. H., Littlewood J. E., Polya G. Inequalities.—Cambridge University Press: Cambridge, Chap.
9, 1952.
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Hardi operatori normasi uchun baholar
!Eshimova M., ? Kuliyeva G., 3 Nurullayeva M.
L O%FA V.I.Romanovskiy nomidagi Matematika instituti, Toshkent 100174, O‘zbekiston
e-mail: eshimova math@mail.ru
2 Toshkent Azborot Texnologiyalari Universiteti Samarqand filiali, Samargand 140100, O‘zbekiston
e-mail: kulievag@mail.ru

3 Buzoro davlat universiteti, Buzoro 200114, O‘zbekiston,

e-mail: nurullayeva.f@gmail.ru

Faraz qilaylik (a,b) C R\ {0} ixtiyoriy interval bo‘lsin. Berilgan 1 < p,q < oo va u,v vazn
funksiyalari uchun quyidagi vaznli Lebeg fazolarini

2 = (£ 1l = ([ b If(ar)l”v(m)d:vf < oo},

Li(u) ={f:|If

hamda, Hardi operatorini kiritaylik

= ([ !f(x)!"uw)dw); < oo},

H:LP(v) — LY(u), (Hf)(x):= /m In“(x/t) f(t)dt, (1)

a

bunda o > 0, > ¢ > 0. Ushbu ishda (1) operatorning chegaralanganligi, ya'ni

1H fllgu < Cllfllpw

va uning normasi uchun baholar olish bilan shug‘illanamiz.
Agar a = 0 bo‘lsa u holda (1) operator

(1) @)= [ " f(t)at

ko‘rinishni oladi, bu operatorga klassik Hardi operatori deyiladi. Bunday operatorlar o‘tgan asrning
o‘rtalarida juda yaxshi o‘rganilgan bo‘lib, operatorning chegaralangan bo‘lishi uchun zarur va yetarli
shartlar barcha p va ¢ uchun olingan. Bundan tashqari, operator normasi uchun turli baholar
keltirilgan. Bu haqda to‘liq ma’lumotlarni [1-3] adabiyotlarda ko‘rish mumkin.

Agar o # 0 bo‘lsa u holda bunday operatorlarni o‘rganishda birmuncha qiyinchiliklar
paydo bo‘ladi. (1) operatordagi k(z,t) = In“(x/t) operatorning yadrosi deyiladi. Yadroning qulay
tomoni shundaki, u birinchi argument bo‘yicha o‘suvchi va ikkinchi argument bo‘yicha kamayuvchi
funksiyadir. Bundan tashqari bu funksiya berilgan (a,b) x (a,b) to‘plamda uzluksizdir. k(x,t)
funksiyaning mana shu xossalari Oynarov yadrosi shartlarini bajarilishini ta’minlaydi. Bunday
operatorlarning chegaralanganligi masalasi o‘tgan asrning oxirgi o‘n yilliklarida o‘rganila boshladi.
Bu hagida, yetarlicha ma’lumotlar [1-2] adabiyotlarda berilgan.

Ushbu ishda bizlar 1 < p < ¢ < oo bo‘lgan holni qaraymiz. Quyidagicha belgilashlar kiritaylik:

Avi= sw < /m bu(t)dt>; ( /a " 109 (3 /)01 (t)dt> ’
Ay = sup. (/: lnaq(t/x)u(t)dt>}1 (/j vlp’(t)dt) ,

Teorema. Faraz gilaylik, 1 < p < q < oo va o > 0 bo‘lsin. U holda (1) operator chegaralangan
bo‘lishi uchun

=

va

Y

/I _ P
bundap = }Tl

A1<OO, Ag < 0



52 SECTION I. MATHEMATICAL ANALYSIS

shartlarning bajarilishi yetarli va zarurdir. Bundan tashqari (1) operatorning normasi uchun
quyidagi baholar o‘rinlidir:
A<|H] <X,

bu yerda X quyidagi nochiziqli algebraik tenglamaning yechimi

XY 20T () TTATTX = 27 e (o) 7 AT @)
bunda A = max{A;, As}.

Izoh. (2) tenglama yagona musbat yechimga ega, sababi, agar uni F(X) = 271 deb yozsak,
u holda

!

:L'q

F(x) = 7
1 P 1 1 1

gt (p) 7 AT+ qii(g) T ATy

funksiya (0,00) yarim intervalda x ning uzluksiz va monoton o‘suvchi funksiyasi, hamda F(0) = 0

va F(00) = 00.

Misol. 1 < p < ¢ =2 bolsin. U holda (2) tenglama va uning musbat yechimi mos ravishda
quyidagi ko ‘rinishda bo ‘ladi:

2
7

X2 - 20T AX = 2%(p/) v A2

)a

Natija. Faraz gilaylik 1 < p < ¢ = 2 bo‘lsin. U holda (1) operator uzluksiz bo‘lishi uchun

va

AN

mos
Al < 00, A2 < 00

shartlarning bajarilishi yetarli va zarurdir. Bundan tashqari operator normasi uchun quyidagi
baholar
2
A<|H| < (20‘ + 4/ 22 20‘(p’)p/> A
o‘rinlidir.
Adabiyotlar
1. Kufner A., Maligranda L. and Persson L.-E. The Hardy inequality-about its history and some related

results, Pilsen, 2007 y.

2. Kufner A., Persson L.-E. Weighted inequalities of Hardy type, World scientific: New Jersey, London,
Singapore, Hong Kong, 2003.

3. Bennett G. Some elementary inequalities III. Quart. J. Math. Oxford Ser. (2), 42(166):149-174, 1991.

4. Hardy G. H., Littlewood J. E., Polya G. Inequalities. -Cambridge University Press: Cambridge, Chap.
9, 1952.
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Non-tangential boundary values for A(z)—analytic functions
Husenov B.
Bukhara State University (Muhammad Ikbal street,
705018, Bukhara, 11, Uzbekistan),
e-mail: husenovbehzod@mail.ru

Let A(z) be an antianalytic function, i. e. % = 0 in the domain D C C; moreover, let

|A(z)] < C < 1forall z € D. The function f(z) is said to be A(z)—analytic in the domain D if for
any z € D, the following equality holds:

of .. of
= = A S 1)

We denote by O4(D) the class of all A(z)—analytic functions defined in the domain D.
According to, the function

V(za) =2z—a+ / A(7)
v(a;2)

is an A(z)—analytic function.
The following set is an open subset of arbitrary convex domain D :

L(a;r)=< Y (z;a)|=|z—a+ / A(r)dr| <r
v(a;z)
For sufficiently small » > 0, this set compactly lies in D (we denote this fact by L(a;r) CC D) and
contains the point a. This set L(a;r) is called the A(z)—lemniscate centered at the point a. The
lemniscate L(a;r) is a simply - connected set (see [2]).
Hardy classes H? were introduced by F. Riesz’s. The Hardy class HY,p > 0 for A(z)-analytic

functions is given in [4]|. Before we will introduce this class for A(z)-analytic functions in the case
p=1.

Definition 1. f(2) € Oa(L(a;r)) is said to be in HY, if

[ @+ Az (2)

[¢(z5a)|=p

1
2mp

is bounded in lemniscate L(a;r), where p < r,z € L(a;r).
Let f = u+iv.

Theorem 1. (see [3]). The real part of the A(z)—analytic functions of f(z) € Oa(D) satisfies
equation

0 1 ou 0 1 ou
A =— [ —( (1 A ——2A — 1 (1 A ——2A =
A az<1—|A|2 <( +14F) 92 >)+8z<1—|A|2 <( +14F) a)) !

(3)
i the domain of D.

In connection with Theorem 1, it is natural to define the A(z)—harmonic function as follows.

Definition 2 (see [3]). A double differentiable function u € C*(D), wu: D — R is called
A(z)—harmonic in the D domain if the D domain if it satisfies the differential equation (3).

The class of A(z)—harmonic functions in the domain of D is denoted as ha(D). Thus, the
real part and hence the imaginary part, of the A(z)—harmonic function in the domain of D. The
inverse theorem is also true for simply connected domains.
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Theorem 2. (see [3]). If the function is u(z) € ha(D), where D is a simply connected domain,
then f € O4(D) :u= Ref.
For A(z)—analytic and A(z)—harmonic functions, the following Dirichlet problem is naturally

considered:

Dirichlet problem. A bounded domain of G C D is given and a continuous function of w(()
is set at the boundary of OG. It is required to find A(z)—harmonic in the domain of G, continuous
on the closure of G the function of u(z) € ha(G) N C(G) : uog = w.

Theorem 3. (see [3]) (an analogue of the Poisson formula for A(z)—harmonic functions). If
the w(Q) function is continuous on the boundary of the lemniscate of L(a;r) C D, then the function

2 )2
u =g [ w0+ aag ()
p(Ca)=r ’
is the solution of the Dirichlet problem in L(a;r).
The f(¢;2) = % function is an A(z)—analytic function for z € L(a;r), where
¢ € OL(a;7r). Then 7

P(G2) = ——(f(Gi2) + F(550) = = (

W@ Q) +¥(a;2) h(a; ) +v(a; Z))
Pla;¢) —la;2)  p(a; Q) — Y(as 2)
1 <|¢J(a; OF - \¢(a;2)|2> _ 1 <7"2 - ¢(a;2)|2>
(25 Q)7 2\ W(=OR )
Formula (4) is called an analogue of the Poisson formula for A(z)—harmonic functions.
The Hardy class H%,p > 0 for A(z)-analytic functions is given in [4]. Initially, we will
introduce this class for also A(z)-harmonic functions in the case p > 1.

2rr T onr

- 2r

Statement 1. u(z) € ha(L(a;7)) is said to be in HY, if the average integral
p
/ lu(z)||dz + A(z)dz] | <T (5)
v (z30)|=p

1
2mp

is bounded in lemniscate L(a;r), where T > 0.
Now, we introduce an angular limit for A(z)—analytic functions.
Notation 1. u(z) is called the (non-tangential or angular <) boundary value function for
A(z)—harmonic function u(z), we frequently write
u(¢) = lima(z), ()
z—(
<
L(a; R) lemniscate is almost everywhere.
Now we give the following theorem.

Theorem 4. Let u(z) € HP(L(a;R)),p > 1 and let u(z) be A(z)—harmonic function this
lemniscate L(a; R). Then, for almost all ( € OL(a; R), u(z) tends to a finite limit, say u(C), as
z—=(

q
ue) =5 [ QPG+ A, ™)
[ (Ga)l=r
where z € L(a; R).

In future, whenever we have a function u(z) € ha(L(a; R)), satisfying the hypothesis of the
above theorem (for class HY,p > 1), we assume it to be automatically extended a. e. to boundary
lemniscate OL(a; R) in the manner described.
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Estimates for convolution operators
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In this paper we consider the convolution operator M with oscillatory kernel given by :
M;, = F7 e @ g, F,

where F' is the Fourier transform operator, ¢ € C*°(R™\{0}),» > 0, besides ¢ is a homogeneous
function of order one, a; € C*°(R") is a classical symbol of PDO of order —k.

Problem. Let 1 < p < 2 be a fired number. We consider the problem: find a number k(p)
such that the onepamop My, : LP(R™) — L (R™) is bounded for k > k(p), where p' is a conjugate
exponent, e.qg. 1/p+1/p' = 1.

Note that if a(¢) = |£|~* with 0 < & < n and ¢ = 0 then the problem is reduced to Hardy-
Littlewood-Sobolev’s inequality. Then if & = 2n(1/p — 1/2) then the operator is bounded from
LP(R™) to L¥ (R™). Moreover, if a is a symbol of PDO and ¢ = 0 then we dealt with L? — L¥
boundedness problem for the pseudo-differential operators. Note that, the oscillation factor gain
better estimate for the order k of the symbol a.

It turns out that the number k(p) depends on the geometric properties of the following smooth
hypersurface:

N = {E€R": () = 1}.

Further, we use notation:

k(p, %) := inf {k > 0 My : LP(R") — LP(R™) is bounded}.

M. Sugimoto [2] consider the problem for the case when ¥ C R? is a smooth hypersurface
having at least one non-vanishing principal curvature at every point and obtained an upper bound
for the number k(p, ¥). We consider more general surfaces in R3 for which both principal curvatures
can vanish and obtain an upper bound for k(p, ) in terms of a height of smooth functions improving
the results proved by M. Sugimoto for the case n = 3. Moreover, we obtain the exact value of k(p, 3)
for some partial classes of surfaces.

Since Y. is a compact hypersurface, following M. Sugimoto it is enough to consider the
local version of the problem. More, precisely we will assume that the amplitude function ag(§)
is concentrated in a sufficiently small conic neighborhood T of a fixed point v € S? (where S? is a
unit sphere centered at the origin of the space R?) and ¢ (&) € C°°(T).

Also, for the sake of being definite we will assume v = (0,0,1) and ¢(0,0,1) = 1. Thus, in a
sufficiently small neighborhood of the point v the hypersurface ¥ is given as the graph of a smooth
function:

SNT={¢el: o) =1} ={(&,8),& =1+ ¢(&1,82), (&1,&) € U},
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where U C R? is a sufficiently small neighborhood of the origin and, ¢ € C*®(U) is a smooth
function satisfying the conditions ¢(0,0) = 0, V¢(0,0) = 0 (compare with [2]).
If P is any given polynomial which is homogeneous, then we denote by

n(P) := ords1 P

the maximal order of vanishing of P along the unit circle S*.
Also we use notion of height introduced by A.N. Varchenko [3|. We introduce the necessary
definitions: Let ¢ be a smooth real-valued function defined in a neighborhood of the origin. Consider

the associated Taylor series
oo

BE) ~ Y cal”
|ar|=0
of ¢ centered at the origin. Where o := (a1, ag) € Z2 \ {0}, Zy := {0} UN, |a| := a1 + a9, £ :=
SR
The set

T(6) = {0 € Z2\ {0} s co = - 07105%6(0) £ 0)

will be called the Taylor support of ¢ at the origin. The Newton polyhedron or polygon N (¢) of
¢ at the origin is defined to be the convex hull of the union of all the octants a + Ri in R?, with
a € T(¢). We use coordinates t := (t1, t2) in the space R2 D N (¢).

The Newton distance in the sense of Varchenko [3], or shorter distance, d = d(¢) between
the Newton polyhedron and the origin is given by the coordinate d of the point (d, d) at which
the bi-sectrix t; = to intersects the boundary of the Newton polyhedron. The height of the smooth
function ¢ is defined by [3]:

h(@) = sup{dy}, 1)

where the supremum is taken over all local coordinate systems y at the origin (it means the smooth
change of variables in a neighborhood of the origin which preserves the origin), and where d, is the
distance between the Newton polyhedron and the origin in the coordinates y.

We use the following Proposition [1]:

Proposition. Assume that ¢(0,0) = 0, V(0,0) = 0 and also D?¢(0,0) = 0 or equivalently
071052 $(0,0) = 0 for any « with |o| < 2. Then the following statements hold:
a) If P3 the homogeneous part of degree 3 of the Taylor polynomial of ¢ satisfies the condition
n(Ps) < 3, then, ¢ after possible linear change of variables can be written in the following form on
a sufficiently small neighborhood of the origin:

B(&1, &) = b(€1,&)(& — (&) + bo(&1), (2)

where b, by, 1 are smooth functions, and b(&1, &) = €1b1(&1, &) +E3b2(&2), here by and by are smooth
functions, with b;(0,0) # 0, and also ¥ (&) = £"w(&1) with m > 2 and w(0) # 0 unless ¢ is a flat
function.

Moreover, either

(ai) b is flat, (singularity of type Do), and h(¢) = 2,

or

(ail) bo(&1) = &7B(&1) with n > 3, where 5(0) # 0 (singularity of type D, 41) and h(¢) = nQ—fl

In these cases we say that ¢ is of type D.

b) If n(P3) = 3 and h(¢) < 2, then, ¢ after a possible linear transformation it can be written
as follows:

B(1,&2) = b3(61,62) (&2 — E7w(&1))® + E671D1(&1) + E1°bo (1),

where b3, by, by, w are smooth functions. Moreover, b3(0,0) # 0 and either
(bi) ko = 4 with by(0) # 0 and ky > 4 this Eg type singularity and h(¢) = £2;
(bii) k1 = 3 with b1(0) # 0 and ko > 5 this is E7 type singularity and h(¢) =

9.
5
(biii) ko = 5 with bg(0) # 0 and ky > 4 this is Eg type singularity and h(¢) = %.
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In these cases we say that ¢ is of type E.

The main our result is the following:
Theorem. If the smooth function ¢ defined by (2) satisfies the condition of Proposition and
1 <p<2is a fired number then for

a3

the operator My, : LP(R3) — LP'(R3) is bounded. Moreover, in the case a) 2m + 2 > n and in the
case b) k(p,X) = kp.

Remark. Note that the condition 2m+2 > n corresponds to the linearly adapted coordinates
system introduced in [1]. It means that in the relation (2) the "supremum"is attained in linear change
of variables. So, there exists a linear change of variables y such that d,, = h(¢) under the condition
2m 4+ 2 > n. Moreover, if 2m 4 2 < n then for any linear change of variables we have d, < h(¢).
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Let S be a smooth hypersurface in R™*! and let 1) € C§°(R™1) be a smooth non-negative
function with compact support. We consider the associated averaging operator A; given by

Af(x) = / F( — ty)(y)do(y),
S

where do denotes the surface measure on S. Then, let M f(x) be associated maximal operator given
by
Mf(z) = sup [A¢f ()] (1)

t>0

We investigate LP-boundedness of M, i.e., we would like to determine

IMfllze < Gyl fl e,
for all f € Cgo(R™H1).

Defination 1. The mazimal function M is said to be bounded in LP, if there exists such
constant C), that for any functions f € CSO(R”H) holds following inequality

IMflize < Gyl fllzr,

where || - ||z» -is norm of the space LP.
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E.Stein [1] proved that, if S is the Euclidean unit sphere in R®*! n > 2. then the corresponding
spherical maximal operator (1) is bounded on LP(R"*!) for every p > ”'H . Later the analogous
result in demension d = 2 was proven by J.Bourgain [2]. The key property of spheres which allows
to prove such results is the non-vanishing of the Gaussian curvature on spheres. The problem of
boundedness of the maximal operators in LP associated with hypersurfaces for which the Gaussian
curvature vanishes at some points is actual. In [3], it is proved that, if S is convex hypersurface of
finite linear type and p > 2 then the condition

A, H) 7 € Li,(8) (2)

is necessary and sufficient for the boundedness of the maximal operators in LP(R"*!), where H-
is any hyperplane not passing through the origin and d(x, H)- is the distance from = € S to H.
Moreover, in [4], it is proved the necessity of condition (2). I.A.Ikromov, M.Kempe, D.Miiller [5]
proved that if S C R? is a smooth hypersurface, then for p > h > 2 (where h(S) is the hypersurface
height introduced in the classical work by A.N. Varchenko [6]) the maximal operator is bounded. If
S is an analytic hypersurface, then for p < h the maximal operator is unbounded.

Let us S = {(x,y,2(x,9))} C R? be given surface and H its tangent plane at the origin.
Denote by d(Y, H) the distance from the point Y := (z,y,2(z,y)) of the surface to its tangent
plane H. Moreover, let the surface S be given by the following formula in some neighborhood of the
origin:

2(w,y) = (y = () + p(2) + C,

where ¢ # 0 is a constant (0) = ¢'(0) =0 an (x) is a convex function, and derlvatlves of all
orders vanish at the origin, i.e. 0 = ©(0) = ¢’ (0) = ...¢"(0) = .... Moreover, let ¢ (z) > 0 for
all z € U. If there exists x1 > 0 such that ( 1) = 0, then for x € [0,21] we have: ¢'(z) = 0
and therefore p(z) = 0 on the segment [0, a:l]. Next, it is easy to show that the maximal operator
is unbounded in L?. Similarly, if for some x5 < 0 ¢'(x2) = 0, then the maximal operator is also
unbounded in L2. Therefore, in what follows, we will assume that for z > 0 ¢/(x) > 0 and ¢'(x) < 0
for x < 0. Thus, for each u > 0 we have ¢~ !(u) = {21, 22}, where 25 > 0 and z; < 0. We give the
following proposition, the proof of which follows from an analogue of G. Shulz’s theorem |[7|(and
also see [8])

Proposition 1. Suppose rankHess®(0,0) = 1. Then, after changing the appropriate linear
coordinates, the function ® in a sufficiently small neighborhood of the origin can be written in the
following form.:

®(z,y) = bz, y)(y — ¥ (2))* + p(x),
where b, and v are smooth functions, and (x) = cx™ + O(x™+1), where ¢ # 0 and m > 2, and
b(0,0) # 0.

Proposition 2. Let the function ® be given in the form

® = b(z,y)(y — ¥(2)* + p(a).

If the function ® is convex and ¢ is a flat function , then the function v is also flat.

We formulate the main result of the paper in the form of the following theorem.

Theorem 1. IfS is a convex surface and the function ¢ is a flat function, then for the mazimal
operator M to be bounded in the space L?(R®) it is necessary and sufficient that the following
condition be satisfied: .

1
v ml e L'(s(U).
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Hardy-Volterra operatori normasi uchun baholar
Ismatov N., Ismoilov M., Qodirova M.
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Faraz qilaylik, 1 < p,q < oo va wu,v lar vazn funksiyalari bo‘lsin, ya'ni (a,b) da aniqlangan
o‘lchovli musbat funksiyalar. L,(v) va Lq(u) orqali vaznli Lebeg fazosilarini belgilaymiz:

b
L) = {f 71 = [ 17OPuet < o)

va b
Lyfu) = F + I8 i= [ 17Oy < oc).

Ushbu ishda Ly(v) fazoni Lg(u) fazoga akslantiruvchi Hardy-Volterra operatorini

(1)) = [ ka0 (0 W

qaraymiz, bunda k(x,t) operatorning yadrosi bo‘lib u (a, ) x (a,b) da aniglangan o‘lchovli musbat
funksiyadir.

(1) operatorning chegaralanganligi masalasi o‘tgan asrning ohirgi o‘n yilliklarida shiddat bilan
o‘rganila boshladi. Masalan, F.J. Martin-Reyes, E. Sawyer va V.D. Stepanovlar Riman-Liuvil kasr
tartibli integral operatorini, ya'ni, (1) operator k(z,t) = %, a > 1 yadro bilan berilgan
holni o‘rganishgan, bunda I'(«) Gamma funksiya. S.Bloom va R.Kerman, va R.Oinarov umumiyroq
yadro bo‘lgan holda, ya'ni, k(z,t) uzluksiz nomanfiy funksiya bo‘lib birinchi argument bo‘yicha
o‘suvchi, ikkinchi argument bo‘yicha kamyuvchi va shundayCi,Cs > 1 sonlar mavjudki ixtiyoriy
a < s <t<x<buchlik uchun

Ci(k(z,t) + k(t,s)) < k(x,s) < Ca(k(z,t) + k(t, s))

o‘rinli bo‘lgan holda (1) ning chegaralangan bo‘lishini o‘rganishgan, bu haqda batafsil ma’lumotni [1-
2| adabiyotlarda ko‘rish mumkin. Yuqoridagi shartlarni qanoatlantiruvchi yadroga Oynarov yadrosi
deb ham ataladi.

Keltirilgan ishlarda avtorlar ko‘proq e’tiborni (1) operatorning chegaralangan bo‘lishi uchun
yetarli va zaruriy shart olishga qaratishgan. Lekin, matematik fizika va differensial tenglamalar
nazariyasida, spektral nazariyada operatorning normasi uchun baholar ham juda muhim hisoblnadi.
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Ushbu ishda bizlar (1) operatorni k(z,t) = (z — t)*, a > 0 holda qaraymiz, va bunda bizni shu
operatorning normasi uchun baholar olish qizigtiradi.
Ma’lumki, (1) operatorning vaznli Lebeg fazolarida chegaralanganligi quyidagicha yoziladi

1 fllgu < Cllfllp,vs

bunda f € L,(v), C esa o‘zgarmas sondir. Ohirgi tengsizlik, Hardy tengsizliklar nazariyasi Hardy-
Volterra tengsizligi ham deb yuritiladi

b| =z q % b P

[|[worswal a) <c{ [is@ra) - )
Bundan tashqari, bu tengsizlikka qo‘shma tengsizlik

bl b q g b »

[1[e-arsow w) <c( [irep 3)

uchun ham natijalar beramiz.

Teorema 1. Faraz qilaylik, 1 < p < q < 0o bo‘lsin. U holda (2) tengsizlik o‘rinli bo‘lishi,
ya’ni (1) operatorning chegaralangan bo‘lishi uchun quyidagi

Afa.b) = s < /t " () d7>é < / (= yerl mm) ¥ < oo,

Ag(a,b) := sup. ( /t b(T — )%y (7) dT>é ( / e (1) dT) ¥ <o

shartlarning bajarilishi yetarli va zarurdir. Bundan tashqari tengsizlikning eng yaxshi konstantasi-
(1) operatorning normasi- C' = C(a,b) uchun ushbu baholar o ‘rinli

A(a,b) < Cl(a,b) < (2C5)%q A(a,b),

B |

va

S

bunda
A(a,b) := max{Ai(a,b), Az(a,b)}.

Huddi shunday, (3) tengsizlik uchun ham quyidagi natijani berish mumkin.
Teorema 2. Faraz gilaylik, 1 < p < q < 0o bo‘lsin. U holda (3) tengsizlik o‘rinli bo‘lishi

uchun, ya’ni
b

(Ff)(x) = / (t— 2)f(t)dt (4)

T

operatorning chegaralangan bo ‘lishi uchun

As(a,b) = sup. </t u(r) dT>é </tb(7 — )Pyl (T)dT> " 00,

Aa.b) = sy ( / (¢ = 1)0u(r) d7>; < /t " () dT> " s

shartlarning bajarilishi yetarli va zarurdir. Bundan tashqari tengsizlikning eng yazshi konstantasi-
(4) operatorning normasi- C' = C(a,b) uchun ushbu baholar o‘rinli

fl(a, b) < é(a, b) < (QCg)qqq'fl(a, b),

.U\

va

S

bunda

A(a,b) := max{A3(a,b), As(a,b)}.
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Let E =1,...,m be a finite set and the set of all probability distributions on F

m
Sm_l - {X: ($1,$27"'a$M) e R™: g 2 O’ for anyiand sz - 1}
i=1

be the (m — 1) -dimensional simplex.
A map V of S™~ ! into itself is called a quadratic stochastic operator (QSO) if

(V) = Y Pyjpiz; (1)

3,j=1

for any x € S™ ! and for all k = 1, ..., m where

m
Pijr 20, Pk = Pjik, qujng =1. (2)
k=1

In |2]| developed the theory of Volterra QSOs. A Volterra QSO is defined by (1), (2) and with
the additional assumption
Pij,k =0 if k ¢ {i,j}, i,7,k € E.

The trajectory {x(") }n>0 of an operator V for a point x € S™~! is defined by x(»*+1) = V(x("))
foralln=20,1,2,... -

Denote by wy (X(O)) the set of limit points of the trajectory {x(”)}n>0.
A QSO V is called regular if there is the limit nhﬁ\ngo V" (x) for any initial x € S™~1.

1
A QSO V is said to be ergodic if the limit lim — Zz;é Vk(x) exists for any x € S™~L.
n—o00 N

On the basis of numerical calculations Ulam, conjectured that the any QSO is ergodic|3]. But
in 1977 in [4], Zakharevich considered the following QSO on S?

/ 2 / 2 / 2
Ty =] + 22122, Ty = x5 + 2w2x3, T3 = X3 + 27173 (3)

and showed that it is a non-ergodic transformation, that is he proved that Ulam’s conjecture is false
in general. The Zakharevich’s QSO (3) is called the Stein Ulam Spiral map in some references. Later
in [1] established a necessary condition for a QSO defined on S? to be a non-ergodic transformation,
that is Zakharevich’s result was generalized to a class of Volterra QSOs defined on S2.

A discrete-time Kolmogorov system K : R — R is given by

K(x) := (:rlgl(x),xggQ(x), . ,xmgm(x)), x € RY
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where x; is a population density of the species ¢ and the function g¢; is a growth rate of the
species i which depends on a population density vector x = (1, z2,...,Zy). Depending on the
properties of the functions g;, the discrete-time Kolmogorov system represents different kinds of
species interactions.

A mapping V : R — R is called stochastic if V(S™~1) c S™1. In what follows, a stochastic
Kolmogorov system K : RT" — R is called a Lotka-Volterra operator (in short, an LV-operator). If
K is an LV-operator, then every face of the simplex is invariant under K, i.e., K£(I'y) C T'y, for all
aCE.

A continuous function ¢ : S™! — R is called a Lyapunov function for an operator V if the
limit nl;rx;o ¢ (V™(x)) exists and finite for all x € S™1.

Let f(x): 8% — [0,1] be a continuous function and let > 0 be a real number. Consider on
S? the following operator

( r r+1
"Xy x
=z [1+ 1 - 3 > X > ,
R e
r r+1
Vig oy =u19 (1 + ( T2%s adl ) f(X)> ) (4)

s—xo+ ||x|| s —a1 +|x||
ThT it
Th = 13 (1 + ( 3 — 2 f(x
3 st som ) 7))
where || - || a norm in R? and s > 3 is a natural number.

Let e; = (1,0,0),e2 = (0,1,0),e3 = (0,0,1) be the vertexes of the simplex S2. It is easy to
verify that the faces I'gy 9y, g1 3}, ['2,3) are invariant sets with respect to V. The vertexes ej, ez, e3
and the point ¢ = (1/3,1/3,1/3) are the fixed points of the operator (4).

Theorem.For the operator V defined by (4) the following assertions true:
i) The function p(x) = 12923 is a Lyapunov function for LV-operator (4);
i) wy (X(O)) is an infinite subset of dS? for any x(© € int %\ {c};

n

1 n=1
iii) For any x € int S%\ {c} and the LV-operator V the limit lim — " W¥(x) does not exists,
0

n—00 N f._
that is the operator W is a non-ergodic transformation.
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On a non-Volterra quadratic stochastic operator
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Let
m
Smfl = {X: (ml,dfg,...,.fﬂm) ER™: z; > O;Z‘TI = ]-}
=1

be the (m — 1)-dimensional simplex. It is known that any x € S™~! is a probability distribution on
the set E.
A map V of S™ ! into itself is called a quadratic stochastic operator (QSO) if

(Vx)i = Y Pijrwiz; (1)

3,j=1

for any x € S™ ! and for all k = 1, ..., m where

Pk >0, Pyjgp=Pjir, Y Pjrx=L (2)
k=1

In [1] developed the theory of Volterra QSOs. A Volterra QSO is defined by (1), (2) and with
the additional assumption
Pijr=0if k¢ {i,j}, i,j,keE.

The trajectory {x(") }n>0 of an operator V for a point x € S™ 1 is defined by x("*t1) = V(x(”))
forallmn=0,1,2,...

Denote by wy (X(O)) the set of limit points of the trajectory {x(”)}

A point x € S™7 1 is called a fized point of V if V(x) = x.

Let DV (x*) = (8%/8%) (x*) be the Jacobian of V' at the point x*.

A fixed point x* is called hyperbolic if its Jacobian D(V (x*)) has no eigenvalues on the unit
circle. A hyperbolic fixed point x* is called: (i) attracting, if all the eigenvalues of the Jacobian
D(V(x*)) are less than 1 in absolute value; (ii) repelling, if all the eigenvalues of the Jacobian
D(V(x*)) are greater than 1 in absolute value; (iii) a saddle, otherwise.

Let us consider a QSO V : §2 — S? which has the form:

n>0"

7 = az? + B3 + 27123,
Vi b= azd+ B3 + 2xas, (3)
oy =(1-a)af + (1 — a)ad + (1 — 28)23 + 22122,

where 0 < a <1, 0 < 8 < 1/2. Note the non-Volterra QSO (3) differs from the QSOs which are
studied in [2,3,4].
Let e; = (1,0,0),e3 = (0,1,0),e3 = (0,0, 1) be the vertexes of the simplex S2.

Theorem 1. For the QSO V defined by (3) the following assertions true:

i) if @« = 8 =0 then the vertex es and any point of the set
X={xeS a1 +33=1/2, 23=1/2}

are fixed points;
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ii) if @ > 0 or B > 0 then there exists a fixed point x* = (2%, x%,23) € S%, where

. L A-1—-y/14482-a) , a—3—-4/1+48(2—-q)
.'171:3:2: — 5 .’1:3: — .
2(a+ 45 — 4) a+43—4

Besides, if a? > 4a8(1 — a)? and a > 0 then there exist another two fixed points x** € S2,
x*** € §? of the operator V, where

e [+ /a?—4aB(l - a)? oz—\/oz2 daf(l—a)? 1—a
* 2a(2 — ) 2a(2 — ) "2—a)’

s a— /a2 —4aB(1—-a)? a++/a2—4aB(1-a)? 1—a
X = ;
2a(2 — ) ’ 2a(2 — a) "2—a

iii) the fixed point x* is an attracting point;
iv) any fixed point from the set X is a non-hyperbolic point.
Theorem 2. Let o = 0 then for the QSO V defined by (3) the following assertions true:
i) if 0 < B8 < 3/8 then lim V™ (x(?) = x* for any x(O) € S? except fixed points;
n—oo

ii

~—

if 3/8 < B < 1/8 then there exists lim V>*(x() = %, lim V> (x()) = % for any

n—oo n—oo
x(0) € §2 except fixed points, where

- (6(55)2+26 @)°F @) +26(®°% A)

1 —4zx ’ 1 —4zz

)

(5 (7)2+28(3@)°F B(E)°+28(3)°%F ~>

1—4dzx ’ 1—4zz
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Let m
Sm_lz{xz(xth’“.’xm)ERm: 1’120,21'1:1}
i=1

be the (m — 1)-dimensional simplex. A map V of S™~! into itself is called a quadratic stochastic
operator (QSO) if

m
(VX = D Pijyiz (1)
ij=1
for any x € S™ ! and for all k = 1,...,m where
m
Pijr >0, Pjp=Pjir Y Pjr=1 2)
k=1

In [1] developed the theory of Volterra QSOs. A Volterra QSO is defined by (1), (2) and with
the additional assumption
Pijr=0if k¢ {i,j}, i,j,kek.

The trajectory {X(”) }n>0 of an operator V for a point x € S™ 1 is defined by x("*t1) = V(x(”))
foralln=0,1,2,... a

Denote by wy (X(O)) the set of limit points of the trajectory {x(")}n>0.

Definition 1. A point x € 8™~ ! is called a periodic point of V if there exists an n so that
V™ (x) = x. The smallest positive integer n satisfying the above is called the prime period or least
period of the point . A period-one point is called a fized point of V', denote the set of all fixed
points by Fix (V).

Let DV (x*) = (8%/8%) (x*) be the Jacobian of V' at the point x*.

Definition 2. A fixed point x* is called hyperbolic if its Jacobian D(V (x*)) has no eigenvalues
on the unit circle. A hyperbolic fixed point x* is called:
(a) attracting, if all the eigenvalues of the Jacobian D(V(x*)) are less than 1 in absolute value;
(b) repelling, if all the eigenvalues of the Jacobian D(V (x*)) are greater than 1 in absolute value;
(c) a saddle, otherwise.

Let us consider a QSO V : S? — S? which has the form:

7} = axd + Brd + 22123,
Vi ah=ax?+ Bal + 2zoxs, (3)
ah = (1—a)2? + (1 — a)rd + (1 — 28)x2 + 22129,

where 0 < o < 1 and 0 < 8 < 1/2. Note the quasi strictly non-Volterra QSO (3) differs from the
QSOs which are studied in [2,3,4].
Let e; = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1) be the vertexes of the simplex S2.

Theorem 1. For the quasi strictly non-Volterra QSO V' defined by (3)the following assertions
true:

i) if @« = = 0 then the vertex ez and any point of the set
X={xeS iz +33=1/2, 23=1/2}

are fixed points;
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ii) if @ > 0 or B > 0 then there exists a unique fixed point x* = (2%, %, 23) € S?, where

a—3—/1+43(2—-a)

a+4p —4 ’

., AB—1—/1+48(2— )
B 2(a + 43 — 4)

*_
, T3 =

iii) the fixed point x* is an attracting point;

iv) any fixed point from the set X is a non-hyperbolic point.

Theorem 2. Let @ = 0 then the quasi strictly non-Volterra QSO V' defined by (3) the
following assertions true:

i) if 0 < B < 3/8 then lim V*(x(?) = x* for any x(O) € S? except fixed points;
n—oo

ii) if 3/8 < B < 1/8 then there exists lim V?*(x(¥) = %, lim V> (x(9)) = X for any

n—oo n—oo
x(0) € 52 except fixed points, where

1 —4zz ’ 1—4zz

- (5(@)2+25 @727 B(E)+28(F)1 % §>

)

1 — 4z ’ 1—4zz

_ (6(5)2+26 3)72F 8@ +28(3)°F 55)

References

1. R. N. Ganikhodzhaev. Quadratic stochastic operators, Lyapunov functions and tournaments. Sb. Math.
76 (2) (1993), pp. 489-506.

2. A. J. M. Hardin, U. A. Rozikov. A quasi-strictly non-Volterra quadratic stochastic operator. QTDS.
18 (2019), pp. 1013-1029.

3. U. U. Jamilov. On a family of strictly non-Volterra quadratic stochastic operators. Jour. Phys. Conf.
Ser. 697 (2016), 012013.

4. U. U. Zhamilov, U. A. Rozikov. On the dynamics of strictly non-Volterra quadratic stochastic operators
on a two-dimensional simplex. Sb. Math. 200 (9) (2009), pp. 1339-1351.

Regularity of a non-Volterra quadratic stochastic operator
1Jamilov U.U., 2Mamurov B.J.
L V. I. Romanouvskiy Institute of Mathematics, Uzbekistan Academy of Sciences, 9, Universitet
str., Tashkent, Uzbekistan,
e-mail: uygun.jamilov@mathinst.uz, jamilovu@yandex.ru
2 Faculty of Physics and Mathematics, Bukhara State University, Bukhara, Uzbekistan,
e-mail: bmamurov.51@mail.ru

The evolution of a population can be studied by a dynamical system of a quadratic stochastic
operator [2].
Let E = {1,...,m} be a finite set and the set of all probability distributions on F

m
Sm_l = {X: (:L‘l,:EQ,...,l’m) ceR™: T; > Oa for any i and Zml = 1}
i=1

the (m — 1) -dimensional simplex.



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 67

A quadratic stochastic operator (QSO) is a mapping V : S™ 1 — §™~1 of the simplex into
itself, of the form V(z) = 2’ € S™~!, where

m
Vi) = sz‘j,kzl"il"j, k=1,...,m (1)
ij=1

and the coefficients p;; ;. satisfy

m
Pijk =Djix =20, > pijr=1, i,jk€E (2)
k=1

The trajectory x(™ n =0,1,2,..., of V for an initial point x(©) € §™~1 is defined by
x ) = v (x™) = v (x0) p=0,1,2,....

One of the main problems in mathematical biology consists of the study of the asymptotical
behaviour of the trajectories. Note that the main problem is open even in two-dimensional case.

The main problem deeply studied for Volterra quadratic stochastic operators. In [1] developed
the theory of Volterra QSOs. A Volterra QSO is defined by (1), (2) and with the additional
assumption

pmk:O if k¢ {i,j}, Vi, j, k€ E.

Consider the following non-Volterra quadratic stochastic operator which has the form

x) = (% +a)z? + %ﬂcg + %x% + %33‘1.7)2,
1% xh = (% —a)z? + %:U% + %x%, (3)
ol = taf + tad + fad + 2wy,
where o € [0,1/3].
Theorem. a) The operator (3) has a unique fixed point x* = (a%,z3,25) € S?, where

* * *

3aV/17 + \/21604 — 78 = T20/17 4+ 34V 17 — /17 — 3 — 5 5— V1T
4(3a — 2)

x5 =

b) The operator (3) has no-periodic points except the fixed point;
¢) Any trajectory of the operator converges to the unique fixed,;
d) The operator (3) is a regular transformation.
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Uchinchi tartibli karrali harakteristikali tenglama uchun nolokal chegaraviy
masala yechimining mavjudligi haqida
1Jo‘rayev B., 2Xolboyev S.
L Denov Tadbirkorlik va Pedagogika Instituti,
2 Denov Tadbirkorlik va Pedagogika Instituts,

Faraz qilaylik quyidagi tenglama berilgan bo‘lsin:

2

03u 62 4 au
=0
y
Bu tenglamada umumiylikni buzmagan holda: u(z,y) = v(z,y)exp( % [ b(z,t)dt) almashtirish
0
yordamida
PBu  0%u 2 O'u
@—873424';%(%?4)@:]0(%@ (2)

ko‘rinishga keltirish mumkin. b(x,y) € C*!(D) shartni qanoatlantirishi talab qilinadi. Shuning
uchun (1) tenglama o‘rniga (2) dan foydalanish mumkin.

Masalaning qo‘yilishi 1. (2) tenglamaning chekli D = {0 <x < 1,0 <y <1} sohaga
u(z,y) € C*Y(D) N C32(D) sinfdan (2) tenglamaning shunday yechimi topilsinki, u quyidagi
chegaraviy shartlarni qanoatlantirsin:

ag(z)u(z,0) + ar(z)uy(z,0) = mo(z) (3)
Bo(z)u(x, 1) + fi(x)uy(z,1) =mi(z),0 <z <1 (4)
Y0(¥)u(0,y) + 71 (¥)uwz(0,y) = no(y) (5)
do(y)ur(L,y) + 01(y)uea(l,y) = ma(y),0 <y < 1 (6)
uz(1,y) =n2(y),0 <y <1 (7)

bu yerda: o (), Bi(x), vi(y), 6:(y), mj(x), ni(y) (i = 0,154 =0, 1,2) berilgan uzluksiz funksiyalar.Shu

bilan birga o3 + a3 # 0,83 + B £ 0,98 +v3 # 0,05 + 02 #0 .

Yuqorida qo‘yilgan masala yechimi yagonaligi [4] ga keltirilgan. Quyida masala yechimi
mavjudligi haqgidagi teoremani isbotlaymiz.

Teorema 1. Agar a;(z,y) € C*9(D), as(z,y) < 0,a0 — agm + agm = ¢(x,y) > 0 munosabat
bajarilish bilan birgalikda quyidagi shartlar bajarilsa:a1 17201 # 0 w holda agar < 0,561 >
07 6051 < 077071 > 07 -1 % - aQ(an)v(_l)i[al(ivo) - a2$(iay> + Z] > 071 = 0717 qO‘?J@'lgém
masala yechimi mavjuddir.

: . S o D 2

Teorema isboti quyidagi sxema bo‘yicha bajariladi: Avval % — ‘37”“2” = g(x,y) D tenglama
uchun yordamchi masalaga tuzilgan Grin funksiyasidan foydalanib [4] qo‘yilgan masala uchun
Fredgolm tipidagi 2-tur integral tenglamalar sistemasiga keltiriladiki uning yechimining mavjudligi,
isbotlangan yagonalik teoremasidan kelib chigadi.

References

1. A.H. Tuzonos, A.A.Camapckuii. YpaBHeruss MareMaTudeckoil pusukn¥ MocksBa-1972.



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 69

2. T.JI./Ioicypaes. Kpaesble 3aja4u /i ypaBHEHUI CMEIAHHOTO W CMEITaHHO-COCTaBHOT'O TUIOB, Tarr-
kerT-1979, ®AH, C.240

3. C.A60unasapos. O6 omHOIl KpaeBoil 3ajia1e Ijisl OJHOIO HEKJIACCUIECKOTO YpaBHEHUsI., ¥30.MaT.2Kyp.
Tamkent, PAH, 1991, No.4, c:3-13.

4. B.B.Jurayev, S.B.Xolboyev. Bir turdagi uchinchi tartibli karrali harakteristikali tenglama uchun nolo-
kal chegaraviy masala yechimining yagonaligi, Respublika ilmiy-amaliy anjumani materiali to‘plami I,
Andjijon,22-mart 2022-yil, 41-43-betlar.

On the number of the eigenvalues of the two-particle Schrodinger operator on a
lattice
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We consider the two-particle Schrédinger operator H(k), (k € T3 = (—m,n]3 is the total
quasimomentum of a system of two particles) corresponding to the Hamiltonian of the two-particle
system on the three-dimensional lattice Z®. It is proved that the number N (k) = N (k) k() £3))
of eigenvalues below the essential spectrum of the operator H (k), non-decreasing function in each
E®D e [0,7],i=1,2,3.

Energy operator H of a system of two quantum particles on a three-dimensional lattice Z3
acts in the Hilbert space £3((Z3)?) by formula

H=Hy-V,
where the free energy operator Hy acts in £5((Z3)?) as

. 1 1
Ho=——"As — ng

Ag,.

Here m1,ms > 0 are denoted the masses of particles, which in the future are considered equal to
one, Ay, = A®1I and A,, = I ® A, lattice Laplacian A is a difference operator describing the
transfer of a particle from a side to neighboring side

3

(Ad)(x) = D [h(x+e) +db(x—e) = 20(x)], ¢ € £2(Z%),
i=1
where e; = (1,0,0), ey = (0,1,0), e3 = (0,0,1) are the unit vectors in Z3.
The interaction of two particles is described by the operator V :

(Vi) (x1,%2) = (x1 — x2)¥(x1,%X2), ¥ € l((Z*)?),

where §(x) > 0 and 9 € [1(Z3). The energy operator H is the bounded self-adjoint operator in the
space £2((Z?)?). Transition to impulse representation is performed by using the Fourier transform F :
Lo((T3)2) — £5((Z*)?). Operator energy H = F~'HF in the momentum representation commutes
with the group of unitary operators Us,s € Z3 :

(Usf)(k1,k2) = exp ( —i(s, k1 + ko)) f(ki, ko), f € La((T?)?).

From the last fact we obtain [5] that there are decompositions of the space La((T?)?), operators
Us and H into direct integrals:

L((T%)?) = /

OLy(Fi)dk, Us= / oUs(k)dk, H= [ @®H(k)dk.
T3

T3 T3
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Here
Fie = {(k1,k2) € (T*?: Kk +ky =k};

Us(k),k € T? is the multiplication operator by the function exp(—i(s, k)) in the space Ly(Fy), and
fiber operators H(k),k € T? in Lo(Fy) are defined according to the formula

(HK)f)(a.k —q) = (E(a) + E(k —q)) f(a,k —q) — (27) 2 /v(q —s)f(s,k —s)ds
T3

and it unitarily equivalent to the operator H (k) = Hy(k) — V, so-called the Schrodinger operator.
Unitarity is carried out using the unitary transformation

ui: La(F) > La(T%),  (ug)(a) = o5 — a5 +a).

Hy(k) is the multiplication operator by the function

i) = £(x +a) +E(x —a),

where

3
(@) =) (1 —cosq)

Jj=1

and  V is the integral operator in Ly(T?), generated by the kernel (27)~3/2v(q — s). The kernel v
of the integral operator V is the Fourier transform of the potensial ©. The function v is continuous
on T3.

We denote by N (k) the number of eigenvalues of the operator H (k), lying to the left Enin(k) =
minges &k(q).

Theorem 1. N(k) = N(kM,k®) kB®)) is non-decreasing function in each k) € [0,x], i =
1,2,3 with fized other coordinates k € T3.
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e-mail: sh.mubina.sh@gmail.com

For d € N denote by T¢ the d-dimensional torus. Let C be the set of all complex numbers,
and L$*(T%)? be the Hilbert space of square integrable (complex) antisymmetric functions defined
on T¢. Set H := Hy @ Ho.

In the present work we consider the operator matrix A, x(7v) acting in the Hilbert space H
given by Hy = Lo(T)4, Hy = L$*(T¢)2.H; be the Hilbert space of square integrable functions on T¢

[ An AAq2
A= (4, a0y )

The entries of A, z(7) are defined as

(Anf)(@) = u(@) filz),  (Awh)(@) = / olt) ol 1),

Td
A(Q)Q(’Y)(f?) :w’y('rvy)fé(x?y)a V:‘/l‘i“/Q,

Vi) = [ Rolatidt. (aian) = [ At

(AL 1) (,9) = 5 (o) i) — o) i)

A, (7) is a linear, bounded, self-joining operator.

In order to study the essential spectrum of the A, \(v) operator, we introduce an operator
called the channel operator. Let H be the direct sum of Hilbert spaces H, = LQ(Td) and Hy =
Ly((T%)?), that is, H = H; @ Ho.

A
ACIA{(V) = AAH 0 ﬁAu
- ﬁATQ A () — 1
Here, the matrix elements are defined as follows:

(Anf)(@) = u(@) filz),  (Aif)(@) = / olt) ol t)dt,

Td
AL = 0wl Vifew) = [ Pl

We introduce the operator h, x(v,z) acting in the H:=C @ L2(T9) as

hoo(x) S=hor
hux(y, ) = . V2 .
g ( ) ( %hm h%(% T) — p1v

The matrix elements are defined as follows

o) fo = w(@)fo, onfi = [ o0t (B o)) = o) o

() )) = e fil), @) = [ e
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Theorem 1. For the spectrum channel operator we have

a(HA () = oess(Ho (1) = | o(hua(7,2)).
z€Td

Theorem 2. The equality o(H jambda(7)) = Oess(HCH

w,lambda (7)) holds.
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Ikki o‘lchamli Fridrixs modelidagi operatorlar uchun manfiy xos qiymatning
mavjudligi
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u(t) = u(ty, t2) - funksiya Q = [0, 1] da manfiy bo‘lmagan haqiqiy giymatli uzluksiz funksiya
va 0 € Ran(u) bo'lsin. K - Ly(2) Hilbert fazosida k(t,s) € La(Q x Q) yadroli kompakt integral
operator bo‘lsin, bu yerda k(t,s) = k(s,t), s = (s1,s2),t = (t1,t2) € .

Ly(Q) fazoda quyidagi o‘z-o‘ziga qo‘shma operatorni qaraymiz

H=U-K, (1)

bu yerda
(UHE) =u®)f(t), f(t)e L),

(KD)O = [ k) duls)dutsa), f0) € La(©).
Bunda integral Lebeg ma’nosida, u(-) esa R? da Lebeg o‘lchovini bildiradi.
Kompakt qo‘zg‘alish haqgidagi Veyl teoremasiga [1]| ko‘ra, H operatorning oess(H) muhim
spektri u(t) funksiyaning qiymatlari to‘plamidan iborat, ya'ni oess(H) = [0, umax], bu yerda umax =

sup u(t).
teQ
(1) ko‘rinishdagi operatorni birinchi marta K. O. Fridrixs [2] tomonidan muhim spektrning

qo‘zg‘alishlar nazariyasining oddiy modeli sifatida ko‘rib chiqilgan. (1) ko‘rinishdagi ixtiyoriy
operator Fridrixs modelidagi operator deb ataladi.
K - kompakt integral operatorning k(t, s) yadrosi quyidagi ko‘rinishda berilgan bo‘lsin

k(t,s) = a1p(t)(s),

bu yerda oy > 0 va ¢ € Lo(Q2), [l¢| = 1.
(—00,0) da D(A) funksiyani quyidagicha aniglaymiz:

D(}\) =1- 041(131()\),

bu yerda

Bi(\) = /Q mdsldsz.

Shuningdek quyidagi belgilashni kiritamiz

M1: lim (I)l(/\).
A—0-0
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Tasdiq 1. Agar My = +oco shart bajarilsa, v holda H operator bitta manfiy xos qiymatga ega
bo‘lad;.

Tasdiq 2. a) Agar M; < oo bo‘lib, a1 My = 1 tenglik bajarilsa, u holda H operator bitta
manfiy xos qiymatga ega bo‘ladi.
b) Agar My < oo bo‘lib, ay My # 1 shart bajarilsa, u holda H operator manfiy xos qiymatga ega
bo ‘Imaydi.
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1925 yilda G.Hardi tengsizlik

Zrn;fkrpsp_lgmp (1)

n=1

ixtiyoriy { f,} ketma-ketlik uchun o‘rinli bo‘lishini, hamda, z% tengsizlikning eng yaxshi o‘zgarmasi
-tengsizlik o‘rinli bo‘ladigan o‘garmaslar ichida eng kichigi- ekanligini isbotlagan. (1) tengsizlikka
Hardining classik tengsizligi deb ataladi. So‘ngra, bu tengsizlik turli olimlar tomonidan har xil
usullarda kengaytirildi, bu hagda ma’lumotlar [1-3| adabiyotlarda batafsil keltirilgan. O‘tgan asrning
70-yillariga kelib bu tengsizliklarning umumiy ko‘rinishi paydo bo‘ldi va u umumlashgan Hardi
tengsizligi deb atala boshlandi:

00 n % [ %

<Z|un2fqu> <C <Z|fkvk|p> (2)

n=1 k=1 k=1

bunda {f,,} ixtiyoriy sonli ketma-ketlik, {u,}, {v,} lar musbat ketma-ketliklardir, ¢ > 0 va p > 1.
Bunda asosan ikkita masala qaraladi, ular tengsizlik o‘rinli bo‘ladigan ekvivalent shartlar

olish, hamda, tengsizlikning eng yaxshi konstantasini topish yoki uni baholashdir.
1983 yilda, Andersen va Heiniglar quyidagi shart

m % m ) i
sup <Z uZ) <Z v,;p) < o0
k=1

m2>1 =1

(2) tengsizlik bajarilishi uchun 1 < p < ¢ < oo holda yetarli va zarurligini isbotlashgan, bundan
tashqari uning eng yaxshi konstantasi uchun ham baholar olishgan. 1985 yilda Heinig (2) tengsizlikni
1 < ¢ < p < oo holda ofrinli bo‘lishi uchun yetarli shart olgan, so‘ngra bu shartning zarurligini
Bennet isbotlagan. 1992 yilda Braverman va Stepanovlar parametrlarning qolgan hollarini, ya’'ni
0 <p<1<gqg< oo uchun (2) tengsizlikni o‘rganishgan, bu haqda [2]| da yetarlicha ma’lumot
keltirilgan.
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Ushbu ishda biz yadroga ega bo‘lgan ushbu tengsizliklarni o‘rganamiz:

<Z [un Y (n — k)“fk|q> ‘<c (Z |fkvk!p> : (3)

n=1 k=1 k=1

va

@ B v
(Z lunz —n)o‘fk|q) <C (Z\fkvk!p> : (4)
n=1 k=1

bunda « > 0. [1-3] adabiyotlarda yuqoridagi (3) tengsizlik I(k,n) = (k — n)® Oinarov yadrosi
bilan berilgan diskret Hardi tipidagi tengsizlik va (4) ga unga qo‘shma tengsizlik deb ataladi.
Yuqoridagi tengsizliklar va ularning turli umumlashmalari o‘tkan asrning ohirlarida intensiv tarzda
o‘rganila boshladi. Bunga doir natijalarni [1-2] adabiyotlarda yoki internet sahifalarida bevosita
ko‘rish mumkin. Keltirilgan natijalarda asosan tengsizliklar o‘rinli bo‘lishini taminlovchi shartlar
olingan, lekin tadbiqiy nuqtai nazardan tengsizlikning eng yaxshi konstantasi uchun baholar olish
ham juda muhim hisoblanadi. Ushbu ishda biz eng yaxshi konstanta uchun quyi va yuqori baholar
olingan.

Teorema 1. Faraz qilaylik —oo < ¢ < p < 0 va o > 0 bo‘lsin. U holda (3) tengsizlik iztiyoriy
f=A{fn}2, ketma-ketliklarda o‘rinli bo‘lishi uchun ushbu shartlarning

1

e (S ) () <

[ —

and
1

/

1
q m S\ P
As := sup (Z uq> (Z m—k)”qvk_p> < 0
k=1

m>1

bajarilishi yetarli va zarurdir. Bundan tashqari, tengsizlikning eng yaxshi konstantast uchun quyidags
baholar o‘rinli
A< <21to)gg A

bu yerda A = max{Aj, As}.
Teorema 2. Faraz qilaylik —oo < ¢ < p <0 va o > 0 bo‘lsin. U holda (4) tengsizlik iztiyoriy
f=A{ 2, ketma-ketliklarda o‘rinli bo‘lishi uchun ushbu shartlarning

1

1 S
Ag = sup (Z(m - n)"qu‘fl> (Z Ukp/) < 00

m21 n=1 k=m

and
1

7

1
q 0 S\ P
Ay = sup (Zuq> (Z k:m)"qvkp) < 00
k=m

m>1

bajarilishi yetarli va zarurdir. Bundan tashqari, tengsizlikning eng yaxshi konstantasi uchun quyidagi
baholar o‘rinl . .
A< <21ty A,

bu yerda A = max{As, As}.
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Reverse discrete Hardy type inequalities with variable limits of summation
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Let p and ¢ be real numbers. Let us consider the following discrete weighted Hardy type
inequalities with variable limits of summation

3=

Z|un2fk‘|q <C (Z!fkvk|p> (1)
n=1 k=1

and

Q=

(Z’fkvﬂp) <C Z\uanqu (2)
k=1 n=1

for all sequences {f,} of positive numbers f,, where b(n) is a nondecreasing sequence such that
b(1) =1 and lim b(n) = oo, {u,} and {v,} are sequences of positive numbers.
n—oo
If b(n) = n, then inequalities (1) and (2) are called Hardy and "reverse"Hardy inequalities,
respectively. In 1983, Andersen-Heinig gave the following equivalent condition
1

mo N\
(29 ()

for the Hardy inequality (1) to hold in the case 1 < p < ¢ < oo and estimates for its best possible
constant C-the least constant for which the inequality holds. In 1985 Heinig proved a sufficient
condition, later Bennet necessary and sufficient condition for inequality (1) to satisfy in the case
1 < g < p<oo. In 1992 Braverman-Stepanov considered the remaining case 0 < p < 1 < ¢ < 00,
for more details see [2]. On the other hand, for 0 < p = ¢ < 1 and u,, = %, vy, = 1 then the
"reverse"Hardy inequality (2) is valid, see [4].

In 2010, all the above results on the Hardy inequality for the case b(n) = n were generalized
for a monotone increasing sequence b(n) in [5-6]. Later, in 2021 the inequality (1) was also discussed
in [3] for the case 1 < p < g < oo and b(n) is a nondecreasing, which was appeared in studying
Hilbert-Stieltjes inequality.

In this paper we consider the "reverse"inequality (2) in the cases —oco < ¢ < p < 0 and
0 < p<q<1forb(n)is a nondecreasing sequence such that b(1) =1 and nh_)rgo b(n) = co. We give

Q=

a necessary and sufficient condition for the inequality to hold and lower and upper estimates for its
best constant. Moreover, we study also the inequality with lower variable limit of summation

<Z|fkvk’p> <c Z’un Z fel] (3)
k=1

n=1 k=b(n)
Theorem 1. Let —oo < ¢ < p < 0. Then the inequality (2) holds for all f = {fn}>2 if and only if

. -

b(m) P
Ay = sup (Z uq> vk_p/ < 00. (4)

m>1
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Moreover, the best constant C of the inequality satisfies:

1
/ -7 / -
A1§C§<1—p> p<—p> " A,
q q

Theorem 2. Let —0o < ¢ < p < 0. Then the inequality (3) holds for all f = {fn,}>2, if and
only if

=

e

Ag := sup (Z uq> ' Z vk < 0. (5)

m>1 k=b(m)

Moreover, the best constant C of the inequality satisfies:

X L
AQSCS(l—Fp)p <—1—q/>qA2.
q p

Theorem 3. Let 0 < p < ¢ < 1. Then the inequality (2) holds for all f = {fn}32 if and
only if

_1
o’ > 4
Az := sup (Z up> Z v, < o0. (5)
m>1 k=b(m)

Moreover, the best constant C of the inequality satisfies:

1 ,
A3§C§<1+q,> (—1—p> As.
P q

Theorem 4. Let 0 < p < q < 1. Then the inequality (3) holds for all f = {fn}52, if and
only if

=

1

1
o [ bm) g
Ay = sup (Z up> Z v, < 00. (4)

m>1 k=1

Moreover, the best constant C' of the inequality satisfies:

1

1_1 _ 1
A4§O§<1—q,>p q<—q,) " AL
p p
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On the number and location of eigenvalues of the two particle Schrodinger
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Let T2 = (R/27Z)? = [—m, )2 be the two dimensional torus and L2°(T2) be the Hilbert
spaces of square-integrable odd functions on T2.

The two-particle Schrodinger operator Hy,(K), K € T? on the lattice Z? associated to the
Fermi-Hubbard Hamiltonian H, of a system of two identical fermions interacting on nearest-
neighbor and next nearest-neighbor sites in the two dimensional lattice Z? with interaction
magnitudes A € R and p € R, respectively, is a self-adjoint operator defined in L*°(T?) as

H)\N<K) = H()(K) + V)\l“ A ER,

where the unperturbed operator Hy(K) is the multiplication operator by the function

2

Ek(p) = 22 (1 — cos % cospi), (1)

i=1

and the perturbation operator V), is given by

Vaufl(p e Zsmpl/smt f(t dt+ )2 Zsm2pz/sir12tif(t)dt

2 2 Z sin p; cosp]/sinti cost; f(t)dt
T

1=1 i#j=1

Recall that the two-particle Schrodinger operator Hy,(K), K € T? on the lattice Z? and their
essential and discrete spectra was studied (see e.g. [1,2,3]).

Since V), has rank at most six, by Weyl’s Theorem for any K € T? the essential spectrum
Oess(Hxu(K)) of Hy,(K) coincides with the spectrum of Hy(K), i.e.,

UeSS(HM(K)) = 0(Ho(K)) = [Emin(K), Emax(K)],

where
2

Ein(K) 1= min Ex(p) =2 (1 — cos Ki ) > 0 = Ein(0),

2
peT i1

2
— = < 8=
() = ma Exc(p) = 22 (1 +cos & ) < 8 = Emax(0),

where the function £k is defined in (1).
Let

o 88— 30w+ /104472 — 67207 + 10816
o= 2407 — 2472 — 512
o 88—30m — /104472 — 67207 + 10816
Ha = 2407 — 2472 — 512 i
128 — 16m — 9?2 + v/2257* — 144073 + 390472 — 102407 + 16384
o= 9607 — 9672 — 2048 ’
128 — 16m — 972 — /22574 — 144073 + 390472 — 102407 + 16384

H2 = 9607 — 9672 — 2048 ’

T,

po < py < pp < pf <0.

Theorem. Let K = 0. Then followings are true:
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(i)

(i)

(iii)

(i)

(v)

(vi)

(vii)

(viii)

(iz)

()

(i)

If X < =3,u < =7 then H), has three eigenvalues of multiplicity two below the essential
spectrum and has no eigenvalues above the essential spectrum.

pape—pdpd 2 .
If A< =2, po < p < m or =2 < X < 5, u < pg then Hy, has two eigenvalues
of multiplicity two below the essential spectrum and has no eigenvalues above the essential
spectrum.

IfAN< =2, 1 < p < —pd) then Hy,, has a one eigenvalue of multiplicity two below the essential
spectrum and has no eigenvalues above the essential spectrum.

If X > 2, p < pg then Hy, has two eigenvalues of multiplicity two below the essential spectrum
and has a one eigenvalue of multiplicity two above the essential spectrum.

0,0
If X > 2, % < p < py then Hy, has a one eigenvalue of multiplicity two below the
1 2
essential spectrum and has a one eigenvalue of multiplicity two above the essential spectrum.
If =15 < A < 1.5, —=1.5 < p < 1.5 then Hy, has no eigenvalues outside of the essential
spectrum.
o 1 po—pd g

FA<=2=m<p< (449 —p1—p2
the essential spectrum and has a one eigenvalue of multiplicity two below the essential spectrum.

then Hy, has a one eigenvalue of multiplicity two above

If X < =2, 1 > —pg then Hy, has two eigenvalues of multiplicity two above the essential
spectrum and has a one eigenvalue of multiplicity two below the essential spectrum.

IfA>2, 49 < pu< —uy then H),, has a one eigenvalue of multiplicity two above the essential

spectrum and has no eigenvalues below the essential spectrum.

IFA> 2, famie o 21 o)\ <9 g then Hy, has two eigenval
g < M p2 or 57— < XN < 2, u > —pug then Hy, has two eigenvalues

of multiplicity two above the essential spectrum and has no eigenvalues below the essential

spectrum.

If X > 3, > 7 then Hy, has three eigenvalues of multiplicity two above the essential spectrum
and has no etgenvalues below the essential spectrum.
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Gershgorin’s bounds for a 4 x 4 operator matrix in cut Fock space
Latipov H.
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e-mail: hakimboylatipov@mail.ru

In the statistical physics, solid-state physics and theory of quantum fields, one considers

the systems, where the number of quasi-particles is bounded, but not fixed. Often, the number of
particles can be arbitrary large as in cases involving photons, in other cases, such as scattering of spin
waves on defects, scattering massive particles and chemical reactions, there are only participants
at any given time, though their number can be change. Recall that the study of systems describing
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N particles in interaction, without conservation of the number of particles is reduced to the
investigation of the spectral properties of self-adjoint operators, acting in the cut subspace of Fock
space, consisting of n < N particles. In the present note we discuss the case N = 4.

Let C be the field of complex numbers, T be the d-dimensional torus, (T9)™ be the Cartesian
nth power of T% and Lo((T%)") be the Hilbert space of square-integrable (complex) functions defined
on (TH" for n = 1,2, 3.

Denote

Ho:=C, Hy = Ly((TY)"), n = 1,2,3, H := Ho & H1 & Hy & H.

The Hilbert space H is called four-particle cut subspace of Fock space or cut Fock space. We write
elements f of the space H in the form

= (fo, [i(kr), fa(k1, k2), f3(k1, k2, k3))

and its norm is given by

1/2
1l = (!f02+ / k) Pk + / ok, ko) 2y dks + / ,rf3<k1,kQ,k3>\2dk1dk2dk3> |
Td ('Ed)Q (Td)d

Let A;; be annihilation (creation) operators [1| defined in the Fock space for i < j (i > j). In
this note we consider the case, where the number of annihilations and creations of the particles of
the considering system equal to 1. It means that A;; = 0 for all | — j| > 1. So, a model operator A
associated to a system describing four particles in interaction, without conservation of the number
of particles, acts in the Hilbert space H as a tridiagonal operator matrix

A Aot 0 0

ASI A1 Apg 0
0 Ay Ay A
0 0 A3 As

A=

Let its components A;; : H; — H;, i,j = 0,1,2,3 are defined by the rule

Aoofo = €fo, Ao1f1 = /]l'd vo(t) f1(t)dt;
(A11f1)(k1) = (e +u(kr)) fr(k1), (Araf2)(k1) = / v (t) fa(ky, t)dt;

']Td
(Azfa)(k1, k2) = (e +u(kr) + u(kz)) fa(k1, k2), (A2sf3)(k1,ke) = /Td va(t) f3(ka, k2, t)dt;
(As3f3)(k1, k2, k3) = (¢ + ul(k1) + u(k2) +u(ks)) fs(k1, k2, k3), fo € Hay @ =0,1,2,3.

We make the following assumptions: € > 0; the dispersion function u(-) and the interaction
functions v, (+), a = 0,1,2 are real-valued continuous functions on T¢.

Under these assumptions the operator matrix A is bounded and self-adjoint in H.

Remark that the operators A1, A2 and Aoz resp. A, Ajy and A3, are called annihilation
resp. creation operators, respectively. A trivial verification shows that

(Ag1 fo) (k1) = vo(k1) fo, fo € Hos
(Al f1)(k1, k2) = vi(k2) f1(k1), f1 € Ha;
(A53fa)(k1, k2, k3) = va(ks) fo(k1, k2),  fo € Ho.

These operators have widespread applications in quantum mechanics, notably in the study
of quantum harmonic oscillators and many-particle systems. An annihilation operator lowers the
number of particles in a given state by one. A creation operator increases the number of particles
in a given state by one, and it is the adjoint of the annihilation operator.
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Set

m = min u(ky), M = max u(ky).
k1€Td k1€Td

By || - || we denote the norm in Ly(T9) :

lvoll = ( /T d \vo(t)|2dt)1/2.

The classical row sum Gershgorin theorem for matrices [2] was extended by Salas to bounded
nXxn operator matrices [3]. In the paper [4], for the self-adjoint semi-bounded n xn operator matrices
an analogue of the Gershgorin theorem was proved and using it the Gershgorin bounds of the given
operator are found. Here the Gershgorin bounds are calculated exactly using the properties of the
elements of the operator matrix A.

The main result of the present note is the following theorem.

Theorem 1. For the lower and upper bounds of A we have

min o (A)
max o (A)

min{e — [lvoll, & +m — [voll = [lvrll, € +2m — JJor || = [[v2ll, & + 3m — [Joa]]};

>
< max{e + |[voll, € + M + [Jvol| + [lvr]], € +2M + [Jor|| + [[ozl, & + 3M + [[v2]}-

The formulated Theorem 1 is important in determining the location of the smallest and largest
eigenvalues of the operator matrix A.
Notice that, if d = 1 and

u(x) =1—cosz, wvo(x)=wvi(x)=wve(x) =sinz,
then m = 0, M = 2 and ||vg|| = /7, hence by Theorem 1 we have
mino(A) > e — 2/, maxo(A) <e+4+ 27

We remark that in [2] the cubic numerical range is used to establish new estimates for the
spectrum of tridiagonal 3 x 3 self-adjoint operator matrices. This new bounds are compared with the
classical perturbation theory as well as to the Gershgorin bounds and an application to three-channel
Hamiltonians from quantum mechanics is given.
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In the present note we study mixed fractional derivatives in the Marchaud form of functions of
two variables in Holder spaces of different orders in each variables. We consider Hélder spaces defined
both by first order differences in each variable and also by the mixed second order difference, the
main interest being in the evaluation of the latter for the mixed fractional in both the cases where
the density of the integral belongs to the Holder class defined by usual or mixed differences. The
obtained results extend the well known theorem of Hardy-Littlewood for one-dimensional fractional
derivatives to the case of mixed Holderness.

The mapping properties of the one-dimensional fractional Riemann-Liouville operator

(I& @) =T M)t x f)(x), O0<a<l1

are well studied both in Holder spaces or in generalized Holder spaces [1]-[4]. A non-weighted
statement on action of the fractional integral operator from Hg into Hy BF i due to Hardy and
Littlewood ([1], see Theorem 3.1), and it’s known that the operator I3, Wlth 0 < a < 1 establishes
an isomorphism between the Holder spaces Hy([a,b]) and H) ™ ([a,b]) of function vanishing at the
point = a if A + a < 1. The weighted results with power weights were obtained in [1] (see,
Theorems 3.3 and 13.13). Such problems in the multidimensional case have been little studied, see
[5],]6]. This paper is aimed to fill in this gap.
We consider the operator

ooz _ QO(:El,JIQ)
( 0+, 0+<p)(x1,x2) P(l — al)l“(l ag)xflx?
ala? / / Pl ra) —ell: t2) dtrdte, x; > 0,i=1,2 (1)
F(l _ al 1 . 052 1;1 _ tl 1+O¢1 (xZ _ t2)1+a2 1atz, Ly ’ )

in the rectangle Q@ = {(z1,22) : 0 < 21 < b1,0 < 23 < ba}.
For a continuous function ¢(z1,z2) on R? we introduce the notation

(8,70) (w1, 22) = (@1 + h1,m2) — p(21,72), ()} @) (@1, 22) = (21, 72 + h2) — @(a1, 22),

(A}Lihzw)(xhw?) = (w1 + h1, w2 + h2) — o(z1, 2 + h2) — @(21 + h1, 22) + @(21, T2),
so that

p(x1 + h1, w2+ ha) = (Ay), @) (@1, 32) + (A, 70) (1, 72) + (A @) (w1, 22) + pl(a1,72).  (2)

Definition 1. Let A1, A2 € (0,1]. We say that ¢ € HM?2(Q), if
o(1,91) = (22, 42)| < Cilar — xa|™ + Calyr — | (3)
for all (z1,11), (z2,y2) € Q. Condition (3) is equivalent to the couple of the separate conditions

(A;00) (w1, 22)] < Chlha, (A @) (21, 32)] < Calha|* (4)

Uniform with respect to another variable. By H{ 102 (Q) we define a subspace of functions
fe Hé‘l’)‘z (@) vanishing at the boundaries z; = 0,7 = 1,2 of Q.

Definition 2. We say that ¢ € ﬁl)‘l’)‘Q(Q), where \; € (0,1], i = 1,2, if

0 € HM2(Q)  and \(Ah’1 ) (71, 22)] < Cylha | [ho|*2.



82 SECTION I. MATHEMATICAL ANALYSIS

We say that ¢(z1,2) € Hy**(Q), if ¢(x1,22) € HM*(Q) and ¢(0,12) = p(x1,0) = 0.
Lemma. Let f(z1,22) € HM2(Q), 0 < N\i < 1,i = 1,2. Then for (1) the representation

1 f(0,0) | ¢i(x1) ¢2(9€2)
F(l—a)F(l—ﬁ)($?1$S‘2+ z5? + z?

(Dot ot f) (e, ze) = + (w1, 72))
holds, where
[Wr(21)] < Craf ™M, [a(2)] < Caag?2, [ih(ar, @a)| < Caafh—orgli~Aeo

and

Pi(z1) = 27" [f(21,0) —

F(0.0)] + o /Owl[ful,m — F(t,0)](as — )" Ny,
bal2) = 232 [F(0,22) — F(0,0)] + @ /0 P 1F0.2)

0,22) — f(0,t2)](w2 — t2) "2 Ldts,

x1

e (AN (0,0 i
vlorsas) = o~y # SRR D0 e [ALL, 10,0 - 0) 7+
1 2 rd
9 xr1 T2

Y i (AL ) (1, 1)
tagry 1/(Aa:1,xz—t1f)(07t2)($2—t2) ! 2dt2+041042// e _;1)t113ro2[1522_t2)1+a2dt1dt2.

0 00
Theorem 1. Let f(x1,x2) € Hh,/\z (Q),a; < \i <1,i=1,2. The operator DOJr 04 18 bounded
from the space H’\I’AQ(Q) into H/\l 041,>\2 2(Q).
Theorem 2. Let fla1,22) € HY'™(Q), i < \i < 1,0 =1,2. The operator DOJr 04 15 bounded
from the space Hg‘l’A?(Q) into H’\l o1,A2— 2(Q).
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This work about nonlinear operators and their some invariants. Especially, we want view when
Q(z,y) = az®+ 2bxy + ¢ operator will be again such form which is Q(x,y) = Ax? +2Bxy+ C. One
of them, we multiply operator Q(Q(z,y)) = Ax? 4+ 2Bxy + C which a, b, ¢ coefficients our operator
will be again that form. All of our work depends on quadratic stochastic operators, we give some
of the necessary concepts there.

Definition 1. The evaluation of the nonlinear stochastic operators as

m
(V) = ZPz‘j,kl’iwj
=1
where the P;; . is the transaction matrix under the condition:
m
Pjr=Pjr >0, Zpij,k =1
k=1

This P;;, we may change with a,b,c and we interpret to quadratic stochastic operators. Thus, the
appearance of our operator is as follows

m
(Vx)k = Z Pijykxi:vj,

i=1
and we use it to the form above.
2
2 2
(Va) = E Pij1xix; = Priix1” + Piojrizs + P 112
ij=1
2
2 2
(V) = g Pijoxix; = P11271” + Prapx122 + Pog 2127,
3,j=1

where k = 2. Consequently, we may research some problems and connection quadratic stochastic
operator. In article, not only multiply operator also we will try to see other actions as well.
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On existence eigenvalues of the generalized Friedrichs model
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We denote by T? the d-dimensional torus, the cube (—m,7]? with appropriately identified
sides equipped with its Haar measure. Let Hg := C be the field of complex numbers, H; : Lo(T¢)
be the Hilbert space of square integrable (complex) functions defined on T¢

We consider a family of bounded selfadjoint operators (Friedrichs models)h(k), k € T¢, which

acts in Ho @ H1 as follows:
hoo(k)  hot >
h(k) = ,
w=("0

hoo(k‘)f() = (lQS(k‘) + 1)f0, h01f1 = \2 /T3 ’Ul(S)fl(S)dS,

where

hll(k}) = ho(k) -V,

(ho(k)f1)(q) = Ex(q)f1(q), Ex(p) =c1(p) +e2(p — k),

v is the integral operator with the kernel v(p — s).
Assumption. We assume that €;(p),j = 1,2, are continuous (periodic) real-valued functions
on T% d = 3,4 with the single non-degenerate minimum point at the origin and
. — & 0
lim inf WP~ S\ (p) — £,(0)

> 0.
|p|—0 |p|?

We also assume that v(-) is a continuous function on 7% such that
v(p) =v(-p), peT? d=3,4.

We note that the Weyl theorem for the essential spectrum [1] implies that the essential
spectrum oess(h(k)) of the operator h(k) remains unchanged under a compact perturbation v and
coincides with the spectrum of the unperturbed operator ho(k). In this case, oess(h(k)) coincides
with the range of the function Fy(-), i.e.,

Oess(M(k)) = o(ho(k)) = [Emin(k), Emaz(K)],

where €,in (k) = min, Ex(p) and Ey,q,(k) = mazpEg(p). It follows from the above that E,n (k) >
Epmin(0) =0 for k € T

Let C(T%) be the Banach space of continuous (periodic) functions on 7% and G(\), A < Eg(0),
be an integral operator with the (Birman - Schwinger) kernel

G(p,q;\) = (21)?v(p — @)(Eo(p) — N, p,ge T

The following possible cases for the eigenvalue of the operator G(A) for A = E(0) are discussed
in detail in [2].
Case 1. The number —1 is a simple eigenvalue of the operator G(Ey(0)), and the corresponding
eigenfunction vysatisfies the condition
Y(0
p)—

) ;
Bo(p) — Bo) * 2T

ie.,

dim Ker(h(0) — Ep(0)I) =0, dim Ker(G(Ex(0)) +1) = 1.
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Case 2. The number —1 is a multiple eigenvalue of the operator G(Ep(0)), and one of the
corresponding eigenfunctions v satisfies the condition

$(0)

d
Folp) — Bo0) * 2T

ie.,
dim Ker(h(0) — Ep(0)I) > 2, dim Ker(h(0) — Eg(0)I) > dim Ker(G(Ey(0)) + I) + 1.
Case 3. The number —1 is a multiple eigenvalue of the operator G(Ep(0)), and

dim Ker(h(0) — Eo(0)I) + 2 < dim Ker(G(Ey(0)) + I)

Definition. Let d = 3,4. If one of the Cases 1 — 3 holds, then it is said that the operator
h(0) has a virtual level at zero (at the bottom of its essential spectrum,).

Theorem 1. Let d = 3,4 and the above assumption hold, and £1(-) and ea(-) be conditionally
negativedefinite functions differentiable up to the second order. We assume that h11(0) has a virtual
level (at the bottom of its essential spectrum). Then for each k € TU\{0}, the discrete spectrum of
the operator hi1(k) lying to the left of Emin(k) is a nonempty set.

Theorem 2. Let v(z) = p and (k) < Epin(k). For any p > 0 he operator h(k) has an
eigenvalue lying to the left (k).
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One special class of block operator matrices are Hamiltonians associated with systems of non-
conserved number of quasi-particles on a lattice. Their number can be unbounded as in the case
of spin-boson models or bounded as in the case of "truncated" spin-boson models. It is remarkable
that lattice spin-boson model with at most two photons can be represented as a 6 x 6 operator
matrix which is unitarily equivalent to a 2 x 2 block diagonal operator with the 3 x 3 operator
matrices on the diagonal [1,2].

In the present paper we consider a 3 x 3 operator matrix A,, i > 0. This operator matrix is
associated with the lattice systems describing two identical bosons and one particle, another nature
in interactions, without conservation of the number of particles. They act in the direct sum of zero-,
one- and two-particle subspaces of the bosonic Fock space. In this note we investigate the location
and structure of the essential spectrum of 4, with respect to p > 0.

Let T be the one-dimensional torus, Hy := C be the field of complex numbers, H; := Lo(T)
be the Hilbert space of square integrable (complex) functions defined on T and Hz := L(T?) be
the Hilbert space of square-integrable symmetric (complex) functions defined on T?. We denote by
H the direct sum of spaces Hg, H1 and Ho, that is, H :=Ho D H1 D Ho .



86 SECTION I. MATHEMATICAL ANALYSIS

In the Hilbert space H we consider the operator matrix of the form:

Aoo Aot 0
AH = ./461 A1 pAre ,  w>0. (1)
0 pAj, Ax

The matrix entries A;; : H; — Hi, i < j, 4,5 = 0,1,2 are given by:

Aoofo = afo, Aorfi= /TU(L‘)fl(t)dt, (A fi)(z) = fi(x),

(Arafo)( /fz z,t)dt, (Axfo)(r,y) =w(z,y)fo(x,y),

w(x,y) =3 —cosx —cosy —cos(x+vy), fi€H; i=0,12.

Here a € R; the function v(-) is a real-valued continuous function on T. We remark that
the operators Ag; and Aj2, resp. Aj; and Aj, are called annihilation resp. creation operators,
respectively. A trivial verification shows

Aor = Ho = Ha, (Agifo)(x) = v(@)fo,  fo € Ho,

fi(z) + f1(y)
2 )
Under these assumptions, the operator A, is bounded and self-adjoint. For any fixed pu > 0
and x € T let us consider the equations

Apy i Ho — Hi1,  (Alaf1)(z,y) = f1 € Hi.

2

T

1—2— =0, z<0, 2

V(B —cosz —z)2 —4cos? % @)
2

g 9

1—-—2z+ =0, z>-. 3

V(B —cosz —2)2 —4dcos? § 2 )

It is easy to check that for large values of p > 0 the equation (2) has an unique solution

E,(})(a:) in (—o0;0) and the equation (3) has an unique solution Elgz) (z) in (3;00).

One can see that for any fixed > 0 the functions E,Sl)() and E,SQ)(') are continuous on
its domain. Thus, the image of these functions are closed bounded intervals.
Main result of this note is the following theorem.

Theorem 1. For the essential spectrum oess(Ay) of Ay the equality oess(Ay) = Im E/(})($) U
0; 3] U Im EL(LQ)( ) holds. Moreover,
(i) for u e (0, \\/f?r) we have

Oess(Ay) = [min Elgl) (x), max El(f) ()]

] the essential spectrum oess(Ay) consists of two intervals

a\ﬁ

(ii) For p € (T
Tess(Ay) = Im EX (2) U [0, max EP (z)],

where max Efll)(:z:) <0.
(7it) For p > % the essential spectrum oess(Ay) consists of three intervals

reAu) = T B ) U [0 3] O B2 1)

with max E,(})(a:) < 0 and § < min E}(f) (x).
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Let T2 = (—m, 71]? be the two dimensional torus equipped with the Haar measure and L?(T?)
be the Hilbert space of square-integrable functions on T2.

The momentum representation of the non-local discrete Schrédinger operator acts in the space
L?(T?) as
hu i=ho—uV,pu >0, (1)

where hy is a multiplication operator by the function e(p):

(hof)(p) = e(p)f(p), f € L*(T?),

here

and V is the rank-one integral operator

(VF)(p) = (2; / £(q) da.
T2

Since h,, is selfadjoint and V' is a rank one operator, according to the Weyl’s theorem on
stability of essential spectrum, the following relation holds

Uess(hO - MV) = U(hO), 1.e., o-ess(h,u) = [emina emax]

where epin = 0 and ey = 64.

We start with the following lemma in which we get an equation for eigenvalues of h, and
similar result were proved for in [2].

Lemmal. A number z € [0,64] is an eigenvalue of hy, if and only if A(w; z) = 0, where

oy M dq
Aluiz) =1 (2W)2/e(q)—z'

T2

The main result of the work is the following.

Theorem. For any p1 > 0, the operator h,, has a unique eigenvalue z(p) € (—o0,0) with the
associated eigenfunction

Moreover:



88 SECTION I. MATHEMATICAL ANALYSIS

a) the function p € (0,00) — z(u) is real-analytic, strictly decreasing with asymptotics

lim le and lim M:;
potoo p p—0+ p3/2 - 1083/4

b) there exists ~y such that

) 1 ntl m
V—2(n) = ﬁu”QJr > dump'? (—plnp)

n,m>0,n+m>0

for any € (0,7), where {dnm} are some real coeffcient.
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Introduction

The problems of the point interaction of two and three identical quantum particles interacting
via point potentials (also called contact potentials which are occasionally singular potentials) have
been studied in various physical works. In the works of [1,2,3| rigorous mathematical description
of the point interaction were first proposed for two and three particles, respectively. The proposed
extension is called the Skornyakov-Ter-Martirosyan expansion.

In this article, using the basic scheme used in [1-3], we establish the Skornyakov-Ter-
Martirosyan extension h of the associated Hamiltonian of the system of two particles. It is proved
that the essential spectrum of the expansion under consideration coincides with the set of the
non-negative real numbers and the condition for the existence of the eigenvalue of the Schrodinger
operator is studied. The main results of the work are based on the study of the spectrum of the
expansion of the operator h. We describe the essential spectrum (Theorem 2) and explicitly derive
(Theorem 3) the existence of eigenvalues of the operator and their dependance on the parameter
o € R3.

Preliminaries and Selection of Extension
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The Hamiltonian (energy operator) of the one-particle system under consideration is defined
as some extension h of the next symmetric operator hg, acting in the Hilbert space L?(R3?) = L? by
the operator

(hoo)(x) = —(Ad)(x),
defined on the manifold
D(ho) = {¢ € L*, ¢(£0) = 0}, 9 € R*\{0},

where A is the Laplace operator.
Operator hg is a Fourier transform of the operator hg will go over to the operator

(hof)(p) = p*f(p)

defined on the set D(hg) C L? of functions f(p), satisfying the following conditions:

/p4 | f(p) | dp < oo,/emopf(p) dp = 0. (1)
R3

R3
According to [18] the defeciency subspace R, of the operator hg, is determined by
M. ={® e L*(R*): ((ho — 2I)f,®) =0, f € D(ho)}.

Lemma 1. For any z € C\ [0,00) the defeciency subspace R, C L*(R3) of ho consists of

functions of the form

clei(xmp) + 0267i(10»p)
(I)(p): p2—2 , C1,CQE(C1.

It follows from Lemma 1 that for any z € Iy the defeciency subspace R, is two-dimensional.
Therefore, hy is a symmetric operator with defective indices (2,2). Since the operator hg is non-
negative, as in [1,2,3], we use the theory of extensions of semibounded operators.

The extension of the operator hg to the domain D(h) is denoted by h and it has the form

(hg)(p) = p2g(p) — c1'@0P) _ cyeilwop),
By the definition of A, it is an extension of the operator hg.

Theorem 1. The extension h is a self-adjoint operator.
The main results of the paper are the following theorems.

Theorem 2. The essential spectrum of the operator h coincides with the semiaxis [0, 00).

Since h is a self-adjoint operator and its eigenvalues of the operator h can lie in the interval
(—00;0).

Theorem 3. For any y € (0,00), the operator h has simple eigenvalues z1(y) and z2(y), and

the eigenfunctions corresponding to these eigenvalues are of the form

g1(p) = 0P @op) g(p) = sin (zop)

~ p?— z1(x0) ©p?— 2(x0)
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One of fundamental problems is to describe the extreme Gibbs measures corresponding to
a given Hamiltonian. Each Gibbs measure is associated with a single phase of a physical system.
Existence of two or more Gibbs measures means that phase transitions exist.

As is known, the phase diagram of Gibbs measures for a Hamiltonian is close to the phase
diagram of isolated (stable) ground states of this Hamiltonian. At low temperatures, a periodic
ground state corresponds to a periodic Gibbs measure. Therefore, the problem of description of
periodic ground states naturally arises.

One of the most studied model of statistical mechanics is the solid-on-solid (SOS) model. In
particular, this model plays a very special role in statistical mechanics and can be treated as a
natural genenralization of the Ising model [1].

In this paper we consider the p-SOS model with several spin values 0,1,2,...,m,m > 2 on
a Cayley tree of order k. In the case m = 2 and any k, ground states for the p-SOS model are
described.

Main definitions and the background. The Cayley tree (Bethe lattice) I'* of order k > 1
is an infinite tree, i.e., a graph without cycles, such that exactly k 4+ 1 edges originate from each
vertex[2]. Let T¥ = (V, L) where V is the set of vertices and L the of edges. Two vertices x and y are
called nearest-neighbors if there exists an edge | € L connecting them and we denote | =< x,y >.
A collection of nearest neighbor pairs < x,x1 >, < x1,Z2 >, ..., < Tq_1,¥y > is called a path from z
to y. The distance d(z,y) on the Cayley tree is the number of edges of the shortest path from z
and y.

For a fixed 2° € V, called the root, we set
Wy = {z € Vld(z,2°) =n}, V=] Wn
m=0

be respectively the sphere and the ball of radius n centered at z°.

It is well-known that there exists a one-to-one correspondence between the set V' of vertices
of the Cayley tree of order £ > 1 and the group G}, of the free products of k 4 1 cyclic groups of
second order with generators ay, ag, ..., ag+1 2]

Assume that spin takes its values in the set ® = {0, 1,2,...,m}. By a configuration o on V'
we mean a function taking o : x € V +—— o(z) € ®. The set of all configurations coincides with the
set O = V.

p-SOS model is given by Hamiltonian:

H(o)=~J Y lo(z)—a(y), (1)

<z, y>€L

where J € R,p€ Rand o € Q [3].

The SOS model of this type can be considered as a generalization of the Ising model (which
arises when m = 1). Here, J < 0 gives ferromagnetic (FM) and J > 0 an antiferromagnetic (AFM)
model. In the FM case with zero external field the ground states are ’flat’ configurations, with
o(x) =j € ® (there are m+1 of them), in the AFM two ’contrasting‘ checher-board configurations,
where |[o(z) —o(y)| =m, ¥V < x,y >.

Comparing with the Potts model, the SOS model with zero external field has 'less symmetry’
and therefore more diverse structure of phases. For example, in the FM case it is intuitively plansible
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that the ground states corresponding to ‘middle-level’ surfaces will be ’dominant’. This observation
was made formal in Ref’s for the model on a cubic lattice.

Let M be the set of all unit balls with vertices in V. By the restricted configuration oy, we
mean the restriction of a configuration o to a ball b € M. The energy of a configuration o on b is
defined by the formula

Uloy) = Ulon, ) = 57 3 lo(a) ~ o)l
<z,y>€L

Note that U(op) has finitely many values for arbitary configuration o [4].
It is not difficult to prove the following Lemma.

Lemma 1. Let m = 2 and k > 2. For each configuration oy, we have the following

U(O’b) S {Ul(O'b), Ug(o‘b), ceey Un(O'b), }

where

J J J
Ui(op) =0, Usz(op) = —5 Us(op) = —3 20, Uyop) = —3 - 3P,

For every k > 2, we get i = 3+ 2k, |U;| = 3 + 2k.

Remark. We note that all periodic ground states (in particular, translation invariant ones)
for the SOS model with an external field are given in [1] in the case where k =2 and m = 2.

Definition 1. A configuration @ is said to be the ground state of the relative Hamiltonian H
if U(py) = min{Ui (o), U2(0p), ..., Un(0p), ...} for any b € M. We set C; = {0y : U(op) = U;} and
UZ(J> = U(Ub, J) if op€Cii=1,2,...,n,...

If a ground state is a periodic configuration, then we call it a periodic ground state.
For any i = 1,2, ...,n, ..., we set

A; = {(J,p) € R*: Us(op) = min{Uy(0v), Uz(0), ..., Un(0p), ...} }.

Rather cumbersome but straightforward calculations show that
Ay ={(J,p) € R*: J <0,p€ R},

Ay ={(J,p) € R*: J > 0,p <0},
A3 =Ay=..={(J,p) € R*:J>0,p=0},

A, ={(J.p) € R*:J >0,p >0},

and J 4, = R%.
n
Theorem 1. For any class C;,i = 1,2, ....n, ... and any bounded configuration oy, € C;, there
exists a periodic configuration ¢ (on the Cayley tree) such that py € C; for any b’ € M and v, = 0p.
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A fourth degree operator under study arose in the study of translation-invariant Gibbs
measures for models from [3] on the Cayley tree I'* in the case k& = 4. Note that in the cases
k =2 and k = 3 were studied in [1-2|. In [3], sufficient conditions were found for the number of
positive fixed points of a fourth degree operator (quartic) in the case @ < 0. In this paper, we study
the number of positive fixed points of a fourth degree operator in the case @) > 0.

We put

R% = {(z,y) eR?*: >0,y >0}, RZ={(z,y)eR*: z>0,y>0}.

We consider the following operator Q4 on the cone Ri:

4 4
Q1) = (z Clasai zczbix‘l—fyi) |
1=0 1=0
where C} = 0

ﬁ%m (binomial coefficient), a; > 0 and b; > 0 for all ¢ € {0,1,2,3,4}. This operator is
composed of two polynomials of the fourth degree in two variables, therefore we call the operator Q4
a quartic. Clearly, an arbitrary nontrivial positive fixed point (zg,y0) € R% of the quartic operator
(QO) 9y is a strictly positive, i.e. (zg,yo) € RZ. We denote a number of fixed points of the QO Q4
belong to R2 by Niix(Q4).

Problem 1. Find sufficient conditions for the number of fized points of the operator Q4 in
R2.

Lemma 1. If w = (z0,90) € R is a fized point of the QO Qu, then & = g—g is root of the
algebraic equation

as€® + (dag — by) € + (6az — 4b3) € + (day — 6b2)&* — (ag — 4b1)€ — by = 0. (1)

Lemma 2. If & is a positive root of the algebraic equation (1), then the point wy =
(z0, Eomo) € R2 and & is a fized point of the QO Qu, where

1

4 . . ‘

Mo = agq, p1 = 4az — by, po = 6ag —4b3, pu3z =4ay —6ba, pg=apg—4b1, ps=bo

o =

We put
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and define the polynomial P5(&) of degree 5:

P5(€) = po€® + pa&* + pa€® + ps€? + pal — ps.

By the Lemmas 1, 2 the following corollary is true.

Corollary 1. A number of positive fized points of QO Q4 equal to number of positive roots of
the polynomial P5(§).

Lemma 3. The polynomial P5(§) has at least one strictly positive root.

Proposition 1. The polynomial P5(£) can have up to five strictly positive roots.

We put
2 3 2
a=-L _, p=_2 0T
12 108 3 8
where ) )
_ opops — 645 5Oz + 843 — 30pop iz
2502 1253 ’
. _ 1opoptus — 50udp s — 3pt — 1254544
625415 '
Denote

a\3 b\ >
Q=(3) +<2> '
Theorem 1. Let Q > 0, then the QO Q can have up to three fixed points in ]R2>, i.e.
1< N"(Q) < 3.
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This work was intended as an attenpt to check funktions described by (1) funktion. Becouse,
this kind of function plays vital role on theory of differential games. In this paper,we show that(1)
funktion is decreasing funktion which is important factor for the next steps.

It can be shown that for the matrix



94

SECTION I. MATHEMATICAL ANALYSIS

we have
1t 32
et —e Nt 10 1 ¢ , 1=1,2,
0 0 1
where ); is a given non negative real numbers.
Let
t t e)\»;S _6)\2'88 %eAiSSQ e/\is O 0
Wi(t) = /G_Aise_A;‘ksds = / 0 eris —ehiss | | —eriss QNS 0 |ds
0 9 0 0 e)\is %eAisSQ _6)\258 6)‘is
Mt t t 7
fe%is(l + 52+ %82)618 fe”‘"s(—s — %Sg)dS f %e”‘isszds
0 . 0 . Ot
= feQ’\iS(—s — %53)d5 fe%is(l + 5%)ds f —e2Nisgds
0 0 0
t ¢ t
f %62/\i882d8 ffe”‘issds fe2’\i5ds
L 0 0 0 J
[011(t)  ©12(t) @13(t)
= |p21(t) @2(t) @2lt)|.
L p31(t)  @32(t)  w33(t)
where
! 1 ! 1 L
p11(t) = ({e%is(l + 524+ ZSQ)dS, p12(t) = Ofe”‘is(—s — gSS)dS, p13(t) = Of§62>‘i882d5
t t t
P21 (t) = [i%(—s — 153)ds, P2a(t) = [ (1 + s?)ds, pa3(t) = [ —e*i®sds
0 0 0
t t t
w31(t) = f %62)‘i882d5 p32(t) = f—e”‘issds p33(t) = feQ/\isds.
0 0 0

We show that the function

f@t) = oW, (Onky, i=1,2,...

is a decreasing function of ¢ on (0, c0).
Since, for nio = (0, Yio, 2i0) # 0,

t
UiOWi(t)U?OZ/‘e_A:Sn;O
0

2
ds > 0,

(2)

therefore the matrix W;(t) is positive definite. This implies, in particular, that the determinant

|Wi(t)| of the matrix W;(t) is positive.
It’s clear that any matrices multiplied by ....

1 00
Wt OW;t) =1, IT=10 1 0
0 0 1
By differentiably (3) equality, we obtain
d, 4 d
(W N W) = —1
S OWi0) = &

(2

dt

— (W) Wi(t) + W (1) - (Wi(t) = 0
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Hence, we have the derivation of Wi_l(t)

d, d _
LW 0) = W 0 S (W)W ),
If wedifferentiate W;(t) funktion, we obtain that
d x
3 wi(t)) = Aot

So, the derivation of W;!(t) is simplifeed a little

d *
g Wi @) = =W e e W ()
Then p p
L) = mo s (W (Oniy) = =m0l (B e 4T, (0 @
where (1) = maW;™ (6)y *
From (4) we denote that y = 7;oW,; (¢) and it is not difficult to see that ye™4i* = e=Aity*,
where y* = W, (t)n},.
Thus,
d _ . A2 _ A2
ﬁ(f(t)) = —ye Aife ATy = |ye At = [mi0W; (t)e <0.

Hence, f(t) is decreasing function on (0, c0).
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Let 7% = (V, L) be a Cayley tree of order k, i.e, an infinite tree such that exactly k + 1 edges
are incident to each vertex. Here V is the set of vertices and L is the set of edges of 7% (for more
details see [1], [2] and references therein).

Let Gj denote the free product of k + 1 cyclic groups {e,a;} of order 2 with generators
a1,ag, ..., 0511, i.e., let a2 =e .

There exists a one-to-one correspondence between the set V' of vertices of the Cayley tree of
order k and the group G[1].

For each x € Gy, let S1(x) denote the set of all neighbors of z, i.e., Si(z) = {y € G : (z,y)},
where (z,y) means that the vertices x and y are nearest neighbors.

Assume that spin takes its values in the set ® = {—1,0,1}. By a configuration ¢ on V' we
mean a function taking o : x € V. — o(x) € ®. The set of all configurations coincides with the set
Q=2a".

Consider the quotient group G/G} = {Hx, ..., H,}, where G is a normal subgroup of index
r with » > 1.



96 SECTION I. MATHEMATICAL ANALYSIS

Definition 1. A configuration o is called to be Gj-periodic if o(z) = o; for all z € G}, with
x € H;. A Gg-periodic configuration is called to be translation-invariant.

By period of a periodic configuration we mean the index of the corresponding normal subgroup.
The new modified SOS model is defined according to the following Hamiltonian:

Ho)=J1 Y lo(z)—o)|cosla(o(@)—c@)]+T >,  lo(@)=a(y)|coslr(o(z)—a(y))],
(z,y)EL z,yeVid(z,y)=2
(1)
where Jq, Js € R.

Let M be the set of all unit balls with vertices in V, i.e. M = {{z} U Si(x) : Vo € V}. A
restriction of a configuration o to the ball b € M is a bounded configuration and it is denoted by
op.We let ¢, denote the center of the unit ball b.

The energy of a configuration o on b is defined by the formula

Ul =37 3 lo(e) — ol cosl(o(x) ~ o(cs))

x€S1(cp)

+h Y o) —oly)l cosln(o(x) — o (y))]

z,yeVid(x,y)=2

We consider the case k = 2.

Lemma 1. We have

U(Ub) € {U07 U17 U27 U3a U47 U57 U67 U77 U87 U97 UlOa Ull}a

where
Uy=0, Uy = —%Jl, Uy = —2J, Us = —J; — 2Js,
Uy =30, Us = % —2JoUs =2J1 +4Js, Uy = —% — 2Js,
Us =J1 +4J2, Ug = %, Uo=—-J1, Un = —%Jl + 4Js.

Definition 2. A configuration ¢ is called a ground state of the Hamiltonian (1), if
U(pp) = min{Uo, U1, Ua, Us, Uy, Us, Us, Uz, Us, Uy, Uro, Un1 },

forall b e M.
For a fixed m =0,1,2,...,11, we set

Ay = {(J1, J2) € R?: Uy, = min{Uy, Uy, U, Us, Uy, Us, U, Uz, Us, Uy, Uro, U1 } }.
We have that

Ay=Ag= Ay ={(J1, o) eR?:J, =0, Jo=0},

J
Al:{(Jth)GRz:Jl >0, OSJQSf}a

Ay = A7 ={(J1,2) €ER*: J; =0, Jo >0},
Az ={(J1,J2) €R*: J1 >0, Jy —4Jy <0},

Ay={()1,]2) eR*: J; <0, % <Jp < —?’%},

A ={(J1,2) €R®: J1 <0, 3Ji+4J5 >0},
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Ag = {(J1,Jo) €ER?: J; <0, J| —4Jy >0},
Ag={(J1,J2) €eR*: J; =0, J, <0},
Ay ={(J1, o) €R?:J; >0, Jp <0},

and

Let Hy = {z € Gy : ) _;c 4 wz(a;) — even}, where wy(a;) is the number of a; in the word .

Note, that H,4 is a normal subgroup of index two. Let Gp/Ha = {Ha,Gk \ Ha} be the
quotient group. Denote Hy = Hy, Hy = Gy, \ H4.

We shall study Hy- periodic ground states. We note that each Hy-periodic configuration has

the following form:
o1, if x € Hy,
o(r) = . (3)
o9, if x € Hy,
where 0; € ® = {-1,0,1},i =1,2.

Theorem 1. The configuration (3) is Hp- periodic ground state iff one of the following
conditions holds:

a) Let |[A] =1,
Z) ‘0'1 — 02| =1, and (Jl,Jg) € Az,
i1) |o1 — 02| = 2, and (Jp, J2) € As.
b) Let |A| = 2,
i) o1 — o9l =1, and (Ji, J2) € As.
ZZ) |O‘1 — O'2| =2, and (Jl,JQ) € Ag.
c) Let |A] =3,
Z) ‘0'1 — 02| =1, and (Jl,JQ) € A
ZZ) |O’1 — 02’ = 2, and (Jl,JQ) € Ay.

Remark 1. Let J; # 0 and J2 # 0.There is not any translation-invariant ground state for
the new modified SOS model with competing interaction.
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In this paper, we study p-adic quasi Gibbs measure for the p-adic Potts model on the Cayley
tree of order two. We show that if p = 1(mod8) or p # 3,p = 3(mod 8) then there exist seven
translation-invariant p-adic generalized Gibbs measures.

Let Q be the field of rational numbers. For a fixed prime number p, every rational number
x # 0 can be represented in the form z = p" > where, r,n € Z, m is a positive integer, and n and
m are relatively prime with p. The p-adic norm of x is given by

[ p, it £0,
2l = { 0, if z=0. M)
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This norm is non-Archimedean, i.e., it satisfies the strong triangle inequality |z + y|, <
max{|z|p, |y|p} for all z,y € Q. The completion of Q with respect to the p-adic norm defines
the p-adic field Q, (see [1]).

The Cayley tree I'* of order k > 1 is an infinite tree i.e., a graph without cycles, such that
exactly k + 1 edges originate from each vertex. Denote by V the set of vertices, and by L the set
of edges of the Cayley tree T'*. Two vertices = and y are called nearest neighbours if there exist an
edge | € L connecting them and denote by | =< z,y > . Fix xg € I'* and given vertex z, denote by
|z| the number of edges in the shortest path connecting xg and z. We call vertex xg the root of the
Cayley tree x,y € T'*.

We set
Wpy=A{xeV:|z|=n},Va={zeV:|z|<n} L,={l=<z,y>€ L:x,y €V,},
Sx)y={yeV:z—y}, Si(z)={yeV dx,y) =1}

The set S(x) is called the set of direct successors of the vertex x (see [2]).

Let G be a free product of k + 1 cyclic groups of the second order with generators
ai, a9, ..., ar+1 respectively. There exists a one-to-one correspondence between the set of vertices
V of the Cayley tree I'* and the group Gy, (see [2]).

Let K be a subgroup of Gy, k > 1. We say that a function z = {2, € Q, : v € Gy} is K-
periodic if zy, = 2z, for all x € G}, and y € K. A G- periodic function z is called translation-
nvariant.

Let Q, be the field of p-adic numbers and ® = {1,2,...,¢} be a finite set. A configuration o
on V is defined as x € V +— o(x) € ®; in a similar fashion one defines a configuration o, and ¢" on
V,, and W,,, respectively. The set of all configurations on V' (resp. V,, , W,,) coincides with Q = &V
(resp. Qy;, = ®Y, Q.. = ®). Using this, for given configurations Qy;, = Qy;_, x Qyy, . Using this,

for given configurations o € Qy, |, and w € Qyy, we define their concatenations by
On_1(x),1f x €V,_4
w(z), if v € Wy.

We consider p-adic Potts model on a Cayley tree, where the spin takes ® := {1,2, ..., q}.
The (formal) Hamiltonian of p-adic Potts model is

H(U) =J Z 60(:0)0(34) (2)

<z, y>€l

where J € B(0,p~"/~1) is a coupling constant, (r, y) stands for nearest neighbor vertices and d;,
is the Kronecker’s symbol, i.e.
0, if @ # j,
0i,j = {

1, if i = j.
Assume that h : V\{z(©} — Qg) is a mapping, i.e hy = (hi 4, hog, ..., hqz), where h; , € Q,

(i € ®) and = € V\{z(D}. Given n € N, we consider a p-adic probability measure ugng on Qy,

defined by
n 1
i (0) = g5 exp{Hn(@)} [T hotoy 3)

n zeWn
Here, 0 € Qy;, and Z,Sh) is the corresponding normalizing factor
Z7(1h) = Z eXp{Hn(U)} H h’a(x),x'
O'EQVn xeEWn
We say that p-adic probability distributions (3) are compatible if all n > 1 and 7,1 € ®"»-1:
> o onm1vew) =y V(o) (4)
wGQWn

We note that a non-Archimedean analogue of the Kolmogorov’s extension theorem was proved in
[3]. According to this theorem there exists a unique p-adic measure pj, on Q = ®" for all n > 1 and
o€ dVn-1 e,
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ulo € Q:oly, =oy,) = ,uiln)(an), for all o, € Oy, n € N,

Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian (2) and
vector-valued function h,, z € V. By QG(H) we denote the set of all p-adic quasi Gibbs measure
associated with function h = {h,,z € V}.

The following statement describes conditions h, ensuring compatibility of uﬁn)(a).

Theorem 1.|4] The measures ugln)(a), n =1,2,... defined by (3) associated with g-state Potts
model (2) satisfy the compatibility condition (4) if and only if for any n € N the following equation
holds:

h,= [] F(hy,.0). (5)
y€S(x)

here and below a vector h = (hl, ho, ..., hq_1> € ngl. EZ = Z—;, i=1,2,...,9—1,
F(z;0) = (Fi(z;0), ..., Fy—1(x;0)) with
q—1
(9*1).’E1+ Zl‘]+1
0) — i=1 — -1, _
Fi(z;0) = pon , v={rp e Qi i=1,2,..,g-1 (6)
Zj + 0

j=1

Theorem 2. Let k =2, g =3, p > 3, N be the number of translation-invariant p-adic quasi
Gibbs measures for p-adic Potts model. Then

e N=17,if p=1(mod8) or p = 3(mod8);

e N=0, if p=>5(mod8) or p=T7(mod8).

Remark. 1) Only one of the translation-invariant p-adic quasi Gibbs measures given in
Theorem 2 is p-adic Gibbs measure (see[6]);
2) If h = (1,1,..,h,1,..;1),m = 1,2,....q — 1 and k = 2, ¢ = 3, p > 3 then there exist three
N——

m
translation-invariant p-adic quasi Gibbs measures for this model (see [4-5]). For the case k = 2,

q=3,p>3, h=(hy,ha), we prove that there exist seven translation-invariant p-adic quasi Gibbs
measures.
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On p-adic generalized Gibbs measure for the Ising model with external field on
a Cayley tree
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In this paper, we study p-adic Ising model with external field on the Cayley tree of order two. If
p = 1(mod 4) there exist three translation-invariant and two GgQ)—periodic non-translation-invariant
p-adic generalized Gibbs measures, if p = 3(mod4),p # 3 there is one translation-invariant p-adic
generalized Gibbs measure. Moreover, if p = 1(mod 4) there exists a phase transition occurrence.

Let Q be the field of rational numbers. For a fixed prime number p, every rational number
x # 0 can be represented in the form x = p" > where, r,n € Z, m is a positive integer, and n and
m are relatively prime with p. The p-adic norm of x is given by

], = p", itz #0,
P10, if z=0.

This norm is non-Archimedean, i.e., it satisfies the strong triangle inequality |z + y|, <
max{|z|p, |y|p} for all ,y € Q. The completion of Q with respect to the p-adic norm defines
the p-adic field Q,.

The completion of the field of rational numbers Q is either the field of real numbers R or one
of the fields of p-adic numbers Q, (Ostrowski’s theorem).

Any p-adic number x # 0 can be uniquely represented in the canonical form
z = p" W (zo + z1p + wap® + .., (1)

where y(z) € Z and the integers x; satisfy: =9 # 0, z; € {0,1,...,p — 1}, j € N. In this case
2l = p~7@ (see [1]).

The Cayley tree I'* of order k > 1 is an infinite tree i.e., a graph without cycles, such that
exactly k + 1 edges originate from each vertex. Denote by V' the set of vertices, and by L the set
of edges of the Cayley tree T'*. Two vertices x and y are called nearest neighbours if there exist an
edge | € L connecting them and denote by | =< z,y > . Fix g € I'* and given vertex z, denote by
|z| the number of edges in the shortest path connecting xog and x. We call vertex zg the root of the
Cayley tree z,y € T'*.

We set
Wp={zeV:jz|=n},Vha={zeV:|z|<n}, L,={l=<z,y > L:xz,y €V},
S(x)={yeV:z—y}, Si(z)={yeV:dxy) =1}

The set S(x) is called the set of direct successors of the vertex = (see [2]).

Let G be a free product of k + 1 cyclic groups of the second order with generators
ai,ag, ..., ar+1 respectively. There exists a one-to-one correspondence between the set of vertices
V of the Cayley tree I'* and the group Gy, (see [2]).

Let K be a subgroup of Gy, k > 1. We say that a function z = {2, € Q, : * € Gi}
is K- periodic if zy, = z, for all x € G} and y € K. A Gj- periodic function z is called

translation-invariant. Let G,(f) is be subgroup in G}, consisting of all words of even length i.e., G,(f) =

{z € Gi : |z| — even} . In fact, GS) is normal subgroup index two i.e., Gk/G,(f) = {G,(f), Gk\Gf)}.
In [2] proved that any K-periodic Gibbs measure for Ising model with with external field is either
translation-invariant or Ggf)—periodic on the Cayley tree of order two.

Let ® = {—1,1} and is assigned to the vertices of the tree T* = (V, L). A configuration o on
V is then defined as a function x € V — o(x) € ®; in a similar manner one defines configurations
o, and W) ON V,, and W, respectively. The set of all configurations on V' (resp. V,,, W,,) coincides
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with Q = ®" (resp. Oy, = &Y, Q. = ®"»). One can see that Qy;, = Qy,. | x Q. Using this,
for given configurations o,,—1 € {dy,_, and wy, € Qw, we define their concatenations by

Un_l(l‘), if ze Vi1,

(On—1Vwp)(z) = { Wiy (@), if xeW,.

It is clear that 0,1 V W] € Q..
The (formal) Hamiltonian of the p-adic Ising model with external field is given by

H(o)=J ) o(2)o(y)+a) olx), (2)

(w.y)eL eV

where |J|, = |a|, = 1.
Let us construct p-adic generalized Gibbs measures for the model (2) on I'*.
Assume that h: V' \ {x(o)} — @, is a function. Let us consider a p-adic probability measure

,u,(ln) on Qy, defined by

n 1 o\
iy () = —gseap{Ha(o)} T 5. (3)
Zn IEWn

Here Z,Sh) is the corresponding normalizing factor or partition function given by

200 = 3" eap{Ha(o)} T 05
o€y, zeW,

A p-adic probability distribution ugn) is said to be consistent if for allm > 1 and 0,1 € Qy;,_,,
we have

S ono1 V) = (o). (4)
peQw,

In this case, by the p-adic analogue of Kolmogorov theorem [3], there exists a unique measure
wr, on the set Q such that pp, ({o|y, = on}) = ,ugn) (oy) for all n and o, € Qy,,.

A limiting p-adic measures generated by (3) is called p-adic generalized Gibbs measure. We
notice that if h, € &, for all z € V' then corresponding measure is called p-adic Gibbs measure (see
[4])-

For given Hamiltonian H by GG(H ) we denote the set of all p-adic generalized Gibbs measures
associated with functions h = {h,, & € V}. If there are at least two distinct p-adic generalized
Gibbs measures p,v € GG(H) such that p is bounded and v is unbounded, then we say that a
phase transition occurs. Moreover, if there is a sequence of sets {A,} such that A, € Qy, with
|1(An)lp — 0 and |v(Ay)|, = 0o as n — oo, then we say that there occurs a strong phase transition.

Let 6 = exp{2J}, n = exp (%), h= nexp{2h}.

Theorem 1. The measures ,ugn)(an),n = 1,2,..., defined by (3) satisfy the compatibility

condition (4) if and only if for any x € V '\ {zo} the following equation holds:

— Oh, + 1
hw:nk+l H Y ,

yes(x) hy +0
where 0,m € &y, 0 # 1,n# 1.

Theorem 2. Let N is number of translation-invariant, M s G§2) -periodic generalized Gibbs

measures for p-adic Ising model with external field. Then for Cayley tree of order two the following
statement holds true:

e N=3, M =2, ifp=1(mod4);

e N=1, M =0, p#3,p=3(mod4).
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Theorem 3. Ifk = 2, p = 1(mod 4) then for Ising model with external field a phase transition
2

occurs. Moreover, all translation-invariant generalized p-adic Gibbs measures are bounded, Gy’ -
periodic non-translation-invariant generalized p-adic Gibbs measures are unbounded.
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Description of the translation-invariant splitting Gibbs measures for the
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In the work, we exactly solve the three-state SOS model with an external field on the Cayley
tree of order two. The Cayley tree T'* of order k > 1 is an infinite tree, i.e., such that from each
vertex of which issues exactly k + 1 edges (for more details see [1], [2] and references therein). We
will denote by V' the set of the vertices of the tree and by L the set of edges of the tree. The distance
on this tree is defined as the number of nearest neighbour pairs of the minimal path between the
vertices z and y (where path is a collection of nearest neighbour pairs, two consecutive pairs sharing
at least a given vertex) and denoted by d(z,y). The SOS model with external field is defined by the

formal Hamiltonian
H(U) =—J Z | O'(ZL‘) - U(y) | - Z Ao (z),2) (1)
(z,y)CV zeV

where the first sum runs over nearest neighbour vertices (z,y), the second sum runs over all the
vertices of the tree, the spins o(x) take values in the set & = {0,1,...,m},m > 2, J € R is the
coupling constant and o, = (02, X1,z .., Umz) € R™+1 is the external field. As the root of the
tree, we fix a vertex 2° € V. Let V,, := {x € V : d(x,2°) < n}, W, = {z €V :d(z,2°) = n},
be respectively the ball and the sphere of radius n with center at 2°. For x € W,, let S(x) = {y €
W41 @ d(y,x) = 1} be the set of direct successors of x.

For € V\{2°} = hy = (hoz,---,hmz) € R™! we define the (finite-dimensional) Gibbs
distributions by the formula

Mn(o'n) = Zﬁl exp { - H(UTL) + Z ho’(x),:c} (2)

xEWn

where Z,, is the corresponding partition function. The probability distributions (2) are compatible if
forallo, 1 € ®»-1onehas Y.  pn(0n_1,wn) = fin_1(0n_1). Under the condition, there exists a
wn€EOWn

unique measure g on ®V such that Vn and o, € ®¥» : u({o |v,= on}) = pn(os). Such a measure is
called a splitting Gibbs measure (SGM) corresponding to the Hamiltonian H and z + h,, x # 2°.
The compatibility condition is satisfied if and only if ¥z € V\{z°} the following vector identity
holds R R

he =dg+ Y F(hy0), (3)

yeS(z)
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here and below § = exp(/5.J) and

oo = (s s Fomn—1.0)s G = (@005 ons Gim1.0),
hi,:(; = hi,x - hm,x + 8 (ai,x - am,:(:)a
d’i,ﬂfzﬁ(ai,x_am’m), i:O’...7m_17

the map F(u;0) = (Fy(u;0),..., Fn—1(u;0)) is defined for u = (ug, ..., um—1) € R™ and 6 > 0 by
the formulas

— Zj;ol 013! exp(u;) + ™"

Fi(“’; 0) m—1 -
> jeo 07 exp(uy) +1

1=0,....m—1.
For any h = {h,,x € V} satisfying (3) there exists a unique SGM g and vice versa. This implies
the fact that the problem of describing the Gibbs measures is reduced to the descriptions of the

solutions of the functional equations (3).
For m = 2, from (3) it follows that

how = Goz+ Y, In-2P (ho.y)+0 exp (h1 ) +6
WL T s L ~ = ’
yeS(z) 62 exp (ho,y)+0 exp (h1,y)+1

(4)

0 exp (~i~zo7y)+exp (ﬁz,y)w
62 exp (ho,y)+0 exp (h1,y)+1"

iLl’x = 541,1 + Z In
yeS(z)

We study translation-invariant (TT) solutions of (4), i.e., we assume that h, = h € R2, Va € V.
We suppose that the external field &, is also TI, ie., &, = a € R2, Yz € V. Denote zy =
exp (hoz), 21 = exp (h1z), v =exp(qz), A =exp(@ig), z € V. Then from (4) we have

k
_ 20+0 21462
20 =V (9220+921+1 )

()

k
_ 0 20+21+0
21 = )\ (9220+921+1> :

Let £ = 2. For the sake of simplicity, we assume that v = 1. Introducing the notations

T = \/Z0, y = /z1 and VA = ( from (5) we have

. x2+0y2+92
T = 022210 y211°
(6)
_ (022 +y+0)
= 0y
Denote . . . 1
0:779:779:7792277
SRV, T A RV, SV T V3
~7160*+380%+1—/(1—-0)(1+0)(1—1762)3
Mi(0) = :
166
—710*+380% +1+/(1—-0)(1+0)(1—1762)3
Ao (0) = :
166
6* +260% +1
As(0) = % Ai(6) = 46 (1 —362).

Using the analysis of solutions of the system of equations (6), we have

Theorem 1. For the three-state SOS model with external field on the Cayley tree of order two
the following assertions hold:

1. There are exactly seven TISGMs if 0 € (0,604) and A € (A4(6), A2(0))
2. There are exactly six TISGMs if 6 € (0,04) and A = X2(0)
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3. There are exactly five TISGMs

(a) if 0 € (0,04] and A € (\2(6), \3(0))
(b) if 6 € (64,05) and A € (As(6), \3(0))
(c) if 0 € (0,64) and X € (M(8), \a(6)]

(d) if 0 € [04,65) and A € (\(8), a(8))

4. There are ezactly four such measures if 6 € (0,62) and X = Xi(0) or if 0 € [04,02) and
A= A2(0)

5. There are exactly three such measures
(a) if 6 € (0,62) and X € (0,A1(0))
(b) if 0 € (0,03) and X\ = \3(0)
(c) if 0 € (04,02) and X € (A2(6), Aa(0)]
(d) if 0 €
(e) if 0 €

6. Otherwise there exists a unique such measure.

02, 92) and \ € (0, )\4(9))

[
[92, 93) and \ = )\4(9)
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Operator matrices are matrices the entries of which are linear operators between Banach or
Hilbert spaces [1]. They arise in various areas of mathematics and its applications.

Let H := H1 ® Ho ® H3 be the direct sum of the complex Hilbert spaces Hi, Ho and Hs.
With respect to this decomposition, every bounded self-adjoint linear operator A € L(H) has a
3 X 3 operator matrix representation

A A Az
A= ATZ A9y Aog , (1)
Als Ay Ass

with bounded linear entries A;; € L(H;, Hi),4,j = 1,2,3 such that A;; = A};,i =1,2,3.
For a Hilbert space X we denote by Sx the unite sphere in X :

Sx ={r e X:|z| =1}

Definition 1. The set
W(A) == {(Af, f): f €Su}

is called the numerical range of A.
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The numbers

my = inf (Af, f), My := sup (Af, f)

f €Sy feSy

are called lower and upper bounds of A, respectively. Then W (A) = [m4, M4]. In addition, if
may, My € O'pp(.A) then W(A) [mA,MA]

Let 7-[1 = H, B Ho and 7—[2 = Hs. To define the quadratlc numerical range we consider the
operator matrix A with respect to the decomposition H = 7—[1 S3) 7—[2

Ay A
A= ’\il A12 (2)
Afy Az
with the entries ﬁij : ﬁj — ’;qi, 1<j,t,75=12:

~ (A A ~ [ A ~
Ay = < A%y Ao ), Aqg = ( Aoy >, Agg 1= Agzs.

Definition 2. For f = (fl, ]/”\2) € Sy, x Sz, we define the 2 x 2 matriz

o (Allflafl) (A12f2, f1)
A (( B fo) (A22f2,f2)>€M2(C)'

Then the set
Wﬁl@H2 (A) = U Upp(Af)
feSﬁl XS,}Q
is called the quadmtzc numerical range of A (with respect to the operator matrix representation (2)).
For f,, € Hz, fz #0,1=1,2, we define

A 1 ((Aofif) | (Geff | | (Gufid) G\, [l 0
As ( 1 > 2 iy (Aa2je, f2) | ( uj 1) (A2, 2) Y Aedeiided

f2 2 /112 [1£21I? /112 [1£21I? [aliivell
and we let

Ai(A)::{/\ (;1> fleHmfz?éOZ_12}

Then for the set Wz .7 (A) we have the equality

W~

Fom,(A) = A (A UA_(A).

Definition 3. The set of all eigenvalues of the 3 X 3 matrices

(A fi, fr) (Aiafe, f1) (Aisfs, f1)
A= | (Alaf1, f2) (Aoafa, fa) (Aasfs, f2) |, f=(f1,f2,f3) €Sy X Spy X Sy
(Al3f1, f3) (A3zf2, f3) (Assfs, f3)

is called the cubic numerical range of A (with respect to the operator matriz representation (1))
and will be denoted by Wiy, aryans(A). For a fived decomposition of H, we also write W3(A) =
W?-Ll SH20Hs3 (A) :

Let aij(f) = (A”f],fz) fori,7 =1,2,3 and

Ey(f) = %(all(f) +aga(f) +ass(f)) + 24/ — cos 3 , k=1,2,3,
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where

—\ali(f)lz—!azs PP = las ()
QU+ = — o= (a1 () + () + ass(1))* + 5 (o) +aaal ) + asa( )
x (a11(fazz(f) + a2 (fass(f) + arn(fass(f) = lara(f)|* = lazs(F)* = laws(f)?)
+ ani(f)aga(f)ass(f) + 2Re(ara(f)ags(f)ars(f)) + lara(f)*ass(f)
+lazs(f)[ar1 (f) + lars(f)[aze(f);

®(f): = arccos <3Q(f) 5 ) .

P(f)¢=—1(a11(f)—a22( N)?+ (an(f) — ass(£))* + (aga(f) — ass(f))?
)

2P(f)\|  P(f)

The main result of this note is the following theorem.
Theorem 1. For the cubic numerical range of A we have

3

wiA) = U {Ex(f)}-

k=1 fES’Hl XSHQ XS’Hg

This theorem plays a key role in the estimate of the bounds of A in terms of cubic numerical
range.
If A3 =0, then for the lower bound of A we have |2]

mino(A) > min{min o (A1), mino(Ag), mino(Ass)} — (||A12||2 + | Ags]| )1/2 3)

and strict inequality prevails if at least two of the lower bounds mino(A;;), i = 1,2, 3, of diagonal
elements are different. As an example we consider the case where H, = C, Ho = Lo[m;w], H3 =
Lo([m; w]?) and

Anfi =efi, (Aaafo)(z) = (e + 1 —cosz) fa(z), (Assfs)(z,y) = (€ + 2 — cosx — cosy) fa(z,y),

™

A12f2 = /7T Sinth(t)dt, A13 = 0, (Azgfg)(x) = / sin tf3<1‘,t)dt

—r —7

with e > 0. In the latter case W (Ag) = (g;6+2), W (A33) = (e;e+4) and W(Ay) C W3(A),i = 2,3.
Then according to (3) the lower bound of A can be estimated as follows: mino(A) > ¢ — v/27. An
obtained inequality is an important in determining the location of the first eigenvalue of A.

References

1. C.Tretter. Spectral Theory of Block Operator Matrices and Applications. Imperial College Press, 2008.

1. T.H.Rasulov, C.Tretter. Spectral inclusion for unbounded diagonally dominant n xn operator matrices,
Rocky Mountain Journal of Mathematics. 48:1 (2018), pp. 279-324.



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 107

Analysis of the essential spectrum of a Hamiltonian related to a system of
three particles on a 1D lattice
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In the present note, we investigate the essential spectrum of the Hamiltonian HF(LA’))\, Wy A,y > 0,

associated with the three particle discrete Schrodinger operator on the one-dimensional lattice,
arising in Hubbard model. We admit a special form for the "kinetic" part of the Hamiltonian H ;(:)’
which contains a parameter v > 0. Here the role of a two-particle discrete Schrédinger operator
played by the Friedrichs model. It is remarkable that the Hubbard model is currently one of the most
intensively studied many-electron models of metal, but very few exact results have been obtained
for the spectrum and the wave functions of the crystal described by this model. Hence, it is very
interesting to obtain exact results, at least in special cases.

Let T be the one-dimensional torus. The Hilbert space L;ym(’]I‘Z) is defined as a space of
square-integrable symmetric (complex) functions with domain T?.

We consider the model Hamiltonian H L(:’))\ defined by

H;(A) = H((f’) — (Vi + Vo) — AV3

in L™ (T?), where HSV) is a non perturbed operator, i.e. the multiplication operator by the function
E’Y('v ) :

(Hy £)(w,y) = By (@,y)f (@, y);
the operators V,,, a = 1, 2,3 have the form:

(VAf)(z,9) = () / o(t) (1)t (Vaf) () =

T

— u(x) /T o(t) f(t,y)dt, (Vaf)(z,y) = /T f(tx+y— ).

Here f € L™ (T?); u, A, 7y are positive reals, the function v(-) is a real-valued analytic function on
T and the function E,(-,-) is defined as

E (z,y) :=¢c(x) +e(y) +ve(x+y), e(x):=1-cos(nz), neN.

Under these assumptions the operator H/(j/i is bounded and self-adjoint in Lzym(']l‘z).

Now, to give the representation for the essential spectrum of Hy))\, we introduce so-called

the channel operators, acting on the Hilbert space Lo(T?) as H,(ﬂ’l) = Héw — uVp and H>(\7’2) =
H) — V5.
The decomposition of the space Lz(T?) into the direct integral

Ly(T?) = / © Ly (T)dk
T
yields for the operators H, l(f/’l) and H /(\7’2) the decompositions into the direct integrals
HOY = /T (WD (k) + e(k)D)dk, H{™? = /T () (k) +~e(k))dk.

Here I is an identity operator on Lo(T), the two families of bounded self-adjoint operators (the
Friedrichs model), acting in Lo(T) by hi"" (k) :== A5V (k) —poy, k € T and 22 (k) 1= h{? (k) — Ava,
k € T with

(D (k) f)(@) = (e(x) + ek +2) f(2), (o1 f)(x) = v(z) / v(t)f(t)dt,

T
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W (B) ) (@) = (e(@) + ek — 2) f(z), (0a])(a / £(0)

Next, we formulate the main results of the present note. In the following we describe the
spectra of channel operators by the spectrum of the corresponding family of the Friedrichs models.

(7,1

Theorem 1. For the spectra of the operators H, ) and H/(\V’z) the following equalities

o(HO) = oo HD)U[0:3 4+ 3v/2),  o(H™) = owo(HY? ) U0:3 + 37/2]
hold, where

oowo(H) = | {adisc(hl(]’l)(k)) +5(l<:)}, oo = | {adisc(hf)(k)) —|—75(k:)}.

keT keT

The following theorem describes the relation between the essential spectrum of H fjﬁ and
spectra of the channel operators H, L(L%l), H )(\7’2),

7)

Theorem 2. For the essential spectrum of ' pA We have

geSS(H!(;Q) = o(HODY U (H?).
60

Moreover, the set aess(H# /\) consists the union of at most three bounded closed intervals.
The set ogwo(H, ,(7’1)) Uotwo (H >(\7’2)) resp. [0; 3+ 3v/2] is called two-particle resp. three-particle

branch of the essential spectrum aess(Hfﬂ/i) of the operator H ;%)\
Let A be a subset of T given by

2 4 '
A= {0; T—my k- :I:nﬂ'} U Il,,
n n n

where
;| n—2,if niseven | {m}, if nis even
n'_{n—l, if n is odd and H"'_{ 0, ifnisodd -

Direct calculation shows that the cardinality of A is equal to n. It is easy to check that for
any v > 0 the function E,(-,-) has the non-degenerate zero minimum at the points of A x A.
Recall that [1] if v(2") = 0 for all 2’ € A, then one can easily seen that the integral

/ v2(t)dt
T €(0)
is positive and finite. For this case we define

i) = (14 ) </T vi((tg)dt>_1’ N,

Set E, (7) :=min{¢ : { € oess(H ;(Z,i)} Then El(ﬂ/)\ € Oess(H ;(7/2) and it is called the lower bound
(7)

of the essentlal spectrum of H

Theorem 3. Let v > 0 be a fixed. For the lower bound Eﬁ(?))\ the following assertions hold.
i) If v(@') # 0 for some o' € A, then for all p,\,v > 0 we have EY) =
LA
min{mino(Hy’l)) min o (H), "2 )} < 0;
(ii) Assume v(x )—Oforallx €A
(iil) For any pu > po and X > 0 we have E/(]))\ = min{min U(Hﬁ(ﬂ’l)), min O’(H)(\%Q))} < 0;
(ii2) For any p < po and X > 0 we have E/(j/)\ = min O'(H>(\%2)) < 0.
Moreover, max U(Hl%)\) =3+ 3v/2 for any u, A,y > 0.
The latter result plays a key role in the analysis of the discrete spectrum of H ('Y) . In [1] the
™)

discrete spectrum of H, 0 was discussed. A similar model (non-symmetric version of H, ( )) on a 3D
lattice was considered i 1n [2] and its spectrum was investigated.
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Dominance order of the diagonally dominant n x n operator matrices
Rasulov T.
Bukhara State University and Bukhara branch of the Institute of Mathematics, Uzbekistan
e-mail: rth@Qmail.ru

In the present note, we consider the class of diagonally dominant n x n operator matrices [1],
which bores its name from the position of the dominating entries in each column.

Let n € N, n > 3, let (H;, |- [ls), ¢ = 1,...,n, be Banach spaces, and let (#,] - ||) be the
Euclidean product of Hi,...,Hy, that is,

Hi=Hi® - OHn, [fl = AR+ 41l F= U fa) €K,

In the Banach space H we consider linear operators A that admit an n X n operator matrix
representation
A - A
A= =+ - (1)
Anl o Ann

inH=HiP- P Hy, where the entries are densely defined closable linear operators
AithjDD(Aij)—)Hi, ,5=1,...,n,

and for which the domain of A, given by

is again dense in H.

It is known that every bounded linear operator acting in H = H1 @ --- & H,, can be written
as an operator matrix of the form (1). But unlike bounded operators, unbounded linear operators,
in general, do not admit a matrix representation (1) with respect to a given decomposition H =
H1 DD Hp.

For convenience, we recall the notion of relative boundedness and some related
characterizations [2].

Let (E,||-||g), (] -|lF), (G| - |lc) be Banach spaces, and let

T:E>D(T)—F, S:E>DS) =G

be linear operators. Then, S is called T-bounded (or relatively bounded with respect to T) if
D(T) C D(S), and there exist constants ag, bg > 0 with

[Szlle < asllzlle + bs||Tx||p, @€ D(T); (2)

the infimum dg of all bg such that (2) holds for some ag > 0 is called T-bound of S (or relative
bound of S with respect to T').
Note that, if T is closed and S is closable with D(T") C D(S), then S is T-bounded [2].
Definition 1. For an operator matriz A as in (1), we define the diagonal part T and the
off-diagonal part S by
T = diag(AH,...,Am), S::A—T,
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and we call A diagonally dominant of order ds if S is T -bounded with T -bound ds.
Note that, for a diagonally dominant operator matrix 4, the domain is always given by the
domains of the diagonal entries

D(A) = D(A11) @ -+ @© D(App).

Remark 1. If A is diagonally dominant of order és < 1, then S is A-bounded with A-bound
< ds/(1 = ds).
Diagonal dominance may also be characterized by means of the entries of the operator matrix

A as follows.
Theorem 1. Let A be as in (1). Then,

A is diagonally dominant <= A;; is Ajj-bounded

foralli,j =1,...,n,4# j. In this case, if ds is the dominance order of A and 0;; are the Ajj-bounds
of Ajj, then

n 1/2

< s < 8= — 1) m3 2
0ij <ds <6 <(n 1) r?:alXZ(SkO (2)

k=1

k£l
foralli,j=1,...,n,1# j; in particular,

A is diagonally dominant of order 0 <= 0;; =0, 4,j=1,...,n, i #j.

Remark 2. If the operator matriz A has a fived number of zero entries in each column, then
the upper bound & in Theorem 1 may be improved. For example, if A is tridiagonal, A;; = 0 for
li — j| > 1, we can replace the estimate in the first line of (2) by the equality

n—1

ISFIP = A follf + > I Asic1 fimr + Avgsi firall} + 1 Ann—1faall}
=2

to obtain that

~ —2
ds < 5¢=maX{\@521> 0t + 203, V2 Iglji,f( (05157 1) \/5721,n—1+ 207 2n-1» \/§5n71,n}-

Corollary 1. If the diagonal entries A;; of A are closed, then
A is diagonally dominant <= D(Aj;) C D(Asj)

foralli,j=1,...,n,1%#j.

The diagonal part T of A is always closable since it is the direct sum of the closable operators
A1, ..., Apy. For the off-diagonal part S this is only true in the 2 x 2 case.

The upper bounds § and § for the dominance order in Theorem 1 and Remark 2, respectively,
may be strict, for the corresponding example see [1].

Note that the dominance order ds depends upon the choice of the norm on H since so do the
constants as and bgs in (2). For instance, instead of the Euclidean norm || - || on the Hilbert space
product H =H1 @ - - - & Hp, choose the equivalent norm

LA = WAl + A Il f = (f fa) €K,

and let d%s be the corresponding dominance order, and d;; the Aj-bound of A;j, 4,57 = 1,...,n,
|i — j| = 1. Then, we obtain the upper bound
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Note that, in the tridiagonal case, no further improvement may be obtained; here J;; = 0 for
li — j| > 1, whence

- —1
8 =4 = max{521,r7§13§<(5j,1,j + 5j+1,j)75n71,n}~

We notice that, the case n = 2 was studied in [3] and diagonally dominant, off-diagonally
dominant, upper dominant and lower dominant unbounded operator matrices were discussed. Here
the lower dominant case does not extra consideration; it is equivalent to the upper dominant case
if the two space components are exchanged.

Theorem 1 plays a crucial role in the deriving the criterion for the closability and closedness
of A and in the proof of spectral inclusion property for A.
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Definition 1. An oscillatory integral with phase f and amplitude a is an integral of the form
IO L) = [ a0y, 1)

where a € C°(R") and A € R.
If the support of a lies in a sufficiently small neighborhood of the origin and f is an analytic
function at = = 0, then for A — oo the following asymptotic expansion holds ([1]):

n—1
T fra) = eMON N b k(@)X (In A, (2)

s k=0

where s belongs to a finite number of arithmetic progressions, independent of a, composed of negative
rational numbers.

Definition 2. The oscillation exponent f at the point 0 is the number §(f), maximum among
all numbers s possessing the following property: for any neighborhood of the point 0 there exists
a function a supported in this neighborhood for which in decomposition () there is k such that

bs,k (a) 7é 0.

Definition 3. The multiplicity p(f) of the oscillation exponent 3(f) is the maximal p with
the property: for any neighborhood of the point 0 there exists a with support in it, for which

bs(p)p(f)(@) # 0. The pair (B(f), p(f)) is denoted by O(f).
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Let U C V C R? be bounded neighborhoods of the origin, U(V) the closure of U(V),
respectfully. Suppose that the function f: V — R (where f € CV (V) (N > 8)) has the form:

[ (z1,22) = fr (21, 22) + g (21, 72) (3)

where fr (z1,22) is a homogeneous polynomial of degree 4 having the root b(0,0) of multiplicity at
most 2 (e.g. polynomial fr(x) of order 4 has at most two roots of multiplicity two on the unit circle
in R? centered at the origin), and g € CV (V) is such that D®g(0,0) = 0 for all a; + ap < 4, where
D® is D% = %, o = (o, a2) € Z2% is a multi-index, Z; = {0} UN are the non-negative
integers.

Definition 4. Let F' € CV (V) be a function such that HFHCN( v) <& where N is a natural

ber and e is a sufficiently small positi ber, where | F O F(z1,29)
number and ¢ is a sufficiently small positive number, where ||F|| oN(7) = max > TorTon |-
la|<N

Then the function f + F is called to be a deformation of f (see [2]).

Definition 5.([2]) Let f : V' — R be a CV(V) function. We say that the oscillatory integral
with phase f has the uniform estimate (8, py), where 5, < 0, p, > 0, p, is an integer, if there
are Cy > 0, ey > 0 and a neighborhood U of 0 € R?, such that U cC V and for all A > 2,
[Fllen@y <€ a€ C2(U), we have

TN f + Foa)] < Cv AP (In A)Pe|al| ce.

The main result of the work is the following.

Theorem 1. Let f € C8(V) have the form (1). Then there exists a positive number ¢ and
a neighborhood U C V of the origin such that for any functions a € Cj (U) and F € C®(V),
| F| os(v) <& the following estimate holds:

/ eAHE) g () da| < C lal| ¢ 1n1(2—|- |)\|) (1)
v A2

1) In paper V. N. Karpushkin [3] showed that, if f is analytic at the origin, df|p = 0 and
d?f|o has corank 2, then the result of this theorem holds. Here, we show that an analog of V. N.

Karpushkin’s result [3] (and also see [4]) holds true for sufficiently smooth phase function.
2) Note that if g =0, F =0, and a(0) # 0, then we have [5]

1
A2 / e @ a(z)dx = ca(0)
R2

1i
)\Hufoo In A

with ¢ # 0.
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On Weierstrass preparation theorem
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The well-known Weierstrass theorem states that if f(z,w) is a holomorphic function at a point
(z0,wp) € C? x Cy and f(20,wo) =0, f(z0,w) # 0 then in some neighborhood U =V x W of this
point f is represented as

f(z,w) = [(w —wo)™"+
tem-1(2)(w — we)™ ™ + -+ + co(2)] (2, w)

where m > 1 is the order of zero of f(zp,w) at w = wy, cx(2),k =0, 1,...,m — 1, are holomorphic in
V, cix(20) = 0 and ¢(z,w) is holomorphic in U, ¢(z,w) # 0, (z,w) € U.
Pseudopolynomial

(w — wo)™ + em_1(2)(w — we)™ L+ -+ 4 ¢o(2)

is called Weierstrass polynomial.
In recent years, the Weierstrass representation (1) has found a number of applications in the
theory of oscillatory integrals:

J(\ o) ::/ a(z,0)e? @) g,

where a € C§°(R™ x R™) is called to be an amplitude function and ® € C*°(R™ x R™) is a smooth
real-valued function co-called a phase function and A is a real parameter.

We prove, that there is a global multidimensional (in w) option (3) for arbitrary f(z,w) €
O (D, xCk).

Theorem. (For w € C). Let f(z,w) be holomorphic in a domain Q = D, x C,, C C**!,
where any second Cousin problem is solvable in a domain D C C". Let us denote by nf(zp) the
number of zeros of the entire function f(zg,w) of variable w € C taking into account multiplicity.
We put ng(z0) = —1 if f(z0,w) = 0. If the set I(f) := {2 € D : ng(z) < oo} is not pluripolar in
D, then the function f(z,w) is represented as (3), where ci(z) € O(D),k = 0,1,...,m,p(z,w) €
0(Q),¢(z,w) # 0 for any (z,w) € Q.
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Separat garmonik funksiyalar uchun o‘rta qiymat xossalari
Sotliqov G*.R.
Urganch davlat universiteti, O zbekiston,
e-mail: gsatlikov81@gmail.com

Ma’lumki, garmonik funksiyalar uchun muhim xossalardan biri bu integral o‘rta giymat
xossasi hisoblanadi va bu xossa garmonik funksiyalar giymatlari o‘rtasida o‘ziga xos bog‘liglikni
ifodalaydi(qarang [1,3,4]). Mazkur tadqiqot ishi separat garmonik va separat subgarmonik
funksiyalar uchun integral o‘rta qiymat xossalarini o‘rganishga bag‘ishlanadi.

Ta’rif. D (D =UxV C Cz) sohada berilgan u (z,w) funksiya:

a) V' € U lar uchun u (zo, w) — V da garmonik;
b) Vu® € V lar uchun u (z, wo) — U da garmonik bo‘lsa,
u holda u (z,w) funksiya U x V' da separat garmonik deyiladi.

Lelon teoremasiga |2] ko‘ra sohada aniqlangan separat garmonik funksiya bu sohada garmonik
bo‘ladi va bu funksiyalar uchun har bir sharda integral o‘rta qiymat xossasi o‘rinli. Biroq separat
garmonik funksiyalar uchun bu xossa polidoirada ham bajariladi.

Teorema 1. U x V C C? = C, x C,— birlik polidoirada berilgan separat garmonik u (z,w)
funksiya uchun ¥ (Zo,wo) € U xV nugtada va HTM2 (z,w) = {}z — zo‘ < 7’1} X {’w — w0’ < Tz} C
U x V shartni qanoatlantiruvchi yetarlicha kichik ¥ry,r9 > 0 uchun

u (2, w’) = _ /u(z, w) dzdw

= o
(2m) T‘1T2F

tenglik o‘rinli bo‘ladi.
Bu yerda integral I" = {|z — zo‘ = 7"1} X {‘w — wo‘ = 7‘2} ostov bo‘yicha olingan.

Ushbu tadqiqot ishining asosiy natijasi quyidagi.

Teorema 2 (teskari teorema). Agar U x V— polidoirada aniglangan u(z,w) uzluksiz
funksiya uchun har bir (ZO,U}O) € U x V nugtada shunday r$,73 > 0 sonlar topilib, VO < ry <
0, 0 < ry <18 tengsizliklarni qanoatlantiruvchi barcha r1,ro haqiqiy sonlar uchun

1
u (zo, wo) =—— /u(z, w) dzdw
(271') r1ro 7

tenglik bajarilsa, u holda u (z,w) funksiya U x V—da separat garmonik bo‘lads.
Bu yerda integral I" = {|z — zo‘ = 7"1} X {‘w — wo‘ = 7‘2} ostov bo‘yicha olingan.
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In this paper, we present an explicit formula for the continuation of the solution of the Cauchy
problem for a generalized Cauchy-Riemann system with quaternion parameter|1]

apfo — divf— < f, @ >=0, gradfo +rotf +[f x &+ fod +apf =0, (1)

. Q is a bounded simply connected domain in R? with boundary 02 composed of a compact
connected part T' of the plane y3 = 0 and a smooth Lyapunov surface S lying in the half-space
y3 > 0, with Q = QU OD, 092 = SUT. As to S, we assume that each ray issuing from any point
x of the domain €2 intersects this surface at most [ points. The solution of the Cauchy problem
will be constructed in the domain 2 for the case in which the Cauchy data are given on a part S
of the boundary. The Cauchy problem for a generalized Cauchy-Riemann system with quaternion
parameter is an ill-posed problem (see Hadamard’s example in [2. p.39 (Russain transl.)]).

We assume that the solution of the problem exists (then it is unique [3, p.58]) and the exact
Cauchy data are given. Under these conditions, we establish an explicit continuation formula which
is an analog of the classical Riemann-Volterra-Hadamard formula for solving the Cauchy problem in
the theory of hyperbolic equations. An explicit regularization formula is proposed for the conditions
given above hold and, instead of the Cauchy data, their continuous approximations with prescribed
deviation in a uniform metric are given under the condition that the solution is bounded by a
positive number on a part 1" of the boundary.

The method of deriving of these results is based on the explicit construction of the fundamental
solution matrix for a generalized Cauchy-Riemann system with quaternion parameter (depending
on a positive parameter) vanishing as the parameter tends to infinity on 7" when the pole of the
fundamental solution lies in the half-space y3 > 0. Following Lavrent’ev and Yarmukhamedov, we
call the fundamental matrix of solutions with this property the Carleman matrix for the half-
space [4],[5]. After the construction of the Carleman matrix in explicit form, the continuation and
regularization formulas for the solution of the Cauchy problem can be written out as a generalized
spatial Cauchy integral formula.

Statement of the problem. Given are the Cauchy data for the solution of system (1) on
the surface S:

F(y)ls=9(y), yes (2)

3
where S is a part of the boundary of the domain Q, ¢(y) = > gx(y)ix is a given continuous
k=1
quaternion-valued function.

For a— hyperholomorphic function the quaternionic left Cauchy integral formula is defined
(see [6, Subsection 4.15]):

Teorema. Let Q is a bounded simply connected domain in R® with boundary 02 composed
of a compact connected part T of the plane y3 = 0 and a smooth Lyapunov surface S lying in the

half-space y3 > 0, with Q = QU IN, 90 = SUT.. Let f € CP(Q, H(C)). Then

Kg[f(x) := —/f(ﬁ[nrf(ﬂ] = fo(z),z € Q. (3)
S

where
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(1) If a = g € C, then N
Kolf1(7) i= Kap(x = 7) f(7). (4)
(2) If o € R, A2 # 0, then

@) f VTR 4T + ——Ke (@) (VT - Q. (5)

R2(f](r) == — Nee

=K
/a2 &t
(3) If ¢ R, &2 =0, then

K [f)(r) i= Koo () f(7) + ;%[Kao](w)f(f)ﬁ- (6)

(4) If « € R, a9 # 0, then

RELIT) i= g0 Kaog(@)f(D)a -+ 5o Kool (@) (7). (7)

(5) If « € R, a9 = 0, then

K3 [f1(r) := Ko(2) f () + ®o(x) f(7)a (8)
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Essential spectrum of a 3 x 3 operator matrix with non compact perturbation
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Block operator matrices are matrices the entries of which are linear operators between Banach
or Hilbert spaces [1]. They arise in various areas of mathematics and its applications: in systems
theory as Hamiltonians, in the discretization of partial differential equations as large partitioned
matrices due to sparsity patterns, in saddle point problems in non-linear analysis, in evolution
problems as linearizations of second order Cauchy problems, and as linear operators describing
coupled systems of partial differential equations. Such systems occur widely in mathematical physics,
e.g. in fluid mechanics, magnetohydrodynamics, and quantum mechanics. In all these applications,
the spectral properties of the corresponding block operator matrices are of vital importance as they
govern for instance the time evolution and hence the stability of the underlying physical systems.

In the present note we investigate the essential spectrum of a 3 x 3 operator matrix with non-
compact perturbation. This operator is associated with a lattice system describing two identical
bosons and one particle, another nature in interactions, without conservation of the number of
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particles. We discuss the case where the lattice kinetic energy ¢(-) of a particle has a special form
with non-degenerate minimum at the several points of the one-dimensional torus.

Let C be the field of complex numbers, Lo(T) be the Hilbert space of square integrable
(complex) functions defined on the one-dimensional torus T and L$(T?) be the Hilbert space of
square integrable (complex) symmetric functions defined on T?. Denote by H the direct sum of
spaces Ho := C, Hy := Ly(T) and Hy := L5(T?), that is, H := Ho ® H1 ® Ha.

In the present note we consider a 3 x 3 matrix operator in the Hilbert space H as

Hoo  pHor 0
Hy:=| pHy Hn pHqo
0 pHy HY— AV

with the entries
Hoofo = afo, Hoif1 Z/Siﬂtfl(t)dt;
T
(Hinf) (@) = (a 41— cos(22)) fa(2),  (Husfo)(z) = /T sint fo(w, £)dt;

(Hyf2)(w,y) = (a +2 = cos(2x) — cos(2y) falw,y), V= Vi+Vh,

Vi f2)(z,y) = cosyAcostfg(x,t)dt, (Vafo)(z,y) = cosx/Tcostfz(t, y)dt.

Here f; € H;, @ =0,1,2; u, A are non-negative real numbers and a is a fixed real number.

Under these assumptions the operator H), ) is bounded and self-adjoint in H.

This model is a particular case of the operator matrix considered in 2] and can be considered
as a non-compact perturbation of the operator matrix which is investigated in [3].

Let Hy = Ly(T?). To formulate our main results we introduce the channel operators H ,51)
and H >(\2) acting in H1 & ﬁg and 7-ALQ, respectively, as

I * 0
7H12 HQZ

Hy, LH
HY = ( f“ vz o ) . HP = HY - W
2

It is clear that the channel operators H,Sl) and H /(\2) are bounded and self-adjoint in their
domain.
The decomposition of the spaces Hi @ Ho and Hs into the direct integrals

H1@7/‘Z2=/

@(Ho@%l)dx, ﬁg = / GHidx,
T T

respectively, yields for the operators H, ,Sl) and H /(\2) the decompositions into the direct integrals

HD = /T &(hD + (1 — cos(22)1))dz,
H)(\Q) = / @(hg?) + (1 — cos(2z))1;)dx.
T

Here I resp. I is an identity operator on Ho @ Hi resp. Hi, the two bounded self-adjoint operators
acting in Ho @ H; resp. H; by

) Hyo %Hm
" HHo  Huo )’

resp.

hf\2) = Hy — M, (vf)(z) = cosx/ costf(t)dt.
T
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According to the Weyl theorem, for the essential spectra of the operators h;(}) and hE\Q) the
equalities
O'ess(hl(})) = Uess(hg\2)) = [a; a+ 2]
hold.

The following lemma describes the existence, the number and the location of the eigenvalues

of h) and h{Y.

Lemma 1. (i) For any p > 0 there are two simple eigenvalues E,Sl’l) and E,Sl’z) of the operator
hl(}) such that E,Sl’l) < a and E,SLQ) >a+ 2.
(ii) For any A > 0 there is a simple eigenvalue E§\2) of the operator hg?) such that E§\2) <a

and it has not eigenvalues bigger than a + 2.
Next, we formulate the main results of the present note. In the following we describe the

spectra of channel operators by the spectrum of h&l) and hf\2).

Theorem 1. For the spectra of the operators H,Sl) and H /(\2) the following equalities

o(HY) = [EQY; EXD + 2] U fasa+ 4] U[EXD); B + 25
(

O'(HAQ)) = [Ef); E§\2) +2]Ua;a + 4]

hold, where the numbers E,Sl’l), E,SLQ), Egz) are defined in Lemma 1.
The following theorem describes the relation between the essential spectrum of H, y and

spectra of the channel operators H, ,81), H /(\2).

Theorem 2. For the essential spectrum of H,, \ we have
Tess(Hyup) = o(HD) U (HY).

Moreover, the set 0ess(Hy, \) consists the union of at most four bounded closed intervals.
The set @ )
2 2
[EGY; EGD 421U [EGD B + 2] U (B By + 2]

resp. [a; a + 4] is called two-particle resp. three-particle branch of the essential spectrum oegs(Hy, 2)
of the operator H,, .

For the lower and upper bound of the essential spectrum of H, ) we have the following
estimates:

min oess(Hy, 5) = min{E&l’l), E&Z)} <a, Maxoes(H,y) = Ef}’Q) +2>a+4.
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Bound states of Schrodinger-type operators on one and two dimensional lattices
Shokhrukh Kholmatov
University of Vienna, Austria
e-mail: shokhrukh.kholmatov@univie.ac.at

In this talk I would like to discuss some spectral properties of the Schrodinger-type operator

~

Hy=Hy+pV, >0,

associated to a one-particle system in d-dimensional lattice Z%, d = 1,2, where the non-perturbed
operator Hy is a self-adjoint convolution-type operator generated by a Hopping matrix E.7%
C and the potential V is the multiplication operator by ¢ : Z% — R. Under certain regularity
assumption on E and a decay assumption on 9, we establish the existence or non-existence and also
the finiteness of eigenvalues of H u- Moreover, in the case of existence we study the asymptotics of
cigenvalues of H pas N 0.

This is a joint work with Acad. Saidakhmat Lakaev and Dr. Firdavs Almuratov.

Occurrence of the Neimark-Sacker bifurcation in the
phytoplankton-zooplankton system
Shoyimardonov S.
V.1. Romanovskiy Institute of Mathematics, 9 University str., Tashkent, Uzbekistan,
e-mail: shoyimardonov@inbox.ru

In the work [1], authors considered the following phytoplankton-zooplankton system in
continuous time:

dv _ puv _
G = Tden — TV Ouwv,

{Czli? =u(l —u) - liZu (1)

where (3,7, 6, c are positive parameters. For the following discrete-time version of the model (1),
existence and local stability of the positive fixed points are studied ([2]):

uV = u(2 —u) — T
“+cu
(2)

oD = 1’3_% + (1 —7r)v—Ouwv.
The study of the occurrence of bifurcations at fixed points is an important direction in the theory
of dynamical systems.

Let’u consider the fixed point E = (u*,v*) of the operator (2) (see [2]), where

e _ e _02_14
ut = pore—9 \/(5 7 re—0) CTH, v* = (1—u")(1+ cu”).
c

Lemma. For the fived point E = (u*,v*) the followings hold true:

attractive, if q(u*) <1
Es = repelling, if q(u*)>1
nonhyperbolic, if p(u*) <2, ¢(u*) =1,

where

p(u) = (1 —u) < — ) 1, gu) = (1—uw) (if{j‘) +u(l - ) <(1fcu)2 —9)
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In the third case of the Lemma, at the positive fixed point Fy = (u*,v*) the Jacobian has a
pair of complex conjugate eigenvalues A1, Ao with modules 1. Assume that all parameters belong to

the set: ) .
— 24/
SE2—{(7“,C,B,9)€(O,+OO): c< u, 9—90}

and p(u*) <2, ¢q(u*)=11in Sg,. We define the

2
L =—Re I:(ll__z/\)\ll)/\QLllLQO] - %‘LH‘Q — ‘L02‘2 + Re()\gL21), (3)
where
Lgo _ 1 <D — (u*)2(4b20 + S(2CL20 — 21)11 — aus))> _
4 V—=D(1 + cu*)
i (uf(c(l —u) = (1+cu*)* + B —s)
2 ( (1+ cu*)? ) ’
Liy— 1 <(u*)2(4bzo + s(2ag0 — 2b11 — alls))> N
2 V=D(1 + cu*)
N i <2u*(c(1 —u*) — (1+cu*)?) — u*s)
2 (1+ cu*)? ’
Loy = 1 <D + (u*)?(4bgo + s(2az0 — 2b11 — a11$))> B
4 V—=D(1 + cu*)
i (u*(c(l —u*) — (14 cu*)?® —p)
2 (14 cu*)? > ’
1 (c(u*)2(3c — 3cu* —2s — 25))
Lo = - N
4 (14 cu*)3
i (eDu* — 3(u*)3(1 4 cu*)(4bsg + 5(2a30 — 2ba1 — an15))
4 < V—=D(1 + cu*)? > '
and
D (1+ (1 —u*)(1+2cu*)>2_47 s=1—ct o0,
1+ cu*
alp = (1 _ u*)(l * 2CU*) apl = —7u* asn = M _
1+ cu* ’ 1+ cu*’ (1+cu*)2 7’
1 (1 —u*) c
MO ) T T T T 0 e
blg = (1 — u*)(l + CU*) <(1+Bcu*)2 - 00) 5 b01 = 1,
bo2 = boz = b12 =0, by = m, 1= (1+ﬁcu*)2’
by = __ Be 50 = M
(1+ cu*)3’ (1+ cu*)3

Theorem. Assume the parameters r,c, 3,0 in the set Sg, and L be defined as (3). If L # 0
then the system (2) undergoes a Neimark-Sacker bifurcation at the fixed point Ea(u*,v*) when the
parameter 0, varies in the small neighborhood of origin. Moreover, if L < 0 (resp., L > 0), then an
attracting (resp., repelling) invariant closed curve bifurcates from the fized point for 6, > 0 (resp.,
6. <0).
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Threshold analysis for the family of generalized Friedrichs models
Tosheva N.
Uzbekistan, Bukhara State University

e-mail: nargiza_n@mail.ru

Operators known as generalized Friedrichs model [1] appear in a series of problems in analysis,
mathematical physics and probability theory. In the present note we discuss the threshold analysis
for the family of generalized Friedrichs models corresponding to a system of quasi-particles, where
their number is finite, but not fixed.

Let C be the field of complex numbers and Lo(T?) be the Hilbert space of square integrable
(complex) functions defined on the three-dimensional torus T2. Denote by #H the direct sum of

spaces Ho := C and Hy := Lo(T?), that is, H := Ho ® H1.

In the present note we consider a family of generalized Friedrichs models h(k), k € T3, which
acts in H as )
hoo(k)  hot >
h(k) := )
(%) ( hty  hu(k)

hoo(k) fo = (l2e(k) + 1) fo, horf1 = /1r3 o(t) f1(t)dt,

(h11(k) f1)(q) = Ex(q) f1(q),  Er(q) :=he(q) + lae(k — q)
with l1,l2 > 0 and the dispersion function £(-) is defined by

where

3

e(q) = (1—cos(ng™)), q=(q",¢?,¢¥)eT? neN
=1

Here f; € H;, i = 0,1; the function v(-) is either even or odd function on each variable and there
exist all second order continuous partial derivatives of v(-) on T3. Then the family of operators h(k),
k € T3 is bounded and self-adjoint in .

We remark that the operators hgi resp. hjj; are called annihilation resp. creation operators,
respectively.

Let A be a subset of T? given by

!/

A= {(p(l),p(2),p(3)) p) {0,:1:27T; :I:éw; o :|:n7r} Ull,, i = 1,2,3} ,
n n n

where
{m}, if n is even

VS 2, if n is even
o 0, ifnisodd

n—1, if n is odd and I, ::{

Direct calculation shows that the cardinality of A is equal to n? and for any fixed k € A the
function Ej(-) has the non-degenerate zero minimum at the points of A.
Using the Weyl theorem, for the essential spectrum of h(k) we obtain the equality oess(h(k)) =
[Emin(k); Emax(k)], where the numbers Fyin (k) and Enax(k) by the rule
Emin(k) :== min Er(q) and FEpax(k) := max Ei(q).
qeT? q€eT3

For any k € T? we define an analytic function A(k;-) (the Fredholm determinant associated
with the operator h(k)) in C \ [Emin(k); Emax(k)] by

v2(t)dt

Alk;z) =lae(k)+1—2— s () — 2
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A simple consequence of the Birman-Schwinger principle and the Fredholm theorem imply
that
odisc(h(k)) = {z € C\ [Emin(k); Emax(k)] : A(k;2) =0}.

Since for any k € A the function Fj(-) has non-degenerate zero minimum at the points of A
and the function v(-) is a continuous on T3, for any k € T2 the integral
v2(t)dt
3 Eg(t)

is positive and finite. The Lebesgue dominated convergence theorem and the equality A(0;0) =
A(k;0) for k € A yield
A(0;0) = lim A(k;0), K €A,
k—k’

where 0 := (0,0,0) € T?.

Since 0 € A the definition of h(k) imply the identity h(0) = h(k) for all k € A.

Moreover, gess(h(0)) = [0;6(11 + l2)].

Let us denote by C(T?) and L;(T?) the Banach spaces of continuous and integrable functions
on T3, respectively.

Definition 1. The operator h(0) is said to have a zero energy resonance, if the number 1 is
an eigenvalue of the integral operator given by

o) =0 [ MO dn v e o

and at least one (up to a normalization constant) of the associated eigenfunctions v satisfies the
condition ¥ (p") # 0 for some p' € A.

We notice that in Definition 1 the requirement of the existence of the eigenvalue 1 of G
corresponds to the existence of a solution of h(0)f = 0 and the condition ¢ (p’) # 0 for some p’ € A
implies that the solution f of this equation does not belong to H.

The following result establishes in which cases the bottom of the essential spectrum is a
threshold energy resonance or eigenvalue.

Theorem 1. The following statements are hold.

(i) The operator h(0) has a zero eigenvalue if and only if A(0;0) = 0 and v(¢') = 0 for all
q €A,

(ii) The operator h(0) has a zero energy resonance if and only if A(0;0) = 0 and v(q') # 0
for some ¢’ € A.

Let I be an identity operator on .

Theorem 2. If the operator h(0) has either a zero energy resonance or a zero eigenvalue,
then for any k € A and p € T3 the operator h(k — p) + l1e(p)I is non-negative.

Set
Ao :={qd € A:v(d) #0}

Now we formulate a result (zero energy expansion for the Fredholm determinant, leading to
behaviors of the zero energy resonance).

Theorem 3. Let the operator h(0) have a zero energy resonance and k,p’ € A. Then the
following decomposition

472 2, l% + 2111 2z
A(k—p;z—le(p) = W(Z v (Q))\/M@—IJ’P— n2
q'€Ao

+O0(lp— ") + O(lz])
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holds for |p — p'| — 0 and z — —0.

We remark that Theorems 1, 2 and 3 are play key role in the spectral analysis of the family
of 3 x 3 operator matrices, associated with the lattice systems describing two identical bosons and
one particle, another nature in interactions, without conservation of the number of particles.
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On invariant sets of a quadratic non-stochastic operator
1 Xudayarov S.
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Bukhara Branch of the Institute of Mathematics named after V.I. Romanovsky, Bukhara,
Uzbekistan,
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Non-linear dynamical systems arise in many problems of biology, physics and other sciences.
In particular, quadratic dynamical systems describe the behavior of populations of different species
with population models [1, 2, 3]. Let E = {1,2,...,m}. A distribution on the set E is a probability
measure * = (Z1,...,Ty), i.6., an element of the simplex:

m
Sl —{reR: ZO,in =1}
i=1
In general, a quadratic operator V, V :xz € R™ — i V(z) € R™ is defined by:

m
V:x;: ZPij7kxixj, k=1,...,m (1)
ij—1

In this talk we are interested to a non-stochastic quadratic mapping of simplex to itself, i.e. V :
Sm—l N Sm—I‘

Definition. [3] A quadratic operator (1), preserving a simplex, is called non-stochastic
(QnSO) if at least one of its coefficients P;;y, i # j is negative.

Consider the following example of QnSO on the two-dimensional simplex S2.

= %(z —y)? + %m(y—i—z)
y =1z —2)2+3y(z +2) (2)
2 = %(y—x)2+%z(w+y).

Fixed points. The fixed points are solutions to the system (2)

z=4(z-y)?+32(y+2)
y=3(z—2)°+ 3y(z + 2)
z=35(y— )+ 32(z +y).

By full analysis this system one obtains the following family of fixed points:

11 1 1 11 111

:0—— :—0— :——0 = (=, =.—=).
al (7272)7 ag (27 72)7 as (2727 )7 a4 ( )

Thus a1, as and ag are saddle, but a4 is an attracting fixed point.
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Invariant sets. Recall that a set M is called invariant with respect to an operator V if
V(M) C M.
Introduce the following sets:

€S5%:x>y>2>1/6},

Y,z

2)eS%:x>z2>y>1/6},

€S?:y>z>a>1/6},

2)€S8?: 2>z >y>1/6},

{(z,9,2)
{(z,y,2)
{(z,y,2) € S*:y >z > 2> 1/6},
{(2,9,2)
{(2,9,2)
{(z,y,2) € S*: 2>y >z >1/6}.

=y T=2z y==z
li == Iy = Iy =
r+y+z=1, z+y+z=1, z+y+z=1

Theorem. The sets M;,i = 1,2,3,4,5,6 are invariant with respect to the operator (2). Moreover,
each median of the simplex S? is an invariant.
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Comments on Chernoff and Trotter-Kato product formulae
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The Chernoff \/n-Lemma:
Lemma 1. Let bounded operator C' on a Banach space X be a contraction, i.e., ||C|| < 1. Then one

has the estimate
[(C" — el < Vn |(C—Daz|, z€X, neN.

The following propositions revise the Chernoff /n-Lemma:
Proposition 1. Let C be contraction on a Banach space X. Then {e(C~! )}tzo is a norm-continuous
contraction semigroup on X and one has the estimate

n n - n
I —en @ I)):BH§672||93H+6n||(1—0)$||7 n e N\ {0},

n

for all z € X and ¢, > 0. For optimal value of the splitting parameter ¢, one gets:
3
(™ — e @Dy || < g Vnl2(1-0) 173,

which is called the /n -Lemma.
Proposition 2. Let C € L(X) be contraction on a Banach space X. Then following estimate

2
n n(C— n €
I(C™ =MDy ]| < 5 (H(C—1)2$||+§H(C—1)3:v||) ,



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 125

holds for all n € N and z € X.

Proposition 3. Let ® : t — ®(¢) be a function from R to contractions on X such that ®(0) = I.
Let {Uc(t)}+>0 be a contraction Cp-semigroup, and let domain D C dom(C') be a core of related
generator C.

If the function ®(t) has a strong right-derivative ®'(40) at ¢ = 0 (that is, ®'(40)z exists for
any = € dom(®’(40))) and if

1
/ — 15 — — = —
P'(+0) z := t1_1>m+0 ; (®(t)— 1)z Cux,
for all x € D, then
lim [®(t/n)]"z=Uc(t) z, (1)

n—oo
for all t € R} and @ € X, where Ux(t) = e ¢ in (1).

Proposition 4. Let A, B and C' be generators of contraction Cy-semigroups on X. Suppose that
algebraic sum
Cx = Ax+ Bx (2)

is valid for all x € D, where domain D = core(C). Then the semigroup {Uc(t)}:>0 can be
approximated on X in the operator-norm topology by the Trotter-Kato product formula:

tm || (®(t/m))" — ) 0. 3)
for all t € R, where C := (A + B) is closure of the operator sum in (2) and ®(t) := e *e~* in

(3)-
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The Poisson representation for the class of H) functions
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Let A(z) be an antianalytic function, i. e. % = 0 in the domain D C C; moreover, let

|A(z)] < C < 1forall z € D. The function f(z) is said to be A(z)—analytic in the domain D if for
any z € D, the following equality holds:

of _ of

We denote by O4(D) the class of all A(z)—analytic functions defined in the domain D.
According to, the function

(1)

V(z;a) =2z—a+ / A(r)dr

v(a;2)

is an A(z)—analytic function.
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The following set is an open subset of arbitrary convex domain D :

Liar) = (za)| = |z —a+ / AT)dr| < r
v(a;2)
For sufficiently small » > 0, this set compactly lies in D (we denote this fact by L(a;r) CC D) and
contains the point a. This set L(a;r) is called the A(z)—lemniscate centered at the point a. The
lemniscate L(a;r) is a simply - connected set (see [2]).

Hardy classes HP were introduced by F. Riesz’s. The Hardy class H fp p > 0 for A(z)-analytic
functions is given in [4]|. Before we will introduce this class for A(z)-analytic functions in the case
p=1.

Definition 1. f(2) € Oa(L(a;7)) is said to be in HY, if

1

5o / F(2)lldz + A(2)dz] 2)

v (2;0)|=p
is bounded in lemniscate L(a;r), where p < r,z € L(a;r).
Let f = u + iv.

Theorem 1. (see [3]). The real part of the A(z)—analytic functions of f(z) € Oa(D) satisfies
equation

s s (00 -03)) s (-2 -
(3)

in the domain of D.
In connection with Theorem 1, it is natural to define the A(z)—harmonic function as follows.

Definition 2 (see [3]). A double differentiable function u € C*(D), wu: D — R! is called
A(z)—harmonic in the D domain if the D domain if it satisfies the differential equation (3).

The class of A(z)—harmonic functions in the domain of D is denoted as h4(D). Thus, the
real part and hence the imaginary part, of the A(z)—harmonic function in the domain of D. The
inverse theorem is also true for simply connected domains.

Theorem 2. (see [3]). If the function is u(z) € ha(D), where D is a simply connected domain,
then f € O4(D) :u= Ref.

For A(z)—analytic and A(z)—harmonic functions, the following Dirichlet problem is naturally
considered:

Dirichlet problem. A bounded domain of G C D is given and a continuous function of w(()
is set at the boundary of OG. It is required to find A(z)—harmonic in the domain of G, continuous
on the closure of G the function of u(z) € ha(G) N C(G) : ulag = w.

Theorem 3. (see [3|) (an analogue of the Poisson formula for A(z)—harmonic functions). If
the w({) function is continuous on the boundary of the lemniscate of L(a;r) C D, then the function

RN e, :
u(z) = w<<-/): (O el + A ()

is the solution of the Dirichlet problem in L(a;r).

The f((;2) = % function is an A(z)—analytic function for z € L(a;r), where
¢ € OL(a;r). Then

1 . _ 1 (w(a; Q) +v(az) | ¥l
_ . 0

P(G2) = 5 ((G2) + [(z50)



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 127

1 <|¢<a; Q) - \w<a;z>|2> 1 (r? - w<a;z>|2>
2mr ¥ (25 Q)2 2mr U [¥(z0)P

Formula (4) is called an analogue of the Poisson formula for A(z)—harmonic functions.

Initially we will introduce Hardy class for also A(z)-harmonic functions in the case p = 1.

Statement 1. u(z) € ha(L(a;r)) is said to be in HY, if the average integral

o / lu(2)[|dz + A(2)dz] (5)
bz |=p

is bounded in lemniscate L(a;r).

Now we give the Poisson representation for the class of functions H}l.

Theorem 4. Let u(z) € H}(L(a; R)). If u(z) is a A(z)—harmonic function in the lemniscate
L(a;r), then

u(z) = / P(C; 2)u(C)(dC + A(Q)dE), (6)
[¢(¢;a)|=r
where z € L(a;r).
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I[Tycrb v—Ipou3BoJIbHAST 3AMKHYyTast, CTPOro MOJIoKHUTeIbHast Juddepennuanbhas Gopma 6u-
cremenu (n — 1, n — 1) B obactu D C C™:

n

-\ n—1
@ <;> Z aji(2)dz [§] N dZ [k], ajr(z) € c* (D), da=0,
k=1

371ech dz [j] =dzi N...A Cle_l A de.H A ... Ndzy, dZ [k] =dzi N .. NdZg—1 NdZgy1 N ... NdZy.

CTporo MmoJIOKUTEILHOCTD (v O3HAYAET, UTO JJIsl JIIo0OoH KoMIakTHOH objactu 2 € D cyte-
crByeT uncyo € > 0 Takoe uro auddepenimanbaas popma a — 3" > 0, tie f = ddc|z|2— dopma
obbema B mmpocrpancte C™.

Onpegenenne 1 (cm. [1]). Qynryua u(z) € L}, (D) nasweaemea a-cybeapmonuueckoli 6
obnacmu D C C™, ecau

1) ona noaymenpepwista ceepry 6 D, m. e. u(z%) > mo u(z), v2° € D;
Z—z
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2) onepamop dd“u A\ a noaoorcumener 6 0606UEHHOM CMBICAE, MO eCb 0L 0000ULEHHOT PYNKUUL
dd°u(z) N a(z) (w) ewvinoanaemcs

ddu(z) AN a(z) (w) = /u(z)a(z) Add‘w(z) >0, Yw € F(D), w > 0.
D

Knace a-cybrapmonnyeckux dyuknuii 8 D obosnadaercss uepes o — Sh(D), npuuem st
y106CTBa BKJIIOYAEM B 9TOT KJjace U HyHKIUo u(z) = —oo.

Onpepesienne 2 (cMm. [2]). Pynkyus u(z) nasveaemes a-cybzapmonuueckot 6 obaacmu D,
ECAU BBINONHACTNCA CAEOYIOULUE YCAOBUS.

1) u(z) noaynenpepwena ceepry 6 obaacmu D;
2) das mobozo wapa B € D cnpasedauso nepasencmeo

u(z) < / Py (z,&u(€)do(€), Vz € B.
0B(2%r)

Baech P, (z,&)—supo Iyaccona mis mapa B.

Crenyroliee orpejiesieHne a-CyOorapMOHUIECKUX (DYHKIWIA SIBJIsIeTcsT D0Jiee TPOCThIM U YI00-
HBIM B yIOTpeOJICHIN.

Ounpenenenne 3 (cm. [2]). Qynxuyua u(z) onpedesennan 6 obaacmu D nasweaemesn -
cybeapmonuneckot, ecau 06Aa0aem cAeOYIoUUMU YCAOBUAMU:
1) u(z) noaynenpepuiena ceepry 6 obaacmu D;
2) dna mobvix 2° € D u docmamouno maawz r > 0: B(20,7) € D, umeem mecmo nepasencmeo

u(2%) < / P2, ©)u(€)do(©).

OB(29,r)

DT ompe/Ie/IeHnsT SKBUBAICHTHBI PYT JAPYTY.

Iycrs o = (a/,a"), rie o/ —upousBoIbHAS 3aMKHYTast, CTPOTO TOJOKHUTEbHast Tuddepen-
mmasnbHas Qopma 6ucrenernn (n — 1, n — 1) B obmacru D C C" u o/’ —upounsBosbHast 3aMKHYyTast,
cTporo noJsiokuTeabHas auddepennuanbaas popma 6ucrenenn (m — 1, m — 1) B obnacru G C C™.
Mpbi cunTaem, 4To Bee Kodddunuentn auddepennuanbabx Gopm o u o npunagiexuT Kiaccy
C', eciin ne Tpebyercs NONOMHUTEILHBIE YCIOBUS IS TJIaKOCTH.

Temepns majiuM omnpeiesieHme o - cenapaTHO CyOrapMOHUYIECKOH (DyHKITHIA.

Onpepenenne 4. Qynxyus u (z,w), (z,w) € Dx G C C*"xC™ nazweaemcs a - cenapammo
cybzapmonuveckoti 6 obaacmu D X G, ede a = (o, ), ecau ydosaemsopsem caedyrousue Ycaosus:
1) u(z,w®) € o/ — Sh(D), das mobozo durcuposannozo w® € G;

2) u(z°,w) € o/ — Sh(G), daa wobozo Purcuposanrozo 2° € D.

Knace o - cermapaTHO cybrapmoHumdecknx yHkmuit B obsactu D X G obo3nadgaercs depe3
@ — SSh(D x G).

MmeeT MeCTO Clielyromast TeOpeMa.

Teopema 1. Ecauu(z,w) € @ —SSh(D x G)(\L},. (D x G), mou(z,w) € ¢ — Sh(D x G),
ede p =/ (z) N (w) A B u p=dd° <|Z|2 + |w|2).
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C-cBoOiCTBO o - cyOrapMoHn4ecKux (byHKITiA
T'amaes C.A.
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e-mail: gadayev.sokhib@gmail.com

A. Kapranom (cm. [1]) mokasan qukoctHuit anasor C-coiicrsa Jlysuna (cm.|2]) muist cy6rap-
MOHIYIeCKUX (DYHKITHIL: mycThb u(x)-cybrapmonndeckas pyuknust B obmactu G C R™, To mis ao60ro
e > 0 cymecrByer orkpbiToe MHOXKeCTBO O C G ¢ HIOTOHOBCKO# (JorapduMudeckoit npu m = 2)
emkoctbio Cap,, 5 (O¢) < € Takoe, uro u(z) wenpepsbiBHa B jgononaaernn G\O;.

ITycTts a—npon3BosibHAs 3aMKHYyTas, CTPOTO MOJIOXKUTEIbHAst Juddepenrnmanbaast popma ou-
crenenu (n —1,n — 1) B obimactu D C J™:

n

.\ n—1
o= <;> > ajl2)dz [l AdZ K], ar(z) € CT (D), da =0,
j,k=1

rie
dz [j] =dz N... A\ de_l VAN de_H A...Ndzy, dz []{7] =dZ N ... ANdZg—1 NdZgy1 N ... NdZy.

1

loe (D) maswvieaemea a— cybzapmoruveckol e

Onpepenenne. (cm.|3|) Qynruyus u(z) € L
obnacmu D C J", ecau o
1) ona noaymenpepwisra ceepry 6 D, m. e. u(2°) > limou(z), vz0 € D;

zZ—z

2) onepamop ddu N o noaostcumenen 8 0606ULELHHOM CMBICAE, O eCb 0k 0000UeHHOT PYHKUUL
dd°u(z) N a(z)(p) evnoansemesa

ddu(z) AN a(z)(p) = /D u(z)a(z) ANdd°p(z) > 0, Yo € F(D), ¢ > 0.

Kirace a—cybrapmornieckux GyHkImit oboznadaercs depes a—sh(D), npudeM miist ynobersa,
n—1
BKJIIOYAEM B 9TOT Kiaacc m dyHkmmio u(z) = —oo. daa a = 1 = (aldc |z|2> MBI OyjiemMm

MMeTh KJIaccHieckne cybrapmonmdeckue dbyHKmmm. 3ameram, uto ddu A 1 = (n — 1)!AudV.
IIpu n = 1 Ha KOMILIEKCHOI ILJIOCKOCTH (x—CyOrapMOHUYIHOCTL (DYHKIMH SKBHBAJIEHTHA OOLIYHOM
CyOrapMOHUYHOCTH.

31ech MbI HOJIYUMINA CAEAYIOMNNA PE3YILTAT IJI KIACCa (—CyOrapMOHNIECKUX (DYHKIIHIA.

Teopema. ITycrs u(z) a—cybrapmonunueckas dyukius B obaactu D C C*, n > 1, To s
moboro € > 0 cymecrByer oTKpbIToe MHOKECTBO O C D ¢ HIOTOHOBCKOI eMKOCTBIO C'apy,, o (Os) <
€ Takoe, 4To u(z) siBjasiercst HenpepbiBHOH B fonosHerun D\ Ok.
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CsBoiicTBa HENIPEPBIBHOCTU OOOOINEHHBIX PEINeHMI JIITATITUIECKUX
auddepeHInaIbHbIX YPABHEHUN C MOCTOSHHBIMU KO3 PUIMEHTAMU
I Nay>kxanos A.III.

U Kapakarnaxcxuti 2ocydapemeennvidi yrusepcumem umenu Bepdazva, Yabexucman.
e-mail: aynazard@mail.ru

[Tyctn

P(D) = ) anD*

|laj<m

ssumnTudeckuii uddepeHnuaibiblii onepaTop MopsiIKa m ¢ HOCTOSHHBIME KO3(DMUIUEHTAMI Uy,
a = (o, az, ...,ap), D* = D{*... Dy, neiicTByiomuit B IPOCTPAHCTBE 0OOOIIEHHBIX (DYHKILHIA
D(G) n u(x)— obobimennast dpyHkiumsi, yiaosiersopsitomasi B G C R™ ypaBHEHUIO

P(D)u(z) = f(x). (1)

Ecm f(z) € L2 (G), To u(z) sBastercst ByHKIMEH, y KOTOPOH CyMMHUDYEMBI C KBaJPATOM

IPOU3BOHbIC 10 TOpsKa m, Tounee u(x) npuHaexut Kiaccy Cobonesa W)™ (G). Ecm f(x) €

loc
2 u(z) €

Wk’Q(G), TO () MMeeT HPOM3BOJHBIE JIO HOpsKa M + k, TaxkxKe npunajexkamee Lj

loc
(G).Ecau f(z)beckoneuno muddepenimpyema, to u(x) € C°(G)(em. [1]).

m-+k,2
I/Vloc
MI)I uccieayem rjiaJKoCTu CJIa6OFO penieHnd ypaBHEHUA O6H_[eFO B A&

e f— obobrineHHas OYHKITUS.
Ormerum, 4YTO 0000IIEHHAsT (DYHKIUS U HA3BIBAETCsT CJIAOBIM pellleHrneM ypPaBHEHUsT
P(D)u(z) = f(x), ecom nyist kaxoii ocaosroit dyuknuu ¢ € D(G)

(u, P(—D)¢) = ([, 9),
- o
(0%
rie P(—D) = > (=1)%a,D*.
la|=0
Hamnr MeTos usydenust riajKocTu OCHOBAH Ha IIPEJICTABJIEHUN pelenunii ypasuenus (1) B Bu-
Jle CyMM IOTEHIHAJIOB DOpeJIeBCKUX Mep U 0ecKOHedHO Iyiaakoil ¢pynkuuu. Ilpu sToMm, ucmonbsys
U3BECTHOE CBOICTBO 06 0coBGeHHOCTH (DYH/IAMEHTAILHOIO pelleHus ypasHenust (1) B kadecTse siipa
norenruana 6epercs sapo Pucca K, (r) = —=

- |x‘n—a .

OTMeTuM, 9TO B TIOC/IE/HEE BPEMS IPOCTPAHCTBA, UMEHYeMbIe TIPOCTPAHCTBAMU O0OOOIIEHHOM
TJIaJIKOCTH, BBISBIBAIOT HeMaJIbINI narTepec.

[Tpusesem omnpeenenne kiacca CP (E). Bygem rosopurs, uro dyukmnus u (), onpejieaeHHast
Ha MPOM3BOJILHOM 3aMKHYyTOM MHOXKectBe F C R™, mpunajgexur kiaccy CP(E), p > 0, ecan

CYILIECTBYIOT ompeesennbie na F gyuxmun u(®), la| < p, Takue, uro u®) = 4,

u(a+/8) <aj)

SOl Ll 2)

u (@+h)— Y

la+B]|<p

x,x+he€ E {(h)— 0upu h — 0.
Baech a = (g, a9,y ..., a) 1l = (1,12, ..., 1) — MyJIBTUHHIEKCHI,

ol =a1+as+ .. +tan, Bl=p1!B).Byl, hP = hTRE2. P
1 2 n

Bamerum, uro B cayuae F = R™ npocrpancrso CP (R™) umeer npocroe muddepeHnuaib-
HOe CBOWCTBO: OHO COCTOMT u3 (yHKIuii u(r), UMEIIMUX YacTHBbIE NPOM3BOJAHBIE 10 k— TO MHO-
Psi/IKa BKJIFOUUTEIBHO, IPUYEM [POU3BOJHBIE 10 k— IO TOPSIKA SBJSIIOTCSH (DYHKIUSAME KJIacca

CP=k (R™)(em. [2],[3]).
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[TpocrpancrBoMm ocHoBHBIX dyukumiiD = D(G) = C5°(G) Ha3bIBaeTCsl BEKTOPHOE IIPOCTPAH-
cTBO (DYHKITUI HEOrPAHUIEHHOE YUCJIO pa3 quddepeHnnpyeMbIX u 00/1aJa0MNX KOMIIAKTHBIME HO-
curesisivu. O0061eHHAsT DYHKIWST f OlpeessieTcss KaK HePePbIBHBIN JTUHEHHBIN (DYHKIIMOHAJ HaJT
D.

Bynem rooputs, uro 0600IeHHAasT DYHKIMS f UMeeT HOPSIJIOK CHHTYJISPHOCTH He 0oJiee deM
k, ecyin OHa HENPEPBIBHO MPOJIOJIXKAETCS B IIPOCTPAHCTBO C'(’)“(G), k pa3 nerpepbIBHO juddepeHiu-
pyembix dyHKiuii. Ecim, kpome Toro, f He IpOIO/IKAETCST B Cg_l(G), TO TOBOPST, UYTO MOPSAIOK
CHHTYJISIPHOCTH 0DOOINeHHO# byHknu f paBeH TOYHO k.

Teneps cchopmymupyemM OCHOBHBIE Pe3YJIbTATHI.

Teopema 1. ITycmw f €D'(G)— obobwennan dynryus nopadka cunzysaprocmu k : 0 < k <
m. Toeda dasn mobozo € > 0 cywecmeyem omrpoimoe mmosicecmeo Uz ¢ mepot Jlebeea m (Uy) < €
maxoe, wmo pewenue u(x) ypasnenus P (D) u = f npunadaesicum xaaccy C™F na xomnaxmmois
nodmmoosrcecmear paznocmu G\Us.

Teopema 2. IIyemov f €D'(G)— obobwennasn Pyrryus nopadka cuneyaaprocmu k @ 0 <
n—m+k+a<n, a>0. Tozda drsn a0b6020 € > 0 cywecmsyem omxpoimoe mmoscecmeo Ug ¢
EMKOCTVDI0 CAPy, i kvo (Ue) < € maxoe, wmo pewenue u(x) ypasnenus P (D) u = f npunadae-
orcum xaaccy C* na Komnaxmmsiz noommoscecmsar pasnocmu G\Us.

B stux Teopemax paccMaTpuBaeTCs TOJIBKO cjaaboe pelleHne, CBA3aHHBIE C MOTEHITHAIAMN
Pucca. OHno onpeseeHo 0IHO3HAYHO U €IUHCTBEHHO.
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B kiacce nenpepbisabix dyukimii Cla, b] C.H. Bepuirreiin [1] onpegenun kinacc KasuaHa-
JTUTHIeCKUX DYHKINN B TEPMHUHAX OBICTPOI MOJIMHOMHUAIBHON aIllIPOKCHMAIUH.

[Iycrs f — dyHKIWs, onpejeieHHas U HelpepbiBHas Ha orpeske A = [a, b] aeficTrBuTeILHOlM
upsiMoit R, e, (f) — HauMenbIee orkaoHeHne byHKIMU f HA oTpe3ke A OT [OJIMHOMOB CTEIIeHU He
BBIIIIE N

m = inf — Pm ,
em(f) ; }Hf Pmlla

m

rae ||| — MakcuMasibHasT HOpMa U HUKHssl I'DaHb OepeTcs B KJIacCe BCEeX IOJIMHOMOB CTEIeHH He
BBIIIIE M.

QOyukius f € C(A) roaoMopdHO MPOIOJIKAETCSI B HEKOTOPYIO KOMILIEKCHYIO OKPECTHOCTD
U C C orpeska A Torna 1 TOJBKO TOI/A, KO

lim %em(f) < 1. (1)

m—0o0

Eciu mbt yesosue (1) 3aMeHuM ycioBuem

lim Y/en(f) <1, (2)

m—0o0
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TO M3 ITOrO yCJIOBHS He CJeJyeT aHaJuTHIHOCTH (bynkmmu f Ha orpeske A. Ho, kak mokasas
Bepurreitn (1], eciin dbyuknus f yaosiaersopsier yeiaosuto (2) u f(z) = 0 Ha HEKOTOPOM HHTEpBAJIe
(o, B) C A, 10 f(x) =0, x € A, Te. kIacc QyHKIMI

BA)={feC(A): lim Yen(f) <1}
m—o0
obJrajlaeT yCa0BUSAME €IMHCTBEHHOCTH KaK KJiace anaymTudeckux dgpyuxmnuii. [lostomy kiracc dyuk-
it B(A) HasbIBaeTcst KIaccoM KBa3HaHAJINTHIECKNX QYHKIMI B cMbIciae Beprinreiina (M. Tak:ke
(4], [5])-
Hesasucumo npyr ot apyra [mymkosudaosra (Szmuszkowiczowna) [6] u Jleaon [5] mokaszasu,
aro ecin f € B(A) u f # 0, To MHOXKeCTBO HyJieli dbyHKIuE f:

E={zxeA: f(x)=0},

MMeeT HYJIEBYIO JIOrapu(pMUIECKYIO0 €MKOCTb.
B pa6ore A. A. Tonuapa [3] BBeseH cieyronmii 6osee obImuii KIacec KBa3MaHAIUTUIECKIX
dyHKIMII

R(A) = {f € C(A): Tim %/pm(]) <1},

m— 00

rie pm (f)— HanmenbIee orkionenue GyHkuu f Ha OTpe3ke A OT palMoOHAIbHBIX (DYHKIHI CTeleH
HE BBIIIE M

pm(f) = Inf [|f —rm]A-

{Tm

Taxke B 9rux paborax A. A. [omuapa jmokazano, uro ecmm f € R(A) n f(z) = 0 Ha MuoxecTBe
E C A nosnoxurenbHoii jorapudmndeckoii emxocru, To f(z) =0, x € A.

ITo amasornn ¢ KJ1accoM KBasHaHaIUTHIecKnx Gynknuii Beprmreitna kimacc R(A) mMbl nazo-
BeM KJIACCOM KBasMaHaauTHIeckux yHkiuii [oruapa.

Krnace amammrudecknx ma orpeske A dynkmmit A(A) sBisiercs MOAKIACCOM KJIACCOB
B(A), R(A), 1. e. A(A) C B(A) C R(A).

dAcuo, uro A(A) # B(A), 1.e. cymecrsyer dyukims f(x) € B(A), o f(z) ¢ A(A).

B pabore [2] mokazano, 4T0 CymecTBYIOT (DYHKIH, JIsi KOTOPBIX CKOPOCTB MPHUO/IMKEHNUIT
HOJIMHOMAMH €, (f) CTpeMuTCst K HyJII0 CKOJIb YIOJIHO MEJJIEHHO, B TO BpeMsi Kak pp,(f) crpemsites
K HYJIIO CKOJIb yToAHO ObicTpo. OTciona, B gacTHOCTH cieayet, uro B(A) # R(A).

. 1 . 1
B ciyuae, korma Im pp(f)m™ =0wm lim pp,(f)™ = 0 911 Ky1acChl COOTBETCTBEHHO 0003HA-
m—o0 m—00

qarorcst wepes Ro(A) u RO(A). Sleno, uro RY(A) C Ro(A) C R(A).

lonvyapoMm ycTaHOBIIEHO, UTO KJIacC PYHKIUN, HAMTYUIINAE IPUOJINKEHIST KOTOPBIX CTPEMSITCS
K HYJIIO JIOCTATOYHO GBICTPO, 00/1a1aeT BaxKHEHIINM CBOICTBOM KJlacca aHATUTHICCKUX (DYyHKIMiT —
CBOHCTBOM €JIMHCTBEHHOCTH.

Teopema 2 (Tonuap, [3]). Ecau f € R(A) u f(z) = 0 na muoocecmse E C [a,b] nososicu-
meavholi aozapupmuveckot emxocmu, mo f(x) =0 na ompesxe [a,b].

B MHOroMepHOM cilydae TeopeMa eIMHCTBeHHOCTH sl Kiacca R(§) mokasana B pabore
C.Nmowmkysosa u 3. Mbparnmosa [7].

Teopema 3 (Mmomkysos C, Ubparumos 3, [7]). ITycmo f € R(Q), 2de Q = [a1, b1] X [ag, ba] X

- X [an,b,] — napasresconuned us R"C C". Ecau f(x) = 0 na nexomopol Henaopunoispnot

muoorcecmse E C Q, mo f(z) =0 na .

Hurne vHe nuddepeniiupyembie KBaznanaautudeckue dpyHkimu I'oHdapa

[Iycrs X mosiHOEe MeTpuieckoe IpocTpaHcTBO. Ecan MHOX)KecTBO A C X MOXKHO IIPeICTaBUThH
B BUJI€ KOHEYHOIO WJIM CYETHOrO O0bEMHEHNE HULJE HE IJIOTHBIX MHOXKECTB, TO OHO HA3BIBAETCS
MHOXKeCTBOM mepBoii Kareropuu. MuoxkectBo A C X, KOTOpOe HeJIb3sl IPEJICTABUTH B TAKOM
BHJIE, HA3BIBAETCSI MHOXKECTBOM BTOPOi Kareropuu. (cum. [§]).

[Iycre X = C(A), ¢ merpukoii p(f,g) = max |f () — g(z)| . BBemum cieyronmx ob6o3nate-

HUN:
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1. ND(A) - muoxkectBo Hurge e muddepennupyembie Gynkmun u3 kaacca C(A);

2. D(A)- MHOXKeCTBO HENPEPBIBHBIX (DyHKIMIT, KoTopble fquddepeHiupyemasi X0Tst Obl B OIHOI
TOUKe OTpe3Ku A.

Teopema 4. B cuvicae kKamezopuu nowmu 6ce kKeasuanasumuieckue gyrxyuu Fonvapa nuzde
ne dugdepernyupyemo, m.e. muootcecmeo C(A)\(ND(A) (N R(A)) asasemes mnostcecmeom nepsot
Kamezopu.

Ananorndnast TeopeMa sl KJIacca KBasuaHAJINTHIeCKuX dyHKImil BepHmnreiina nokasana B
pabore Mazypkeesuua [9)].
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2-JI0KaJIbHbIe aBTOMOP@U3MbI aJIredpbl T-KOMIAKTHBIX OIEPaTOPOB
npucoe/IMHEHHBIX K ajiredbpe ¢don Heiimana tuna I
Kamangapos T.C.
Kapaxarnaxcxut 2ocydapecmeennnti ynusepcumem umeny, Bepdaxa, 2. Hyxyc, Ysbexucman
turaboy-kts@mail.ru

B nacrosinee BpeMs NIMPOKO U3YUAIOTCS IMOHATHUS 2-JOKAJBHOTO TuddepeHIiupoBanne u 2-
JOKaJbHOrO aBromMopdusma, Brepsbie Beejenubie [lempiem [1]. Hlempiem 6bu10 J0Ka3aHO, 9TO
KaXKJIBIi 2-JIOKAJIbHBIN aBTOMOPGU3M aJirebdpbl BCeX OIPAHUYEHHBIX JIMHEHHBIX OIepaTOpOB B Oec-
KOHEYHOMEPHOM CenapabebHOM TMILOEPTOBOM ITPOCTPAHCTBE, SBJISETCS aBTOMOP(MUIMOM.

B pabore 2| 6bu1n u3yuens! 2-1okasbable quddepenimposanns Ha AW *-anrebpax. [Ipu stom
JUIST YHUTAJIBHON IOJIYIPOCTOR 6aHaxoBOil aiaredpnl A co CBOWCTBOM BHYTPEHHEro AuddepeHupo-
BaHUs ObLIO JIOKA3aHO, YTO BCsiKOe 2-jiokajibHoe juddepennuposanue anrebpol Maon(A),n > 2
siByisieTcst ucpdepennmposanneM. [Ipumensiss sTor pesysabrar Kk AW* -ajnrebpam ObLIO MOKa3aHO,
qTo JI060e 2-J0KabHOe JuddepeHmpoBane Ha TpousBobHoit AW *-anrebpe siBisiercs audde-
PEHIIUPOBAHMUEM.

B pab6ore [3] ObL1 J0Ka3aH aHAJOr PE3yJIbTaTa, MOJIyUYeHHbIH B [2] ayist 2-nokaabHbIX Tudde-
pennupoBannii Ha AW *-ajirebpax Ha ciydail 2-710KaJbHBIX aBToMopdusmor Ha AW *-ajarebpax. A
UMEHHO, ObLTa JOKA3aHa, ITO BCSIKUH 2-JTOKATBLHBIN aBToMOphU3M Ha mpousBosbHoit AW *-aarebpa
6e3 KOHEeYHO mpsMOoii cjiaraeMoil Tura I, aBssercss aBTOMOPGU3IMOM.
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OHuM M3 BaXKHBIX KJIACCOB HEOTDAHUYIEHHDBIX OMEPATOPHBIX AIredp sIBISIOTCS aarebpbl T-
KOMITAKTHBIX OTIEPATOPOB, MPUCOETMHEHHBIX K anrebpe ¢pon Heiimama.

B paGore [4] 6blM paccMOTpPeHBI MHBOJIIOTHBHBIE aBTOMOP(MU3MBI aJrebpbl T-KOMIAKTHBIX
OTIEPATOPOB MPUCOEINHEHHBIX K anredpe dhon Helimana tuna I, u qokazaHo, 9T0 BCIKUH Z-THHERHBIH
*_apToMOpdU3M aaredpbl T-KOMIAKTHBIX OIEPATOPOB MPUCOCIMHEHHBIX K anrebpe don Helimana
Tura I ¢ meHTpoM Z dABJIAETCS BHYTPEHHUM.

Hacrosrmas 3ameTka IIOCBSIIEHA WM3YUEHUIO 2-JIOKAJIBHBIX ABTOMOPGMU3MOB ajaredpbl T7-
KOMITAKTHBIX OTIEPATOPOB MPUCOETMHEHHBIX K ajredbpe ¢on Hefimana.

ITycrs A — Hekoropas *-ajrebpa. Buekrusnbiii jmneitasiii oneparop ¢ : A — A anrebpsr A
Ha3bIBaeTCs *-aBToMopdusmMoM, ecian ¢(zy) = ¢p(z)p(y) u ¢ (z*) = ¢(x)* upm Beex z,y € A.

Orobpaxkenne ® u3 anrebpol A B cebsi Ha3BIBACTCS 2-JIOKAJIBHBIM *-aBTOMOP(MU3MOM, €CJIH
It KaxKaoro z,y € A cymecrByer *-aBToMopdusm ¢, 1 A — A Taxoii, 9ro ¢g () = ¢(x) un
Gzy(y) = 0(y).

[Tycre M — anrebpa dbon Heiimana tuna I, S(M, 7) — anrebpa Bcex T-U3MepPUMBIX OLIEPATOPOB
npucoemHeHHbIX K anrebpe ¢on Heiimana M. Oneparop x € S(M, T) Ha3bIBAETCsT T-KOMIAKTHBIM,
ecsm Jyisi Beex € > 0 cymecrByer npoektop p € P(M) Takoii, 1ro T (pl) < oo, zp € M u ||xp| <e.

O6osnaunm 1epes3 So(M,T) MHOXKECTBO BCeX T-KOMIIAKTHBIX orepaTopos. M3secrmo [5], wro
So(M, T) siBsiercst *-noganrebpoit 8 S(M, 1) u M-6umonynem, t.e. ax,xa € So(M,T) st 106010
x € So(M,7) mae M.

Teopema. IIycmov M — anzebpa dorn Hetimana ¢ mounvm HOPMAALHOM NOAYKOHEWHDIM CAe-
dom 7. Tozda ecaxuti 2-nokanmnvili Z-00nopodnwts *-aemomoppusm ® anreebpor So(M,T) asaaemea
NPOCMPAHCINEEHHBIM ABTMOMOPPUIMOM, NPU IMOM, cyutecmeyem yrumaproil anemenm us S(M, 1)
makot, wmo ®(x) = axa™ npu scex x € So(M, T).
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IlostmHOMBI Ha MMapaboIMYeCKNX MOBEPXHOCTAX
Kamogos X.K.
Vpeernuckuii eocydapcmeennuiii yrnusepcumem, Ypeeny, Ysbexucman,
e-mail: xkamolov@mail.ru

Iycrs X € CN— anammrudeckast moBepxaocTh, BiaoxkenHoe B CV, me. X — mempuBommmoe
anaymTuaeckoe Muoxkectso B CV, it koroporo nepeceuenne B(0,7) N X cC X,V r > 0. O603ma-
ynm gepe3 X0 C X —COBOKYIHOCTb OOBIKHOBEHHBIX TOUEK MHOXkKecTBa, X . IloHaTHE MapaboimaHocTH
noBepxHoCTH X BBOJUTCS aHAJOMMYHO NapabOJUIHOCTH MHOr0OOOpasuii(cm. [1-4]).

Onpenenenue 1. Anarumuueckas noseprrocms X HA3IBAEMCA NAPLOOAUMECKUM, €CAU 6
Hetl He CYWECMEYEM 02PAHUMEHHAA NAOPUCYO2APMOHUNECKAA GYHKUUAL, OMAUNHOT 01 KOHCTNAHMDL,

Anasumuneckan noseprrocmv X Hasvieaemcs S— napabosuneckoti, ecau 6 Hetl CYuecmeyem,
cneyuasvnan Gynrkyus ucuepnanus p (z), Yoo6AemMEOPAIOULAA YCAOBUAM

a) p(z) € psh(X),{p < c} CC X Ve € R;
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6) ene nexomopozo xomnaxma K CC X, dynkyusa p* asasemcsa maxcumarvnol dynkyued na
X\K. 9mo sxeusanernmno momy, wmo (dd°p*)" = 0 na X°\K. 3necw p* (z) = lim p(w), z €
weXO
X\ X0,
Anarumuyeckas noseprnocms X masvieaemca S*— napaboauveckol, ecau cywecmseyem
HENPEPLIBHAA CNEUUANLHAA PYyrKyus ucuepnanus p (z) € C (X 0).
Ounpenenenne 2. Ecau gynrkyua f € O(X) ydosaemeopaem nepasencmey

In|f(2)] <dpt(z) +cf Vz € X, (1)

ede ¢y u d noaoocumenvrvie deticmeumenvhvie wucaa (kKoncmawmus), mo f  nasvieaemca
p—noaunomom. Haumernvwee snauenue d ydosaemeoparowee ycaosuro (1), mur 6ydem nazvieams
cmenenvro noAuUHoOMa f .

Ob6osnaunmM gepes Pg(X )MHOKECTBO BCEX P—IIOJIMHOMOB CTEIIeHH MEHbIIle NN PaBHOi d u

aepes P,(X)— obbemunenne Py(X) = |J PI(X). Torma nerpyano pokasars (cm. [2] ), aro PI(X)
a>1

SIBJISIETCSL JIMHEHHBIM IIPOCTPAHCTBOM KOHEYHOI pazmepHocTH, dim Pg(X )< C(d+1)".

— d
Omnpenesienne 3. Ecau npocmpancmeo 6cex p— noaunomos Py(X) = |J Py(X) naomno 6
d>1
npocmpancmee O(X), mo S—napaboruueckan noseprrocmo X HaA30l6A€MCA Pe2YAAPHOL.

ITpumep 1. Jlomommenne X = C™\A 0pousBOJILHOIO —aIrebpPanveckoro HHUCTO
(n — 1)—mepnoro wmmoxectBa A = {p(z)=0} C C", e p(z)—nmoauHom, SBJISETCS
S*—napabomamyeckum Muoroobpasuem. Eciu p (0) # 0, To dyHkuus

1
p(z) = —degpln\ler?lnIZ!

Oyzer cuenuasbHOl GyHKIMed ncyepuanus noBepxHocT X.

B pa6ore ([1], em.rakxke [3]) mokazano, uro gonosnenne X = C™\ A myseit mommuoma Beiiep-
wrpacca A = {20+ fi('z)z0 4+ ..+ fn('2) = 0}, tue f1('2), ..., fm('z)— nenble dynxipy, sBs-
ercst S*—napaboImyecKuM MHOrooOpasneM co CIeruaabHON (DyHKIUel ncuepnanms

2)
rie F('z,2,) = 2™ + fm-1('2)2" 1 + .. + fo('2). Onmmaxo, kax nmokasan A.Aramypatos (cm. [3]),

X = C™\ A ue Bcerjia Oy/1eT peryssipHbIM.
OCHOBHBIM PE3YILTATOM PabOTHI SIBJISIETCS CJIEYIONIAst TeopeMa.

1

p(z) =5l (\’2\2 - \F(z) -

F(2)

2

Teopema 1. Jlonoanenue X = C™"\ A npoussoavrozo wucmo (n — 1)—meprozo arzebpaue-
ckoz0 muooicecmea A C C", asasemces pe2ysaprvim S*—napabosuseckum mHo2000pa3ueM.
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O 4wnciie cOOCTBEHHBIX 3HAYEHU JIByXYaCTUYHOI'O TaMUJIbTOHHNAHA HA pelieTKe
"Mymunos M.D., 2Xyppamos A.M.
L Samarkand State University, University Boulevard No. 15, Samarkand, 140104, Uzbekistan.
e-mail: mmuminov@mail.ru
2 Samarkand State University, University Boulevard No. 15, Samarkand, 140104, Uzbekistan.
e-mail: xurramov@mail.ru

PaccmaTrprBaercs cuctemMa IByX IPOM3BOIBHBIX KBAHTOBBIX YACTHI] HA TPEXMEPHON peIeTKe
C HEKOTOPBIMHU JIUCIEPCUOHHBIME (DYHKIUAME ( ONUCHIBAIOIIUMU [IEPEHOC YaCTUIIBI C y3/1a Ha COCE/I-
HUIi y3€J1); 9aCTHUIIbI B3aNMOJEHCTBYIOT ¢ IMOMOIIBIO TIOTEHIHAIA IPUTSZKEHIS TOJIBKO Ha OJImKaii-
IIIX COCEHUX y3jax. V3yuena 3aBUCHMOCTDb YHCJIa COOCTBEHHBIX 3HAYEHUN ceMeiicTBa OlepaTopoB
h(k) or sHeprum B3anmMoOmefCTBUS YACTHIL ¥ [IOJHOTO KBasuuMiryiabca k€T 3 (TS— 3-MepHBIit TOp).
Beenen Bciomorare/ibHOI OIepaToOp U MOJHOCTBIO OlfecaH ero crekTp. C IMOMOIIBI0 CIEKTPATbHBIX
CBOWMCTB 9TOI'0 OlepaTOpPa Hail/IeHbl YCJIOBUS CyIIECBOBAHUsI COOCTBEHHBIX 3HAYEHUN paccMaTpUBae-
MOI'0 OIlepaTopa.

BBenenune

B HernpepbiBHOM ciydae M3ydeHUE CHEKTPAJIHHBIX CBOUCTB IOJHOTO TaMUJIBTOHUAHA CHCTE-
MBI JIBYX YaCTHUIl CBOJIUTCS K M3YUEHUIO JBYXIaCTUIHOrO orneparopa IllpenuHrepa ¢ MOMOIIBIO BbI-
JIeJICHWsT SHEPTUN JIBUKEHUST TEHTPa MacC, MPU 9TOM OJHOYACTHYHBIE CBSI3aHHBIE COCTOSTHUS CYTh
COOCTBEHHBIE BEKTODPBI OIlEpaTOPa SHEPIUH C OTJEJEHHBIM IIOJHBIM MMITyJabcoM [1| (Takoil onepa-
Top aKTUIECKN HE 3aBUCUT OT 3HAYCHUIl MOJHOrO mMILyJbca). Ha pererke BbIIEJIEHHIO MEHTPA
MaCC CHCTEMbI OTBEUYAET Peajin3alys TaMUJIbTOHIAHa Kak 'paccjioeHHOro " orieparopa, T. e. MpsiMOTro
HHTErpasia ceMeiicTBa oreparopos h(k) sHeprum AByX YaCTHUIl, 3aBHCAMIAX OT 3HAYCHUI IIOJTHOTO
kpasunmiyisca k€T? (T?— d-mepmbiit Top) [2,3]. dBiseTcs i 9HCIO JUCKPETHBIX COOCTBEHHBIX
BHAYEHNH MHOTOYACTHIHOM CUCTEMBI KOHETHBIM MIN OECKOHETHBIM, 3aBUCUAT OT YHCJIA BUPTYATbHBIX
YPOBHE MOJICUCTEM.

IlocTranoBka 3agauu u HPOPMYJIUPOBKA OCHOBHBIX PE3YJIHLTATOB

ycrs T = (—n, 7], La(T3)— rumbs6epToBo MpocTpancTBO BCEX KBAIPATHYHO-HHTEI PUPYEMBIX
dbynKIWmit, onpeeeHHbIX Ha T3,
Paccyorpun h(k)— camoconpszKeHHbI oneparop, aeiictsyomuii 8 Lo (T3) mo dopmyite

h(k) = ho(k) = v, k = (ki k2, ks) € T°,
ho(k)— omeparop ymMHOKeHUsT Ha DYHKIUIO

3

E(p) = e(p) + ooe(p— k), elp) = (1 cosp),
=1

3
V— HHTErPAJIBHBIN omepaTop ¢ sapoM v(p — §) = po + Y. o C0S(Pa — Sa)-
a=1
OrmernM, 9TO U3 TeopeMbl Beilyis o cymecTBeHHOM criekTpe [4] ciremyer, 9To CyIiecTBeHHbII

crekTp 0ess(h(k)) oneparopa h(k) He MeHsieTcst IPU KOMIIAKTHOM BO3MYIICHHU V U COBIAJACT CO
CIIEKTPOM HeBO3MyIeHHOro oieparopa ho(k). Ilpu srom oes5(h(k)) conamaer ¢ obracTbio 3HaYEHMUI

dbyuxiym E () :

Tess(h(k)) = a(ho(k)) = [m(k), M(k)], m(k) = min &(p), M (k) = max E(p).

ITockompky v > 0, MBI UMeeM

sup(h(k)f, f) < sup(ho(k)f, f) = M(K)(f,f), [ € Lao(T?).



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 137

[Tostomy oneparop h(k) He nMeeT COOCTBEHHOTO 3HAYEHIS, JIEKAIETO IIPABEE CYIIIECTBEHHOTO CIIEK-
Tpa, T.€.

o(h(k)) N (M (k), 00) = 0.

ITostoxxum
ilk; 2) + silk; 2) %\ (ci(ks 2) = si(h; 2))2 + 4€2(F; 2)
py (ks z) =
Y 2[ci(k; 2)si(k; z) — E2(k; 2)] ’
rje
2 .. in2 q.
itk ) = [ SN ) = [ 2
gk(s) -z 8k(8) -z
T3 T3
&k 2) = SIDNSZ' cos sials7 2 < k),
Ek(s) — =
T3
371€Ch
. 1 1 3
& =—¢E(p)+—Elp—k), &)= 1+ |cospil),
b(p) = - Ep) + —E(p— k), E(p) ;( | cos pi)
m(k) = min E(p), M(k) = max E(p).
p p
OrMmeTnmM, qTO

ci(k; 2)si(k;2) — E2(k;2) > 0 (em.[5] ). @ynxuun b(k; 2), ci(k; 2), s;(k; 2) u €2(k; z) menpupenmbiii
B (—00),m(k)]. Bamernm, aro m(k) < m(k). Ilosromy

b(k;m(k)), cilk;m(k),  si(kym(k)), & (k;m(k))

)

CYIIECTBYIOT, TIE
blkyz) = [ =4

3 Ep(s)—z"
ITomoxxum
1 1 1
Oy = — = )= — — (k) = ——
pit (k) = p(k;m(k)), i=1,2,3.
ITpu sTom

py (k) < pf (k) nmpm keT? i=1,2,3.

OrpesiesiuM pyHKIIAN

aGuk)={ | b Sd

O'Mo(k ]7 0 mpm p; € (Oa/%' (k)]7
1 upu g € (u°(k); 00),

’ Bi(p;k)=q 1 wpn p; € (p

I BeexX ¢ = 1,2, 3.
Teopema 1. ITycmo p = (uo, 1, 2, 43) € Rﬁ. Tozda onepamop h(k) umeem ne menee wem c

YHUEMOM KPATMHOCTMU POBHO
3

a(ps k) + Y Bilps k)
i=1
cObCNBENHDIT 3HAMENUL, NEHCAULUT NEBEE CYULECTNEEHHO20 CNEKMPA.
Yacmmocmu pig > pO(k) w i > p;f(k), i = 1,2,3. Tozda onepamop h(k) umeem c yuemom
KPAmHocmu, poeno 7 cobCmeenols 3HaUeHutll, AeHCAUUT NeGEE CYUECTNEEHNH020 CNEKMPA.
Samernm, uato B ciaydae k = 0 Teopema 1 dpopmysiepyercst 6ojiee KOMITAKTHO.
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Teopema 2. Jlas 1106020 | € Ri, = (1o, pi1, 2, 43) onepamop h(0) umeem ne meree uem

C Yvemom KpamHocmu poeHo
3

ap,0) + Y 0(i)

=1

cobcmeeHHvlx SHG%GHUﬁ, AEHCAWUT NEBEE CYWECTNBEHHO20 CNEKRINPA, 2de

0 npu ;€ (0,u5(0)],
0(i) = ¢ 1 npu p; € (u5(0), 13 (0)],
2 npu ;€ (uf(0),00)
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Henuneiinble olepaTophl HOSB/ISIOTCS BO MHOIUX 33,1a49aX COBPEMEHHOI MaTeMaTHIecKoil 61o-
JIOTWH, TeHeTUKU U TeXHUKHU. IIpu 3TOM 0COOYIO POJIb 3aHUMAET TEOPUST HEMOABUKHBIX TOYEK HEJIH-
HEHBIX onepaTopos. M3BecTHO, 9T0 KOJIMYECTBO HEIIOABUKHBIX TOYEK NIPAET BaXKHYIO POJIb B Kade-
CTBEHHOM IIOBEJIeHUN JMHAMUYEeCKOil cucTeMbl. B Hacrodmieil pabore, ncciel0BaHbl HEelloIBUYKHbIe
TOYKH CTPOTO IIOJIOXKHTEJIBHOIO CTOXACTHIECKOI'O OIepaTopa 4eTBEPTOro HMOPAAKA Ha OJHOMEDHOM
cuMIniekce. HaliieHbl mocTaTo9Hble YCI0BUS ISl € MHCTBEHHOCTH HEIOABMAKHBIX ToueK. OTMeTnm,
YTO MHTEPEC K TEOPUHU HEJMHEHHBIX CTOXACTUYECKUX OIIEPATOPOB Ha CUMILICKCE 0OYCIOBJIEH ee BOC-
TPeGOBAHHOCTBIO B 3a/1a9aX HOILYJISIMOHHOl reHeTuku [1].

[Iycrs E = {1,2,3,...,n}. MuoxecrBo

n
gn—l — {z = (21,29, ..., xp) ER" : 2; > 0,Vi € E,Zazi =1}
i=1

Ha3bIBaeTCst (N — 1)-MEPHBIM CHMILIEKCOM.
Kazx et snement @ € S"~! apisgercs BEPOSATHOCTHON Mepoit Ha I/ 1 ero MOXKHO WHTEpPIPETH-
POBAThb KaK COCTOSIHME OMOJIOTHIEeCKOM (cbI/ISI/IquKoﬁ u T.n.) CUCTEMBI, COCTOAIIENA U3 71 SJIEMEHTOB.
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Onpepenenne 1.[2] ITpoussosvroti nenpepovishoiti onepamop V., onpedesernvili na cumniex-
ce S™L, Gydem 1a3BIBAMB CIMOTACTNUMECKUM, €CAU

m
(Va)g =), = Z Divio...in kTiy Tig--Tipy,  Vk =1,m, (1)

11,02,.,in =1

20e

DPiyia,... in,k > Oa VZ] = ]-ama ] = 1,”7 k= 17m,
pi17i27"'7i”7«7k = pi‘rr(l)7i7'r(2)7"'72'7r(n)7k7 k = 17 m7

0ns 110001 nepecmaHosky T U

m
E Diyio,...ink = 17 \v/Zj = 17m7 .7 = 1,7’1.
k=1

Yucesmo n Ha3BIBAETCS TOPSIIKOM 3TOT0 oniepaTtopa. [Ipu n = 1 oneparop — TuHEHHBIN cTOXACTH-
9eCKUil orneparTop, mpu n = 2 — KBaIPATUIHBIN CTOXACTUIECKUI OnIepaTop, npu n = 3 — KyOudeckuit
CTOXacTHIeCKuil oneparop [3], u T.11.

Croxacrudeckuii oneparop (1) HA30BEM CTPOrO IOJIOXKUTEIBHBIM, €CJIHI

Divia,..iin,k > 07 \V/Z] = 1)m7 .] = 17”, k= ]-am'

Sama4da. Hatimu docmamounvie Yycaosus 0AL eQUHCTNEEHHOCTU HENOJGUNCHBLT MOYEK CMPO20
NOAOHCUMEABHO20 CTNOTACTUNECK020 onepamopa (1), 6 cayuae n = 4 Ha odHOMEPHOM cumniekce
St m.e. m=1.

OTMeTnM, YTO KOJMYECTBO HEIOJABHXKHBIX TOYEK CTPOrO ITOJIOKUTEIBHOIO CTOXACTHIECKOIO
oneparopa (1) B cirydae n = 3 HOJHOCTBIO U3y4eHO B padore [3].

B ciygae n = 4, cTPOro MOJOKATETbHLIH cToxacTmdeckmii omepatop (Vr)p ma S! mmeer
CJICJIY IO BUJL:

(Va)p = 2}, = prin st} + 4p1112.x7 102 + 6p1192 2303 + 4p1oog k0175 + posoo s, k=1,2, (2)

rae

Diinyissiak > 05 Diyigyisiial T Piryinsisia2 = 1, 45 =1,2, j=14.

MozkHO 3aMeTUTh, YTO onepaTop (2) uMeer YeTBepThIii MOPsIIOK.
TTonoxxum

Ho = P1111,1 — 4p1112,1 + 6p1122,1 — 4p1222.1 + 22221, 1 = 4p1112,1 — 12p1122.1 + 12p1222.1 — 4p2222.1,

p2 = 6p1122.1 — 12p1992.1 + Opasaa1, 3 = Op1222.1 — 4p22921, 4 = P2222.1

1 coCTaBHUM MHOTI'OYJICH ‘leTBepTOfI cTerneHn

Py(z) = poxt + pia + pox? + paxy + pay.

Jlemma 1. Koauuecmso HENOISUNCHBIT MOYEK CMPO20 NOAOHCUMEADHO20 CIMOTACMUYECKO20
onepamopa wemeepmozo nopsadka (2) na S* cosnadaem ¢ xoauvecmeom xopreti mrozounena Ps(x)

na (0,1).

JIemma 2. Muozounen Ps(x) umeem kar murnumym odun xopenv na unmepsane (0,1).

0- (s (3

3pi | Bpe pd Buapy | ps

- , 4= .
1643 240 32ug  Sug  Apo

OrmpesiesiuM 9uCIIO

rme

p:
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Teopema 1. Ilyecmv QQ > 0. Toeda cmpo20 NOAOHCUMEALHBT CMOTACTUNECKUT 0ONEPamop
wemeepmozo nopadka (2) umeem eduncmeennyio nenodsusichyto mowky na S*.
IIpu Q < 0 onpemenm

o (k — 2 -
ek:2,/—§cos <O‘+7T3(k)),k:1,2,3,

3
3\ 2
cosa = —g <_p> , a€l0,n].

rie

Beenem obozHaueHms:

Teopema 2. Hycms Q < 0,70 u v3 < 1. Ecau svnoansemces 0010 u3d caedyrouwus yeiosul
(a) 4! < 07
(b) Y1 > 0,P4(’}’1) > 0,
(C) 71 > 0, P4(’}/2) <0,
Mo CMPO20 NOAOAHCUMENLHBIT COTACMUNECKUT Yemeepmozo nopadka (2) umeem eQuHCmMBEHHY0
nenodsuscniyro mowky na St
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TTapaa6aes M.A., 2Kapum6oes X.K., ' Anumos C.
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Hycrs Z - d mepuas pemerka, a (*(Z%) - rumbs6eproBo HPOCTPAHCTBO KBAIPATHIHO-
cymmupyembix dynkmmit Ha Z%, d > 1. PaccMOTPIM CeMeCTBO CaMOCONPSZKEHHBIX OPAHIIEHHBIX
JMCKPETHBIX OLIEPATOPOB R

h,:=ho — uv, >0,

B fz(Zd). 31ech 30:222 - IUCKPETHBII OniariacuaH, e
Af(@)=5 Y [fl@) = fle+s)],  fel(z),
|s|=1

- JIMCKPETHBIN JIAIJIACUaH, & V - OlepaTop paHra OJWH, KOTOPBIH 331a4TCsa Kak

Vi(z) =0(x) > 8(y)fv),

y€eZa

e 0 € £2(Z4)\{0} - 3ajannas BemecTBeHHOZHAYHAS (DYHKITUSL.
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ycrs T¢ - d MepHbIi TOP, & L2(’]I‘d) - TIJILOEPTOBO MPOCTPAHCTBO (DYHKIHI, KBAIPATHIHO-
unrerpupyemsrx ua T¢. Jlasee Mbl Bcera mpemosaraeM, npeobpasosanue Oypbe

v(p) := Fo(p) = d/2 Z P

x€Z4

hyHKIWSA 0 yIOBIETBOPSIOT CJIELYIOMIUM IIPE/IIIOIOKEHUAM:
IIpeanosoxxkenune 1

a) Qynryus v (p) eewecmeenno-anarumuneckas ra T

b) Cywecmsyiom Heompuyamesvrvie yeasie wucia ny, > 0 maxue, wmo

D™ (0)*#0, D¥[u(0)P=0 , j=0,...,n0—1

2de D7 f(p)- dudpepenyuan j -20 nopadka dan f 6 mouke p.

Hanomumm, 910 0(A) =0ess(A) = [0, 2d]. Crenosarensno, o(hg) =0ess(ho) = [0,4d%], a B cu-
JIy KOMIIAKTHOCTHU OIlepaTopa V U TeopeMbl Beiljis 0 coXpaHeHnn CyIeCTBEHHOIO CIIEKTPa IIPH KOM-
MAKTHBIX BO3MYIICHUAX.

O'ess(i\lu) :Uess(i\lO) = [074d2]

Juts ioboro > 0.
[Ipex e YeM U370KUTH OCHOBHBIE PE3YIBTATHI, BBEJIEM CJIETYIONINE 0O03HATCHS

2 2no+d
R v(q)|*dq 24Mo " _
CU::/Td |i(¢)1|)27 o (2n,)! /Sd 1 D? "|v(0 )|2[w,...,w] dne 1(w),

re S - equananas cdepa B R? n
d 2
)= (Z (1- cosqi)> .
i=1

1
Teopema 1. Ilyemo fi,: —(de %) > 0. Toeda ogis.(h w) = 0 dna oz poe (0, ] u

Udlsc(h#) asasemes oonoanemenmuvim {e(p)} das aobozo p € (po, +00). Boaee mozo, dynruyus
w € (fo, +00) > e(u) sewecmeenno-anarumuseckas, cmpozo yoweaowan, 602HYmad 6 (fio, +00),
U YOOBAEMBOPACTN, PAGEHCME

lim e(u)=0, lim @: — /Td lv(q)|*dg.

B \ulbo p—+oo 1t

Ecau po > o , moeda onepamop hy, umeem eduncmeennoe cobcmeennoe snaqenue e(p) < 0.

(a) IIpednoaooicum, wmo d neuemmoe:

(al) ecau2n,+d=1,3, mo p, =0 u das JOCMAMOUHO MANVIT U NOAOHCUMENOHBIT (L, UMEET
MECMO PaBeEHCME0

1/3 n
(wzv) ‘ul/3 + 2 Cl,nﬂ%a 2n, +d =1,

n>1

ﬂ—cu ©+ Z C3 n,un+1 2n, +d= 3,
n>1

(—e(u)/* =

ede {c1n} u{c3n} - Hexomopuie deticmeumenvrvie Kosddhuryuermo;
(a2) ecau 2n, +d = 5,7, mo pio > 0 u daa OCMAMOUHO MAADIT U NOAOHCUMEAOHUT [L — [lo,

6epHO
oz (1= o) + 2 sl —po)™, 2no +d =5,

(—e(u)/* = 1/3 R .
(wcfﬂg) ( ) + Z C?,n(.uf,uo>%a 2n,+d =1,

n>1

ede {csn} u {crn} - Hexomopuie deticmeumenvivie Kosdduyuermo;
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(a8) ecau 2n, +d > 9, mo o > 0 u das JoCMAMOUHO MAAVT U NONOHCUMEALHUT [L — [lo,
UMEET, MECTIO PA3AOAHCEHUE

(—e(u)* = (u2eo) ™ (= o)+ comp — po)™*,
n>2

ede {copn} - Hexomopuie deticmeumenvhvie KoaPPuuueHmovL.

(b) IIpednonosicum, wmo d wemmo:

(b1) ecau2n,+d = 2,4, mo po = 0 u daa docmamouno MasvlT & NOAOAHCUMENLHBIT (L, UMEET

MECMO
Spt > 2 nmp" T (—pln )™, 2no +d =2,
1/2 _ n+m>1,n,m>0
—e —
( (,U,)) ceiﬁ + Z 04,nm,u"+1 (i efﬁ)m-ﬁ-l’ 2n, + d= 47

n+m>1,n,m>0

ede {c2nm} U {canm} - nexomopwie deticmeumenvrvie Kospduyuenmor, a ¢ > 0;

(b2) ecau 2n, +d = 6,8, mo o, > 0 u das JoCMAMOUHO MAABIT U NOAOHCUMENOHBIT [L — [lo,
UMEEM, MECTNO

8 2 o2n—+2
ﬂ'Cuﬂz T+ Z 667"7”7- e 9m7 2”0 + d = 67
( ( ))1/2 ° n+m>1,n,m>0
—elu = 1/2
8 1 1,k _
cvug) 7o+ Z C8,nmk7-n+ o™t n, 2n, + d= 8,

n+m+k>1,n,m,k>0

2de {canm} U {C8nmk} - Hexomopuie deticmeumenvivie Koapduryuermot u

)

1 \1/2 Inlnt—?
T= (M*#o)lm, 0:=—72Inr, a::(f—) , 775:*%

Int Int

(b3) ecau 2n, +d > 10, mo po > 0 u das docmamouHo MAABIT U NOAOHCUMEAOHVLT (4 — [lo,

(=)' = (u3e) 27+ D croumt O™,
n+m>1,n,m>0

ede {c10.nm } - nexomopwie deticmeumenvrivie KoapPuyuermaor.
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O HOBBIX KOHCTPYKTHBHBIX r'mo0coBckux mepax mogenaun Ilorrca
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Tepeso Ko T* nopsiika k > 1— 6GeckoHednoe s1epeBo, T.e. rpad 6e3 IHKIOB, U3 KarKIoi
BEPIIHHBI KOTOPOTO BBIXOAUT PoBHO k + 1 pebep. Ilycrs TF = (V,L,i), tne V— ecrb MHOXKECTBO
seprma T%, L— ero MHOKeCTBO pebep, 1 i— (DyHKIMHS HHIMIEHTHOCTH, COMOCTABIISIONIAs KAZKIOMY
pebpy | € L ero konnesbie Toukn z,y € V. Ecim i(l) = {x,y}, 10  n y HasbiBatoTCcst bausrcatiuumu
cocedamu eepwun n 0bo3HadaeTcs | = (x,y).

Paccrosinue d(x,y),z,y € V na nepese Kanm onpenensiercs popmyiioit

d(z,y) = min{d|3x = zg, z1,...,T4-1,24g =y € V Takoit, aro (zg,T1),..., (T4—1,Zq)}-

s duxcuposannoro 2 € V obosnaaum W, = {x €V | d(x,z°) = n},

Vo={zeV | dz,2°) <n}, Ly= {I{=(x,y) €L | z,y€V,}.

Hns x € Wy, monoxkum S(x) = {y € Wy4q : d(z,y) = 1}.
3BEeCTHO, ITO CYIMIECTBYET B3AMMHO OJIHOZHAYHOE COOTBETCTBUE MEXKJLy MHOXKECTBOM V' Bep-
muH siepesa Ko nopsinka k > 1 u rpynmnoit Gy, sBisiomeiicss cBOGOIHbIM 1pounsBejienneM k + 1

[UKJINIECKUX IPYII BTOPOTO MOPsiKa ¢ 06Pa3yIOIUMA A1, a2, . . . , k41, COOTBETCTBEHHO (CM.[1]).
MBI paccMOTPUM MOJE/b, IJIe CHUHOBBLIC IEePEMEHHbIE IPUHUMAIOT 3HAYCHUS M3 MHOMKECTBA
® = {1,2,...,q}, ¢ > 2 u pacuoJioxkeHbl Ha BepIuHAX Jepesa. Torjga xowgueypayus o ua V

onpejessiercss Kak Gyukiusa ¢ € V. — o(x) € ®; MHOXKeCTBO Bcex KOHUrypanuil coBmajaer ¢
Q=09oV.

lavuabrorman momenn IloTTca ompemesnsteTcst Kak

H(o)==J Y, bowoly): (1)

(z,y)eL

rae J € R, x,y— 6mmkaiimme cocenn u d;;— cuMBoa Kponekepa:

0, ecmm i # j,
51‘]‘ =

1, ecm ©=j.

OrrpejiesiuM KOHETHOMEPHOE pacipeie/IeHre BEPOsiTHOCTHOM MepBhI [i, B o0beMe V,, Kak

pn(On) = Zq;l exp § —BHp(on) + Z ho(m),z ) (2)
xeWn

re B = 1/T, T > O—remueparypa, Z, '— nopmupytomuii Muoxkurenas, {hy = (hiz,....hqs) €
R% x € V} COBOKYIHOCTb BEKTOPOB U

Hu(on) ==J > ooy

(z,y)ELn

ToBOPST, YTO BEPOSITHOCTHOE paclpejeenue (2) COrJIaCOBAHHOE, €CH I BeeX N > 1 u
On—1 € PVn—1

Z Hn(o-nfl \ Wn) = ,U/nfl(o'nfl)’ (3)

wn €EPWn

3nech 0,1 Vwy, ecTb 00beauHenne Kondurypamuii. B aTom ciaydae, cyIecTByeT eMHCTBEHHAS Mepa
L HA ®V rakas, aro [ Bcex n U o, € PVn

p{olv, = on}) = pm(on).
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Takast Mepa Ha3bIBAETCs PACIIEIJIEHHON rnOOCOBCKOM MEpOil, COOTBETCTBYIOIIEH TaMUIBTOHN-
any (1) u BekropHO3HAYHOI dDyHKIUYN hy, x € V.

Crenyomiee yTBEpXKJIEHAE OIMCHLIBACT YCJIOBHE Ha h,, obecrnedmparomee COrIacoBAHHOCTD
fin(on).-

Teopema 1. (cm.[1]) BepositHocTHOoe pacnpejenenue i, (oy),n = 1,2, ... B (2) aBigercs co-
[JIACOBAHHBIM TOTJA M TOJLKO TOIJA, KOTJA [ JI000ro T € V uMeeT MeCTo CJeLyomee

he =Y F(hy.0), (4)

y€S(x)

rie byukuus F 2 h = (hy,...,hg-1) € R — F(h,0) = (Fy,..., F,~1) € RI™! onpenensercst kax:

q—1 qg—1
1
L . h; h; | = h;
Fi=In| (6 —1)exp Jré exp1+9+§ exp |,
J=1 J=1
0 = exp(JB), S(2) MHOXKECTBO IPAMBIX HOTOMKOB TOUKH & U hy = (ill,ma - ;qul,x) C yCJIOBUEM

hiw=hig—hgai=1,...q— 1L

)

KasK10My perieHuo 1, (byHKIMOHAIBLHOIO ypABHEHHS (4) coorsercrByer osHa Mepa ['ub6ca
1 HAOOOPOT.

B sr0it paGoTe MbI paccMaTPHBAECM 110JIyGeCKOHEUHOE JIepeBo. A nMeHHO, KopeHb 1’

nMmeer k
OIMKANIIIX coceei.
B s1OM pabore MbI HAXOIMM HOBbIE pelieHus: QyHKIIMOHAILHOTO ypaBHeHus (4) mpu g = 3.

a b
u=(%0):

rae a, b, ¢, d 1eble HEOTPHUIATEIbHBIE UNCIa U

PaccmoTpum ciieyoniyo MaTpuity

a+b=kc+d=k.

DrTa MaTpHIA ONpPEIe/AeT, CKOJLKO Pa3 HPUCYTCTBYIOT BeKTopHble sHavenns h = (hi,0) u
I = (I4,0) B muO)ecTBe S(x) s Kaxkgoro h, € {h,l}. T'pammanbie ycioust (T.e COBOKYITHOCTD
BekTOpoB) h = {hy,x € V'}, oupeessirorcst cireyomumu 00pasoM:

(i) ecim B Bepmmne T umeeMm hy, = h, To GyHKIWs h, TPUHEMAIONIAA BEKTOPHBIC 3HAYCHUS
Kaxk 101l Bepimbe y € S(x) onpee/inM 1o CIIeyIOIeMy TPaBIILY:

h, wa a sepummHax S(z);
[, ma b Bepmmmax S(x).

(ii) ecsin B BepimHe x umeeM hy, = [, To DYHKIUS UMeET 3HAYCHUSI:

h wa c Beprmunax S(r);
[ na d seprmaax S(z).

Jlerko BUIeTh, 9TO IpAHUYHbIE YCJIOBUS Ny (T.€. COBOKYIHOCTH BEKTOPOB) IIPUBEJIEHHOE BBIIIIE
KOHCTDYKIMHU YJIOBJIETBOPSIIOT (DyHKIMOHAJIBHOMY ypasHeHuio (4), ecau Bektopsl (hi,0) u (I1,0)
VJI0BJIETBOPAIOT CJIE/YIOIIE cucreMe ypaBHEeHUI:

{ hi = afe(h1) + bfo(l1), (5)
= dfy(l) + cfo(h1),

0 exp(z)+2
rie fo(r) =1In %.

Teopema 2. HesaBucumo ot mapamerpos cucrema ypasaenwii (5) mmeer perenne (0,0), n
ecin | (be — ad) (%)2 + (a+ d)% |> 1 To cymiecTByer He MeHee Tpex pasindHbix pernenuii (0,0),

(A1), (0212, e 110 > 0,021 < 0.
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Hycrs 7% = (V, L), k > 1 ectb nepeso Kaiu nopska k, T.e. 6eCKOHEUHOE JepPeBO, U3 KAz IO

BEPIUHBI, KOTOPOTr'O BLIXOIUT POBHO k41 pebep, riae V — MHOXKeCTBO BepIuH, L — MHOXKECTBO pedbep
T*.
[Iycts G— cBobotHOE TTpou3BejicHue k4 1 MUKJIMYeCKuX I'PYIIIT BTOPOrO MOPsijIKa ¢ 00pa3yro-

22 = e. CyImecTByeT B3aMHO-OHOZHATHOE COOTBETCTBHE

MeK /Iy MHOKecTBOM BepinuH V' nepesa Ko nopsiika k u rpynmoit G (em. [2]).

IUMHA @1, 42, ... Ak+1, COOTBETCTBEHHO, T.€. 4

Mpbr paccmaTpuBaeM MOJIEIb, TJe CIUH IIPUHAMAET 3HadYeHus n3 MHoxkectBa ¢ = 7, rne Z—
MHOXKECTBO Iesibix unces. Koudurypanus o na V' onpegensercs kak dyuknust ¢ € V — o(z) € ®;
MHOKECTBO BCexX KoHburyparmii copnaaer ¢ = ®V.

Ilycrs Gy /Gy = {Hu,..., H,}— daxrop rpymmna, rae Gj— HOPMAaJbHBI Jle/NTeTb HHIEKCA
r>1.

Omnpenenenne 1. Kongueypayus o naswsaemea Gj-nepuoduveckot, ecau o(r) = o; npu
x € H;j,Vr € G, m.e. 3navenue Konduaypayuu 6 6epuiune T 3a6UCUM He OMm T, & 0M HOME-
pa Kaacca npunadaescrocmu . Gr-nepuoduveckas KonPueypayua Ha3vi6aemcs MpPaHCAAUUOHHO-
UHBAPUAHMHOU.

st TaHHON TepHOoIuIecKoil KOH(MUTYPAITMH UHIEKC HOPMAJIBHOTO JIEJTUTE TSI HA3hIBACTCSI I1e-
PUOIOM KOHGUTYPAIIAH.

Tamubrornan mozesu [Torrca ¢ BrenHnM nosieM umeer Buj (cM. [1])

H(o)=J Y boow T o)
(z,y),z,yeV zeV

rie J,a € R, a— BHelHee 1oJjie u dy,— cuMBosa Kporekepa, T.e.

5= 1, ectm u=w,
w 0, ecom u # v.

[Tycts M — MHOXKECTBO €IMHIYHBIX IIapoB ¢ BepimmaaMu B V. Mbl HazoBeM cy2keHne KOHMUry-
pamuu o Ha mape b € M oepanuvennoti konpuaypayuet op. depes ¢, 0603HAYNM HEHTP eIUHUIHOIO
mapa b. OnpeeauM 3Hepru0 KOHPUTYPAIUd o) Ha b ceayomuM odpa3oM:

1
U(Jb) = U(Jv Oé) = 5‘] Z 50(0;,)0(:5) + aéOo(cb)a
z€S1(c)

re J = (J,a) € R2.
Jlemma. Jlas xaorcdotl xKonduaypayuu ©p 6epHO CAEOYULEE:

Ulgp) € {Un:n=1,2k+4},
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20e

n—1 k+2 n—1
Un == 'J+(a_2"]>'[k+2]

k+2°
Onpenenenue 2. Konguaypayus @ HA3B6AEMCA OCHOBHDIM COCNOAHUEM OAA 2AMUALINOHU-

ana H, ecau

n—1 n—1
u [m} — ueaas vacmv 7.5

U(pp) =min{U, : n=1,2,3,...,2k + 4}

oasn mobozo b € M.

[Tepuouyeckast (TpaHC/ISIIIMOHHO-UHBAPUAHTHAST) KOH(MDUTYPAIIHS SIBJISIFOIIAsICST OCHOBHBIM CO-
CTOSTHHEM JIajiee HA30BEM NePpuoduteckum (MpaHCAALUONHO-UHBAPUAHIMHBIM) OCHOGHVLM COCTNOANU-
em.

Omumrem Bce G;-IIEPUOIITYECKIE OCHOBHBIE COCTOSHUA, Tae (7, — HOPMAJIbHBIH JICJIUTeTb HH-
nekca 2 B (G,. 3ameruM, 9TO 1000 HOPMAJLHBINA JeIUTeIb NHIeKCa 2 TPyInbl (G, UMeeT BU,

Hjy={zx€Gy: wa(ai) — YeTHO},
i€A
rne ) # A C N, = {1,2,....k + 1}, u wy(a;)— uaucio 6yks a; B cinose x € Gy, [2]. Bamernm, uro
B caydae |A| = k+ 1 (rue gepes |A| obosnadeno uncio ssemenToB MHOkectBa A ), 1.e. A = N,
HOpMAJIBHBIN fnennTesnb H 4 umeer ciaemyionmii Bu: G,(f) := Hy = {x € Gi, : |x|— gerno}, rue |z|—
JUINHA CJIOBA .
H 4-nepuofmdeckue KOHGUTYPAIUHA UMEIOT CJIeLYIONHil BIT;:

zp, ecnu x € Hy,
p(z) =

z1, ecim x € Gy \ Ha,

riae z; € ©, 1 € {0,1}.
Cureyromniasi TeopeMa OIUCHIBAET MHOKECTBO BCeX H 4-IIEPHOIIMIECKAX OCHOBHBIX COCTOSTHHI.

Teopema. Ilycmv k > 2, A C {1,2,....k + 1} u J # 0. Tozda scaxue H 4-nepuoduueckue
)

2
OCHOBHbBLE COCTMOAHUA ABAANOTMCA TNMPAHCAAUUOHHO-UHEAPUAHITHBIMUYU UAU Gé -nepuoz?u%ecnuwtu.

JIuTeparypa

1. Rozikov U.A., Ganikhodjaev N.N. The Potts Model with Countable Set of Spin Values on a Cayley
Tree, Letters in Mathematical Physics, T.75, 2006, Ctp. 99-109.

2. Rozikov U.A. Gibbs measures on Cayley trees, World scientific, 2013.

O6 uHBapuaHTHBIX IOApPOCTpaHCcTBax omneparopa h, (k)
I Xanxy>kaes A.M., 2Maxmymos X.III.
L Camaprandcroe omdesenue Hrnemumyma Mamemamuru um. B. H. Pomarnoscxozo AH PY3,
Camaprand, Ysbexucman.
L Camaprandexuti 2ocydapemeennoti ynusepcumem, Camaprand, Yabexucman.

ycrs Z%- d— mepuast nesounciennas pemrerxka, lo((Z4)?)— ruip6epToBo IpocTpaHCcTBO KBaI-
paruaHo-cyMmMupyeMbix bynkimit, a 1$°((Z4)?) C la((Z4)?)-noanpocTpancTBO aHTHCHMMETPITHBIX
PYHKIAI.

B xoopannaTHOM HIpeICTABACHUN TAMUJILTOHUAH CUCTEMBI IBYX (DEPMHOHOB C Maccoit m = 1,
B3aMMOJICHCTBYIONNX Ha GJIHKANIINX cocenuX y3iax pemerkn Z%, jefictByer B ruan6epToBoM
npocrpanctse 1$°((Z%)?) o dbopwmyie

>

(h0) (x1,%2) = % Y 120(x1,x2) — d(xi +5,%2) — b, x2 +5)], P € 5°((Z7)°),
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rIe

0, B OCTAJBHBIX CJIy4YasX.

Baecw x| = [zW] + (2P| + ..+ D], x = (W, 2®) .. 2@) € Z¢ u y > 0— smeprus
B3aMMOJIEHCTBIS JBYX YACTHUI] Ha OJIMZKAMIIIX COCEIHNX y3/aax pemerku Z%.

OrMmeruM, 9TO JBYXYACTUYHBIA TaMUIBTOHUAH lAzu SIBJISIETCST OTPAHUYEHHBIM CaMOCOIIPS-
JKEHHBIM orrepaTopoM B [$°((Z4)?).

Iycrs T¢ -d-mepnbiit Top, T.e. Ky6 (—, )¢
BOIOJIOKHBIX rpaHefi. OH paccMaTpuBaeTcs Kak adejeBa I'PyIIa, B KOTOPON ONEPAINU CJIOXKEHUS
M YMHOYKCHHsI Ha, BEIIECTBEHHOE HWHC/IO BBeaeHbl Kak B RY 1o momymo (27Z)%. O6ozmaunm 4epes
Lg(Td)—anb6epTOBo IPOCTPAHCTBO KBAPATHIHO-HHTErPHPYEMBIX (DYHKIINIA, ompeeseHbx na T?
u Lg(']l‘d) C Ly (']I'd)— [IOJIITPOCTPAHCTBO HeueTHbIX (yHKIwmit. [locie npeobpazosannss Pypbe u BbI-
JIeJIeHnsT TOJIHOTO KBasumMiysibca k € T¢ crucreMbl, n3ydeHme CIIEKTPAJBHBIX CBOIICTB OIEPATO-
pa ilu CBOJIUTCS K M3YUYEHUIO CEMENCTBa JBYXYACTUUIHBIX TUCKPETHBbIX orneparopoB lllpennnrepa
h,(k), k € T?, neiteryromux B L§(T?) o dbopmyste

C COOTBETCTBYIOIIHUM OTOXKIECTBJIECHUEM IIPDOTU-

0
hu(k) = h°(k) — po.
3neck nesosmymiennbiii oneparop h?(k) ecth onepaTop yMHOMKEHUsT Ha (ByHKIIIO

(R°(k)f)(a) = Ex(a)f(a), f e LY(TY),

rie

d KD
Ek(q) = 22(1 — c08 —5—cosq ).

J=1

Omneparop B3ammMojeiicTBust (BO3MyIeHUs1) v siBJIsieTcsl omeparopoM panra d > 1 u jeiictByer B
rurs6eprosom npoctpanctse LY(TY) mo dopmyme (em. [1,2])

d
(vf)(q) = (2m) ¢ Z sin ¢ / sin ¢t f(t)dt.
i=1 e
Bosmymenne v onepatopa h’(k) sisiercst omepaTopom panra d, W CIe0BATEIBHO, U3 TEO-
peMbl Beilisg 0 coxpaHeHun CyIecTBEHHOrO CIEKTPa P KOMIAKTHOM BO3MYIIEHUU CYIIECTBEHHbII

crekTp oess(hyu(k)) oneparopa hy, (k) cosnasaer co crekrpom oneparopa h?(k). Tax kax h°(k) ects
oreparop yMHOXKeHUs Ha dDyHKIuo E(q), TO

Oess (hu (k) = [Emin(k); Emaz (k)]

rie
d ()
Emin(k) —(rlr;rréé’k —QZ 1—cos—) >0,
d ()
Emaz (k) = (Ilrg%r)g Er(q 2;::1 (1 + cos —) 4d.

Hycrs d > 1, k € T u
-1

z)d
sin? ¢ dq

> 0.
/gk mln(k)

B nambreiimenm npeamonoxum, aro k € (—m, )%, orkyma caexyer u® (k) > 0,i = 1, d.
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O6osznauanm depes LS (T) moanpocTpancTBo deTHBIX GyHKIHUL, onpegeneHabx Ha T. [Toctponm
noarpocrpancrsa LS, 7 = 1,...,d B BUJie TEH30PHBIX IIPOU3BEICHUI
L, 1,....d

L2 = LY(T) ® LY(T) ® ... ® LE(T) ®LY(T) ® LE(T) ® LE(T) ® ... ® LE(T) .

i—1 d—i

TeopeMa 1. Hodnpocmpchmea Lz C LQ(T> UHBAPUAHIMHBL OTMHOCUTMEADBHO ONEPATOPQ
h, (k).
m

Teopema 2. Onepamop h,(f)(kl, ks ko kg), k€ T¢, ynumapno-sxeuearenmen onepa-
mopy
WD (kb oo iy o Ka).

Teopema 3. ITycmo p > p(k),i = 1,d. Jas cnexmpa o(h,(k)) onepamopa h,(k) seprot
PAGEHCMEa

d d
o(hu(k)) = U o(hi (1) = (J{= 10} UEmin (K), Emaa (K)],

i=1

ede zﬁ(f) (k)— cobecmsennoe snauernue onepamopa h,(j) (k).

JIuTeparypsr

1. C. H. Jlaxaes, III. 0. Xoamamos. "Acumnroruka cOOCTBEHHBIX 3HAYEHWI JMCKPETHOTO OMEPATOpa
[Ipéaunrepa ¢ korTakTHBIM HoTeHaaoMm". Mse. PAH. Cep. mamem., 2012, Tom 76, BeIIIycK 5, cTpa-
Hutel 99-118.

2. C. H. Jlaxaes, A. M. Xanzxyorcaes, LI C. Jlaxaes, "Acummroruku cOGCTBEHHOIO 3HAYEHUSI JBYXYa-
cTUYHOrO juckpernoro oneparopa [Ipeaunrepa TM®@, 171:3 (2012), 438-451.

O umncse coOCTBEHHBIX 3HAYEHUI MOJIEJIbHOT'O OllepaTopa Ha pelleTKe
Xyppamos A.M., Typcynos D.M., Apasnos C.T.
L Camaprandexuti zocydapemeennmiti ynusepcumem, Ynusepcumemckuti 6yaveap 15, 2.
Camaprard, 140104, 2. Ysbexucman.
e-mail: xurramov@mail.ru

Iycrs T' = (—m, 7], Lo(T3)— ruinbepToBo IPOCTPAHCTBO BCEX KBAIPATHHHO-HHTEIPUPYEMBIX
dbynxumit, onpeenennbx na 13,
Paccyorpun h(k)— camoconpszKeHHbIH oneparop, aeiictsyomuii B8 Lo (T3) mo dopmyite

h(k) = ho(k) — v, k= (k1, ko, k3) € T?,

ho(k)— omeparop ymMHOXKeHUsT Ha (DYHKIUIO

3

Ee(p) = —e(p) + iE(p —k), e(p)=> _(1+]|cospi),
=1

3
V— MHTerpaJibHbIil onepatop ¢ aapoM v(p — 8) = fig + Y. fla COS(Pa — Sa)-
a=1
Ormernm, 9To n3 TeopeMsl Beilist o cymecrsenHoM criekTpe [1] coefryer, 94To cyniecTBeHHbILi
criekTp oess(h(k)) omeparopa h(k) He MeHsIeTCS IPU KOMIIAKTHOM BO3MYIIECHHM V U COBIAJAET CO

CIIEKTPOM HeBO3MyIeHHOro otieparopa ho(k). IIpu arom os5(h(k)) conmamaer ¢ obaacTbio 3HaUeHU
dbyuxpm E(-) :

Tess(h(k)) = o(ho(k)) = [m(k), M(k)], m(k) = min &(p), M(k) = max E(p).
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[Tockonbky v > 0, MBI UMeeM

sup(h(k)f, f) < sup(ho(k)f, f) = M(K)(f.f),  f€ Lao(T?).

[Tosromy oneparop h(k) He nmeeT cOOCTBEHHOIO 3HAYEHMS, JIEZKAIIETO TIPABEE CYIIECTBEHHOTO CIIEK-
Tpa, T.€.

o(h(k)) N (M(k),o0) = 0.

ITostoxxum

£k ) = ci(k;z) + si(k; 2) £ \/(ci(k:;z) — si(k; 2))2 + 4€2(k; 2)
K \R5 %) = 2[ei(k; 2)si(k; z) — E2(k; 2)] ;

rie

2 . -
ci(k; 2) :/w, si(k;z) = M’
Erls) =2 | Ei(s)

T

T3

sin s; cos s;ds

Ex(s) —

)5( ;2) >0 (e [2] ).

2(k; z) nenrpupesnsbtit B (—oo), m(k)]. Tomoxkmm

Ci(k; z) = z < m(k).

OrmernmM, uro ¢;(k; 2)si(k; z) —
Oyukunu b(k; 2), ¢;(k; 2), si(k; 2

1 1 1
Opy= — ~ k) = — Sk = ———
rie
cos? s; ds sin? s;ds
b(k; z) / i(k; 2 ! silk;2) = | —————,
Ek(s) — 2’ )= €k( ) — (k;2) Er(s) —
T3
£(k: 2) = sin s; cos s;ds » < m(k)
(] 9 - gk(s) — b — Y
T3
IIpu sTom

py (k) < pf (k) nmpm keT? i=1,2,3.
Ornpesiesium pyHKIAN

oy J 0 mpu pg € (0; 40 ()],
04(/% k) = { 1 mpm pg € (Mo(k>§oo)’

gt Beex ¢ = 1,2, 3.

Teopema 1. ITycmo p = (po, pt1, o, p3) € Ri. Tozda onepamop h(k) umeem c¢ yuwemom
KPAmHOCMU PoGHO
3

a(pu k) + > Bilui k)
i=1
CcOOCMBERHBLL 3HAUEHUT, NEHCAULUT AEGEE CYULLCTNBEHH020 CTLEKMPG.
3amernMm, uTo B caydae k = 0 Teopema 1 dpopmynepyercs 6ojiee KOMIAKTHO.

Teopema 2. /s moboeo € RY, 1 = (uo, p1, po, u3) onepamop h(0) umeem c yuemom
KPAMHOCTAU POSHO
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c06CcMBEHHDBIT SHCL’%GHU,?L AEHCAUWUT NEBEE CYULECTNBEHHO20 CNEKMPQ, 2de

_ 0 npu po€ (0,#0(0 ]7
a1, 0) _{ 1 npu po € (1°(0),00),

0 npu p; € (0,u5(0)],
0(i) = L npu  p; € (5(0), 1 (0)],
2 npu ;€ (p5(0),00).

JIuteparypa

1. Pud M., Catimon B., Meroubl coBpemeHHOil MaremaTudeckoil ¢dpusuku. M.: Mup.1982, 4, Anajus
OIIEPATOPOB.

2. M.3.Mymunos, A. M. Xyppamos, CriekTpajbHbIEe CBOMICTBA JBYXYACTUIHOIO TAMUJIBTOHAAHA HA Pe-
mretke. Teop. Mar. @uznka, 2013, T. 177, No.3, cTp. 480-493.

OnucaHme cMeNIaHHBIX JIPOOHBIX MHTErpaJjioB Ajjamapa m tuna AgaMmapa oT
dyukIuii B BecoBbIX NpocTpaHcTBax Jlebera co cmenianHoit HOpMoii
! xmm6oes M.VY., 2 Vpanos III.

L Camaprandexuti dunvan Tawrenmcerozo yrueepcumema unbopMayuontoLs mesnoso2ut umen

Myzammada anrv-Xopasmui, Camaprand, Y3bexucman,
e-mail: m.yakhshiboev@gmail.com

2 Camaprandcruti furvan Tawuxenmcrozo yHueepcumema undopMayuontor mesrosro2uts Umen

Myzammada arv-Xopasmuii, Camaprand, Yabexucman,

UsBectHo, uTo apobHoe nunrerpoauddepennuposanne Pumana(1847)-JInysusi(1832) dop-
MaJIbHO SIBJISIETCST JIPOOHOM CTeleHbIo (%)a, —00 < @ < 0O U MHBAPUAHTHO OTHOCHTEIBHO CJBUTA
[1]. 2ZK.Amamap |2] npeiozxKun KOHCTPYKIHIO JPOOHOrO uHTErpoandGepeHInpoBaHsi, siBJISIOILY -
¢s1 IPOOHOM CTEmeHbIO (w%)a , —00 < a < 00 (1892) npuciocobIeHHYIO K HOJIyOCH ¥ MHBAPUAHTHY O
OTHOCHUTETHHO pacTsikenust. OgHoMepHOe 1pobHoe mHTerpoand depeHupoBanne AgamMapa u Tuma
A namapa nsyuenbl moorumu asropamu ([3]-[6]). Psix cBoiicrs apo6HOro marerpupoBanust 1mo Aja-
Mapy MOXKHO HajiTu B KHuTe [1].

PaccmoTpenue BejieTcst B paMKax IPOCTPAHCTB CO CMENTaHHONH HOPMOit

L s e dmm e e
o (B2 2) = 71 Sl = { [ (f1r@p a5 g £} < oo b,
0 0

dr  dx dx,

)

x 1 T
Cy (RY) = {f If; Csll =max |27 f (z)| < oo, lim 7 7f(z) = lim a7 f(x )},
zERY |z|—0 |z|—o0
Beesiem cMmernanHasi KOHEUHYIO pa3HOCTh MyHKIuU f BeKTOpHOro nopsiaka | = (I1,le ..., 1,),

Ik € N, ¢ My/IbTUITMKATUBHBIM BeKTOPHBIM Inarom ¢ € R :

(AL (2) = ARIAE . Al @) = 3 (D (4) £ (wot").

0<|k|<l

n
31ech ¢ o th = (xl . tlfl, Y tﬁ") , (2) = H (%), (2‘1) — OuHOMUAJIbHBIE KO3(MDDUIMEHTHI, k—

MYJIBTUUH/IEKC.
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Mg1 pacecmarpuBaeM 1pobHOe nHTerpoauddeperimposanne Anamapa u tTumna Agamapa QyHK-
[uif MHOTUX IIEPEMEHHBIX ITPOCTpaHcTBax Jlebera co cMmermanuoit HopMmoit. B nanHoit pabore mocBsi-
IeHa HUHTErpaJibHbIM IIPDEJCTAaBJICHUAM YCEYEHHbIX CMEIlaHHbIX )IpO6HI)IX IIPOU3BOIHBIX Mapmo—
Anamapa u turra Mapimo-A jamapa B BeCOBBIX IpocTpaHcTBax Jlebera co cMermannoit Hopmoit. lo-
Ka3aHHbIE TEOpEMbI OOpAIeHUs] U OIUCAHMS CMEIIaHHBIX JPOOHBIX MHTErpasioB Ajamapa U THIIA
Aamapa oT (DYHKIINH B BECOBBIX IPOCTPAHCTBAX Jlebera co cMermanHoi HOPMOI.

st byuknun ¢ (), 3amanH0ii Bo Bcem oktanTe R’ | mHTErpassl

o n Hi x; a1 dty dip
(TSP ( / / HF ;) ( > <lnti> ot
i=1
Bl (a6 d dty
J - 1 b e —
(J2 ) ( / / )L[ll“(ai) <tz> <nx1) t1 tn

HA30BeM CMeNIaHHBIMEU HHTerpajaMu npobuoro mopsiika « (a; > 0, ¢ = 1,n) tuna Anamapa (co-
OTBETCTBEHHO JIEBOCTOPOHHUMU U PABOCTOPOHHUMH ).

JI HKIMUHA X Ba,ZLaHHOﬁ B okTanTe R’ | BhIparkeHue
y ) ; BBIP

(D:I: +,1—p )($)—

e —1-a dt,  dt
In — L. %n
Hk L ae ak,lk 0/ 0/1;[<n ) ( i1f>( )t1 tn

HA30BEeM yCeYeHHOIl cMemaHHO#l JApoGHOIl mpuosBogHoil Mapiio-Agamapa mopsaka o =
(1. .,an), a; >0, i=1,n.

Teopema 1. IlycTs KOMIIOHEHTBI Y;, , P; BEKTOPOB 7, (v, P Y/IOBJIETBOPSIOT OJHOMY W3
YCJIOBUIA:

1) >0,a,>0,1<p; <0, i—l,...n,

2)7=0,0<a; <1, 1<p < a,izl,...n

Hnst roro, urobsl f (x) 6Gblaa HpejcTaBUMa CMENIAHHBIM JPOOHBIM HHTErpajioM Ajamapa
f(z)=(J$. 1¢) (z), tae ¢ € £55, HEOOXOMUMO U JOCTATOTHO, UTOGBL f € L3, rae

_ Db
Ty = pi
1—a;p;

B HeoOxomaumoit qactu n 1 < r; < 00, ¢ = 1,...n B JOCTATOYHON YAaCTH U ITOOBI II0 HOPME IPOCTPAH-
- __ — 15 (6%
cTBa L5575 CyIIeCTBOBAJ LPEIes © = %1_1}(1) D+n_+75f.

Teopema 2. Jlas moezo, umobo. (AZT f) (z) 6vLra npedcmasuma cmewarHvim OPOOHLM Uk~
meepasom Adamapa (Aif) () = Jﬁfhﬂgp, @ € Lpm, 20ey; > 0,1 >a >0, 1< p <

00, 0 <7 < 1,i=1,..,n neobxodumo u docmamouno, wmobv. , (Aif) () € &5 N >0,
1<r<oo, 0< <1, i=1,...,n u 4mobv. cywecmeosan npedea

= lm D51,

20e npeden GHIMUCAAECNCA NO HOPME NPOCTPAHCMEA L5 5.
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SECTION II. DIFFERENTIAL EQUATIONS AND
MATHEMATICAL PHYSICS

On solvability of a nonlocal boundary value problem by the parametrization
method
Abdikalikova G. A.
K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan,
e-mail: agalliya@mail.ru

The nonlocal boundary value problem for the system of partial differential equations

D[;x ] :A(a;,t)gZ—l—P( ,t)?:+5(x,t)u+f(x,t), ue R", (1)
B(m)%(z:,(])—i—C(:v)%(:n—l—T,T):d(x),z:e [0, w], (2)
u(t,t) =W (t),t €[0,T] (3)

is considered in Q = {(z,t) 1t <z <t+w,0<t<T}T >0,w > 0.

Here u(x,t) = col(ui(x,t),uz(x,t),...,un(x,t)) is unknown function; D = dt + kz Akamk
constant (n x n) matrix Ag; (n X n) are matrices A(x,t), P(x,t),S(z,t),n is vector-function
f(x,t), (n x n) are matrices B(z),C(x),n is vector-function d(x) and is function ¥(¢) continuous
on €, [0,w], [0, T] accordingly.

Let C(Q2, R™) be a space of functions u : Q — R” are continuous on Q with norm |[jullo =

t

max [|u(z,t)]; Al = max [Az,6)] = max max Y |aij(z,t)], [|d]ly = max [[d(z)]], [¥[]2 =
z,t)EQ z,t)eQ (z,t)eQi=1,n j=1 z€[0,w]

m W(t

Jmax (1))

In the present work are investigated a questions of well-posed solvability to wide extent of the
nonlocal boundary value problem (1) — (3).

One of the constructive methods for investigating problems for the differential equations is
the parameterization method [1|. Parameterization method developed for solving boundary value
problems of ordinary differential equations. Boundary value problems for systems of hyperbolic
equations with mixed derivative are investigated and solved by the method introduction of functional
parameters [2].

Used the work’s idea [1]-[3] introduce new unknown functions v(z,t) = (% Lz, t),w(z,t) =
%;‘ (z,t) and investigation problem is reduced to the equivalent problem for the system of hyperbolic
first-order equations with identical main part on Courant.

We reduce the nonlocal problem for a system of partial differential equations of the first order
with identical main part to a family of ordinary differential equations on the H = {(£,7) : 0 < ¢ <
w,0<7<THT>0,w>0:

&0 A€o+ P(E Tale,7) + S(ETaE ) + € 7), Te[0.T) (4)
B(&)1(€,0) + C(&)D(&,T) =d(£), €€ [0,w], (5)
E+1
i) —wr) + [ o, e, ©)
. &+ 95
(e, ) = W(r) + / P cmic, w1 (7)

By fixed (¢, 7) and w(&,7),& € [0,w] the problem (4) — (5) will be family of two points
problem for ordinary differential equations

ov

5, —AETI+GET), TE0T] (8)
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with condition (5).

Sufficient conditions are obtained for the unique and well-posed solvability of the problem in
the terms of invertibility of the matrix, and boundary condition.

In the work an algorithm is offered for finding a solution to the problem considered.

The existence of a solution in the wide sense according to Friedrichs is established.

Theorem. Let be boundary value problem (8),(5) for the differential equations of the well-
posed solvability. Then following approzimate (9®)(&,7),a®)(&,7),w*) (€, 7)) converges to the
unique solution of the problem (4) — (7) and nmonlocal boundary value problem (1) — (3) there is
well-posed solvability in the wide extent.

References

1. Dzhumabaev D.S. Criteria for the unique solvability of a linear boundary value problem for an ordinary
differential equation, U.S.S.R. Computational Mathematics and Mathematical Physics, Vol. 29, No 1,
1989, pp. 34-46.

2. Asanova A.T. and Dzhumabaev D.S. Well-posed solvability of nonlocal boundary value problems for
systems of hyperbolic equations, Differential Equations, Vol. 41, No 3, 2005, pp.352-363.

3. Abdikalikova G.A. On solvability of one the nonlocal boundary value problem, Mathematical journal,
Vol.5, No 3(17), 2005, pp.5-10.

Bound states of the 241 Fermionic Trimer with strong Contact Interactions
L2 Abdullaev J.I., 'Toshturdiev A.M.
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The existence of the bound states of the three particle systems has been studied in many works
[1-2]. Three particle quantum system in dimension three composed of two identical fermions (of mass
one and another particle of mass m) with two-body point interaction potentials was considered in
[1]. The existence of at least one eigenvalues of the three particle discrete Schrodinger operator
H,,(K), (u is arbitrary) for dimensions d = 1,2 is shown in [3].

In this work, we consider three quantum particles, two fermions with mass 1 and another
particle with mass m = 1/ > 0 with zero range pair potential © > 0 on one dimensional lattice
Z. The energy operator H u corresponding to the three-particle system is defined as a self-adjoint
operator in the Hilbert space £3°(Z3). It assume that the fermions interact with a particle of a
different nature. It is known that [4] the fermions do not have contact interaction.

In the momentum representation the total three-body Hamiltonian appears to be
decomposable [3],

H, = / GH,(K)dK.
T

The fiber Hamiltonian H,(K) (K) — pV depends parametrically on the total
quasimomentum K € T = R/(27Z). It is the sum of a free part Hyp(K') and an interaction term —uV,
both bounded and the dependence on K of the free part is continuous. Eigenfunctions of H,(K)
are interpreted as the bound states of the Hamiltonian H, and the corresponding eigenvalues, as
the bound state energy. The main results of this paper are given for sufficiently large values p > 0
the energy of the interaction of two particles (fermion and another particle), that is, for the case
when two-particle subsystems have bound states with negative energy.

Let T be a one dimensional torus, L3*(T®) C L(T®) be the Hilbert space of square-
integrable functions, defined on T and antisymmetric with respect to the first two coordinates.
In the momentum representation, the two-and three-particle Hamiltonians act accordingly in the
Hilbert spaces Lo(T?) and L§*(T?). The study of spectra of the operators H,, and h,, is reduced to
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the study of the spectra of families of the operators H,(K), K € T, and h,(k),k € T respectively
[4].
The corresponding three-particle Schrédinger operator
Hy(K) = Ho(K) — (V1 + V2)

acts in L$*(T?), where

(Ho(K)f)(p,q) = Ex(p, ) f(p,q), Ek(p,q) =e(p) +e(q) +7e(K —p—q), e(p)=1—cosp

and

V1f) (. q) /fp, s, (Vaf)(p.q) /fsq
Two-particle discrete Schrédinger operator
(a0 H)) = E0)SB) ~ 1 | F(5)ds
T
acts in Lo(T), where & (p) = e(p) + ve(k — p).

Theorem 1. For any v > 0, k € T and p > 0 the operator h,(k) has unique simple
etgenvalue

zu(k)zl—k’y—\/1+2’ycosk+’yz+,u2

below the essential spectrum.
The eigenvalue z,,(k) is defined as the zero of the Fredholm determinant

1 _eq H
R T et (R s

The essential spectrum of the operator H,(K) coincides [4] with the union of the
range of the functions A, x(p) = 2,(K — p) + €(p) and Ek(p,q). The intervals ImA, x =
[Arin (16, K)y Aoz (1, K)] and ImEk = [Epin(K), Epa:(K)] are called "two particle branch" and
"three particle branch" of the essential spectrum of the operator H,(K), respectively. The two-
particle branch of the essential spectrum H, (/) tends to move —oco as the parameter £ increases,
while the three-particle branch does not depend on pu.

Now we find an equivalent equation for the eigenfunctions of the three-particle operator
H,(K).

Let 2 < Apmin(p, K) and define a self-adjoint operator A, (K, z) as

P(s)ds
) = 2)V/AK = 5,2 —(s))

Au(K, 2 = —
(Au(K, 2))(p) \/A(K_pyz_g(p))/(EK (p,s

which is given in the subspace

D(A, (K, 2)) = {w € Lo(T / NG ‘is_ — - 0} .

Note, that for z < Apin(p, K) the function A(K — s,z —e(s)) is positive for all K, s € T.

Lemma 1. A number z < Apin(p, K) is an eigenvalue of the operator H,(K) iff 1 is
eigenvalue of A, (K, z).

For a strong interaction p, we obtain the heading part of the operator A, (K, z) by expanding

the function —————— into a series.
EK(pv S) -
—p (247 —2)72 / 247 —2z+cosp+cosq+ycos(K —p—q)| f(s)ds
T

AMK, 2 =
2D VA(K —p, 2 —e(p)) VAWK — 5,2 —£(s))
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The residual part of the operator A, (K, z) for the norm of the operator Aj, (K, z) the following
approximation is appropriate.

Cy
[ ALK, 2)|| < e (1)

Here C,, is a positive number that depends only on the parameter . The (1) inequality holds for
all K € T and z < Apyin(p, K).

Lemma 2. The number of eigenvalues of the operator H,(K) less than z is equal to the
number of eigenvalues of the operator A, (K, z) greater than 1.

According to Lemma 2, the study of eigenvalues of the operator H,(K) is reduced to the
problem of studying the eigenvalues of the operator A, (K, z) greater than 1. Therefore, we introduce
the projection operator @ onto the space La(T) in D(A,(K, z)). This operator is defined as follows

(Qp)(p) = w(p) — (¢, v0)wo(p)-

Let us introduce the following notation: AZ’Q(K ,2) 1= QAZ(K ,2)Q. Hence, we present next

results for eigenvalues the operator AZ’Q(K ,2).

Lemma 3. Lety > 1 and z < Apin(u, K). Then there exists po > 0 such that for any p > po
and K € T the operator AZ’Q(K, z) has two different eigenvalues. One of them is always greater
than 1 and other is negative.

According to Lemma 3, we can prove the following assertion for the operator H,,(K).

Theorem 2. Let v > 1. Then there exsist j19 > 0 such that, for any p > po and K € T the
operator H,(K) has a unique simle eigenvalue lying below the essential spectrum.
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Faddaev type operator for a system of three fermions
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In this work we consider Hamiltonian H,, for a system of three quantum particles, three
fermions with mass 1, with interacting neighboring knotes potentials u > 0 on a lattice Z. In the
momentum representation the total three-body Hamiltonian appears to be decomposable (see, e.g.

(1], [2])
H, = /T OH,(K)dK.

The fiber Hamiltonian H,(K) = Ho(K) — (Vi + Vo + V3) depends parametrically on the total
quasimomentum K € T. The corresponding three-particle Schrédinger operator

H,(K) = Hy(K) — p(Vi + Vo + V3)
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acts in Hilbert space

L3(T?) == {f € Lo(T*) : f(p,q) = —fla.p) = —f, K —p—q) = —f(K —p—q.q)},
where

(Ho(K)f)(p,q) = Ex(p,a)f(p,q), Ex(p,q) =e(p)+e(q) +e(K —p—q), e(p) =1—cosp,

(ViHa) =1 [ costa )5 (p.5)ds,

T

(Ve)p.0) = [ costp— 5)1(s.a)ds.

T

(V3f)(p,q) = 1/TCOS(p —35)f(s,p+q— s)ds.

=)

Two-particle Schrédinger operator hy(k) = ho(k) — pv corresponding two fermions acts in

L3(T) :={f € Lao(T) = f(=p) = —f(p)}
as follows [3]:

(1 (11)(@) = ex(@)f (@) = £ [ singsinsrs)as,

where ex(q) = (5 +q) +e(5 —q) =2 —2cos & cosq.
Theorem 1. Let > 1. Then for all £ € T the operator h, (k) has a unique simple eigenvalue

2 k

cos® 5

zu(k) =2—p— 2

lying to the left of essential spectrum.
Here z,(k) is zero of Fredholm determinant
.2
d
TR
TJT2—2—2c085C085

corresponding to the operator h, (k).
The essential spectrum of the operator H,(K) [1] coincides with the union range of functions
2u(K —p) +(p) and Ex(p,q).
The problem of studying the eigenvalues of the operator H,(K) is reduced to the problem of
finding the fixed points of the compact self-adjoint operator A(K, z).
The operator A(K, z) is compact, acts in the Hilbert space La(T) as follows:
B —2u / sin(% —3) sin(KQ_S —p)(s)ds
T/ B(K —pz— () Jr (Bic(prs) — 2)y/Bu(K — 5.2 —2(5))

Lemma 1. A number z < 7(u, K) = minper{2,(K — p) + €(p)} is an eigenvalue of the
operator H,(K) if and only if 1 is eigenvalue of A(K, z).

Lemma 2. The number of eigenvalues of the operator H,(K) less than z is equal to the
number of eigenvalues of the operator A(K, z) greater than 1.

When the total quasi-momentum K of the three-particle system takes on the value K = 7,
there are some invariant subspaces and symmetries with respect to the operator A, (K, z). We will
study some of them.

It is known that the Hilbert space Lo(T) can be represented as a direct sum

(A(K, 2)¢)(p)

Ly(T) = L5(T) @ L3(T),

where

L5(T) = {f € La(T) : f(—=p) = f(p)}-
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Lemma 3. The subspaces L§(T) and L§(T) are invariant under the operator A(w, 2).

We denote the restriction A(w, z) in the subspace L(T) by A°(mw,z), and the restriction in
the subspace L§(T) by A¢(w, z).

We study the restriction A°(mw, z) of the operator A(m,z) in the space L§(T). The operator
A°(m, z) acts in the Hilbert space L§(T) as follows:

A°(m, 2z = _#

(A°(m, 2)¢)(p) B —pz =)
/[(3—z—cosp—coss+cospcoss)[sin’2’sin§—sin?’gpsin%s]
T (Ex(p,5) = 2)(Er(=p,s) - 2)

sin psin s(cos %p cos 22 + cos B cos £) P(s)ds

(Eﬂ(p7 5) _Z)(Eﬂ(_pv 5) _Z) \/A#(’/F—S,Z—é‘(S)y

For sufficiently large u > 0, we can write the operator A°(m, z) as the sum of two operators.
One of them has three-range, and its eigenvalues can be found exactly. We call it the leading part
of the operator A°(r, z), and denote by A®) (7, 2). The norm of the second operator is estimated
by Cpu~'. We call this operator residual part of the operator A°(r, z) and denote by A©")(r,z) =
A%, z) — ALY (1 2).

The leading part A% (7, 2) of the operator A°(r, z) acts in the Hilbert space L3(T) as follows:

(3 — 2)2\/AHZT —p,z—¢e(p)) [H‘ [Sin; [(z - Z) s - lsm Bp} "

(AD (i, 2)9) (p) =

2 2 2
1 1 1 d
—i—sin% (S—z)sin?)p—sinp—i-singm]—i-sin%(sin?m—sin5p>] Y(s)ds .
2 2 27 2 2 \27" 2 T2 2 ) | A —pe )

Lemma 4. There exists pio such that for any g > uo the operator A (7, 7(p, 7)) has three
eigenvalues, two of them is negative and third eigenvalue is positive and greater than 1.

Theorem 2. There exists o such that for any p > g the operator H, () has at least one
eigenvalue below the essential spectrum.
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Ikki fermionli sistemaga mos diskret Schrodinger operatori xos giymatlari
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Biz kubik panjara Z? d > 1 da qisqa masofada o’zaro tortishuvchi potentsial yordamida
ta’sirlashuvchi ikkita bir xil fermionlar sistemasini qaraymiz.

Bu tezisning asosiy magsadi panjaradagi ikkita bir xil fermionlar sistemasiga mos diskret
Schrédinger operatorlari oilasi H,(k), k € T' 4 ning ¢ dispersion munosabat aynimagan minimumga
ega bo’lgan holda xos giymatlari mavjudligini ko’rsatishdan iborat.

Z% panjaradagi ikki zarrachali sistemalar hamiltonianlarining spektral xossalari keyingi
vaqtlarda intensiv o’rganilyapti([1-3|larga qarang).

Faraz qilaylik, Z? bilan d-o’lchamli panjara va T¢ = (R/27Z)? = (—m,7]? esa d-o’lchamli
tor bo’lib, £2°(Z%) va L?>°(T?) lar orqali kvadrati bilan jamlanuvchi va integrallanuvchi toq
funksiyalarning Hilbert fazolari belgilangan bo’lsin.

Panjarada gisqa masofada o’zaro ta’sirlashuvchi ikkita bir xil fermionli sistemaga mos ikki
zarrachali diskret Schrédinger operatorlari oilasi H,(k), k € T% koordinata tasvirda quyidagi

H,(k) = Ho(k) + uV,k € T p < 0

formula bilan aniglanadi.
Har bir k£ € T% uchun qo’zg’almagan operator Hy(k) quyidagicha aniqlanadi:

[Ho(k)gl(x) = Y &z —y)oly), ¢ € 2°(2%).

VA
Bunda
d
Ek(x) = [ei(g’m) + e_i(%’m)]e(x), (k,x) = Z kntn, ke T, x e 74
n=1

va ¢ € (1(Z%) juft funksiya , bu yerda ¢'(Z%)- Z? panjarada aniglangan absolut giymati bilan
jamlanuvchi kompleks qiymatli funksiyalar Hilbert fazosi.
Ta’sir operatori V — ko’paytirish operatori bo’lib, u

[Vel(z) = v(z)p(z), ¢ € 2°(27)

kabi aniqlanadi. Bunda v(-) funksiya Z¢ panjarada aniqlangan juft nomanfiy va cheksizlikda nolga
intiladi.
Impuls tasvirda qaralayotgan operatorlar oilasi H(k),k € T quyidagi ko'rinishga ega:

H,(k) = Ho(k) + pV,k € T p < 0.

Bunda Ho(k:) = FHy(k)F*, k € T? bo'lib, u chegaralangan &, funksiyaga ko’paytirish operatori,
ya’'ni

[Ho(k)¢l(q) = Er(q)¢(a), ¢ € L2°(T7),

ék(@)—é<l;_Q> +é<§+q>

va & funksiya T% da aniqlangan ikki marta uzluksiz differensiallanuvchi haqiqiy qiymatli funksiya
bo’lib, 0 € T? nuqtada aynimagan minimumga ega.

bunda
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Qo’zg’alish, ya’ni ta’sir operatori V o’rama tipidagi integral operator bo’lib quyidagi formula

VEl(p) = [FVF(p) = / o(p — )pla)n(da), ¢ € L2 (%),
T(i

orqali aniglanadi,

o)=Y éPu(z), p=(p1,.pa) € T
reZd

Bu holda Z? panjarada aniglangan v(-) funktsiya juft va nomanfiy bo’lib cheksizlikda nolga
intilganligi uchun qo’zg’alish operatori V' kompakt bo’ladi va shuning uchun Weyl teoremasiga
ko'ra H,,(k), k € T? operatorning oess(H,(k)) muhim spektri Ho(k) operatorning o(Hy(k)), k € T¢
spektri bilan ustma-ust tushadi. Ravshanki,

A~

UeSS(Hu(k)) = UeSS(Hu(k)) = [émin(k)aéma)c(k)]

bunda,

Emin(k) = min E(q), Emax(k) := max & (q).
qeT? qeT?

Min-max prinsipi va V' operatorning musbatligidan H,(k),k € T operatorning faqat muhim
spektr oess(H,(k)) ning chapida va faqat chekli karrali xos qiymatlarga ega bo’lishi kelib chiqadi.

Bog'liqlik o’zgarmasi ishorasi o’zgarganda, ya'ni u > 0 bo’lganda R¢ dagi uzliksiz Schrodinger
operatorlari kabi diskret Schrodinger operatorlari muhim spektrdan o’ngda yotuvchi xos qiymatlarga
ega bo’ladi

Eslatib o’tamizki, itarishuvchi zarrachalar sistemasi bo’lgan p > 0 bo’lganda natijalar biz
garayotgan holdagi kabi o’rganiladi.

Theorem. Faraz qilaylik d > 1 va e dispersion funksiya shartli manfiy aniqlangan hamda
2 = Emin(0), Hyu(0) operator muhim spektrining singulyar nugtasi, ya'ni H,,(0) > Emin(0)I tengsizlik
bajarilsin. U holda iztiyoriy k € T\0 uchun H,(k),k e T operator Enin(k) dan quyida zos qiymatga
ega.
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Two-Dimensional Lattice
IAliev N., "?Muminov Z.
L Tashkent State University of Economics, Islam Karimov street, 49, 100066, Tashkent, Uzbekistan
e-mail: nialiyev@mail.ru
2 Romanovskiy Institute of Mathematics, 100174, University street 4, Tashkent, Uzbekistan
e-mail: zimuminov@gmail.com

In [1,2] a system of three arbitrary particles on a one-dimensional lattice is considered and
it is showed that the discrete spectrum of the Schrodinger operator is infinite, if the masses of two
particles in a three-particle system are infinite.
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We consider Schrédinger operator corresponding to the Hamiltonian of a system of three
arbitrary particles on the two-dimensional lattice, where the particles interact pairwise via zero-
range indefinite-sign potential. We prove that the discrete spectrum of the Schrodinger operator is
infinite if the masses of two particles in a three-particle system are infinite.

The operator H(K), K € T? has form

H(K) = Ho(K) = V1 — Vo — V5.
Here, the operators Hy(K) and V,, are defined on the Hilbert space La((T?)?) by

(Ho(K)f)(p,q) = E(K;p,q)f(p,q), f € La((T?)?),

with
E(K;p,q) =e1(p) +e2(q) + e3(K —p —q).

and

(Vif) (o /fp, s () /fsq

(Vaf)(p.q) = / F(s,2+y—s)ds, f € Lao((T2)?).
The real-valued continuous function
1
ca(p) = ——e(p), e(p) =2 —cosp!) —cosp®, p=(p",p?) e T?,
(6%

is called the dispersion relation of the a-th normal mode associated with the free particle a (a0 =
1,2,3).
Under these conditions the operator H(K) is a bounded self-adjoint operator in its domain.
If we assume mj = 0o, mo = 00, m3 < o0, then

E(K;p,q) =e3(K —p—q), FEmn(K)= min e3(K —p—q)=0

p,q€T?
and 4
Enax(K) = pr{qlg%cg e3(K—p—q) = m—d
Set p A
Aa(z)zl—(;;)ngg(S;_Z, zE(C\{O,mJ, a=1,2.

The following assertion is proven by elementary methods.

Lemma 1. a) For all po > 0, a = 1,2 there exists a unique simple zero z = zq (o) of Aa(2)
in the interval (—00,0), i.e. Ay(2a(pa)) = 0.

b) For all puo, < 0, a = 1,2 there exists a unique simple zero z = zq(la) of Ao(z) in the
interval (— +00), i.e. Ag(2a(pta)) =0.

The followmg lemma describes the structure of the essential spectrum of the operator H(K).

Lemma 2.Assume mi = 00, mg = 00, mg < 0.

For the essential spectrum of the main operator H(K)

s = 0. | U (L) U Ceau)} U [ = ) )

Using the method of integral equations, we show that there exist an infinite set of distinct
eigenvalues and find the corresponding eigenfunctions.

Theorem 1.Let zyin, = inf{z1, 20} and let zmax = sup{z1, z2}.

(a) Let p11 > 0, g > 0.
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Then, there exist infinite sets of eigenvalues z, € (—00, zmin) and &, € (2max,0), n € Z2, of
H(K) such that

lim z, = zmin  and lim &, = zZpax-
n—oo n—oo

(b) Let p1 > 0,2 < 0. Then, there exist infinite sets of eigenvalues z, € (—00, Zmin) and
& € (Zmax, ), n € Z2, of H(K) such that

lim z, = zmin  and lim &, = Zpax-
n—oo n—oo

c) Let 1 < 0,us < 0. Then, there exist infinite sets of eigenvalues z, € i,zmin and
(c) Let p p 9 s
€1 € (Zmax, ), n € Z2, of H(K) such that

lim z, = zmin  and lim &, = Zmax.
n—oo n—oo
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Solve Integro-differential equations using Scilab
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How to solve following differential equation
Uit — Uttaw — Uttyy + T92Um + ﬁQUyy =0, (1)
where 9 is positive parameter. Equation (1) is defined in
Ult,z,y) € C(0) N CX(Q) 1 CEELO(Q) N GFO(9) @)

with following boundarian conditions

U(0,z,y) =U(B,2,y), 0<my<l, (3)

B
| vt mi=p@y), 0<ay<t (4)

0
U(t,0,y)=U (t,l,y) = U(t,z,0) =U (t,x,1) =0 (5)

where ¢ (x,y) - given a fairly smooth function and

e(0,y)=¢ly) = ¢@0)=¢(1)=0,in Q= {(tz,y)| 0<t<p, 0<z,y<i}
Citation for equation (1) boundarian conditions (3), (4) and (5) used in reference as [1]. For
developing of solution of equation (1) is used reference as [2].
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In this work, we are concerned with inversion for order in the subdiffusion equation with the
Riemann-Liouville time-fractional derivative.

Let H be a separable Hilbert space with the scalar product (-,-) and the norm || - || and
A : H — H be an arbitrary positive selfadjoint operator in H. Suppose that A has a complete
in H system of orthonormal eigenfunctions {v} and a countable set of nonnegative eigenvalues
Ak. It is convenient to assume that the eigenvalues do not decrease as their number increases, i.e.
O0< A <)Xg--

Using the definitions of a strong integral and a strong derivative, fractional analogues of
integrals and derivatives can be determined for vector-valued functions (or simply functions) h :
R4+ — H, while the well-known formulae and properties are preserved (see, for example, [1]). Recall
that the fractional integration of order p < 0 of the function h(t) defined on [0, c0) has the form

t

0
Oy h(t / p+1 t>0,
0

provided the right-hand side exists. Here I'(p) is Euler’s gamma function. Using this definition one
can define the Riemann - Liouville fractional derivative of order p, 0 < p < 1, as

Ph(t) = %af—lh(t).

Problem: Let p € (0,1] be a fired number and let C((a,b); H) stand for a set of continuous
functions u(t) of t € (a,b) with values in H. Consider the Cauchy type problem:

{ Hu(t) + Au(t) =0, 0<t<T;

_ 1)
1. p—1 _ (
tg% 875 U(t) ©s
where ¢ is a given vector in H. If p = 1, then the initial condition has the form u(0) = ¢. This

problem is called the forward problem.

Definition.1. A function u(t) with the properties Ofu(t), Au(t) € C((0,T]; H) and satisfying
conditions (1) is called the solution of the forward problem (1).
Let us denote by E, ,(t) the Mittag-Leffler function of the form

> o
= T(pk + 1)

We first prove the existence and uniqueness of a solution of problem (1).

Theorem.1. For any ¢ € H problem (1) has a unique solution and this solution has the
form

t) =Y 7 By p(—Mit?) (0, vk v (2)
=1

Obviously solution (2) depends on p € (0,1]. Now let us consider the order of fractional
derivative p as an unknown parameter and consider an inverse problem: can we identify uniquely
this parameter p, if we have as an additional information the norm

W (to, p) = [[u(to)||* = do (3)



164 SECTION II. DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS

at a fixed time instant tg > 07

Problem (1) together with extra condition (3) is called the inverse problem.

To solve this inverse problem we fix a number py € (0,1) and consider the problem for
p € [po, 1.

Definition.2. A pair {u(t), p} of the solution u(t) to the forward problem and a parameter
p € [po, 1], satisfying the additional condition (3) is called the solution of the inverse problem.

Lemma Given pg from interval 0 < pg < 1, there exists a number Ty = To(po, A1), such that
for all tg > Ty and for arbitrary ¢ € H function W (to, p) decreases monotonically with respect to
p € [po,1].

The main result of the paper is the following:

Theorem.2. Let ¢ € H and tg > Ty. Then the inverse problem has a unique solution
{u(t), p} if and only if
W (to, 1) < do < W(to, po)-
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On the interval [0, 7] consider system of linear integro-differential equations

T
d
dit: =A(t)x + /K(t,s)x(s)ds + f(t), x€R", (1)
0
Bz(0)+ Cx(T)=d, deR", (2)
where z(t) = colon(z1(t), x2(t),...,x,(t)) is unknown vector function; the (n x n) matrix A(t)

and n vector function f(t) are continuous on [0,77]; the (n x n) matrix K(¢,s) is continuous on
[0,7] x [0,T7]; the B, C are constant (n x n) matrices.

Integro-differential equations often arise in applications being the mathematical models of
processes in physics, biology, chemistry, economy, etc. In the monograph [1], their role in the study
of hereditary processes is discussed, and a survey of the earlier works on the initial and boundary
value problems for the Volterra and Fredholm integro-differential equations is presented.

The solution of problem (1), (2) is defined as a function z(t) € C([0,T],R™) continuously
differentiable on (0,7") and satisfying the integro-differential equation (1) and the boundary
condition (2).

In the present communication we discuss the results of prof. D.S. Dzhumabaev with respect
to new approach for solving problem (1), (2).

In [2], a method for solving problem (1), (2) was proposed that is based on a partition of the
interval [0, 7] and the introduction of parameters — is the parametrization method [3|. Necessary and
sufficient conditions for solvability, including the unique solvability of problem (1), (2) were obtained
in terms of a matrix Q. «(h) constructed from the fundamental matrix of the differential part of
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system (1), the matrices in boundary conditions (2), and the resolvent of an auxiliary Fredholm
integral equation of the second kind.

General solution is one of the basic tools to investigate and solve problems for differential and
integro-differential equations. It allows to derive and analyze properties of solutions to the equations
considered.

Denote by Ay the partition of [0,7] into N parts: tg =0<t; < ... <ty =T.

In the paper [4] was introduced a new concept of general solution and created on its basis the
constructive methods for solving the boundary value problems for equation (1). This new general
solution is called the Ay general solution to linear Fredholm integro-differential equations.

A definition of Ay general solution to integro-differential equation (1) is introduced based
on the solution to special Cauchy problem with parameters. The property of Ay general solution
allows him to reduce the solvability of linear Fredholm integro-differential equations and boundary
value problems for them to the solvability of corresponding system of algebraic equations.

The conditions for existence of classical general solution and solvability criteria for the
equation are provided. Necessary and sufficient conditions for solvability of linear boundary value
problems are established. Algorithms for construction of the Ay general solutions are obtained.
This paper also was proposed approximate and numerical methods to solve the boundary value
problems.

References

1. Ya.V. Bykov. On Some Problems in the Theory of Integro-Differential Equations, Kirgiz. Gos. Univ,
Frunze, 1957 (in Russian).

2. D.S. Dzhumabaev. A method for solving the linear boundary value problem for an integro-differential
equation, Computational Mathematics and Mathematical Physics,50(7),2010, 1150-1161.

3. D.S. Dzhumabayev. Criteria for the unique solvability of a linear boundary-value problem for an
ordinary differential equation, U.S.S.R. Computational Mathematics and Mathematical Physics, 29(1),
1989, 34-46.

4. D.S. Dzhumabaev. New general solutions to linear Fredholm integro-differential equations and their
applications on solving the BVPs, Journal of Computational and Applied Mathematics, 327(1), 2018,
79-108.

New solitary and periodic wave solutions of the loaded nonlinear three
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Nonlinear evolution equations(NLEE) appear in various fields of science and technology, such
as fluid mechanics, plasma physics, optical fibers, biophysics, electricity, wave propagation in shallow
water, high energy physics, biology, solid state physics, etc. One of the most important NPDE is
the Zakharov-Kuznetsov(ZK) equation.

The ZK equation is a very attractive model equation for the study of vortices in geophysical
flows. This equation appears in many areas of physics, applied mathematics and engineering. In
particular, it shows up in the area of plasma physics [1, 2, 3]. The ZK equation governs the behavior
of weakly nonlinear ion-acoustic waves in a plasma comprised of cold [4, 5, 6]. In 1974, Zakharov and
Kuznetsov formulated model equation for model the propagation of weakly nonlinear ion-acoustic
waves in plasma, which includes cold ions and hot-isothermal electrons in a medium with a uniform
magnetic field amplitude [7, 8|.
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The nonlinear modified ZK equation,
U + U2Um + Upzz + Uzyy = 0,

represents an anisotropic two-dimensional generalization of the Korteweg—de Vries equation and
can be derived in a magnetized plasma for small amplitude Alfven waves at a critical angle to the
undisturbed magnetic field, and has been studied by many authors because of its importance.

It should be noted that many methods have been developed to find solitary waves and periodic
waves solutions of modified nonlinear ZK equation by several authors [9, 10, 11].

In recent years, in connection with intensive research of problems optimal management of
the agroecosystem, for example, the problem of long-term forecasting and regulation of the level of
groundwater and soil moisture, there has been a significant increase in interest in loaded equations.
Among the works devoted to loaded equations, one should especially note the works of A. Kneser
[12], L. Lichtenstein [13], A. M. Nakhushev [14], and others. A complete explanation of solutions of
the nonlinear loaded PDEs and their uses can be found in papers [15, 16, 17].

In this paper, we consider the following the loaded nonlinear three dimensional modified ZK
equation with variable coefficients

up + vy + Ugps + Uzyy + Uzzz + 7(t)u(0,0,t)u, =0,

where u(z,y, z,t) is an unknown function, z € R, y € R, z € R, t > 0, y(t) - is the given real
continuous function.

We construct exact travelling wave solutions of the loaded nonlinear three dimensional
modified ZK equation, that is the exact solutions of these equations including solitary and periodic
wave solutions are obtained by (G'/G) expansion method when these equations contains variable
coeflicients. All solutions of this equation has been examined and three dimensional graphics of
the obtained solutions have been drawn by using the Matlab software. The main advantage of the
proposed functional variable method over other methods is that it provides more new exact traveling
wave solutions along with additional free parameters.

After visualizing the graphs of the soliton and the periodic wave solutions by using distinct
values of random parameter are demonstrated to better understand their physical features. The
amplitude and velocities are controlled by parameters of various kind. These characteristics of
the solutions are favorable for investigating certain nonlinear phenomena arising in physics, applied
mathematics, and engineering. In particular, the soliton is a self-reinforcing wave packet maintaining
its shape while propagating at a constant velocity. In the concept of mathematical physics, a soliton
wave is defined as a set of self-reinforcing waves that retain their shape. It propagates at a constant
amplitude and speed. The existence of periodic travelling waves usually depends on the parameter
values in a mathematical equation. If there is a periodic travelling wave solution, then there is
typically a family of such solutions, with different wave speeds. We conclude that the exact solutions
of the loaded nonlinear three dimensional modified ZK equation have its great importance to reveal
the internal mechanism of the physical phenomena.
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In 1993, the Camassa-Holm (CH) equation was derived by Camassa and Holm in [1|, which
is for shallow water waves due to the integrable bi-Hamiltonian structure. Also, various forms of
the CH equation have already been discussed in references [2],[3],[4]. Irshad et al. [5] in 2012, have
firstly studied the simplified modified Camassa-Holm (SMCH) equation

U + 200Uy — Uyt + Buluy = 0, (1)
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where f > 0, @« € R and u(z,t) represents the fluid velocity in the = - direction. Irshad et al.
[5] explored the exact travelling wave solutions of the SMCH equation using exp-function method.
Najafi et al. [6] investigated the exact solutions of the SMCH equation by using He’s semi-inverse
method. Recently, the soliton solutions of the SMCH equation have explored with the help of using
the generalized G’ /G - expansion method by Alam and Akbar |7]. Ali et al. [8] have discovered the
soliton solutions of the SMCH equation using the exp(—¢ (£)) - expansion method. More recently,
Lu et al. [9] have constructed solitary wave solutions of the SMCH equation by using the modified
extended auxiliary equation method.
In this paper, we consider the following loaded SMCH equation

U + 20y — Uggr + Buug + (1) 1 (0,1) up = 0, (2)

where u(x,t) is an unknown function, x € R,t > 0,a € R and 8 > 0 are any constants, v (t) - is
the given real continuous function.

We construct exact travelling wave solutions of (2), that is the exact solutions of these
equations including solitary wave solutions and periodic wave solutions are obtained by the
functional variable method when these equations contains variable coefficients. All solutions of
the loaded SMCH equation have been examined and three dimensional graphics of the obtained
solutions have been drawn by using the Matlab software. The main advantage of the proposed
functional variable method over other methods is that it provides more new exact traveling wave
solutions along with additional free parameters when the equation contains variable coefficients.

We have shown that this method can provide a useful way to efficiently find the exact
structures of solutions to a variety of non-linear wave equations. After visualizing the graphs of the
soliton solutions and the periodic wave solutions, the use of distinct values of random parameters is
demonstrated to better understand their physical features. It is known that the parameters included
in the solutions have a deep connection with the amplitudes and velocities. When revealing the
internal mechanism of physical phenomena, it will be necessary to find an exact solution to the
problem. With this in mind, we have found some exact solutions, which is important in studying
the physical phenomena of the problems under consideration.
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Nonlinear evolution equations are widely used as models to describe complex physical
phenomena in various fields of sciences, especially in fluid mechanics, solid-state physics, plasma
physics and biology. In [1], D.J. Kaup proved that the nonlinear system of equations

{ Nr = q>:1::p + B2q>:r:p:m: — & ((I)l‘n)w

n=,+ L 2, (1)

is completely integrable. This system was first derived by Boussinesq in the theory of wave
propagation in shallow water [2] and therefore it is called the Kaup-Boussinesq system. One of
the basic physical problems for this model is to obtain their soliton solutions. In [3|, multisoliton
solutions were found, and the asymptotic behavior of these solutions was investigated. In papers [4,
5|, real finite-zone regular solutions of the Kaup-Boussinesq system are studied. In [6], the Kaup
system with self-consistent sources is studied by means of the inverse problem for the quadratic
pencil of Sturm-Liouville equations.

In recent years, in connection with intensive research of problems optimal management of
the agroecosystem, for example, the problem of long-term forecasting and regulation of the level of
groundwater and soil moisture, there has been a significant increase in interest in loaded equations.
Among the works devoted to loaded equations, one should especially note the works of A. Kneser
[7], L. Lichtenstein [8], A. M. Nakhushev [9], and others. It is known that the loaded differential
equations contain some of the traces of an unknown function.

In this work, we consider the following loaded Kaup-Boussinesq type system

{ Ut — Vagr — OUUzzz — 18UpULe + 6V, + 24vun, + 6v,u? = p(t)v(0,)u(0, t)v,, @)

Up — Uggy + 60U + 6vu + 30uzu? = p(t)v(0, t)u(0, t)u,,
under initial condition
(2, t)li—g = v0(2), w(@,t)]—g = uo(z), = €R, (3)
where p(t) are given arbitrary continuous function and the functions vg(x), ug(z) satisfy the
following conditions:

(i) up(x) is absolutely continuous on each finite segment [a, 3] C (—00, 00) and the inequalities

hold - -
/ o (&) dax < o, / 1+ a0 ()] + () Jdz < oo

—00

(ii) the operator generated by the differential expression
2
da?

has exactly 2N simple eigenvalues k1(0), k2(0),, ..., kan (0).

T(0, k) := + wvo(x) + 2kug(z) — k?

The main aim of this work is to derive representations for the solutions v(x,t) and wu(x,t)
of the Cauchy problem (2)—(3) within the inverse scattering method for the quadratic pencil of
Sturm-Liouville operators:

T(t, k)y = —y" +v(x, t)y + 2ku(z, t)y — K>y =0, z €R.
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On the finite complex Toda chain with a self-consistent source
IBabajanov B., 2Ruzmetov M.
LUrgench State University, Urgench, Uzbekistan
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2 Urgench State University, Urgench, Uzbekistan
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The finite Toda lattice is a nonlinear Hamiltonian system which describes the motion of N
particles moving in a straight line, with "exponential interactions"|1]. A huge number of papers has
been devoted to the investigation of the Toda lattices and their various generalizations, from which
we indicate here only [2, 3]. With regard to their applications we refer to works [4, 5].

We consider the following system of equations

. N i\2 i 2
in = an(bn = i) Fan 3 ((68)° = (9hs0)”).

. N o . )
bn, = 2(‘%21—1 - a%) -2 ZIQ;L(%QZH - an—lgfz—l)a

1=
an_lgfb_l + bngﬁ + angfbﬂ = )\kgffb, k=1,.,N, n=0,1,.... N —1

with the boundary conditions
a-1 =4aN—-1 = 0. (2)

The system (1), (2) is considered subject to the initial conditions

an(0) =al, b,(0) =00, n=0,1,...,N -1, (3)

where ao, b0 are given complex numbers such that ¢® 20 (n=0,1,.... N — 2 , al, . =0.
n> In g P n ydyeeny N—1

The main aim of this work is to derive representations for the solutions of the finite complex
Toda lattice (1) with a self-consistent source by means of the inverse spectral problem for the
complex Jacobi matrices (However, if the matrix Jacobi is complex, then its eigenvalues may be
nonreal and multiple). We show that the finite Toda lattice with a self-consistent source with
complex-valued initial data can be integrated by the method of inverse spectral problem.
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For this goal spectral data of the complex Jacobi matrices are introduced and the inverse
spectral problem with the help of the spectral data is solved. The time evolution of the spectral
data for the Jacobi matrix associated with the solution of the Toda lattice is computed. Using
the solution of the inverse spectral problem with respect to the time-dependent spectral data, we
reconstruct the time-dependent Jacobi matrix and hence we obtain the desired solution of the finite
complex Toda lattice with self-consistent source.
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Conditions on existence of resonances in Hamiltonian system
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Resonances play an essential role in vibrational systems. Their presence, on the one hand,
leads to complex dynamics, when the energy of vibrations is “pumped” between several degrees
of freedom, whose corresponding frequencies are in resonance. On the other hand, the presence
of nontrivial solutions of the resonance equation allows writing additional formal first integrals
and, as a consequence, allows analyzing the stability of the equilibrium position or to integrate
asymptotically the system of equations of motion reduced to the normal form.

Consider an analytic Hamiltonian system with n degrees of freedom, near its equilibrium at
the origin x = y = 0. The Hamilton function H(x,y) expands into a convergent power series

H(x,y) =) HpqxPy? (1)

with constant coefficients Hpq, where p,q > 0, |p| + |q| > 2, and |p| = |p1| + - - - + [pnl-

Linear approximation of the Hamiltonian phase flow is provided by system z = Bz with
matrix B = J Hess H|x—y—g, where z = (x,y) and Hess H is the Hessian of function (1).

The eigenvalues of matrix B can be reordered is a such way that A\j1, = —=A;, j =1,...,n.
Denote by vector A = (A1,..., A,) the set of basic eigenvalues of the linear system with Hamiltonian
H,. In the Hamiltonian case the characteristic polynomial is written in the form

Flp) = p" +arp" ™ +app" 7 4 anoap + ap (2)

where 1 = \2.

According to Theorem 12 in [1] in the case of semi-simple eigenvalues of quadratic form Ho
there exists a canonical formal transformation that reduces the Hamiltonian system to its normal
form 0= 0h/0v, v = —0h/Ou, given by the normalized Hamiltonian h(u,v)

h(u,v) = Z Ajujvj + Z hpquPva (3)
j=1
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containing only the resonant terms hpquPv9 satisfying the resonant equation
(Pp—q,A) =0. (4)

n
Here (p,A) = )~ pj]; is the scalar product.
j=1

The resonant equation (4) has two kinds of solutions, which correspond to two kinds of

resonant terms in the normal form (3):

1. Secular terms of the form hppuPvP, which are always present in the Hamiltonian normal form
because of the special structure of the matrix B of the linearized system.

2. Strictly resonant terms, which correspond to nontrivial integer solutions of the equation
(p,A) =0. (5)

Following [2, Ch. I, § 3] we define resonance multiplicity € as the number of linearly
independent solutions p € Z" to the equation (5), and the resonance order ¢ = min |p| by p € Z",
p # 0,(p,A) = 0. If the solution to the equation (5) contains only two eigenvalues, then such
resonance is called a two-frequency resonance, if more than two, then it is called a multifrequency
resonance.

Problem. Obtain conditions on the coefficients aj, j = 1,...,n, of the polynomial (3) of

degrees n = 3 and n = 4, under which the multifrequency resonance of multiplicity 1 of order 3 or
order 4 takes place.

General description of procedure for getting condition on existence of multifrequency
resonance is the following:

1. For certain vector p* € Z", satisfying the resonant equation (5), polynomial ideal
\-7: {<p7A>7A3 _/’L]7j - 17"'7“}
is considered.

2. A Grobner basic G with elimination order of variables A;, uj, j = 1,...,n, is computed. The
first polynomial of G is a quasi homogeneous polynomial in roots pj, j = 1,...,n of (2). It
defines the condition on existence of the certain resonance.

3. To obtain the corresponding resonant condition in coefficients a;, j = 1,--- ,n, of f a Grébner
basis F with with elimination order of variables p; and a;, j = 1,...,n, should be computed.

The conditions on the coefficients of (2) for two-frequency resonances are effectively formulated
in terms of g-discriminants [3].

Results

1. For Hamiltonian system with 3 DOF the resonance of multiplicity 1 and order 3 for p* =
(1,1,1) takes place iff
a? —4ay = 0,

the resonance of multiplicity 1 and order 4 p* = (2,1, 1) takes place iff
16 a$ — 264 afas + 36 ataz + 1425 a?a3 — 630 ajasas — 2500 a3 + 9261 a3 = 0.
This variety allows polynomial parametrization as follows:

a1 = 2v (37t — 35) ,as = (456337t> — 7666t + 721) v?, a3 = 36 (71t + 2) (5 — 249t)* v°.



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 173

*

2. For Hamiltonian system with 4 DOF the resonance of multiplicity 1 and order 3 for p* =
(1,1,1,0) takes place iff

—4alaz + a%a% + 4a‘1La4 + 34 a?agag — 8a%a% —-30 a%a2a4 — 27 a%a% — 72 ala%ag—i—

+16a§ — 54 ajazay + 72 a%a4 + 108 a2a§ + 81 %21 =0.
The resonance of multiplicity 1 and order 4 for p* = (1,1, 1, 1) takes place iff
af — 8alay +16a3 — 64a4 = 0.

Condition on existence of resonance of multiplicity 1 and order 4 for p* = (2,1, 1,0) is also
obtained, but the resulting polynomial turns out to be very cumbersome (it contains 153
monomials) and is not given here.
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Function reconstruction from integral data on broken lines with a fixed angle of
opening
Begmatov A.H.
Siberian State University of Geosystems and Technologies, Novosibirsk, Russia
e-mail: akbar begmatov@mail.ru

Problem of function recovering from its integrals over plane broken lines from given family
is considered. This is a new statement of integral geometry problem on the plane [1|. The broken
line of the family is based on OX axis and forms fixed angles with this axis, the interior of the
broken line forms a triangle. Such a problem in integral geometry is the problem of solving a special
integral equation of the first kind [2].

Uniqueness and existence of the solution of the problem are proved, and analytic
representation of the solution in the class of smooth finite functions is obtained. Stability estimates
for the solution in Sobolev spaces are obtained. It is shown that these estimates are not uniform
across angles. The uniqueness theorem and stability estimates for the problem with perturbation
are also obtained. Similar problems were considered in the papers of the author (see, for example,
13.41).

References

1. Begmatov Akbar Kh. The uniqueness of a solution to a Volterra-type integral problem in the plane,
Doklady Mathematics, Vol. 80, No. 1, 2009, 528-530.

2. Begmatov A.H. Inversion of X-ray transforms with incomplete data in n-dimensional space, 11th
International Forum on Strategic Technology, IFOST 2016, Conference proceedings, Vol. 3, 99-101.

3. Begmatov A.H., Pirimbetov A.Q., Seidullaev A.K. Reconstruction stability in some problems of X-ray
and seismic tomography, 7th International Forum on Strategic Technology, IFOST 2012, Conference
proceedings, Vol. II, 261-266.

4. Begmatov A.H., Djaikov G.M. Numerical recovery of function in a strip from given integral data
on linear manifolds, 11th International Forum on Strategic Technology, IFOST 2016, Conference
proceedings, Vol. 2, 478-482.



174 SECTION II. DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS

The number of eigenvalues of the model operator associated to a system of two

particles on a lattice
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Let T2 = (—m, n]? and Ly(T?) be the Hilbert space of square integrable functions on T2.

We consider the model operator hy(k), k € T? u = (uo, p1, 2) € Ri’_ associated to the
Hamiltonian of a system of two arbitrary quantum particles on a two-dimensional lattice Z2
interacting with the pair short-range attraction potential, acting in Ly (T?) as

hu(k) = ho(k) — v,

where hg(k) is the multiplication operator by the function

2
1 1 1 2
Ex(p) = Z (— + — — a(k;) cos 2pi>, a(k;) = \/2 + cos 2k; + —,

mi  mimsz ms

m; > 0 is the mass of the i-th particle, i = 1,2 and v, is the integral operator

d
VD)) = [ (o> coslpa = s0) + aacos(n = 1) coslpa — 5)) F(5)ds, £ € La(T?).

T2 a=1

According to the Weyl’s theorem on the stability of the essential spectrum [1] the essential
spectrum oess(hy(k)) of the operator h,(k) remains unchanged under a compact perturbation v,
and coincides with the spectrum of the unperturbed operator ho(k):

Tess(hu(k)) = o (ho(k)) = [m(k), M (k)],

where m(k) = min & (p), M (k) = max E(p).
pET? pEeT?

If v, > 0, then
(hu(k)f, ) < (ho(k)f, ) < M(K)(S, ), [ € La(T).
Therefore, the operator h, (k) has no eigenvalues lying to the right of the essential spectrum. Hence
o (hu(k)) 0 (M(k), 0) = &.
Let the functions ¢; be defined as

i1(p) = pi(p1) - i(p2)  {ei(p1), pi(p2)} € {1, cospi, cos pa,sinpy,sinps}. (1)

These functions consist of 9 orthogonal system {y;}. The operator v, can be expressed via the
functions {¢;()}, defined in (1), in the form

9
(Vuf)(p) = po(V1f)(p +u12 @)@) +n2 ) (Wf)),  f)®) = (e1, aulp), 1=T.79.
1=6

Below, we describe the conditions for the existence of eigenvalues of h, (k).
We introduce the following subspaces H;, [ = 1,9, of Ly(T?) as

ee
Hl - 7-[0()7 HQ == 7r07 H3 7r07 H4 HOﬂv
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Hs = How, He = Hioy Hr = Hio, Hs = Hyy, Ho = Hoo,

where o, e, 0 and 7 denote even, odd, m-even and 7-odd notions of variable, respectively. For
example 52 denotes a space of functions f(p) which is even with respect to each variable p;, odd
with respect to po, and m-even with respect to p1, and m-odd with respect to each variable ps.
Remark that the space H;, | = 1,9 is invariant under the operator h, (k). We denote by
hy,1(k), i = 0,1,2 the restriction of hl‘(k)‘?{l of hy (k) to H,.
Note that ¢; € H;, I =1,9. Therefore, the operator hy, ;(k), i € {0,1,2}, 1 =1,9 acts in H;
as

;1 (k) = ho(k) — pi(vif)(p)-
Then we have
o(hu(k)) = o (hy,a(k)).
Next, we study the operator hy,, ;(k), i € {0,1,2}, 1 =1,9 at k = 0.

There exist (finite or infinite) limits:

lim §(z), 1=1,9,

z,0
where 2(4)
7 (s)ds — mi 4+ mo
= ) eH;, =19, e C\[0,4——=|. 2
fl(z) 50(8) — 2 l z \[ mims ( )
T2
Remark that the integral (2) converges as z =0 at [ = 3,5,7,8,9.
We set

(l):limi [=3,5, and (r):limi
/’L]_ Z/(O 5[(2)7 g /’LQ Z/O 51(2)7

It is easy to show that the following relations

0 = 0, D = >

r=17,8,9.

hold.
We define the functions
0, if e (0(,)uf~l)), 1(0) =0,
1, it =Y, 0) =0,
au(s) = = 1(0)
17 if Wi € (IU’Z 700)7 SOI(O) = 07
]-a if u; € (0700)7 SDI(O) # 0’

foralll =1,2,...,3%
Theorem 1. The following statements are true:
1. For all p; € Ry the operator hy, ;(0), I = 1,9 has oqy(p;) an eigenvalue lying to the left of
the essential spectrum.
2. Let u; = ,ul(l)
the operator hy, ;(0).
Theorem 2. For all yu € RY the operator h,(0) has

and ¢1(0) =0, 1 € {1,2,...,9}, then the number z = 0 is an eigenvalue of

9

4 < Z ar(p)<9
=1

eigenvalues (counting multiplicities) lying to the left of the essential spectrum.
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Bifurcation Study of 3rd Predator Prey Model with Saturation Affect in the
Predator Population
Buriev T. E.
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The presented work is prolongation of a series of researches dedicated qualitatively numerical
research of models of dynamics of three populations interacting by a principle predator prey. One of
the first models of dynamics of a system the predator prey is the classic model of a Lotka-Volterra,
which is the described by means of bilinear system of ordinary differential equations of a type:

n
T; = a;x; + x; Zbijxj (Z =1, n) , (1)
j=1

subsequently offered and studied the numerous models being modification j model (1). The analysis
of existing models and research of a series of models being modification of a system (1) taking
into account different inter population and intra population effects was observed in the book A. D.
Bazikin [1]. The purpose of the present work is to study model of dynamics of three populations
interacting by a principle a predator prey with the additional count of effects of an intraspecific
competition and saturation in predator populations System two predators one prey taking into
account above indicated effects in model leads to (1) a system:

B = arz a12T1T2 a1371X3 o1z
1 — G141 — - — 1
14+bix1 14 baxy ’
. a1T1x2 2
Ty = —agx2 + m — C2X9, (2)
141
. a31T1T3 2
T3 = —asxrs + m — 373,
241

where x1, x2, x3- number (density) of populations of prey and predator accordingly, a; coefficient
of natural growth of prey populations, as and ag coefficients of natural death rate of predator
population, a1, as and ag coefficients taking into account an intraspecific competition in populations,
a;; coefficients of interpopulation interaction, by, bo- coefficients, taking into account effect of a
saturation of predators, at abundance of prey populations. Passing to dimensionless variables we
shall receive a system of a type:

T =y1x — v _* — ex?
- l+az 14 aszx ’
. )
§ ==yt py?, (3)
. Tz
z = —’}/32+ m - 622.

The system depends on seven parameters. For simplification of presentation let‘s assume at
first 4 =% =793 =1, € =0 and a3 = as= « also we shall carry out. Now we will observe
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qualitative research of a system (3). The equilibrium points of a system (3) are determined from a
system of non-linear algebraic equations of a type

z(l+ar—y—2)=0,

y(-l—azx+z—py(l+ax)) =0, (4)
z(-l—ax+z—-96z (1+ax))=0.

The system has a trivial solution z = y = z = 0 find therefore a beginning of coordinates
O (0, 0, 0) equilibrium point. The origin, apparently is three-dimensional saddle-node type with a
leaving direction conterminous to an abscissa axis, and with incoming directions conterminous to
remaining coordinate axis. Further we study the second part of an algebraic system (4):

l+ar—y—2=0,

(—-1+(1—a)x—py(l1+ax)) =0,
(-14+ (1 —a)z -0z (1+ax)) =0.

Now we consider model (1) under periodic environmental fluctuations. The environmental
fluctuations can be determined by various factors, e.g. by seasonal or diurnal environmental
variations of the medium, seasonal multiplications of populations, catching, harvesting from species,
etc. Assumed that the systems is operative in a time stationary environment, which is possible if the
characteristic times of exogenous fluctuations are much longer than the natural characteristic times
of the system itself. It is generally conceded that environmental fluctuations can be neglected if
their amplitude is small compared with some natural amplitude of the system itself. However, even
very small fluctuations may lead to important effects if the system is in the vicinity of the boundary
of critical regimes of dynamical behavior. Thus in model all parameters can be periodic functions
of time, but in our case such parameter are only y; while the remaining parameters are constant.
So yj (t) is periodic function with respect to ¢ with a period 27/w in form a = a + 8 cos (wt).
Numerical investigation has been made for the system we have obtained estimates of the region on
the plane of parameters («, u) of the system (2) in the neighborhood of the curves P corresponding
to the loop of the saddle separatrixes of the system which correspond to the existence of stochastic
regimes of behaviors.

The numeral calculations and analysis of characteristic equation of a system and research of
behavior of a bifurcation line S are conducted through the program MATHEMATICA. Study of
bifurcations of equilibrium points of a system and three dimensional limit cycles were conducted with
the help of the program LOCBIF. A numerical integration of a system and drawing of trajectories
are conducted with the help of the program TRAX.
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Investigation the direct problem for integro -differential fractional diffusion
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Consider the problem of determining of function u(z,t), from the following equations with
fractional derivative in time ¢ :

Ofu — Ugy + a(x)u = /0 k(t — T)u(z,7)dr, (x,t) € Dp,a € (0,1), (1)
uli=o = p(x), = €0, (2)
u|x:0 - ,ul(t)v u|x:l = M?(t)7 90(0) =M (0)7 So(l) = ,u2(0)a te [OvT]a (3)

with the Caputo time fractional derivative 95 of order 0 < v < 1, defined by

t
Ofult) = o (21_ 5 /0 (t — 7)1 (r)dr,
where T' is the Euler’s Gamma function, D, = {(z,t)|z € (0,1), 0 <t < 7,7 € (0,T]}, T > 0 are
arbitrary fixed number, a(z), k(t), p(z), u1(t), u2(t) are given functions of z € [0,!] and ¢ € [0, T].

Lemma.If (¢(z),a(x)) € C[0,1],(11(¢), pa(t)) € CH([0,T)), k(t) € C([0,T)), then there is the
unique classical solution u(x,t) to the problem (1)-(3) of the class C*<([0,1] x [0,T]) (C**(Dr) =
{u(z,t) € C?0,1];t € (0,T);u(x,t) € AC[0,T);z € [0,1]} ).

In what follows we also use the usual class C'(Dr) of continuous in Dy functions.
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Spectral properties of a family of the Generalized Friedrichs models with the
perturbation of rank one
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Let Z3 be the three-dimensional hypercubes lattice and T2 = (—m,7]> be the three-
dimensional torus (Billion zone), the dual group of Z3. The operators of addition and multiplication
by number of the elements of torus T? = (—m,7]> C R® was defined as operations in R? modulo
(27Z3).

Let L?(T3) be the Hilbert space of square-integrable functions defined on the torus T® and
C! be the one-dimensional complex Hilbert space.

We consider a family of the Generalized Friedrichs models acting in L?(T?) as follows:

Hyu(p) = Ho(p) + p@*®, p> 0.
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Here
O LAT?) — C', Of = (f,¢)12(19),

o*: C' — L¥(T?), ®*fy = »(q9)fo,

where (-, -)2(ps) — is the scalar product in L?(T3) and Hy(p), p € T? is a multiplication operator
by a function wy(-) := w(p, -), that is,

(Ho(p)f)(@) = wp(a) (@), f € L*(T).
We observe that for each f € L?(T?) and gg € C! the identity

(@f,90)ct = (f, ®"g0) 2 (1)

holds.

Assumption 1. The following conditions are satisfied:

(i) the function ¢ is nontrivial and real-analytic and has no singularities on the torus T2.

(i) the function w(-,-) is real-analytic function on (T®)?2 = T3 x T3 and has a unique non-
degenerated maximum at (pog, qo) € (T3)2.

The perturbation v = ®*® is positive operator of rank one. Hence, by the well-known Weyl
theorem [1], the essential spectrum fills the following segment on the real axis:

Uess(Hu(p» = Uess(HO(p)) = [m(p)v M(p)]a

where
m(p) = iy wp(q), M(p) = ma wp(q)-

By Assumption, there exist an é-neighborhood Us(pg) C T2 of the point p = po € T3
and an analytic vector function qg : Us(pg) — T2 such that for each p € Us(po) the point qo(p) =
(q(()l) (p), q(()Q)(p), q(()s) (p)) € T? is a unique non-degenerated maximum of the function w,(-) Moreover,
the following integral

- ©%(s)ds
W) T/ M(p) — wp(s)

is well-defined.

The positive number p(p) > 0 is called coupling constant threshold.

Theorem 1. Let Assumption 1 hold and p € Us(pg). Then the following statements are true:

The operator H,(p) has a unique eigenvalue E(yu, p) above the threshold M (p) of the essential
spectrum if and only if p© > u(p).

Theorem 2. Assume Assumption 1. Then for any fized p € Us(po), 1 tends to p(p) iff
E(u, p) approaches to the threshold M (p). Moreover, for sufficiently small and positive p— pu(p) the
eigenvalue E(p,p) has the following absolutely convergent expansions:

(1) If o(qo(p)) # 0, then E(u,p) represents as the following convergent Taylor series expansion

~ 2
E(p,p) = M(p) + (Z an(p)[p — u(zﬁ]”) :
n=1

where a,(p), n = 1,2, ... is real numbers with a;(p) # 0.
(11) If (qo(p)) # 0 then E(u,p) represents as the following Puiseux series at p = u(p)

o 2
E(p,p) = M(p) + (Z an(p)[p — u(p)]”/2> ,
n=1

where a,(p), n = 1,2, ... real numbers with a;(p) # 0 and [ — pu(p)]*/? > 0 for p — u(p) > 0.

A family H,(p), u > 0, p € T¢ of the generalized Friedrichs models with the local perturbation
of rank one, associated to a system of two particles, moving on the d- dimensional lattice Z%, was
considered in [2,3].
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Asymmetry of non-local discrete Schrodinger operators on a lattice
!'Hiroshima Fumio
L Faculty of Mathematics, Kyushu University, Fukuoka, Japan,
e-mail: hiroshima.fumio.965@Qm.kyishu-u.ac.jp

The behaviour of the spectral edges is discussed at the two ends of the continuous spectrum of
non-local discrete Schrédinger operators with a §-potential. These operators arise by replacing the
discrete Laplacian by a strictly increasing C'-function of the discrete Laplacian. The dependence
of the results on this function and the lattice dimension are explicitly derived.

Let L(#) be the Laplacian on the d-dimensional torus. For a given ¥ € C*((0, 00)) such that
d¥(z)/dr > 0, x € (0,00), we define the non-local discrete Laplacian ¥(L) on Z? by ¥(L) =
F~YU(L(#))F. We call

h=Y(L)+ v,

with v € R non-local discrete Schrédinger operator with d-potential at = € Z?. We discuss the
behaviours of eigenvalues of h by varying v. It is found that while in the case of the discrete
Schrodinger operator (see Ref.1) these behaviours are the same no matter which end of the
continuous spectrum is considered, an asymmetry occurs for the non-local cases. A classification
with respect to the spectral edge behaviour is also offered.

References

1. Hiroshima, Fumio, Muminov, Zahriddin and Kuljanov, Utkir, Threshold of discrete Schrédinger opera-
tors with delta potentials on n-dimensional lattice, Linear Multilinear Algebra, 70, 2022, 919-954.

Differential game with geometric constraints on controls in the Hilbert space [,
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We study a differential game described by the following infinite system of differential equations

T = ;i — Biyi +uin —vin,  7i(0) = w0, 1)
Y = Biz; + iyi + uiz — vi2,  ¥i(0) = Yio,

in Hilbert space ly, where «, 3; are real numbers, 0 < a; < a, (z10,Z20,---), (Y10,Y20,.-.) € lo,

u = (ug,ug,...), u; = (u,u;2) and v; = (v1,v2,...), v; = (vi1,vi2), © = 1,2,..., are the control

parameters of pursuer and evader, respectively. It is assumed that 0 < ¢ < T, where T is a sufficiently

large number.
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Definition 1. A vector function u(t) = (ui(t), ua(t),...) (v(t) = (vi(t),v2(t),...)), 0 <t <
T, with measurable coordinates u;(t) (v;(t)) such that

Y Wi ) +up(t) <o QWA +vi(t) < o), (2)
i=1 i=1

is called admissible control of pursuer (evader), where p (¢) is a given positive number.
Each equation of the system (1) has the unique solution z(t) = (21(t), 22(t), ... ) defined by

() = Ai(t)zio—i—/o Ayt — s)(ui(s) — vs(s))ds, i=1,2,...

Definition 2. A number Ty, Ty < T, is called a guaranteed pursuit time if there exists
a strategy of pursuer U such that for any control of the evader, the solution of the initial value
problem (1), z(t) = (21(t), 22(t),...) equals zero, at some 7, 0 < 7 < Tp, i.e. z(7) = 0 for all
i=1,2,....

Problem is to find a guaranteed pursuit time 6 and construct a strategy for the pursuer that
guarantees the time 6.

Theorem The number 6 that satisfy the equation

|Z'LO|
Z 81nh2(a 0) 92 Z 20l® = (0~ 0)"

a; >0

is a guaranteed pursuit time in the game (1).
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Multiple pursuer one evader pursuit differential game with Gronwall-type
constraints on controls
Tbragimov G.I., 2Egamberganova O.Y.
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In R™, we study a differential game of many pursuers and one evader. The dynamic capabilities
of players are equal. The control functions of the players are subjected to Gronwall type constraints.

Let the dynamics of pursuers x; and evader y be described by the following equations
l“i = Uy, ZCZ(O) = 40, 1= 1, ey TN, (1)

y=v, y(O) = Yo, (2)

where x;, Y, Ti0, Yo € R™, Tj0 # yo, ¢ = 1,...,m, u; is the control parameter of pursuer z;, and v is
the control parameter of evader.
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Definition Borel measurable functions u;(t), i = 1,2,....,m, t >0, and v(t), t > 0, that satisfy
the constraints

t
) < = 2t [ fus(s)Pds. £ 0, 3)
0
t
lv(t)|> < o? — 214:/ lv(s)|?ds, t >0, (4)
0

respectively, where p;, o are given positive numbers and k is a given non-negative number, are called
admissible controls of the pursuer z;, i € {1,...,m}, and evader y, respectively.

It is assumed that p; = o for all i = 1,2,...m. Constraints (3) and (4) are called Gronwall type
constraints. It is not difficult to verify that inequalities (3) and (4) imply, respectively, that |u;(t)] <
pie ¥t and |v(t)| < ge . Also, note that if |u;(t)] = pie ™" and |v(t)| = oe™**, then constraints (3)
and (4) are satisfied, respectively.

We say that pursuit can be completed in the game if there exist strategies of pursuers such
that, for any control of the evader, x;(7) = y(7) for some i € {1,2,...,m} and 7 > 0.

If there exists a strategy of the evader such that, for any controls of pursuers, z;(t) # y(t) for
all i =1,2,...,m and t > 0, then we say that evasion is possible in the game.

We consider the following function

m

f@) =) (Vo2 =[] + (3,6 = (v,e)), [0] <o,

=1

where e; = (yo — %i0)/|yo — Tio|. Let min f(v) = f(vo) = a.

|o]<
Theorem 1. If yo € intconv{zio, ..., Tmo} and k> " | |yo —xio| < «, then pursuit can be completed
in game (1)-(4).

Theorem 2. If yy ¢ intconv{zg, ..., Zmo}, then evasion is possible in game (1)-(4).
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Besselning klassik va singulyar tenglamalari orasidagi bog'lanish
'Karimov K.T., 2Murodova M.R.
L Farg'ona davlat universiteti, Farg'ona sh., Murabbiylar k-si, 19. Ozbekiston,
karimovk80@mail.ru
2 Farg’ ona davlat universiteti, Farg'ona sh., Murabbiylar k-si, 19. O’ zbekiston,
mxalimova2112@mail.ru

Ma’lumki, Bessel funksiyasi quyidagi ko'rinishga ega [1]:

d*u du
2 2 2 _ _
x—z—{—x——l—(az —p)u—O, u=u(z). (1)

Bu tenglama ikkinchi tartibli buziladigan chizigli differensial tenglamalar sinfiga tegishli
hisoblanadi. Odatda buzilish deb, yechimning mavjud bo'lish sohasida nolga aylanadigan
koeffitsientga aytiladi.

(1) tenglama bilan parallel ravishda Besselning singulyar tenglamasi deb ataluvchi quyidagi

2
1
d“u  ydu d ,d @)

Butu=0, By=0nt " v a’

tenglamani qaraymiz. Bu yerdagi B, — Besselning singulyar differensial operatori deyiladi, uning

1dd
Y d$x dx

ko'rinishdagi yozuvi esa, Bessel operatorining divergent formasi deyiladi.
Quyidagi lemmalarni ko’rib chigamiz.

1-lemma. Agar u(z) funksiya (2) tenglamaning yechimi bo’lsa, u holda u (\z) funksiya
Byu + Nu=0 (3)

tenglamaning yechimi bo'ladi.
Isbot. Faraz gilaylik, A # 0 va x = A\t bo'lsin. U holda quyidagi yozuv orinli:
d_dd_1d
dr dtdx M\dt
Bessel operatorining divergent formasidan foydalanamiz. Yuqoridagi tenglikdan

foydalanadigan bo'lsak,
x = At almashtirish natijasida quyidagi tenglikni hosil gilamiz:

1d ,d 1 1d, 1d 1

Py
(ny)“” Y dmx dx

Lo =S = (By),.
(At)’YAdt( ) A dt )\2( e
Demak, agar u () — (2) tenglamaning yechimi bo'lsa, u holda

0= ((By),u(@)+u@)|_, = % (B,), u (M) +u ()

tenglikdan, (3) tenglama hosil bo’ladi. 1-lemma isbotlandi.

2-lemma. Aytaylik v = 2p+1 bo’lsin. U holda (1) va (2) tenglamalarning yechimlari u (x) =
xPv (x) tenglik bilan bog’langan bo'ladi.

Isbot. Faraz gilaylik v (z) funksiya (2) tenglamaning yechimi va u = aPv (x) tenglik o'rinli
bo'lsin. v/, u” hosilalarni hisoblaymiz:

u' = v'zP + vpxPL;

u” = v"zP + 20'paP 4 up (p — 1) 2P 2,
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Bularni olib borib (1) ga qo’yamiz va quyidagiga ega bo'lamiz:

x2d27u + a:dﬁ + (332 — Pz) u =" xPT? 4 2po/ 2Pt 4 (p2 - p) o+
dz2 dx

+0' 2Pt 4 vpaP + (m2 - p2) vaP = P2 [0+ (2p+ 1) +v] = 2?2 [Byv +v] = 0.

Bundan ko'rish mumkinki, v (z) funksiya Besselning singulyar tenglamasini ganoatlantiradi.
Shunday qilib u = zPv (z) funksiya (1) Bessel tenglamasini qanoatlantiradi.

Xuddi shunday usul bilan teskari tasdigni ham isbotlash mumkin: agar u (z) funksiya (1)
tenglamaning (0, +o0) oraliqdagi yechimi bo'lsa, u holda v = u/2P— (2) tenglamaning yechimi
bo'ladi. 2-lemma isbotlandi.

Besselning singulyar tenglamasi tatbiglarini, misol uchun [1], [2], [3], [4] va h.k. ishlarda
uchratish mumkin.
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Synthesis of boundary controls in the problem of optimization of thermal
processes
Kerimbekov A. K.
Kyrgyz-Russian Slavic University, 6 Chuy Ave, Bishkek , 720022 Kyrgyz Republic,
e-mail: akl7@rambler.ru

The paper studies the solvability of the problem of synthesis of boundary controls in the
optimization of thermal processes in the case when the functions of boundary sources are nonlinear
in control parameters. An algorithm for constructing the desired controls as a function (or functional)
of the state of the controlled process has been developed.

This paper considers the problem of minimizing the quadratic integral functional

T 1 T
Y (o (1), us(t)) = /0 /O V(t,2) — &(t, 2)Pdadt + B /0 [, (£), ua(8))dt, B> 0

on the set of generalized solutions of the boundary value problem of the controlled process

T
VZZVerA/ K(t,7)V(r,z)dr,0<x<1,0<t<T
0

V(0,2) =¢(x),0 <z <1
V(t,0) = filui(t),u2(t)], V(t,1) = falui(t),u2(t)], 0 <t <T

where  {(t, x) S H(Q),Q = (0,1)z(0,T); ¥(x) € H(0,1),K(t,7) €
H(0,1)(0, 7)), plt, ur (£), ua()] € H(0,T), fulur (), us(t)] € H(O,T), folur(t), us(t)] € H(0,T) -
given function,u;(t) € H(0,T) and wua(t) € H(0,T)-control function, \-parameter, T-fixed time
point, H (y)-Hilbert space of square summable functions defined on the set X.

In synthesis problems, the optimal control that minimizes the functional should be found
depending on the state function of the controlled process.

The study was carried out according to the Bellman-Egorov scheme and an algorithm for
constructing the desired controls was developed.
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A generalized (G'/G) - expansion method for the loaded Burgers equation
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This paper is dedicated to find theexact solutions of the equation of the loaded Burgers
equation. It is shown to find the exactsolutions via generalized (G’/G) - expansion method, that is
one of the most effective way of finding exact solutions.

Consider the following loaded Burgers equation

Ut 4+ Uty — Ugg + 7 (£) u (0,t) uy =0, (1)
where u(x,t) is an unknown function, x € R, t > 0, y(¢) - is the given real continuous
function.
Description of the generalized (G'/G) - expansion method
Let us be given a nonlinear partial differential equation in the form below

F(uvutvuxuuttvuxxvuxt7"') :Ov (2)

with two independent variables x and t. u(z,t) is a unknown function, F' is a polynomial in
and its partial derivatives in which the highest order derivatives and nonlinear terms are involved.
Now we give the main steps of thegeneralized (G'/G) -expansion method [3]:

Step 1. We look for the in the travelling form:

u(z,t) =u(&), £&=kr—Q(), (3)
where k is parameterand € () is a continuous function dependent on ¢ We reduce equation (2) to
the following nonlinear ordinary differential equation:

P (u,u,u",...) =0, (4)

where P is a polynomial of ¢ (¢) and itsall derivatives u' = du (&)/d¢, v = d?u (€)/dE>.
Step 2. We assume that the solution of equation (4) has the form:

o=y (2, )

j=0

where G = G (£) satisfies the following second order ordinary differential equation

G"+ )G +puG =0 (6)

where G’ = dG (£)/d¢, G" = d*G (£)/d€? and N, p, aj (j =1,2,...,m) are constants that can be
determined later, provided a,, # 0.

Step 3. We determine the integer number m by balancing the nonlinear terms of the highest
order and the partial product of the highest order of (4).

Step 4. Substitute (5) along with (6) into (4) andcollect all terms with the same order of
(G'(£)/G(£)), the left-hand side of (4) is converted into a polynomialin (G’(£)/G(&)). Then, set each
coefficient of this polynomial to zero to derive a set of over-determinef partiel differential equations
for a;(j =1,2,...,m) and &.

Step 5. Substituting the values a;(j = 1,2,...,m) and & as well as the solutions of equation
(6) into (5) we have the exact solutions of equation (2).
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Exponential Decay in Quantum Mechanics and Continuous Monitoring
Konstantin A. Makarov
Department of Mathematics, University of Missouri, USA

In this talk I will recall the concept of continuous monitoring of a quantum system, and then
discuss the related Quantum Zeno and Exponential Decay scenarios in quantum measurements. I
will show that for a typical initial state of the system continuous monitoring of massive particles
yields complementarity of the quan- tum Zeno and anti-Zeno effects, while for systems of massless
parti- cles, the quantum Zeno and exponential decay scenarios are instead complementary. Also, I
will provide an example of an unstable pure state of the quantum oscillator that decays exponentially
under con- tinuous monitoring which eventually confirms the conclusions of the phenomenological
Weisskopf-Wigner theory of decay. Our approach is based on the observation that the exponential
decay scenario under continuous monitoring can be recognized as a variant of the Gnedenko-
Kolmogorov 1-stable limit theorem.

On the boundary control problem for the fast heating process of a rod
! Kuchkorov E.I., 2Dekhkonov F.N.
U National University of Uzbekistan, Tashkent, Uzbekistan
e-mail: e_kuchkorov@mail.ru,
2 Namangan State University, Namangan, Uzbekistan
e-mail: f.n.dehqonov@mail.ru

Consider the following mathematical model of the heat conduction process along the domain
Qr={(z,t):0<z <, 0<t<T}:
ou 0 ou
l— = — — Q 1
= o (K@ge). @woenn, 0
with boundary conditions
u(0,t) = wp(t), wu(l,t)=0, t>0, (2)

and initial condition

u(z,0) =0, 0<z<l], (3)

where k(z) € C! ([0, l]) given positive function.
Let M > 0 be some given constant. We say that the function p(t) is an admissible control if
this function is differentiable on the half-line ¢ > 0 and satisfies the following constraints

u(0) =0, |u(®)| < M.

Problem. For the given function 0(t) find u(t) from the following condition

~| =

l
/u(m,t)dx =0(t). (4)
0
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We consider a rod whose length is [, cross-section has the same area and density depends
on only one variable. We assume that the temperature supplied from the left side of the rod is
controlled, and that the temperature does not exchange with the external environment from the
right side and from the surface. Let’s consider the problem of finding the average temperature of
this cylindrical rod, the control temperature given by its left side to keep it in the given position.

We recall that the time-optimal control problem for partial differential equations of parabolic
type was first investigated in [4]. More recent results concerned with this problem were established
in [11-(3], [5}-[6].

By the solution of the problem (1) - (3) we understand the function u(x,t) represented in the

form
l—z

u(xvt) - T:u(t) - v(x,t),

where the function v(x,t) € Cﬁg(QT) NC(Qr), ve € C(Qr) is the solution to the problem:

=5 (k) 52 ) + S0 + w0,

with boundary conditions
v(0,t) =0, w(l,t)=0,
and initial condition
v(x,0) = 0.

From condition (4) and the solution of the problem (1)-(3), we get the main integral equation

/B(t —s)u(s)ds=0(t), t>0, (5)
0

where
(o @)

B(t)=> Bre ™, t>0.

k=1

Denote by W (Mp) the set of function § € W3 (—oo, +00), 6(t) = 0 for t < 0 which satisfies
the condition

10llwz(r,) < Mo.

Theorem 1. There exists My > 0 such that for any function 8 € W (My) the solution u(t) of
the equation (5) exists and satisfies condition

()] < M.
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Puiseux Series Expansion For Eigenvalue of the Generalized Friedrichs Model
under Rank One Perturbation
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Let T3 = (—m, 7] be the three-dimensional torus and L?(T?) is the Hilbert space of square-
integrable functions defined on the torus T3.

We consider the generalized Friedrichs model H,(p), 4 > 0 depending on the parameter
p € T3, with the rank-one perturbation associated to a system of two arbitrary or identical quantum
mechanical particles moving on the three-dimensional lattice Z3 and interacting via zero-range
repulsive potential. Important aspect of studying the generalized Friedrichs models is that, they
describe the Hamiltonians for systems of both bosons and fermions.

The generalized Friedrichs model H,(p), p € T? acting in L*(T?) defined as

H,(p) = Ho(p) — pV, pu >0,

where Ho(p), p € T? is a multiplication operator by the function wy(-) := w(p,-):

(Ho(p)f)(q) = wp(q)f(q), [f€L*T?

and V : L3(T3) — L?(T3) is the perturbation operator of the form

(VHa) = () (f, ),

where (-, -) stands for the inner product in L?(T?). The perturbation V of Hy(p) is positive operator
of rank one. Consequently, by the well-known Weyl theorem [1] on compact perturbations, the
essential spectrum of H,(p) satisfies the equalities

Uess(Hu(p)) = Uess(HO(p)) = U(HO(p))

and fills the segment [m(p), M (p)] on the real axis, where

m(p) = iy wp(q), M(p) = ma wp(q)-

Hypothesis 1. The functions ¢(-) and w(-,-), used in the definition of the defined operator
H,(p) satisfy the following conditions:
(i) the function ¢(-) is nontrivial and real-analytic on T3;
(i) the function w(-,-) is real-analytic on (T3®)? = T3 x T® and has a unique non degenerated
minimum at (0,0) € (T3)2.

Definition. For p € Us(0), we define the number u(p) > 0 as

-1
B ©?(q)dq
Hp) = / o) -mp) | "

TS

Theorem 1. Assume Hypothesis 1. Then for any fixed p € U;s(0), the operator H,(p) has a

unique eigenvalue E(u,p) below m(p) if and only if u > p(p). Moreover, if u = u(p), ¢(qo(p)) # 0
(resp. ©(qo(p)) = 0), then the threshold m(p) is a virtual level (resp. an eigenvalue) of the operator

H,(p)-

Theorem 2. Assume Hypothesis 1. Then for any fized p € Us(0), p tends to u(p) iff E(u,p)
approaches to the threshold m(p). Moreover, for sufficiently small and positive p—u(p) the eigenvalue
E(u,p) has the following absolutely convergent expansions:
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(1) If v(qo(p)) # 0, then E(u, p) represents as the following convergent Taylor series expansion

o 2
E(p,p) = m(p) — (Z an(p)[p — u(p)]”> :
n=1

where a,(p), n = 1,2, ... is real numbers with a;(p) < 0.
(i1) If v(qo(p)) = 0 then E(u,p) represents as the following Puiseux series at u = u(p)

- 2
E(p,p) = m(p) — <Z an(p) (1 — u(p)]”/2> ,
n=1

where a,(p), n = 1,2, ... real numbers with a;(p) > 0 and [ — u(p)]*/? > 0 for p — p(p) > 0.

Friedrichs model also has been considered in [2,3].
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Let T!' = (—m,7]' be the one-dimensional torus and L?(T?!) is the Hilbert space of square-
integrable functions defined on the torus T?!.

We consider the generalized Friedrichs model H,(p), # > 0 depending on the parameter
p € T!, with the rank-one perturbation associated to a system of two arbitrary or identical quantum
mechanical particles moving on the three-dimensional lattice Z' and interacting via zero-range
repulsive potential. Important aspect of studying the generalized Friedrichs models is that, they
describe the Hamiltonians for systems of both bosons and fermions.

The generalized Friedrichs model H,(p), p € T! acting in L*(T') defined as

Hy(p) = Ho(p) + pV, 1> 0,
where Hy(p), p € T! is a multiplication operator by the function wy(-) := w(p, -):

(Ho(p)f)(q) = wp(q)f(q), f€L*T)

and V : L2(T!) — L?(T?!) is the perturbation operator of the form

(VHa) = () (f, ),

where (-, -) stands for the inner product in L?(T!). The perturbation V of Hy(p) is positive operator
of rank one. Consequently, by the well-known Weyl theorem [1] on compact perturbations, the
essential spectrum of H,(p) satisfies the equalities

Uess(H,u(p)) = Uess(HO(p)) = U(HO(p))
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and fills the segment [m(p), M (p)] on the real axis, where

m(p) = minwy(q), M (p) = maxwy(q).
g€eT! qeT!

Hypothesis 1. The functions ¢(-) and w(-,-), used in the definition of the defined operator
H,(p) satisfy the following conditions:

(i) the function ¢(-) is nontrivial and real-analytic on T*;
(ii) the function w(-,-) is real-analytic on (T')? = T!' x T! and has a unique non degenerated
mazsimum at (0,0) € (T1)2.

By Hypothesis 1 there exist such a §-neighborhood Us(0) C T! of the point p = 0 € T' and
analytic function qo : Us(0) — T! that for any p € Us(0) the point go(p) € T! is a unique non
degenerated maximum of the function wy(-).

If v(go(p)) = 0, then we introduce a parameter p(p) > 0 as

- ©%(s)ds
ulp) / M(p) — wp(s)

and p(p) = 0, if p(qo(p)) # 0, p € Us(0).
Theorem. Let Hypothesis 1 holds and p € Us(0). Then the following assertions are true.

(i) If u > p(p), then the operator H,(p) has a unique eigenvalue E(u,p), lying upper the
essential spectrum. The function F(-,p) is monotonously increasung real-analytic function in
the interval (u(p),+o00) and the function E(u,-) is real-analytic in Us(0). The corresponding
eigenfunction
Crp(q)

E(p,p) — wp(q)

is analytic on T!, where C' # 0 is normalization factor. Moreover, the mappings

U(w;p,q, E(u,p)) =

U Us(0) = Lo(TY), p > U(u;p,q, E(u,p)) € La(TY)
and
U s (u(p), +00) = Lo(T"),  p W(pip, q, E(p,p)) € Lo(T")

are vector-valued analytic functions in Us(0) and (u(p), +00), respectively.

(ii) If (qo(p)) =0and 0 < p < p(p), then the operator H,(p) has none eigenvalue in (—oo, m(p)].

Friedrichs model also has been considered in [2,3].
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Eigenvalues of the discrete Schrodinger operator with non-local potential in
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Eigenvalue behaviour of a family of discrete Schrédinger operators H), depending on
parameters A, € R is studied on the three-dimensional lattice Z3. The non-local potential is
described by the Kronecker delta function and the shift operator. The existence of eigenvalues
below the essential spectrum and their dependence on the parameters are explicitely proven. We
also show that the essential spectrum absorbes the threshold eigenvalue and there exists a particular
parabola, on whose left intercept the threshold becomes an embedded eigenvalue and the threshold
resonance at its other points.

In this paper we aim to investigate the spectrum of a discrete Schrodinger operator with a
non-local potential given at the points xg, —x¢ € Z3 on the lattice (—,7]3. We explicitly show
(Theorem 1) the existence of eigenvalues and resonances of the operator and their dependance on
the interaction parameters u, \, zg € Z>. We show the existence of eigenvalues outside the essential
spectrum, threshold eigenvalues and resonances depending on the parameters A and p, and the sum
of coordinates of the point xy € Z3, which creates the non-local potential.

In the momentum representation, the one-particle Hamiltonian H), can be expressed as

H/\/L — HO - VZQ7 (1)

where Hy and V;,, are respectively defined as

~

Hy=F"(-A)F and Vy, = F* (Vg )F,

with F being the standard Fourier transform F : L2(T3) — ¢2(Z3) and F* : (2(Z3) — L?*(T3) is its
inverse. Explicitly, the non-perturbed operator Hy acts on L?(T?) as a multiplication operator by
the function e(-):

(Hof)(p) =e(p)f(p), [feL*T?), (2)

where e(p) = Z?Zl(l —cospj), p € T3. The function ¢(-), being a real valued-function on T3, is
referred as the dispersion relation of the Laplace operator in the physical literature.
The perturbation V,, acts on f € L2(T?) as the two-dimensional integral operator:

(Vao f) () = 1 . / ()\ tu (ei(ﬂco,p) 1 el(=z0p) 4 p—ilzo,s) 4 ei(mo,s))) £(s)ds,

(2m)

’]I‘3

which can be rewritten in a more convenient way as

(Vo £)(p) = % / (A + 2p(cos(zg, p) + cos(zo, 5))) f(s)ds, f e L*(T3). (3)

(27)

T3
We can study the parabola (as a function of u € R)

1 2 d
P\ p)i=—— 2p— —p? =X =0. (4)
ap  ap  ag

where

1 1 1 cos(xg, t) 1 / cos*(xo,t) 9
ag = , bo = , Co = do = agco — b
07 (2r)3 /T () — emm’ O (27)3 /T e(t) — emm’ © (2m)3 Jps e(t) —emm 000

We enter the following conditions:
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1 0

1
0
B =<0, pygi=—
! bo — 7/ a0Co 2 bo + \/apco

Denote I'; = {(\,u) € R?|P,. (A, 1) = 0} in the A — p plane. This line (parabola) divides the
plane into two disjoint parts, the lower part Go = {(A\, p) : P, (A, pt) < 0} and the upper one
G = {(M 1) : oy 0 12) > O},

With these definitions and notations we are now ready to formulate the main result of the
paper.

Theorem 1. (a) For (A, u) € Go UT', the operator Hy, has no eigenvalues in (—oo, 0].

(b) For (A, ) € G1, the operator Hy,, has a simple eigenvalue in (—o0,0).

Definition. In the equation H),f = eminf, emin is called
(1) a lower threshold eigenvalue if f € L?(T3),
(2) a lower threshold resonance if f € L*(T?)\ L?*(T?),
(3) a lower super-threshold resonance if f € L¢(T3) \ LY(T?) for any 0 < e < 1.

If Hy,f = eminf has no solutions in LI(TS), then eni, is a regular point of the essential spectrum.

Theorem 2. (a) For any (A, pu) € G1 or (A, 1) € Go, the threshold emin is a regular point.
(b) The equation Hy,f = eminf has a solution f € L*(T?) if and only if (A, p) € Ty. Also,
€min 18

(b1) an eigenvalue if p = pd;
(b2) a threshold resonance if p # pl.
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Let T? = [—7,m)¢ be the d-dimensional torus. Let L?(T?) be the Hilbert space of square-
integrable functions on T¢ and L?¢(T¢) c L?(T%) be the subspace of even functions on T¢. For
any v,A € R and k& € T¢ the bounded and self-adjoint Schrédinger operator H.\(k) associated
to a system of two identical particles (bosons) moving on the d-dimensional lattice Z? acts in
L%¢(T9)(see,e.g.[1,2,3,4]) as

Hyx(k) = Ho(k) + Vi
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Here the non-perturbed operator Hy(k), k € T? is the multiplication operator by the function

d

Ek(p) = 22 (1 — cos % cospi).

i=1
The perturbation operator V. is defined as

d

Viaf(p) = (2;lr)d/ (’y + /\Zcospi cos qi>f(q)dq.

T i=1

The operator Hy(k), k € T? is the multiplication operator by the continuous real function & (p)
defined on T¢, therefore its spectrum consist only of the essential spectrum, i.e.

o(Ho(k)) = 0ess(Ho(k)) = [Emin(k), Emax(K)],

with

Let £ = 0. The spaces

L243(T9) .= {f € L*(T : f(p1,.spa) = Mo f (P1, . Pa), P1s-sPd € T},

and
L2’e’a(Td) = {f € L276(Td) : f(pla "'apd) = _HQf(p17 "'7pd)7 P1,--Pd € T}

of symmetric and antisymmetric even functions are invariant with respect to H,)(0), where II; is
the permutation of any two variables p; and p;, ¢, j = 1,...,d.
The operators H:, and Hf act on L>¢5(T9) and L?%(T%) by the formulas
H3y\ == Ho(0)+ V7, and  HY:= Hp(0) + VY,

where VA/S/\ and V' are integral operators given as

d—1 d
s A 1
VaS(p) = e /f(Q) dg+ == > > (cosp; +COSPj)/(COSQi +cosgj) f(q) dg
(27) (2m)d 2(d — 1) &~ &
Td i=1 j=1+1 Td
and
\ 1 d-1 d
VEF0) = s i O O (cospi = cospy) [ (cosgs = cosa) () da
(2m)4 2(d — 1) &~ &
=1 j=1+1 Td
For any d > 3 there exist the following finite limits:
. 1 dp . 1 /cospidp
lim a(z) = a(0) = / , lim b(z) = b(0) = ,
e =0 =5ma | e YISO G | )
Td Td
1 cos? p;dp 1 cos p; cos pidp
lim ¢(z) = ¢(0) = / , lime(z) =¢(0) = / J
2,0 (2) (0) (2m)d / eo(p) 2,0 (2) (0) (2m)d ’ eo(p)
T T
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and
. 1 dp ) 1 cos p;dp
1 = a(4d) = lim b(z) = b(4d) =
Jm a(z) = aldd) = 55 / o) —dd A, b(E) =bd) = 5 / co(p) — 4d’
Td Td
1 cos? p;dp 1 cos p; cos pidp
li =c(4d) = li — e(4d) = JP
lm e(2) = cldd) = 553 / o) — a0 Ame(z) = edd) = g / eol(p) — 4d
Td Td
Let

A = (e(dd) — c(4d))™" >0 and Ay = (e(0) — ¢(0))~! < 0.
In the (v, A)-plane let us define the following sets for d > 3:
080.4-1 = {(7,)\) €ER?: A= )\g},

0S4 10 = {(’y, A eR?: A= /\5},

05y = {1 N) € B+ 1= a(dd) — N(d = )b(4d) =0, A < 22‘83)) :
0y = {1, X) € R - 1= a(dd) = A(d = )b(1d) =0, A > 2383)) :
0C5, = {(1,N) € Bt 1+47a(0) + A(d+ 2)b(0) = 0, A > _2228))}7
e E {(% A) ER®: 1+9a(0) + A(d + %)b(o) =0, A< —2220))}7

P :=0C,N0Cy, p<0,  PF:=0CHNdCy,, n>0,
P2+ = 8Ci~:2 N 8So,d,1, PQ_ = 8C1_72 N 88(171,0,
Py = 0Cy, N 0Sp.a-1, P = 0C5, N 0S4_1,.

Definition 1. Let f be a solution of Hy\(0)f = Emin(0)f (resp. Hyx(0)f = Emax(0) f).

(i) If f € L*>¢(T%), then we say that Ewnin(0) (resp. Emax(0)) is a threshold eigenvalue of
H.,»(0).

(ii) If f € LY(T9)\ L>¢(T9), then we say that Emin(0) (resp. Emax(0)) is a threshold resonance
Of ny)\(O).

The main result of this note is the following theorem.

Theorem 1. Let K =0 and d > 3.

(0) If (v, A) € 08p,4—1 resp. (7, A) € 0S4-1,0, then Emax(0) resp. Emin(0) s a upper resp. a
lower threshold eigenvalue of multiplicity d — 1 of HY;

(13) Let d = 3,4. If (7, \) € 8C;fi+1 resp. (v, A) € 9C; ;41,1 = 0,1, then Emax(0) resp. Emin(0)
is a upper resp. a lower threshold resonance of Hi)\;

(vit) Let d > 5. If (v, \) € 8C-J7Fi+1 resp. (7,A) € 0C; ;. 1,1 = 0,1, then Emax(0) resp. Emin(0) is

(2
a upper resp. a lower threshold eigenvalue of HZ\;

(iv) Let d = 3,4. If (v, \) € PE or (7,\) € P, then Emax(0) and Emin(0) are resp. a upper
and a lower threshold resonance of H;;)\;

(v) Let d > 5. If (v,A) € P or (7, \) € P, then Emax(0) and Enin(0) are resp. a upper and
a lower threshold eigenvalue of Hi/\;

Theorem 2. Let K =0 and d > 3. Then H.,»(0) has the following facts are true:

(i) Let d = 3,4. If (y,A\) € Py resp. (v,)) € Py, then Emax(0) 1esp. Emin(0) is a upper resp.
a lower threshold resonance and a upper resp. a lower threshold eigenvalue of multiplicity d — 1 of
H’Y)\(O);

(ii) Let d > 5. If (,\) € Py resp. (7,\) € Py, then Emax(0) resp. Emin(0) is a upper resp. a
lower threshold eigenvalue of multiplicity d of Hx(0);



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 195

(i7i) Letd = 3,4. If (v, \) € Py resp. (7,A\) € Py, then Emax(0) is a upper threshold eigenvalue
of multiplicity d — 1 and Enin(0) is a lower threshold resonance resp. Enin(0) is a lower threshold
eigenvalue of multiplicity d — 1 and Enax(0) is a upper threshold resonance of Hyx(0);

(iv) Let d > 5. If (7, \) € Pf resp. (v,\) € PY, then Emax(0) is a upper threshold eigenvalue
of multiplicity d — 1 and Enin(0) is a lower threshold eigenvalue resp. Enin(0) is a lower threshold
eigenvalue of multiplicity d — 1 and Enax(0) is a upper threshold eigenvalue of H.(0).
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We consider a family of Schrédinger operators ﬁv = fI0+V,y ap On the one-dimensional lattice
Z, where Hy is a convolution operator with a given Hopping matrix € and \A/ZY)\/L a multiplication
operator by the function ¢ such that v(0) = v, v(z) = % for [z] = 1, o(x) = § for 2] = 2 and
0(x) = 0 for |x| > 2, where v, A\, u € R. Under certain conditions on the potential, we prove that the
discrete Schrodinger operator IL Ap can have zero, one, two or three eigenvalues below and above the
essential spectrum. Moreover, we show conditions for the existence of three eigenvalues, where two
of them are situated below the bottom and the other one above the top of the essential spectrum.

Let Z be the one-dimensional lattice and ¢>¢(Z) be the Hilbert space of square summable
even functions on Z. The one-particle discrete Schrodinger operator ]:I'y)\m which are dependent on
real parameters v, A and u, acting in £2¢(Z) is given as

I‘if,y/\ﬂ = ﬁo + ‘A/:y)\u,
where H is the convolution operator
(Ho@)(x) =Y é(s)p(x +5), ¢ € £2%(Z)
SEZ

and Vw is a multiplication operator

(Voauf)(2) = dppu()pl), @ € £2°(2),

where, the functions é(s) and 0,5, (s) are defined on Z as

if |s|] =0
1 if|s| =0 K ?f:s: X
FAY 1 —
és) =<9 —3 if[s|=1 and oyu(s) = 3 . y
_ 5 if[s| =2
0 if|s|>1 _
0 if |s| > 2.
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We remark that ﬁw\u is a bounded self-adjoint operator on ¢*¢(Z).
In the momentum representation, the operator H.), acts on the Hilbert space of square
integrable even functions on one-dimensional torus T, i.e. on L*¢(T,dv) as

H,, = ]:FI’W\M]:* = Ho + Vyau,

where F : (2(Z) — L?*(T) and F* : L?(T) — ¢%(Z) are the standard Fourier transform and its
inverse, respectively.
Hy is the multiplication operator by function e(p) =1 —cosp, p€ T

(Hof)(p) =<(p)f(p), f € L*(T,dv),

and V5, is the integral operator

Vo)) = / (7 + Acospcost + pcos2pcos 2t>f(t)d1/(t), f € L**(T, dv).
T

The perturbation operator V.., v, A, u € R has a rank at most three, therefore by the well
known Weyl’s theorem the essential spectrum oess(H,»,) of H,y, does not depend on v, A\, u € R
and coincides with the spectrum o(Hp) of Hy (see [5]), i.e.,

Oess(Hyau) = 0(Ho) = [gleiqgw(p), r]rjlg%e(p)] =[0,2].

Let A,x,.(2) be the Fredholm determinant associated to the operator H.,),. The following
lemma describes the relations between the operator H.,y, and determinant Ay, ().

Lemma. The number z € R\ [0,2] is an eigenvalue of the operator H,y, if and only if
Av)\u(z) =0.
We get the following asymptotics for the determinant

Apu(2) = C_ (1, ) ———— + D_ (3,0, 1) + O((=2)3), as 2 70,
Va(—2)?
Aop(2) = C+(%A7M)\/§(Zl_2)§ £ DL (1A ) + O((=2)h), as 2\, 2,
where
Cr(v, A\ 1) = YA+ 29+ A F (v + A+ g+ )
and

Di(v, A p) =1 =9 =2 u —dyp F (A + p+yAp).
Our main results are given in the following theorem.
Theorem. Followings are true:

(i) If v, A, > 3 then H,), has three eigenvalues above the essential spectrum and has no
eigenvalues below the essential spectrum.

(i) fy,A>3,p < =3orvy,u>3X<-=3orpu A>3~y < —3then H,), has two eigenvalues
above the essential spectrum and exactly one eigenvalue below the essential spectrum.

i) fy, A< =3,u>3orv,u<—-3A>3o0r u, A< —3,7v > 3 then H,), has only one eigenvalue
H H K YAu
above the essential spectrum and exactly two eigenvalues below the essential spectrum.
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(iv) If v,A\,p < —3 then H,), has no eigenvalues above the essential spectrum and three
eigenvalues below the essential spectrum.
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We consider the Hamiltonian H,y, u, A € R, of a system of three-particles (two identical
bosons and one different particle) moving on the lattice 7%, d = 1,2, interacting through zero-
range pairwise potentials p # 0 and A # 0. The essential spectrum of the three-particle discrete
Schrodinger operator H,\(K), K € T¢, being the three-particle quasi-momentum, is described by
means of the spectrum of non-perturbed three-particle operator Hy(K) and the two-particle discrete
Schrédinger operators hy,(k), by~ (k), k € T9,~ > 0. It is established that the essential spectrum of
the three-particle discrete Schrodinger operator H,\(K), K € T? consists of no more than three
bounded closed intervals.

Let T? = (—n, 7% d = 1,2, be d-dimensional torus and n(dp) = (gil)]d is the Haar measure on
the torus. Let L?[T9] be Hilbert space of square integrable functions defined on T¢ and L?¢(T%) C
L%(T%) be the subspace of even functions on T¢ and L%*[(T%)2] be the subspace of functions ¢ €
L?[(T%)?] symmetric with respect to the permutation of the first two particle coordinates.

The two-particle discrete Schrédinger operators hy, (k) and hy - (k), k € T? act in L>¢(T%) and

L?(T4), respectively, as
Buk) = ho(k) + jv, By () = hoy (k) + Ao,

Note that the operators ho(k) and hg (k) are multiplication operators by the functions & and & .,
respectively:

(ho(k)f)(0) = Ex(®).f(p), f € L*(T),  (ho,(K)f)(p) = Eky(0)f(p), f € LA(TY),

where

aw =z (5+0)+e(5-0). ) =) 426 )
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IR

where ¢ is of the form e(p) = > (1 — cosp;), p = (p1,-..,pq) € T? and

i=1

/f n(dg), f e LA(TY).

The three-particle discrete Schrodinger operator H,\ (K), K € T¢ acts in L>*[(T4)?] as

H\(K) = Hon(K) + pVizg + AVi3 4+ AVas.

The operator Hy . (K) given by:

(Ho(K)f)(p,q) = Ex~(p,0) f(p.q), f € L¥[(TH?], (1)

where
Ex(p,q) = e(p) +e(q) +ve(K —p—q). (2)

The interaction operators Via, Vi3, Va3 acting on L275[(Td)2] in coordinates (p, q) € (’]I"d)2 can
be written in the form

(Viaf) (0. q / F(tp+q - tn(de), (3)

(Visf) (p,q /fp, (), (Vasf)(prg /ftq (dt). (4)

There are only two different channel operators Hﬂ,ch(K),K € T% and Hyo(K),K € T¢
associated to the three-particle system of two identical bosons and one different particle. Observe
that the operators H,, ., (K), K € T¢ and Hyon(K), K € T¢ d = 1,2, act in the Hilbert spaces
L>*[(T9)?] and L?[(T%)?], respectively, as

Hyen(K) = Hon(K) + pVr2, H n(K) = Ho(K) + AVis,

where the operators Ho (K ), Vi2 and Vi3 are defined by (1), (3) and (4), respectively.
For each K € T? the function Ek(-,-) defined in (2) is continuous and symmetric on
(T%)2, d = 1,2, and hence the following equalities hold:

Emin(K) = min EKw(pa Q)7 EmaX(K) = max EK'y(pa Q)
p,g€T p,q€TY

The non-perturbed three-particle operator Hy ~(K), K € T¢, is the multiplication operator by the
function Eg (-,-), and hence, its spectrum o(Hg (X)) coincides with

U(HOKY(K)) = [Emin (), Emax (K)].

The essential spectrum of the three-particle operator H,)\(K), K € T?, is described by the
spectrum of the non perturbed operator Hy(K) and the discrete spectrum of the two-particle
operators h,(k), k € T¢ and h, - (k), k € T%.

Theorem 1. Let d = 1,2 and pu, A € R. The essential spectrum oess(H,\(K')) of the operator
H,\(K) is the union of the spectra of the channel operators H,, .n(K) and Hy o (K), i.e.,
Oess(Hun(K)) = o (Hy,en(K)) U o(Hxen(K)),

where
o(Huen(K)) = | loalhu(®)] +7e(K = k)] U [Eain(K), Emax (K)],
keTd

o(Hxen(K)) = U [oalhA(K — k)] + (k)] U [Enin(K), Emax (K],
keTd
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and o4lh, (k)] and aq[hy~ (k)] are the discrete spectrums of the operators h, (k) and hy(k), k € T¢,
respectively.

Corollary 1. The essential spectrum oess(H,\(K)) of the operator H,\(K') can be described
as follows:
O'ess(H;L/\(K)) :[Emin(K)uEmax(K)]U
U U loalhu(k)] + 2K = k)] U | [oalha(K — k)] +e(k)],

keTd keTd

where the part of the essential spectrum [Emin(K), Emax(K)] is called three particle and the part
Ureraloalhu (k)] + ve(K = k)] U Uperaloalha (K — k)] + e(k)] is called the two-particle essential
spectrum.
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On the number of eigenvalues of the discrete Schrodinger operator on the
two-dimensional lattices
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Let Z2? be the two dimensional cubical lattice and ¢?(Z2) be the Hilbert space of square-
summable functions defined on Z2. The one-particle Schrodinger operator H, 1 pops associated to a
system of one particle moving on Z? in the potential field V,, ;.4 is a bounded self-adjoint operator
on the Hilbert space £2(Z?) and in the position space representation has form

H,U«IM2H3 = Ho + Vu1u2u3’ H1, p2, i3 € R,

where the free energy operator Hy is a Laurent-Toeplitz-type operator

Hof(z) = > elz—y)f), f € (2%,

yeZ?
with
2 if |s| =0,
e(s) =4 -1 if|s| =1,
0 if|s| > 1.

The potential field V), ;.5 is the multiplication operator acting in £%(Z?) as

Vﬂlﬂzll?,f(x) = Upypaps (z)f (),
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where
B if |s| =0,
H2 : —
UHIMZHS(S) = g ?f |S’ : N
B if |s| = 2,
0 if|s] > 2,

and |s| = |s1| + |s2] for s = (s1,82) € Z2.

Under certain conditions on the potential, we prove that the discrete Schrédinger operator

H,\ o5 can have five eigenvalues outside the essential spectrum. Moreover, we show conditions for
the existence of five eigenvalues, where some of them are situated below the bottom and the others
above the top of the essential spectrum.

Since the self-adjoint operator V,, u,u,, f1, 12, 43 € R is compact, by the classical Weyl

theorem,
Oess(Hyipops) = 0(Ho) = [€min, emax],
where
e(p) = Y €Pe(a),
TEZ?
and

Cmin :;Iel;% e(p) =0,

Cmax :gé%_% e(p) =4.

Our main results are given in the following theorem.

Theorem. Followings are true:

If p1, po, ug > 7 then Hy, ., has five eigenvalues above the essential spectrum and has no
eigenvalues below the essential spectrum.

If po,p3 > 7,1 < =7 then Hy, 4, has four eigenvalues above the essential spectrum and
one eigenvalue below the essential spectrum.

Ifpg > T, > 7,u3 < =T7or pp > 7,pu3 > 7,2 < —7 then Hy ,,,, has three eigenvalues
above the essential spectrum and two eigenvalues below the essential spectrum.

Ifpn < =T,p2 < =T,u3 >T7or py < —7,u3 < —7,p2 > 7 then H,, ,,,, has two eigenvalues
above the essential spectrum and three eigenvalues below the essential spectrum.

If po, pz < =7, 1 > 7 then Hy,, ,,, has exactly one eigenvalues above the essential spectrum
and four eigenvalue below the essential spectrum.

If p1, po, 3 < =7 then H,,, ,,,, has no eigenvalues above the essential spectrum and has five
eigenvalues below the essential spectrum.
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Let Z be the one dimensional cubical lattice and £2(Z) be the Hilbert space of square-summable
functions on Z. Let T := (—, 7] be the one dimensional torus, the dual group to Z and let L?(T)
be the Hilbert space of square-integrable functions on T.

In the coordinate space representation, the energy operator H u is defined as

~

Hu = AO+/~L‘77 p =0,
where the free energy operator ﬁo is a Laurent-Toeplitz-type operator

Hof(x) =Y oz —y)f(),

YEL

in (2(Z), given by a Hopping matrize € (*(Z) of the particle which satisfies ¢(x) = ¢(—x), and the
potential energy operator is the multiplication in ¢2(Z) by a function ¢ such that ©(0) = a, d(z) = b
for |x| =1 and 0(x) = 0 for |z| > 2, where a,b € R\ {0}.

In the momentum space representation, the operator acts in L?(T) by

H, = FH,F* = FHoF* + pFVF* = Hy + uV,

where

F:2(Z) > LXT), Ff(p)= j?? S Fla)elv)

TEZ

is the standard Fourier transform with the inverse
1 .
F* . LY(T) = *(2), F* x—/ e ) qp,
)= @), F @) == [ 1)

The free hamiltonian Hy is the multiplication operator in L?*(T) by the function ¢ := v2wFe
so-called the dispersion relation of the particle and the potential operator V acts on L?(T) as a
convolution operator

VI0) = 5= (a2 cosip—a)F . f € LXD)

Since V is compact, by the Weyl Theorem [4],

~

O'ess(f{\u) = o(Hp) = [min ¢, max ¢| = [emin, ¢max]

In what follow we always assume:
Hypothesis The dispersion relation ¢ is a real-valued even function having a unique non-
degenerate mazximum at w € T. Moreover, ¢ is analytic near 7.
Let L*¢(T) and L?°(T) be the subspaces of essentially even and essentially odd functions in
L*(T). Recall that
L*(T) = L*>*(T) @ L*>°(T).
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Since ¢(p) is even, each of the subspaces L*¢(T) and L*°(T) is invariant with respect to Hy. Recalling
that

VH) = V@) + VI 0) = 5= [ fada+ Zeosp [ cosaftada+ Zsinp [ sinaf(ada

we get that each L?€ and L?° is invariant also with respect to V.
Let H), := HH‘L%(T) and H}) := N}LZO(T)' Therefore,
o(Hy) =o(H,)Uo(Hy).

Let

a+2b/1 [ (cosq+1)%dgy\-!
poom (L[ (cosa s gy
ab \7 Jp emax — ¢(q)
First we study the existence of eigenvalues of H;; on depending all the parameters a,b and p and
establish absorption rate of these eigenvalues by the essential spectrum.
Theorem 1. (a) Assume that a,b < 0. Then for any p > 0 the operator H has no eigenvalue
above the essential spectrum.

(b) Assume that ab < 0 and a+2b > 0. Then for any p > 0 the operator Hj has a unique eigenvalue
Ec(p) > emax and Ee(+) is real-analytic, strictly increasing and convex in (0, +00).

(¢) Assume that ab < 0 and a+2b < 0. Then for any p < e the operator H}, has no eigenvalue above
the essential spectrum and for any p > e the operator Hj, has a unique eigenvalue Ee(pt) > emax
and Ee(-) is real-analytic, strictly increasing and convex in (e, +00).

(d) Assume that a,b > 0. Then for any p < pe the operator Hj has a unique eigenvalue Ee(l)(u) >

emax and for any p > pe the operator Hj has two eigenvalues Ee(l)(u),Eéz) (1) > emax- Moreover,

the functions Eél)(-) and Eé2)(~) are real-analytic and strictly increasing in (0,400) and (e, +00),
respectively.
Let us introduce first the following real numbers:

1 1 1 2 1
e* .= / M and ©** .= / COSp( + COSp)dp‘
TJT Cmax — e(p) T Jr Cmax — 2(;0)

Note that all these numbers are finite.
Theorem 2. Let Ee(-),Eél)(-) and EC(Q)(') be as in Theorem 1.

(a) Assume that either “t2 <0 or a,b> 0 and let Xop : (0,400) = R be defined as

Ee(p)  if 522 <0,

Eél)(u) if a,b> 0.

Xa,b(u) = {
Then for sufficiently small and positive p the function X, (1) — emax has a convergent expansion

2
(ceu—i— ch,u") if a+2b >0,
Xa,b(,UJ) — Cmax = n=2

2
(ceu2+ > cnun) if a+2b=0,

n>3

where {c,} are real coefficients,

~ fido(a+2b) ifa+2b>0,
) Job?Bo if a+2b=0,

Jo s positive number and By are some universal coefficient depending only on e.
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(b) Assume that “t22 > 0 and let Y3 : (pte, +00) — R be defined as

E.(p) ifab<0anda+2b<0,
ab(1) = (2) .
Ee”(n) ifa,b>0.

Then for sufficiently small and positive j1— pe the function Y, p(11) —emax has the following convergent
eTPansions:

e if O%a # O**b, then

Von10) = emax = (e (0 = pe) + S enli = o))

n>2

where {cy,} are real coefficients,

_ Joab(a + 2b) 1/(cosp+1)2dp 2
“= o0 oip (| w ) 7"

71' Cmax —

o if ©*a = ©**D, then sufficiently small and positive  — pre > 0 the function Yy (1) — emax has
a convergent expansion

Ya’b('u)  fmax = (ce (= MG)I/Q + Z cn(p — Ne)nﬂ)?,
n>2

where {c,} are real coefficients,

B ab 1 [ (cosq+1)2dgy\—1/2
Ce (a + 2b)~2 <7T /11‘ (emax — Q(Q))Q) =0

Now we formulate the results of existence of eigenvalues for Hj on depending all the
parameters a,b and g and their absorption rate by the essential spectrum.
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Let T¢ = [~7,m)% be the d-dimensional torus. Let L?(T?) be the Hilbert space of square-
integrable functions on T¢ and L?¢(T?) c L?(T%) be the subspace of even functions on T?. For
any v,A € R and k& € T¢ the bounded and self-adjoint Schrédinger operator H.\(k) associated
to a system of two identical particles (bosons) moving on the d-dimensional lattice Z¢ acts in
L%¢(T%)(see,e.g.[1,2,3,4]) as

Ho\(k) = Ho(k) 4+ V.

Here the non-perturbed operator Hy(k), k € T¢ is the multiplication operator by the function

d
Z (1 — cos 21' cospl)

The perturbation operator V. is defined as

d

Viaf(p) = (2;)0, / (7 + A cosp; cos Ch')f(‘])dQ-

. i=1

The operator Hy(k), k € T¢ is the multiplication operator by the continuous real function &(p)
defined on T¢, therefore its spectrum consist only of the essential spectrum, i.e.

U(HO(k)) = UeSS<H0(k)) = [gmin(k)a gmaX(k)L
with

Emin (k) := min E(p

min (1 — cos & > >0 = Enin(0),

Emax (k) := max E(p

max (1 + cos 2) < 4d = Enax(0).

Let & = 0. The spaces

L27€7S(Td> = {f € L276(Td) : f(plv“'7pd) = H2f(p1a -"apd)a P1,--sPd € ’]T}7

and
LQea(Td) {f € LQG(’]I‘CI) f(plu "'7pd) == _HQf(pl) "')pd)) P1y.--y,Pd S T}

of symmetric and antisymmetric even functions are invariant with respect to H,)(0), where II; is
the permutation of any two variables p; and p;, ¢, j = 1,...,d.
The operators H7, and HY act on L*¢5(T9) and L?%(T%) by the formulas

I = Ho(0) + V3 and HY := Hp(0) + Vy,
where V;’/\ and V)" are integral operators given as

A d—1

VL) = g [ F@d0+ o 5

Td

d
Z cos p; + cos pj) /(COS ¢i +cosq;) f(q) dg

i=1 j=i+1 Td
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and
\ 1 d—1 d
V/\@f(p) = (27T)d 2(d . 1) Z COSp; — COSpJ) /(COSQZ — COs q])f(Q) dq
=1 j=14+1 Td
For any d > 3 there exist the following finite limits:
. 1 dp . 1 cos p;dp
lim a(z) = a(0) = / , lim b(z) = b(0) = / ,
2,0 (2) (0) (2m)d | eo(p) 2,0 (2) (0) (2m)d eo(p)
Td Td
. 1 cos? pidp . 1 cos p; cos p,;dp
lim c¢(z) = ¢(0) = / , lime(z) =e€(0) = / J
AU O Gy | e T T | )
and
. 1 dp . 1 cos p;dp
lim a(z) = a(4d) = / , lim b(z) =b(4d) = / ,
2Ndd (2) = a(4d) (27r)de eo(p) —4d’  =\ad (2) = b(4d) (277)de eo(p) — 4d
. 1 cos? pidp . 1 / cos p; cos pidp
lim ¢(z) = c(4d) = ,  lim e(z) =e(4d) = J
2\dd (2) = e(4d) (27r)d1{ eo(p) —4d’  =\ad (2) = e(4d) (271')de eo(p) — 4d
Let

A = (e(4d) — c(4d))™F >0 and Ay = (e(0) — ¢(0))~! < 0.
In the (v, A)-plane let us define the following sets for d > 3:

Sod—1 = {(7,A)ER2: /\>/\a'},
Soo = {(’y,)\)ER2: )\6<)\<)\a“},

Si-10 = {(fy,)\)eRZ: /\<)\5},

(1) B 1 patad) (i Dpgaa) >0, 2 <2000

ci={(7,0) € R?: 1 —~a(4d) — \(d — %)b(4d) < o},

cf = {(% A) €R?: 1 —~a(4d) — A(d — %)6(40{) >0, A> 2(;((;135}7
;= {(%)\) eR?: 1+’ya(0)+)\(d+%)b(0) >0, A> _2(;((8))}’
Cr = {(% A) € R?: 14 ya(0) + A(d + %)b(o) < 0}’

Cy = {(%)\) eR?: 1+’ya(0)+)\(d+%)b(0) >0, A< _2(;((8))}‘

The main result of this note is the following theorem.

Theorem 1. Let k =0 and d > 3. Then the operators HY and H;j)\ have the following facts:

(@) if (v,A) € Soo, then HS has no eigenvalues associated to the antisymmetric bound states
outside the essential spectrum where A is the closure of a set A;

(1) if (7,A) € Soa—1 and (v, \) € Sg—1,0, then HS has an eigenvalue of multiplicity d — 1
associated to the antisymmetric bound state above and below the essential spectrum, respectively;

(#) if (v, A) € Cq and (7, ) € CO , then HZ\ has no eigenvalues associated to the symmetric
bound states above and below the essential spectrum respectively;

(iv) if (v, \) € C; UACS and (y,\) € C; UAC;, then H3, has a unique eigenvalue associated
to the symmetric bound state above and below the essential spectrum, respectively, where A is the
topological boundary of a set 0A;
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(v) if (7,A) € Cy and (v,\) € Cy, then HZ\ has a exactly two eigenvalues associated to the
symmetric bound states above and below the essential spectrum, respectively.
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Integration of the type loaded second-order Korteweg-de Vries equation with a
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Solutions in the class of periodic functions for KdV equation were studied in [1]-[3] in various
formulations. In the works of [4] the KAV equation with free a term independent of the spatial
variable, and in the work of 5], [6] the KdV equation with a loaded term was studied.

In this work, we study the loaded second-order KdV equation with a free term independent
of the spatial variable, namely, we consider the following equation

1 5 15
4t = qu’zxmc — 5GuQur — §qqgcacx + ?q2QI + PY(t) q ’sz "Gy + f(t)7x €ER,1>0 (1)

with initial condition
Q(xvt)‘tzo = qo(x), (2)

where y(t) € C'[0, oo) and f(t) is given real continuous function and qo(z) € C°(R!) is given real
function. It is required to and a real function ¢(z,t), that is m-periodic in a variable x:

q(z +m,t) =q(x,t),z € Ryt >0 (3)
and satisfies the smoothness conditions:
q(z,t) € C3(t > 0)[\CL(t > 0)[)C(t > 0). (4)

Theorem. Let g(x,t) be the solution of problem (1)-(4). Then the boundaries A, (t), n > 0 of the
spectrum of the following operator

Lir,tly=—y" +qlz+7,t)y=Ay,z € R (5)
satisfy the system of equations '

An(t) = f(t),n =0, (6)
and the spectral parameters &,(7,t), n > 1 satisfy the analogue of the system of equations of
Dubrovin:

%,

o 1) () g (1) + S0 0) + 2620(7,0) + A€~ A(a(0, )] hn(€) + F () (€) =
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& o 0o ) % |- ] (A%*éff)g;; “) st @
k=1
k#n

the sign o,(7,t) changes at each collision of the point &,(7,t) with the boundaries of its gap
[A2n—1, A2n]. Moreover, the following initial conditions are fulfilled:

g’n(’rv t)’t:o = 52(7—)7 U’ﬂ(T? t)’t:o - 0701(7—)7 n Z 17 (8)

where £2(7), 0 (7), n > 1 are the spectral parameters of the Sturm-Liouville equation corresponding

to the coeflicients go(x + 7).
Remark. Using the trace formula

q(1,t) = Ao+ > (A1 + Aok — 26k(7, 1)) (9)
k=1
q2(7—a t) - %QTT(Ta t) = A(2) + Z()‘%kfl + )‘%k - 2‘5]%(7—7 t)) (10)
k=1

system equations of Dubrovin can be rewritten in the “closed ” form.
Corollary 1. The theorem gives a method for solving problem (1)-(4).First we and the

spectral data A, n > 0; £2(7), 02(7), n > 1 of the Sturm-Liouville equation

—y" 4+ qo(x + 7)y = My, x € R.

Solving equations (6) with initial conditions )\?l(t)|t20 =), n >0, we and

An(t) = A2+ /tf(s)ds,n > 0. (11)
0

Further, solving the Cauchy problem (7),(8) for 7 = 0 we get &,(0,t), n > 1. Then substituting this
data into equation (7) and solving the Cauchy problem &,(7,t)|,_o = £2(7), on(T,t)|,—q = 02(7),
n > 1 for Dubrovin system (7) we and &,(7,t), n > 1. Finally, by using the trace formula (9) and
(10) we obtain q(7, t).

Remark. Equations (6) show that the spectrum of the Sturm-Liouville operator (5) moves
on the axis while keeping the initial structure, that is, the lengths of the gaps do not change.

Corollary 2. In [7|, there was proved the theorem which states that the lengths of the gaps
of the Sturm-Liouvelle equation with m-periodic real-valued coefficient decrease exponentially if and
only if the coefficient is analytic. From this theorem we conclude that if go(x) is real analytical
function, then the lengths of the gaps corresponding to this coefficient decrease exponentially. For
the coefficient g(x,t) there correspond the same gaps. Thus the solution g(z,t) of problem (1)-(4)
is real analytical functions on .

Corollary 3. In 8], a generalization of Borg’s inverse theorem was proved: the number 7/n
is a period of the coefficient of the Sturm-Liouville equation with m-periodic real-valued coefficient
if and only if all the lacunae whose numbers are not divisible by n are vanished. Here n > 2 is a
natural number and the lacuna (Agx—_1, Aox) has a number k. Therefore, if go(z) has a period 7/n
then the solution to problem (1)-(4) is the 7/n - periodic function on z.
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Optimal bounds on the speed of subspace evolution governed by
time-independent Hamiltonians
Motovilov Alexander K.
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By a quantum speed limit one usually calls a lower bound on the time that is needed for
a quantum system to evolve from a given state to a target state or a target subspace. The most
known quantum speed limit is given in the form of the celebrated Mandelstam-Tamm inequality
that bounds the minimal passage time of a state in terms of its energy dispersion. In contrast to the
basic Mandelstam-Tamm inequality, we are concerned not with a single state but with a (possibly
infinite-dimensional) subspace which is subject to the Schrédinger evolution. By using the concept
of maximal angle between subspaces we derive optimal bounds on the speed of such a subspace
evolution. Our present study extends the results obtained in [1] for time-independent Hamiltonians
to the case of subspace evolution governed by a (possibly unbounded) time-dependent Hamiltonian.
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On a solution of the integral geometry problem for a family of cones with a
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We introduce the following notations

(:'U’ y? Z)? (5’ 777 C) 6 R37A?M E Rl’
Q={(z,y,2): z,y€ R, 2€[0,h] h< oo}

A family of cones S(x,y, z) is considered on 2, which are uniquely parameterized using the
coordinates of their vertices (z,y,2) € Q:

5(%3/72):{(5:77,():(33—5)2‘*'@—77)2:(2—027 fGR, 77€Ra OSCSZ}
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Problem A. Determine a function of three variables u(z,y, z), if the integrals of the function
u(x,y, z) over a family of cones S(z,y, z) are known for all (x,y, z) of the layer Q as

// (2= &y—n)u(&n)ds = f(2,y,2),

S(x,y,2)

where ¢ is the weight function on R? and f is the function defined on €.
The weight function g consists of the function p, we will make the following substitutions.
The main result of this paper is the following theorem

Theorem 1 (Existence). Let the function g(p) be differentiable function in R? with g(0) # 0
and f € La(§2) be a continuous function in (x,y, z) €  and have continuous partial derivatives with
respect to the variable z with %f € Ly(Q), f(z,y,0) =0 and %f(x,y, 0) = 0. Then the solution to
Problem A is unique.

The next theorem describes exact solutions to the problem for a certain class of weight
functions g.

Theorem 2. Let f € Ly(2) be a continuous function in (z,y,z) € Q and have continuous
partial derivatives up to the second order with respect to the variable z with %f, 88—;2]” € Ly(Q),
f(z,y,0) =0 and %f(x,y,O) =0. Let

gle—&y—n) =+(x -2+ (y—n)>

Then the function

u(z,y,z) = /v()\,u,t)dt.
0

where

t
1 d? °
v o t) = S <dt2 + A% 4 > / (t—1) t — )V + ;ﬁ) FO\ p,7)dr,
0

(A2 + p?)?

s unique solution of the Problem A.
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Existence conditions for solutions of mixed differential equation with piecewise
continuous arguments
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In the note we give existence conditions for solutions of the following mixed equation with
piecewise continuous arguments

t+1

T'(t) = aT'(t) + bT([t]) + cT'(2 ).t >0 (1)

T(0) = To, (2)

where a,b, ¢, Ty are real constants and [-] denotes the greatest integer function. Since the second
argument deviation t — 2[(¢ + 1)/2] is negative in [2n,2n + 1) and positive in [2n + 1,2n + 2), so
(1)-(2) is called as mixed type equation with piecewise continuous arguments. In particularly, when
¢ = 0,the equation in (1)-(2) becomes T"(t) = aT'(t) + bT'([t]), which is exactly the case of [1]. If
let b = 0, the equation in (1)-(2) becomes T"(t) = aT'(t) + ¢T'(2[(t + 1)/2]), which is exactly the
case of [2|. Thus, the results in this paper are the generalization of corresponding ones in [1] and
[2].Applying the method used in [4] and [5] we construct existence conditions for solutions and their
explicit formulas for the equation (1). In particular case, we prove existence infinitely many solutions
of differential equations with piecewise constant argument, that shows incorrectness of uniqueness
result given in [3].

Definition 1. A function 7'(¢) is called a solution of (1)-(2) if the following conditions are
satisfied:

(i) T(t) is continuous on Ry;

(ii) T'(t) exists and is continuous in R4, with possible exception at points [t] € R, where
one-sided derivatives exist;

(iii) T'(t) satisfies Eq. (1,2) in Ry, with the possible exception at the points [t] € R.

Let 5
E(t) = e — E(l —e),
D(t) = (1 - ).

a

Theorem 1.Let a,b,c be real numbers. If D(1) # —1, then the equation (1) has a unique

solution and it represents on [2n,2n 4+ 2),n =0,1,2,.... as
(ealt=2m) — bte(q — ealt=2m) ELL f;)%)m (e ;nb(gl)cu — )" Ty, t € [2n,2n + 1),

b+ 1
Sbe(] o) Tyt e 204 1,20+ 2).

Theorem 2. (i) If D(1) = —1 and E(1) = 0. Then the initial value problem (1)-(2) has
infinitely many solutions. In particular case, this problem has a unique one-periodic and infinitely
many 2N -periodic solutions, N =1,2,3,....

(it) If Let D(1) = —1 and E(1) # 0. If Ty # 0, then the initial value problem (1)-(2) has no
any solutions. If To = 0, then the initial value problem (1)-(2) has a trivial solution only.

Remark. We construct an example such that the initial value problem (1)-(2) has infinitely
many solutions which shows incorrectness of the results Theorem 2 in [3], that claims the uniqueness
of the solution of (1)-(2).
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We consider a family of the discrete Schrédinger operators Hy,, depending on two parameters,
in the d-dimensional lattice with a potential constructed via the delta function and the shift operator.
The existence of eigenvalues, threshold eigenvalue and threshold resonance and their dependence
on the parameters of the operator and dimension of the lattice are explicitly derived.

The one-particle Hamiltonian H), in the momentum representation is given as

HAu:HO_‘/a

where the non-perturbed operator Hy acts on L?(T%) as a multiplication operator by the function
e(")
(Hof)(p) = e(0)f(p), [ L*(TY,

where
d

Z 1 — cospj), per.
J=1

In the physical literature, the function e(-) being a real valued-function on T, is called the dispersion
relation of the Laplace operator.
The perturbation V' is the two-dimensional integral operator

(VHE) = Ve §)0) = g [ (e M09 i) fs)ds, - f € L(T)

Td

1
(2m)d

The perturbation V' of Hy is a two dimensional operator, therefore in accordance with the
Weyl theorem on the stability of the essential spectrum the equality oess(H) = 0ess(Hp) holds, and
the essential spectrum oess(Hy,) of the operator Hy, fills in the following interval on the real axis

O'ess(H)\u) = [emina emax]a

where emin =0,  emax = 2d.
For brievity to describe the results, we use the following notations

1 1 J b 1 ei(zo.t) . o
(27r)d /]1"1 e(t) —Z , (Z) o (271—)11 /’]I'd e(t) — t, z€ \ [emina emax}~

For any A,y € R, the Fredholm determinant associated to the operator Hy, as a regular
function in z € C\ [emin, ¢max] 1s defined as

AN pz)=(1- )\b(z))2 — N2a%(2) — pa(z).

a(z) =
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For any z € R\ [emin, ¢max], the number a(z) is non-zero, and the equality

allows us to consider the parabola

1 _2b(z) _c(z) 2
PO = s = T a0

instead of the equality A(\, p;z) = 0.
Lemma 1. The parabola P,(\, pu) =0 can be defined at epin and emax as
2
P... (\p):=—2\+ —)\2 —u=0 for d=1,2,
1 2

P (\p)=———\— ) —u=0 for d>3,
aj aj aj
and
2 .
P, .. p)==2\+—XN—pu=0 for d=1,2 with |xo|; - even,
Ry
2
Pe O\ 1) =2\ — —)\2 —u=0 for d=1,2 with |zo|y - odd,
1 2()
P_. (O u)=——"TXx- a2 w=0 for d>3,
ar  ay ar
where
. : - : 2 32
a; = Z*glgiln* a(z), b = Zﬁlgﬂﬁ b(z), ¢ :==aj —bj,
R ; - ; ) N ¥
ap 1 = z—}elrIrEera(z)’ by = z—}elrlrgﬁ b(z), ¢y :=a; —b;.

Let I'; and I, be graphs of the parabolas P, _. (A, u) =0 and P, (A, 1) = 0, respectively, in

the Au—plane. The lines I'; and I';. each divide the plane into two disjoint parts

Go={(\p): Pu(p) <0}, GL={(\p): Py, (A p) >0}

and
Go={(A 1)+ Pepac (M) > 0}, Gy = {(A 1)+ P (A ) < 0}
Now we can formulate the first main result of the paper.
Theorem 1.
(a) For (\,u) € GLUTy, the operator Hy, has no eigenvalues in (—00, emin)-
(b) For (\,u) € G, the operator Hy,, has a simple eigenvalue in (—00, emin).
(c) For (A, u) € Gy UT,, the operator Hy, has no eigenvalues in [eyax, 00).
(d) For (A, pn) € GY, the operator Hy,, has a simple eigenvalue in [emax, 00).
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A low-rank ODE’s based tool to compute bounds of structured singular values
Mutti-Ur Rehman
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Abstract. A novel method for approximating structured singular values is proposed and
investigated. These quantities constitute an important tool in the stability analysis of uncertain
linear control systems as well as in structured eigenvalue perturbation theory. Our approach
consists of an inner-outer iteration. In the outer iteration, a Newton method is used to adjust
the perturbation level. The inner iteration solves a gradient system associated with an optimization
problem on the manifold induced by the structure. Numerical results and comparison with the
well-known MATLAB function mussv, implemented in the MATLAB Control Toolbox, illustrate
the behavior of the method.

On the one minimax control problem for differential inclusion with parameter
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Questions of analysis and synthesis of control systems lead to the need to study models taking
into account the influence of various internal and external parameters. The class of such models
includes differential inclusions with control parameters and uncertainty [1-4]. Differential inclusions
with control parameters arise in the study of control systems under conditions of uncertainty. For
control systems in conditions of uncertainty, the tasks of controlling an ensemble of trajectories are
of great importance. The problems of controlling an ensemble of trajectories for control systems
under conditions of uncertainty and differential inclusions are considered in [4-7].

Consider the model of the control system in the form of the following differential inclusion.

€ A(t)r + B(t,u) + D(t,q),2z(to) € Xo,u € V,q € Q, t € T = [to, 1], (1)

where = - n-dimensional state vector, u-m-dimensional control vector, ¢-k-dimensional vector of
external influences, A(t)-n x n-matrix, B(t,u) ¢ R",D(t,q) C R* , Xo C R" ,V C R™ , Q C RF.
With respect to parameter ¢, we will assume that it is constant over the interval T = [to, t1], but
only its set of possible values @ is known. The control system (1) will be studied under the following
assumptions: 1) the elements of matrix A(t) are summable by T' = [to, t1]; 2) Xo C R, V C R™,
Q C R" - convex compacts; 3) for any t € T = [tg,t1], u € V,q € Q sets B(t,u) and D(t,q) non-
empty compacts of R" ; 4) the multi-valued map (¢,u) — B(t,u) is measurable by ¢ € T' = [to, t1],
continuous by u € V', and integrally bounded, i.e. there is a function 7" = [to, t1] summable by S5 (t)
such thatsup{||y|| : v € B(t,u)} < Bp(t)},(t,u) € T x V; 5) the multi-valued map (¢,q) — D(t,q)
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is measurable by t € T' = [to, t1], continuous by , and integrally bounded, i.e. there is a function
T = [to,t1] summable by Sp(t) such that sup{||y] : v € B(t,u)} < Bp(t),(t,u) € T x V;6) the
support function of the set D(t,q) is concave by ¢ € Q.

Let U - the set of all permissible controls; H(u,q) - the set of admissibly trajectories
corresponding to the pair (u,q) € U x Q; X(t,u,q) = {{£ € R* : & = =z(t), z() €
H(u,q)},X1(u,q) = X(t1,u,q). We will manage this terminal state X;(u,q) by evaluating the
quality of the control process using the following non-smooth functionality

l
9(X1(u,q)) = sup{z mip (2, PE) : € € Xi(u,q)}

where P-s x n is a matrix, Z;, i = 1,[, are compacts of R®. The terminal state Xi(u,q) will be
controlled according to the minimax principle, i.e. following minimax problem is considered

J(u) = sggg(Xl(u, q)) - min, ue U (2)

Let F(t,7) be the fundamental matrix of solutions to equation & = A(t)z, F(r,7) = E. The
set X1(u,q) is a convex compact of R™ and its support function has the form:

t1

(X1, ), ) = (F(t,t0) Xo, ) + / (F (11, D[B(t, u(t)) + D(t, q)], )t

to

We have J(u) = max min v(u, ¢, z), where

q€EQ z€coZ
Y(u,q,2) = (Xoﬂlﬁ(to,z))+/(B(t7U(t))+D(t,Q)7¢(t72))dt

Y(t, z)- absolutely continuous solution of system ¢ = A'(t)y, (t;) = P’z. Functional
v(u,q,2) is concave by and convex by z € coZ. Therefore, applying the minimax theorem, we
obtain the following formula:

I(w) = i, (X, ¥(t0.2)) +max [ (Blt.u(®) + D(t.a), vt )d
to

Let’s introduce the following functionals:

t1

pla.2) = (Xo.w(to,2) + [ min (Bt (e, 2t + [ (D(t.).w(t, )i

to

Theorem 1. Let u*(t), t € T = [to, t1], be the optimal control in problem (2). Then there
exists a z* € coZ- point of the global minimum of the function z — mag p(q, z) by coZ , such that,
q€

for almost all ¢t € T = [to, t1], following equality holds:
min (B(t, v), ¥(t,27)) = (B(t,u" (1)), $(¢, 27)) (3)

v

Theorem 2. Let z* € coZ be the point of the global minimum of a function z — maéi p(q, 2)
qc
by coZ, and u*(t), t € T = [to, t1] be a admissible control satisfying almost everywhere on T = [to, ¢1]

the relation (3). Then u*(t) is the optimal control in problem (2).

In conclusion, we note that in the work developing the research methods [5-7|, the results
are obtained, which are the theoretical basis for the development of an algorithm for constructing
optimal control in the considered minimax problem.
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Determination of a coefficient and kernel in a two-dimensional fractional
integro-differential equation
'Ramonov A., 2Safarov J., 3Boboev S.
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This paper is devoted to obtaining a unique solution to an inverse problem for a two-
dimensional time-fractional integro-differential equation. In the case under additional data, we
consider an inverse problem. The unknown coefficient and kernel are determined uniquely by the
additional data. The existence and uniqueness result is based on the Fourier method, fractional
calculus, properties of Mittag-Lefller function, and Banach fixed point theorem.

Let Q7 := S x [0,T] for a given time T > 0, where S defined by the inequalities 0 < x <
1, 0 <y < 1. We consider a fractional integrodifferential equation with fractional derivative in time
t:

t
05U = Ugg + Uyy + q(t)us + / k(t — m)u(z,y, 7)dT + f(z,y,t), (z,y,t) € Qr, (1)
0

with the Gerasimov-Caputo time fractional derivative 9 of order 1 < a < 2, defined by

o0 (t) = F(Ql_a) /0 (t — 1)\ (7)dr,

where I is the Euler’s Gamma function.
We supplement the above fractional wave equation with the following initial conditions:

u(ac, y70) = a(z, y)v ut(*rv Y, 0) = b(x7y)a (2)
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and the boundary conditions
ug(0,y,t) =u(l,y,t) =0, 0<t<T, (3)

u(z,0,t) = uy(z,1,t) =0, 0<t<T, (4)

In this paper, we take the following additional overdetermination and integral conditions:
u(0,1,t) = ho(t), 0<t<T, (5)

Afu(, - )] = ha(2), (6)

)= // h(z,y,t)dxdy,
S
where h;(t) are given functions [1].

The inverse problem considered in this paper is stated as follows.
Definition. By the classical solution of the inverse boundary value problem (1)-(6), we mean

the triple functions {u(z,y,t), q(t), k(t)}, if

where A are defined by

u(x,y,t) € YT> (7)
q(t) € C[0,T], k(t) € C[0,T] and relations (1)-(6) hold in the usual sense, where Yp = {u :
u(-, -, t) € C%(S), t € [0,T] and u(z,y,-) € C>'[0,T), (z,y) € S}.

c"o,T] = {v(t) :o(t) e ™[0, 7], and

oro(t) € Cy[0,T1},  C3010,T) = C3[0, ),
where a > 0, n € N, 0 <y < 1 be such that v < « (see [2], p. 199) and here
G0, T]:={f(): t7f(t) € Cl0,T]}, [flc, = 1" fF®)lcpom-

In this work we will investigate a forward and an inverse problem.
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The problem of restoring the rate of temperature change according to indirect
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[1=10,1]2[0,¢], t>0 is a fixed number. The function T'(x,t) is called the phase state of the
heating process. Inside the segment [0, 1] and at >0 and during temperature distribution it obeys
the heat equation:

OT (z,t) GGZT(:C,t)
ot 0z

(1)
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Here a is the temperature conductivity coefficient. At the ends of the rod, the following heat
transfer conditions are accepted:

aT (z,1) aT(0,1)
H o1 oz

Where p- is the thermal conductivity coefficient, o~ is the heat transfer coefficient between
the heating medium, respectively, on one side 0=0 and the side surface of the plate on the other.
The left end of the plate x = 0 is heat insulated. The temperature of the heating medium U (¢) is
called the control action or simply control. Let during the heating process it is possible to measure
the temperature change at some points of the heated body. The task of determining the rate of
change in temperature T(Z,t) at the point X € [0,1] over time at a given point of the rod from
a known change in temperature at a point and the heat transfer law (1)-(2) is the subject of the
identification (process) of heating, discussed below.

Point z; € [0, 1] Related Functions y;(t)

= a[U(t) = T(,1)]; =0 (2)

yi(t) = T(zi, t) +&(C) (3)

We call it the measured component of the heating process.

Task 1 From the functions y;(t), ¢t € [0, 1], constants a, v, u and relations (1)-(3) determine,,
T'(z,t) ,t€[0,1], (E # E)

Let g (t) be some given function from (0, 1)

Task 2.
For all the data of task 1, find the value

7, = /0 o) (3, 1)t ()

It is clear that the solutions of Problem 2 for various functions g(t) = g;(t): = 1,2, ... making up
the basis of space Z3(0,¢) will allow us to find the function from the projections 7'(Z,t) (4) as an
element Z5(0,t).. Therefore, we will consider only Problem 2 below. For brevity, we consider below
the observation of one the distribution of the sensor (i = 1) to the general case will be fundamentally
understandable.

We will search for quantity (4) in the form (5)

t
Z, [ @y +e0Ui)a o)
Where K (t) and (o) are the desired functions from Z5(0, ).

Following the well-known technique of the theory of observability in linear problems [2] - [3],
we choose the linear functional (5) so that for relations (1)-(3) the identity

Z, /0 o) (7, £)dt = /0 (K(T(2, ) + o (U ()] dt (6)

On the solutions of equation (1), we consider the identity

ot OT(x,t)  T(x,t)
O—/0/0¢(x,t)[ Eraiak dxdt

2
Here, 1(z,t) an arbitrary function having continuous derivatives %—f, (3715 everywhere in the

inside of the rectangle [] except perhaps the segments

tel0,t],x=z,x==.

It is assumed that system (1)-(2) has solutions with continuousaTa(i’t). ones. We add the
last identity with equation (6) and using integration by parts over the intervals (0, z), (z,z), (Z,1)
(taking into account (3) we obtain
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Zy=[! { {g()+a [31/1(93:0’15) _ aw(ggo,t)} } T3, t)dt — | { [w(g;o,t) — @0y

(t) +
T(E,)dt —a fy [$(3 +0.0) = (& = 0,0] Hpdt — a [{0(E +0,8) = $(T —0,0)] =
—a fg {Z‘d) 1,t) + Bw(l t)} T(1,t)dt — fo (x, 6)T(z,t)dx

+ [l a:Oda;JrafO [ﬁwlt) (t)}
U(t) dt—l—aft WONT(0, t)dt +a [ [nggﬂ ng’ﬂ T(z, t)dwdt

(7)
We require here that the coefficients vanish for unknown values of the functionT'(z,t) T(Z,t)
and its derivatives

oY(x, 0% (x
ERCTIRES
Y(2,0) = 0,%¢(z,t) = 0,2 € [0,1] (9)
Wg;’t) —0,t € [0,4] (10)
‘f‘¢(1,t)+%i’w =0,t€[0,1] (11)
" (M(fax 0,t) aw(a‘:al— 0,t)> _ k() (12)
. <8w(x8; 0,) 31/;(338; 0,t)> _ ) 13
BT +0,8) = (T — 0,1), ¥(F +0,8) = (T — 0,¢) (14)

So, for the functiont(z,t), the boundary value problem (8)-(14) is obtained. Let this system have
solutions for some functions[K (-),%(-)]. Then in identity (6) there remains

0= /OtU(t) [cp(t) + ‘fw(u)] dt

From this we conclude: in order for relation (6) to hold for constraints (1)-(3) and any equation,
it is enough U(t)

P(t) = —fw(l,t) (15)

Thus it is identified that

Theorem. In order for identity (6) to hold under constraints (1)-(3), it is sufficient that there exists
a solution to the boundary value problem (8)-(15) [6].
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The second order differential games with La-constraints
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Let’s suppose that in R™, an object P (the Pursuer) of a control u follows another object E
(the Evader) of a control v. Describe the position of the Pursuer by  and that of the Evader by y
in R™. Let motions of the objects be given by the second order differential equations

Z=u, (0)=uxz1, z(0)==x, (1)

i=uv, 9(0)=yv1, y(0)=wo (2)

respectively, where z,y,u,v € R, n > 2; x1, y1 are initial positions of velocities of objects; xg,
yo are the initial positions of the objects and we presume that xg # yo; As to the controls u and
v function as the acceleration vectors of the objects correspondingly, and they should be suitably
picked as measurable functions u(-) : [0, +00) — R™ and v(-) : [0, +00) — R".

Below we examine the number of classes of admissible controls for the Pursuer.

Py) Langenhop type constraint (briefly, La — constraint)

t

()2 < p? — 2% / fu(s) [2ds 3)

0

for almost every 0 <t < t*, and we represent the class of all the control functions fulfilling (3) by
U, where

t
t* = sup t:p2—2k/u(s)]2d820 ;
0

P,) Geometric constraint (briefly, G — constraint) in the form

[u(t)] < pe* (4)
for almost every ¢ > 0, and we represent the class of all the control functions fulfilling (4) by Ug;
P3) Integral constraint (briefly, I — constraint) of the form
¢
p2
[luts)Pas < S e, e=0 )
0

and we represent the class of all the control functions fulfilling (5) by Uy, where the parameters p
and k in (3)-(5) are the positive numbers. In a similar way, below we present several classes of the
admissible controls for the Evader.

Ey) Langenhop type constraint (briefly, La — constraint)

t

W2 < o? — 2/<;/ lw(s)[2ds (6)

0

for almost every 0 < t < t,,
and we indicate the class of all the control functions satisfying (6) by Vi, where

¢
ty = sup t:02—2k/]v(s)]2d320 ;
0
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E5) Geometric constraint (briefly, G — constraint)

o(t)] < ge (7)

for almost every ¢ > 0,
and we indicate the class of all the control functions satisfying (7) by Vg;
Es) Integral constraint (briefly, I — constraint)

t

/\U(S)Pds < T (-, 120, (8)

V)

0

and we indicate the class of all the control functions satisfying (8) by V7, where the parameters o
and & in (6)-(8) are the positive numbers too.

If U (correspondingly, V') is one of the above classes Ug, Ur, UL, (correspondingly, Vi, Vi, Vi),
then the pairs (zg,u(-)) and (yo,v(-)) generate the following trajectories

x(t) = xo + 21t + /(t — s)u(s)ds, y(t) =yo+ yit + /(t — s)v(s)ds.
0 0

The target of the Pursuer is to catch the Evader, i.e. to get the equality z(7') = y(T') (the
pursuit problem) at some finite instance 7' > 0, but the Evader tries extremely hard not to be caught
(the evasion problem), i.e. to preserve the relation z(t) # y(t) for all t > 0, and if impossible, to put
back the meeting time T" as long as possible. Let’s introduce the denotations: z(t) = x(t) — y(t),
2(0) = &1 — y1, 20 = ©9 — yYo. We study the La - differential game for the case z; = mzg,m € R

Definition 1.If p > o, then the function

ura(l,v) = v = Ara(t,0)60, ArLa(t,v) = (v,0) + \/(v, €0)? + pre M —[u(t)? 9)

is called I q-strategy of pursuer in the La-Game, where &y = zo/|z0].
Note that [uz,(t)|? = p?e~2k, ¢t > 0.

Conjecture 1. Assume that p > o is valid and there exists at least one positive root of the
equation
Fp(t) — Gp(t) = |z0|(1 + mt) (10)
with respect to t, where Fp(t) = £ (e7* + kt —1) ,Gp(t) =0 % (1—e2k) and m € R
Theorem 1. If p < o and m € R, there exists the smallest positive root of the equation (10),

then I, (9)-strategy guarantees the completion of pursuit in the La-Game on the time interval
[0, Trq]-

Definition 2 Let o > p in the La-game. Then by the Ep,-strateqy of the Evader we mean
the function

[ o if 0<t<e,
owoltene®) ={ iy e 4 15 -
0, if 0<t<e, .
where u.(t) = { w(t—e), if t>e us(t) € R", & = z0/|20l-
Theorem 2. If in the La-game p <o ,0<¢e < M and

I)m>0,0<t<e 2)m> %1/25, t > € then the Er,-strategy (11) is winning for E.
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controls
!Samatov B.T., 2Juraev B.I., 3Akbarov A.Kh.
L' Namangan State University, Namangan, Uzbekistan,
e-mail: samatov@inbox.ru
23 Andijon State University, Andijon, Uzbekistan,
e-mail: jbahodirjon@bk.ru, akbarov.adhambek@bk.ru

In the present paper, we have considered pursuit and evasion problems in a simple motion
differential game for the case where Pursuer’s control is subjected to geometric constraint and
Evader’s control is subjected to Gronwall type constraint. In order to solve the pursuit problem,
the parallel convergence strategy (the Il-strategy) for the Pursuer is constructed, and sufficient
conditions of pursuit have been determined. Also, we have proved that the Il-strategy of the
Pursuer is an optimal strategy. In solving of the evasion problem, we have proposed an admissible
control function to the Evader, and we have obtained sufficient conditions of evasion. In addition,
an estimation function for the distance between the objects during the game has been provided.

Suppose that in R™ a controlled object P called the Pursuer, chases another controlled object
E called the Evader. Denote by x the position of the Pursuer and denote by y the position of the
Evader in R™. In the present work, we consider the pursuit-evasion problems when the objects move
in accordance with the equations

P: &=u, x(0)=ux, (1)

E: y =, y(O) = Yo, (2)
respectively, where x,y,u,v € R™ n > 2; xg and yo are the initial positions of the objects
accordingly, and it is assumed that xg # yo; v and v are the control parameters of the objects
correspondingly, and they denote the velocity vectors which depend on the time ¢ > 0.

On the control u of the Pursuer, we impose the geometric constraint or briefly, G-constraint

described in the form
lu(t)| < a for almost every ¢ > 0, (3)

and we denote a class of such admissible controls by Ug, where « is the given positive number
which expresses the maximal speed of the Pursuer.

To the control of the Evader we propose the following Gronwall type constraint (in brief,
Gr-constraint)

t
lv(t)* < o? + 2k/ lu(s)|?ds for almost every t > 0, (4)
0

and we denote a class of such admissible controls by V¢,., where o and k are the given positive
numbers.

Definition 1. We say that a strategy u = u(v) guarantees capture at time moment T(u) if
at some time t, € [0,T(u)] the equality x(t.) = y(ts) is satisfied for any control v(-), v(-) € Vg,
where x(t) and y(t) are the solutions of the initial value problems

z=u(v(t)), =(0)= o,
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g =v(t), y(0) = o,
where t > 0.

Definition 2. We say that a control function v = v(t) guarantees evasion on the time interval
[0,00) if for any control u(-), u(-) € Ug, the relation x(t) # y(t) holds for all t, t € [0,00), where
x(t) and y(t) are the solutions of the initial value problems

& =u(t), z(0)= =z,
y =), y(0)=uyo,

where t > 0.

Problem 1. Solve the pursuit problem in the game (1), (2) with the G-constraint (3) and the
Gr-constraint (4) (briefly, GGr-Game of Pursuit).

Problem 2. Solve the evasion problem in the game (1), (2) with the G-constraint (3) and the
Gr-constraint (4) (briefly, GGr-Game of Evasion).

Definition 3. We say the function

uccr(v) = v — Aaar(v)éo (5)

the parallel approach strategy, or Ilgag,-strategy of the Pursuer in the GGr-Game of Pursuit on the
time interval [0, 0], where

Aaar(v) = (&) + /0, &) + a2 — o2, & = ﬁ 0= %znm/a)

and (v, &) represents the inner product of the vectors v and &y in R™.

Lemma 1. If the conditions
a >0, ‘Z()’ <0

are satisfied on the time interval [0, 0], then there exists a positive root of the equation
"= At+ B

on that interval, and we denote the root by Tga, where

o= tm? o=1(r—a(1-m2)). A=k p_i_ ol

g o o

Theorem 1. If Lemma 1 is valid, then in the GGr-Game of Pursuit, the ggyr-strategy (5)
guarantees capture the Fvader on the time interval [0, Taayr)-

Definition 4. In the GGr-Game of Evasion, we call the control function
vaar(t) = —oe&, t>0, (6)
a strategy of the Evader.

Theorem 2. Let Lemma 1 be valid. Then in the GGr-Game of Pursuit, the strategy (6)
guarantees evasion in the time interval [0, Taay), where Taay is the guaranteed time of pursuit (see
Theorem 1.
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Theorem 3. Let one of the following conditions be valid: 1) « < o; 2) a > o, |2 > ©.
Then in the GGr-Game of Fvasion, the strategy (6) guarantees evasion in the time interval [0, 00),
and for the distance function z(t) the following estimation is valid:

|20, if a=0, k=0,
2(t)] > < |20l + 2(eM —1) —at, if a=0, k>0,

\zo|+%(ekt—1)—at, if a<o, k>0 or a>o, k>0, |z|> 0,

where © 1is given in Lemma 1.
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Problem cauchy for the laplas field in bounded domain
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Introduce the following notations: R> is the third dimensional real Euclidean space,
T = (581,582,563), Yy = (yl)y27y3) S R37 .’E/ — (:E251:3)7 y, = (y2793) S R27

s=a’ =y — 2| = (y2 —22)* + (y3 — 23)%, PP =5+ (y1 —21)* = |y — z|?,

Q2 is a bounded simply connected domain in R? with boundary 9§ composed of a compact connected
part T of the plane y3 = 0 and a smooth Lyapunov surface S lying in the half-space y3 > 0, with
O=QuUoN, 00 =SUT.

Problem. Let we know the Cauchy data for a solution to system [1]

A?(m) =0,z €, (1)
rot F(z) = 0,z € Q) 2)
Fly) =Zy).yeS. (3)

In this paper, we offer an explicit formula for reconstruction of a solution of the Laplase field
in bounded domain from its values on part of the boundary, i.e., we give an explicit continuation
formula for a solution to the Cauchy problem for the Laplase field.

The Cauchy problem (3) for the Laplase field (1)-(2) is well-known to be ill-posed. Hadamard
noted that solution to problem is not stable. Possibility of introducing a positive parameter o,
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depending on the accuracy of the initial data, was noticed by M. M. Lavrent’ev. Uniqueness of the
solution follows from the general theorem by Holmgren. Traditionally, regularization techniques,
such as Tikhonov regularization.

We suppose that a solution to the problem exists (in this event it is unique) and continuously
differentiable in the closed domain and the Cauchy data are given exactly. In this case we establish
an explicit continuation formula.
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Structure of essential spectra and discrete spectrum of the energy operator of
four-electron systems in the Impurity hubbard model. Second four-electron
triplet state
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The Hubbard model and impurity Hubbard model is currently one of the most extensively
studied multielectron models of metals [1,2,3,4]. Therefore, obtaining exact results for the spectrum
and wave functions of the crystal described by the Hubbard model and impurity Hubbard model
is of great interest. We consider of the energy operator of four-electron systems in the impurity
Hubbard model and investigate the structure of essential spectra and discrete spectrum in second
triplet state. Hamiltonian of the system has the form

H= AZamvam7+B Z amvam+T7+UZamTamTamiam¢+ (Ag— A Zao«,a()v""

m,y m,T,Y

(By — B) Z(a&vaﬂw +ala0,) + (Uo — U)G(J)F,TGO,TG(J)F,\LGOJ' (1)
Y

Here A (Ap) is the electron energy at a regular (impurity) lattice site; B > 0 (By > 0) is the
transfer integral between electrons (between electron and impurity) in a neighboring sites, 7 =
*ej,j = 1,2,...,v, where e; are unit mutually orthogonal vectors, which means that summation
is taken over the nearest neighbors, U (Up) is the parameter of the on-site Coulomb interaction
of two electrons, correspondingly in the regular (impurity) lattice site; v is the spin index, v =1
or v =/, 1 and | denote the spin values 1 5 and — , and a;;w and a,,~ are the respective electron
creation and annihilation operators at a site m G Z". The second triplet state corresponds four-
electron bound states (or antibound states) to the basis functions: 2tp ark = a;Ta;Tazia;ng.

The subspace 27?[“ corresponding to the second triplet state is the set of all vectors of the form
2t = Zp ke f(p,q,r k)*t! e f € 1§°, where [5° is the subspace of antisymmetric functions

in 15((Z¥)*%). In this case, the Hamiltonian H acts in the > antisymmetric Fock space Has. Let g
be the vacuum vector in the antisymmetrical Fock space Has. Let 2H ! be the restriction H to the
subspace 27—Lt The second triplet state corresponds the free motions of four-electrons in the lattice
and their interactions. Let ¢y = Ag — A, 9 = By — B, €3 = Uo - U.

In the quasimomentum representation, the operator 27} ; acts in the Hilbert space L$*((T")4),
where L$* is the subspace of antisymmetric functions in La((T)4).

Theorem 1. The Fourier transform of operator 2?; s an operator Qﬁtl = .7-"2F;]-"*1 acting
in the space 271% be the formula

2H} 208 = b\, 11,7, 0) £\, 1, 7, 0)+
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+U/ s, A+ —5,0) 4+ f(N 5,47 —5,0)+ f(A 1, 5,7+ 0 — 5)|ds+ (2)
Ao = A [ f(sipy,0)ds+ | f(A Ly, 0)dl+
TV TV

. A, &,0)ds + - F v, n)dn] + (Bo — B) X

X [Z /V 2[cosAj + coss;| f(s, .y, 0)ds+

+ Z/ 2[cosp; + cosl;| f(A, 1,7y, 0)dl + Z/ 2[cosy; + cos&;]x
j=171" j=17T"

v JTv

<O 600+ [ 2lcost; + cosmilf Oy + Wo =) [ [ s, 0)dsde+
j=171"

[ [ roeomies [ ousmasan

where h(\, p,7,0) = 4A+ 2B 377 [cos)j + cosp; + cosy; + cost;].
Theorem 2. Let v =1. Then

A). If eg = =B and &1 < —2B (respectively, e2 = —B and €1 > 2B), then the essential
spectrum of the operator 2H1 18 consists of the union of eight segments: Gess(2H ) =[4A—-8B,4A+
8B] U [3A — GB+z,3A+6B+z} [2A— 4B +22,2A+ 4B+ 2z]U[A — 2B—|—32,A+2B+3z] U
[2A — 4B+ 23,2A+ 4B+ 23| U[A—2B+ 2+ 23, A+ 2B+ 2z + 23l U[2A — 4B + 24,2A 4+ 4B + z4] U
[A—2B+z+4 24, A4+ 2B+ z + 24], and the discrete spectrum of the operator 2?[3 s consists of three
eigenvalues: Jdisc(zﬁtl) ={42,22+ 23,22+ z4}, where z = A+¢€1, and z3 and z4 are same concrete
real numbers.

B). If e1 <0 and eg = —2B or gy = 0 (respectively, e1 > 0 and e9 = —2B or ey = 0) then
the essential spectrum of the operator 2Ht is consists of the union of eight segments: oess(? Ht) =
[4A — 8B,4A +8B]U[3A — 6B + 2,3A + 6B + 2| U [2A — 4B + 22,2A + 4B + 2z] U[A — 2B +
32, A+2B+3z|U[2A—4B + 23,2A+ 4B+ 23|U[A—2B+ 2+ 23, A+ 2B + 2z + 23l U[2A — 4B +
24,2A+ 4B + z4) U[A — 2B + z + 24, A + 2B + z + z4], and the discrete spectrum of the operator
2[} is consists of three eigenvalues: ogise(2H}) = {42,22 + 23,22 + 24}, where z = A — \/4B% + 2
(respectively, 2 = A + \/AB2% +£2) and 23 and zy are same concrete real numbers.

2 2
C). If e > 0 and —w < &1 < 0 (respectively, eo < —2B and —w <e <

0), then the essential spectrum of the operator 2?[,51 is consists of the union of sixteen segments:
Oess(PH}) = [4A—8B,4A+8B|U[3A—6B+21,3A+ 6B+ 21]U[3A — 6B+ 22,34+ 6B + 23] U[2A —
4B+221,2A+4B+221|U[2A—4B+229, 2A+4B+22]U[2A—4B+21+ 22, 2A+4B+ 21 +29)U[A—2B+
321,A+23+321}U[A—QB+322,A+QB+3ZQ]U[A—QB+Z1 4229, A+2B+2z; +222}U[A—QB+221+
29, A+2B+221+29]U[2A—4B+23,2A+4B+23|U[A—2B+ 21+ 23, A+ 2B+ 21+ 23|U[A—2B+ 29+
23, A+2B+29+423|U[2A—4B+24, 2A+4B+24)U[A—2B+ 29424, A+ 2B+ 29+ 24]U[A—2B+21+24, A+
2B+2z1+24), the discrete spectrum of the operator 2ITILL1 1s consists of eleven eigenvalues: O'disc(2j:[t1) =
{421,429,221 + 23,229 + 24,321 + 22, 21 + 322, 221 + 229, 21 + 22 + 23, 21 + 22 + 24, 222 + 23,221 + 24},
QB(oHrEEW)’ and 79 = A — ZB(afEEW)’ and F — éQBJ:r;é)Ez
number 0 < a < 1, and z3 and z4 are same concrete real numbers. ’

D). If —2B < g9 < 0, then the essential spectrum of the operator Qﬁl is consists of the union
of three segments: oess(2H}) = [AA — 8B,4A 4+ 8B] U [2A — 4B + 23,2A + 4B + 23] [2A — 4B +
24,2A + 4B + z4), the discrete spectrum of the operator 2Ht1 is empty set: ogisc CH}L) = 0.

E). Ifea >0 and 0 < ey < w (respectively, e < —2B and 0 < g1 < %}, then
the essential spectrum of the operator Zﬁtl is consists of the union of sixteen segments: 0655(2]?{@1) =
[4A—8B,4A+8B|U[BA—6B+21,3A+6B+21|U[BA—6B+29,3A+6B+29)]U[2A—4B+221,2A+
4B+221|U[2A—4B+229,2A+4B+229|U[2A—4B+ 2z +29,2A+4B+ 21+ 23]U[A—2B+3z21, A+2B+

where z1 = A — , and the real
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321)U[A—2B+329, A+2B+329)U[A—2B+21+229, A+ 2B+ 21 +229|U[A—2B+221+ 29, A+ 2B+
221+ 22|U[2A—4B+23,2A4+4B+2z3]U[A—2B+ 21+ 23, A+ 2B+ 21+ 23|U[A—2B+ 29+ 23, A+ 2B+
29+23|U[2A—4B+24,2A+4B+ 24|U[A—2B+ 29+ 24, A+ 2B+ 20+ 24|U[A—2B+ 2 + 24, A+2B+
21 + z4], the discrete spectrum of the operator 2?[3 is consists of eleven eigenvalues: adisc(Qﬁ,}) =
{421,429,221 + 23,220 + 24,321 + 22, 21 + 322,221 + 229, 21 + 22 + 23, 21 + 22 + 24, 220 + 23,221 + 24},
where 2 = A+ QB(afEEW) — A+ QB(a+EEW)’ and E — égB:zgé);
number 0 < a < 1, and 23 and z4 are same concrete real numbers.

, and 2o , and the real
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The problem of determining the one-dimensional kernel of the viscoelasticity
system
! Turdiev Kh. Kh., > Boltaev A.A.
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Maxwell’s relation, which follows from thermodynamic considerations, is valid in any medium.
We will consider anisotropic media with a matrix of independent elastic module of the following
form|[1]:

ci1 ci2 ¢ca3 0 0 0
ci2 ci1 c3 0 0 0
eo.— | c18 cs cs3 0 O 0
=1 0 0 0 cu O 0
0 0 0 0 cyg 0
0 0 0 0 0 ez

Let us denote by o;; the projection onto the x; axis of the stress acting on the area with the normal
parallel to the x; axis, and u; are the projection onto the x; axis of the vector particle displacement.
In viscoelastic anisotropic media, the stress tensor has the following representation|2]:

3 t
o (T, 1) = Y cijr | Su + /Kij(t = 7)Sp(z,7) |, 4,5 =1,2,3,
=1 ’

1 ([ ou; i o
Si‘: <8u +8ZJ>7 Z?]:1a2a37 (1)

here c¢;jp = cijri(23) are module of elasticity Kj;j(t) are functions responsible for the viscosity of the
medium and Kz'j = Kji; Z,j = 1,3.
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The equations of motion of a viscoelastic body particles in the absence of external forces have
the form|3]:

601] .
2
8t2 Z oz’ 1.3, (2)

where p = p(x3) is medium density and p > 0, u(z,t) = (uy,uz,us) is displacement vector.
Then the system of equations (1) and (2) for the velocity w; and strain oy (0;; = 0j;) in view
can be written as a system of first-order integro-differential equations.

o o 0 9 o ~
<Aat +Bg -+ O+ Dy F) Uz, ) = /R(t U@, ) (3)

where U = (uq, ug, us, 011,012, 013, 022, 023, 033)", * is the transposition sign,

pIsxs  Osxe 03x3 O3x6 > < O3x3  Osxe ) ,
A= , F'= , R= , 1 =1,6,
( O6x3  Isxe > < 06x3 —73i(0)Isx6 O6x3 71 l6x6

-1 00 0 0 O
O3x3 0 00 -1 0 O
0 00 0 —-120
—C11 0 0
B = —C12 O O )
—C13 0 0
0 —cu 0 Oe6x6
0 0 —C44
0 0 0
0O 0 0 -1 0 O
O3x3 0 -1 0 0 0 O
0 0 0 0 0 —1
0 —C12 0
C = 0 —C11 0 )
0 —C13 0
w0 0 Oc6x6
0 0 0
0 0 CH;CD
00 0 0 -1 0
O3x3 00 0 0 0 -1
00 -1 0 0 O
0 0 —C13
D= 0 0 —C13
8 8 833 Oc6x6
—Cy4 0 0
0 e

here, 7(t) = —K;;(t) fKU —T)ry(T)dr, 4,5 =1,3.

Making a some Changes to the equation, we get the following system of equations:

t
0 0 0
(I8t+A8 +Bl@ +Cl(9 +F1) /Rl —7,23)9(T, T)dr, (4)
0

where

By =T 'A7'BT = (by;), Ci=T'A7'CT = (cj),
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oT
141 1 4-1 1 4-1 ~
= A™ Dax +T A FT = (pz‘j), Ri=T A RT:(TU)
/

~ ~ ~ ~ r ~ ~ ~ ~
here 71y = Tgg = —T1g = —Tg1 = "33, Top = Tsg = —Ta8 = —Tgy = 4%, T3 = I';7 = —T37 = —T73 =
5 ~ ~ [ / / ~ /
5, Ta1 = —Tag = G2(ryy — 753), Taa =Ty, Tae = 71y — Tig, Tsl = —Ts9 = F2(rhy — 193), Ts5 = 79,

~ /
The inverse problem is to determine the nonzero components of the matrix kernel Ry, that
is r;5(t), 4,7 = 1,3 in (4) if the following conditions are known:

t=0
9; gi(x1,m2,t), 1 =1,3, U gi(x1,m2,t), 1=17,9 (6)
r3=H z3=0
197; h (1’1,.7}2,25), 1= 1,6, (7)
x3=0

where ¢(z), g(z1,2,t), h(z1,x2,t) are the given functions.
In this paper, we restrict ourselves to studying the Fourier transform in the variables x1, 2
of the solution. ~ is Fourier transformer.

Theorem. Assume functions Fy(x,t), p(z), © € R3, g(x1,x2,t), h(z1,72,t) are compact
support in x1, xo for each fized xs, t. Let be p(z),cs3(z ) 044( ),c11(2),c12(2), € C%[0,00), p(t) €
C? (Ri), g(z1,29,t) € C? (Rg) h(zx1, z2, ) E 02( ) p(xs) > 0, e33(x3) > 0, caa(zs) > 0,
c11(zs) > 0, cra(z3) > 0, 145(t) € CL[0,00), 4,j = 1,2, and matching conditions

0] [05() )
|: ot :|t:0_ A [ 0z . +sz] i =1,3,
031 05:(2) )
|: ot :|t0 >\] |: 0z z= " sz] =19
0i(2) : d-
[— M| 050 - [dth] L i=TE

hold. Then for any H > 0 on the segment [0, ] there is a unique solution to the inverse problems
(4), (5), (6) and (7) from class Rl(z t) € 01 H].

By the found functions ’I“Z] (t), i,7 = the functions 7;(t), 4,7 = 1,3 are found by the
formulas

rij(t) = rij(0) + [ ri;(r)dr, 4,5 =1,3.

o
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Asymptotics of the solution of bisingularly boundary value problems for the
ordinary differential equations second order
!Tursunov D., 2Bekmurza uulu Ybadylla
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Abstract Uniform asymptotic expansions of the solution of two-point boundary value problems
of Dirichlet, Neumann and Robin for a linear inhomogeneous ordinary differential equation of the
second order with a small parameter at the highest derivative are constructed. A feature of the
considered two-point boundary value problems is that the corresponding unperturbed boundary
value problems for an ordinary differential equation of the first order has a regularly singular point
at the left end of the segment. Asymptotic solutions of boundary value problems are constructed by
the modified Vishik-Lyusternik-Vasilyeva method of boundary functions. Asymptotic expansions of
solutions of two-point boundary value problems are substantiated. We propose a simpler algorithm
for constructing an asymptotic solution of bisingular boundary value problems with regular singular
points, and our boundary functions constructed in a neighborhood of a regular singular point have
the property of "boundary layer that is, they disappear outside the boundary layer.

Formulation of the problem
Let us investigate the boundary value problems generated by the equation

eyl (x) +ap(@)yl(z) — q(z)ye(z) = f(z), O<z<I1, (1)

and one of the boundary conditions of the form

Y=(0) = a, (1) =b, (2)
y=(0) = a, y(1) =", (3)
Ye(0) — h1y(0) = a, ye(1) + hayo(1) = b, (4)

here 0 < e << 1,a, b, 0 < hy, 0 < hy are given constants, p(0) = 1,¢(0) =2,0<p,0<gq, f €
C*°[0,1], f"(0) # 0, y=(z) 1is the required function depending on the small parameter € and on the
independent variable x.

We have proved the theorem

Theorem. To solve two-point boundary value problems (1), (2); (1), (3) and (1), (4) on the
segment 0 < x < 1 for e — 0 the uniform asymptotic expansion

2n—+1

vel@) = Y Fwn(a) + Y Ve mulan ) + 0 (7172),
k=0 k=0

with the corresponding functions wy,(z) and 7 (xp=1).
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Integration of the loaded nonlinear Schrodinger equation with a self-consistent
source via inverse scattering method
Urazboev G. U, 2Baltaeva I. I, Ruzmetova Y.M.
123 Urgench state university, Urgench, Uzbekistan,
e-mail: gayrat71@mail.ru, iroda-b@mail.ru, ruzmetova_ yulduz@mail.ru

Solution for the NLS equation is always considered interesting to achieve. In 1972, the inverse
scattering transform method was first proposed by Zakharov and Shabat |1| for solving the Cauchy
problem for the NLS equation. Additionally, in 2004, Khasanov A.B., Urazboev G. U., Sodiqov S.S.
|2| gave a lecture "On the nonlinear Schrédinger equation with self-consistent source.

In this work, we consider the system of equations

{ g + 2| ul? U e —y () (0,8) up =i 32N (frigrr — fra9ks), t>0,z€R (1)
L(t)fr = & frs L)gk = &kgr, k=1,2,...,2N,

under the initial condition

u(z,0) =up(z), =€ R, (2)
where 5 .4)
wo=( 2, 9Y)

The initial function up(z) ( —oo0 <2z < oo ) has the following properties:
(1) 2o A+ |2]) Juo(@)] dz < oo,

(ii) The equation L (0) y = z< _uaffv(x) __“g) >( Z; ) =¢ ( ‘Z; ) ,

(iii) € R can have 2N number of simple eigenvalues and does not have spectral singularities.
Here, the function u(x) is a complex conjugation of ug(x).

In the problem under consideration fx = (fx1, ka)T is an eigenvector function of the operator
L(t) corresponding to the eigenvalue &, gr = (gx1, ng)T linearly independent with fz solution of
the equation Lgp = £rgx, and

W{flm gk’} = fk19k2 - fk’29kz1 = wk(t)7 k= 17 27 ) 2N1 (3)

where wg(t) - initially given continuous functions satisfying the conditions
wp(t) = —wi(t) at & =&, A
Re{fgwk(T)dT} > —Im{&0)}, k =1,2, .., 2N, t>0 )

For definiteness, we will assume that in the sum participating in the right-hand side of (1), first
there are terms with Imé&, >0, k=1,2,...,2N.

The main goal of this work is to study the integration of the loaded NLS equation with a
self-consistent source in the class of u(z,t) function, which is su?ciently smooth and tends to its
limits rapidly enough when x — +o00 and satisfies the condition

2

o0 Hu(z,t)
1+ )|+ —— 2| de < o0o,t >0 5
[ (@ lelutao) >[5 | dr<ocir> )
via inverse scattering problem.
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Integration of Harry Dym equation with a special self-consistent source
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Nonlinear evolution equations play a vital role in studying problems of analytical chemistry,
biology, signal processing, electromagnetism, hydrodynamics and other physical processes. The
Harry Dym equation is a prime example of integrable nonlinear evolution equation, which describes
a system, where dispersion and non-linearity are being coupled together [1]. This equation firstly
was appeared in the works [2]-[4], which is represented as

Ut = _%ugumxx
for real-valued function u(z,t)and related to the classical string problem [5].

The present work is based on integrating of the Harry Dym equation with a special self-
consistent source using the techniques in [6]-[8]. There are also another interesting works on the
integration of the Harry Dym equation with the source in the various class of functions [9]-[10].

We consider the following system of equations:

N N
Qt(x7 t) =2 (m) m:x_Q nzl (1 + Q(‘% t)) ;r (fn(x7 t))gn(xﬂ t))_%c<mv t) ; fn(xﬂ t)gn(x7 t)
(1)
fg(wvt)_xngn(l‘at)Q(xvt) :Xifn(l‘,t) (2)
Gn(@:1) = Xgn (@, t)a(x,1) = Xign(2,1) (3)
with initial data
q(z,0) = qo(x) (4)

which has following properties

[ e (o + |

—00

—714_%(@ )dm<oo, (5)

e The equation 3" + A\2qo(x)y = — A%y possesses exactly N eigenvalues —x2(0) > —x3(0) > ... >

—x4(0) without spectral singularities.

Here, the prime means the derivative with respect to variable x, while dot means the derivate by
variable ¢, f,(z,t) is eigenfunction corresponding to the eigenvalue —x2, while g,(x,t) is linear
independent solution with f,(z,t)

W (fu(@, ), gn(@,1) = fu(@, )gp(@,1) = fo (@, 0)gn(,t) = wn(?), (6)
where wy,(t) is ahead given continuous function satisfying the condition
wl(t) < w2(t) S Lo < wN(t) (7)

for any ¢ > 0 and ¢(x,t) is assumed to be sufficiently smooth and sufficiently rapidly tends to zero
as |z| — oo:
/ + 22 < + |1 - _ > d (8)
14z x,t T < 00.

We have concerned on determining the time evolution equations of the scattering data with
approach of the inverse scattering method for the operator L(t) in order to find the solution
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{q(z,t), fu(z,t),gn(x,t)} of the problem (1)-(7) under the assumption of existence in the class
of decreasing functions (8). Now we give main results on determining of the scattering data of the
equation
" 2 _ 2
y'+ Mgz, t)y = =A%y (9)

Theorem 1. Let {q(x,t), fn(z,t), gn(x,t)} be a solution of the problem (1)-(8), then the
scattering data of the equation (9) satisfy

N
z)\3< +Z )‘2+Xn >R, (10)

n—=

dx;(t) _ xiOwi) .
et 5 , 7=1,N. (11)

¢(t) = ¢;(t) (SXJ( )+zﬁj()2X()) e

I,N. (12)

Remark 1. Due to the condition (7) for the considering problem (1)-(8), there is no effect of
the creation and anhilation of the solitons as in the work [6].

Remark 2. The equations (10), (11) and (12) allow completely determine the time evolution
of all scattering data for the eigenvalue problem of the form of (9). Then, we can integrate the
problem (1)-(8) by reducing it into solving the integral Gelfand-Levitan equation [4] with the
obtained results (10)-(12).
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U O‘bekiston, Termiz, Termiz davlat pedagogika instituti,
e-mail: nxurramov22@mail.ru

2 O zbekiston, Termiz, Termiz davlat universiteti,
e-mail: chorshanbiyevtolqin@gmail

3 O%bekiston, Termiz, Termiz davlat universitet,
e-mail: mengnorov2996@gmail.com

Quyida berilgan integral tenglamani garaymiz

P\ b
'jl(x)JrC(I)/1 <1+z> <s—:n 1o (bx+a)(bs+a)) vi(s)ds =

b(1+ ) s—bx—l

i a(l —s) 1-26 avy(s)d /
= —A(—l)/ <) _— /Ho x, $)vo(s)ds+ / (x, s)v1(s)ds+Fi(z), z e,
“1

buyerda a+b=1, a—b=¢, A(—1)= —ajcos(Bn)/m(f(c)+ arsin(Br)), C(—1) = —A(-1) va
Ho(z,s), Hy(x,s)— regulyar operatorlar, Fy(x)— ma‘lum funksiya.

(1) tenglama Trikomining noklassik integral tenglamasi bo‘lib, u quydagi maxsus
xususiyatlarga ega:

1. Yadroning “nosingulyar "qismi bz + a, bs + a kabi nokarleman siljishga ega;

2. Tenglamaning o‘ng tomonidagi birinchi integral operator regulyar emas, chunki z = —1, s =
1 nugtalarda yakkalangan maxsuslikka ega.

Endi esa (1) integral tenglamani regulyarlashtirishni qarab chiqamiz. (1) tenglamaning o‘ng
gismidagi ifodani ma‘lum deb hisoblab, quyidagi belgilashni kiritamiz:

g1(2) = ~A(-1) / <<1—>>B _an(s)ds

as —bxr —1

1

1
/ﬁ x, $)vo(s ds+/H (z,s)v1(s)ds + Fi(x), x €1, (2)
-1 “1

(2) munosabatni e‘tiborga olib (1) tenglamani quyidagi ko‘rinishda yozib olamiz:

() +c<x>/1 () (- et i@ =a, ©

(3) yadroning jamlanmagan qgismida siljishga ega bo‘lgan vi(x) ga nisbatan integral tenglamadan
iborat.

Quyidagi teorema o‘rinli:

1-teorema. Agar gi(x), = € (=1,1) funksiya Gyolder shartini ganoatlantirsa va gi(x) €
Ly,(—1,1), p > 1 bolsa, u holda (3) tenglamaning yechimi h(—1) funksiyalar sinfida, ya‘ni (1 +
)"y (2) funksiya (—1,1) intervalning x = —1 chap chetki nuqgtasida chegaralangan, kesmaning
x =1 o‘ng chetki nugtasida esa chegaralanmagan funksiyalar sinfida

") = T T o / (o))
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1—c(bz +a)\* 6(z) 1 b
<1—c(bt+a)> o(t) <t—l‘ 1 — (b +a)(bt + a)
formula orqali ifodalanadi.
Isbot (3) tenglamaga S.G. Mixlin [1] tomonidan takomillashtirilgan Karlemanning
regulyarlashtirish metodidan foydalanamiz.
Quyidagi belgilashlarni kiritib olamiz:

) g1(t)dt. (4)

p(x) = (L+2)" Pu(2), g(z) = (1+2)" " q() (5)

u holda (3) tenglama quyidagi ko‘rinishni oladi

1
o)+ [ (125~ g ) PO = 90 ©

Faraz qilamiz z— kompleks tekisligining ixtiyoriy nuqtasi bo‘lsin, Karleman g‘oyasiga asosan

1 [t b
(z) = 27i /1 (t —z  (bz+a)(bt + a)> plt)dt. (M)

munosabat o‘rinli.

Ma‘lumki, ®(z) yuqori va pastki yarim tekisliklarda golomorf, hamda cheksizlikda nolga
intiladi. ®*(x) va ® (z) mos holda z, z € ®(z) nuqtaning yuqori va quyi yarim tekisliklardan
x haqiqiy o‘qqa intilgandagi ®(z) ning limit giymatlari.

(7) munosabatdan quyidagi tenglikka ega bo‘lamiz

(I)<1+a—az
bz +a

) = (bz + a)®(2). (8)

1 — 1 _
Kasr—chiziqli W = W(z) = ita-az < _lta—aW

o z= oW ra akslantirish yuqori yarim
tekislikni pastki yarim tekislikka o‘tkazadi va aksinchasi ham o‘rinli bo‘ladi. Shu sababdan (—1,1)

oraliq quyda keltirilgan oraliglarga o‘tadi

2
(1; +C), agar ¢ > 0;
c
A=< (1,00), agar ¢ = 0;
2
(—o0, +C)U(1,+oo), agar ¢ < 0.

(8) munosabatdan quyidagi tengliklar kelib chiqadi

ot (W) — (be+a)® (z), D <W> — (bx + @) (), ()

(7) ga, hamda Soxotskiy—Plemeli [1| formulasiga asosan quyidagi tengliklar o‘rinli

ot (z) — 2 (z) = p(x), (10)
1
¥T(@) + 27 (@) = 731/—1 <t —1 z 1—(bx —I-ba)(bt + a)> plt)dt. (11)
(10) va (11) munosabatlardan (6) tenglama quyidagi ko‘rinishni oladi.
ot (z) - mﬁ(@ _ Hi%m, rel (12)

(9) ni e‘tiborga olib, (12) da = ni W(z) ga (u holda z € A, W € I) almashtirganimizda

L+inC(W(z)) - (@) g(W(zx))

T inC(W(2) - rea (13)

+ x
o (x) (bz + a)(1 — irC(W (x)))’




MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 235

ifodani hosil gilamiz.(12) va (13) tenglamalarni birlashtirib
¢ (2) = G(x)® (x) = h(z), @€ (—00,+00), (14)

tenglamaga bo‘lamiz.(14) tenglamadagi G(z) va h(z) ning giymatlari (12) va (13) munosabatlardan
topiladi.
1- Teorema isbotining davomi [2| metod orqali amalga oshiriladi.
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Shredinger tipli operatorning xos qiymatlari mavudligi
Xurramov Y.
L O%bekiston milliy universitetining Jizzazx filiali Amaliy matematika kafedrasi assistenti.
e-mail: yxurramov94@mail.ru

Panjaradagi soni saqlanmaydigan bir nechta zarrachalar sistemasi hamiltonianini o‘rganish
masalasi statistik fizika, kvant mexanikasi va kvant maydon nazariyasi masalalarini yechish uchun
muhim ahamiyatga ega. Qattiq jismlar fizikasi sohasida zarrachalarning soni saglanmaydigan
sistemasi uchun ko‘plab muhim va qizigarli masalalar mavjud.

Tashqi maydon ta’siridagi bir kvant zarracha harakatini tavsiflovchi bir zarrachali
hamiltonianlar hamda gisqa masofada ta’sirlashuvchi ikkita bir xil va har xil zarrachalar sistemasi
hamiltonianlariga mos ikki zarrachali diskret Shredinger operatorlarining spektral xossalari Faria,
Corolli, Albeverio, S.N. Laqaevlarning ishlarda o‘rganilgan.

Soni saglanmaydigan zarrachalar sistemasi hamiltoniani S — D misolida (|Mogilner
A:Hamiltonians in solid state phzsics as multi-partile discret Schrédinger operators: Problem and
result Advances in Soviet Mathematics 5. 199-1994(1991)) o‘rganilgan.

Panjaradagi soni saqlanmaydigan chekli zarrachalar sistemasini o‘rganish, panjara bir, ikki,
uch va hokazo N zarrachali sistema hamiltonianlarini va S — D modelga mos Schréodinger tipli
operatorni o‘rganishdan boshlanadi. Shuning uchun bunday operatorlarning spektral xossalarini
o‘rganish zamonaviy matematik fizikada muhimdir.

Faraz qilaylik Lo(7T")-bir olchamli tor 7! = (—, 7] da kvadrati bilan (Lebeg mamosida)
integrallanuvchi funksiyalar fazosi bo‘lsin. Bu fazoda quydagicha aniqlangan Hx(k),k € T*
operatorni qaraymiz.

H,(k) = Ho(k) + gV

bunda A > 0 va Hy(k)-operator Eug(k;-) := E(k;-) funksiyaga ko‘paytirish operatori:

(Ho(k)f)(p) = E(k,p)f(p), f € Lao(T")

bunda S > 0 va
k k k
E(k;p)=c¢ §—p + € §+p —AS =2 1—cos§c0sp — AS

bunda ¢ (p) = 1 — cosp. V — integral operator:

VI =5 [ costy - ) f(@)da. £ & La(T*),

’]Tl
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H (k) operator o‘z-o‘ziga qo‘shma operator bo‘lganligi uchun uning qoldiq spektri bo‘sh
to‘plam bo‘lib, spektri haqiqiy sonlar to‘plamining gismidan iborat, ya’ni

O'(HA(]C)) CR.

(Ho(k)f)(p) = E(k;p)f(p), f € La(T") operatorning spektri fagat muhim spektrdan iborat va uning
uchun quydagi tenglik o‘rinli, ya’ni

Oess(Ho(k)) = [m(k), M (K)]. (1)
bunda

m(k) = ;Erel%r% E(k;p) = E(k;0) =2 <1 — cos];) — AS,

M(k) = max E(k; p) = E(k;m) =2 <1 + cos];) _ AS.

Hy(k) operatorning o‘z-o‘ziga qo‘shma operator va V' operatorning kompakt (ikki o‘lchamli
operatorligidan) ekanligidan muhim spektr turg‘unligi hagidagi G.Veyl teoremasi ( qarang [2]) va
(1) tenglikga ko‘ra

Oess(Ha(k)) = 0ess(Ho(k)) = [m(k), M (k)]
tenglik o‘rinli bo‘ladi.

Teorema 1. A, S > 0 bo‘lsin. U holda barcha k € (—m, 7) larda H4 (k) operator (—oo, m(k))
oraliqda xos giymatga ega bo‘lmaydi.

Teorema 2. A, S > 0 bo‘lsin. U holda barcha k € (—m, ) larda H4(k) operator (M (k), +o0)
oraliqda ikkita z1(A, k) va z2(A, k) xos giymatlarga ega va ularga mos xos funksiyalar

f( )_ é Ciicosp+ Coy;sinp
=S LAk — Elkp)

i=1,2

ko‘rinishda bo‘ladi.

Teorema 3. k = 7 bo'lsin. Ha(r) operatorning spektri o(Ha(n)) = {45 — AS +2,2 — AS}
ga teng.

Adabiyotlar
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Inverse problem for a fredholm type integro-differential equation with
degenerate kernel and two redefinition data
Yuldashev T.K.
Tashkent State University of Economics, Karimov street 49, Tashkent, 100066 Uzbekistan
e-mail: tursun.k.yuldashev@gmail.com

Integro-differential equations of the Fredholm type are of great interest from the point of
view of applications [1, 2|. Inverse problems for the Fredholm integro-differential equations with
degenerate kernel are studied in many works, in particularly, in [3].

In this paper, we study the solvability of the inverse problem for a second-order ordinary
Fredholm integro-differential equation with a degenerate kernel, two parameters, and final conditions
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at the end point of the given segment. This work differs from the existing works in that it requires
two additional redefinition data to be found. The studying inverse problem has features with respect
to the direct problem. So, on the segment [0; 7], an integro-differential equation of the form

T
u”(t) + ()\2 — a(t)) u(t) = I//K(t, s)u(s)ds (1)
0

is considered with following conditions

u(T) =1, W(T)= o, (2)

w(tydt =n, [ el (1) dt = i, (3)
[ |

where 0 < T is given real number, 0 < ¢t; < T, 0 < A is real parameter, v is real nonzero parameter,
@; = const, ; are redefinition data, 1); = const, j = 1,2, a(t) € [0;T],

k
K (t,s)=> ai(t)bi(s),
=1

ai(t), bi(s) € C[0;T]. Assume that the system of functions {a;(t)} and {b;(s)}, i = 1,k are linear
independent. The choice of conditions (2) with the final data is due to the fact that in practice it is
not always possible to determine the initial condition. For example, when studying the technological
process of aluminum production, before the start of the production cycle, the raw material passes
through firing and the state of the raw material by the beginning of the production cycle is not
known.

Note that the direct problem (1), (2) has a unique solution for all values of the parameter A,
and the inverse problem (1)—(3) has a unique solution only for certain values of this parameter A. In
addition, the second parameter v also plays an important role in the issue of one valued solvability.
The questions of solvability and construction of solutions of one inverse boundary value problem
for a second-order Fredholm integro-differential equation (1) with a degenerate kernel K (t, s), final
conditions (2) at the end point of the segment, two parameters \, v, and two redefinition data ¢1, 2
are considered. Sets of regular and irregular values of parameters are determined and solutions
corresponding to these values are constructed. The features that arise when solving the inverse
problem are studied. Criteria for the unique solvability of the posed inverse problem are established.
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One problem for integro-differential equation
Yuldasheva A.
Tashkent Branch, Lomonosov Moscow State University (Tashkent, 100060 Uzbekistan),
e-mail:yuasv86@Qmail.ru

We consider equation

2
TUE) § cayu= f(1), weQ 10 )
with initial data
u(r,0) = p(z), wu(z,0)=9(x), =z€Q, (2)

where s € (0,1/2), 2 C R" — domain with piecewise smooth boundary and n > 3.

We suppose, that u :  x [0,7] — R is unknown function, kernel K : Q x Q — R and function
f:Qx[0,7] — R are scalar functions.

According to definitions from [1], equation (1) can be rewrite as

M + /[u(x7t)_u(yvt)] dy

8t2 |.%' _ y|n+2s

flx,t), z€Q, t>0, (3)

Now we formulate the main result of the paper on the solvability of problem (1)-(2).
Theorem 1. Let 0 < 3 < 2s/n. Then for any T > 0 and p € W3(Q), v € W25(Q) and
fec{0,T] - W (Q)} problem (1)-(2) has a unique solution from C?{[0,T] — HP(Q)}.
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O TOYHOCTU BBIYUCJEHUI B BBIYUCIUTEJIBHON AUHAMUKE
lA6nyranmes A.A., 2A6aynnaes A.X.
L Mnemumym mamemamuru um. B.H. Pomanosckozo AH Pecnybauxu Yabexucman,
2 Unemumym mamemamuru um. B. 1. Pomarosckozo AH Pecnybausu Yabexucman,
e-mail: abduganiax@gmail.ru

JlunaMuiecKme cucTeMbl — 00/IaCTh MATEMATUKY, KOTOPas OT/INIaeTCsI IIyOOKIMI TeopeTute-
CKUMU UCCJIEIOBAHUSIMU U IITUPOKUMU ITPUKJIATHBIMEI IPUMEHeHUusiMU. B Heil uMeroTcest psiji TPYIHBIX
IpobJIeM, Jjisi PeleHusT KOTOPBIX YaCcTO IMPUMEHSIOTCS METOIbI BBIUUC/IUTEIbHON MaTemaTuku. U
9TO MHOIAA TpebyeT pa3pabOTKy HOBBIX M MOMUMUKAIUAIO CYIIECTBYIONINX METOI0B BBIYUCICHUIA.
BoranciurenbHas IuHAMUKA sIBJISIETCS B HACTOSIIEE BPeMs OBICTPO Pa3BUBAIONIEil 00JIACTHIO TUHA~
MHYECKUX CHCTEM, BO MHOIOM, OJIarofapsi 3TOMY HOBOMY IIOJIXOJY BBIYHUCIATEILHBIM IKCIIEPUMEH-
TaM.

OTananTebHON 0COOEHHOCTHIO BBIYUCIUTEIBHON TUHAMUKN SIBJIAETCA BBIYUC/ICHHUS C ITOBBI-
IIEHHON TOYHOCTBIO, HEpPeJKO npeBbimaroriasa 100 3uagammx mudp nocsie 3ansaroit. Hammane u uc-
cJIeJIOBaHNe JeTEPMUHUPOBAHHOIO Xa0Ca, B YACTHOCTHU, TPeOyeT BBITUCIEHUN, TOYHOCTH KOTOPBIX
[IPEBBIMIAET ITO YHUCJIO HA HECKOJIBKO TOPsIKOB. COBpEMEHHOE MporpaMMHOEe obecrievdeHune Mo3BO-
JISTIET TTPOU3BOJIUTDH BBIYUCJIEHUS C BBICOKON TOYHOCTBHIO, HO, OOBIYHO, BBIYUC/IEHNE 3HAUYCHUN TarKe
9JIEMEHTAPHBIX U CTAHIAPTHBIX MaTeMaTHIECKUX (DYHKIMI He peajn30BaHO B HHX.

OyHKIMA KBAIPATHONO KOPHS OT JIEHCTBUTENBHOTO YHUCJIA WCIIOJIL3YETCH IS BBIYUCICHUST
pfAia HOPM B MHOTOMEDPHBIX ITPOCTPAHCTBAX, HAIIPUMED JIJIST HAXOXKJIEHUST PACCTOSTHUS MEXKTy JIBY-
Mst ToukamMu. CyImecTByeT psiji IUCJIEHHBIX METOMOB JJIsl BBIYUC/IEHNsT KBaJIpaTHOrO KOpHs. OmTHIM
U3 HUX SIBJIAETCA T.H. T€OMETPUYECKHMI METOJ, M3BECTHBII C aHTUYHBIX BpeMeH, Ojaromapsi CBOEi
IIPOCTOI TeOMeTPUYIECKOil NHTEepIIPeTaIu!.
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CyTb 3TOr0 MeToaa mpocra. Irobsl HaiiTu ¢ = V'S , T.€. IJINHY CTOPOHBI KBaIpaTa C, IJIOIIA b
KOTOPOTO paBHa S, KBaJIpAT 3aMEHSIETCS PABHO3HAYHBIM MPSIMOYTOJBHUKOM ILIOMAIbI0 S = ab,
rie @ — IMuMpuHa, b — BbICOTA MPIMOYTOJbHUAKA. Ken mupuHa npsiMOyTOJIbHUKA CTPEMUTCS BBICOTE,
TO B IIpeJIesie TOJIYyIUM JIJINHY CTOPOHBI UCXOTHOTO KBajpaTa. dToObl JT0OUThCS 3TOT0, MOXKHO B Ka-
9eCTBe IMUPHUHDBI IPAMOYTOJBHUKA B3ITh KaXK/ bl pa3 cpeaneapudMeTHIECKyIO MUPUHBI U BBICOTEI
NIPAMOYTOJIbHUAKA U MEPeCYUTaTh BBICOTY MCXOJA M3 HOBOTO 3HAYEHUA IIUPUHBI IPAMOYTOJBbHUKA.
T.e. BeIUHCICHNE KBAIPATHOIO KOPHS MOYKHO PEAJIM30BAThH C IIOMOIIBIO UTEPAITMOHHOM (HOPMYJIbI

an + by, S

bpy1 = Ty an = 7—-

37ech B Ka4ecTBe HAYaIbHOTO 3HATYEHNSA MOYKHO B3ITh (PaKTHIECKH JII000E INCII0, HAIpuMep, edby =
1.

OTananTebHON 0COOEHHOCTHIO ITOTO METOMA BBIUUCICHWS KBaAPATHOTO KODHS SIBJISETCSI
CTPEMUTEIbHOE JIOCTUXKEHUE 3aJaHHON TouHocTH. Harnpumep, j1j1st BBIYUC/IEHNST KBAJIPATHOTO KOPHSI
ot 2 ¢ Tounoctoio 2V nocrarouno N +2 nrepanuii. [Ipraem B mociiegHeM mare UTEPaIn IIPOBEPIET-
Csl JIOCTUYKEHUE 3aJIAHHON TOYHOCTH, & B IIPEJIIIOC/ICIHEM IIare KOPPEKTUPYETCs TOJIBKO TOCJIETHUE
sHavalme udpsl (cynecTBeHHO MeHblle o 1% Beex TpebyeMbix 1udp HOc/Ie 3aIsTOl ).

IIporpaMMHast peam3anus Ha s3bike Python mokasasa, 910 [y1s BLIMHCICHHS /2 ¢ TOYHOCTBIO
227 = 134217728 mudp Hocite 3amATol H0Tpe6oBagoch mpuMepHO 40 MHHYT B OOBLIYHOM HOYTOYKE.
A MobuIBHBIE YCTpOICTBA, Jayke OOBITHBIE HOYTOYKY CYIIECTBEHHO YCTYIAIOT HACTOJILHBIM BEPCU-
sIM TIEPCOHAJIBHBIX KOMIIBIOTEPOB, HE TOBOPsSI YVKe O CyIepKOMIboTepax. [ljisi cpaBHEHUST MOYKHO
[IPUBECTH CJIeyIolee cpaBHenune. Pe3ybrar BLIUNCIEHUN B TEKCTOBOM hopMare cojiepzkail boJiee
20 TBICAY CTPAHUI] TEKCTA U OTKPBITH 3TOT (haiiyi B oducHoit mporpamme MS Word we yrasiocsk B
Tederun 40 MUHYT.

CyIecTBeHHOMY COKPAIEHUIO BPEMEHH BBIUUCJICHUHN TOMOTJIa YCTAHOBKA IIJIABAIOIIEH TOUHO-
CTH BBIYHUC/ICHUI: B {—M IITare UTeparnii BbIYUCJIEHUs ITPOBOIUINCH C TOYHOCTRIO 2 B cTemenu ¢. Bira-
rojiapsi TOMY, JJIs HePBbIX 26 I1aroB urepalnuii moTpedoBOIOCh POBHO CTOJIBKO BPEMEHU, CKOJIBKO
JUIST TIOCJIeTHero 27-1mara ureparuit. 9To mo3BoJnio 6osee 13 pa3 COKpATUTH BpeMsi BBIMHCJIEHUN
(bostee 7 pa3 ¢ yderoM JOMOJBHUTENbHBIX 28— u 29-1maros ureparyn). [Ipudem ¢ yBeamdeHuem
KOJINYEeCTBO I/ITepaHHﬁ BBIUTPDHUII 110 BPEMEHH TOJIBKO YBEJIMINBETCH. I‘Ial’IpI/Il\/Iep7 €CJ/in KOJIN4YeCTBO
nrepanuii papao 100, TO BBIUTPUII 110 BPEMEHHU COCTABHUT OoJjiee yeM B 25 pas.

Ipu yBeqnmdeHnn S TOYHOCTH BBIYHCICHHs /S HECKOIBKO YXY/MIACTCS, IPUMEPHO KazKJ0€
yBesindenune na 100 ducia S TpebyeT JA0MOTHUTEIBHOIO mara ureparuu. Ho MoxKHO n3baBuThes oT
JIONIOJIHUTEIBHBIX Ar0B uTepanuu. J[jisi 3Toro MOXKHO HpEeIBAPUTEIbHO IPUBECTU UHUCJIO S B WH-
repsad (0, 1; 10] nesennem zeckosbko pas ero Ha 100. OGbIMHO TOUHOCTD YKMC/IA S HAMHOTO MEHbIIIE,
geM TpebyeMasi TOYHOCTh KBaJIpaTHOTO KOpHst oT Hero. [lostomy menenue ero Ha 100 BbIIOJIIHSAETCS
le)aKTI/ILIeCKI/I MI'HOBEHHO IIO CpaBHEHHIO C JOIIOJTHUTE/JIbHBIM HIaroM HUTEpalluu.

KBaHTOBBIE KOMITBIOTEPBI OTVIMIAIOTCS OTJIMIHON MACIITAOUPYEMOCTBIO MOIITHOCTH KOMITBIOTE-
pa. yBeJII/IquI/Ie qUuCJIa Ky6I/ITOB Ha €eIMHUIY B KBAHTOBOM KOMIIBIOTEPE YyIABaWBacT €ro MOIIHOCTD.
PaccmoTpeHHBIIT MeTO/, B 4eM-TO II0X0XK Ha KBAHTOBBIE TEXHOJIOTUU: YBEJMYEHUE KOJIMIECTBA Ila-
TOB UTepaInii Ha eJMHUILY TO3BOJISIET YABAUBATH TOYHOCTH BhIYUC/IeHH. OcTaeTcss HAAesIThCs, ITO
pa3paboTKa TaKUX aJI'OPUTMOB TIO3BOJIUJIA OBl TPOPHIBY B BBIYUCIUTEIHHON JTUHAMUIKE.

PesynbraT unciaennoro skcrnepuMenTa pa3Mmerrex B VluTepuere, B TejierpaM KaHaje CeMUHAPA
10 JUHAMUYIECKNM cucTeMaM npu uncrutyre Maremaruku nMm. B.JM.Pomanosckoro mo ampecy
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NuBapuanTHbie mognpocrpancTBa oneparopa IlIpenunrepa cucrembl AByX
0O30HOB C IWJIMHJIPUYECKUM MOTEHIINAJIOM Ha pelleTKe
1 A6aymnnaes 2K.1., 2Iloremupos 11.C.
L Camaprandcruti 2ocydapemeenmoiti yrusepcumem, Camaprand, Yabexucman,
e-mail: jabdullaev@mail.ru
2 Hasoutickuti 2ocydapemesennuiti nedazozuqeckuts uncmumym, Hasou, Yabexucman,
e-mail: shotemirov.y@gmail.com

Paccmarpusaercs oneparop Ipemunrepa H (k) coorBeTcTBYOIUI raMUIBTOHUAHY H cu-
cTeMBI JIByX GO30HOB Ha TPEXMEPHOil pemieTke Z° ¢ MIVIMHIPUYECKHM IIOTEHIHAIOM O. V3ydaor-
¢l MHBAPHUAHTHBIE TOAIIPOCTPAHCTBA M JUCKPETHBIN CIIEKTp cemelicTBa oneparopos Illpenunrepa
H(k),k € T3, coorBercrByiomuii ramuapronuany H.

[osHblil raMusbToHRaH H JefiCTByeT B IM/IbOEPTOBOM IIPOCTPAHCTBE E;ym (Z3 & Z3) U COCTO-
UT U3 Pa3sHOCTH CBOGOJHONO raMuibroHnana Hy n moTeHrmasa B3amMojeiicTsust Vo JIBYX YACTHIL
(em.[1],]2]) Tee.

H = Hy— Vs

[Tepexom B uMITyJIbCHOE TIPEJCTABIEHIE OCYIIECTBIISETCS ¢ IOMOIIBIO IpeobpazoBanns Pypbe.
lamuibrornan H B MMIIYJIbCHOM IIDEJICTABJIEHUN Pa3jiaraercsi B npsiMoii nHTerpas (cu. [3])

H= | ©Hk)dk.
T3

Caoit H(k) := Hy(k) — V oneparopa H masbiBaercs oneparopom [penunrepa. Oneparopst Hy(k)
u V geiictyior B ruinbeprosoM mpoctpanctse LS(T3) = {f € Lo(T?) : f(—q) = f(q)} no
dopmystam:

(Ho(K)1)(p) = <k(p)F (D), e(p) = D 2(1 — cos ' cospy),

j=1

(V) (p) = (@2n) 3 / v(a—s)f(s)ds, v(q) = (FD)(q),

’]1‘3

OTHOCUTEJIBHO TIOTEHINAIA U [IPEIITOIAraeTCsl, ITO

~ ~ v(|jn ) ni + n9 S 1
”(“):“(”1’”2’”3):{ 0 il 2 @

rae [n| = |n1| + |n2| + [n3| u v : Zy — R y6bBaomas dbynkius na Z, = NU {0} u v € ly(Z4).
Hocuress norenmnuadia v copuagaer ¢ MHOXKecTBOM D :

D ={n= (n1,n2,n3) € Z3 :n3 € Z, Ini| + |na| < 1}.

[Tpu ycsosuu (1), V' sasiercs oneparopom ['mib6epra-IIIMusra, B 9acTHOCTH, KOMIIAKTHBIM
oneparopouM. [Tosromy B cuty Teopembl Beiisist, cymiectsennsiii criektp oneparopa H (k) cosnamaer
co cuekrpom omeparopa Hy(k). Ecau k = (7, 7, 1), Torga cuekrp oueparopa H(mw,m,m) = 61 —V
COCTOUT M3 COOCTBEHHBIX 3Ha4YeHuil Buja 6 — v(n),n € Z4 u cymectBeHHoro crekrpa {6}.

CravaJta Mbl HaliJileM HHBAPHAHTHBIE TOIIPOCTPAHCTBA OTHOCHTEIbHO ortepaTopa H (k). ['mib-
6eproso nmpoctpanctso LS(T?) MOXKHO NpecTaBuTh B BHjie MPAMOL CyMMBI

L5(T?) = Li23 ® Lipg, Lizz := L5(T) @ L§(T) © L5(T).

JIlemma 1. Ilycrs morenmmas © umeer Buj (1). Torma moanpocrpancTBo Ligg sBIsieTCs HHBA-
PHAHTHBIM OTHOCHTE bHO oneparopa H (k).

O6oznaunm uepes Hioz(k) cyzkenne oneparopa H (k) B uaBaprnanTHOM 110/ 11pocTpancTse Liog.
Mper usydaem cobcrBeHHble 3HaUeHUs: U cobcrBennble GyHKun oneparopa Hiog(k) := H(K)|1,,s-
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Cucrema dbyukmmuit g (q) = ﬁ, Pi(q) = C‘?”q,n € N obpasyer 0pTOHOPMHUPOBAHHBII Ha3uC
B L5(T). O6osnaunm 1epe3 L(n),n € Zy— OJHOMEPHOE MOAIPOCTPAHCTBO HATSIHYTOE HA BEKTOD
Y. Ipn srom L§(T) pasnaraercst B UpsIMyIO CyMMy

=> @L(n). (2)
n=0

Pazsoxkenne (2) mopoxaer pasjioKenne

Lygs = L5(T) ® L5(T ®Z@L Z@L“ (T?) & L(n Z@SR
n=0
e R(n) = Ls*(T?) @ L(n), L5°(T?) = L§(T) ® L5(T).
Jlemma 2. Ilycrs norennman ¢ umeer sug (1), To mist ar060ro n € Zy MOAIPOCTPAHCTBO
R(n) sABIAETCS MHBAPUAHTHBIM OTHOCHTEIBHO oreparopa Hias(ki, ko, 7).
HeciozkHple BBIMHUCIIEHUS [IOKA3LIBAET, UTO CyKEHNe H;g%(k‘l,kig,ﬂ') = Hioz(k1, k2, 7)|mn)
oneparopa Hias(k1, ke, T) MOXKHO IIpeJICTABUTH B BUJIe TEH30PHOI'O [IPOU3BEICHUSI:

H)(ky, ko) = [21 + Ho(k1, ko) — Vigy] © L. (3)

Baecy [— enunnuneiii oneparop, Ho(ki,ke)— oneparop ymHOxKeHusI Ha QyHKIMIO ex(p) = 4 —
2 cos %1 cos p1—2 cos %2 cospa, a Hg%(kl, ko) := 21+ Hy(ki, ka)— Vl(;? — JIBYMEDHBIA JBYX9aCTHIHBIN
oneparop, aeicteyromuit B L5¢(T?) o dbopwmyse:

1

(HB (k1 k) f)(p) = (2+ex(P))f(P)— 1 5

/ [0(n) 4 20(n+1)(cos p1 cos g1 + cos pa cos q2)] f(q)dq.
T2
['tis6epToBO TPOCTPAHCTBO Lge(']IQ) MOKHO TIPEJICTABUTH B BHUIE MPAMON CyMMBI

L§(T%) = Ly (T%) @ L (T%),

rje
LEN(T2) = {f € LE(T2) : f(p1,p2) = f(p2,p1)},

Ly “(T2) == {f € L5°(T2) : f(p1,p2) = —F(p2. 1)}

Teopema 1. IToanpocrpancrsa L;e(s) (T?) u Lge(as) (T?) aBnsAOTCS MHBADUAHTHBIME OTHOCH-

)

TeJIbHO onepaTopa H {7213()\, A) qist o6oro n € 7.

(n)

Cyzxenne oneparopa H g3(A, ) B moanpocTpancTsax L;e(s)(T[‘Q) u L;e(as) (T?) obozHaumM He-
pes

Hig (M A) = HY O V)] e oy H33™ (0 A) = OV e -

Hanpumep, neiicreue oneparopa H £g3a5)(A A) Ha smemenr f € Lee(as) (T?) mmeer Bum;

o(n+1)
472

(Hi3" AN )(P) = 2+ <x(p) () - | (cosp1 = cospa)eosar — cos ) f(a)da,

(n,s)
Teopema 2. s goboro n € Zy u A € T omeparop H123 (A, A) mmeer xXOoTsi GBI OJIHO
COOCTBEHHOE 3HAYEHNUE JIEYKAIIEE CJIEBA OT CYIIECTBEHHOTO CIIEKTPA.
Ob6ozHaunM 4Yepe3 a 3HAYeHUH CJIEYIOIIEro NHTerpaJa;

1 Ccos p1 — COS
a:2/ P1 P2 1p ~ 0,546
474 J12 2 — cosp1 — COS P2

— 2 A (n,as)
Teopema 3. Ilyctb n € Z4 u v(n + 1) > S cos o Torma omeparop Hpyi (A, ) umeer
eJIMHCTBEHHOE MTPOCTOE COOCTBEHHOE 3HAYEHNE BHE CYITIECTBEHHOTO CIIEKTPA.
BakJirouenue. V13 reopemsl 2 ciepyer, uro st joboro A € T oneparop Hiasz(A, A, m) umeer
6GECKOHETHOE YUCJIO COOCTBEHHBIX 3HAYEHUI HUKE CYIECTBEHHOTO CIEKTPA.
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O6paTHag 3a/lava ¢ MHTErpaJibHbIM yCJIOBHEM CKJIEMBaHUS AJis ypPaBHEHUs
TPEeThEro nopdaaka
LA6aynmaes 0.X., 2 MaTuanosa A.A.
HUnemumym Mamemamuru umenu B.H. Pomanosckozo, Tawxenm, Ysbexucman.10017/.
e-mail: ! obidjon.mth@gmail.com, ? oygul87-87@mail.ru

[TycTs 20— omHOCBSI3HAST 0OJ/IACTD, OrpaHndYeHHast orpeskamu BBy, BgAg, AgA npsimbix = 1,
y = h, x = 0 u xapakrepuctukamu AC : x+y =0, BC': z—y = 1 ypaBHeHHUs1 KojebaHUsI CTPYHBI,
11

nepecekatomumucs B rouke C (5, —3) . Beegem obosnadenne ) = QN{y >0}, O = QN {y < 0}.

Paccmorpum B obstactu §2 ypaBHEeHHE

(aax n b) Lu = f(x)g(y) M)

rae
1 — signy 1+ signy
Uyy —
2 2

{gl(y); y<0

— (6%
Lu = Uy, — CDoyu,

o) = g2(y); ¥y >0

u Dy, - m3sectHbIil oneparop Kamyro nopsaka o (0 < a < 1) (em [1]):

cDoyu(r,y) = 1“(11—04) /Oy (y — )" % ug(x, t)dt,

a, b — 3aJlaHHBIE TIOCTOSTHHBIE JHUCIA, TpudeM a 7 0.
Onpepenienne. Oyukuust u(z,y) HA3BIBAETCS pe2ysapHuim peweruem ypasaerus (1), eciu
OHa MMeeT HelpephIBHBIE TTPOU3BO/IHBIE BXOAAIIHe B oneparop Lu, Takxe Lu € C1 ().
Bamaua.Haiitu B obnacru Q0 dyukiun u(z,y) u f(x) ypaBuenus (1) uz kiaacca dyHKIwii
uw(z,y) € C(Q); uy € C( \ AoBo); g, uy € C(QUAC); uz € C(Q U AAy);

YAOBJIETBOPLAIOIIE KPAa€BbIM YCJIOBUAM

Uz(oay) :(Pl(y); O<y<h;
ur(1,y) = w2(y), 0<y<h
uz2(0,y) = ¢3(y), 0<y<h;

1
ulac =i(x), 0<ax< 3

ou 1
_ < .
8n\Ac—w2(x), O\a:<2,

1 MHTEIr'paJIbHOE YCJIOBUE CKJIEUBAHUA :

yl—ig-lo cD(O)éyu(xa y) = )\l(x)uy(xa _0) + )\2(:6)1%(;37 _O)+
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+A3(x)u(x,0) + \y(z) /Oy r(t)u(t, —0)dt + A\s(x), x € [0,1],

3/1eCh N-BHYTpeHHstst HopMasb i (y), ¥i(z), gj(y), Ak(x) (i = 1,3,5 = 1,2,k = 1,5)— 3anaunsie

4
bynkimm, npuaem Y AZ £ 0.
=1

JIuteparypa

1. A.A. Kilbas, H.M. Srivastava, J.J. Trujillo. Theory and Applications of Fractional Differential
Equations. in: North-Holland Mathematics Studies, vol. 204,Elsevier Science B.V., Amsterdam. 2006.

Crabuimnzanusi pexkxuMa paboThl peakTopa
LA6aypaxumos A., 2Xosaukos JI.K.
U Tawwenmexuti aprumexmypro cmpoumenvnvids uncmumym, Yabexucman
e-mail: abduraximov1943@mail.ru
2 Tawxenmeruti aprumexmypno cmpoumenviolli uncmumym, Ysbexucman,
e-mail: xoliqov23@Qmail.ru

PaccmaTpuBaeTcst BOSMOXKHOCTD CTAOMIIMZAIIE HEYCTONIMBOTO PEXKUMAa PADOTHI XUMUYECKOTO
pPeaKTopa ¢ HEOIHOPOIHBIM KHIIAIIUM CJIOEM JIJIsi OJHOCTa uitHON peakiuu. OupesesieH Iuana3oH
rapamMerpa CTabUIN3aIun, B KOTOPOM MOYKHO IIOJIyYUTh yCTOWYUBBIH pexKuM padboTsl peaktopa. [lo-
CTpOeHa 00J/IaCTh YCTOWYUBOCTH CPEIHETO CTAIMOHAPHOIO PEXKUMA [IPU UICAJTBHOM PEryJImpOBaHUN
B 3aBUCHMOCTHU OT THIPOJINHAMUIECKUX IIAPAMETPOB.

Kak mokazan aHa/m3 BIMSHUS THJIPOJIMHAMUYIECKUX [MAPAMETPOB Ha PEXKUM PabOThI peak-
Topa [1] ¢ HEOIHOPOJHBIM KHUIISIIUM CJI0eM Julst ajuabarndeckoro peakropa ( « = 0) B ciydae
MaJIoii MHTEHCUBHOCTH MaccobMena Mexk ity dazamu (A«1l) craroHAPHBIX PEXKUMOB B 3aBUCUMOCTH
ot 3HaueHuii A, B, T(;l B, u1, Uy MOXKeT OBITH OT OJIHOTO JIO TPeX, IPUIEM OHU COOTBETCTBYIOT BBICOKO
TeMIIepaTypHOMY, CpejIHeMy W HU3KO Temieparypromy peskmvam TPL, T2 | T3 | O6brano mmknme
U BEpXHUE CTAIMOHAPHBIE PEXKUMBI YCTOWINBHI.

B nmxmem crammonaprom pexkimme TP TemmepaTypa B peakTope CIHIIKOM Maja, IToOBI pe-
AKIISA TPOTEKATIA TOCTATOIHO 3 heKTHBHO, a B BepxHeMm T3 oHa HACTOIBLKO BeJIUKA, 4TO 9TO JacTO
[IPUBOJUT K PACHa Ly IPOJAYKTA ¥ BO3HUKHOBEHUIO ITODOYHBIX PEAKIIHIA.

Cpetmit cranuonapblit peskum T3 06LIMHO OKazbIBAeTCs HAMb0JIee TIETECOOOPAZHEIM C TOY-
KU 3PEeHUsI IPOBE/ICHIST XUMUKO-TEXHOJIOTNIeCKUX IporeccoB. Ho Kak pa3 3ToT pekuM He yCTOIuB
U BO3HHMKAET 3aJ[ada ero CTabuIn3aluu.

ITosTomy mcciesyeM BO3MOKHOCTD CTAOUIN3AIINN CPEJIHEr0 peKuMa paboTel peakTopa. llpn
9TOM ypaBHEHUsI MacCO-U TeIlIoNepeHoca B be3pasMepHoM BuJje umeer [1] .

VYpaBHeHuUst 1151 IJI0THOHN (a3l

0z 0z _8
87_1+U18;:(1—Z1)96( Tl)_A(Zl—Z2)7 (1)
0Ty / ’ _s 1 1
5 = a(Ty —T1) +wui (Ty — T1) + wge T / (1—-21)dx — B(Th — / Todzx) (2)
0 0

Haganbuble u I'PaHUYIHbIE YCJIOBUA

=0, Ti0)=T", Zi(z,0)=Zp(z) (3)

z =0, Z1(0,7) =0 (4)

st pa3dbaBeHHOM (hasbl
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7y  dZy
ﬁ‘FUQ%—A(Zl—ZQ), (5)
o, 9Ty
¥+U287—B(T1_T2>, (6)
Havanbuble u I'PaHUYIHbIE YCJIOBUA
T = 0, TQ(J}, 0) = T()Q(.T, 0), ZQ(JZ, 0) = ZOQ(.T) (7)
=0, Tylo,7)=Ty, Z(0,7)=0 (8)

Bech uCIob3yoTesi 0003HAUEHHsI IPUHSATHIE B pabore[2].

B pesysbrare pemtenust 3aga4u (1-8) Haii/leHbI BEIDAXKEHUs JJisl UCCIIEJO0BAHUS CTAIMOHAPHBIX
pacIpe/ie/IeHnii CTereHn MPOJIBUYKeHNs peakuy B iiotHol ZY(z) , pasbasnennoit Z9(x) daszax u
IIPU TEMIIEpaType T20<17) pazbasyiernoit das3wl. [lomyuerno ypaBHEeHNE OTHOCUTEIHLHO CTAITMOHAPHOMN
TeMIIepaTyphl, PENIEHNE KOTOPOI'o JAaeT 3HAUEHUE CTAIMOHAPHBIX TEMIIEPATYD JIJIs IJIOTHON (a3bl.

" U2

/ 1 u9
T, —T,+—221)+ —=23(1
0 0+w 1()+wu 5 (1)

(19(1)—T") =0 9)

WUl

Jas crabunmmsanun HEyCTOWIHBOTO PEKUMa PADOTHI PeaKTopa C HEOTHOPOIHBIM KHUIISIIIIAM
CJIOEM B CUCTEMY BBOJIUTCS ITPOIIOPIIHOHATBLHOTO PErYJINPOBAHNS CKOPOCTH PeareHTa B pa3daBIeHHON
daze 110 OTKJIOHEHUIO TEMIIEPATYPHI B IJIOTHOH (hase peaxkTopa.

V2 Z’U()Q(l—l—d(Tl(T—Ta) —T102)) (10)

3J1eCh T1027 TeMIIEPATyPa CPEJHEro CTAIMOHAPHOIO PEXKUMa IIOTHON (a3bl mpHu vy = Vg2 ;
To— BPEMsI 3alla3/bIBAHUSA, ONPEJIEIIeMOe CTEIIEHbI0 HHEPTHOCTU KOHTPOJIst; d— mapameTrp crabu-
JIM3AITAN.

[Ipu orpeiesiennn 0bJ1acTu mapaMeTpoB CTAOUIN3AIINY 33/1a19a CBOJIUTCS K BbISBJICHIIO KOPHEN
KBA3UIIOJIMHOMA MIEeCTON CTENEeHN B KOMILIEKCHOHN ILIOCKOCTHU. Kcim Bce MOJIIOCHI PacIoIoraloTcs B
KOMILJIEKCHOI IIJIOCKOCTH JieBee MHUMOIT OCH, TO BO3MYIIEHUS CTAIIMOHAPHOI'O PeXKUMa 3aTyXaloT CO
BPEMEHEM U PEXKUM YCTOHYMB. B MPOTUBHOM cilyvae pexKUM HEYCTOWIUBBIM.
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1. A6dyparumos A. O6 ogHOM MeTOE cTabIU3aIUE CPEIHErO PpeXKUMa paboThl peaktopa, Jloknaasr AH
PV3, no 7, 2000., crp.21-28.
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3ajiaua ObICTpOAECTBUA NJid YPABHEHUS TEIMJIOIPOBOIHOCTH
AszamoB A.A.
Hruemumym mamemamury, umenu B.H. Pomanoscrozo
e-mail: abdulla.azamov@gmail.com

B npusoxkenusx MaTeMaTHKH BayKHOE MECTO 3aHUMAET 33J[a49M OITHMAJILHOTO YIIPABJIEHUS.
Jlnst cucreM, OMCHIBAEMbBIX KOHEYHOMEPHBIME T depeHIInaIbHBIMUA YPABHEHUSIMU, OCHOBHBIM WH-
CTPYMEHTOM CJIY>KUAT HPUHIUN MakcuMyMa lloHTpsirmHa. DTOT MPUHIUI (POPMATBHO JIOMYCKAeT
006001IIeHIe 1 J1JIsi 9BOJIIOIMOHHBIX ypaBHEeHHUsIX B GaHaxoBbIX npoctpancTBax (2K.-JI.JIuowc) B coy-
Jae 3aJ[a4u yIpaB/ieHusa Ha (DUKCHPOBAHHOM KOHEYHOM OTPE3Ke BpeMeHH. UTO KacaeTcs 3aadu
OBICTPOJEHCTBUSA, TO JIaXKe JIjIsl YPABHEHUs TEIIOIPOBOIHOCTH HEe UMeeTCst jgazke (hopMasibHol dhop-
MYJUPOBKM aHAJOra NpuHIuna Makcumyma [louTpsaruna.
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B cBazu ¢ atum, @.JI.HepHOycKo mpeiarai MeTo 1, PACIIeIlIeHNs 3a1a9i ObICTPOIeCTBIS Ha
OJIHOMEPHLIE yIIpaB/sgeMble cucTeMbl. Ilociaenuss 3amada pelraercs B KOHEIHOM BHE, OJHAKO IPU
9TOM IIOJIyY9aeTCd JIMIIb JOCTATOTHO pr6a${ BepXHAA OIeHKa JIJIgd BpEeMEHHN OIITUMaJIBHOI'O IIepexoia.
B macrosmeM nokiaze OygeT pacCMOTPEHBI KOHEUHOMEPHBIE AIMIPOKCUMAINN 3a4a49i OLICTPOIE-
CTBUA JIJIdd YPaBHEHUA TEIJIOIIPOBOJIHOCTU B CTEP2KHE.

ITycrs B obmactn A = (0, +00) x (0, ), 3agan0 ypaBHeHue

ou  O%*u

ot = o Tk

Byzsem paccmarpuBarh HadasnbHO-KpaeByto 3ajgady u(0, z) = ¢(z), u(t, 0) = u(t, 7) = 0, dyHk-
st yrpasienns v(t,z) (MHTeHCHBHOCTb MCTOYHUKOB TEILIA) yJIOBIETBOPseT orpaHudeHnio —1 <
v(t,z) < 1.

Ipu xaxaoit v(-,-) € L*(A) 3a1a4a nMeeT eINHCTBEHHOE PEMIEHNE Uy(..) U3 COOTBETCTBYIO-

miero kiacca Cobosiea. Yupasjenue v(-, ) HA3bIBAETCsl JIOIYCTUMbIM, €CJINA Uy )(T, x) = 0. [Tycrs

Ti(¢) = inf T, () MO BeceBOzMOKHBIM JomycTHMBIM yripasieruamM. Eciu Ti(p) = inf Ty .y (¢), To
0 (-, -) HA3BIBAETCS ONTHMAJIBbHBIM ypasieHueM, a Ty (¢) — ONTUMAIBHBIM BPEMEHEM IIEPEeXOJIa.
B nmokmame 6ymeT mpuBeieHbl PE3YIbTATH O KOHEUHOMEPHBIX AIMIPOKCUMAIIUAAX TOCTABICHHON

3aJa9M1 1 C(bOpMyJII/IpOBaHbI HEpEHIeHHbIE 3a/Ia91.

OneHka NpPoOaOJI2KUTEJIBHOCTU TEIJIOBOTO PeXKMMa B 3aBUCUMOCTH OT
nmapaMeTpoB HarpeBaTeJs

Agumos I11. A.
Hayuonarvornd yrnusepcumem Ysbexucmana umeny Mupszo Yayebexa, 2. Tawrenm,

PaccmarpuBaercst MmaremMaTudeckasi MOJIESb IIPOIECca pa3orpeBa HeKOTopoil objactu ) C R™
C TIOMOIIHIO PACIIOJIOKEHHBIX B HEll HCTOYHUKOB Teruta. O6sacTs () mpejinosaraeTcs UMerOIel 1u-
mapudeckyio dopmy: @ = D x (0,H). Ceuerme D C R"~! npescrapisier coboii BLITYKIyIO
00J1aCTh C IVIaJIKOW I'paHuIieil, a BoicoTa H sIBJI€TCS ITPOU3BOJIBHBIM HOJIOKUTETBHBIM YUCJIOM.
PaccmoTpumM ypaBHEHHE TEILIOIPOBOIHOCTH

ur(z,t) = Au(z,t) + f(z,t), z€Q, t>0, (1)

¢ TPAaHUYIHBIMU yCaoBUsSIMU Pobena

t
8%;’) +ou(a,t) =0, xe€dDx[0,H] 2)
ou(z,0,t)  ou(z,H,t) -
G = Tt =0, FeD, (3)
1 Ha4YaJIbHBIM yCJIOBHEM
u(z,0) = 0, ze€Q. (4)

Mpbr 1ipejiiosiaraem, 4To npasasi 4acTh B ypaBHenun (1) umeer Buj
flx,t) = e g(T) - w(@n, (1)), (5)
rje h = h(t) — nenpepbiBHast (DYHKIMsI, YIOBIETBOPSIONIAs YCIOBUIO
0< h(t)<H, t>0, u(0)=0, (6)

a KyCOYHO-TIOCTOsiHHAs (pyHKIusI w pasHa 1 npu 0 < x, < h u pasua 0 upu x, > h.
Dyukuus g B paBeHcTse (5), IpeJcTaBisonias coboii HAYAIbHYIO INIOTHOCTH PACIIPeIeIeHUs]
UCTOYHUKOB TellIa, IPEJIIoJIaraeTcsi HeOTPUIIATEIbHON U puHa Iexkaieii kiaccy Lo(D).
[Tapamerp « xapakTepusyeT CKOPOCTb HOTEPU TEILIOBBIIC/IAIOININMY dJIeMEHTAMI HArpeBa-
TeJIbHBIX CBOICTB, UMEHHO, 3a BpeMs t = In 2/« MHTEHCHBHOCTD TEIIOBBIJCICHUST YMEHBIIACTCS B 2
pasa.
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Koadduiment remnoobmena o = o(Z) ectb 3ajanHas riajkas (QyHKIMs, HE 3aBUCAIIAs] OT
Ty, W He paBHasi TOXKJIECTBEHHO HYJII0. YciaoBue (2) o3Hadaer, 4ro Ha mosepxuHocru 0D X [0, H|
TeIIO0OMEH ¢ OKPYZKalOIIeil cpeJIoit IIPOUCXOAUT B COOTBETCTHH C 3aKOHOM Hplorona.

O6osnaunm depes {jm }o0_; coOCTBEHHBIE 3HAYEHUsI, & depe3 {v,} cobcTBeHHbIE (DYHKINT
CcJIeJIyIolelt ClIeKTPaJIbHO 3a1a4u:

—Avp(Z) = pmom(z), T € D, 8755/@ +ou(z) =0, T € IdD. (7)

Beeném BecoByio hyHKIMIO p(Z), TPONOPIUOHATBLHYTO MEPBOH COOCTBEHHOI (DyHKITMN 38,1811
(7): ' -
~ V1T
pE) =g T
lv1llz(p)

OHpe,ZLeJII/IM cpeaHee B3BEHICHHOE 3HaYCHUE TeMIIepaTypPhI 110 obsactu ) nHTerpaJioMm

(8)

wlt) = [ unler (@) do. (9)

Kak npaBuiio, JJaHHOe CpeJlHee 3HAUeHHe TEMIIEPATYPhl OJHO3HAYHO OIPE/EssieT BBIXOIHYIO
MOII[HOCTB paccMaTpuBaeMoro mporecca (em. [1]).

[Tpe/inosozKuM, 9To Jyist HEKOTOPOro hUKCHPOBAHHOIO dncia f > 0 Jyis HEKOTOPbIX 3HAYCHMUI
t > 0 BBIOJIHSIETCsI CJIE/IyIOIee HEPaBEeHCTBO: Uy (t) > 6.

B nacrosiimeit pabore M3y9aeTcst BOIPOC O TOM, HACKOJIBKO MIPOOJIKATEILHBIM MOKET ObIThH
poriece, obecrednBaoONInil JaHHOe HepaBeHCTBO. Haue roBOpsi, KAKOB 3al1ac SHEPIUH HarpeBaTeis,
HO3BOJISIIONINI Ha BbIXOJE 00ecIeunBaTh 3a/laHHyI0 TeMIIEpaTypy.

O6osnaunm cumposiom U(H) kiace dbyakuuii h(t), HeIpepbIBHBIX Ha moynpsivMoil ¢ > 0 u
V/IOBJIETBOPSIIONINX ycsioBuio (6).

st mo6oro ynpasienust h € U(H) onpeesiM MaKCUMAJIBHO BO3MOXKHOE BPeMsl TIOJ|ieprKa-
HUsI CPeJIHEN TeMIlepaTyphl § 1pu 3aIaHHOM yIIPABJICHUN:

Sal0,h) = sup{t € Ry | wi(t) > 6}. (10)
Tpebyercst olleHUTH BEJIUYUHY

Ta(0) = sup  Sa(0,h). (11)
heU(H)

CMBICTT JJAHHOW BEJMYNHBI 3aK/II0YACTCS B TOM, 9TO Hocje MomenTa t = Ty, (f) Hu 1pn KakoM
JIOIIyCTUMOM YIIPABJICHAU CPESHIOI TeMIEepaTypy § MOJIyduTbh HEBO3MOXKHO. HemocpeacTBeHHO n3
oupegenennst Sy (6, h) cremyer, uro ¢ ymenbiienneM 6 sesmauna Ty (0) Bo3pacraer.

Bcerojy B JaiibHedineM Mbl peJioaaraeM, 9TO BBINOJHSIETCS yCaoBue o <  fi1, IJIe fi] —
1epBoe COOGCTBEHHOE 3HAUYEHNEe CIEeKTPasbHON 3amaun (7).

ITostoxxum o]
V1||L(D 1
oy L m
(9, Ul) H1—« «
CrpaBeJIBO CJIEYIOIIEe YTBEPKIEHHE.
Teopema 1. I[Tycmo 0 - npoudgosvbHoe uUCAO, YOOBAEMBOPAIOULEE YCAOBUIO

A

— QT

0 <0 < .
A
TOZ(?G npu o« — O BbINOAHAECITNCA COOMoweHuUe
1 1 1
T,(0) = —1 — O(a).
a( ) Oé nA/J,lg + m + (OZ)

OrmernM, uro jgaHHasi pabora npejcrasiser coboil passurue pabor [1] u [2|. Tlo mosomy
IPUKJIQHBIX ACIIEKTOB PACCMaTPUBAEMON IPOOJIEMBI CM., HapuMep, [3].
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E,I[I/IHCTBGHHOCTI) pelnieHnmnd TpeTbeﬁ KpaeBoﬁ 3aJauIm AJid HeOJHOPOJHOIO
YPaBHEHUS TPETHETO MOPHAJIKA C KPAaTHBIMUA XapaKTEPUCTUKAMU
I Anakos }O.I1., 2Ymapos P.A.

U nemumym mamemamusu um. B.H. Pomanosckozo AH PYs3, Tawxenm, Yabexucman;
Hamanezancrxuti unotcenepro-cmpoumenvroili unemumym, Hamanean, Yabexucman,
yusupjonapakov@gmail.com
2 Hamameancxuti unoicenepro-cmpoumenvhoi unemumym, Hamanean, Ysbexucman,
r.umarov1975Q@mail.ru

Juddepenrmanibubie ypaBHEHUSI B 9aCTHBIX TPOU3BOIHBIX TPETHErO IMOPSIIKA PACCMATPUBA-
IOTCS TIPU PENIeHn’ 3aJ1a4d TeOPUN HEJIMHEMHON aKyCTUKA U B TUJIPOIUHAMUYIECKON TEOPUU KOCMU-
TEeCKOMU MIa3Mbl, (PUIBTPAINN KUIKOCTA B IMOPUCTHIX CPeIax.

B pa6ore [1], yuurbiBasi cBoiCTBA BSI3KOCTH U TEIJIONPOBOJHOCTH ra3a, u3 cucreMbl Habbe-
Crokca OBLIO ITOJIYIeHO ypaBHEHNE TPETHETO MOPSIKA ¢ KPATHBIMU XapaKTePUCTHKAMU, COJIeprKaIIee
BTOPYIO TPOU3BOJIHYIO 110 BPEMEHU

v
Ugpy + Uyy — guy = UypUyy, V = cONSt.

D10 ypaBHEHUE IPH ¥ = | ONUCHIBAET OCECUMMETPUIHBIA MOTOK, a npu v = () IJIOCKO - TapaJlieib-
HBIT TIOTOK |2].

B obmactu D = {(z,y): 0<xz<p, 0<y<q}paccMorpuMm ciaeayoriee ypaBHEHHs TPe-
THEro MOpsIIKa BUJIA:

L(u) =Ugpe — Uyy + A Uy + AU, + AgUy + AU = gl(:c, y), (1)
e A;, p, g € R, i=1,4,¢g1(x,y) 3a1aHHble, JOCTATOYHO IIaKKUe (DYHKITUH.
Ay | Ag
Bamenoit U (z,y) = u(z,y) e~ 3 T2 ¥ ypasuenue (1) MOXKHO NpUBECTH K BHUTY
Upze — Uyy + Q1Uz + a2u = g(z,y), (2)
A2 243 A2 AA Ay A
pem == Ay, e =S bt T A glay) = gi(ey) SR

OrmernM, uTo B pabore (3| paccmorpeH ciydait a; = ag = 0.

Bamaua Az . Hatimu gynryuro u(x,y) usd xaacca C’;‘Z’ji (D)N C:%jzll (ﬁ), ydo8.AEMBOPAIOULYI0
ypasHenuo (2) u caedyrouum Kpaesvim Yeaos8UuiM:

au (z,0) + Buy, (z,0) =0,

u (p7 y) =12 (y) y  Ug (p, y) =13 (y) y  Uzy (07 y) =1 (y) , 0<y<gq, (4)

2de o, B, ¥ u & - 3adanmnwvie nocmasnmvie, yooeaemeopaouue ycaosuro o’ + B2 # 0, v2 + 62 # 0,
vi (y), i =1,3, g(z,y) sadannvie docmamouno 2aadkue GYHKUUL.

Teopema. Ecau sadaua Az umeem pewenue, mo npu sunoaneruy yeaosut ap < 0, as >
0, aB <0, ~6>0 onoeduncmsenno.
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HoxkaszareabcTBo. [Ipennonoxmm, obparnoe. [Tycrs 3amada A3 nmeer nBa pemenust ug (x,y)
u ug (x,y). Torma dbyuknus u (x,y) = uy (z,y) — u2 (x,y) YAOBIETBOPSIET OJHOPOIHOMY YPABHEHUIO
(2) ¢ ogHOpOMHBIME KpaeBbiMu ycsoBusimu. Jlokaxkem, uro u (z,y) =0 B D.

B obnactu D cripaBeiTMBO TOXKIECTBO

ulL [u] = vu — uu + ajuu, + asu? =0

o 0 1 1 0
2 2 2
— | WUy — =us + —aqu” )| — — (uuy) +u + asu” = 0. 5
g (e = 5+ gone) = L ) 44+ )
Unrerpupys toxkaectso (5) o obaacru D u yIuThIBast 0JHOPOJHBIE KPAEBbIE YCJIOBUS, 0
JYy4YUM

;alu (p, )) dy

o

(0 122 0.9) = 02 .0) +

q
1 1
[ (500 s (0.0) = 2 0.0 + jane 0. ) -
0

P
—/u(x,q)uy(x,q)dx—l—/u(z,O)uy(m,O)d$+//u§dﬂsdy—l—a2//u2da:dy:0
0 0 D

D

Tpebyst B # 0, § # 0, uz (3) umeem

q q p
1
/ ) dy — 2a1/u2 (0,y)dy + /u(x,q) dz—
0 0 0

P
Oﬂ‘/ dm+//u§dxdy+a2//u2dxdy:0
0 D D

YaureiBast ycJoBus TeopeMbl, nonyunm u (x,y) = 0. Teopema jokazana.
3ameganue. OTMETHM, YTO IIPU HAPYIIEHUU YCJIOBUI TeopeMsl, T.e a1 > 0, ag < 0 oxHOpOI-
Has 3aja4a A3 JIJIs OIHOPOJIHOIO ypaBHEeHHUsI (2) MOXKeT UMeTh HeTPUBHAJIbHOE perterue. Hamnpumep,

N =
ST

2% + 1) 7>
Ugzx ((E, y) + ((2P)> Uy (l",y) - A%u (.’E,y) - uyy (.’E,y) = 07

au(z,0) + Buy (x,0) =0,

vu(z,q) +duy (z,q) =0,

u(p,y) =0, uz(p,y) =0, uw(0,y)=0, 0<y<yq,
3alav9a UMeeT HETpHUBUAJIbHOE DCIIeHUe

u(z,y) = (1 + (=1)*sin (Ql‘:;pl)”m» Yo (y), n.keZ,

0<z<p,

rue Y, (y) perienue 3amaan

JIuteparypa



MATHEMATICAL ANALYSIS AND ITS APPLICATIONS IN MODERN MATHEMATICAL PHYSICS 249

1. Pwiwrcos O.C. Acumnrornueckasi KapTuHa OOTEKAHMS TeJI BPAIEHs CO 3BYKOBBIM IIOTOKOM BSI3KOI'O U
TEILIONPOBOIAIIero rasa, Ilpuka. Marem. u mexaH., - Mocksa, 1965. - T. 29. Bem. 6. - C. 1004-1014.

2. Huecnepos B.H. O dyukiuu ['pruna inHeapn30BaHHOTO BI3KOTO TPAHC3BYKOBOTO ypaBHeHUst, 2Ky pHaJT
BBIYUCI. MaTeM. U MareM. ¢usuku. - Mocksa, 1972. - T. 12. - No. 5. - C. 1265-1279.

3. Apakov, Y.P., Zhuraev, A.K. Third Boundary-Value Problem for a Third-Order Differential Equation
with Multiple Characteristics, Ukr Math J, 70, 2019, 1467-1476

4. Apakov, Y.P., Umarov, R.A. Solution of the Boundary Value Problem for a Third Order Equation
with Little Terms. Construction of the Green’s Function, Lobachevskii Journal of Mathematics, 2022,
Vol. 43, No. 3, pp. 738-748.

Ob6paTHag 3a/iava Mo onpeesIeHII0 IIJIOTHOCTUA TEIJIOBbIX MCTOYHUKOB JIJIsI
ypaBHeHHnsd cyoauddy3un
L Amypos P.P., 2Myxunauaosa A.T.
1.2 Vabexucman, Hncmumym Mamemamuxu Axademuu nayx PYs., Hayuorarvrod
yHusepcumem Yabexucmana,
e-mail: ashurovr@gmail.com
e-mail: 0qila1992@Qmail.ru

IIycre A(z,D) = > an(z)D® - 1pOU3BOJIBHBIN OJIOKATEIBHBIH (HOPMAIBLHO CAMOCOIDSI-
la|<m

JKEHHBIN S/TNITHYIeCKnit muddepeHnnaababIii omepaTop mopsaKa m = 2[ ¢ JOCTATOYHO TJIa KM
ko3 dunuenTaMu aq () , rae o = (o, 2, ..., an) - myasruuagexc, D = (Dq, Da, ..., Dn), Dj = 6%]
U olpe/JiesieHa B MPOM3BOJIbHON MHOTOMEpHOI obsiactu 2 (¢ J0CTATOYHO IIAJIKOl TpaHUIIEil).

ltst Toro, 9T00BI OIIpeIe/InTh APOOHYIO YacTh Halrero AuddepeHnuaJ bHOTO YpaBHEHsI, BBe-
JleM cHadasa IpoOHBIN mHTerpas B cMbicie Pumana-JluyBumnsa mopsaka p < 0 ot dbyukinn f,
omnpegesientoit Ha [0, 00), mo dopmyse (cM. Hampumep, [1], crp. 14)

t
arf(t) /tf Sds, >0,
0

[PU YCJOBHUH, YUTO TIPaBas IaCTh PABEHCTBA CyIIecTByeT. C MOMOINBIO JPOOHOTO WHTErpasa Ompe-
JieJiuM JIpOOHYIO TPOU3BOJIHYIO B cMbicie Pumana-Jluysuis nopsaka p, k — 1 < p < k, k € N
TOJIOZKUB
p d p—k
O f(t) = -0 " f(t). (1)

dt
Bamaga: Ilycms 0 < p < 1. Pacemompum ypashenue cybduddysuu

Hu(x,t) + Az, D)u(x,t) = f(z), z€Q, 0<t<T, (2)

6 xomopom ynxyus f(x), Tapaxmepusyrowas Jelicmeue UCTROYHUKOS TENAA, 3AEUCUM MOALKO 0T
x. Ecau ama dynryua useecmna, mo das mozo, wmobvl, natimu 00mosnaymo pacnpedesenue memmne-
pamypu, u(x,t), neobrodumo 3adasamyv donosnumenrvrvie yeaosus. Hanpumep, mooicro sadasamo
HAUAABLHOE YCA0GUE

}g% O tu(x,t) = o(z), = e€Q, (3)
U 2panuNHble YCA0GU

Bju(zx,t) Z baj(x)D%(x,t) =0, 0<m;<m-—1, j=12..,1; €09 0<t<T,
| <my;
(4)
ede p(x) u xosppuyuenmos by j(z) - 3adannvie dymxyuu. B pesyavmame nosywum npamyro
HAYGALHO-KPAEEYI 3a0a4Y.
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OrmeTnM, 4TO HauaIbHOE yeaoBHe (3) MOXKHO elnie 3amucarh Tak (cM. Hanpumep, [1] crp. 104)

%i_r}(l) tHPu(x,t) = ?Eg, x €, (5)
OTKyJIa CJIeflyer, uTo Jyisi pemienus u(z,t) 3amgaun (2)-(4) nonyckaercst pocr npu t — 0.

B dannoti pabome paccmompum obpammnyro 3adawy. Ee moorcno unmepnpemuposams caedyro-
wum obpazom. Hatimu, napady ¢ pewernuem u(z,t) HauaavHo-kpae6oti 3a0a4u, nAOMHOCIG MENAO-
6uix ucmourukos f(x) max, wmobv, 6 momenm epemenu T pacnpedeaerue memnepamypov. Jocmuz.ao
3a40aMM1020 YPOGHA:

uw(x,T) =¥(z), z¢€q. (6)

Obpamnnie 3adavy Makxo20 MUNG B03HUKAIOM NPU UCCACOOBAHUL MENAOPUIUNECKUT U PAda Ipyeux
NPOUECCOB.

Teopema 1. (O eduncmsernnocmu). ITycmo gynxyuu p(x), ¥(x) Henpepuerv, 6 3amrnymot
obnacmu . Toeda mooicem cywecmsosams auwn 00no kaaccuseckoe pewenue {u(x,t), f(x)} o6-

pamnot 3adawu (2)-(4), (6).

[Iycrs 7 - mpousBoJsibHOE JeiicTBUTEIBbHOE Yncio. B mpocrpanctse Lo(€)) BBegeM oreparop
AT TefiCTBYOIIMIL 110 TPABUITY

ATg(x) = Marve(@),  gr = (9, v8)-
k=1

OueBuHO, AaHHBIH oepaTop A ¢ 06JIaCTBIO OIIPeIe/IeHUsT

[e.e]
D(AT) = {g € La(Q) : ) A{|gk[* < o0}
k=1
SIBJISIETCSL CAMOCONPsizKeHHbIM. Ecin yepes A o6o3nauuTh oneparop B Lo(§)) meficTByommii 1o npa-
sty Ag(z) = A(z,D)g(z) u ¢ obnacrsio onpenenennss D(A) = {g € C™(Q) : Bjg(x) =0, j =
1,...1, x € dQ}, 1o oneparop A = Al apnsercs: camoconpsizkenHbIM paciupereM B Ly () orme-
paropa A.

Teopema 2. (O cywecmeosaruu). [Tycmo ¢ € D(AT) u ¥ € D(A™), 2de T > % Toz0a
cywecmeyem pewenue {u(z,t), f(x)} obpammot sadawu (2) - (4), (6) u ono npedcmsumo esude
pados (7), (8), komopvie cxodamesa abcoamommo u pashomepro no x € ) daa ecex t € (0,T).

u(@,t) =Y ort" By p(— Nt (@) + Y it Ep o1 (— et )vg (@), (7)
k=1 k=1
U
> Uy ‘PkEpp(*)‘kTp)
T) = V() — : V(). 8
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Cyl1iecTBoBaHNE U €JIMHCTBEHHOCTb PelIeHUs NPAMON 3aJadu JIJIst
Harpy>keHHOTr0 MHTerpajibHO-IuddPepeHInaIbHOro ypaBHEHUS
pacnpocTpaHeHUus TemJja C MOCTOSTHHBIMU KO3duIilneHTaMu
'Banraesa ¥.I., 2Xacanos B.M.,> Araxanos C.C.

L Xopesmcran Axademusn Masmyna, Xopesmcras obaracmo,
e-mail: umida-baltayeva@mail.ru
2 Xopesmckasn Axademusn Masmyna, Taarnw doxmaparmu, Xopesmckas obaacmo,
e-mail: boburjonxasanov1993Q@gmail.com
3 Xopesmckasn obracmo
e-mail: sanjar4841Qgmail.com

PacemorpuM 3agady onpenesenus dbyHkiun u(x,t) B obaactu (z,t) € R ¢ HOMOIIBIO CIIe/Ly-
IOIUX YPaBHEHUl:

ur — a (t) Au = ADgu (x',t) + f(x,t), (x,t) € RY, (1)
u($7t)|t:0 = 90(33) y T € an (2)
rae A - omeparop Jlammaca, A € R, D§, — oueparop jpobuoro|3|(s cumbiciie Pumana-JInysuiis)

MHTErpupoBanus nopsijika o mpu « < 0 3amaercs GopmyJioit

t

' T)dr
DOtu(act / t—71+0"a<o’
0

a(t)e E:={a(t)eC'[0,T],0<ap<a(t)<a; <oo}.

[Tycrs aist byHKIME @ () BBIIOJIHSIIOTCS CJIEYIONINE YCIOBUsI
¢ (x) € H*?(R"), ¢ (z) < po = const >0,
f(x,t) € HPHEDR(RY),
(Br ) = {02’ e R"0<t < T} 1€ (0,1).

Bagaua naxoxjaenusi dbyukiun u(x,t) u3 HarpyxenHoro |2| marerpo-mauddepeHnnaabHOro
ypasenust (1) ¢ HagasbHBIM ycsioBueM (2) st dbyHKIuil HasbiBaeTcs 3a1a4eii Kormm.

Bagada Kommn (1) u (2) sxBUBasJeHTHA HHTErpaJbHOMY ypaBHeHHIO Tuia Bosbreppst. Boc-
HoJIb3yeMcst ceyromniei hopmyitoii[l]:

pat) = [ oG - .0(0) = e+

o) dr .
—i—/o CL(91(7'))/Rn f1(&,07(1)G(x — &,0(t) — T)dE. (3)

@opmyrna (3) BeIpakaer perienue cieayiomeil 3amaan Komm [y ypaBHEHUs] PaCIPOCTPAHEHUST

TeIjia ¢ IepeMeHHBIMU KO PUITneHTaMu:

pr—a(t)Ap = fi(x,t),z € R",t >0,

p(2,0) = o (z),z € R",

p (z
siech ¢ (2) € HF2(R™), fi (x,t) € HF2UF/2(RRY Gz — €, 0(t) — 7) - smastercs dyHaaMenTab-
HBIM pelleHueM.
B dopmyie (3) dyuxmus 6 (¢ fo t)dr u 0~ (t) sBnstorca obparabME bynkTHT 0 (1).
C nmomorpio hopmyisr (3) BpraBI/IM Sa,ZLaHy Kommmu (1) u (2) B BuJie ciieiyronero narerpasib-
HOrO ypaBHeHHsI BoabTepphbr:
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u(@,t) = [pu p(§)G(x — & 0(t) — 7)dE+

o) dr .
+/0 (1(0_1(7_))/1{71 F(& 07 (1)G(x —&,6(t) — 7)dé+ @

A 00 gr 07 (r) 1 )
g T Sy i g€ Gl 600 — e

Teopema. ITycmy ¢ (r) € HF2(R") f(2,t) € HF2UF2/2(RRY wa(t) € E Toeda cywecmeyem

eduncmeennoe pewenue u(x,t) unmezpaivrozo ypasnenua (4) 6 xaacce HT21+2)/2 ¢ (R7).
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O paspenimmMocTu oO6paTHOIT HEJIOKAJIBHOI 3a/1a4uu JIJid YPABHEHUS YE€TBEPTOTO
ImopdaakKa
Beknes A.B.
Kapaxasnarcrutl 2ocydapemsernuil yrusepcumem, 2. Hyxyc
e-mail: ashir1976@Qmail.ru

BBesenue. Maremarutieckue MOJIETUPOBAHIE MHOTHX IIPOIECOB, MIPOUCXOISIIITX B PEATHHOM
MHUpe, HAallpUMep, HEKOTOPbIE 3aJa1Ui re0(DU3UKHI, a3POIUHAMUKE, S9KOJIOTUH, CEHCMOJIOTUH, JJHArHO-
CTUKH B MEJMIMHE, KOMIBIOTEPHOU TOMOrpaduu, HEPA3PYIIAKIIEI0 KOHTPOJIsE U J1eDEKTOCKOIIIH,
reopauoJIOKaII, IPUBOIST K M3y IeHNI0 0OpaTHBIX 3a1a4. V3ydyeHne 3a1a9u JUHAMAKA OJHOMED-
HDLIX T€YEHHUH, JTUHAMUKHA C2KUMAEMON SKCIIOHEHIINAILHO CTPATU(MDUIMPOBAHHON >KUIKOCTH, 3a0a490
pacupocTpaHeHusT BOJIH B JUCHEPIUPYIONINX CpeIax, 3aJa4dn u3rnba TOHKUX ILJIACTHHOK, IOIeped-
Hble KOJIeOaHMs CTEepPKHs U 0AJIOK U APYTHe, CBOAATCH K PELICHUI0 KPAEBLIX 3a1a4 JJIs YPaBHEHU
YerBepToro nopskall,2|.

B nanHoii paboTre paccMOTpeHbLI OOpaTHBbIe 3aJa4d JJIsl YPaBHEHUsS YEeTBEPTOrO IIOPSIKa C
HEJIOKaJIbHBIMU YCJIOBUAMMN. KOppeKTHOCTb KpaeBbIX 3aJa'v JIJIgd ypaBHeHI/IfI C YaCTHBIMHU ITPOU3BO/I-
HBIMI Y€TBEPTOrO MOPSJIKA, YCTAHABIMBAETCS T0KA3aTEILCTBOM CYIIECTBOBAHUSA U €IMHCTBEHHOCTI
peIleHus.

IToacranoBka 3amaun. B obinactu Q = {(x,t) : 0 <z <1, —a <t < } paccmoTpum ypas-
HeHue

LU = Uggs (7, 1) 4+ b2u (2, 1) — sgnt - ugy (x,t) = f(z), (1)

rae b - 3aJaHHOE UCIIO.
Bazaua 1. Haiitu B obiacru 2 dyukiwn w (x,t) u f (x) yIoBIeTBOPSIONIUE CIIEILYONIUM yCII0-
BUAM:

u(z,t) € Cof () NCLT (QUQ), (2)
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f(x)eC(0,1)NLy(0,1), (3)
Lu (z,t) = f(z), (z,t) € QL UOQ_ (4)
w(0,t) =0, uy (0,t) =uy (1,8), uge (1,8) =0, Ugpy (0,) = Upgr (1,8), —a <t <8, (5)

u(x’ /8):30(1‘)7 u(x’ _O‘):d](z%ut(‘rv _a):n(x)’ 0<z<1, (6)

rie Oy =QN{t>0}, Q- =Qn{t <0} up(zr), ¥(x),n(x) - 3a1anHbIe, JOCTATOIHO IVIAJKIE

GyHKINN.
EaunHcTBEHHOCTH M cyIliecTBOBaHue pernenuns 3aaun. Cucrema QyHKIII

eAkl'_e)\k(lfx)

Xo (z) =22, Xog—1(z) =2sin gz, Xo (x) = + cos \px, (7)

eMT — 1

e)\k:r_i_e)\k(lfw)

Yo(x) =1, Yo (x) = + sin \gx, Yor (z) = 2cos \gx, A\p = 2km, k=1,2,.... (8)

eMT — 1

6uoproronasbHas u obpasytor 6asuc Pucca [3].
Teopema 1. Ecau cywecmeyem pewenue 3adavu (2)-(6), mo ono edurcmeenno moavko mo-
eda, xoeda npu ecex k € N evinoanenv, ycaosus

Ay (o, B) = cosvgach S — sinvgashyf — 1 # 0, (9)
unpub=0,k=0

042 2
AO(avﬁ):_aﬁ_?—i_?#oa (10)

2de v, = /AL + b2

Teopema 2. Iycmwv ¢ (x), v (z) € C°[0,1], n(x) € C3[0,1], ¢(0) = 0, (0) =
¢ (1),¢" (1) = 0,¢7(0) = ¢ (1),4(0) = 0,9'(0) = ¢'(1),¢"(1) = 0,4"(0)
" (1), ") (0) = V) (0) = 0,7(0) = 0,7 (0) = 7 (1),17" (1) = 0 u cvnosnsoOmes Yero6ua
(9)-(10). Toz0a cywecmsyem eduncmeenroe pewenue sadawu (2)-(6).

Pemrenue 3a1a4m Haiijiena B Bujie psja cocraaennoii n3 dbynknuii (7). Exuncrsennocts pe-
IIEHUsT 33/1a49H BBITEKAECT M3 [OJIHOTA OPTOHOPMHUPOBAHHBIX cucreM (8).

Teopema 3. [Tycmov 6vnosnens ycaosus meopemv, 2, mozda das pewenus 3adawu 1 cnpa-
6E0AUBHL OUEHKU:

I (2, )|, < Cr(lellp, + 10, + nll,) > >0,
lu (), < Co (Iellp, + 191z, +InllL,) » <0,

1 @)z, < Cs (Nelg + 16lwg + Inllz )
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HpI/IHHI/Il'I KBa3MNMHBAPUAHTHOCTHU C BEKTOPHbBIM (byHKI_[I/IOHaJIOM
JIamynoBa-KpacoBckoro
'Bepauepos A.Ill., 2Bypanos 2K.., 3Xycanos 1.X.
13 IIorcusarcruts noaumexrnuveckuti uncmumym, Jocusax, Yabexucman,
e-mail: berdiyorov1957@mail.ru, d.khusanov1952@Qmail.ru
2 Axademuneckuti avuet um. M. Kapumosa TI'TY, Tawrenm, Yabexucman,
e-mail: juventus88.60.94@mail.ru

B pabore paccmarpuBaeTcs BeKTOpHOE (byHKIIMOHAIBbHO- UM EPEHITUATLHOE YpaBHEHNE

w(t) = f(t,2), (1)

rnet € R, x € R", R" — n—MepHOe JIelicTBUTEILHOE MIPOCTPAHCTBO BEKTOPOB ¢ HEKOTOPOH HOPMOIi
||, ©(t) — BepxHsisi IPABOCTOPOHHSIsI IIPOU3BOIHAST HelpepbiBHOi dyukimn © = x(t), f: R x C), —
R"™ — menpepsiBHast hyukiust, C;, — 6aHAXOBO IPOCTPAHCTBO HEIPEPBIBHBIX (GyHKIWMi ¢ : [—h, 0] —
R™, onpegnenennbix Ha orpeske [—h, 0] (h = const > 0), ¢ mopmoit ||¢|| = sup(|¢(s)], —h < s < 0),
JIUIsl HellpepbIBHOrO oTobpaxenust = : R — R"™ dyukuus z; € C,, oupejie/isiercsi paBeHCTBOM Ty (s) =
z(t+s),—h<s<0.

[Ipeanonaraercst, uro npasasi yacTh ypasaenus (1) f = f(t, ) yaoBaerBopsier ycaoBusiM

(&) < m(H), |f(t9®) = f(t,oM)] < LH)|[® = D]

st Beex (t,¢), (t,0M), (L, pP) € Rx p € Cp: ||p|| < H upn kaxiom H = const > 0.
Caenys |2, 3|, mocrpoeno dyukmonanbHoe npocrpancrso G dyuknuit g : R x C,, — R" ¢

MeTPH3YeMOil CXOJMMOCTBIO, B KOTOpOM ceMeiictBo cusuros F' = {f; : f-(t,p) = f(T+t,¢)} Oyner

npegroMnakTHo. OTciona st ypasHenust (1) onpeiesisiercs: ceMeiicTBO IpeIeIbHbIX ypaBHeHuid |3

t
i) = f*(La), [P € FCG f(tg) = lim / Pt + 7, )dr. ()
0

- dt tr—00

[TycTs st ypasuenus (1) MozkHO HaiiTh BekTopHbIi bynkimonan V =V (t, ), V : Rt xC,, —
R, unapuanTtio jauddepennupyemblii B Kax1oit Touke (t, ) € RT x Cy,, 1 TeM caMbIM, HMEIOIEM
npoussojnyio V (¢, p) B cuny ypasaenusi (1).

Homycrmm, aro jyrst mpoussonoii V (¢, ¢) nMeer MecTo HepaBEeHCTBO

V(t,0) < g(t,V(t,0) + W(t, (0)), (3)

rie g € C(RT x R* — R") ectb kBazumonoTonnast dyukmus, W € C~(RT x R" — R") — nerno-
sgoxkurenbuas dyuknusg, W < 0, dyakimun g u W ynoB/IeTBOPSIOT yCJIOBUSIM OTPAHUYEHHOCTH U
pPaBHOMEDHOIi HEIPEPBIBHOCTH |3].

Beenem coorBeTcTByfOIiee BEKTOpHOE JTud HepeHInalibHOe YpaBHEHNE CPABHEHUSI

v =9(ty). (4)

Byzaem mosarath, 9To onpeaenuTes byHIaMeHTaIbHON MATPUIIBI JIMHEHHOTO TPUOINZKEHUST
ypaBHeHUsI cpaBHeHUsI (4) OrpaHUYeH [0JI0KUTEIbHBIMY IIOCTOSIHHBIMU CHU3Y ¥ CBepXy [4].
Ompeniesium tipesiebubie K W dynakimun W* corsracHo paBeHCTBaM

W*(t,z) = tkli_r)noo Wty + t, ).

[Tpumem, uro f* u W* obpasytor npejenshyio napy (f*, W*), eciau siisirorest npejieibHbIMU
JIJIsT OJTHOM M TOM Ke TIOCTIeIOBATEIbHOCTH by, — 00.

[Tycre M(f*, W*) ecTh MakCHMaJIbHO HWHBAPDUAHTHOE OTHOCUTEJIHHO ypaBHeHUs (4) moaMHO-
»kectBo MHOXKecTBa { W*(t,x) = 0}, M™* ectb 06beauuenne M 1o BceM npetenbibim mapam (f*, W),

M* = UM(f*,W*) [3)].
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[Iycrs © = x(t, o, ) ecTb Kakoe-1ub0 orpanudenHoe penienue ypasuenus (1), |z(t, o, )| < H
Vt > o, wh(z(t, o, p)) ecTb ero MoNOKUTEILHOE TPeJIe/IbHOe MHOKECTBO B IpocTpancTse R™.

Teopema 1. I[Ipednososcum, wmo:

1) natidemes sexmoprwiti dynxyuonan V : CT x Cp, — R", ydosaemeopaouuti nepaserncmey
(3);

2) pewenus ypasrenua (4) pasHomMepHo 02panuverL.

Tozda noaostcumenvroe npedeavroe mnoscecmeo w™ (x(t, o, ©)) oepanunennozo pewenus T =
z(t,a, 0), |x(t, o, )| < H Vt > a ypasnenus (1) codeporcumea 6 M*, wt (x(t,a, ) C M*.

Teopema 1 mpejacrapiser cobOW NPUHIUI KBa3HUHBAPUAHTHOCTU i (PYHKIINOHAJIBHO-
I pepeHInaIbLHONO YpaBHEHUsI ¢ BEKTOPHBIM (byHKImoHaaoM JIsmyroBa-Kpacosckoro. Ona 0600-
IAET U JIONOJIHSAET COOTBETCTBYIOINIUE Pe3yIbTaThl pador [1-3].
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O6 o/1THO3HAYHOI Pa3pPeNIMMOCTH OJHOI JIMHEIHOI YeTepeXTOo4edHoll 00paTHO
3a/lavu JJid ypaBHEHUs TENJIOIIPOBOIHOCTH
I M>xkamanos C.3., 2Xynoiikynos IIL.III., 3Ucabaesa /J.3,*Camanosa A.II.
L Duemumym mamemamusu umernu B. H. Pomarosckozo AH PY3, . Tawxenm, Yabexucman
e-mail: siroj63@mail.ru’
2 Unemumym mamemamury umerny, B. H. Pomanosckozo AH PY3, 2. Tawkenm, Yabexucman
e-mail: xudoykulov1194@gmail.com.?
3 Kaxandexuti Tocydapemeenmwie Iledozozuveckue Yrnusepcumem
e-mail: dilyoraisaboyeva@gmail.com.?
4 Kaxandcruti Tocydapemeenmve Iedozozuneckue Ynueepcumem
e-mail: azizasamatoval996@gmail.com.*

B pabote [1] BrepBbie mpeyioxKHBl MaTEMATHIECKAE MOJIEH, BOSHUKAIOIINE TIPU U3y IeHUH
paga IIPUKJIaJIHBIX 3aJa9 1 IIPUBOJANINEC K PACCMOTPEHUIO HEJIOKAJIbHBIX KPaeBbIX 3a/1a4. Ka,K nu3-
BECTHO, HETPY/IHO YCTAHOBUTH CBSI3b MEXKY HEJOKAJIbLHBIMU KPAEBBIMU 3aJaUaMU U TPEXTOYECIHBIMUI
obparabiMu 331adamu [1,2]. C 910l 11e/1b10 MBI H3y4aeM KOPPEKTHOCTH 110 AJlaMapy HEKOTOPBIX JId-
HEHHBIX YeTepexTouednbix obparubix 3a1a4d (JI.T.0.3.) 11s ypaBHEHIE TEIIONPOBOIHOCTH.

B obractu

Q=(0,T) x (0,1) x (0,1) = Qy x (0,]) C R?
paccMOTPUM ypaBHEHUE TENJIOIIPOBOJHOCTH

4

Lu = u — Au+ c(w,t)u = g(x,t,y) + Y hi(x,t) fu(w, t,9) (1)
k=1

rae Au = Ugy + Uyy, g(x,t,y) 1 fi(z,t,y), k = 1,2,3,4-3agannaee dynxnun. Bygem mnpexroa-
rath, 4To Bce Kodduimentol ypasaenus (1), BeTpedaomuecs: B Te3Uce, BEMIECTBEHHOZHAUHBIE W
JOCTATOYHO IJajkue PyHKIUN.
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JIuneiinas o6parnas 3agada. Haiitun dyuknuu (u, hi, ha, hs, ha),yI0BIETBOPSIONITE YPaB-
nenuto (1) B obnacru @, Takue, uyro dbyHKIWA u(Z, t,y) YAOBIETBOPSIET KPACBBIM YCIIOBHIM

’Yu‘t:O = U’t:Ta (2)
u’x:(] — u|m=1 = O) (3)
uly=o = tly= =0, (4)
C JOIIOJTHUTEJ/JIbHBIMU YCJIOBUAMMN
u|y:€k = (Pk(x’t)a (5)

rme k = 1,2,3,4;, u 0 < 01 < by < l3 < ¥y < ¢ < 400 u npuHagiexur kiaaccy U =
{(u, hge, k = 1,2,3,4) € Wg’l(Q),Dg(ut,ugg,um) € L2(Q), hy, € WZ(Q1)}. Beemem oboznadenns.
Iycrs gi(x,t) = g(x,t, 1), fij(x,t) = fi(x,t,1;),Vi,5 = 1,2,3,4 Torga yepes F = {fij}?,jzl ompeJe-
JIIM KBaJIPATHYIO MATPUILY IIOPIKA deTepe.

Teopema.llycThb BbINOTHEHDI BBINEYKa3aHHbIE YCJIOBUS JIs KoabduienTos ypastenus (1),
KPOMe TOro, TycTh Ac—¢; > & > 0, s Beex (z,1) € Q, rae A = Z1n|y| > 0, |y| > 1, [det F| > ¢ > 0;
Dis Pits Pize € WE(Q1); vpili=o = @i li=r; ©lomo = @lam1 =0; g; € WE(Q1); fij € WE(Q1);

4
Vij =123 4unmyers B =M Y [(1+ D) fi < 1, tme = const(mes(Q1),det F'). Torma
k=1

I
W3 (Q1)
AT JIOOBIX (byHK]—U/Iﬁ fi7 u g TaKux, 9To (1 + Dg)fl € WQQ(Q)v fl |ac:0 = fl |x:1 = 07 Vi = 1a 2a 3747
(1+ D})g € W3Q); la=0 = glo=1 =0, cymecrsyer exuncrsensoe pemenne sazadn (1)-(5) u3
ykazaHHoro kjacca U.

Sameyanue 1. s ypasaenus (1) anasorunano usyqarorcs JI.T.0.3. ¢ ycaosuem Komu, To
€CTh B 9TOM CJIydae BMECTO yCJIOBHUsI (2) Ipe/iiaraeTcsl HadaabHOe yCJIoBHE U |¢—g = up(x),
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O06 o/1HO3HAYHOI PA3PEIUMOCT! HEJIOKAJIbHOUN KpPaeBoii 3a/1a4M MepuogniecKoro
TUNA JJisd YPaBHEHUS CMEMIAHHOI'O THUMA BTOPOr'O POJA Y€TBEPTOrO MOPAAKA
! Moxamanos C.3., 2Kyp6anos O., 3 Ap3ukysios 3.

U Mnemumym mamemamusu umernu B. H. Pomanosckozo AH PY3, 2. Tawxenwm, Yabexucman,

e-mail: siroj63@mail.ru
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e-mail: onui169@indox.ru
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e-mail: zafarbekarziqulov1984@gmail.ru

Kaxk ussectno, B pabore A.B.Bunanze nokasano, uro 3agada Jupuxie njst ypaBHEHUS CMe-
IIAHHOI'O THIIA BTOPOrO IHOPsiyika HekoppekTHa [1]|. EcrecTBeHHO BO3HHKaET BOIPOC: HEJIb3sl JIU 3a-
MEHUTH ycJIOBUs 3aa4u Jupuxiie JpyruMu yCJIOBUSIMU, OXBATHIBAIONIUMU BCIO I'PAHUILY, KOTOPbIE
obecreunBaloT KOPPEKTHOCTD 3aj1a49u’? Briepsble Takue Kpaesble 3a/1aun (HeJI0KaIbHbIe KPaeBble 3a-
Jlaun) JiJIsl yPABHEHUsI CMENTaHHOTO TUIIa BTOPOIO MOPsi/IKa ObLIH [IPEJJIOXKEHbl U U3y4YeHbl B paboTe
@ .U.Dpankis [2]. Kak 6iin3Kast 10 MOCTAHOBKE K U3yYaeMbIM, 3a/a49a JIJIs yPABHEHUsI CMEIAHHOTO
THUITa, BTOPOTO POJIa, BTOPOTO IMOPSIIKA MCCAEIOBAHA B OTPAHUYIEHHBIX O0JACTIX B pa60TaX[3—5]. A
JJIsl YPaBHEHUsI CMENIaHHOTO THIIa BTOPOT'O POJa U€TBEPTOrO MOPSJIKA TAaKWe 33a9i TPAKTUIECKH
HE WCCJIEJIOBAHBDI.

C 9T0it 1esIbI0 B JIAaHHOI paboTe ¢ MCHOIb30BaAHUEM DPe3yJbTaToB pabor |5 u ¢ npumenenu-
eM MeToJia ['ajlepKuHa 1 alrpHOPHBIX OIEHOK M3y4aeTCs OJHO3HAYHAs Pa3pelnIuMOCTb 00OOIIEHHOIO
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PEIIeHnsT OJJHON HeJTaKaJIHON KpaeBol 3a/laun MEepPHOANIECKOr0 THIA JIJI yPABHEHHsS] CMENTaHHOTO
THUIIa BTOPOI'O POJIa YeTBEPTOrO HOPsIIKa

B obsactu @ = (0,1) x (0,7) paccMoTpuM ypaBHEHHsI CMENIAHHOIO THIIA BTOPOIO POJA YeT-
BEPTOro MOPSIKA.

4

Lou = Z Ki(x, t)Diu — Uggaz + Uzatt + Uze = f(2,1) (1)
=0

e Ky(z,0) = Ky(z,T) = 0, Diu = g;f‘f (i =0,1,2,3,4), D)u = u u myctb Bce KOIDDUTHEHTDI
ypasrenus (1) mocrarodno riaagkue GyHKIuu B Q.

HesnokanpbHag KpaeBad 3ajiada mnmepuojudeckoro tuna: Haiitu o0obménHoe pereHne
u(z,t) ypasmenns (1) mz npocrpancrsa Cobomesa W3 (Q), yloBIeTBOpSIONIee CIIe Ty IONTIM KPAeBbIM

YCJIOBUSIM

V'D?u‘t:(] = Dfu‘t:T; p = 07 17 2 (2)
Diul|, o= Diu|l,_p; ¢=0,1,2,3. (3)
Uac:c|gc:0 = uac;t|x:1 =0 (4)

rue y—OWIMYHOE OT HyJls, BEJUINHA KOTOPOro OyJeT yTOYHEHA, HUKE.

Teopema Ilycmob evinoarenvs caedyrowsue yeaosue —(2Kg — 3Ky — 3AKy) > 03 > 0; 2K —
Kot + MKy > 09 > 0, AKog — Kot > 69 > 0, daa mobuz (x,t) € Q, 20e X\ = %ln|’y| >0, |y >
1,meR, Ky(z,T) = Kge(2,0) =0, K3(x,0) = K3(z,T); Ko(z,0) = Ko(x,T) dan ecex x € [0,1].
Tozda das mobozo f(x,t) € La(Q), cywecmeyem eduncmeernoe u(z,t) us npocmpancmea Cobosesa
W2(Q) u das nee cnpacedauco caedyow,as ouenxa.

2 2
lulyz o) < eIl I
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4. Kapamonpaxauesa M.I. OB6 oHOI HEJOKAJIBHON KpaeBol 3a/1a4e Jijisl YPABHEHUsSI CMEITAHHOTO TUIIA-
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(015} O,I[HOBHa‘IHOﬁ paspenmmMoCcTn HeJIOKAJIbHOMI KpaeBOﬁ 3aJa9u riepumoamniecKoro
TANA JJid YPABHEHUS CMEMIAHHOI'O TUIA IIEPBOro poJa YeTBEPTOTrO MOpdaKa
I M>xkamanos C.3., 2Kyp6anos O., 3Iexkanos X.

U Mnemumym mamemamusu umenu B. H. Pomanoscxozo AH PY3, 2. Tawxenm, Yabexucman

e-mail: siroj63@mail.ru’
2 Tawxenmeruti sxornomuneckuts yrusepcumem. Tawwenm, Yabexucman
e-mail: ogu69Qindox.ru?
3 Hamaneancxuti Tocydapemesennmidi Yrnusepcumem Hamarezan, Yabexucman
e-mail: dhusanboy89@mail.ru3

Kaxk usBectHo, B pabore A.B.Buranze nokazano, uro 3amada Jupuxie ijs ypaBHEHUS CMe-
OIaHHOI'O THUIIa HEKOPPEKTHa [1] ECTeCTBeHHO BO3HUKaE€T BOIIPOC: HEJIL3d JIM 3aMEHUTDH YCJIOBUA
zajiaun Jupuxiie ApyruMu yCJIOBUSMHU, OXBATBIBAIONIUMU BCIO T'DAHUILY, KOTOPbIE O00ECIEUNBAIOT
KOPPEKTHOCTH 3aj1a4u? Briepsble Takne Kpaesble 3a/1a4 (HeJIOKaJIbHbIE KPAeBble 3a/1a4n ) JIJIsl yPaB-
HEHUsI CMENTaHHOrO THIA OBLIH TpeJIozKeHbl n u3ydensl B pabore @.U.Opankisa [2]. Kak 6inskas
IIO0 IIOCTaHOBKE K M3yYacMbIM, 3aJa4da IJId ypaBHEHUA CMEIIaHHOI'O THIIa IIEPBOI'O poO/a, BTOPOI'O
HOPSIJIKA UCCIIEJI0BAHA B OIPAHUYEHHBIX 00sacTsix B paborax[3-7|. A s ypaBHeHHs] CMENIaHHOTO
THIIA TIEPBOrO POJia YeTBEPTOIO MOPSIKA TaKUe 3aai TPAKTHIECKN HE MCCJIEIOBAHBL.

C 970t 1e1b10 B JIAHHOI paboTe ¢ UCI0JbL30BaAHNEM pe3ysbTaToB pabor [6,7] u ¢ npumeHenu-
eM MeToJa ['ajlepKkuHa 1 allpUOPHBIX OIEHOK M3YYAeTCsl OJHO3HAYHAS PA3PENIUMOCTb 0DOOIIEHHOTO
peIleHust OJIHOI HeJaKaJIHOil KpaeBOl 3a/lavuu IIePUOIMIECKOr0 TUIIA, JIJIsi YPABHEHUS CMEIIAHHOTO
THIIA TIEPBOTO POJIa Y€TBEPTOIO MOPSIIKA

B obaactu @ = (0,1) x (0,7) paccMoTpuM ypaBHEHHsI CMENIAHHOIO THIIA [IEPBOIO POJA YeT-
BEPTOTO MOPSIJIKA.

4
Lyu= Z Ki(z, t)Dzzfu — Ugzae + Ugett + Ugz + cu = f(z,1) (1)
=0

rie Ky(x,t) = Ky(), Takoe, uto Ky (x) > 0, v € (0,1); Diu = %1? (i=0,1,2,3,4), D{u = u
u mycThb Bee Ko dunuentol ypasuenus (1) mocrarodno riajkue dyHkmun B Q.

HesnokanbHag KpaeBad 3ajiada mnepuojudeckoro tumna: Haiitu o0obménHoe pereHne
u(z,t) ypasrenus (1) m3 npocrpamncrsa Cobosmesa W3 (Q), yloBIeTBOPSIONIEe CIIeTyIONTIM KPABHIM

YCJIOBUSIM

’nyu|t:0 = Dfu|t:T; p= 07 17 27 3 (2)
Diul,—o = Dful,_y; (3)
Um:p|x:0 = umx|x:1 =0 (4)

rJie Y—OTJIMYHOEe OT HyJsl, BeJIMYUHA KOTOPOro OyeT yTOYHeHa HUKE.
Teopema Ilycrs Boimosnnenst ciaenyomue yeaosue —(2K3 + 3AKy) > 63 > 0; 2K — Ko +

AKy > 83 > 0, AKg — Kot > 0p > 0, qoa mobux (z,t) € Q, tme A = %1n\7| >0, |y >1,
Ks3(z,0) = K3(z,T); Ko(x,0) = Ko(x,T); Ko(z,0) = Ko(z,T) nst Bcex x € [0,1]. Torma st
moboro f(x,t) € Lo(Q), cymecrByer emuncTBentoe pemienue u(x,t)u3 npocrpancrsa Cobosesa
W2(Q) u 1151 Hee CIIpaBeTHBO CIIETYIOMA OIEHKA.

2 2
lullyzg) < cllfllg-

JIuteparypa

1. Buuadse A.B. HekoppekTHocTb 3amaun Jupuxiie 1y ypaBHEHUI CMEIIAHHOTO THUIIA,

2. @panrav @.HU. O 3agavax HamblruHa Jiyist CMEIIaHHBIX JI0-U CBepX3BYKOBbIX Tedenwnii. 3. AH CCCP
Cep. marem. 1945. T. 9,121-143.
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3. Kaavmernos T.III. O mosrynepuoanydeckoil 3ajade Jjisi MHOIOMEPHOI'O YPABHEHUsI CMENIAHHOI'O THUIIA
Huddepennuanbabie ypasaenus. 1978.1.14, ¢546-548.

4. Ilvibuxos.B.H. O KOpPEKTHOCTU MEPUOIUIECKON 3a/Ia1U JIJIsi MHOTOMEPHOTO YPaBHEHUsI CMEIIAHHOTO
tuna. B. ku: Heknaccuueckune ypaBHenust maremaTn- deckoit pusuku. HoBocubupcek, 1986, ¢.201-206

5. Iicamanos C.3. O6 omHOl HEJOKAJILHON KpaeBO 3ajade ¢ MOCTOSHHBIMA KO(PMUIIMEHTAMT JIJIsT
MHOI'OMEPHOI'O yPaBHEHUST CMEIaHHOTO TUla nepBoro poja Becrauk CamMapCKoOro rocyapCTBEHHOTO
TexHuYeckoro yausepcurera, Cep.dwus.-mar.nayku, 2017,1.21, C.1-14.

6. ocamanros C.3. O riaagkocTu OJHON HEJOKAJIHLHON KPAeBO#l 3aJadM Jijisi MHOTOMEDHOTO ypaBHe-
HUsl CMEIIaHHOIO TUIa BTOPOro poja B npocrpancTBe. 2KypHan CpeaHeBOKCKONO MaT OOIEeCTBa.

20191, T.21, 24-33.

7. lorcamanos C.3. HejokajibHble KpaeBble U OOpaTHble 3aJavM I yPAaBHEHWI CMEIaHHOIO THU-
na.Monorpadus. Tamkent.2021. C.176.

006 oaHOII MoJIynepuoaANYecKOil KpaeBoil 3ajiavye Jisi TPEXMEPHOTO ypaBHEHUS
CMEIIIaHHOI'O THUIIa BTOPOIo poJda,BTOPOro mnmopdiKa B HEO'rpaHNMYIY€eHHOM
napaJjieJjiernure/ge
I M>kamanos C.3., 2 Cunaraunosa B.K.,? Ucaamosa /1.

L2 nemumym mamemamuru umenu B. M. Pomanosckozo AH PY3, 2. Tawxenm, Yabexucman,
e-mail: siroj63@mail.ru’, sbiybinaz@mail.ru.?

3 Byxapexudi Tocydapemesennvie Yrusepcumem,
e-mail: dildoraislomova01101995@gmail.com.?

Kaxk ussectHo, B pabore A.B.Bunanze nokasano, uro 3amada Jlupuxje mjs ypaBHEHUS CMe-
MIAHHOTO THIa HeKoppekTHa [1|. EcrecrBeHHO BO3HMKAET BONPOC: HEJIb3sl JIM 3aMEHHUTH YCJIOBUS
zagaqan Jupuxje ApyruMu yCaOBUSIMHU, OXBATLIBAIOIIMMHU BCIO I'DAHUILY, KOTOPBIE 00ECIIeUMBAIOT
KOPPEKTHOCTH 33/1aun’ BriepBbie Takue KpaeBble 3a/1a4u (HeJIOKaIbHbIE KPAeBbIe 331441 ) JJIs Y PaB-
HEHMsI CMEINaHHOIO THIA ObUIN IpeIoXKeHbl 1 usydensl B pabore O.M.Ppankis [2]. Kak 6imskast
I10 TIOCTAHOBKE K U3yYaeMbIM, 3aJia9a JJIsi yPABHEHHUS CMEIIAHHOI'O THIIA BTOPOI'O POJIa UCCJIEI0BAHA
B OTPAHMYEHHBIX 00JIaCTAX B paborax [3-7|.A 1yt ypaBHeHWII CMENIAHHOIO THUIA BTOPOrO pojia B
HEOrPAHUYEHHBIX 00JIACTIAX TaKUe 33/1a9i B MHOIOMEPHOM CJIydae NPAKTUYEeCKU HE UCCJIEIOBAHBI.

C 2710ii 11€71b10 B JIaHHO} paboTe ¢ UCIOIB30BAHIEM Pe3yJIbTaToB pabor [6,7] u ¢ npuMeHeHHEM
npeobpozoBannst Pypbe U3yUAIOTCS OJIHO3HAYHAST PA3PEIINMOCTh U TVIAJKOCTH OOOOIIEHHOIO perrre-
HUS OJHON TOJIYIIEPUOINYIECKON KpaeBoil 3a/1adu Jijid TPEXMEPHOTO YPABHEHUsI CMEITAHHOTO THIIA
BTOPOI'O POJIa B HEOTPAHMICHHOM TaPaJIe/ICIIHIIE]IE.

B obsactu

G=1(0,1)x(0,T) xR =

=Q xR={(z,t,2);2€(0,1),0<t <T < 400,z € R= (—00,00)},
PacCMOTPUM TPEXMEPHOE YPABHEHUE CMEMAHHOTO THIIA BTOPOIO POJIA:
Lu=k(t)uy — Au+a(z,t)uy +c(z,t)u= f(x,t,z2), (1)

rae k(0) <0 < k(T), Au = ugy + u,,- oneparop Jlamnaca.

VYpasuenue (1) oTHOCUTCS K ypaBHEHHsIM CMEITAHHOIO THIIA BTOPOIO POJIa, TAK KAK HA 3HAK
dyukmun k(t) no nepemennoii t BHyTpH obsacTu () He HajaraeTCss HUKAKAX OrpaHudeHuit [8].
[Tycts Bce ko3 dunuentsl ypasuenus (1) mocrarodno riuajgkue GyHKIuu B obractu Q.

ITosrynepuoauyeckasi KpaeBas 3aga4a. Haiitu 0606miénHoe perenne u(x, t, 2) ypaBHEHUs
(1) u3 npocrpancrsa Wi (G), (2 < f-uesoe 9HCI0) yIOBIETBOPSIONMIEe CIIELYIONIM Oy TIePHOIHHe-
CKBIM KPA€BbIM yCJIOBUSIM

U’t:o = u’t:T? (2)
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u’x:(] = u’z:l - 07 (3)

Hanee 6ynem cuurarb, uro u(x,t, z) u uy(x,t,z) — 0 upu |z| — oo,
u(x,t, z) abcooTHO MHTErpUpyeMa 1o z Ha R npu sobom (z,t) B Q.

3necn wepes Wi (G), obosnaueno mpocrpanctso CobosieBa ¢ HOPMOii

Wugv;(c) = Z /Da19’2 dzdt,
lol<t &

Q— 3TO MYJIBTHUHHJIEKC, D%—ecTh 0600IIEHHBIE TPOU3BOIHBIE 110 IEPEMEHHUMU & U .
3ameuanue. Pe3yabrar cripaBejiuB TakKe /i MHOTOMEPHOT'O YPABHEHUS CMEIIaHHOI'O THIIA
BTOPOI'O po/ia.
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5. Jocamanos C.3. O KOPPEKTHOCTH OIHOW HEJOKAJIBLHOW KPAEBOH 3aJia4M ¢ MOCTOSTHHBIMUA KO3 dhu-
[UEeHTaMU JIJIsi YPABHEHUsI CMEIIAHHOIO THIIA BTOPOI'O POjia BTOPOrO MOPsiJIKa B MPOCTpaHCTBe. Mar.
samerku CBOVY.2017. Ne 4,C.17-28.

6. ocamanroe C.3. O riagkocTu OJHON HEJOKAJbHON KpaeBOll 3aJadd Jjisi MHOTOMEPHOI'O ypaBHe-
HUsI CMEIIAHHOTO THUIIA BTOPOro poja B mpocrpancree. 2Kyprasa CpeHEBOKCKOTO MAT ODIIECTBA.
-2019r,T.21,Ne 1,C. 24-33.

7. C.3. /hicamanos. Hemokanmabie KpaeBble U 00paTHBIE 329U JJIs yPABHEHUI cMeTanHoro tumna. Mo-
norpadus. Tamkent.2021r, ¢.176.

8. Bpazos B.H. Kpaesble 3aja4n /118 HEKJIACCUIECKUX ypaBHeHuil Maremarumdeckoit dusuku. Hosocu-

oupck: HI'Y, 1983.c.84

O6 oaHoIl JTuHelTHOI 0OpaTHOI 3ajiave [Jis TPEeXMepHOro ypaBHeHus TpukomMu c
MOJIyIEPUOANYIECKBIM KPAEBBIM yCJOBUSIM B HEOTPAHUYEHHOM IapoJIeJIeNuIie e
! Moxamanos C.3., ?Typakymnos X.II1., >Mupsaesa I'., IIlokupos A.

124 Uuemumym mamemamury umenu B. M. Pomanosckozo AH PY3, 2. Tawkenm, Ysbexucman,
e-mail: siroj63@mail.ru’, hamidtsh87@gmail.com.? asakirov@mail.ru.*

3 Byxapcxuti Toc. Ynusepcumem,
e-mail: gulimirzoyeval992@mail.com

Kak Ham u3BecTHO 0OpATHBIE 33/1a4u /Il yPABHEHU{T CMEIaHHOTO THUIIA IIEPBOro pojia (B 4acT-
HOCTH JIJIsl ypaBHeHust TpUKOME) B OrpaHMYEHHbBIX 00JIacTAX n3ydeHo B paborax [1-3]. Snaunrensuo
MeHee U3YUYEHHBIMU SIBJISIIOTCS OOpaTHBIE 33/a9u JJIs YPABHEHUII CMENIaHHOrO THUIIa IIEPBOTO poja
(B wacTHOCTH JUIsi ypaBHeHusi TpUKOMHU) B HEOIpaHUYEHHBIX 00JacTsX [4,5]. HacTHIHO BOCIOIHUTD
JIAHHBIH IPO6EJT MBI M MIOIBITAEMCSI B PAMKaX 9TOH PabOTHI.

B nanmoit pabote, 1JTst BCCIETOBAHNST OTHO3HATHOE PA3PEITNMOCTH 00PATHBIX 38a JIJIsT TPEX-
MEpHOTO ypaBHeHUsI TPUKOMU B HEOTPAHUYIEHHOM MAPOJIUJIEIUIIEE TPEJJIATACTCH METOJ, KOTOPBIi
OCHOBaH Ha CBeJ/IcHue O6paTHOI71 3a/1a91 K IIPAMBIM ITOJIYIIEPUOINIECKBIM KPa€BbIM 3a/Ja9aM JIJId Ce-
MeNCTBO HATIPYKEHHBIX WHTETrpo-Iud pepeHIaabHbIX ypaBHennit TpukoMy B orpaHndeHHON mpsi-
MOYTOJILHON 00JIaCTH.
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B obsactn
G=(-1,1)x(0,T)x R=Q x R={(z,t,2);x € (—-1,1),0<t <T < 400,z € R.}
pPacCMOTPHUM TPEeXMEpHOe ypaBHeHne TpukomMu:
Lu = zuy — Au+ (x,t)u + c(x,t)u =1 (x,t, 2) (1)
rje Au = Ugy + U,,- oneparop Jlamnaca. 3ueces ¢ (x,t,y) = g (z,t,y) + h(x,t) - f (x,t,9), g(x,t,y)

u f(x,t,y) -3ananuble dbyukuuu, a Gy h(x,t) MOIIEKUT ONPe/IeIeHHIO.

JIuneitnasi obparHas 3amava. Hatimu gyrnxuyuu u(z,t, z), h(x,t) ydosiemsoparousue ypas-
newuro (1) 6 obnacmu G makue wmo, dynrkuua u(z,t,z) ydosaemsopaem caedyrousum nepuodue-

CKUM KPAEBHBIM YCAOBUAM
D} ul,_o = D{ul,_r, (2)
u|x:—1 = u|a::1 = (3)
__ 0Py

npu p=0,1, 2de DYu= G5, DYu=u.

Hanbreiimem 6yem caurars, 910 u(x,t, 2) u uy(x,t, z) — 0 upn |z| — oo, u(z,t, z) abcomor-
HO MHTerpupyema 1o z Ha R upu jobom (x,t) B Q.
U C JIONOJTHATEILHOMY YCJIOBHIO

u(z,t,0y) = o (z,1), (4)
rie by € R u ¢ dyukuuii h(z,t) npuHajIexRuT Kiaccy.
U={(uh)] ueWy*(G)heWiQ)}

2,3 .
Baece uepes W5 (G) obosnadeno BanaxoBo IpocTpaHCTBO ¢ HOPMOI

+oo
— 3 A
el sz = 2m) 72 - / L+ APl (2,1, B0 dA

—00

rie W2(Q) npocrpanctsa Cobosesa ¢ HOPMOf

1913 = 191320 = > / D9 dudt.
|| <2 Q

Buaech a— MysbrunHIeKke, D*— 06001eHHas IPOU3BOIHAS IO IIEPEMEHHbIM T U {.
+o0o
N _ ~1/2 —idz
u(xz,t, \) = (2m) u(z,t,z) e "*dz
—0o0

npeobpazosanre Pypbe 10 nepeMeHHoi z, pyukmun u(x, t, z).
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HenokasibHass obpaTHas 3aJa4a [0 BpeMeHU /JIJIsi ypaBHeHUsl KoJiebaHuii 6ajaku
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Pacemorpum banky jymnoil [, onuparoriyocs Ha KoHIbl. [loj jeficTBrueM BHEITHEH CHIIbI
G(x,t), BBIHYXKJIeHHbIE U3TUOHBIE HOIEPeUHble KOJiebaHusi OaJIKi ONUCHIBAIOTCS YPABHEHUEM YeT-
BEPTOI'0 IIOPAIKA

pSUtt + EJU:L’xa:a: + Q(t)u = G(.’L‘, t)v

rJe p - IJIOTHOCTD OajiKu, S - IJIOMIA/ b MOMEPETHOr0 cevennst 6aKu, F - MOJYJ/Ib YIIPYTOCTH MaTe-
puasa 6ayiku, J - MOMEHT WHEPIIUH [TOMEPEIHOIO CeYEHUsT OTHOCUTEILHO TOPU30HTAIBLHOM OCH U II0
BCell JIJIMHE MOJJIEPKUBAETCsI YIIPYTUM OCHOBaHUEM ¢ KoddduimenToM kectroctu Q(t).

Pasnenus Ha pS 3amuinem 310 ypaBHEHUE B CJIEAYIONIUM B BHJIE:

Uyt + Qquzx:E + Q(t)u = f(:E,t)a (l'at) €D, (1)

re a2 = EJ/pS, q(t) = Q(t)/pS u f(x,t) = G(x,t)/pS. Ypasmenne (1) paccMOTpUM B TIpsiMO-
yILOJIbHOI obs1acTu

D={(z,t), 0<zx<l, 0<t<T}

rie | — guna 6anku, T — BpeMEeHHOI MHTEpPBAJI, ¢ HEJIOKAJIbLHBIMUA HATAIbHBIMU
u(z,0) + oru(x, T) = o(x), w(x,0)+ dou(z,T) = (), = €|0,l], (2)
U IPaHUYHBIMU YCJIOBUSIMU
u(0,t) = ugz(0,1) = u(l,t) = ugz(l,t) =0, 0<t<T. (3)

B mpsivoit 3asade Tpebyerca onpeneuth u(x,t) € CH2(D) yaoBaeTBopsIoNTyo paBeHCTBAM
(1)—(3), mpu MOJIOXKUTEIBHBIX Yrces 01, d2, U 3aJaHHBIX YuCes a, [, T' 1 JocTaToIHO I IKUX (DYHK-
watt g(), £z, 1), 9(x), ¥(a). [1

OGparHas 3ama4da. Haiitn kosddurment ¢(t), t € [0,7T] eciu u3BeCTHO yCJIOBHE IIepeoIpe-

JeJieHue BHJIa:
l

/ ha)u(w, dz = H(t), 0<t<T.
0

Henpro mamHOM pabOTh! SIBJISETCS TOKA3ATEILCTBO €IUHCTBEHHOCTHA U CYNIECTBOBAHUS PeIeHuil 00-
paTHOMI 3329 IJIsl ypaBHEHUsT KOJIeOaHMsI OAJIKN ¢ MHTEIPAJIBLHBIM YCIOBUSM IIEPEOIPEIEe/ICHHMSI.

JIuTeparypa
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promeHHaﬂ MOJeJIb TEeIJI000MeHa Me2XK/Ay INJIMHAPOM U IIPpOTEKaroIIIuM IIO
HEMY IMOTOKOM MAacCChI
! Mycruazapos C.B., 2Bekumos M.A.
U Hnemumym mamemamusu um. B.H. Pomanosckozo AH Pecnybruxu Yabexucman,
e-mail: cdustnazarov@mail.ru
2 Unemumym mamemamuru um. B. 1. Pomanosckozo AH Pecnybauxu Yabexucman,
e-mail: mansu@mail.ru

PaccmoTpum 3a7iady MaTeMaTHueCKOTO MOJICJIMPOBAHUS ITPOIECCa TEIIOOOMEHa MEXKIY IH-
JIMHPUYIECKOi TPyOOii IIPON3BOIBHON CEUEHNUST U TEIIO areHTOM (Ta30M, AUCIIEPCHOI Cpeioi, YK/ I-
KOCTBIO CyCIIeH3Hell 1 T.I1.) TporekatonmuM 110 Tpy6e. [IBukeHne Terio arenra HeOOS3aTEIbHO Jia-
MHUHApPHOE, OyJIEM CUYNUTATb, YTO CPEIHSs 110 CEYEHUI0 CKOPOCTh IOCTOSIHHA, BJI0JIb TPyObI. M3BecT-
HO HECKOJIBKO MATeMaTHIeCKUX MOJIE/Iel, OMMChIBAIONINX TAKON IIPOIECC, COCTOsIHNE U3 YPABHEHUI
ra3a-ruJpoJIMHAMUKN BHYTPU TPYObI, TEIJIONPOBOJIHOCTA B TPYObI U IOI'DAHUYHOIO CJIOS HA KOH-
TaKTe BHYTPEHHON MOBEPXHOCTU TPpyOHM U Teruio aredTa. Jlaxke 1jist Tpyd MPOCTOTO CeveHUs TaKasi
MOJIEJIb IIPUBOJUT K CJIOXKHON HavaIbHO-KPaeBOil 3aj1a4eil /Ijish CUCTEeMbl MHOTOMEPHBIX 1uddepeH-
[UaJIbHBIX ypaBHeHuit [1].

B macrosimmeit pabore st 06CYXKIAEMOI0 MPOIECCa MPUMEHSIETCsT METOJ, PEJI0KEHHBIN
A.A3amoBbIM [2| 1 Ha3BaHHBIA UM KKUHEMATOrPaOUIECKUMHE, COIJIACHO KOTOPOMY JIMCKPETU3UPY-
eTCs MCXOMIHBIN mporiecc. B pesyabrare moydaercs JIMHEHHAS IUCKPETHAS IUHAMUYECKas CUCTEMa
IIPOCTOTO BHUJIA, IMO3BOJIAIONINI JIETKO HAWTH HEU3BECTHbIE KOI(MDPUIIMEHTH! MOy YCHHON CHCTeMBbI,
BBIPaKAIOIIUE IIPOIECC TEIJIO0OOMEHA U T€M CAMBIM IIOJIyYUTH aJrOPUTM HAXOXKJEHUS pacipejesie-
HUE TeMIIePATypPbl TEILIOATCHTa HEITOCPEICTBEHHBIX N3MEPEHUIA.

QPusnvecKasd MOMCTaHOBKA 3aja4un. VMeeTcd muinHApuYIeckas TpyOa JIUHBI L IPOU3BOJIb-
HOTO CeYEeHHsI W OIPEJICJICHHON TOJIIUHBI, Ha BHEIHEH IPAHUIEe KOTOPOMl MPOUCXOIUT TEIIO00MEH
¢ OKpyzKamIeil cpeioil 3aaHHoro pexkuma. [IpuMepbl TaKoro peskuma: a) IoJJIePKUBACTCS OlPe-
JIeJIeHHAsT TeMIiepaTypa B Tpybe 3a cueT BHYTPEHHUIl WM BHEIIHUX MCTOYHUKOB, 6) IIPOUCXOJHUT
cBOGOJIHBII TeNI000MeH Ha BHeIHell rpanuile TPyObl ¢ BHEIHEN Cpejioii; B) BHEIIHsIsI IPAHUIIA TPY-
0a TeIIOTU30INPOBAHA.

[To Tpy6e B OJHOM HAIIpABJIEHHH TEYeT IIOTOK TeIioareHTa (rasa, aucrepcuii cpe/ibl (IbLI,
ra3000pa3HOl CMECH U T.II.) WJIM YKUJKOCTH, CYCIIEH3UU, JIPYTUX BEIIECTB). 3aJada COCTOUT B OIpPe-
JIEJIEHUU TeMIIepaTypbl TPYObl U TEIJIOAT€HTa, B TOM YHCJIE TeMIIepaTypy TeIJIoareHTa Ha BbIXO/A
IIOTOKA U3 TPYOHI.

Koopaunaty B1ob HIMHBI 0003HAYUM X, OPTOTOHAJILHOE CeUeHNN TPYOBI ¢ IIJIOCKOCTH abCIiuC-
coit & 0003HAYNM , €ro BHENHIO rpanuiy — St (x), BuyrpenHioo rpanuiy — St (z), Temneparypa
BHYTPEHHIOIO YaCTh Ce9eHus ¢ rpanulei sp(x). B muimHapuaeckux KoopauHarax (&, 7, ¢) IUJIUHID
3a/1a€TCs yBCIOBUSIMU

0<a <L, alp) <r<Alp),

rie r = a(p) (coorBercrBenno r = A(p)) - rpauunst S7(z) u sp(x).

Ho momenra Bpemenu s = 0 pacipelesieHHe TeMIEPATYPa Tk,, Yk, TPYOBI U raza H3BeCT-
HbI (HAIpUMED, Tk, = Yk, = 1p— TeMmueparypa Bo3dmyxa). Ilycrs mpu ¢ = nh — 0 Temmeparypa
TpyObI U Taza xi(n), yg(n). B Mmoment Bpemenu t = nh remneparypa k-oit cekuuu Tosmm TpyObI
ocraercszry(n), reMieparypa rasa npu k = 1 cranosurcs , upu k = 1,2, ...,m cranoBurcs yi_1(n).
Ha wunrepsase (nh, (n + 1)h) npousoiiger nporecc TemioobMeHa MexK/ Iy Mopiumeii raza u Tpyooii:
Temmeparypa TpyObl CTAHOBUTCS

zp(n+1) = z(n) + alye-1(n) — zx(n)] = azr(n) + ayr—1(n),
Temmeparypa ra3za CTAHOBUTCS B IEPBOI CeKIUU k-Oif CEKITNN
yk(n+1) = yp_1(n) + Bl—yr—1(n) + zx(n)] = Brx(n) + Byr—1(n)

Urak,
zi(n+1) = az1(n) + oT,
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xo(n+ 1) = aza(n) + ayi(n),

Tm(n+ 1) = azp(n) + aym—1(n),

ya2(n +1) = Baa(n) + Byi(n)

ym(n + 1) = me(n) + Bymfl(n)

[TonywaeMm JTUHEHHYIO JUCKPETHYIO CHCTEMY MTOPSIKA 21 :
z(n+1) =azx(n) + aJy(n) + ap )
y(n+1) = z(n) + BJy(n) + Bp
Ine J = (8i41,) —HmkHMit auaronass, s cucremsr (1) pemraercs obpaTHasi 3aada OLpe/e-
JIeHusT KO3 DUITMEHTOB TEILTOOOMeEHA 1T MACHTH(MDUKAIINNA MOIEIIH.

Crucok JuTepaTyphl

1. Anaavixun I B., Todynos C.K., Kupeesa U.JI., Ilounep JI.A. Prierienre oJIIHOMEPHBIX 3aJI1a4 Ia30BOii
JITMHAMUKA B TTOJIIBUKHBIX ceTkax. M., Hayka, 1970.

2. Asamos A.A., Bexumos M.A. JluckpeTHast MOJIETb IIPOIIECCA TEIJIOOOMEHA BO BPAIAIONIUXCS PereHe-
paruBHbIX Bozayxonogorpesaresax // Tpyast Uucruryra maremaruku u mexanuku YpO PAH. 2017,
Towm 23, € 1, C. 12-19.

KpaeBag 3amava aJjist OTHOTO HEKJIACCUYECKOTO YPaBHEHUS TPEThEro Mmopsijika C
KPaTHUMHU XapaKTepUCTUKaMn
17Kypaes B.B., ? Xym6okoB X.T.
L Menaycruti unemumym npeonpunumamessemsa u nedazo2uky, Y3bexucman,
2 Jlenayckuti uncmumym npeonpunuMamessemsn U nedazozuky, Y306exucman,
e-mail: xoshboqovxusniddin846@gmail.com

st ypaBHeHnue

3 2 2 i
Ou 0 N ) 2 b 2

— . —=F 1
axg ayg — 8.’131 ay (xay)7 ( )

pPaccMOTPHM CJIeJlyIolasi Kpaesas 3ajada « B KoHewdHoil obmactu D = {0 < z < 1,0 < y < 1}
[TocranoBKa 3a1a9 (v U TeopeMa eInHCTBeHHOCTH. OTMETHM IIPHU MCCIEIOBAHUN KPAEBBIX 3311849 B
MecTo ypasHenue (1) HeorpaHudeBasi OOIIHOCTH,MOXKHO B3sITh yDaBHEHHE

PBu 0% 2 O'u
ﬁ_@jLZai(x’y)% = F(z,y), (2)

Tak kKak ecim B ypapmenme (1) b(x,y) € YD), To mupeobpazopamme wu(w,y) =
y

v(z,y) exp(5 [ b(z,t)dt) npusomur x ypasuenue (2) orHocurenbHo v(z,y). 3asaua o Haiitu B 06-
0

nactu D perrenne

u(z,y) € AY(D) N c>?(D) ypasuenus (2) yIaBIsTBOPSIONLYIO CJICLYIONLYI0 KPACBLIM yCIOBHSIM:
Ozo(.l')u(.%', 0) + o (.I‘)Uy(.l‘, 0) = h0($)7 (3)

Bo(x)u(z,1) + Bi(z)uy(z,1) = hi(z), 0 <z <1 (4)
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Yo(y)uo(0,y) + 71 (y)uz(0,y) + v2(y)u2z(0,y) = Po(y) (5)
So(y)uo(1,y) + d2(y)uwx(1,y) = Pi(y) (6)

Buech a;(x), Bi(x), hi(x), 8 (y), vi(y), Pj(y) (i =0,1;5 = 0,1,2). 3agannble HepepbIBHbIE (DYHKIHN,
npuieM of + af # 0,88 + 57 £ 0, 6 + 2 + 95 # 0,08 + 67 # 0. Do 3a0a9a UCCIEIOBAHA DU
a1(z) = Bi(z) = ny) = 12y) = 0ly) =0, ag(z) = Bo(z) = w(y) = do(y) = 1, ai(z,y) =
b(z,y) =0 (i =0,1,2) B pabore [3].

Teopema 1. ITycmo ai(z,y) € ¢*°(D),az(z,y) < 0,a0 — 3ags + 3a220 = c(z,y) > 0, ecau
aoBov0d0 # 0 mo apar > 0, BB < 0,771 < 0,772 > 0, dod1 < 0, (=1)[a1(i,y) — az:(4,y)] > 0,
% + %a2(0>y) Z _17/L = 07 1.

Torma cymecTByeT eIMHCTBEHHOE pellleHre 3ajada . EJINHCTBEHHOCTDL PEIleHre 33/1ada (v
JIOKa3bIBAETCS METOJIOM MHTETPAJIOB SHEPTUU & CYIIECTBOBAHUE C BOJUTCS K CUCTEME WHTETPAJTBLHBIX
ypaBHenuss OpeArosbMa BTOPOTO POIA.

JIuTeparypa
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O HeJIOKAJILHOII KpaeBoii 3ajiave /IJisi ypaBHEeHUE C KPATHBIMU
XapaKTepUCTUKaAMU TPEThEro mopsijaKa
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[Iycts 3amano ypaBHenwue:
Pu  *u
ox3  0y?
B KoHeuHoit obiact D = {(z,y) : 0 <z < 1,0 <y < 1} tie C(x,y), F(x,y) 3anannbie HEIpepbIB-

uble dyukipu. s ypasaenue (1) B obsactu D paccMoTpuM ciejyromnas Kpaesasi 3a1a4da: Haiitu B
obmactu D dbynxmus u(z,y) u3 kiracca C31(D) (N C32(D) ymoBieTBOPAONITE KPAEBHIM YCIOBUAM:

ar(z)u(z,yo) + ag(z)u(z,1) = p1(z), 0 <z <1, (2)

Uy(2,0) = pa(z), 0 <o <1, (3)
Po(y)u(0,y) + P1(y)uaz(0,y) = ¥1(y), 0 <y <1, (4)
(5)
(6)

+C(:c,y)u:F(ac,y), (1)

Baecw a;(x), Bi(y), vi(y), vi(y) -3aanuble HENpepUBHbIE (DYHKIIUH:

Teopema 1. Ecau c(z,y) > 0 u a1(y)az(y) > 0, B1(y)B2(y) < 0, mo 3adavwu (1) — (6) ume-
em eduncmeennoe peuwerue. IIpednosooicum wmo das 3adannoir Gynryuu mpebyemes caedyroujue
yeaosun: a? +ad 0, B3 + B2 # 0, 18 +42 #0.

Henbio gannoi paboThl SIBJSETCS U3y4YeHHe BOIPOCHI €MHCTBEHHOCTH W CyIIECTBOBAHUS Pe-
IIeHUsI [TOCTaBJIEHHON 3aauu. EquncTBenHocTs pentenns 3amadn (1) — (6) J0Ka3bIBa€TCS METOIOM

MHTErpaJjioB sHeprun. Teopema CyIIecTBOBaHUSA IIyTeM IocTpoeHus pyukmus ['puHa ¢ ucmoab3aBa-
HUEM TEOPUH MHTETPAJIHBbIX yPaBHCHUN.
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ITony4denue npejicraBjienus penienus 3aga4du Koinm faJjisi ypaBHeHUs ¢ ApPOOHOI
npouns3BoaHON Xuidepa
HNpramies B.1O.
Hamareancrut unorcenepro-cmpoumenvhoili uncmumym, Hamarean, Ysbexucman,
Huemumym Mamemamuku um. B. . Pomanosckozo , Tawxenm, Yabexucman,
e-mail: bahromirgasev@gmail.com

B obmactn 2 = {(z,y): —0o <z < 00,0 <y < T}, paccCMOTpUM HAYAIbHYIO 3aJady THIA
zagaqau Ko s ypaBuenus ¢ apobHoit mpoussoanoit Xuiidepa:
agaua Komm. Haiinure perrenne 3amacnm

2n
75 n—la U(.’B,y) _

Doy u(z,y) — (=1) oz O

(=B 2—a) _
i, (1) = ) g

0

i — (1= (2—) =

i, e (41 ) =)
e
oy 0" (x,y) (1-B)(2—a) 1 (7

() (:c)‘ <MVxreR,7=0,1,..,2n,0 < M — const;

P (2),9 (x) € C(R), ¢ (2)], |
l<a<2,0<6<K1;

DS‘JB oneparop spobHoro auddepennuposanus B cMbicie Xusdepa, nopsiika o u tuna [ (em. [1])

(0% — S—x as S—«
Doyﬁu (z,y) = Doyﬁ( )3ys (Doy(l B)(s—a) ne: ’y))’

3J1ECh
s—1l<a<s,0<p8<1,s€EN,

D}, nuddepennmanbublit oneparop ApobHOro nopsaka Puvana-J/IinyBuiis, KOTOPBI Onpe/ensercs

Tak |2, ¢.28]:
/ﬁ |%“ <0

Dgt@(t): o),y =0,

A
dth]+1

@ (t),y>0,

[7] nenast yacry dncia .
Bamernm, uro B ypasaenuu (1) mpu [ = 0 Mbl nuMeeM 1pobHYI0 npon3BoaHyio Pumana-JInysuiiis,
a npu § = 1 apobHyto npousBoaHyo Karmyro.

Ionsitre pobuoit mponssoauoit Xmidepa 3hdOEKTHBHO NCIOIB3YETCsl IPH TEOPETHIECKOM
OLIMCAHNY HEKOTOPBIX PEJIAKCAIMOHHBIX 1IPOIeccoB B (usnke u mexanuke [1], [3-5].
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Sagmaua Komm s ypaBHeHuit ¢ apobHbiMEH mpomsBomabiMu JIKpbamsina-Hepcecsina u
Pumana-JIuysuiis paccmarpusasack B [6-7] u [8] coorBercrBenno. Bocnob3yemest ujesimu u3 9Tux
paborT.

Teopema 1 . Pewenue sadavu Kowu daemcs dopmynoti

+oo

u(z,y) =T (1 - (1- )2 - a)) / Ty (2 — €)@ (€) det
“+o00
T (1-5)2-a) / Tyt (2 — €,y) 0 () de,
3deco
=, a o
rb<xf,y>=%§%Ak¢(%,b+1;Ak|xf|y ) (2)
Ak = e%gzﬂi”, k=0,n—1,
(0]
b=———-(1-8)(2-0).
o~ (=B @2—a)
Teopema 2. ITycmov cywecmsyem pewenue u(z,y) 3adavu Kowu co caedyrouumu yeaosu-
AMU.

+o0
1 Ju(z,y)|de < oo;
—o0

2. lim 2@y _ ;=020 1,

|z|—o00 9z?
mozda 9mo pewenue eduncmaenno npu y > 0.
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Kpaesbie 3amaun s auddepeHnpuaibHbIX YPABHEHUNH B YACTHBIX ITPOU3BOIHBIX TPETHEro
HOpsiJIKa, KOTJla IJIABHOM YacTh olepaTopa COJEPKUT IPOU3BOAHYIO MO WM M3ydajiCh aBTOPaMU
[1-2]. B srux paGorax Ipu HCCIIEJIOBAHUM KPAEBBIX 3a/ad MCIIOJL30BAHO IIPEJICTABIEHIE OOIIEro
pellleHnsl YpaBHEHUsI CMEIaHHO-COCTABHOTO THIAa B Buje cyMMbl dyHKuil. Takoe npejacrasienne
MMeeT BayKHOE MECTO JJisl YPAaBHEHUN, COCTABJISIEMbIX U3 IPOU3BEICHUS IT€PECTAHOBUIHBIX T de-
PEHIUAILHBIX OIIEPATOPOB.

KpaeBbIe 3a1a91 JIJIsl YpaBHEHHIA TPETHEro IOPAIKa SHHHHTI/IKO—FI/IHep6OHI/IquKOFO TUIlla, B
ciydae, KOTJla YPABHEHHsI COJEPKUT U3 MPOU3BEJIEHUsI HEIIEPECTAHOBUYHBIX JnddepeHInaIbHbIX
onepaTopos MaJio usydensl. Ormerum padory [3].

B nacrosiiee pabore mpejraraeTcsi MeTO/I PEIIeHNs 3a/1a9 JIJisl YPABHEHUsI TPETHEro TOPSIIKa
SJLTATI-TUKO-TUIIEPOOJIMYECKOTO TUIIA CO CIIEKTPAJBHBIM MTapaMeTpPoM IyTeM CBEJIEHHUsT K 0OpaTHOi
zajade Jist b OepeHImajIbHOr0 ypaBHEHsI CMEITAHHOIO THIIA BTOPOIO MOPSJIKA ¢ HEM3BECTHBIMU
PaBbIMHU JACTSIMHU.

Paccmorpum ypaBHenue

0 0 Upg + Uyy — N2 w, mpu y > 0,
R L o

T Nl
a&c * oy um—uyy—)\Qu, npu y < 0,

rie a, b u \ # 0-3a1annble JefcTBUTEIbHEIC YuCIa, TpudeM a’ + b2 #£ 0.

[Tycrs D1- KoHEUHAsT OJJHO3HAYHAS OOJIACTH B IJIOCKOCTH (T, Y ), OPpaHUYeHHAsl KPUBOIl 0 1IpH
y > 0 ¢ xonmamu B Toukax A(—1,0), B(1,0) u orpeskom AB ocu z. IIpeamosnoxkuM, 9T0o Kpusast
yHudopMa oTHOCUTEIbHO ocu Y, Touka N (0, h) 3Toi KpuBOii SIBJIsieTcsl €JIMHCTBEHHON MAKCUMAJIbHO
yaajgeHHoi oT ocu x Toukoil, yactu AN u BN nyru o yaudgopMmbl orpeska ON ocu y, 3mecs O-
Hadgaj0 kKoopauHat. Yepes Dy 0603HaumMM 00J1aCTh, OrpaHndeHHyo 1ipu iy < 0 orpeskom AB u aByMsi
xapakrepuctukamu AC : z+y = —1, BC : x —y = 1 ypaBrenus (1), BBIXOASIIUMEI U3 TOYKH
A(-1,0), B(1,0) u nepecekatonmumucs B Touke C(0,—1), D = Dy U Dy U AB.

PazobbeMm KpuByIO 0 Ha JIBE YaCTU 01 U 09 CJIELYIONIUM 00Pa30M:

o1 = {($ay) €0 :axy +byn > O}, g9 = 0‘\0‘1,

riae x, = cos(n, ), Yy, = cos(n,y) U N-BHEIIHssT HOPMAJIb K TDAHUIIE.

3amaua Té\b. Hatimu dynxuyuro co caedyrougumu ceoticmeamu:
1) u(x,y) € C(D1UDy) NCHDUAC UGT);
2) u(z,y) € Cas(D1UDy), Uzzy, Uzyy € C(D1UD3) u ydosaemsopaem ypasneruro (1) 6 obaacmax
D1 u DQ;
3) na unmepsase AB GuNOAHAIOMCA YCAOBUA CKACUBAHUA

Jm u(z,y) = afz) lim u(z,y) +5(z), (2,0) € AB,

Jim (2, y) = y(z) Hm wy(z,y) +0(x), (2,0) € AB;

4) u(z,y) ydosaemeopaem Kpaesvim YcA0BUAM

uly = p1(z,y), (x,y) €0,

0
%’01 = p2(x,y), (z,9) €01,
u(z,y)ac = V1(x), —1<2<0,
W’ACZ¢2($), -1 <2 <0,
ede afx), B(x), v(x), d(x), pi(z,y), Yi(x) (j = 1,2)-3adannve dynxyuu, npuvem p1(0,h) =
902(O>h)7
1/}1(_1) = @1(_170)7

alx), B(z) € CL(AB)NC3(AB), ~(z), 6(x) € C(AB) N C?*(AB), (2)
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(Pl(x,y) = y[ﬁl(‘r7y)7 61(x7y) € C(E)a P2 € 0(61)7 (3)
Y(z) € CH—1,1]NC3(—1,1), o(z) € C[-1,0] U C*(—1,0). (4)

JlokazaHna cemyiommas TeopeMa.

Teopema. Ecau svinoanenv, ycaosua (2)-(4), mo 6 obracmu D cywecmseyem eduncmeernoe
A
peayaaproe pewenue sadawu T,

EauHcTBEHHOCTD peleHust 3a/1a41 T;\b JIst ypasHeHus (1) J0Ka3bIBaeTCsi METOJIOM MHTETPAJIOB
SHEPIUH, a CYyIIeCTBOBAHUE - CBEJIEHHEM K WHTerpaabHOMY ypaBHenuio OpearosbMa BTOPOrO poja.

JIuteparypa

1. Canrazumounos M.C. YpaBHeHus cMemaHHO-cocTaBHoro tura, @an, 1974.

2. toicypaes T./[. KpaeBble 3a1a4n JJIsl yPaBHEHUI CMENTIAHHOTO W CMeNaHHO-cocTaBHOrO Thna, Pam,

1979.

3. Islomov B. I., Usmonov B. Nonlocal boundary value problem for a third-order equation of elliptic-
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Paznoxxenne dbynknnmit B psaa dysknuam Beccess
'Kapumos K.T., 2Cydues X.H.
L @epeancruti 2ocydapemesenmoii ynusepcumem, 2. Pepeana, ya. Mypabbutiaap, 19. Yabexucman,
karimovk80@mail.ru
2 Qepeancruli 2ocydapemeennuiti yrusepcumem, 2. Depeana, ya. Mypabbutirap, 19. Yabexucman,
hayotbeksufiyev440@gmail.com

B mamnoit ctatbe paccMOTpUM CIEKTPaIbHYIO 3a1a4y Jlupuxiie st 0ObIKHOBEHHOTO Jaudde-
PEHIIMAJILHOTO YPaBHEHUsI BTOPOI'O IOPSIIKA U C IIOMOIIBIO COOCTBEHHBIM (PYHKIIUSIM 9TOH 3ajadu
PA3JIOXKUM HEKOTOPYIO (DYHKIIUIO B PSII.

3amaua D). Haiitu 3Hadenns mapamMerpa A 1 COOTBETCTBYIOIINE MM HETPUBUAIbLHBIE PEITCHUST

ypaBHeHUs
d { dR(r)
— pr— 1
dr(r o >+)\7“R(7“) 0, 0<r<a, (1)
VJIOBJIETBODSIONINE YCJIOBUSAM
R(0)=0(1), R(a)=0, (2)

riae O Gosbmioe |1, ¢.15] oboznadaror 106yi0 GYHKIUIO, OrPAHUYEHHYIO OTHOCUTEJHLHO (DYHKIUK
[P apryMeHTe, CTPEMSIIIEMCsT K HEKOTOPOMY KOHEUYHOMY MJIn OECKOHETHOMY UUCJTY.
Te sHaveHus mapamerpa A, KOTOpble TpeOyeTcst HaliTH, HA3bIBAIOTCS COOCTBEHHBIMU 3HAYEHM-
AMU 33/1a9H, & COOTBETCTBYIOIINE UM HETPUBUAILHBIE PEIICHUs - COOCTBEHHBIMU (DYHKIUSIMU.
Yrobp! 3ammcars obmme pemrenne ypapHenns (1), caemaeM 3aMeny mepeMeHHOH = = v/Ar.
Torya mosyunM, ypasaenue Beccenst HyseBoro nopsijka [2]:

d?R  1dR

[IpunuMast Bo BHEMaHUe By obero pemenust [2| ypasuenusi (3) u BBejeHHbIe 0003HAUCHHUS,
noJtyanM obiee perenue ypasraenust (1) B Buje

R(r) = AJy (Vor) + BYy (VAr), A £0,

riae Jo (z) u Yy () — dyukuus Beccenst HyneBoro mopsijika mepBoro u BTOporo poja |2| coorser-
CTBEHHO.
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UNsgecrHo [2], uro
lim J, (ﬁr) —1, limY, (\fxr) — o0,
r—0 r—0
CJIeJIOBATEJIbHO, B CUJLy OrpaHmdeHHocTH DyHKIUK B HyJsle, B = 0.
Taxum obpasom, OyeM UMeTb

Jo (ﬁa) —0 (A#0). (4)

NsgectHo, uro npu | > —1 dyukius Beccenst J; (z) umeer cyeTHOe YUCIO HyJeH, HpUIeM
BCE OHM BEIECTBEHHBI M C MOIMAPHO MPOTUBOMOJIOXKHBIME 3Hakamu |2, ¢.528|. Y100HO HpUHSATH B
ypasuenue (4) v/ Aa = v, Torma GyaeMm mmersb

Jo () =0. (5)
Tak kak A > 0, TO y— BelleCTBEHHbIE; ITO MO3BOJISIET HAXOJAUTH KOPHU ypasHeHuil (5) rpa-
duuecku. Ilyctb vy, Y2, V3, - Yny --.— HOJOXKHUTEJIbHBIE KOPHU ypaBHeHUii (5), Toraa coOCTBEHHbIE

3Ha4YeHus Oy/IyT

M=) () s ()= (3w

a cobcTBeHHBbIE (DYHKIUU OYIyT UMETH BUJ

Ry (r) = Jo (712) . Ro(r) = Jo (722) sy R (7) = Jo (%2) e (7)

UsBectHO [2], uTo cucrema cobcTBeHHBIX DyHKIWMIA (7) opToroHaibHa Ha orpeske [0, a] ¢ Becom
7, IPAYEM KBAJPAT HOPMBI

a

o () = ot ) o <5t o

0

Tenepb pacCMOTPUM CJIEIYIONLYIO 3a/a4y: Pa3IokuTh dyHknuio f (r) = 1 — Z—z Ha OTpPE3Ke

[0,a] B psig o coberBeHHBIM byHKIWAM (7).
Pemum sty 3agady. Haxonum koadbduiimenTsl pa3ioxKeHus

2 00
F) =113 =3 Cado (24)
n=1
o dopmyiie
2
Co= O/ P 1 () Jo (r ) dr. (8)

st Beraucsienust uaTerpasia B (8) yuobHO BOCIO/Ib30BaThes ypaBuerueM (1). OTkyma Haiigem

rJo ( ) dr = — <;>2d (rero (Z;%«)) . 9)

[Tocste mopcranosku (9) B (8) MHTErpupOBaHHUE IPOU3BOIMM 10 YACTSM, TOLJA B HTOIE MMEEM

B 8
’Y%Jl (’Yn)’

n cjaeanoBaTeJIbHO,
T/a
1—_— =28 Z Tn /
Jl /Yn

JIuTeparypa
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IIpuBenenune smHeHONU [ -cuCTeMBbI K CTyIIEHYaTOMY KAaHOHUYECKOMY BUIY
IKynpxxymuesa A.A.
L Banadno-Kazaxcmancruti yrusepcumem um. M. Ymemucosa, Pecnybauka Kasaxcman, e.
Vparvcs,
e-mail: aiman-80@mail.ru

PaccMoTpuM JITMHEHHYIO cHCTEMy BUIA
Dex = A(o)x, (1)
¢ n X n-marpureii A(o), KoTopast yI0BI€TBOPSET YCIOBHIO

Ao + kw) = A(o) € CD(R™), Vk e Z™, (2)

m
0 = t — eT — XapaKTepHuCTuKa oneparopa D, = 8% + > %, kw = (kiwi, ..., kmwm) — KpaTHbI
g=1""

BEKTODP-TIEPHUOTI,.

CraBurcst 33/1a9a O BBISICHEHUU YCJIOBUIl MpUBeIeHUsT cucTeMbl (1) K cTynmeH4aToMy KaHOHU-
TECKOMY BUJLY.

ITycrb Aj(0) — coberBennble sHavenust A(o) kparnocru kj, j = 1, s, obanatomue coficrBaMu
HEePHO/IMYHOCTH, HEIIPEPBIBHON jindbepeHInpyeMoCTH, pa3/eJeHHOCTH U 3HAKOOIpe esleHHocTH [1].

3/ech ciieyer OTMETHTh, 9TO IS IPUBOIUMOCTH CUCTeMBI (1) K OfHOMY JIMHEHHOMY ypaB-
HEHHIO M-TO MOpsijiKa, COIVIACHO JIOKA3aHHON TeopeMe [2|, HeoOXOMMO BBIIIOJIHEHUE ycJioBUe obpa-
tumocT MaTpuisl A(o).

Ecnu 310 ycioBue mpuBOIMMOCTH CUCTEMBI K OJIHOMY YPABHEHUIO HE BBINIOJIHIETCs, TO IPUXO-
JIIM K CJIydaro Korja cucrema (1) cocTouT u3 COBEpIIEHHO HE3aBUCHMBIX MEXKIy CO0Oi HECKOJIBKUX
[IOJICUCTEM.

Cucrema (1) pacnajaercst Ha HOJICUCTEMBI, KOTJia 0OpATUMYIO, HellpepbIBHO juddepeHimpye-
MYIO M W-IIepuojinaeckyio marpuily L(o) ymaercst BBIOpaTh Tak, 4ro 3aMeHoii x = L(0)€ u3 cucreMbl
(1) mostyuum cucTeMbl BHIA

Degl = All(o')gla (31)
D&y = A1(0)&; + A2 (0)E,, (32)
De€, = A (0)€) + oo+ Arro1(0)6,2 1 + Arr(0)E,, (3r)

riae Aj1(0) — quaroHasbHas MaTpuI@, £, — mg-BekTop, £ = (&1, ...,&,.).

CuietoBaTenbHO, it cucTeMbl (31) OyJeM CYMTATH BBIOJHEHHBIM YCJIOBHE MPUBOJANMOCTH
det Bf;(0) # 0, Bce npyrue nuaroHajbHble MaTpulpl Ags(0), § = 2,7 yJIOBIETBOPSIOT yCIOBUSIM
MPUBOINMOCTH K OJHOMY JIMHEHHOMY YPABHEHUIO BBICIITETO TIOPSIIKA, KOTOPHIE TIPEJICTABIISIEM B BUIE

det Bi,(0) #0, o€ R™, s=2r. (4)

Baecy B*(0) — marpuna Bangepmona.
Jlasee, COOTBETCTBYIOIIMME 3aMEHAMU IIEPEXOIUM K JIMHEHHBIM CHCTEMAaM

Dezy = Ci(0)z1, (51)

Dezo = 02(0)22 + £1 (07 21)7 (52)



272 SECTION II. DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS

¢ compopoxkaatonumu Marputiamu Ch (o), Ca(o), ..., Cp(0) mepuognveckuMu 10 o U JIMHEHHBIME
OTHOCHUTEIBHO 21, ..., Zp—1 BeKTOp-DyHKIuAMU L1 (0, 21), ooy Lr—1(0, 21, o0y Zp—1).
OueruHO, uro Kaxkaas u3 cucreM (51), ..., (5,) UpUBOAUMA K CHCTEME C YKODJAHOBOH KaHO-
Huvyeckoit marpuneit Ji (o), ..., J,(0) Ha OCHOBE HEOCOGEHHOTO JIMHEHHOTO TPEOOPA3OBAHUSI.
Takum obpasom, cucremsl (51), ..., (5,) uMeroT BHL
Dey1 = J1 (U)yla (61)
Deys = Ja(0)y2 + l2(0, 1), (62)
Dey’r = JT(U)yr+lr(Ua y17-~-7y7’—1)7 (67")
vae la(o,y1), -y br(0, Y1, -y Yr—1) — HenpepbiBHO auddepeHnupyemble, ePUOANIECKUe IO 0 U JId-
HEHHBIE 110 Y1, ..., Yr—1 DYHKIHH.
Cucremst (61), ..., (6,) 0ObeAUHIB MOYKHO 3alUCATH B BUJIE
Dey = J(0)y +1(0,y), (6)

riae J(o) = diag[J1(0), ..., Jr(0)], l(o,y) = (0,l2(0,91), ..., lr (0, Y1, ., Yr—1)) — BEKTOP-DYHKIHS C
BEKTOPHBIMI KOMIIOHEHTAMIL.

Cucremy (6) MOXKHO Ha3BaTh OOIIMM KAHOHHYIECKNM BHJIOM CHCTEMBI (1).

Nrak, Mbl IPUILIA K CIEIYIONEMY yTBEPIKICHUIO.

Teopema. [Iycmv cucmema (1) npu ycaosuu (2) ¢ cobemeennvimu 3naueruamu \j(o),
j = 1,n, obaadarouwsumu ceoticmeamu nepuoduHocmu, Henpepuerots duddepenyupyemocmu, pasde-
AEHHOCTRU U 3HAKoONpedesernocmu, pacnadaemes na T nodcucmem euda (31), ..., (3r). Toeda ecau
0aA HUT 6vnoareno ycaosue (4), mo cucmema (1) npusoduma x obuemy KAHONUYECKOMY 6UJY.

Hannasi paboTa IpUMbIKAET K MCCIeI0BAHUIM [3-4].

JInTeparypa
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O6 oaHOIT KpaeBoiil 3ajave AJisl CMeIlIaHHOIl ypaBHEHUS TPEThero Mmopsiika C
HeIepeCTaAaHOBOYHBIM An(depeHInaIbHBIM OIIEPATOPOM B HMPSAMOYTOJIbHHOM
obJyiacTu
Kpiabpmu6aesa I'. K.

Havyuonaarvnut Yruusepcumem Yabexucmana um. M. Yayebexa, Yabexucman, 2. Tawxenm,
Vabexucman,
e-mail: kalbaevna85@Qmail.ru

B mocieiare rojibl BO3HUK MHTEPEC MCCJIE0BAHIIO METOJOM CIIEKTpaJbHOro anamusa|ll| omr-
HO3HAYHON Pa3pe-IIIMOCTH U YCTOMIUBOCTU PEIIEHUs IPAMBIX 1 00PATHBIX 33184 I MOJAEILHOIO
YPaBHEHHSI CMEIIAHHOTO THIAa BTOPOTO W TPETHEro MOPsIKa B MPAMOYTOJabHOI obsactu. OTMeTnm
pa6orsr M.M. Xauesa |2, K.B. Caburosa [3-4], H.}O. Kanycruna u E.J1. Mouceesal5|, 9.M. Caduna
[6-7].

Kpaesble 3amaunm  Ijisd  ypaBHEHUsI TPETHErO IOPsAKa HIapaboIo-THIepOOJNIecKOro U
SJUIMIITUKO-TUTIEPOOJIN-IECKOr0 TUIIOB B MPSIMOYTOJIbHBIX 00JIACTAX, CJIydail, KOrja ypaBHEHUs CO-
JIEepKUT IIPOU3BEIeHNsT HellepeCTaHOBOU-HBIX b epeHInaIbHbIX OllepaToOpOB, paHee He U3y UeHHI.

B macrositiiee pabore mpeiiaraeTcss METOJ, PelleHus 3aa49u i audepeHnnaabHOro ypas-
HEHUsI TPETHETO MOPsIJIKa ITyTEM CBeJIeHUsT K 00paTHOM 3a1ade jijist iuPepeHIuaIbHOTO YPaBHEHU ST
CMEIIAHHOTO THUIIA BTOPOIO HOPSIAKA ¢ HEM3BECTHBIMU IIPABBIMU TaCTSIMHU.

PaccMmoTpuM ypaBHEeHME CMEIIAHHOTO THIIA

B 0 Ugy — Uy — A0, npu y > 0,
0= (a&z: * C) { Uy — Uyy — Au, npu y <0 (1)

B npsiMoyToJibHON obsactu D = {(z,y): 0<z <1, —p<y<gq}, ruea, ¢, A\, p, ¢ € R, upuuem
a0, A£0,p>0, ¢g>0. (2)
Beenem obosnauenus: J = {(z,y): 0<x <1, y=0},
Di=Dn {(z,y): >0, y >0},

Dy=Dn {(z,y): >0, y<0},D=D;UDy UJ.

Yepes Cg(M ) 0603HaYNM Kjace (DYHKIMI, HEIPEPbIBHBIX BMECTe CO CBOMME YaCTHBIMU IIPO-
U3BOJIHBIX
110 6 1o k—ro nopsijka BKJIIOYUTENLHO B objactu M.

B obnactu D ucciemyem ciieayronLyio 3a1ady.

Bagaga P;. Haiitu B obiactu D dbysknuio u(z,y), yI0BIETBOPSIONIYIO CJIEILYONUM YCJI0-
BUSIM:

u(z,y) € C'(D), ue Co(Ds), u€ CiD), Upay € C(D1UDs), tyy, € C(Da), (3)

<aaax + c) Lu=0, (z,y) € DU Dy, (4)
u(0,y) =0, aug(l,y) +cu(l,y) =0, —p<y<g, (5)
uz (0,y) = ¢(y), —p<y<yq, (6)

u(z,—p) =¢(x), 0<zx<1, (7)

riae ¢(y), ¥ (z) —3amaHHbBIEe TOCTATOYHO TIaJKue (DYHKIUN.
Ypasuenue (1) B obsactu D paBHOCHJIBHO ypPaBHEHHUIO Hapabosio- TUIEPOOTMIECKOro TUIA
BTOPOI'O IOPAJKa ¢ HEU3BECTHOHN IIPaBoOil 4acTbhIO

Lu(z,y) = f(y) exp (—sm) , (z,y) € D1 U Do. (8)
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Torma 3amada P) cBoguTCs K Cieayromnieii oOpaTHON 3a1ade.

Bamaua P,. Haiitu B obiactu D byukium u(z,y) u f(y), yaosaersopsitoniye ycaosusMm (3),
(5)-(7) u ypasuenuto (8), rue f(y) € C(—p,q) N L2 [—p,q] .

Vcnonb3yst MeTosibl 061meit reopun quddepeHnuaabHbiX ypaBHEHNH B 4aCTHBIX IPOU3BOHBIX,
MaTEMaTHIECKOrO U CIIEKTPAILHOIO aHAIN3a JTOKA3aHbl TEOPEMbI CYIIECTBOBAHUS U €JIMHCTBEHHO-
ctu pertenus 3ajadan Po. Pemenust 3anaqu Py MoCTPOEHO B BUJE CYMMbBI Psijia 110 COOCTBEHHBIM
GYHKIUSAM COOTBETCTBYIONICH OJTHOMEPHOU CIEKTpasbHOM 3amadn. [logydeHbl ONeHKU, TTO3BOJIAIO-
e 060CHOBAHIE CXOIUMOCTH PsIJIOB B KJIACCE PErYJISIPHBIX pelenuii ypapHenus (8) u ycToRInBOCTD
pemenns 3aja9i Py OT rpaHUYHbBIX JAHHBIX.
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4. Cabumos K.Bb. KpaeBas 3ajia4a Jijist ypaBHEHUIH CMEITAHHOTO THIIA TPETHETO MOPSIIKA B IPSIMOYTOJIb-
Hoit obsactu. Jluddepennmaipubie ypasuerus. 2011. T.47. No 5. C.705-713.
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6. Cabumos K.B.,Cagun .M. Obparnas 3amada /i ypaBHEHUsI CMEIIAHHOIO HapaboJio- runepbosim-
geckoro tuma.C. 907-918.

7. Cabumos K. B., Cagpun 3. M. ObparHas 3amada Uil ypaBHEHUS CMEIIAHHOTO apaboIo-ruiepbosin-
YECKOr0 TUIA B MPAMOYTOIbHON obsactu. 3B. By3oB. Marem. 2010. 4. C. 55-62.

NaTerpanbsHas dopmysia g CUCTEM 3JIJIMOTUYECKOTO THUIIA MEPBOro IopaaKa B
HeorpaHUYEeHHOI 00JIacTu B TpeXMepHOoii obJiacTu
"Masnukos 3., 2Baxmmnoesa I11.
L Camapranderuti 2ocydapemeennoni ynusepcumem, Camaprand, Yabexucmarn,
e-mail: ziyadillo@internet.ru
2 Byzapckuti 2ocydapemeennuidl yrusepcumem, Byxapa, Yabexucman,

B pmammnoit pabore paccMaTpuBaeTCs CIPABEIJIMBOCTU UHTETPAJILHON (DOPMYIIBL JIJIsi CUCTEM
SJUIMIITUYECKOTO THIIA IIEPBOTO MOPLAIKA C IOCTOSHHBIMU KO3 DUIIMEeHTAMU B HEOIPDAHUIECHHOHN 00-
JIACTH C PACTYIIUM BEKTOD (DYHKITUU.

Nurerpanbuast popMysia aBjIsgeTCs OCHOBHBIM AIIapaTOM PEIIEHNe MHOTUX MATEMATUIECKIX
sasavax. B pabore [1| nokasbiBaercss uHTerpasbHas hbopMyJsia Jisi CUCTEM SJUITMITHYECKOrO THIIA
epBoro nopsijka B orpanuuennoil obsacru L1 dpmyxamenoseiv [2] nokazana unrerpasibhas Ghop-
MyJIa JijIst PACTYIIUM FapMOHUYECKHX (PYHKIUU B HEOIPAHUYEHHOT 0bJiacTu

Beomum ciemyromue obo3HavIEHTE

E = (B, Ep, E3),C = (C1,C2,C3) 1 = \/(y1 —21)" + (C2 — B)” + (C3 — B3)°,

E' = (El,Eg) ,Cl = (Cl,CQ) , = \/(yl —$1)2 + (CQ — E2)2,w =ivVuZ+a? + 3,

. o o a9 o\*
= n 3 Z ) = 9 ) :
u(z) = (ug (z),u2 (), ...;un ()" ,n>3 OF OE, OFEy’ OF;5

(E)-mmaronanbaas Matpuna pazmepocta n X n, u’ = (1,1, ..., 1) n-MepHoit BeKTOp.
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Yepes Ajxn (a;T) ,1 > 3,n > 3 obosuaunm kracc marpuit D (a:T) eD (J:T) 3JIEMEHTHI KOTOPBIX
COCTOSAIINX M3 JIMHEHHON (PYHKINU ¢ KOMILIEKCHON KO3 DUIMEHTAMHI yI0BIETBOPSIONINIA YCIOBUN

D* (z) D (27) = ((]m\Q + A) uo) , tie D*(z!) spmuroBum conpsizkennbiM K Marpuie D(zt).

IIycrs G C R3 OJTHOCBSI3HO# OrpaHMYEHHONH 00JIaCTH € IJIaJKOH IpaHuIiei.
B obnactu G paccmarpuBaem cucreM JnddepeHnaibHbIX YPABHEHUN BUIA

D<aax>u(x):0,meG, (1)

rae D (z) € Ajyn (27) . B
Ecmn u (z) = C' (G) (N C (G) ynosaersopsier cucremy (1) B obmactu G, Toraa BepHa cllejy-
Iolasl HHTerpaabHasi GopmMyIa

u(z) = M (z,y)u(y)dsy,x € G, (2)
oG

M (z,y) = <<C36;)W> D* <£>)D(tT),03=Z;T. (3)

[TycTs obmacts G sIBJIsieTCsT HEOTpAHWYEeHHAsT 00JIACThIO ¢ KyCOUHO-IJIa Kol rpanuieii. Yepes Kp
obosnaumM Kpyra pajmyca R menrpa B Hadasto xkoopuaaT u Gr = G K, G = G\Kg. Unre-
rpajibHasi (opMyJia BepHA B HEOTPAHUUIEHHO o0jacTu (G, €CJin BBIIOJHAIOTCS YCIOBUIO

rIe

lim M (z,y)u(y)dsy, =0,z € G. (4)

R—o0 8G%°

Paccmorpum ciryuait korja obnactu G, p > 0, JI€KUT BHyTPH CJIOA HaUMeHbINeil mupuHoii h, 0 <
Cs < h,h= %, p > 0, rparuna obaactu cocrout u3 miockocru Cs3 = 0 u noepxuocru Cs = f (y1, y2)

IIPOCTUPAIOIIUNCS 10 OECKOHETHOCTH, YIOBJIETBOPSIIONINI YCJIOBUN %&’yz) <M<oo,i=1,2.
[Tycrs dyakmus K (w) ,w = u + v nenas HYHKIUS, BEIMIECTBEHHO TP BEIECTBEHHOM apry-
MEHTA, YJIOBJICTBOPAIOIINAN yCI0BUN

Sup|Upr (w)‘ = M(p,U) < 00,p = 07 1,2,3,K(’LL) ?é 0.
v>1

Torna dyukuuio P, (C, E) oupepenum ciiepyomum o6pasom

1 *© K (w) cosdudu
o, (CE)=— | 1 . 5
( ) 47((E3) /0 m’w—.%'g \/u2—|—a2 ( )

B pabore [2] nokazana, uro dyukims O, (C, E) npejcraBuMa B Bue

A
<I>J(C,E):COS r

- + 95 (y,2) . (6)

cos Ar
Nurerpansuas dhopMyiia BepHa ecin BMecTo < nozacrasuth Gynkimio @, (C, F).

Teopema. Ecau eexmop dynryua u (y) us xaaccau (z) = C* (G,) N C (Gi,O) , Y006AEMBOPACT,
cucmemy (1) 6 obaacmu G, umerouwue pocma

u (y) = exp (0 (exp‘yl‘)) Jyl = 00,y € G,. (7)

Torna BepHa nnTerpasbHas dbopmya (2) B obmact G ,.
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O06 oxnoil urpoBoii 3ajave ynpaBJjeHUs My4YKaMU TPAEKTOPUil npu
WHTETPAJIbHBIX OTPAHNYEHUSX HA yIIPaBJISOIIAE ITapaMeTpPbl UTPOKOB
"Mamanamues H.A., 2A6ayosmmmosa I.M.

! Hayuonanvroni ynusepcumem Yabexucmana, 100174, 2. Tawxenm, Byzzopo-0ox, ya.
Vnusepcumemckan, 4, mamemamuyeckuds arxysvmem, Y3bexucman,
e-mail: m numanab59@mail.ru
2 Andusrcancruti 2ocydapemeennont ynusepcumem, 170100, 2. Andustcan, ya. Ynueepcumemcras,
129, Vsb6exucman,pusuro-mamemamuseckuti paxysomem,
e-mail: abduolimova81@inbox.ru

B nmammoit pabore msydeHbl KOHMJIMKTHO-YIPABJIAEMBIHA IIPOIECC, OIMUCHIBAEMON CHCTEMOM
I PepeHInAIBHO - PA3HOCTHBIX yPaBHEHUI HEUTPAJbHOTO THIA. It 9TOI UI'PBI TOJIyIeHO J0CTa-
TOYHOE YCJIOBHE [IJIsi BO3MOYKHOCTH IIEPEBOJA IIYUIKa TPAESKTOPHl, HCXOMSIINX U3 HAYAJIHLHOIO MHO-
xkecrBa N (P (), HA TepMUHATIBHOE MHOXKeCTBO M NpPHU UHTErpaJIbHbIX OIPAHUYEHUSIX HA YIPAB-
JISIFOIIIE TTapaMeTPhl HTPOKOB.

ITocranoBka 3aga4yu. /luHaMuka KOHMJIMKTHO-YIIPABISIEMOIO MIPOIECCa B KOHETHOMEPHOM
EBKJINJI0BOM IpocTpaHcTBe R™ OMMCHIBAETCS CHCTEMOM JTUHENHHBIX anddepeHInaabHo - PA3SHOCTb-
HBIX YPaBHEHUI HEUTPAJBLHOIO THUIA, COJEPXKAIEH HEM3BECTHYIO (DYHKIIMIO U €€ ITPOU3BOJHBbIE B
pas/InIHbIE MOMEHTBI BPEMEHU

m m
2(t) = Aii(t—hi)+ Y Biz(t — hi) — Cu(t) + Do(t), t > 0, (1)

i=1 i=0
rjie 2 — N — MepHBI BEKTOP M3 eBKIN0Ba mpocrpancTsa R",n > 1; 4; (1 =1,2,--- ,m), B; (i =
0,1,2,--- ,m), — NOCTOsSIHHBIE KB IPATHBIE MATPUIILI OPsifika (nXn), (nxn); C, D — nocrosiHubIe
MaTpHIbl mopsaaka (n X p) u (n X q), coorsercrBenno; 0 = hg < hy < -+ < hy,, — JeHCTBUTEIb-

Hble 4ucia; Bekropom u(t) pacnopsizKaeTcst JOrOHSIOIN 0ObEKT, T.e. [IPECJIe/IOBATENb, BEKTOPOM
v(t) pacuopsizkaercst yberaornuii 06bekT. Yupasienus u(t), v(t) BBIOMPAIOTCS B KJacce U3MePUMbIX
BEKTOPHBIX (DYHKIINIT Y/IOBJIETBOPSIONIAX HHTEIPAIBLHBIM OIDAHIICHHSIM

[u()lLofo,400) < 25 [10() | L210,400) < 0, (2)

rjie p U 0 — HEOTPUIATETbHBIE KOHCTAHTHI.

Usmepumbre by u = u(t), v = v(t), 0 < t < 400, yIOBIETBOPSIONIIE OrpaHIICHUAM (2),
HA30BEM JONYCMUMBMU YNPAGAEHUAMU TIPECIIEYIONIEro U yOeraromnero urpokoB, COOTBETCTBEHHO.

Berony B manbHeiimem TepMuHaabHOe MHOXKecTBO M mmeer sunx M = My + My, tne My —
JIMHEHHOe IIOANPOCTPAHCTBO HpocrpancTBa R, M| — KOMIAKTHOE IIOIMHOXKECTBO HOIIIPOCTPAH-
crBa L, tie L — oproronaibHoe jionosHenne K nojipocrpanctey My B R™ (e My @ L = R”
).

Kpome roro B npocrpancrse R™ 3agano muoxkectBo N (P (-)) n3 TOUeK KOTOPOTO HUCXOJST
TpaekTopuu Urpbl (1), HA3BIBACTCS HAUAALHBIM MHOICECTNEOM. B KadecTBe HAYATHLHOTO MHOXKECTBA
N (@ (-)) 6epercsi MHOYKECTBO M3MEPUMBIX OJJHO3HAYHBIX BETBEH MHOIO3HAUHOIO OTOODAKEHMUSI

D(s), -h<s<O0:N(P())={z20():2(s)=20(t), =20(t)e®(t), —h<t<O0}.

IMycrs u = u(t), 0 <t < 4+oonmv=wv(t),0 <t < +00 — HOIyCTHUMBIE YIPABIEHUS B UIPE
(1),(2). Yepez Z (u(-),v(-), N (X (-))) obosHaunm MHOKeCTBO (IIyIOK) BCEX TPACKTOPUIl ypaBHe-
must (1), uexopsmmx u3 Todek HadaabHOoro Muoxkecrsa N (@ (-)) HpH JOMYCTHMBIX YIPABICHUSIX
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u (+),v (+) mpecseayomero u yoeraioIero IrpoKOB COOTBETCTBEHHO. B 9TOM cilydae HaIma Iesb 3a-
KJIIOYAEeTCsl B IpUBeieHnn myaka Tpaekropuit Z (u (+),v (-), N (P (-))) Ha TepMUHATIBHOE MHOKECTBO
M 3a HEKOTOpPOE KOHETHOE BPEMSI.

[esbio Hacrosimieil paboThl SIBISETCS MOJyUYeHHe HEKOTOPOE JIOCTATOYHOE YCJIOBHE ODIIEro
Bu/a, IPU BBIIIOJIHEHNE KOTOPBLIX TapaHTUPYETCA IIEPEBO/ IIyYIKa TpaeKTOIﬁ)I/H';'I7 NCXOOAUX U3 Ha-
gasbaoro Muoxkecrsa N (P (+)), Ha TepMuHATIBEHOE MHOXKECTBO M 3a HEKOTOPOE KOHETHOE BPEMSI.

[Tpu usygennu urpst (1),(2), Mbl oToxIecTBIsIEM cebst ¢ mpecseoBareeM. B arom ciydae
HAIIA [[eJIb 3aKII0YaeTCs B IpUBeIeHnn Iy dka Tpaekropuit Z(u(-), v(-), N(®(-))) na repmunambHOe
MHOXKeCTBO M.

Basaua yupasieHust yukamu rpaekropuii B urpe (1),(2), cocrour B Haxoxaerun qucia T > 0
U KOHCTPYUPOBAHUU IpU KaxKJoM ¢ € [0, +00) 3HaUeHHs] JOIyCTUMOrO yIpaBjeHus u [t] mapamerpa
u Tak, 9TobObl Kaxas Tpaekropus z (t), 0 < t < 400, myuka Z (u[-],v (), N (®(-))) nonasa na
TepMUHAJIbHOEe MHOXKecTBO M 3a Bpems, He mpeBocxosiee T, T.e. jyisi Kax ol Tpaekropun z (t),
0 <t < +oonyuka Z (u[],v(-),N(®(-))) upu nekoropom ¢t = t* € [0,7T] 1OKHO UMETH MECTO
BKytoueHne z (t*) € M. B cayugae, Korja 3ajada yopaBjieHHs [IyIKaMU TPAeKTOPUIl paspernnMa,
TO ToBOpAT, uTO B Hrpe (1),(2), my4ok Tpaekropwuii u3 (HagasbHoro muoxecrsa) N (X (-)) moxkHO
nepeBecTH Ha (TepMuHaIbHOE MHOXKeCTBO) M 3a Bpemst T'. Hncsio T Ha3BIBAETCS 8pemerem nepesooa.

Onpenenenune. [Tycmv K(t),0 < t < 7, — eJuHCMBEHHAA MAMPUIHAHA PYHKUUA, 004~
darowan caedyrougumu ceoticmeamu: a) K(t) = 0, t < 0, 0 — nyaesasn mampuya nopadka n; 6)
K(0) = E,, rne E, — edunuwnas mampuya nopadka n; B) dgynkyua y ;- CiK (t—h;) nenpepviena
na [0,+00); 1) K(t) nput > 0 ydosaemesopsem mampuwromy oudheperyuaronomy ypasHeHuo

K(t) = i A K (t— hy) + Em: BiK (t — hy). (3)
=1 =0

Cy1tiecTBoBaHue U €JIMHCTBEHHOCTb MaTpuuHoii dyukuun K(t), —oo < t < T, yJ0BI€TBOD-
SIIOTTIEH YCTIOBUAM a)—0, MOTYT OBITH JOKA3aHBI OOBITHOM METO/IOM IOCJIEA0BATEILHOIO HHTEIPUPO-
BaHWsl ypaBHeHus (3).

O6o3HauMM depe3 m — MaTPHUIly OllepaTopa OPTOrOHAJBHOIO MpOoeKTHpoBaHus u3 R™ Ha
L: 7:R"™ — L; nox onepanueil * HOHUMAETCsI OIEPAIMU T€OMETPUIECKON PasHOCTH (pPA3HOCTh
Munkosckoro)|1].

Ilpenmosioxxenne 1. /[aa ecex t € [0,7] umeem wmecmo ekaouvenue wK (1) CRP D
wK (t) DR |2].

[Tpn BbIONBHEHNN Tpemosokenns 1, cymecrByer marpura Iy (f) : RY — RP, 0 <t < T,
takast, uro 7K (t) D = wK (t) CFy (t) upu xaxgom ¢ € [0, 7).

IIpenmnosioxkenne 2. Cywecmsyem mampuunas dynkyus Fo(t), 0 < t < 7, onemenmot
KOMOPOT ABAAOMCA CYMMUPYEMBMU GYHKUUAMY U YIOBAEMBOPAIOM YcAo8UI0 X < p, 20e

X*(r) = sup /HFo(t)v(t)]zdt.

Hanee, aepes Wi (1) obosuatum MuOKecTBO W1 (T) = {Ml *Q[t, N(@())]} + W(r), rne

m m 0
QO [t, N(cp(-))} = S wK(t - h)AR(0) + Y / TK(t—s—hy) [A@(s) + Bﬂ)(s)] ds =
i=0 =0,
m m 0
= [ TR (- h)A(0) + Y / RE (1 — s — hi)[Ap(s) + Big(s))ds
=0 i=0_",
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Teopema. [losozaem, wmo evinoanenv. npednoaoscenus 1,2 na napamempo, uepve (1)-(2).
IIpednonootcum, wmo npu nexkomopom T = 11 umeem mecmo exaouenue 0 € Wi(r))].

Toz0a 6 uepe (1) npu oepanuvenuax (2) nywox Mpaekmopull MONHCHO NEPEBECTNU U3 MHOHCE-
cmea N (@ (+)) na mmoorcecmso M 3a nexomopoe xoneunoe epemsa T[N (P (+))] = 7.
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O KOpPpPEeKTHOIT MOCTAHOBKE KpPAaeBOU 3a/a4M JJisi HEOAHOPOJHOIO YPaABHEHUS
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Nzydenne MHOTUX 33,129 I'a30BOI JUHAMUKE, TEOPUU YIIPYTOCTH, TEOPUH TJIACTUH ¥ 000JI0IEK
MPUBOJIUTCS K PACCMOTPEHUIO MU PepeHIMaIbHbIX yPABHEHUH B YACTHBIX MPOU3BOIHBIX BBICOKUX
opsiikoB. C TOYKHU 3peHus (DUBUIECKUX MPUIOKEHUHN MIPeICTaB/ISIIOT OOJIBITON nHTEpec U udde-
peHIaIbHbIe ypaBHeHus derBepToro mopsiaka (em. [1]-[4]). Monorpadus Txypaesa T./1., Comyesa
A. 5] nocsmena knaccudukanuii auddepeHnnaibHbIX ypABHEHUI B YaCTHBIX IPOM3BOJIHBIX €T~
BEPTOTO MOPSIIIKA U PENTCHUIO KPAEBLIX 381 JIJIsT TAKUX yPABHEHI.

Awmanos 1., Mypsamb6eroa M.B. B pabore [6] paccmorpesn 3ajiady ¢ KpaeBbIMU yCJIOBHUSI-
MU JIJI HEOJHOPOIHOTO YPABHEHUST YeTBEPTOTO TIOPSIKA ¢ KPATHBIME XapPAKTEPUCTUKAME C OJHIM
MJTIIITIM IJIEHOM.

Caburos K. B, ®aneesa O. B. B pabore [7| pemmin 3a1ady ¢ HA9aJbHBIME U TPAHUIHBIMU
YCJIOBUSIMHU [IJIsl YpaBHEHUsI KOjieOanmns H6aIKu.

Ypunos A.K., Asuzos M.C. B pabore [8| uccienosaiu 3amady Jyisi ypaBHEHUs] 4eTBEPTOIO
MOpsIIKA ¢ HEM3BECTHON MpaBOil 4acThIO.

PaccmoTrpuMm crieyrolnee ypaBHEHNE Y€TBEPTOrO MOPSIIKA BUIA:

Uszaz + A1(2) Uy + A2()Usy + As3(2)Uy + As(2)U + As(2)Uy — Uyy = F(z,y),

rie A;(x), i = 1,5, F(x,y) 3ajanubie 10cTaTouHo riajgkue QyHKIu. 3aMeHoi

A5(ZE)
2

U(,y) = exp [— 1 [ @+ y] u(z,y),
0

9TO YpaBHEHUA MOXKHO IIPUBECTHU K YPaBHEHUIO

Ugzrr T al(m)uacac + CLQ(IB)Ux + a3($)u — Uyy = f(xa y)7 (1)

rze a;(xz), i = 1,3 Boipakaercs depes Aj(z), j = 1,5,

fa) =ew |1 [ Arete - 220y | Py,
0

Hns ypasuenust (1) B obsactu Q = {(z,y) : 0 <z < p, 0 < y < ¢} U3yunM cJeaymoILyo
3a/auy.

Bagaga A. Hatmu dynxyuro u(x,y) us xaacca Cﬁjg(Q) N C;;Q’j;(Q), YJOGAEMBOPAIOULYIO YPAG-
nenuro (1) 6 obaacmu 0 u cAedyroOUUM KPAEGHIM YCAOGUAM:

u(x,0) = uy(z,q) =0, 0<z<p,
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uz(0,y) = ¥1(y), ua(p,y) = ¥2(y); Uaaz(0,y) =13(Y), Uaa(p,y) =1a(y), 0<y<gq,
ede Vi(y), i = 1,4, f(z,y) sadarnnvie docmamouno eaadxue Pyrryuu.

Ormerum, uro B pabore [6] paccmorpen ciaydait a; = ag = 0, ag # 0, a B paborax [8-
10] ucciiesoBanbl KpaeBble 334 Jjisl yPaBHEHU T 4eTBEPTOro MOPsi/IKa CIEKTPAJIBLHOM MEeTOI0M. B
pabore [11], meron @ypbe UCHOIB3yeTCsI JJIsI PEIeHUsT KPAeBOH 3aJIa91 JIJIsi MOJIEJIBHOIO Y PABHEHUST
IIPOU3BOJIBHOTO YETHOT'O TIOPSIKA.

Teopema 1. Ecau sadawa A umeem pewenue, mo npu swnoanenuy ycaosuti ai(z) < 0,
as(p) — ay(p) >0, af(z) — ab(z) + 2az(xz) > 0, a}(0) — a2(0) > 0, oo eduncmeento.

HokazarenscrBo. IIpennonoxum obparHoe, mycrsb 3ajgada A umMeer jBa pemnieHus Ui (T, y)
u uz(z,y). Torma dyuaknus u(x,y) = ui(x,y) — uz(x,y) yIAOBIETBOPSIET OJHOPOIHOMY YPABHEHHIO
(1) u omHOpOIHBLIM KpaeBbIM yciaosuaM. Jlokaxkem, uro u(x,y) = 0 B Q.

B obsractu §) cupaBeqInBO TOXKIECTBO

njimn

2 (uumx — UplUgy + a1 (T)uuy, — %CLII(SC)UQ + 1a2(x)u2> — ;(uuy)—f-
)

ox

1 1
+ud, — ar(2)uf + (a?’(fﬁ) + 561,1/(1‘) — 2@'2(:6)) u? + ug =0.

NuTerpupys 310 TOXKIECTBO 110 00acT ) U yUIUTHIBasT OJHOPOIHBIE KPAaeBble YCJIOBUSI, I0-
JIy9uM

P q P q p q 1 q
[ [ty [ [ dy- [ [a@ue s+ [ @) - o) e.de
0 0 0 0 0 0 0

+;//(a'1’(:):) — db(2) + 2a3(2))u?(z,y dydx+;/ ) — a2(0))u*(0,y)dy = 0,
00 0

OTCIONA MMeeM
ua:x(l'a y) =0= Ux(l“,y) = C(y)

y‘II/ITbIBaH O,HHOpO,ILHbIe KpaeBbIe yCJIOBI/IH, HOJIy‘II/IM
uz(0,y) =c(y) =0, = ¢c(y)=0, = u(zr,y)=0.

Teopema 1 moxazana.
Teopema 2. Ecau 6binoinAIOMCA CACOYIOUWUE YCAOBUA:

1) i(y) € C°[0,4], M ) =vi(g) = ¢{(0 )—0 i=1,4;

2) fxyy(x y) € C f|fyy z,y)|dy < oo, f’fwyy z,y)|dy < oo, f(x,0) = 0;
ph(1 - )2

5 C< p(2u3 + 3u1(1 + e~4mp) + 3)’

mo pewenue 3adavu A cywecmsyem. 3decv, C = 51[11{2&)(}{\@,?)(§)|,|a’1’(§)|, i =13, j = 0,1},
€l0,p

T
p1 =,/
2q
JokazaTeabCcTBO TEOPEMBI 2 MIPOBEIEHO METOMOM paseseHne IepeMeHHBIX. Perenne BhIIN-

CaHO Yepe3 MOoCTpoeHHyIo dyHKIuIO ['puHa.

JIuteparypa
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O camoconpsizkennoMm onepartope /lupaka c maccoii Ha ToJryocu
Mawmaros A.3.
Tawxenmexuti yrusepcumem UnGopmayuortoix mexnosoeuu, ya. A. Temypa 108, Tawxernm,
Vabexucman,
e-mail: aemamatov@mail.ru

B runnbeproBoM mpocTpancTBe BEKTOP-DyHKITIMH L% (0, +00) paccMOTPUM CaMOCOIIPSIKEeHHbIIT
oneparop Jlupaka D, nopoxaeHublil 1uddepeHInaJlbHbIM BhIPAKECHIEM BUIA

aei(3 8) 2y e ()osrn 0

C FpaHI/ILIHbIM yCHOBI/Iel\/I
y1(0) =42(0), (2)

rje dyukiust ¢(x) yIoBaeTBOpsieT yCJIOBUIO

+o0
/0 (1 —=2z)|q(z) —m|dx < o0, (3)

a m > 0 macca.

B kavecrBe 06JIaCTH ONpPEJIEI€HHs] TOIO ONEPAaTOpa Mbl MPUHUMAaeM MHOX)KecTBo Dp Bcex
BekTOp-byHKIMI [ abCOTIOTHO HEmpepbIBHBIX B KaxkiaoMm uHTepsase [0,a], a > 0, takumx,4ro
f,d(f) € L3(0,+00) u f1 (0) = f2(0). pu f € Dp mut nomaraem Df = d (f).

O6parnas 3a/1aua paccesiiust JJist CHCTeMbI ypaBHeHuit (1) Ha Moy IpsaMoii ¢ TPAHUYIHBIM yCJI0-
BueM y1(0) = 0 pacemarpusasack B. M. Jlesuranom u M. I'. Tacsivosbsim [1]. O6o61menne Ha ciryvaii
2n-KOMIIOHEHTHBIX BEeKTOPOB 66110 11ostydeno M. T Tacsivosbim [2]. s cucrembr ypasnenuii (1) ¢
maccoit m = 0 obparnas 3amada perrena B padore Pam Jloit By [3].

B macrosiieit pabore permaercs IpsiMas 3aJada paccesiHust JJisi cucTeMbl ypasrenuii (1) ¢
IPAHUYHBIM yCaoBueM (2).
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Ecsmn Bemonasiercs yeaosue (3), To cucrema ypasaenun (1) npu JeficTBUTENBHBIX A 1 |A| > m
MMeeT CIEIUAJbHBIE PeleHIsT

i(k=)\) , +o0 i(k—X ,
f*(:c,A)—< m )em+/ F(w,y)< m )e”“’dy

1 1
nu
— 1 —ikx oo 1 —iky
fT@N={ o-n e+ D(z,y) | so—n) | "Ydy,

rae, k = VA2 —m?2, signk(\) = signA, saupo I'(x,y) ynosnersopsier quddepennuaibHoMy ypaBHe-
HUIO

2T (2, y) + 03 5T (w,y)o3 — Up (2) T(2,y) + 03T (z,y)o3U = 0

u yeaosusim I'(z, z) — o3l'(x,x)o3 = U — Uy (), ILm I(z,y) =0,
Y—00

o= (3 4= (,f T2 7)

npudeM JIs 9JIeMEeHTOB MaTpulisl 1'(z, y) cipaBeyinBbl ONEHKH

rae

IDyj] < C1/(L+a) A+ 670 # 5Tyl < Ci/ (L+1)7,

C U €— HOJIOKHUTEJIbLHBIEC IIOCTOAHHBIC YUCIIA.
O6oznaunm uepes @ (z, \) pemenne cucreMbl ypaBaeHuii (1) ¢ Ha9aJIbHBIM yCJIOBUEM

By (0,)) = By (0,\) = 1. (4)

Teopema. Ecau xoappuyuenm q(x) duddepenyuanvrozo onepamopa D ydosaemeopsem
yeaosuro (3), mo wasrcdaa eexmop-dynxuua q (x) € L3 (0, +00) umeem caedyrowee pazaosicerue

_ 1 —k T
9@ == Jpsm <k+A)(ff(A)—f;(A))(f;(A)—f;(A))q)(””) PN dr+

n —i NPT ()
+2 = o o) (22 &7 ()

20e oo
a7 (N :/0 (01® (2, M) g () dz.

JIuteparypa

1. T'acvimos M.I., Jlesuman B.M. Oupenenenne cucrembl Jdupaka mo daze paccesinus. JIAH CCCP,
1966,1.167, N6, ¢.1219-1222.

2. T'acvmos M.I. ObparHast 3a/1a9a TEOPUU paCCesiHUs I CUCTeMbl ypaBHeHus: Jlupaka mopsiika 2n.
Tpymer mock. mar. 06-Ba., 1968,1.19,¢.41-190.
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OnTuMarbHOE yIpaBJjieHne OObIKHOBEHHBIMU HEIIPEPbhIBHBIMU CTOXAaCTUYECKUMU
cucremMmaMu npu PyHKIIMOHAIbHBIX OTPAHUYEHUSX TUIIA HEPABEHCTB
I Mancumos K.B., 2Macrasues P.O.
U Baxunexuti zocydapemsennoti ynusepcumem, Baxy, Azepbatioocarn Hnemumym cucmem
ynpeaerus HAH Asepbatidorcana, Baxy, Asepbationcan,
e-mail: kamilbmansimov@gmail.com
2 Unemumym cucmem ynpeaenus HAH Asepbatioocana, Baxy, Asepbatioocan,
e-mail: mastaliyevrashad@gmail.com

I/IBy‘{aeTCH 3aJlada OIITHUMaJIbHOI'O praBﬂeHI/Iﬂ HeJNHEHHBIMI CTOXaCTUYECKUIMUI cucreMaMu,
MaTeMaTHIecKas MOJETh KOTOPBIX OINIMCHBACTCSA OOBIKHOBEHHBIM CTOXaCTHIeCKUM i epeHImab-
HbIM ypaBHeHueM. UTo npu Hammyun GyHKIMOHAJIBLHBIX OMPAHUYUEHUSX THUIIA HEPABEHCTB. YCTa-
HOBJICHBI CTOXACTUIECKOTO AHOJOIH-MIPHHIIAIIA MaKCUMyMa [[OHTpsAruHA, JTMHEApU30BAHHOTO YCI0-
Bust Makcumyma. Ilyer (2, F, (F)i <t<t, » P) MOTHOE BEPOSTHOCTHOE IIPOCTPOHCTBO,HAJICTICHHOE €CTe-
CTBEHHON (buiIbTpaleii n—MepHOro CTaHJIAPTHOIO BHHEPOBCKOro mporecca w(t),t € T = [to,t1].

L%_-(to, t1; R™)— npocTpaHcTBo U3MepuMbIX 10 (,w) 1 F! corylacoBanHbIX poreccos, (t, w) : T x Q —
51

R™, nna xoropuix E [ ||z(t)||?
to

JKHUM,9TO HA 3TOM BEPOSITHOCTHOM IIPOCTPAHCTBE 3a/aH YIIPABJIAEMbI IPOIECC OIUCHIBAEMBIH CTO-

xacTuaeckuM JuddepennuanbabM ypasaenueM Vro [1-3]

< +oorme E—cUMBOJI MaTeMaTUYeCKOro oxKujauud. lIpemmnoso-

dx(t) = f(t,x(t),u(t))dt + o(t, (t))dw(t),t € T, (1)

C HaYaJIbHBIM yCJIOBI/IeM
(to) = o (2)
Bech x(t) € R" BEKTOD COCTOSTHUSI flt,z,u)— 3a/1aHHAST n—

MepHast,BEKTOP-(DyHKIMSI, HEIIPEPBIBHAS 1O COBOKYITHOCTH TIEPEMEHHBIX BMECTE C YaCTHBIMU IIPO-
u3BoHbIMY 110 ;0 (t, z(t)) : T X R"™ — R™™ —n X n— MepHasi MaTpuyHast (DyHKIIUsT, HelpEPUBHAST
110 COBOKYITHOCTH TIEPEMEHHBIX BMECTE ¢ YACTHBIMU ITPOU3BOIHBIMHE 110 .

u(t,w) € Uge = {u(.,.) € L%(to, t1; R™)/u(.,.) € U C R"}, (3)

raie U— 3ajaHHOE HEIyCTOE,0lPAHMYCHHOE MHOXKECTBO(06/IaCTh yIpaBiieHust). Y IPaBIISIOILY O
dyukmmio u(t) € Uye,t € T HA30BEM JOIYCTUMBIM YIIPABJICHUEM,ECJIU COOTBETCTBYIOIIEE €My Dellie-
uue z(t), 3agaun (1)-(2) yaoBiaerBopsieT orpaHuYeHUsIM

Si(u) = By (x(t1)) <0,i=1,p, (4)

I[Ipenonaraercs, 4T0 KazKIOMY JOILYCTHMOMY yipasieHuto u(t), t € T cooTBeTCTBYET eJIMHCTBEHHOE
[OYTH HaBEpHOE HelpepbiBHOE pererne (t) 3amaqau (1)-(2).

Bamaua: Tpebyercs HaiiTu JomycTuMoMy yrpasienue u(t), MUHIMAZHPYIOIIee TePMUHAIbHBLI
bYHKITMOHAJT

Si(u) = Eg, (2(t1)), ()
rae ¢i(x),i = 0,p— 3axanHble HenpepusHO muddepeHipyemble ckajsphable dyHkimu. Ilycr
u(t),t € T mexoropoe porycrumoe yupasienne. [Tomoxkum [(u) =i : B, (x(t1)) =0,i = 1,p, J(u) =
0U I(u). C mespio yIpoIenns: BHIKJIAJI0K Oy/leM canTaTh,q9ro B 3aaade (1)-(5)

I(u)=1,2,...,m,(m < p).
BpeuMm obo3naueHmst:

H(t,a:7u,¢i) = ¢i/(t)f(t’ €, u)a Hxi = H(t7x’uv¢i(t))’i € ‘](u)

oz [t] = o4 (t, z(t)).
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Baech ciyuaitnble mponeccsl 1;(t) € Li(to,t1; R™) u Bi(t) € L%(to, t1; R™™) siBstiorcst perennem
CJIeJIyIONIEli CHCTeMH CTOXaCTHIeCKHX JinddepeHInanbHbIX YyPaBHEeHUH (CONPSZKEeHHAs CHUCTEMA):

Gi(t) = —(HO [t + Bi(t)os[t])dt + Bi(t)dw(?),
Gilty) = 208D e ().

Vcnonsyst MeTOAMKY aHAJIOIHYIHON METOANKN PadoT [4,5] 10Ka3bIBAIOTCS CIIE/LyOIINe Y TBEPIK ICHUSL.
Teopema 1. Jlaa onmumanvrocmu donycmumozo ynpasaerus u(t),t € T' 6 cmoxacmuveckol
sadave (1)-(5) neobxodumo,wmobos nepasercmeo

m+1

igi(%)E LIHD (0;,2(07), 05,05 (0;)) — HO(8;,2(0;), w(6;),1;(8;))] <0,
j=1

soinoananocy das scex vy € U, l; > 0,05 € [to,t1),5 =1,m+ 1.

Teopema 1. IIpednososrcum wmo,muooicecmso U ewnykao,a f(t, x,u) nenpepuisro no coso-
KYNHOCTU NEPEMEHHBIT BMECTNE € “YACTIVHHMU NPOU3EOOHbIMU NO (T, u), Mo2da 0AL ONMUMAALHO-
cmu donycmumozo ynpasaenus u(t),t € T 6 cmoxacmuueckot 3adavue (1)-(5) neobrodumo,wmobo.

HEPABEHCIMEBO
m—+1
min E Y LGHD(05,2(07),u(0;), vi(6;))(v; — u(8;))) <0,

) u
ieJ(u) =

BHINOARANOC Oan 6cex vj € U lj > 0,05 € [to, t1),j =1,m + 1.
JImTeparypa
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O eaAMHCTBEHHOCTHU pelieHus 3aja4u ¢ ycjaoBueMm Buiiaaze—CamapcKoro Ha
napajiejibHbIX XapaKTepPUCTuKaX JJid OJJHOTO KJiacca YypaBHEHWiII CMeIIaHHOIo
THAOA
I Mepranos P. A., 2 Onrues B.2K., ? Illepmaros IT1.X
L Vabexucman, Tepmes, Tepmescrkuti 20cydapcmeennoli yrnusepcumen,
e-mail: merganovravshan7@gmail.com
2 Vabexucman, Tepmes, Tepmesckuti zocydapcmeenmoid yrusepcumen,
e-mail: oltiyevbaxriddin@gmail.com
3 Vabexucman, Jdenay, Jenayckuti uncmumym npeonpurumMamesscmss u nedazozuxy,
e-mail: oltiyevbaxriddin@gmail.com

BBegenue. Ilycrn )— KoHedHas: OIMHOCBA3HAsT 00JIACTh KOMILIEKCHOM IIOCKOCTH 2 = & + 1/,

—2, m+2
Yy

orpanndeHHasa npu y > 0 HopMaJbHON KpUBOIt 0 : % + 4(m +2) = 1, ¢ KOHIIaMHU B TOYKaX

A(-1,0), B(1,0), a npu y < 0— xapakrepucrukamu AC u BC ypasHenus

(signy) |y uze + uyy — (m/2y)uy =0, (1)
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rie nocrosinHass m > 0.

O6oznaunm yepes QT u Q~ gactu obaacru €, JexKalue COOTBETCTBEHHO B HOJIYILIOCKOCTSX
y>0uy <0, adgepes Cyp u C1— coOTBETCTBEHHO TOUKHU Iiepecedenust xapakrepuctuk AC u BC ¢
XapakrepucTukamu ucxosiieit u3 roukn E(c,0), tne ¢ € I = AB = (—1,1)— unrepsas ocu y = 0.

Bamaua BS (Bunaaze—Camapckoro). B obnacru € tpebyercs naiitu dyskimo u(z,y)
YZIOBJIETBOPSIIOILY IO CJIELYFOIIAM yCIOBUSAM:

1) dynkuums u(x,y) HenmpepbIBHA B KarKI0i U3 3aMKHYTHIX obsracreii O uQ ;

2) bynxnus u(x,y) npunagiexut kiaccy C? (Q1) u ynosnersopser ypasnennio (1) B sroit
obacTu;

3) dbyukius u(z, y) saBisiercs 060OIMIEHHBIM perteHreM Kiacca Ry ypasuenust (1) (u(z,y) € Ry
ecn B dopayate danambepa 7 (), v(x) € H (em. mmxe (11) ) [1], [2, ¢.35] B oGmacT Q;

4) Ha MHTEpBaJie BLIPOXKICHUSI BBLIIOJIHIETCS OBIIEee yCIOBUsT COpsizKenust [3]

uw(z,—0) = aju(z, +0) + ao(x), = €1, (2)
lim (—y)fm/Q@ = f(z) lim yfm/Q@ +bo(z), x €I\ {c} (3)
y——0 8y y—+0 ay ’ ’
npuYeM 3TH TPeJebl Ipu £ = +1, £ = ¢ MOIyT MMeTb OCOOEHHOCTH TIOPSIJIKA HUYKE €JIMHUIIBI,
a1 = const ;
5) BBIIIOJIHEHBI YCJIOBHSI
U(I,y) = 90(‘/1“)7 ([E, y) € 00, (4)
U(IE,y) |AC'0: ’(/)(ZE), T e [*1’ (C - 1)/2]’ (5)
ulf(x)] = pulf”(z)] + p(x), = € [c 1], (6)
rjie
Oy = 0L [(m+ 2o + D]
xg) = —1
0 2 4 )
0" (z0) zo+c  [(m+2)(zo—c) ]2
o) = —— — 1
0 2 4
COOTBETCTBEHHO adPUKCHI TOUeK mepecevueHusi xapakrepuctuk CoC C AC EC] ¢ xapakrepu-
CTHKOM HCxosAIelt u3 Toukn (T, 0), re xg € [¢, 1], ao(z), f(z), bo(z), ¢(x), ¥(z), p(r)-3ananuble
JIOCTATOYHO Tyiajikue (byHKIWMH, (i— HEKoTopas moctosiHaast npudeM (—1) =0, p(c) = = p(1) =

0, w(—1) = (1) = 0.
Bamernm, uro yciaosue (4) siBisiercst yeaosueM lupuxiie Ha g a ycsosue (6) ectsb yenosue Bumaize—
Camapckoro [4] Ha napasutesnbubix xapakrepucrukax CoC C AC EC,.

Ormerum, uro 3agada BS upu p =0, (¥((c—1)/2) = p(c)) nepexonur B 3a1a1y Tpukomu
C Pa3pBIBHBIMU YCJIOBHUSIME COLPSIPKEHNs Ha JIMHAK BLIpOxKaeHus suja (2) u (3) [3].

Beeiém 0603HAYeHMST

7 (x) =u(z,—-0), v (z)= ylimo(—y)_mﬂgz, (7)
@) = ula,0), (o) = lim g " (3)

B cuity obosnadennit (7), (8) yciaosust ckienBanust (2) u (3) HpuMyT Buj

7 (x) = a17(x) + ap(x), = €1, (9)

v (z) = f(x)v(z) + bo(x), z€l. (10)
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EnuscrBeHHOCTH pelleHns 3amaun BS.
Dopwmyrna Jlamambepa, onpejensiomnias B obsactu - pemenne st ypasaenus (1) Bujgouns-
MenéHHOf 3ama4n Komm ¢ Havansabivu Janubivu (7) umeer Buj [2,¢.39] :

o) = 3 [ (2= 25 4 (2o )] -

m+ 2 m+ 2

(—y)m+2)/2 /1 - 2t (m+2)/2
- —_— dt. 11
e _ﬁ’iﬂ+m+2(y) (11)

C nomomsio dhopmysisr Tamambepa (11) He TPyIHO BBIYUCIUTL 3HAYECHUS
T (-1)+ 7 (z 1 /M _
) lacy= — T2 [ a, (12)
—1

[ (z)] = W - % / (). (14)

Teneps nogacrasiss (12) , (13) u (14) B kpaessle yciaous (5) u (6) COOTBETCTBEHHO, NMEEM

(t7(z)) =v (z) +¢i(z), z € (—1,¢), (15)
(@) = v~ (@) +pl@), 7€ (1), (16)
pie ¥n(x) = ¢ (2 — 1)/2), p1() =20 (2)/(1 — p).
B cuty ycnoBuii cKienBaHust (2) u (3) ((9) u (10)) coornommennust (15) u (16) mpeobpasyem
BHJLY
a7 (z) = f(z)v(z) + ¢a(x), =€ (—1,0), (17)
a7 (z) = f(@)v(z) + pa(a), @ € (e, 1), (18)

e $2(2) = bol) — a(x) + 1 (2), pa() = bo(z) — () + 1 ().

Coornormenust (17) u (18) ABIAIOTCS IEPBBIME OCHOBHBIMU (DYHKIIHOHATLHBIMU COOTHOIIIECHN-
SIMI M€Ky Hem3BeCTHbIMU (DyHKImsiMu 7(x) u v(x), npuBHECEHHBIMI HA HHTEpBaJb! (—1,¢) u (¢, 1)
ocu y = 0 uz obmactu 2.

Teopema 1. Pewenue u(z,y) 3adavwu BS, npu ewnoanenuu ycaosuts ag(x) = 0, bo(x)
0, o) =0, ¥P(x) =0, p() =0, ua >0, p <1, f(z) > 0 6 samxnymoti obaracmu
MOACOECTNEEHHO PABHA HYAIO.

JokazaTebeTBO TEOPEMbI IPOBOJIUTCST METOJIOM paboTsl [2, ¢.110].

+
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3agada Komm ajisi cucteMbl ypaBHEHUI T€OpPUM YIIPYTOCTU
'Huézon N.3., 2Maxmynos O.U.

L Camaprandcxuti 2ocydapemesenmonti ynusepcumem, 2. Camaprand, yrusepcumemcrul
byaveap-15, Ysbexucman
e-mail: igboln@mail.ru

2 Camaprandcruds 2ocydapemesennidl yrusepcumem, 2. Camaprand, ynueepcumemcrud
byaveap-15, Yabexucman

e-mail: makhmudovo@rambler.ru

PaccmarpuBaercs 3aj/1ada aHATUTUYECKOTO ITPOJOJIKEHUS PEIIEHNs] CUCTEMbl YPABHEHUN KO-
JiebaHusT TEOPUU YIPYTOCTH B IIPOCTPAHCTBEHHON OOJIACTU 110 €ro 3HaYeHWsIM U 3HAYEHUSIM €ro
HaIPs2KEHN Ha JacTH T'PAHUIBI 3To# obmacTu, T.e. 3amada Kormm.

Sagaqua Kot Jj1st 9/TMITUYeCKUX YPABHEHUI SBJISIJIACH TPEIMETOM U3y IeHUsT MATEMATHKOB
Ha IIPOTAKCHUU ABaJAIaTOrO BEKa U IIPOJOJIZKaeT I10 cen JEeHb IIPUTATNBaTh BHUMaHNEe HCCJIeI0Ba-
tesieii. Kak u obmast 3aada aHAJIUTUYECKOTO MPOJIOJIKeHUs, 3a1ada Koy jiyist /UM THIeCKuX
ypaBHEHM OKa3ajach HEKOPPEKTHOH. PasBurue crienua/ibHbIX METOIOB, IO3BOJIAIONINX padboTaTh C
HEKOPPEKTHBIME 3a/1a9aMu Kolu, CTUMyInpOBAJIOCh 3aIIPOCaMy KU3HU. Takue 3a/1au BCTABAJIU B
IUJIPOJIMHAMUKE, B TEOPUU ME€PEeIadn CUT'HAJIA, B TOMOTpadun, B Ne€0JIOTOPA3BeIKe.

A.H. TuxonoBbiM, M.M. JlaBpeHTBEBBIM U IpyruMu ObLIa paspaboTaHa KOHIEIIINsT YCJIOBHO
KOPPeKTHBIX 33724 [1]. TIpuHIunuaibHbIM MOMEHTOM SIBJISIETCSI TO, YTO B JIAHHBIX pabOTaX BbIBe-
JIEHBI HE TOJILKO YCJIOBUSI PA3pPEIMMOCTH, HO 1 (bOPMYJIBI JIJIsI PEIIeHNsT UX B BHUJE PAia. ITO MO3-
BOJISIET CTPOUTH YJOBJETBOPUTEJIbHBIE MPUOJINYKEHHBIE PEIICHUS IIyTeM CYMMHUPOBAHUSI KOHEUHOTO
YHCJIA IJIEHOB PSIJIA.

B pabore 0CHOBHBIM IIPHEMOM SBJISETCS PA3JIOKEHHUE JIEMEHTOB ITOJIXO/ISIIEr0 IPOCTPAHCTBA
B P& IO OTHOPOJHBIM TapMOHUYIECKUM (yHKIMAIM, obpa3yionmuM b6asuc Ha cdepe. Ilpu stom cre-
uUIHOCTh 00JIACTH TapaHTUPYET HAJIMYHe YIOMSHyToro Oaswmca. Jlexkammum B ocHOBe (HOpMYyI
Kapnemana moxkHO HazBaTh MeTos Meprensina u JlaBpeHThEBa, COCTOSIIIUI B IPUOIMKEHUN sI/Ipa
MHTErpajbHOTO IPEJCTABJIEHNs] Ha YACTU TPAHMIILI, €CJIM HEOOXOJMMO BOCCTAHOBUTDL (DYHKIIMIO B
00JIaCTH 110 ee 3HAYEHUsIM Ha JOMOJHEHWH STOI0 MHOYXKECTBA I'paHUIlbl. VCHo/b3ysi KOHCTPYKITUIO
Apmyxameosa [2], aBropamu noctpoeHsl sisable hopmysibl Kapiemana Jjisi CliennaibHbIX KJIACCOB
obJlacTeil, a TakxKe peryJsipu3oBaHHOe perienue 3aaadn Ko [3]-[8].

JIuTeparypa
1. Jlaspenmwves M. M. , Pomanos B. I. | [[lvwamcxud C. I1. HekoppeKTHBIE 338191 MATEMATHIECKON
dusukn n anannsa, Hayka, M., 1980.

2. HApmyzramedos II.4. O zamage Komwm jyia ypasuenus Jlamnaca.JTAH CCCP. 1977. T.235. (2). C.
281-283.

3. Niyozov I.E. The Cauchy problem of couple-stress elasticity. Global and Stochastic Analysis, Vol.9
No. 2 (March, 2022).pp.27-42.

4. Makhmudov O., Niyozov I. The Cauchy problem for the Lame system in infinite domains in R™,
Journal of inverse and Ill-Posed Problems.V14. No0.9.2006. pp.905-924(20).

5. Maxmydos O. HU., Huézos H. 5. O pazpemmmoctn 3amadn Kormm st CHCTEMbl MATEMATHIECKOM
Teopun TepMoynpyroctu B npocrpanctse. 2KypH. Hud.yp. TH7. No.5. 2021. ¢.687-699.

6. 0. U. Maxmydos, HU. 3. Huésos. O 3amade Kormu s cucTeMbl TUHAMUYIECKUX yYPABHEHW TEOPUH
yupyroctu. 2Kypu. dud. yp. 2020. T56. No.9. ¢.1164-1173.

7. Huésoe U.3. Perynapusarus HectanmapTHOM 3amadn Komn s quHaMmdeckoii cucremsl Jlame. M3B.
By30B. Maremaruka.2020, No.4, ¢.54-63.

8. Maxmydos O.H., Huézos U.3. 3agaua Kommm 1151 cucreMbl ypaBHEHUT MOMEHTHON TEOPUU YIIPYTOCTH
B R™. N3Bectna By3oB. Maremartuka 2014, No.2, c. 30-37.
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KpaeBas 3agada ajig ypaBHeHUsI TUIEPOOJIMYECKOTO TUIIA BTOPOTrO po/ia
1Ok6oes A.B., 2Axmenosa M.B.

L Hamanzarckoe omdenenue uncmumyma Mamemamusu umernu B.H. Pomarosckozo Axademuu
Hayx Pecnybauxu Ysbexuman, ya. Yiawu, 316, 160136, Hamarzan, Ysbexucman,
e-mail: akmaljon12012@gmail.com
2 @epeancruti 2ocydapemeeront ynusepcumem, Depeana, Yabexucman,
e-mail: mirjalol9966@mail.ru

Paccmorpum ypaBaeHumSI
Ly (u) = sign (—y) uge + yuyy + auy =0 (1)
B 006J1aCTH, OrPAaHNIEHHO XapaKTEPUCTUKAMI JTAHHOTO yPABHEHUS
OA: z—-2y—y=0,0<2<1/2, y<O0;

AB: z+4+2/—y=1,1/2<z<1, y<0;
OC: z—-2y=0,0<2x2<1/2, y>0;
CB: z+2,/y=0,1/2<z<1, y<0,

rae a € (—1/2,0). O6osnaunm 3a Di 06/1aCTh, OrPAHUYEHHYIO XapaKTEPUCTUIECKUMU KPUBBIME
OA, AB, OB, 3a Dy - obacTb, orpanndenHyio xapakrepucrudeckumu kpusbimua OC, CB, OB.

Bagaga 1. Hadmu 6 obaacmu D = Dy|J D2 pewenue u(z,y) € C’(D) ypasherus (1),
YO00BNEMBEOPAIOULEE KPACEHIM UYCAOCUAM

u(@,9)loa = 1(2), u(z,y)loc = w2(z), 0<z<1/2

U YCao6UuAM CONPAHCEHUA

lim u(z,y) = lim u(x,y), 0<z<I;

y——0 y—+0
lim (—y)* 0 [u— A (T,\)] = lim yo‘é [u—AL(T,N)], O<z<1
y——0 8y ar y—+0 8y ary ’ ’

2de p1(x) u pa(x) - 3adannnvie nenpepusrvie Pynryuu, a [1]

L 1
S 0/ TP B+ jgﬁﬁ +1) 0/ ' (s%) [2 (1= 2)]' Pz,

ot st=x—-2/y(1-2z2),y>0;
]l sT=r—2y/—y(1—-22),y<0.

Teopema 1. Ecau ¢; (x) € C3[0,1/2] ,cpl(»k)(O) =0, i=1,2; k=1,2, 3, mo sadaua 1 umeem
edurcmeentoe pewerue.

JIuteparypa

1. Hcamyzamedos C.C. O KpaeBoit 3ajia4ue Jjisi OIHOTO YPaBHEHUsI CMEIIAHHOIO THITa BTOporo poja, Co.
"Kpaessie 3agaun jjist qudpdepennnaibubix ypasaenuit." Tamkenrt, WUza-so "®au" 1975. C. 28-37.
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IIpeacraBiieHne periieHuii OJJHOTO KJlacCa CUCTEM KBa3sWJIMHEIHbIX ypaBHEHUI B
YaCTHbIX NPOU3BOHBIX BTOPOro MOpsijiKa
Opunos T.C.
Lernaycxkuth uncmumym npeonpuruMamesscmed u nedaz202uku,
e-mail: oripovdenov@mail.ru

Paccmorpum cucremy nuddepeHnuaibHbIX YPABHEHUN BTOPOTO MOPSIKA, C CHHTYJIAPHBIMU
ko3 durmeHTaMu B IIPOCTPAHCTBE TPEX IMEPEMEHHDBIX BUIA

Pu — (x4 y+ 2y, 2l),

9z ’
55 = bl@,y, z /(@ +y +2)") + G (1)
88x8u —C(ﬂ? Y,z Um/($+y+2) )+W

e sajannbie dynxmuit a, b,c € CH(D) (), u € C3(D) (), npuuém dynxmms

a( Tz +y +2, Y, 2, Uy ) 11O MEPBBIM U IIOCTIETHIM apryMeHTaM SIBJISIETCS OOOOIIEHHBIM OZHO-
pomubiM dynxmueit, T.e. a(t - (x +y + 2),y,2z; t" - V) =t! " a(x +y + z,y,2; V). Ba 3amxnyToii
obstacTeio D IIpUHIMaeM TPEXMEPHBIi IapaJsiie/Ielniie ], BKIoUas ee TPAHHIL 110 IJIABHBIM IDAHSIM.
Henast sameny u), = (x +y + 2)" -V, tne V=V(x,y,2)- HoBas neusecrnas dpynkuus. [Ipeobpasy-
eMm cucreMy (1) K By cuCTeMOil KOMILIEKCHBIX JuddepeHnaibHbIX ypaBHeHNIT THIIA B IIOJHBIX
nmuddepennpaniax HensBecTHoi dynknun V=V (x,y,z) Buga

oV _a(ly,zV)—n-V. 0V _ bxyzxV) OV _ czyzV) )
ox THy+z T 0y (zt+y+2) 0z (z+y+ )

[IpupaBHuBasi CMellIaHHbIE IPOU3BOJHBIE BTOPOIO IHOPSIJIKA, 110 [EPEMEHHbBIM, II0JIydaeM yCJIOBHs
COBMECTHOCTHU CHCTEMBI (2)

(x+y+2z)-,+(a—n-V) b, = (av—n) b+(:c+y+z) ay,
(x+y+z)-d+(a—n-V)-c,=d}, c+(x+y+2)- d +(nV—a) (a:+y+z)”*1,
(x+y+2)" b, +c by, —n@+y+z)""b=b-c, + (:E—i—y—{—z) cy —n(x+y+2)""
(3)
JomycTuM, ycaoBHusi COBMECTHOCTH (2) BBINOJHSIIOTCS, HO HE TOXKJeCTBeHHO. Torma perast
KaXKJIOI'0 U3 ITUX COOTHOIIEHUH aJiredpanvdecKnM CIocoboM, mojydaeM QyHKIul Buga V. =
hj(z,,y,2),(j = 1,2,3). Eciin 5111 Haiinenuble HaMn (DYHKIHI YI0BJIETBOPSIOT CHCTEMY ypaBHe-
auii (1), To oHE OY/IYyT HEKOTOpBIE YACTHBIE, JTUOO OCOOBIE PEIICHNsT CUCTEMBL. A TakKe, €CIM MpH
OTPAHUYIEHHOCTH HEM3BECTHON (DYHKIIMU TO €€ YaCTHBIE IIPOU3BOIHbBIE IT0 BCEM IIE€PEMEHHBIM, CYIIIe-
CTBYIOT CJIEIyIOIINE KOHETHBIE TIPEIETbl U OHU PABHBI K HYJTIO:

lim <(x+y+z)gz> =0, lim <(az+y+z)gz> =0,

x—0 z,y — 0
y,2 =0 z—0
0
lim <(93+y+z) u> =0, (4)
z,y — 0 0z
z—=0

TO CYHIECTBYIOT HEKOTOPBIE YacTHBIE, TM60 0CcOObIe PelleHns NCXOAHOM 3agaun. IIpu 5ToM HEKOTOpoe
YacTHOe pelieHre cucTeMbl (1) BO3MOXKHO IIPHHAMAET BUJL

u(z,y, z) =

n 1(x +y+2)"L. <P(C’, z) + /Of hj(t,y, z)dt) € C(G) ﬂ, (1 =1,2,3). (5)

NaTerpupys 3Ty cucTeMy IO IepEeMEHHBIM Y, Z HOJyIaeM, Mepexois K TPeKHIM

u(z,y, z) = Cao(y, z) + /:(75 +y+2)"- At ly,z; In(t+y+2)+ F(y,z; C1)]dt. (6)
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Teopema 1. [Tycmo 6 cucmeme dudepenyuarvror ypasHenut 6mopozo nopadka (1), dyrk-
yus a (T4 2z,y, 2; Ul ) N0 NEPEYLIM U NOCACOHUM APLYMENMAM ABAAEMCA 000OUWEHNBIM 00HOPOOHBIM
Pynxyueti 6 obaacmu D = {G : x| <p, |yl <q, |2| <7, Ju—uo| <m, |V —Vo| <m}, p,q,r,m—
const.. Ecau 6 cucmeme (2) ewnoanmomcs ycaosut o < min{p,q,r}, M =
max { |a|, |b], |c| } < co 6 mouxe x obaacmu D, npuuém a(z+z, .y, z;ul,) cuumaemea 06o6uénrio-
001OPodHOT NO Nepeoti u nocaednum apeymenmam Pynryuu. Ecau yeaosudi cosmecmuocmu (3) no
BCEM NEPEMEHHBIM BBINOAHAIOMCA, HO HE MOACICCMEEHHO, AUDO BBINONHAIOMCA Ycaoeul (4), mo-
204 803MONHCHO HATOOAMCA HEKOMOPbLE “acmubie, Aubo ocobve pewenus cucmemvs (1). B npomue-
HoM cayuae, cucmema (1)- necoemecmua. Jas mostcoecmeennozo 6binosHe U YCao8uli CO8MECTHO-

o Lo L Uy

cmu (3) neobxodumo u docmamouro, ¥mobvl 63auMoceaA3b GyHKUUl a(T+2,y, z;u.,. ), b(x,y, 2; el
/

clx,y, z; xu—_fz, ) umenu 6ud (5). Toeda ucrodnas cucmema paspewuma u mHo2006paue ee peuenut

onpedeasemes popmyaot (6), nenpepuierol u anasumuieckol 6o eceti 0aHHOT KOMNAEKCHOT 00.Aa-

cmu.

JInTeparypa
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Ilepeonpenenénnas cucreMa Tpéx nuddepeHIuaabHbIX YyPaBHEHU BTOPOrO
MOopsiiKa C PeryassipHbIMU KO3ddUuimeHTaMmmn
1Opunos T.C., 20Oaumosa 3.
U Menayckuti unemumym npeonpunumamenscmea u nedazo2uki,
e-mail: oripovdenov@mail.ru
2 Mazucmpanm 2-20 200a obyuerus JJUIIII,

PaccmarpuBaercs nepeornpeiesiénnas cucrema Tpex auddepeHnuaabHbIX yPaBHEHUH BTOPOTO
[OPSIJIKA C PErYJISSPHBIMU KO3(DPUIIMEHTAMU, OTHOCUTEILHO HEU3BECTHON (DYHKIMY C Pa3/Ie I oNIn-
MUCS II€peMEHHBIMU Pa3/IMYHbIMU BUJAMU:

5 2
%Tﬁzza(:v,y,z)-m(z,%)» gobs = b(x.y.2) n (2, 38) (1)
u

9z0z ¢ (x,y,z; %) )

rie B Heil ee dynkumit a(z,y, 2), b(z,y, 2), c(x,y,z;ul,) npn Bcex 3HAUEHUSIX ABJISIOTCS 33 IAHHBI-
vu byHKIUAME B 33000 obmacta D, T. e.: a, b, c(z,y, z;ul) € CY(D), u & C3(D) cunratorcs
HENPEPLIBHBIMA U HEPEPLIBHO-IubdepeHnupyeMbiMu (GyHKIUAME U peryaspabiMu. [Ipex e Beero,
samensig B cucreme (1) u), =V, V = V(z,y,2) BBOAUM HOBYIO Hen3BeCTHYIO (DYHKIIUIO, U IPEOO-
pasyeM JaHHYIO CUCTEMY B PEryJsipHOii cucreme JuddepeHIaibHbIX yPABHEHU T IEPBOTO MOPSI KA

BUIA
{8

<

=a(z,y,2) -m(z,V), g%:b(x,y,z)-n(z,V),

=c(z,y,2V).

[
|

(2)

Q
[}
|
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[IpupaBHEBaEeM CMeIIAHHBIC TPOM3BOHbBIE BTOPOTO MOPSIIKA, B CHCTeMe (2), MoJIydaeM yCIOBHUs COB-
MECTHOCTHU MCXOJIHOM CUCTEMBI B CJIEIYIONIEM BHJIE:

aym~+a-b-m'n—bn—a-b-njym=0,
deta-m-¢, —a-mi -c—(alm+a-m) =0, (3)
cy+b-m-cy, —b-my -c— (bym+b-m))=0.

[Tycrs yesoBuii coBmectHOCTH (3) 110 BCEM IIEPEMEHHBIM BBIIIOJHSIOTCS, HO He TOXKJecTBeHHO. To-
rja ajaredbpamdecKuM criocoboM pertasi cooTHomenuii (3) jserko, umeem V = hi(z,y,2), k=1, 2.
Eciin 11 byHKIWMiE yI0BIETBOPSIIOT cucTeMe ypasHenuii (2), To OHU Oy/IyT HEKOTOPBIMU YACTHBIMU
pelleHnsIMI CUCTeMbl. B mporuBHOM citydae, cucrema ypasheruii (2) u (1) 6yayT HEe COBMECTHBI-
mu. JJonycrum, uro cooTHomenuii B (3) Mo BCeM mepeMeHHBIM BBIIOJIHSIETC TOXKIeCTBeHHO. Toria
MOZKHO HAHTH TaKylO B3aUMOCBS3b JAHHLIX (DYHKIMHA MOYKEM OIPEJIE/UTh B PA3JIUIHBIX CITyJasx:
. .. o /o I [

1 cayuait: [lycrs B mexommoii cucreme (2) ay, = 0, by, =0, my, = 0, ny, = 0. Torga ncxonnas

cUCTEMa TPUHUMAET KJIACCUIECKUiT BUI

%7\; =a(x,y,z).m(z) =a(x,y, 2)
Sy =b(@,y,2)n(2) =bi(z,y,2) (4)

0
P =c(z,y,zV)

Yci10BHit COBMECTHOCTH CHCTEMBI (4) BBIOIHSIOTCS TOXK/IECTBEHHO, €CIIN B Hell HafiIéTCs HeKOTOpast
BIIOJIHE OIpese/iéHHast (DyHKIUS

w(x7yv z),ww? = al(x'>y7 Z) wy? = 02(3«“'71’47 Z),

MHOroobpasue pereHuii cucremsl (4) mpeJcTaBisieTcs Cieyroleii sBHOi HhopMyIIoit:

u(z,y,z) = Coy, z) + /Ox[w(t,y, z) + F(z,C1)]dt . (5)
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HepBaﬂ KpaeBad 3aJava OJId YypaBHEHMA GYCCI/IHGCKa-.TIHBa C CMHTYJIAPpHBIMUA
Ko3dPpurnmeHTamm
Opunos I11.A.
Depeancruti cocydapecmeertvil YyHUBEPCUMEM,
e-mail: shoripov1991@gmail.com

Ypasuenusi CoGOJIEBCKOTO THUIIA, NWHAYE HA3BIBAEMbIE YPABHEHUSIMU, HEPA3PEIIEHHBIME OTHO-
CHUTEJIbHO CcTaplieil Ipou3BoHoil, mocse ussectHoit paborsr Cobosesa [1]| sBisiercst 06HEKTOM HC-
cJie/1oBaHusl Jjisi MHOTEX aBropoB. O630p 9THX paboT MOKHO HaiiTh B MoHOrpadusx [2]-[4].

Bazkubim kiaccom ypasrennii CoboJIeBCKOro THIa SIBIsETCS ypaBHeHHe Byccnnecka-JIssa
YETBEPTOro MOPSIKA:

Agu(z,t) — up(z,t) + Agu(x,t) =0, (1)

KOTOPOE OMUCHIBAET MPOIECC HECTAITMOHAPHOTO JIBUYKEHUS BA3KON cTpaTudUInpOBAHHON KUTKOCTH
B npubiaumykeHnn Byccumbecka, rie A, — MHoromepHbiii oneparop Jlamaca. Vcciemosannio 3aja-
qu Ko, cmermanubix u obpaTHBIX 3aja4 Jiist ypaBHenuit Byccunecka-JIsiBa mocBsimeHb paboThI
C.A.T'abosa, A.I'. Ceemrukosa, M.O. Kopmycosa, A.B.Ansmuna, FO. /1. ITirernepa, A. M. Koxxanosa
" JIPYTHX.

Jlannast paboTa IOCBAIIEHA U3y YEHUIO BOIPOCOB Pa3PENIMMOCTHI B KJIACCUYECKOM CMBICJIE aHa-

Jora Kpaesoit 3agaun ['ypca s ypaBHeHWsT
2 2 2
Lé’“(u)za— <0u 2(18u_)\u> +a—u+2ﬁ@+uu:f(x,t), (2)
ot2 \0x? = Ox or?  x Ox
e a, A\, u € R, a f(x,t) - 3agannas GyHkims.

[Tapamerp «, BXoJsiee B ypasHenue (2), Olpesie/sieT NopsI0oK CUHIYJISIPHOCTH yPABHEHUs 1
3aja1 ¢ HUM cBsi3aHHBIX. [lpn o« = 0, p = 0 ypaBuenue (2) HmepexoauT B OJHOMEPHOE ypaBHEHUE
Byccunecka-JIsisa (1), a ipu o« = (n — 1)/2, g = 0 Mbl mosiyunm cepudecku CUMMETPUIHBII
cirydaii ypasaerust (1), mpudem B [OCJIeHEM CIydae MEpEeMEHHAs! & BBIIOJHSIET POJIb EPEMEHHOI
r= \/ 3:% + :L'% + ...+ 3:% B ceprudeckoil cucTeMe KOOPIUHAT.

N3BecTHO, 9TO BHIPOXKIAIONINECS U CUHTYJIAPHBIE YPABHEHUsI BTOPOIroO MOPsAKa 06JI1a1a10T TOi

0COOEHHOCTBIO, UTO JIJIsi HUX HE BCErJla MUMeeT MeCTO KOPPEKTHOCTb KjaccumieckKux 3aiad. Ha mo-
CTAHOBKY 33/[a4H CYIIECTBEHHO BIUSAIOT MJja e KoddduimenTsl. Takue BOIPOCHI JIJisl ypaBHEHU
BBICOKOI'O TIOPSIJIKA C CHHIYJISIDHBIME KO3MDDUIUEeHTaMU [TOUYTH He HCCJIeT0BAHDL.

YpasHenue (2) no knaccudukanun paboTsl 5], npuHaaiexxur runepbosmaeckomy tuiy. ps-
Mble & = const, t = const SABISIOTCA NeHCTBUTEIBHBIME JBYKPATHBIMI XapaKTePUCTUKAMU.

Bamaua A. B obnacmu Q = {(z,t): 0 <z <l,0<t<h} mpebyemes natimu @yrryuro
u(z,t) 6 kaacce M = {u cue Ol (Q) D Ugat, Ugtt, Uzt € C (Q)}, YAOBAEMBOPANULYIO YPAEHEHUIO
(2) npu 0 < av < 1/2 u Kpaesvim ycrosuam

u(0,t) = pi1(t), u(l,t) = @a(t), 0<t<h,

u(x,0) = 1(z), w(x,0)=1(z), 0 <z <l

2de Yp(x), wr(t), (k= 1,2)- 3adannwvie 2aadkue gynryuu, npuvem p1(0) = 11(0), p2(0) = ¥1(1),
©'1(0) =12(0), ¢'5(0) =2 (I).

Jlannast 3ajada paHee He uccjejoBana. VccieoBanneM pa3jindHbIX 33129 JIJisi OJHOMEPHOTO
obriero JimHEHOrO ypaBHeHust Tua (2) co crapiueii IPOU3BOJHON Uyyy U € yIaaKuMu Koddbdum-
entamn 3aunMasnch A.I1. Commaros, M. X I1Ixanykos, B.l1.2Keranos, A.H.Muponos, E.A.Vrkuna,
A.Maher u npyrue. Vcnonbs3oBas 06001eHH b 1pobHbLii onepaTop dpaeiin-Kobepa [6] u meros Pu-
MaHa [7|, HaMu nostydeHa siBHast (DOpMyJIa peIlleHusl TOCTaBIeHHOI 3aja4dn. B pabore mocrpoena
dyukius Pumana omeparopa Lg‘/” (u), KOTOpasi BBIPAYKAETCSI Yepe3 TUIePreOMeTPUIecKYIo (DyHK-
nuto Kamme jie @epoe. [Ipu o = 0, p = 0 u3 s10it pyHknum nosryauM (yHkimo Pumana ogHOoMep-
HOro ypaBHeHusi Byccunecka-JIsBa (1).

JluTeparypa
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O cBoiicTBax MHOX>KecTBa ymnpaBJjiieMocTH JuddepeHInaabHbIX BKJIIOYEHU
lOrakynos C., 2Paxumos B.
L TTorcusarncruti noaumexnuveckuts unemumym, dowcusak, Yabexucman,
e-mail: otakulov52@mail.ru
2 Icuszaxcruti nosumexrnuseckutdi uncmumym, Jocusax, Yabexucman,

B Teopum ympaBieHmss JOCTATOYHO BaXKHOe BHUMAHUE VIEJIEHO BOIPOCAM YIIPABJISIEMOCTH
JJ1sl MOJIeJIell IMHAMUYECKUX CUCTEM C Pa3JIMYHBIMUA MATEMATUYECKUMHU ONUCAHUSMU U COJIepXKa-
ausivu [1-3]. Bagada ynpasisieMocTu JUHAMUYIECKIX CHCTEM UMEET BaXKHOe 3HAYEeHUe [|Jisl Pa3/Ind-
HBIX KJjaccoB juddepenimaibubix Briouennii [3-5|. TIpegcrasisier 60sbiioil nHTEpEC U3yveHue
CTPYKTYPHBIX CBOICTB MHOXKECTBA YIIpaBJisieMOCTH JuddepeHnnaabHbIX BKIIOYEHUI OTHOCUTETHHO
HOJIBUYKHOIO TEPMUHAJIBLHOIO MHOYKECTBa).

ITocranoBka 3azmaumn. PaccMoTpuM MaTeMaTH4yecKyio MOJEIb JUHAMUYECKYIO CUCTEMbBI B
Bujie JuddepeHInaIbHOr0 BKIIOIEHUS

@€ A(t)z + B(t). (1)

[Tycrs 3a1aH0 OBUAKHOE, T.€. 3aBUCHINEE OT BpEMEHN TepMUHAJIbHOE MHOKecTBOM = M (t), t > ty.

MHO2KeCTBO BCeX HaYaJIbHBIX COCTOsIHMI Tg € R™, u3 Koropbix auddepeHuaJbHoe BKIIIO-
genne (1) ympasisieMo B IIOJBHXKHOE TepMHUHAJIbHOE coctosinne M = M (t) Ha 3aJaHHOM OTpe3Ke
Bpemenu T = [tg, 1], T.e. cymecrByer Tpaekropus z(t),T = [to,t1], Takasi, uro z(tg) = zg,x(t1) €
M (t1), naspiBaercst MuoxkecTBoM M T—yupasisiemoctu uddepeHInagibHOr0 BKIOYEHNs.

MuoxkectBom M-ynpasasiemocT i HEPEHIUATbHOTO BKIIOYEHNsT HA3BIBAETCS COBOKYII-
HOCTBb BCEX HAYAJIBHBIX COCTOSHMI g € R"™, M3 KOTOPBIX OHO yIpPAaBJISIEMO B TEPMUHAJIBHOE MHO-
kectBo M = M (t) Ha HekoropoMm KoHeuHOM oTpeske Bpemenu 1. Ilpu M = {0} 6ymem rosopur o
MHOXKECTBE HYJIb —yIIPaBJISIEMOCTH.

[Iycrs X(to,t1, o, A, B)— MHOXKeCTBO JOCTHKUMOCTH uddepeHnuaasHoro Briodenus (1)
U3 HavaJbHON TOUuKu xg € R'* B MOMeHT BpeMenu t; > tg. dAcHo, uro Touka xg € R" aBigercs
toukoit MT— ynpasnsemoctu nauddepeHnnaabHoro BKaodenus (1) Torga u TOIbKO TOrIa, KOrua
cymecrByer t1 > to Takoii, uro X (tg, t1, T,
A, B)(M(t1) # (. Taknm o6pasom, it U3ydeHus CBOHCTBa MHOXkKecTBa M — ymnpaBisieMocTn
nuddepeniuaibaoro Bkirouenus (1) ciaeayer uzyuntb MuO)ecTB M T —ylpaBiisieMocTH

K(tﬂatlaMaAwB) = {g € Rn : X(t07t17§7A’B)ﬂM(t1) 7& @} )tl > t0~
B nasbHeiinmem GyjeM IpejanosiaraTb, YTO BBIIOJHEHBI CJIELYIONME YCIOBHs: 1) SJIeMEHTHI

marpunpsl A(t) mamepumMbl Ha sioboM 1" = [tg, 1] C [to, +oo] u ||A(t)|| < a(t), e a(-) € L1(T); 2)
upu Kaxkjaom ¢ > to mHoxkectBa B(t) C R™ KOMIAKTHBI U MHOrO3Ha4YHOE oTObpaxkeHue t — B(t)
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H3MEpUMO Ha IPOM3BOJILHOM orpeske T = [to,t1] C [to, +o0] u ||B(t)|| < b(t), vaoe b(-) € Li(T).
OrHocuTebHO TepMUHATIBbHOTO MHOKecTBa M = M(t), t > to, OyueMm upemojaraTb, 4TO OHO
BBIILYKJIbIHi KOMIIAKT U HEIPEPLIBHO 3aBUCAT OT BpeMeHu t > to.

Ucnonmbsyem  ciepyrome  obosHadenust  Juist G OEPEHIMAIBHOIO  BKJIIOYCHUST
(1): W(M, A, B) — muoxkecrso M —yupasisemoctn; Wy(A, B)-MHOXKeCTBO HyJsib-ynpasisimoctu. 13
[PUBEJIEHHBIX ONPE/IeJIEHHI SICHO, YTO

W(MaAvB): U K(t()atlaMaAaB)vWO(AaB): U KO(t07t17A7B)‘

t1>to t1>to

NsgectHo|3,5], uro juist muOX)ecTBO X (to,t1,&, A, B) X (to,t1,&, A, B) siBisieTcsi BBIIYKJIBIM
KoMmakToM n3 R" u cnpasenmmba gpopmyia

t1
X(t01t1>§7A7 B) = $(tat0)£ + $(t17T)B(T)dT> (2)

to
rae $(t, 7) — dynmamenrtanbHas Marpuna penteHuil ypasuenust & = A(t)z, t € T.

PesynbraTbl ncciaea0BaHUs.
Teopema 1. Muoxecrso K (tg,t1, M, A, B) upeacrasumo dhopmyJioii

t1
K(to,t1,M,A,B) = — $4(to, t)B(t)dt + $a(to, t1)M(t1) (3)

to

CaencrBue 1. Eciu M(t1)— Bbimykibiii kommakr, o K (tg,t1, M, A, B) takxe siBjisieTcst
BBIIIYKJIBIM KOMIAkToM n3 R". Ecim muoxkecrsa M (t1) u convB(t)— crporo Boimykist npu t € T' =
[to, t1], To K (tg,t1, M, A, B)— cTpOro BBIIYKJIOE MHOYKECTBO.

CaencrBue 2. IlycreM (t) = $4(t, to) M. Torma

K(to,tl, VA, B) = Ko(t(),tl,A, B) + M(),W(,A, B) = W()(A,B) + M.

Teopema 2. TlycteM (1) = S°F | a;()M;(t), SSF  ci(t) = 1, eu(t) > 0,0 = 1k, t > to.
Torna:
k
K(to,t1, M, A, B) = ai(t1)K (to, t1, M;, A, B).

i=1

Teopema 3. [ycrs B(t) = Y% a;Bi(t), e S3F oy = 1, a; > 0,0 = 1,k u MHOMXeCTBO
M (t1) Boimykito. Torma:

k
K(tO,tlaM,AaB) = ZaiK(thtl’Ma A’ Bl)
i=1

Bakaouenue. B pabore nccieqoBana mpobjiemMa yipaBsieMOCTH JIJIsT MATEMATHIECKOM MO-
JIeJI CUCTEMBI YIIPABJIEHUS B BUJIE JIMHEHHOTO jubdepeHIinaIbLHOro BKIYeHus. PaceMorpen ciy-
Jaif, Korja TepMUHAJIBHOE MHOXKECTBO MOJBUXKHOE, T.e. 3aBucur or Bpemenu: M = M(t). Hdnsa
9TON MOJIEJIN JIMHAMUYECKOH CHCTEMbI M3Yy4YeHbl CTPYKTYDHbIE W TOIOJIOTMYecKue cBoiictBa M-
YIPaBJISIEMOCTH.
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PazBuTue mMeToJI0B HErJIaJIKOW ONTUMH3AIUUA HUMEET aKTyallbHOe IPUKJIaHOoe 3HadeHue. K
HACTOSIIIIEMY BPEMEHH JIOCTUTHYTHI OIIpe/IeJIEHHbIE YCIIeXU B JIAHHOM HanpasieHun [1,2|, passusa-
eTcst HEerVIQJIKUl U MHOTO3HAYHBINA aHaau3 [2,3|, Bce Gojiee pacumpsiercsi Kpyr HCCIIEOBAHUM, T0-
CBSIIEHHBIX HEIVIQJKUM 3ajadaM ONTUMU3AIUK PA3JIMIHOIO0 MaTeMaTHueckoro cojepxkanus [4]. K
HEIJIAJKUM 33J1a9aM ONTHMUBAINN YaCTO HMPUBOIAT IMPUHIIAIE MUHUMAKCA WM MAKCUMHUHA. DTH
ITOJIXO/IBI, IPUMEHSIEMbIE B UTPOBBIX 3a/a9aX JJIsT KOH(DIUKTHBIX CUTYAIINH, UCIIOJIB3YETCs TIPU TTPH-
HSITUSI PEICHUsT B YCJIOBHUX HEMOJHOTHI MH(MOPMAIMN O HAYAIbHBIX JAHHBIX U (WJIHM) apaMeTpOB
BHEIIHUX BO3AEUCTBUN

IloctanoBka 3asauu. PaccmMoTpuM AuHAMUYECKYIO CUCTEMY YIIPABJIEHUs C IapaMeTpaMu
BUIA
&= At y)r+b(t,u,y), t € T = [to, ta], z(to) € D, u € V(y), y €Y, (1)

rJie & — N-BEKTOP COCTOSIHUSI, U — M-BEKTOp yIpaBJieHus, y—k-MepHbiii napamerp, A(t,y)—n x n-
marpuna, b(t, u,y)— n-sexkrop dbyHkimsa. B jaHHO cucreme ynpasieHus nHMOPMALU O HAYAJb-
HOM COCTOSIHUM CUCTEMbBI ONPAHIYEHA TE€M, UTO W3BECTHO TOJILKO BBIIYKJIOE KOMIIAKTHOE MHOXKECTBO
D C R™ BO3MOXKHBIX HAYaJbHBIX COCTOsHUMN. JIpyras 0COGEHHOCTH CHCTEMbI 3aKJIFOUAETCsI B TOM,
4TO B IIPOIECCe YIPaBJIEHUsI YIACTBYET apaMeTp ¥, 3HaYeHne KOTOPOTO NPUHUMAETCs U3 KOMITAKT-
HOTO TIOJIMHOKeCTBO Y mpocTpancTBa RF 1 cOXpaHseTcst MOCTOSIHHBIM B PACCMATPUBAEMOM OTPE3KE
Bpemenu T = [tg, t1]. ObaacTb 3HaueHUit yupasienus u = u(t) sIBIsSETCS BBILYKJIBIM KOMIAKTHBIM
nojMHOKecTBOM V (y) mpocTpancTBa R™, HENpepbIBHO 3aBUCAIIUM OT Hapamerpa y € Y.

OrHocuTesibHO npaBoil wactu guddepeHuagbHoro ypastenus (1) 6ymem npeanoiararb, 4To
BBIIIOJITHEHDBI CJIEAYIOIIUE YCJIOBUA:

1) ssementsl Marpunpl A(t,y) cymmupyembl o ¢ € T u HenpepbIBHBI 110 y € Y, npuuem
[A® ») < alt), a(-) € Li(T);

2) KaxKJiasi KOMIIOHEHTa n-BeKTop dyukuuu (t,u,y) — b(t, u,y) usmepuma no t € T' u Henpe-
peiBHA 110 (u,y) € V' x Y, npudem ||b(t, u,y)| < B(t), 5(-) € Li(T).

O6osnaanm vepes Ur(y)— MHOXKeCTBO JIOIyCTHMBIX ylpaBieHuil u = u(-), Takux, 1to u(t) €
V(y), t € T. O6o3nauum uepe3 Hp(u,y) MHOKECTBO BCEX JIOIMYCTUMBIX TPAEKTOPHIi, COOTBETCTBY-
IONMX JonycTuMomy ynpasienuto u € Up(y) u napamerpa y € Y.

[TycTh KadecTBO yUpaBIICHHs THHAMUYICCKON crcTeMoii (1) oreHumBaeTCs HETJIAIKAM TEePMU-
HAJIBHBIM (DYHKIIMOHATIOM

J(@(),y) = Héazx[(Pi(yW(tl), zi) + fi(zi, y)l, (2)
=1 =

ryie P;(y)—s X n-MaTpuna, HelpepbIBHO 3aBUCATIAs OT MapaMeTpay € Y, Z;, i = 1, [-BBITyKJIble KOM-

nakTel u3 R®) fi(z,y), i = 1,]- BorHyTble 0z € Z; 1 HenpepbiBHbIE 110 Y € Y dyHKIUU. Y IUTHIBAS,

9TO HAYAJbHOE COCTOsiHUE cucTeMbl (1) 3a7aH0 HETOYHO, OyJEeM CYMTATH, YTO IEJbIO yIPABJIEHUS
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SIBJISIETCSI JOCTHZKEHIE TapaHTHPOBAHHOIO 3HadYeHHs! Kpurepusi Kadectsa J(x(-),y) Buma (2), T.e.
6y/1eM MaKCHMHU3UPOBAThb (DYHKIIMOHAJ BUJA

G(u,y) = in J(@(-),y)
(wy) = in —J()y)

Nnaue roBopst, Jyisi cucreMbl (1) paccMOTPUM CJIEYOILY 0 MAKCUMUHHYTO 3314y

min  J(z(),y) = max,u € Ur(y),y € Y. (3)
z(-)EHT (u,y)

By,ILeM n3y4varTb H€O6XO,HI/IMI;>I€ 1 JOCTaTOYHBbIE YCJIOBHA OIITUMAJIBHOCTH JIJIfA MaKCUMWHHON 3ada491

(3)-
PesynbraTel ucciaenoBanus. PaccMoTpuM MHOXKECTBO, COCTOSIIIEE U3 KOHIIOB BCEX TPAEK-
topuit z(-) € Hr(u,y) B MOMeHT BpeMenu t; > to:

Xp(ti,u,y) ={§ € R"[§ = z(th), z(-) € Hr(u,y)}

CaentoBarenbio jyisi pyukinuonana G(u,y) =  min  J(z(+),y) cupaBejimBo npejacraBje-
$(')EHT(U7Z/)
Hue: l l
G(u,y) = Iga?iﬁ[a(XT(th wy), y Ply)z) + Y filzi9)]. (4)
zi€2i1=1,

i=1 =1

YunrbBast popmyiry (4), MAKCUMUHHYIO 33124y (3) MOXKHO 3aIICATH B CJIEIYIONIEM BHUJIE:

l l

réla;(ﬁ[a(XT(tl,u,y), ZP;(:U)ZZ» + Z fZ(ZZv y)] — max, u() € UT(y>7 yey. (5)
zi€2ir=1, i=1 i=1

Taxkum obpas3oM, MaKCUMHUHHAsL 33/1a9a (3) cBejleHa K 3a/1ade IIOBTOPHOI MAKCHMU3AIMN BH/IA

(5)-

MuoxkectBo X7 (t1, u, y)uMeeT cieyrolee IpeIcTaBIeHue:

t1

Xr(ti,u,y) = Fy(t1,to)D +/ Fy(ti, 7)b(r,u(7),y)dr (6)

to
B cuiy dopmyiy (6), umeem:

t1

o(Xr(t, u,y),9) —J(Fy(thto)Dﬂﬂ)Jr/t (Fy(t1, T)b(T, u(T),y), Y)dr (7)

Pacemorpum bynkumm: (L, y,2) = Fy(t1,t) 22:1 Pl(y)z, 6(z,y) = 22:1 fi(zi,y) 2z =
(21, 22, ..., 2z1). Corulacao dopmyie (7) umeem:

t1

U(XT(tlvua y)vw(t(% y,Z)) = U(Fy(thtU)D?w(thyv Z)) + / (Fy(tlﬂ T)b(T,U(T), y)7 w(t()?y? Z))dT

to
MMooxkum: Z = Z1 X Zy X - -+ X Z;. BeegeM pyHKIIMOHAT:
t1

Y(y, z) =X(D,¥(to,y, 2)) + t Uren%)(b(t,v,y),@b(t,y,Z))dt +d(z,y)yeY, ze Z (8)

Teopema. Jls ontumassroctn yrpasaenus u’(-) n mapamerpa y° B 3amade (3) Heo6X0IMO
I IOCTATOYHO CYIIECTBOBAHUE Takoil TOUKH 20 € Z U BBIIOIHEHHE CJEIYIONAX YCIOBHIL:

0 _0\ __ 0 _
Yy, 2") = gleagv(y ,2) = gleayxrgeazxv(y, z), 9)
max (b(t,v,°), ¥(t,y°,2%) = (b(t,u(t), "), (t, 3", 2°)) (10)

veV (y0)
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m.B. HA T

3akurodenne. B pabore m3ydeHa 3ajada yIpaBJeHUsS aHCAMOJIEM TPAeKTOPHIl CHCTEMBI,
chopMyIMpOBaHHON B BUE HErVIAJKON 3a/Jadd yIpaBICHHs MaKCHUMHUHHOrO Tura. IlosydeHHbre
HEOOXOAMMBIE M JOCTATOYHBIC YCJIOBHS ONTHMAJILHOCTH JAIOT TEOPETUYECKOE ODOCHOBAHUE METO-
Jla [IOCTPOEHUsI peleHnst 3a1a9u (3) ¢ OMOIIBIO PellleHusi KOHeYHOMEPHBIX 3a1a4 Buja (9) u (10).
Koneunomepuyto 3amaqy MunuMusanuu GyHKun (9) MOXKHO PEluTh METOJAMI MaTeMaTHIECKOTO
HIPOrpaMMUPOBAHUSI.
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006 naenTuduKaIm HEYIIPYyrux 3aKperjieHHnil KOJIbIIeBO MJIaCTUHbI
Ilapmaes Ix.A.
Camaprandexuti Tocydapcmeennndi Yrnusepcumem, Ysbexucman
e-mail: pardayev.jasurhon@mail.ru

KosblieBble MIaCTUHBI SBASIOTCS JeTaJIsIMU MHOTHMX MEXaHU3MOB U KOHCTpYKIunit. Eciu 1ra-
CTUHBI HeﬂOCTyHHbI I HeHOCpe,I[CTBeHHOFO OCMOTpa njim zKe ILOCTyH K HUM ABJISAETCA rZLOpOI‘OCTO-
SAM, TPeOyIomuM pasbopKu Bceil KOHCTPYKIIMH, TO €IWHCTBEHHBIM HMCTOYHHUKOM YCTaHOBJICHHS
nx HaJezKHOI'O SaerH.HeHI/ISI ABJIAETCA 3Byan1/Ie KO.He6aHI/II>'I IIJIaACTUHBI. BOSHI/IKaeT 3alavda onpe—
JleJIeHUsT 3aKPelyieHus IJIACTUHBI 0 €€ 3BYYaHWIO WM YK€ C IMOMOIIBIO CIIENUAJbHBIX ITPUOOPOB,
OHpe,ZLe.HHIOH_H/IX IIepBbIe CO6CTB€HHbIe HYaCTOTHI.

3amada 00 0CECHMMMETPUYIECKUX KOJIEOAHUSIX TOHKOW KOJBIEBOW ILIACTUHBI CBOISUTCS [1] K
CJIEJIYIOIIEN CIIEKTPaJIbHON 3ajiage:

dy 2dy 1 dPy 1 dy

SR — YNy =0 1
drt  r drd 3 dr? + r3 dr y ’ (1)

4
Uly) =Y aiLiy=0, =12, (2)
j=1
4
Ui(y) = Z bij Latjy =0, i=3,4. (3)
=1

Bnech y(r) — dynkims nporuda maacTubl; L — nuHeiinble (DOPMBI, XapaKTepU3YIOIINe 3aKPell-
JIeHUe IJIACTUHBI Ha BHYTPEHHEM U BHEIIHEM Kpailax:

Liy=y(a), Lyy= [dy(r)]ra,

dr _
d*y(r) v dy(r) d (d*y(r) 1dy(r)
Loy = v Liv— | % 1
3y [er +7" dr L:a’ 4y [dr( dr? +r dr )]r_a’
dy(r)
Lyy=y(b), Ley= [] ;
dr |,

) *ydy(r)k_b_’ oy = [4 (T L))

2
dr r dr dr r

Loy —
Ty [ dr? r o dr
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D
menne [lyaccona; h — Tosmunaa; p — IJIOTHOCTB.

O6Go3HaIMM MaTpHILy, COCTaBIeHHYIO U3 KoabdurmenTos a;; dopm Ui (y) u Us(y), depes A,
a MaTPHILy, COCTaBJIeHHyI0 u3 Kodhbunuenros b;; dopm Us(y) u Us(y), depes B:

Munopsr BToporo nopsijika marpur; A u B Gygem i1 KparkocTn obo3HadaTh depes A;; u Bjj:

1
hw?\14 .
A= (p w ) ; W — YaCTOTHBIN MapaMeTp; D — MUInHApUIEcKas *KeCTKOCTh MJIACTHHBI; I/ — OTHO-

ail a2 aiz ai4
a1 a2z a3 G224

B bi1r b2 biz bua
bar bao baz boy

bii by,
bo;  boj

ay; a1,

,7=1,2,3, 4.
a9; a2j ’ (2% )y Sy

Aij =

Bij:’

O6um pemtennem 3a1aan (1) sBisiercs (eu. [2]|) dynknus
y(r) =y(r,A) = Cry1 + Cay2 + C3y3 + Caya, (4)
rie depes y; (i =1, 2, 3, 4) obo3HaueHbI IUIMHAPHYECKHe (DYHKIWN:
y1=Jo(Ar),  wa=1I(Ar),  ys=Yo(Ar),  yu=Ko(Ar).

s onpenenenusi koucranr Cq, Cy, C3, C4 ucnonb3yor kpaesbie ycaosus U;(y) = 0, i =
1,2, 3, 4.
CoOCTBEHHBIMY 3HAYCHUSIMY 33JIa91 SIBJISIOTCS KOPHU XapPaKTEPUCTHIECKUX OIPEIeTUTE elH:

Livn Liyo Liys Liya
Liyi Ljya Ljyz Ljys
AN = | Zi J J J : 5
() Liyyi Lrys Lrys Lirys (5)
Liyn Liys Liys Liys

rnet=1,4,7=2,3,k=5,87=6,T.

[Toscranoska pemniennii (4) B xapakrepucTudeckue onpejeuresu (5) npu v = %, a=1,b=2
u pemenne ypaHeHuil A(\) = 0 OPUBOAUT K CJIEIYIONIEMY De3yJIbTaTy, KOTODBIN IPeJICTaBJIeH B
BHUJIE CJICIYIOMIEH TaOIUIbL:

No | Buy sakpenuienusi (BHyTpeHnHuit Kpait — BHer- | [lepsas Bropas
Huil Kpait) cobCTBeH- coOCTBeH-
Hasl dYacTo- | Hasl YacTo-
Ta )\1 Ta /\2

1 | 3amenka — 3aJ€JIKa, 4,72 7,85

2 | 3asenKa — cBOOOIHOE OIUpPAHUE 3,87 7,04

3 | 3amesnka — cBOOOTHBIN Kpaif 1,81 4,61

4 | 3ajenKa — IJIaBaloIias 3aJIeIKa 2,25 5,44

5 | CBobomHoe onupaHue — 3aJ1eJIKa, 4,00 7,11

6 | CsobomHoe onupanue — cBOOOLHOE OIIMPAHKE 3,16 6,30

7 | CBobomHoe onmpanue — CBOOOIHBIA Kpaii 1,01 7,06

8 | Ceoboanoe onupanue — ILIaBaIONAs 3a1e/IKa 1,57 4,71

9 | CBobomublit Kpait — 3a/esKa 2,10 4,84

10 | CBoboaublit Kpaii — CBOOOIHOE OIMPAHIE 1,12 4,05

11 | CBobomublit Kpait — cBOOOTHBII Kpait 1,52 4,80

12 | CBobomublil Kpail — ItaBaiomas 3aJ1eIKa 2,54 5,57

13 | IliaBarotmiast 3ae/IKa — 3a€JIKa 2,53 9,98

14 | Tlnaparoras 3aeaKa — CBODOIHOE OIIUPAHNE 1,70 4,77

15 | Ilnaparommast 3ameaKa — CBOOOIHBIN Kpaii 2,41 5,52

16 | ILaBaromiast 3ae/IKa — IIABAIOIIAS 3a€JIKA 3,20 6,31
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3agadya ¢ AByMs CBOOOJHBIMU rpaHuiamMmu aJjisi uddys3Hoii Moiesin
JIOTKHU-BOJIBTEPPA
'Pacynos M.C., “Hopos A.K.
U Mnemumym mamemamusu umernu B.H. Pomarosckozo AH PY3, Tawxenwm, Ysbexucman.,
e-mail: rasulovms@bk.ru
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B pabore paccmarpuBaeM AUHAMUKY KOHKYPEHTHOM cucTeMmbl Tuna Jlorku—Boabreppa ¢ aBy-
Msi CBOOOJIHBIMU I'DaHUIAME, BBeJIeHHBIMU B [1,2], Tj1e jiBe cBOOO/IHBIE IPAHUIIBI UCIIOJIb3YIOTCS JIJIsT
omucaHust (DPOHTOB PACIPOCTPaHEHUS JBYX KOHKYPHUPYIOIMINX BHUIOB, COOTBETCTBEHHO. B3anmomeii-
CTBUE MEXKJy JIBYyMsl KOHKYPUPYIOIMIMMU BUJIAMU (DOPMYJIMPYETCS KakK CJEAYIOas 3aa4da CO CBO-
OOIHOM IpPaHUIIEIH:

w — ditgy — miuty = u(a; — biu — cv),  (t,z) € D, (1)
V0 — dovge — Mavvy = v (as — bou — cpv),  (t,7) € Q, (2)
u(0,2) =ug (z), 0<a< s, (3)

v (0,2) =vg (z), 0<a< h, (4)

up (4,0) =0, v, (t,0)=0, 0<t<T, (5)

u(t,s(t) =0, v(t,h(t)=0 0<t<T, (6)

s'(t) = —pmug (t,s(t), 0<t<T, (7)

B (t) = —povy (L, h (1)), 0<t<T, (8)

s(0) =so, h(0)=ho, so<ho; u(t,z)=0, s(t)<ax<h(t), (9)

rie D ={(t,z):0<t<T,0<zx<s(t)},Q={txz):0<t<T,0<x<h(t)}; u(t,z), v(t,x) -
IJIOTHOCTH TIOIYJIAIMA B MOMEHT BpeMeHu t B Touke x; s (t), h (t)— cBOGOIHBIE IPAHUIILI, KOTOPbIE
HPEJICTABIISIIOT (PPOHTHI PACIIPOCTPAHEHHUsI, OIIPeIeIsIoTCst BMecTe ¢ dbyHkuusMu u (¢, x), v (¢, x); d;
— ko3 durment auddysnn, a; — KOIOOUINEHTHI YIeJIbHON CKOPOCTH POCTa Momyadanuii, 1 = 1, 2;
c1 1 by — K03pDuUIUEHTH MEKBUIOBON KOHKYPEHIIUH, C2 U by — KO3(MDDUINEHTH BHYTPUBUIOBOM
KOHKYPeHIH, ug (), v () — HaYaIbHbIE IIOTHOCTH IOMYJISIIIAA COOTBETCTBEHHO HAXOIATCS B 00-
nacrsx [0, sp] u [0, hg]. A mapamerpsl j1; COOTBETCTBEHHO NIPEJICTABIISIIOT CKOPOCTH PACIPOCTPAHEHUST
B HOBBIe obsactu jyist u(t, x) u v(t, x).
OTHOCUTENILHO JAHHBIX 3891 TIPEIIOIAraloTCsl BBITIOJHEHHBIMU CJI/LyIONIIe YCJIOBUSI:

(i) di, m4, a;, by, ¢, p1i— NOJOXKUTEIbHBIE TOCTOSTHHBIE, § = 1,2;

(ii) uo (x),vo (z) € C2[0, s0], 0 < ug (z) < o B (0,80) 0 <wo(z) <2 5(0,ho),

Cc2

U (0) = 9 (0) =0, ug (80) = o0 (h()) =0, u6 (50) <0, 1)6 (ho) <0,

(i) & <8<
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Bagaua (1)-(9) uccaenosana B pabore [1,2] npu m; =0, i =1,2.
Teopema 1. Ecau pynruyuu u (t, ), v(t,x), s(t), h(t) asamomea pewenuem sadawu (1)-(9),

mo cnpaee&/bueu OUEHKU
al —_—

0<u(t,x) <M = 7 (t,z) € D, (10)
1

0<wv(t,z) < My= %, (t,7) € Q, (11)
C2

0<s(t)<M3=pmu Ny, 0<t<T, (12)

0<h'(t)< My=paNa, 0<t<T, (13)

Vo
ho—x

uo
So—T

3

2de N1 > max {ﬂ,max
mi T

, No > max<{ 22 max
mo x
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KpaeBas 3agava ajia nuddpepeHnnaIbHOTr0 YpaBHEHUS
ceBaonapaboJIo-1IceBAOTUIIepOOIMIeCKOro TuIiia
Paxmonos @./1.
Hayuonarvnwd ynusepcumem Ysbexucmana (HYY), Yabexcro-Uspaurvckuil coemecmioil
daxyromem, Tawxenm, Yabexucmar
e-mail: farxod frd@bk.ru

PaccMoTpeHbI BOIIPOCHI pa3permMOCTH HEJIOKAJIBHON KpaeBoii 3a1a1u JIJIsl OJTHOTO CMEIIaHHO-
r'o ICeBI0IapabOosIo- MCeBAOrnIepOboInIeckoro muddepeHnuaIbHOr0 YPaBHEHUs CO CIIEKTPAIbLHBIM
mapamerpoM. C moMoripbio MeToja psiga Oypbe MojrydeHa HeJMHEHHas CUCTeMa U3 JBYX CYETHBIX
cucreM OOBIKHOBEHHBIX MHTEIDAJbHBIX ypaBHeHuil DpesrosbmMa BTOPOro poja JJis OIPE]Ie/IeHUs
ko3 durmenToB (PYHKIMI Tepeonpesesienns. [Ipu gokasaTeabCTBe OJHO3HATHON pPa3pernIuMOCTH
9TOH CHCTEMBI IIPUMEHEH METO/[ C2KMMAIONUX 0TODparkenuii. Bbrauciiennr perysisipuble 1 UpperyJisip-
HbIE 3HAUYEHUS] CIEKTPAJbHOIO napamerpa. s peryisipHbIX 3HAUEHUI CIIEKTPAJIBHOTO [TapaMerpa
YCTAHOBJIEH KPUTEPHUil OJHO3HAYHON Pa3pennMOCTH IOCTaBJIeHHOM 0O0paTHON KpaeBoit 3amadu. 1o-
Ka3aHbl CXOJUMOCTD MOJIYIeHHBIX psijioB Pypbe U BOSMOKHOCTH MOUYJIEHHOTO JuddOEPEeHITUTPOBAHUS
ocHOBHBIX psisioB Dypwe. it upperyspHbIX 3HAYEHUNH CIEKTPAJBHBIX TapaMETPOB yCTAHOBJICH
KPUTEpUil CyIIeCTBOBaHUS OECKOHETHOIO MHOXKECTBA, PEIICHMII TOCTABJICHHONW 0OpaTHO KpaeBoit
zajgaqau. PesynbraTbl paboThl chOPMYJITMPOBAHBI B BUJIE TEOPEM.
IlocTranoBka 3amaun

B obmactu Q = {(t,z)| —T <t <T, 0 <z <} paccmarpuBaercsi cMeniantoe nuddepes-
[uajbHOE yDaBHEHUE BUJIA

2k+1 4k
&+ (D P + E | Uk o) = e (bi (), >0,

2 2k+2 4k
% + (_1)ka?23x2k ‘|‘W238$4k} Ult,z) =a2(t)ba(z), t<0,

(1)

rjae T u | naHHbIe TI0JIOXKUTEIbHbIE JIEfiCTBUTEIbHBIE YUCIA, k - 3aJIaHHOE MOJI0KUTEIbHOEe (DUKCH-
POBaHHOE IeJI0e YHUCII0, W - HOJOKUTENbHbI napaverp, a1 (t) € C [0;T], ay(t) € C [-T;0],
bi(x) el (,),i=1,2,Q,=[0;1].

OrmernM, uto ypasuemnue (1) ornocurensno Hemssectnoit dyuxmun U (t,z) saBisgercs cMe-
MAHHBIM U EPEeHITNATBHBIM YPaBHEHUEM.
IIpob6aema. Haiitu B obsactu €2 Henspecrnyio dyuknuio U (t, x) u3 Kiracca:

Ut,z)eCc(@Qnct(nch*@)nc®*@o)n
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nCFQ ) ncith ),

VZIOBJIETBOPSIIONILY IO CMEITAHHBIM ypaBHeHusIM (1), CIIeyIONIM TPAHNTHBIM YCIOBUSIM

0
/ Ut,z)dt=¢(x), 0<z <1, (2)
-T
82 82
84’672 64]672
riae ¢ (z) - samannas ragkas dynkmus, Q- = {(t, )| — T <t <0, 0 <z <1}, Qy =

{t,z)| 0<t<T, O<a<l}, Q={(t,r)| —T<t<T, 0<z<I}.
s dyukiun ¢ (x) BBIIIOJIHAIOTCS YCJIOBUSI IIEPUOJUIHOCTH:

02 82 84k_2 a4k—2
©(0) = o(l) = @@(0) = w@(l) =..= WSO(O) = W@(l) =0.

Herpusnasbubie pemenus auddepennuaibaoro ypasuenus (1) B obsactu {2 pasblCKUBaIOTCsI

B Buje paga Pypbe
n=1

rmue

Tak:Kke mpesamoaraeTcst 9TO,
o0
=Y bindn(2), (6)
n=1

e by, = fol bi ()9 p(x)dx, i=1,2.

OpaHo3HaYHasI pa3peninMOCTh KPAaeBo# 3aJa4u JJisi KBa3UJIMHETHBIX CUCTEM
nHTEerpo-anddepeHImajibHbIX yPaBHEHU B CJiydae KOHEYHOI 3peAuTapHOCTH C
onepaTtopom uddepeHTNPOBaHUS IO BEKTOPHOMY IOJIIO
lCaprab6anos 2K.A., ?Aiirenosa I'.M.

U Axmiobuncruti peeuonanvnoi ynusepcumem umenu K. 2Kybanosa, Axmobe, Kazaxcman,
e-mail: sartabanov42@mail.ru
2 Banadno-Kazaxcmancrutd yrusepcumem umeny M. Ymemucosa, Ypanvck, Kasaxcman,
e-mail: gulsezim-88@mail.ru

VckoMyto  BeKTOP-pYHKIUIO PaccMaTpUBAEMOit 3aﬂaq1/1 oboznaunm uepe3 u(r,t) =
(ur(7,t), ...yun(7,t)) aprymenroB 7 € (o, 8) = I, t = (tl, viytm) €E RX..xR=R" R = (—00,400),

a, € R. Oneparop D, suna D.u(T,t) = 8u Tt 4 Z ]8%2- ) ¢ HOCTOSHHBIME koaddpunmeHTaMu

¢j, j = 1, m npencrasiser coboil ;LH(bd)epeHquOBaHHe dbyukmn u(7,t) MO0 HAIPABIEHUIO BEKTOD-

HOT'O T0JIst ;‘lﬁ =c, ¢ = (c1,...,Cm). Oyukuus h(s,7,t) = t — ¢T + ¢S €CTh XapaKTEePUCTHUECKUI

unaTerpast oneparopa D.. Ecan BekTop-dynkmumst u(7,t) onmuceBaeT JUHEHHBINH 9peAuTapHbIil Mpo-

1[eCC ¢ KOHEIHBIM MEPHOJIOM & = const > 0, TO oHa B MaTeMATUIECKYIO MOJIE/Ib IIPOIECCa BXOIUT B
T

Buge unrerpasbnoro unena [ K(7,t, s, h(s,7,t))u(s, h(s,7,t))ds ¢ sagpom K(7,t,s,0).

T—E€
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PaccmaTpruBaeM KBasWIMHEHHYIO CHCTEMY

Deu(r, 1) = A(r, Du(r,t) + / K (.15, h(s, 7, 0))uls, h(s, 7 1)) ds+

+f [ 7touint), / K(r.t,5, h(s, 7 ))u(s, h(s, 7, ))ds (1)

C 'PaHUYIHBIM yCJIOBHEM

B(h(a, 7, t))u(a, h(a, 1,t)) + C(h(B, T, t))u(B, h(B,T,t)) = 0, (2)

rie A= A(r,t), B= B(t),C =C(t)u K = K(7,t, 8,0) - HenpepbIBHbIE 110 T € I, W-TIepHO/IIIecKne
HEIIPEPBHIBHO ﬂI/chd)epeHm/IpyeMbIe not € R™ uo € R™ n X n-marpunsl, f(7,t,u,v)-3a1aHHas1 1pu
T, t,u,v € I x R™ x RA X RA, HENPEPBIBHAA 10 T NIAJKAst MO (t,u,v) n-sexrop-pynkms, I -
sampikanme I, R} = {u € R" : [u| < A}, A = const > 0, Rx - sambikanue RY.

YcTaHOBIIEHBI JJOCTATOYHBIE YCIOBHsI OJJHO3HATHON pa3penmMocT KpaeBoit 3a1aqan (1)-(2) B
npocrpancTBe SR HenpepbiBHO nuddepennupyemex 1mo (7,t) € I x R™ w-nepuopndecknx 1o t
OrPAHMYEHHBIX 110 HOPME IHCIOM A DyHKIIHIA.

UccieioBanme TeCHO CBSA3aHO ¢ myGJamuKanusMu apropos [1]-[3].
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3. Sartabanov Zh. A., Aitenova G.M. Multiperiodic solutions of linear systems integro-differential
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Perynsapuszamus penieHus 3aa49m KONIA AJIsI 0OOOIIEHHOMN CHCTEMbI
KOIIIN-PUMaHa B MHOTOMEPHOI IIPOCTPAHCTBEHHOI 00JiacTu
!Carropos 3.H., *Spmamarosa ®@. .

L Camaprandexuti 2ocydapemeennoni ynusepcumem, Camaprand, Yabexucmarn,
e-mail: Sattorov-e@rambler.ru
2 Camaprandcruti ocydapemeenmoi yrusepcumem, Camaprkand, Yabexucman,
e-mail: fotimaermamatova817@gmail.com

B macrosimmeit paboTe paccMaTpuBaeTCs 3a/1a49a BOCCTAHOBJICHUS PEIIeHIsI CUCTEMa, YPABHEHU

[11.[2]
Z (gi +H> =0,

i=1
OF; OF; L
————HkF +HjF, =0,k j=1,..,n), (1)
Oz, Oz
KOTOpasl SIBJIAETCA M- MEPHBIM aHaJIoroM 06061eHHol cucrembl Komu-Pumana, 1o ee m3BeCTHBIM
3HAUEHUSIM Ha YACTH IPAHUIIBI 9TOM obacTh, T.e. 3amada Kormn.

[Iycts R™— BerecTBeHHOE N— MEPHOE €BKJIMIOBO IMPOCTPAHCTBO,

r=(21,...,7), y= Y1, yn) €ER", o' = (21,...,20-1), y’:(yl,...,yn_l)eR”_l,
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/ / 2 2 2 2 2

s=a" =y -2 =@ -2)"+ W1 =21, =5+ Un—an)" =y -zl
)— orpaHmYyeHHasl OJHOCBsI3HAs 00jacThb B R™ ¢ KycodHO-raakoil rpanuneii 0§), cocrosmeil us
KOMITAKTHOI cBsi3HOU dacTtu 1 mjockoctu Y, = 0 u miragkoii nopepxuoctu S JIsmyHoBa, Jrexkarieit
B IIOJIyIPOCTPAHCTBE Y, > 0,2 = QJON, 00 =T U S,

F(z) = (Fi(z), Fa(z), . .., Fu(z))— BekTOp-DyHKIWS, KOTOPbIe UMEIOT B 9TOii 06/1aCTH HElpe-
PBIBHBIC TPOU3BOJIHBIE TIEPBOTO TTOPAIKA.

ITocranoBka 3amaum (3 a g4 a 9 a K o 1 u). ssecrabr nanubie Komm perennst cucrembr
(1) ma mosepxmoctn S :

F(y) = f(y),y €S, (2)

rae f(y) = (fi(y), -, fu(y))— 3anannas na S menpepsiBHas Bekrop-dyukuus. Tpebyercst Boccra-
HOBUTHL dyHKIWO F () B (), ncxos u3 3a1aHHoi f,

[pemosoxum, uro sekrop-bynxuun F(y) € A(Q) N C(Q) na nosepxuoctu 9§ yaosierso-
PSIIOT HEPABEHCTBY

[Fly)l < K,yeT, (3)

rae K - 3a0aHHOC MMOJIOZKATEJILHOE YHCIIO.
TTonoxxum

Fys(z) = / My (y,2; H) fs(y)dS, € 9, (4)
S

rae o = a%ln%, 0 < K.
[Mosygenno ciemyrommii pesyasrar (3.

Teopema. Ilycmv eexmop-gynxyus F(y) € A(Q) N C(Q) yeaosun (3). Tozda dasn aobozo
x € ) cnpagedauso HEPABEHCMEO

Fx) — Fos()] < (o H)K' 5% )
20e
1 ; = § ™ L (2 a Yixea
0 (U,H)—W 2bf(\/£|H|+\F)+2+ (14 3b)\/7o| . (6)

Caenctsue 2.1. Jlaa awbozo x € () cnpasedauso pagencmeo

lim F7(x) = F(x), (7)

o—00

npuvem npedes doCmu2aeMCs PABHOMEPHO Ha Komnaxmaxr us §2.
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3amada onpeesieHud gapa AByMepPHOTro MHTerpo-anddepeHIimaabHOro
YPaBHEHUS TUIepO0OJIMIECKOro TUIMA
ICadapos 2K.II1., *Xaitnapos B.X.
L TToxmoparm, Hrucmumym mamemamuru umenu B. 1. Pomanosckozo AH PYs, Tawskenm,
Vsabexucman,
e-mail: j.safarov65@Qmail.ru
2 Mazucmpanm, Byvapckuti 2ocydapecmeenmnid yrueepcumem, Tawxenwm, Yabexucman,
e-mail: behzodhaydarovl15Qgmail.com

N3BecTHO,9TO, yUeT MaMsATH CpeJibl IIPU PACIPOCTPAHEHUN B HEH yIPYTHUX, aKyCTUIECKUX U
9JIEKTPOMATHUTHBIX BOJIH, JaeT 00Jiee TOUHOE OIMCAHUE IIPOIECCOB, MPOUCKOISIIIIX B 9TUX CPEIAX.
[TosToMy HaxoXJieHNE HEM3BECTHBIX XapPaKTEPUCTUK JIJIsT CPEJI C HMaMSThIO, SIBJSIETCA aKTyaJIbHOM
zagadeit. [lpu perennn mpakTHIecKux 3a7a9 HAmOOJee MHTEPECHBIM SIBJISIETCS CIydaii, KOraa Xa-
PaKTEPUCTUKH CPEIbl 3aBUCAT OT ABYX 1 6ojiee mepeMeHHbIX. Hampumep, 711 reopU3HKU OSHIM W3
OCHOBHBIX BOIIPOCOB SIBJISIETCST KOJMYECTBEHHAS OIEHKA MOPU30HTAJIBLHBIX HEOIHOPOIHOCTEH B CKO-
POCTSIX CEMCMUIECKUX BOJIH.

PaccmarpuBaerca unrerpo-auddepeHiimaabioe ypaBHeHTe

t

ug — Au — /k(T)u(x,y,t —7)dr = f(2,y)u (1)
0

B obacre D = {(z,y,t) :x € R, 0 <y <l t >0}, c HaUaIbHBIMUI
ultco=0, x€R, 0<y<], (2)
U IPAHUIHBIMA YCJIOBUSMUA
Uyly=0 = &'(1)d' (2), Uyly=1 =0, t>0, (3)

riae o(z) u f(z,t)— sanansbie dysxmun. [Ipu 3ananneix Gyuknusax f(z,y) u k(t) Haxoxkenue
dyukpm u(x,t) n3 (1)-(3) HaszoBeM mpsiMoit 3a1at€it.

O6parHast 3a/1a9a 3aK/II0YACTCs, B OLIPeJIeIeHIN HensBecTHOro koadduimenta f(x,y) u si-
po k(t), t > 0, MHTErpaIbHOTO WICHA BXOAAINX B ypaBHeHHU (1), €CM OTHOCHTEJBHO DENICHUsT
upsiMoit 3asiaun (1) —(3) umeercst jonoaHUTEIbHAS NHGOPMAIIUS

u(z,0,t) = g(z,t), x € Rt >0, (4)

rae g(x,t)— 3amanHas QyHKIUS.

O/IHUM U3 [IOJIXO/IOB K PEIIEHUI0 MHOIOMEPHBIX OOPATHBIX 3a/1a4 TaKKe SIBJISIeTCST METO/I CBe-
JIeHVe 331291 K CEPUU OJIHOMEPHBIX 3aJa4. Briepsbie B pabore [1| ucciemoBanach 3a1aua HaxXox 1e-
HUsl JIByMEPHOTO KO3 DUIMEHTa BOJIHOBOIO yPABHEHUsI B IIPEIIOJIOKEHUN, YTO UCKOMBbIe KO3(bbhu-
[IMEHTHI OT OJIHON M3 IIEPEMEHHBIX 3aBUCAT ¢1ab0. B wacrHocTh, B pabore 2] paccmorpena ojiHa MO-
JleJIbHAs 3a/1a9a OIPEeIeHUs IByMEPHOIO sApa HHTErpo-auddepeHaJIbHOr0 ypaBHEHUS B CPeIe
€O ¢1a60 TOPU30HTAJIBHON HEOJHOPOJHOCTHIO, B KOTOPOH PAa3BUTHI METO/IbI PEIIEHNsT OOPATHBIX 3a-
Jtad u3 pabor [3]-[5]. B paborax [6],|7] u3yuena obparnast 3a/1a9a 110 OIPEJIEJICHUIO JIBYX HEN3BECTHBIX
dyHKUMI 1 ypaBHEHUsI, OIKMCBIBAIOIIETO TIPOIECC PACIPOCTPAHEHUsST BOJIH B IIOJIYyIIPOCTPAHCTBE,
3aII0JIHEHHOM CpejIoii. BBLIo moKazano, 4To 06e nCKoMble (OyHKIMN OHON MEepEeMEHHO OIHO3HATMHO
onpeJIesIsioTes 3aaaneM obpaza Pypbe 10 NepeMeHHOl T peleHusl NpsAMOil 3a/a4u Ha IDaHUIE
HOJTyIPOCTPAHCTBA.

[Ipennosaraem, aro f(x,y) caabo 3aBUCUT OT FOPU30HTAJILHOI IIEPEMEHHON X

fla,y) = foly) +exfily) + O(?), ()

rje e— MaJiblii napamerp. B nasbreiimem 6yaem mosarars B pasencrse (5) fo(y) = fo > 0
ecTb U3BeCTHasl BesinunHa. Permenne npsimoii 3aaun (1)—(3) GyeM uckaTh B Bujie psijia [0 CTENeHsIM
€:

u(z,y,t) = Zajuj-(a:,y,t) (6)
=0
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Torna, yanreBas (4) u (6), meem
e .
g(z,t) = Zejgj(x,t).
=0

Herpyro poBepuTh, 9T0 U;j (CII€I0BATEIBHO U ¢j) — HEUETHBIE 10 & IIPU YETHBIX j I Y€THBIE
— npu HedeTHbIX j. Tem cambiM, 10 u3BecTHON byHKIMEU g(z,t) MokHO Haiith go(x,t) u g1(x,t) c
TounocTeio 10 O(e?) :

g(](x,t) = g(x7t) _Qg(_x’t)’ gl(xvt) =

g(xat) + g(—a:,t)
5 .

Honcrasnas (5), (6) B (1) — (4) u npupasruBas Kosbdumments mpn &/, j = 0, 1, momyJaem
JiBe obpaTHBIE OJIHOMEDHBIE 33J[a4n [ocjegoBaTesibHoro onpesenenns k(t) u fi(y). s pemenuns
0OpaTHBIX 3314 JOCTATOYHO 3a1aTh 0bpa3 Pypwe or dyukuuit go(x,t) u g1 (z,t) no nepemeHHo
11t (PUKCUPOBAHHOI'O HEHYJIEBOIO 3HAYeHUs IapaMeTpa Ipeobpa3oBanusd. B maHHoil paboTe mcciie-
Jtyercsi obpaTHasi 3aja4a 10 oupejeseHuto dyHkun k(t).

PaccmorpuM mipsiMyto 3ajady onpesesenus ug(x, y,t) u3 ciaeayomeii HadalbHO-KPaeBoil 3a-

Jadn:
t

wore — Aug — /k(T)uo(m,y,t —1)dr = foup, (x,y,t)€ D,
0

uolt<o = 0,

u0y|y=0 = 5/(t)5,($), u0y|y:l =0.

[Tpumensist npeobpazoBanust Oypbe, MOTyIaeM

t

ﬁOtt — Aa() — /k(T)ﬂo(x,y,t — 7’) dr = (f() — l/2>ﬂo, 0< Y, l, t> 0, (7)
0

Uole<o = 0, (8)

a0y|y=0 = _iyél(t)) ﬂOy’y:l = 0, (9)

o0
e Uo(v, y, t) = Fyluol(v,y,t) == [ uo(x,y,t)e” " dx.

—0o0
O6parnas 3agada. Hatumu uo(v,y,t) u k(t), svodawue 6 (2.4)-(2.5), ecau uo(v,y,t) daa
HEKOMOPO20 HEHYAEB020 3HAYEHUA NAPAMEMPL V U3EECTIVHO

o (v, 0,t) = iwd(t) + go(v,t)0(t),t € R, (10)

2de go(v,t) = Filgol(v,t)— 3adannan dynruyua, 0(t)— dynryus Xesucatida.

Teopema 1. ITycmo | > 0 durcuposarno u evinosnenv, caedyrouue yeaosua: go(v,0) = 0,

(90);(v,0) = —z'ufoglﬂ, Go(v,t) € C?[0,2l] dra 1HEeKOMOPO2O HENYALE020 FHAMEHUA NAPAMEMPA V.

Toz0a obpammnasn 3adava (7)-(10) 6 obaacmu Gy = (y,t) : 0 <y <t < 2l — y umeem eduncmeenroe
pewenue k(t) € C[0, 21].
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HOCTpOQHI/Ie (l)YHKI_[I/Iﬁ Beccens muorux ImepeMeHHbIX BbIPDO2KIAEHHDbIX
rumnepreomMeTpuieCKnux CUCTeM, IoJy4Y€eHHbIX U3 CUCTEM J-.[aypI/I‘IeJIJIa

ITacmam6eros 2K.H., 2cenoBa A.A.
L Axmsobuncruti pezuonarvruiti ynusepcumem umenu K. XKybanoea, 2. Axmobe,
ya. Bp. 2Kybanoswz, 263, Kasaxrcman,
e-mail: tasmam45@gmail.com
2 Axmrobuncruti peeuonarvroni yrusepcumem umenu K. 2Kybanosa, 2. Axmobe,
ya. bp. 2Kybaroswix, 263, Kasaxcman,
e-mail: akkenje_ia@mail.ru

Oyuxnun Beccenst 1Byx m 6ojee TEpEeMEHHBIX OCTAIOTCA Mason3ydeHHbIMu. OCOOEHHO uX
CBS3b C BBIPOXKJIEHHBIMU THIIEPIeOMETPHYECKIME cucTeMaMu JuddepeHnualbHblX YPABHEHUN B
YaCTHBIX ITPOM3BO/IHBIX BTOPOI'O NOPsJIKa, KOTOPBIE yJIOBJIETBOPAIOT pyHKINN Beccenss MHOruX Ire-
PEMEHHBIX JI0 CUX 0D He yCTaHOBJIEHBI. B naHHOIT paboTe HaAMU yCTAHOBJIEHBI JIBE BBIPOXKIEHHBIE
CUCTEMBI U JIOKa3aHbI PsJi TEOPEM YCTAHABJIMBAIOIINE UX CBSI3b.

Teopema 1. Buipootcdennan cucmema muna Iopra
1 g 0y + (200 — 21) 2y — 2220y — A2 =0,
X9 gony + (28 — x9) Zyy — 2124, — AZ =0, (1)
uMEEem Yemuipe AUHETHO-HEABUCUMDBIE YACTIHDLE PEUEHU
Zi(x1,x9) = Voo, 2v, 255 21, 2), (2)
Zo(x1,22) = 2] “Waola — 200 + 1;2 — 20, 285 1, x2),
Zy(x1,19) = 23" Uga — 26 + 15 20,2 — 285 21, 22),
Zy(x1,29) = xfaxgﬁ\Pg(a —2a— 20+ 2;2a0 — 2,20 — 2; w1, :2),

2de npedeavnvili neperod 6 Pymnruyuu (2) onpedessem GvPOAHCOEHHYIO PYHKUUIO NPUBOOAULAACA K
Ppynruuro Beccean deyr nepemenHbix

- . Ty, o
Jim o (X 20,265 7, 1) = 120, 28:2,y)
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T o Yy2s N (=Dmn(g)Pm - (5™
:(5)2 '(5)2[3 Zom!n!.r(2a+mj1)-r(;ﬂ+n+1)‘

m,n=

Ocrasiuecst pemennst Zy(x1, x2),t = 2,4 Takzke Bbpazkatorcst dyepes3 dbyuknuio ['ymbepra (2).
Teopemy 1 MokHO 00600IMIUTEL Ha CJIydail cUCTEMbI Tulla ['opHa cocTosIelt u3 n ypaBHEHU.

Teopema 2. Buipooicdennan cucmema muna Iopra

2 Wasa, + (205 — 2)Wa, = > Way = AW =0,5 =T,n, (3)
ki

umeem 2" AUHETUHO-HEABUCUMDBLIT HYACTNHOIT PEUEHUT, NEPEOE YACTVHOE PEWEHUE KOMPOE BLPANCA-
emca weped gynkyuro Iymbepma om n nepemeHHviT.

lim \Ilgn)()\, 2001, ey 200, 1,y ooy Tp) = 1(2001, 202, ooy 20005 X1, T2y oy Ty) =
A—00

_ (ﬂ)?al (@)20(” i (_1)m1+..,+mn(%)2m1 : (%L)an (4)
2 T2 e mil..mp\ (201 + my +1)..T (20, +my, + 1)

Brienpuse/iennast cucrema tuia I'opaa mosydaercs u3 cucremsl Jlaypudesia F4 ¢ IOMOIIBIO
npeJieJIbHOrO epexosa [1].
JpyruM BayKHBIM IPIMEPOM SIBJISIETCSI BBIPOXK/ICHHAST THIICPIeOMETPHYIECKas CHCTEMA

(1= 2)Wee, + Y 2Weps + [y — (i + Bi + D2 We, — aiBiW = 0,i = 1E, (5)
j=1,5#i
S aWen +ly—2lWe, — i — kW =0,i=k+ Lk +1, (6)
j=1
> GWepe AW, =W =0,i=k+1+1,n, (7)
j=1

roJtygeHHast u3 o0o0IeHHoi cucremsl Jlaypudenna Fg, ¢ TOMOIIBIO TPEIEILHOTNO IEPEXOIA.
Kaxkpiii u3 Tpex ypaBHeHuil obmieit cucrembl (5) sBJSIIOTCS B CBOIO OY€Pelb TaKyKe CHCTEMAMU.
Hanpuwmep, cucrema (6) cocrout u3 | ypaBHEHUIT U IOJIydeHa yTeM KOHMJIIIOIHTHOTO IPEIETHLHOTO
epexojia 1o [3; B 4-OM ypaBHEHUHU cucTtembl Jlaypudeura

zi(l — Zz)Wzlzl + Z ZjWiji + [’7 — (Oéi + B; + 1)Zi]Wzi —o; W =0,i=1,n.
J=1,j#i

KondumosnarHeiii mepexos B ypaBaenun (6) 1Mo mapamerpy «;_j IPUBOAUT K ypaBHeHHIO (7).

Jlyist pacKpBITUS OTIEJbHBIX CBOMCTB 3TH ypaBHEHHS MOXKHO PaCCMATPUBATL OTHEJLHO HJIN
BMECTe C KayKJbIMU JIByMsl JPYIUMH ypaBHEHUsAMU. Tak, OTIEJIbHO U3YYUB HOCTPOEHUs PEIIeHUsI
(7), monyunm pernenust B Buge dyukuunii Beccenst (4). CoBmecrnoe usydenue (6) u (7) npusoaut
HAC K HOPMAJIbHO-DErYJIIPHOMY DEIIeHnIo. A obIee 9acTHOE peIlieHre CUCTEMBI (5) MpeICcTaBIsieTcst
B Buje ¢pyuknuu B.U. XynoxkHIKOBA @’gfn(o <kl<nn—1<k+n<n),n- 9ucio nepeMeHHbIX

[2].
JIuTeparypa
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Pentenune BBIPOXKJIEHHBIX CUCTEM B BHUJ€E ruliepreoMeTpuyvecKnX (pyHKIUii
MHOTUX IepeMeHHbIX
!Tacmamberos 2K.H., 2Y6aena 2K.K.
U Axmiobuncruti peeuonanvnoii ynusepcumem umenu K. 2Kybanosa, Axmote, Kazaxcman,
e-mail: tasmam@rambler.ru
2 Axmaobuncruts pezuonasvrviti yrusepcumem umenu K. XKybanosa, Axmobe, Kasaxcman,
e-mail: zhanar ubaeva@mail.ru

IlocTtanoBka 3ajaun. lcciieoBaTh BO3MOXKHOCTU ITOCTPOCHUST PEIIeHIe BBIPOXK IEHHOM Cr-
CTEMBI

8W

ow R e e
ZZ’E)Z@Z 57 W=0i=I1+1,n (12)

B BHJI€ BBIPOXKJIEHHBIX TI'MIEPreOMETPUIECKUX (PYHKINA MHOIMX IIE€PEMEHHBIX, B YaCTHOCTH
HOPMAJILHO-PETY/ISIPHBIX PEIIEHHH Oy IeHHBIX U3 cucTeMbl (1) ¢ moMormpio npeobpasoBanust

W(Zl, ZQ, ey Zn) = 61‘]3(0[1’07._.7021 + ...+ 0407__7071ZnU(Zl, ceey Zn) (2)

rJIe a,...0s -, 0,...,0,1— HEU3BECTHBIE IIOCTOSIHHBIC.

sl mocTpoeHusT HOPMAJbHBIX W HOPMAJILHO-PErYJIAPHBIX PEIIeHuil TPUMEHSIETCS METO.
®pobennyca-Jlarpimesoii [1]. Kaxkmoe ypasnenune cucrembl (1) B CBOIO ouepesib TaKKe sIBIISIIOT-
¢ cucTeMaMu cocrodimux u3 | u n — | ypaBHeHuii. B pabore paccMOTpeHBI TOCTPOEHUsT PENIeHUi
psijia YaCTHBIX CJIy4YaeB BBIPOXKJIEHHBIX cucreM (1) M JOKa3aHbl psifia TEOPEM OTHOCHUTEJILHO CYIIe-
CTBOBaHUS PEIIEHUN M CBI3U MEXKJY PETrYJISAPHBIM U HOPMAJBHO-PErYISPHLIMU pereHnsaMu. Tak,
upu j =1,2ui = 1,2 u3 (1) nonyunm ussecrHyto cucremy [opua ®3. CpaBeyinBbl yTBEPIK ICHUSI.

Teopema 1. Cucmema [opra

I\Wg2,+ ZoWz, 72, + (v — Z1)Wz, — ;W =0,
ZoWgazy + Z1Wz 20 + YWz, — W =0 (3)

UMEEM MPU AUHETHO-HE3ABUCUMDLL YACTVHOIL PEWEHUT O0HUM U3 KOMOPHLL ABAAEMCA PYHKUUSL
Iymbepma

o0

N B (o1,ma) 27" 25"
(I)S(Oélvr)/?ZleQ) - Z (,7 my +m2) ml! m2! ’ (4)
m1,m2=0 ’

Teopema 2. Cucmema Iopra (2) umeem moavko 00HO HOPMAALHO-DELYAAPHOE PEULEHUE
Wi(Z1, Z2) = exp(—21)U(Z1, Zo), (5)

u Mmeotcdy pezyaaproim pewenuem 66ausu ocobernocmu (0,0)— a makotce HOPMANLHO-PELYAADHOIM
pewenuem (5) umeem Mmecmo coommowerue

Os3(a1;v; Z1, Zo) = exp(—2Z1)Ui(Z1, Z3), (6)

2de U (Z1, Za) eunepeeomempuueckutds pad 08yr nepemerHoLs

- 1 yHl-ar, (V—a)(y+1-a) 2}

1+ —Zo —
1L Y(y+1) 2!

U2, 2) = ¥ y(y+1)

IIpn j =1,2,3 mw ¢ =1,2,3 cupaBeyIuBO yTBEPIKIEHO.
Teopema 3. Buipooicdennasn eunepzeomempuneckasn cucmema Iopra

3
ow .
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5797 oz W =0i=3 (7)

umeem 23 JUNETINO-He3ABUCUMDIT HACTIHOLL PEWeHUl, 00HUM U3 KOMOPULT ACAACMCA GYHKUUA
Dymbepma- Xydoorcnurosa

0,2 a2 (041)' (062)‘ Z 2y 73
Pgs (( )|(Zs)> = Z 7.“ . 122 - 1' 7'2' 7.3‘
’ Y i1 i ia=0 (V)irtig+is 1! d2! d3!

u meocdy pezyaaproim pewseruem ymbepma- Xydoschukosa, a maksce HOPMAALHO-DELYAADHOIMU
DEUWEHUAMU

W(Z1, Z, Z3) = exp(—Zy)Up(Z1, Z2, Z3) (8)

UMENTT, MECMO COOMHOWEHU
(6
O35 (( ﬁ \(Z:s)) = eap(=Z4)Uk(Z1, Z, Zs),

20e Up(Z1, Z2, Z3)(k = 1,2) eunepzeomempuueckue padv. mpéx nepemenmbis

— le% 1 +1—OZ «
Uy(Z1, Za, Zg) =1 — Ly 4 Qg4 Lty Ot lzar, o
¥ 7y ¥ Yy +1)
e%) vt+1—ao
2 gz, LT g
Y(y+1) y(y+1)
2 - - 1—ay) Z}
_ a2(7+ 041) ZlZQZ3+ (’7 Ckl)(’)/—i- Oél)i'l
Yy + 1) (v +2) y(y+1) 2!
Us(Zy1,2,Z3) =1+ %Z1 T Z
1 (o] Oq(’y—i-l—ag) ’)/—i-l—ag
t—Z3s— <3y — by — ———— Zal3—
7y (v +1) (v +1) (v +1)
Ca(@+1) 72 (v—a)(y+ 1) Z5 1-2 73
vy +1) 2! vy +1) 21 A4(y+1) 2!

OTU Pe3yabTAThl MOXKHO 0DOOIIUTH HA CJIydail U epeMeHHBIX.

JIuTeparypa

1. Tacmambemos 2K.H. TlocTpoenne HOpMaIbHBIX M HOPMAJTbLHO-PETYASIPHBIX PEITEHN CIIeITHAIbHBIX CHU-
creM i PepeHITuaAIBHBIX YPABHEHUI B YaCTHBIX IIPOU3BOIHBIX BTOPOro mopsijika, Axkrobe: N1 2Kan-
nminaesa C.T. 2015. 464 c.

O pa3penimMoOCTi HEKOTOPBIX KPAaeBbIX 3aJ1a4 JIJisi HEJIOKAJIbHOI'O
MNOJIUTAPMOHUYECKOTO yPaBHEHUA
Typmeros B.X.
Meorcdynapodnoiti xasaxcko-mypeuruti yrusepcumem umenu X.A. Hcasu, Typrecman, Kasaxcman,
e-mail: batirkhan.turmetov@ayu.edu.kz

ITycrs Q = {x € R" : |z| < 1} - exunwnunbiii map 8 R",n > 2, a 00 = {z € R" : |z| = 1}
- equnnynas cdepa. Ilycrs © = (21, 29,...,2,) € R",n > 2. PaccmorpuMm orobpazkeHusi Buja
Sit = (T1, .., Tj—1, —Tj, Tjq1, ..., Tp), 1 < j < n. OdeBHIHO, 9TO S]2 = F. Ecan paccmorpum Bce-
BO3MOKHBIE ITPOU3BEJICHUS STUX OTOOPAXKEHU, TO UX 0bIIee KOJTUIECTBO C YIETOM TOXKJICCTBEHHOTO
orobpaxkeHust Sox = x paBHsieTcs 2.
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O606mas orobparkenns Buma S; B JajbHeiimeM OyJeM CYATaTh, 9TO 3amano Si,...,S, -
HabOp JEHCTBATEIbHBIX CUMMETPHYHBIX KOMMYTATUBHBIX MaTpul S;S; = S;5; Takux 4To Si2 =F.
Ormernm, ato nockonbky |z|? = (S;2x,x) = (Siz, Six) = [Siz|?, Tox € Q= S;x € Qu a € 90 =
S;x € 0N.

IIycts ag,a1,a9,a3...,a9n_1 - HEKOTOPBLI HAOOP [IEHCTBUTENLHBIX dYHcea. HKciaum BBe-
CTH 3allUCh WHJEKCA CYMMHUDPOBAHUsI { B JIBOMYHON cHCTeMe CUYUCACHUS (ip ...11)2 = 14, TJe
iz, = 0,1 mpu k = 1,...,n, 1o OymeM 3amuCHIBATL 3TU KOIDDUIMEHTHI TaKKE B BHJIE
a(omoo)g, a(O...01)27a(0...10)27 a(omu)Q, e ,a(lmn)Q. TOF,Z[a, MO2KHO pacCMaTpuBaTb OTO6pa}KeHI/IH BHUIa

a:—)S%"...Silx .
IIpumep. B cayuwae n = 3 umeem

Sox = x; 512 = (—x1, T2, 23) ; Sox = (21, —2, x3) ; S3 = (21, T2, —23) ;

5433' = 5152.%' = (—ml, —xg,flfg) N 553? = 5153:6' = (—xl, —.%'2,.%'3) 5 S@(E = 52831' = (a;l, —ZX9, —1'3) N
57.%' = 5152S21' = (—.%'1, —X2, —323) .

B dsouunoti cucmeme cuucaerus smu 0m06paﬂf€6HUﬂ MODICHO 3ANUCATND 6 sude

0 = (000),,1 = (001),,2 = (010),,3 = (011),,4 = (100),,5 = (101),6 = (110),,7 = (111),

Sor = 89898%x; S1x = 8898 a; Sox = SY83.SVx; Ssa = 5983 Sty Syx = 53598V
Ssx = S359981x; Sex = S3.938%x; Sy = S393S] x.

I/ICHOJIBSyH 9TOT 3allCh BBEIAEM OII€epaTOp

2n—1
Lyu= Y ai(—~A)"u(Sir ... S{x),
1=0

rae m € N, A— oneparop Jlaraca.

Kpaesbre 3ajyiaun Iupuxiae n Helimana i HestokaJbHOrO anaJjiora ypaBHeHus: Ilyaccona
(m = 1) uccaenoBansl B pabore [1], a cruekrpasibHble Bonpockl udydensl B pabore [2|. Hacrosimast
paboTa SBJISeTCS IPOIOJIKEHUEM STUX UCCJIEIOBAHNE, U MbI Oy/IeM U3y4aTh BOIIPOCHI PA3PENTUMOCTH
KpaeBbIX 3aj1a4 ¢ yeaosueM lupuxie u Heiimana B obmem ciaydae.

IIycTs v BekTOp BHEIIHel HOpMaan K Of) . B pabore uccienyorcs cieayolue KpaeBble 3a-
JIaYH.

Bamaua D. Hatimu gyrryuro u(z) € C?™(Q) N C™ (), ydosaemsoparowyro yerosuam

Lou(z) = f(z),z € Q, (1)

Bamaua N. Hatimu gynxyuro u(x) € C*™(Q) N C™(Q), ydosaemeopaouyyro ypacnenuro (1)
U 2PDAHUMHDM YCAOBUAM
Hu(r)
ovi

=gj(x),7=1,2,...,m.
o0

[Iycrs k = (kn, ..., k1)2, k; = 0,1. O603Ha91M

2" —1
k= pybnsk)e Z (_1)knin+....+klz’1a(

n — Mn ’Ln--.il)g'
=0
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CrpaBeJIuBbI CJIEIYIONINE YTBEPZK ICHNUS.

Teopema 1. IIyemwv ph # 0,k = 0,1,..,2" — 1,0 < X < 1, f(z) € C*(Q),gj(z) €
Cm=1=1+2(9Q),7 = 0,1,...,m — 1. Toeda pewenue 3adawu D cywecmeyem, eduncmeenno u npu-
nadnesrcum xaaccy C2mHA (Q) .

Teopema 2. ITycmo puf # 0,k = 0,1,..,2" — 1,0 < XA < 1,f(z) € C* (Q),gj(:r) €
C™=ItN00),j = 1,2, ...,m. Tozda dns paspewumocmu sadawu N neobxodumo u docmamouno 6vi-
NOAHEHUS YCAOBUSA

on_1 .
ey [ 0 ) e - (Z ) [ (3177 Jem 2 awas.
[e9)

Ecau pewenue 3adavu N cywecmeyem,mo ono eQuHCMEEHHO ¢ MOYHOCTDBIO 00 NOCMOAHH020 CAG-
2aemozo u npunadiescum xaaccy C2mTA (Q) .

Pabora BbInosiHeHa 11pu 10/1/1epKKe rpanToBoro punancuposanusi Komurera nayku MOH PK
B pamkax HayuHoro npoekta N AP08855810.

JIuteparypa

1. Typmemos B.X., Kapauux B.B. O paspemmmoctu Kpaepbix 3aia4d upuxie u Heiimana st ypas-
menwus [lyaccona ¢ muoxKecTBeHHON MHBOSIONMEH, BecTHUK YaMmypTckoro yuuepcurera. Maremaruka.
Mexanuka.Kommbrorepusie Haykn, no 4 , 2021, 651-667.

2. Typmemos B.X., Kapawux B.B. On eigenfunctions and eigenvalues of a nonlocal Laplace operator with
multiple involution, Symmetry, no 10 , 2021, 1-20.

O6 omHOM MeToO/€e pelieHus JUHENHBIX WHTErpaJibHbIX ypaBHEHUI JPOOHOTO
nopsaaKa
ITypmeros B.X., 2Baiimerosa 3.H.
L Meotcoynapoonuiti wasaxcko-mypeuruti yrusepcumem umenu
X.A. Hcasu, Typxecman, Kasaxcman,
e-mail: batirkhan.turmetov@ayu.edu.kz
2 Meoicoynapodnviti kasazcko-mypeukuti YHUGEpCUMem uMmenu
X.A. Hcasu, Typxecman, Kazaxcman,
e-mail: zilola.baymetova@bk.ru

B I[aHHOIU/I CTaThbe pacCMaTPUBAIOTCA METO/IbI IIOCTPOECHNA PEHICHUA NHTETPAJIbHBIX YPAaBHECHUU
tuna Bosibreppa. B paboTe mocTpoeHb! SIBHBIE PeIeHusi OJITHOPOIHOTO ¥ HEOJHOPOIHOIO yPABHEHUI.
OrMmeTnM, 9TO paccMaTpUBaAEMbIil METOJT OCHOBAH Ha MMOCTPOEHUN HOPMUPOBAHHBIX CUCTEM (DYHKITHIA
OTHOCUTEIbHO UHTErPAJIbHOTO OLEPATOPA JIPOOHOTO MOPSIKA.

ITycrs 0 < v, 8. B pabore [1| paccmoTpen ciie/yIonmii HHTErpasbHBINH OlepaTop

xT

» | w—af —(t—af " dt
I @) = 5oy | (0

— 5
B (t—a)=7
a
B ciyuae 8 = 1 oneparop Jg' B COBIIQ/IAE€T C ONEPATOPOM HMHTEIPHPOBAHUS ITOPSAJIKA ¢ B CMBICJIE
Pumana-JInyBuiis.
PaccMoTpuM cresyromye 3a/1a4qu.

amaga 1. Ilycmv o, > 0,m = 1,2,.... Heobxodumo naiimu 6 obaacmu x > a pewerue
cAedyoULe20 UHMELPAALHOZ0 YPLEHEHUSA

Mz - a)*Pm=1 i (z—a)® —(t—a)®\ dt
o) = Ml (B ) e )

a
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Sagada 2. Ilycmv 0 < B, a5 u Aj, € R,j =1,2,...,m. Heobxodumo naiimu 6 obracmu x > a
DEWEHUE CACOYIOWEL0 UHMELPANDHOZ0 YPABHEHUA

Z)\ Je () = f(x), 7 > a (2)

OTHocuTeNIbHO 3a7a4n 1 copaBeIuBbI CJlelyIone YTBepK IeHHs.
Teopema 1. ITycmo o, > 0,m > 0,f(x) € Cla,b]. Tozda pynryus

o0

y@) = 3 (M = a)? Do) )

k=0

asasaemes pewenuem ypasuenua (1) us xaacca Cla, b].

Teopema 2. [Tyecmv o, > 0,m > 0 u f(z) = folx —a)*,u > —1, fo - deticmeumenvnoe
wucno. Toeda pewernuem ypasrenue (1) asasemes Gynruus

y(l‘) = f(] ' (l‘ - a)/BMEoz,m,u/a (Aﬁ_a(l‘ - a)a,Bm) ’

ede Eg i (2) dynxyua Kunbaca-Catico [2], xomopas onpedeasemca pasencmeom

B(km+1)+1] .
E : > 1.
pomt ( ZCZ = HF Blkm+l+1)+1]" =

l
Caencrsue 1. [Tyemo o, 8> 0,m >0 u f(z) = 3 fu(z —a)™ u > =1, fr € R . Tozda
k=0

pewenue ypasnerue (1) npedcmasasemen 6 6ude

l
a:) = Z fk(fL' _ a)ﬁﬂk . Ea,m,uk/a (/\5706(1' _ a)aﬁm) . (3)

Bameyanue 1.B cayuae f = 1,a = 0 npedcmasaerue (3) noayweno 6 pabome [2] .

l
Cnexcrsue 2. Iycmo o, 8 > 0,m = 1 u f(z) = 3 fu(z — ), fi - deticmeumenvioe
k=0
wucno. Tozda pewenue ypasnenue (1) npedemasasemes 6 eude

l
=Y kfa = a)™ - Bgppr (Ao (@ - a)*”)
k=0

ede Eg . (2) - dynxuyua muna Mummae-/leddrepa.
OCHOBHBIM PE3YJIBTATOM OTHOCHTEILHO 3aJIa49i 2 SIBJISETCA CJISLYIONee YTBepK IeHue.

Teopema 3. ITycmo o, 3 > 0, f € Cla,b] . Toeda pynryus

m T v —a 8 B . 8 a;—1
D+3 / << ) B“ )> Pyt 0,05, 8,00) f(— 2 (1)
=1y

(t—a)'™?

2de
Pj(x’t’ a704j7/3’/\J> E(al,Ole QY

),Oéj
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@—a)f — (t—a)\" @—a)f — (t—a)’\™"
(=5 0=0)" i, (2= |

]1 . Jm

gl *Zm
Ew,,..n )7(217227'”7271)22 Z . . —
peeesbm ) i1
i:0j1+.‘.+jm:i‘]1' ]m‘r(]lbl+...+]mbm+7)

asasemes pewenuem ypasuenua (2) us xaacca Cla, b].

Bameuanue 2.B cayuae f = 1,a = 0 npedcmasaenue (4) noayueno 6 pabome [3] .

Pabora BeInosiHEHA 1TpH T10/1/1€PXKKe IpanToBOro puHancuposanusi Komurera vayku MOH PK
B pamKax HayuHoro npoexkta N AP09259137.

JIuteparypa

1. Jarad F., Ugurlu E., Abdeljowad T., Baleanu D. On a new class of fractional operators, Advances in
Difference Equations, 247,2017, 1-16.

2. Kilbas A.A., Saigo M. On solution of integral equation of Abel-Volterra type, Differential and Integral
Equations, 8,1995,993-1011.

3. Gorenflo R., Luchko Y. Operationl method for solving generalized abel integral equation of second
kind, Integral Transforms and Special Functions, 5,1997,47-58.

3asava Konm Jijisi OMrapMOHUYECKOTO YPaBHEHUS
ITypcynos ®@.P., *Illogues J.C., 3Xaiipytaes. M.
123 Camaprandexuti zocydapemeennuiti ynusepcumem, Camaprand, Yabexucman,
e-mail: farhod.tursunov.76@mail.rul, dilshod.shodiev.76@mail.ru2

Hycrs x = (21,22, 73),y = (y1,¥2,y3) € R? u G- orpannuennas oqHocBA3Hast 06aCTh B RS ¢
rpaauneit 0G, cocrosamieit n3 KomnakTHoi yactu T’ mmockoctn y3 = 0 U IIaaKOro Kycka MOBEpXHOCTH
S - Jlamynosa, jexkameii B nosynpocrpancTse y3 > 0. G = GUIG, 0G = SUT.

B obsiactu G paccMoTpuM ypaBHEHUE

A’U(y) =0, y€G, (1)
rae A = 82 + 8; + E?—:Q onepatop Jlamnaca.
3
HOCTaHOBKa 3aa4u. Tpebyercst HailTh ourapmo-

ngeckyio dyukmmio U(y) = U(y1,y2,y3) € CHG) N C3(G), y KoToporo m3BecTHb 3HAYCHUS HA
gactn S rpanunsl 0G, T.e.:

U(y17y27y3)|5' = fl(y)’ AU(y17y27y3)|S = f3(y)7

oU (y1,y2,y3)| (AU (y1,y2,y3)) | (2)
— on S—f2(y), o S—f4(y),

saech fj(y) € Cc4-i (S),7 =1,2,3,4 - 3amannable GyHKIMU, a % - onepaTop AUddEPEHINPOBAHNS
10 BHemHeil HopMasu K 0G.

OTMmeTnM, 9TO IPU PEIIeHN: NPUKJIAIHBIX 33J1a9 CJIeIyeT HAWTH HPUOJIMKEHHbIE 3HAYCHUS
perernst U(x) 1 €ro npousBOIHbILI ag(x), x € G, i=1,2,3]3|,[4]. B nannoii pabore npejyiaraercst

AJITOPUTM IIOCTPOCHUA HpI/I6JII/I}KeHHOFO CHICHUA, U IIPOU3BOIHBIC HpI/I6JII/I}I(eHHbIX peHleHI/IfI T.€.
U (z,0, fks) aUJJF
U(.’I},O’, fk&) - Ua5( ) (8

T

,k=1,2,3,4; i = 1,2, 3 3aBucamux oT mapaMeTpa o u

— 3 8Uo'6(x)
JIOKA3LIBACTCS, ITO IIPU CIEIUATLHOM Bb16ope napamerpa o = o(d) cemeiicTBO Um;( Ju —5e - upn

( )

d — 0 cxomures B KaK10it Touke x € G K pemtennto U (x) u ero HpOI/ISBO,ZLHyIO COOTBETCTBEHHO.

8U($70-7fk5)
ox;

CewmeiicrBo dyukuuit U(z, o, frs) n , 1 = 1,2,3 c yKazaHHBIMU CBOMCTBAMU HA3BIBAETCS

peryisipuzoBanabiM pertenuem 110 M.M. Jlaspenrbesy [1].
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st mocTpoennst TpuUOINKEHHOTO PEIeHnsT BOCIOIb3yeM dyHKImeit Kapiemana mpeaioxeH-
noit III. fdpmyxameoBbiv [2]:

o0 O"LU2 du
_2 2 O’.CE%@ — I € u . 3
we e, (o) = [ m[w%] s 3)

B pabore [2] nokazano, uro dyuknusa P, (x,y) oupeesnennas papencrsamu (3) npu o > 0, npej-
cTaBUMa B BUJE
Py (z,y) = F(r) + Go(z,y), (4)

e F(r) = le Gy (z,y)- rapmonmdeckas dbyHkma mo y B R® srmovas y = . OTciona ciemyer,
aro dyukiust @y (x,y) 1ist a60ro o > 0 10 y siBsieTcst GyHIAMEHTAIBHBIM DEIIeHNEeM yDABHEHUsT
Jannaca. @yunamenranbioe pemienne P, (z,y) ¢ yKasaHHBIM CBOWCTBOM Ha3bIBaeTcs (yHKIMe
Kapiemana jyist mosrynipocrpancTsa [1].

st bymxmun U(y) = Uy, y2,y3) € CHG) N C3(G) n moboro x € G cripaseyiuBa ceLyio-

miasi uaTerpasbaas dpopmysa ['puna [5]:

Ulx) = / [U(y)a(AL(x’y» —AL(m,y)aU(y)] a5, +
oG

on on

IL(z,y) 9(AU(y))
+/80 [AU(y)an - L(J:,y)an} sy, z € G,

rie L(x,y) ssasercs dyHIaMeHTaIbHBIM pelieHreM ypapaerue (1).
Tak kak @, (x,y) npeicrasiena B Buje (4), Torua B uHTerpasbaoe npejcrasienne (5) L(x,y)
saMenss Ha GyHKImio Ly (z,y) = r’®,(z,y), nveem:

. 9(AL,(r.9) o)
v = [ [ B ap )20 as,

+/ [AU(y)aLU(W - Lg(x,y)a(AU(y))] dSy, xz €G.
oG

(6)
on on

OcCHOBHOII pe3yJibTaT HACTOSIIEH paboTe SABJISETCs Oy IeHbIE OIEHKU OTKJIOHEHUS ITPOU3BOJI-
HBIX IIEPBOTO MOPSIIKA MPUOJINKEHHOIO PEIeHUsT OT IPOU3BOIHBIX TOYHOT'O PEIIECHUS.

JIuteparypa

1. Jlaspenmves M. M. O HEKOTOPBIX HEKOPPEKTHBIX 3ajadax mareMmarudeckoil dusuku. //Mzn. CO AH
CCCP, HoBocubupck,1962.

2. HApmyzamedos II. Tpencrasienne rapMOHIIECKOil (DYHKIMK B BHJE HOTEHIMAJIOB U 3aga4da Komm. //
Maremarnueckne 3amerku, 83:5, (2008), 763-778.

3. A.B. Xacanos, @.P. Typcynos. O 3amade Komu mya ypasuenus Jlamnaca. // Ydumckuii mareM.
kypaai, 11:4, (2019),92-106.

4. A.B. Xacanos, @.P. Typcyros. 3amada Komu gy Tpexmeproro ypasuenus Jlamaca. // UsBectust
BBICIINX y4IeOHBIX 3aBenenuii. Maremartuka, N 2,(2021), 56-73.

5. H.H. Bexya. HoBble Meropl perienns sjumnrudeckux ypasuennii.// OTU3 Tocynapcrsennoe usia-
TEJILCTBO TEXHUKA -TeopeTudecKoi urepaTypbl. Mocksa. 1948.

6. Dilshod S. Shodiev. On the Cauchy problem for the biharmonic equation // J.Sib, Fed. Univ. Math.
Phys., 2022, Volume 15, ISSUE 2, 201-215.
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O6 oxHOIT KpaeBoii 3ajiaue AJisd ITapaboJIo-ruinepo0JM4ecKoro ypaBHeHUs
BTOPOT'O pPojia C ABYMsl JIMHUSIMU U3MEHEHUsI TUlla
VY3o0koB 2K. X.
Hayuonarvrud Ynusepcumem Ysbexucmana um. M. Vayebexa, 2. Tawxenm,
e-mail: jahongir.uzoqov@bk.ru

Paccmorpum ypaBHeHUe

T Uy + QolUz — Uy, >0, y>0,
0= Uge — (—y) ™ Uyy, >0, y<O0, (1)
Uyy — (—2) " Uga, r<0, y>0,

re
O<a0<1+25<1,2ﬁzl, 2% = " ,0<m<l1l, 0<n<l. (2)
m—2 n—2
I[Mycte Q@ = Qo U Q1 U Qo U Jy U Jy, 1me p—obitactb, orpaHuYeHHas] OTpPe3KAMU
AB, BC, CD, DA mpavpix y = 0, =z =1, y = 1, x = 0 cOOTBETCTBEHHO;
)1 —XapakTepUCTUUIECKUII TPEyTroJbHIK, OrPAHMIYEeHHbI XapakTepuctukamu AB @ y = 0, AN :

2

t— 52 (—y) 2 =0,BN:z+ ﬁ(—y)%Tm = 1 ypasuenus (1), Berxogsmumvu u3 Touek A(0,0)

o 2/(2 >)
2om) 2/ (2

u B(1,0), nepecekatomumucst B Touke N (0, 55 — ( 1 ; (o —XapaKTep-UCTUIECKHUI Tpe-

YIOJIbHUK, OrpaHUYeHHbBIH XapakTepucrukamu AD : x =0, AM : y— ﬁ(—x)%Tn = 0,
DM : y+ ﬁ(—x)% = 1 ypasuenus (1), serxoggamumu u3 touek A(0,0) u D(0,1), nepeceka-
fomuMucs B Touke M (— (QTT”)W(Z_H) ; 0, 5) yJi={(z,y):0<z <1, y=0},

Jo=A(z,y): =0, 0<y<1}.

Bagaga AT. Haiitu B obactu D dbyuximio u(z,y), obnanaromnyto coiicreamu: 1) u(z,y) €
C()NCL(Q);  2)u(z,y) € C’%’;(Qo) U SIBJISIETCSI PETYJISIPHBIM peltenneM ypasuenust (1) B obractu
Qo; 3) u(z,y) - obobmenubiM perrennem ypasaenus (1) us kimacca R [1] B obmactsax Dy u Da; 4)
u(x,y) yIoBIETBOPSET KPACBBIM yCIOBHSIM:

1
u(@ Y)lpp, = e1(y), 0=y <L ul@y)lay =¢2(y), 0<sy<g,

day =0i(@), 0<e<y
e @1(y), #2(v), w1(2) —saramisie dymaun, mpsen ¢3(0) = Y1(0),
o1 (y) €C0,YNC 0,1), (3) @2 () € C2[0:3] () € O2 053] .4)

Hokazana ciieryromias Teopema.
Teopema. Ecau evnoarenvs yeaosus (2)-(4), mo 6 obaacmu 2 cywecmeyem eduncmeermoe
pewenue 3adayvu AT.
Ucnonb3yst, NpuHIWMIIA SKCTPEMyMa JijIsl TapaboJIMYecKUX U TUIEePOOJIMYeCKUX yPaBHEHW|2]
JIOKa3bIBAETCsl €MHCTBEHHOCTH pernenus 3ajgaun AT, a cyrniectBoBanue pernenust 3agadn AT- me-
TOJIOM MHTErPAJIbHBIX ypaBHe-Huii[3)].

Jluteparypa

1. Kapoav H.JI. O6 omHOl KpaeBoil 3ajade JJisi yPABHEHUS CMEINIAHHOI'O SJIIUITUKO-TUIEPOOIMTIeCKOro

tuna. Jokn. AH CCCP. 1953. 88(2). C. 197-200.

2. Canazxumodunos M.C., Hcaamos H. B. HesmokampbHass KpaeBas 3amada ¢ ycjaoBueM burasze-
Camapckoro Jiisi ypaBHeHUsl apaboIo-runepoboInIeckoro Tuia Broporo pojga. 3secrust By3os. Ma-
temartuka. Poccust. 2015. 6. C. 43-52.

3. HUcnamos H. B. OAnanor 3amaqan Bunaze—CamMapckoro [uist OHOTO KJlacca ypaBHEHHI 1apaboJio-
runepboInIecKOro TUIa BTOPOro poxa.  ¥dumck. marem. xkypu., 2015. 7(1). C.31-45; Ufa Math.
J., 7:1 (2015), 31-45.
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Ha‘laﬂbHO-KpaeBaﬂ 3ada4va AOJId HeO,H,HOpO,H,HOI'_/'I cucreMbl ypaBHeHI/Iﬁ
nmapaboJIM4ecKoro TUlla C AByMs JIMHUSIMU BBIPOXKIECHUS
Xaxkues . O, >Xynaii6epranos 5. K, *Canaepa I11. D
! Hayuonanvrwiti yrusepcumem Yabexucmana umenu Mupsa Yayebexa, Tawrenm, Ysbexucman,
e-mail: kh.ikrom04@gmail.com
23 Vpeenuckuti 2ocydapemeenonti ynusepcumem, Ypeens, Yabexucman,
e-mail: komilyashin89@mail.ru,shohsanamsapayeva@mail.ru

Pabora mocBsiena ucceIoBanyio HEKOPPEKTHOM KpaeBoil 3a1aun Jijisi HeOJHOPOIHOM cucTe-
MBI ypaBHEHUii 1apaboJIMIecKOro TUIA ¢ JBYMsl TUHUSIMU BBIPOXK ICHUS.

[Tycrs napa dbyukuuit (ui(z,y,t), us(z,y,t)) B obmactu Q = Qg X Q sABJIETCS] pEleHueM
CUCTEMBbl ypaBHEHUN

w1y + Sgn(T)u1ze + sgn(y)ulyy + arur + aguz = f1, (1)

Uy + sgN(T)uze + sgn(y)uzyy + brug + bouy = fo,

rae Qo = {x, y|(—1; 1)2,$ #0,y # 0} , Q= (0;T),T < 00 u yJOBJIETBOPSIET CJICJIYIONIMM YCJIOBU-
SIM:

Ha4daJIbHbBIM
uj(xvyat) |t=0 :90](337?;) ) (‘T’y) € [_1’1]27 (2)
I'PaHUIYIHbIM
uj(x,y,t) |o=—1 =0, (y,1) € [-1;1] x Q,
= (3)
uj(x,y, t) y=—1 = 0, (‘T7t) € [_1; 1] X Q?
y=+1
a TaK2Ke yCﬂOBI/IHI\J CKJIEMBaHUA
8iuj(x,‘y, t) _ ain(x,‘y,t) (y t) c [_1. 1] % Q
Oz z=-—0 dx =40 (4)
8Zuj(x,‘y7t) _ azuj(ia‘yat) (x t) e [_1. 1] % Q
ayz y=—0 ayZ y=+0

rae (i1 =0,1),(j = 1,2), aj, bj— HEKOTOPbIE KOHCTAHTEL, (a1 — az)’+4biby > 0n vj(x,y), fijlx,y,t)—
3alaHHble JIOCTATOHO riiajkne dyukiun, npuiem ©;(2,y)|ao, = 0, fi(z,y,1)[5q, = 0.

Uccnemyemas B JaHHOI paboTe 3a1ada OTHOCUTCH K KJIACCY HEKOPPEKTHO HMOCTABJICHHBIX 3a-
Jlad MaTeMaTUIeCKO (PU3NKHU, a IMEHHO B JAHHOIT 3aj1a4e¢ OTCYTCTBYET HEelPEPBIBHAS 3aBUCHMOCTD
pelleHns OT HadaJbHBIX JaHHBIX. HeKoppeKkTHble 3aja4u jjis abCTPakTHBIX AuddepeHnnaaIbHbIX
ypaBHeHuil 6b111 paccMoTpenbl B paborax M. M. Jlaspenrnesa [1], H.A Levine, C. I" Kpeiina, A. JI.
Byxreiima, K. C. ®as30Ba, a 115 ypaBHEHHUiT CMEIIAHHOTO U CMEINAHHO-COCTABHOIO THUIIA B paboTax
K. C. ®asnsosa, K. C. ®aszosa u 1. O. Xaxkuesa 2], [3], K. C. ®aszosa n 4. K. Xynaiibepra-
HoBa [4]. U3 s1ux pabor ciemyer, 9ToO KpaeBble 3aJa4u JJIsl yPABHEHUI CMEIIAHHOIO THUIA UMEIOT
MPAKTUYECKOE TPUMEHEHNE, OHU BOZHUKAIOT [IPU PEIICHUH 34189 Fa30BOil JUHAMUKE, 6E3MOMEHTHOT
Teopun 000JIOUEK ¢ KPUBU3HOW NMEPEMEHHOTO 3HAKa, B TEOPUU GECKOHETHO MAaJIbIX M3TUOAHHH 110
BEPXHOCTEll, B MAIHUTHON TUJIPOJIMHAMUKE, B TEOPUU JIEKTPOHHOIO PACCESTHUST, B IPOTHO3UPOBAHUY
YPOBHSI TPYHTOBBIX BOJ U B JIDYTUX O0JIACTAX (PU3NKH ¥ TEXHUKH.

B nmamnoit pabore joKa3ana HEKOPPEKTHOCTb MCKOMOiT 3a/1a4u, MOJIyYeHO IIPEJICTABICHIE De-
IIEHNsI, BBIBEJIEHA AIlPUOPHAs ONEHKA PENIeHUs], MOJIYYEHbI TEOPEMBI, TOKA3LIBAIONINE €MHCTBEH-
HOCTb U yCTONYUBOCTD HA MHOXKECTBE KOPPEKTHOCTH.

JIuTeparypa

1. M. M. Jlaspenmuves., JI. 5. Caseaves Teopust orrepaTopoB U HEKOPPEKTHBIE 3aJa4u. 2-€ U3/I., Iepepad.
u jonoyiH. HoBocubupcek: Mza-o MH-Ta maremaruku, 2010. 941 c.
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2. K. C. ®ansos HekoppekTHas KpaeBas 3aj@da Jjisl OJHOIO yPaBHEHUsI CMEIIAHHOI'O THIIA BTOPOIO
mopsizika. ¥Y3M2K. 1995. No 2. C. 89-93.

3. K.S. Fayazov, 1.0. Khajiev Estimation of conditional stability of the boundary-value problem for the
system of parabolic equations with changing direction of time. Reports on mathematical physics, Vol.
88 (2021),No. 3.

4. K. C. @assos, 4. K. Xydatibepearos HexkoppekTHasi KpaeBas 3ajada JJjis CUCTEMBI yPABHEHUN CMe-
MIAHHOTO THIIA, C ABYMS JIMHSMHU BbIpOXKIeHus, CHOnpCcKue 3JIeKTPOHHBIE MATEMATHIECKAE U3BECTHUS.

2020. Tom 17. cTp. 647-660.

HagasbHO-KpaeBas 3ajiavda JJisi HEOAHOPOAHOMN CHUCTEMBbI ypaBHEHUIA
CMEIIAaHHOT'O TUIIA C ABYMS JUHUSIMHU BBIPOXKJIEHUS
Xaxkues U. O., 2Xynaii6epranos 5. K., *Duryanosa O. P.
! Hayuoranvroni yrusepcumem Yabexucmana umenu Mupsa Yayebexa, Tawwenm, Yabexucman,
e-mail: kh.ikrom04@gmail.com
23 Vpeenuckuti 2ocydapemeennvidl yrueepcumem, Ypeeny, Yabexucman,
e-mail: komilyashin89@mail.ru, eshchanovaozoda@gmail.com

Pabora mocssimena ncciieoBaHy0 HEKOPPEKTHON KpaeBoil 3aa9u /It HeOTHOPOTHONW CHUCTe-
Mbl YPaBHEHUII CMEITaHHOI'O TUIIA C JABYMS JIMHUAMU BBIPOXKICHU.
[Tycrs mapa dyukmumit (ui(z,y,t), us(z,y,t)) B obmactu Q = Qo X ) sABIsSETCS peIIeHueM
CUCTeMbl ypaBHEHUNI
Uttt + Sgn(x)ula::c + Sgn(y)ulyy + ajug + agug = fl’ (1)
Uott + Sgn(x)u21’x + Sgn(y)Uny + birug + boug = f27

rae 2 = {x, y|(—1; 1)2,33 #0,y # 0} , Q= (0;T),T < 0o U yJIOBIETBOPSIET CJIECILYIONIM YCIOBU-
AM:

HAYATbHBIM o )
O"uq(x,y,t -
Q5 | T pi(z,y), (z,y) € [-1;1)° x Q,
=0 )
O'ug(x,y,t ~
Crl| ), (@) € 117 x Q.
t=0
I'PaHUIHBIM
wj(z,y,t) |2=—1 =0, (y,t) € [-1;1] x Q,
=41
] 3)
uj(z,y,t) |y=—1 =0, (z,t) € [-1;1] x Q,
y=+1
a TaKzKe yCHOBI/IHM CKJIEMBaHUA
O (x,y,t O'uj(x,y,t -
Puten b Funbl e X Q.
Oz =—0 Oz =40 (4)
Olu; t Olu; t ~
UJ($;y7 ) _ u](%iyv ) ’ (l‘,t) e [_171] x Q,
ay y=—0 ay y=+0

rae (1 =0,1),(j = 1,2),a;,bj— HeKOTOpbIE KOHCTAHTHI, (a1 — a2)2 + 4b1by > 0 u @i(z,y), Yi(x,y),
fj(x,y,t)— 3amanuble mocTaTovHO Iuiajgkue DYHKIMH, IPHIEM ¢;(Z,y)| 00, = 05 Yi(z,9)|sq, = 0,
fj($7y7t)|6ﬂo = 0.

Uccnenyemas B manuoit pabore 3a/1ada OTHOCUTCS K KJIACCY HEKOPPEKTHO ITOCTABIEHHBIX 3a-
Jlad MaTEeMATUIECKON (DU3NKM, & UMEHHO B JIAHHOW 3a/iate OTCYTCTBYET HellpephbiBHASI 3aBUCUMOCTD
peleHnst OT HAYAJIBHBIX HaHHBIX. HeKoppekTHble 3a7a4un Jiss aDCTPAKTHBIX IuddepeHInaabHbIX
ypaBHenuii 6b11u paccMmorpensl B paborax M. M. Jlaspenrsesa [1|, H.A Levine, C. I" Kpeiina, A. JI.
Byxreitma, K. C. ®as3oBa, a 1j1s ypaBHEHUI CMEIIAHHOTO U CMEIIaHHO-COCTABHOI'O THUIIA B paboTax
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K. C. @assosa, K. C. ®agzosa u . O. Xaxuesa [2], [3], K. C. ®assosa u 5. K. Xyznaiibepra-
HoBa [4]. VI3 sTux pabor ciejyer, 4To KpaeBble 3aJIa4u JIjIs YPABHEHHUH CMEIIAHHOTO THIA UMEIOT
[IPAKTUIECKOEe IPUMEHEHNEe, OHU BO3SHUKAIOT IIPU PEIIeHNN 3329 ra30BON ANHAMUKY, O€3MOMEHTHOM
Teopun 06OJIOUEK ¢ KPMBU3HON IEPEMEHHOIO 3HAKa, B TEOPUH GECKOHEYHO MAaJIbIX M3rHOaHMii mo-
BEPXHOCTEl, B MArHUTHON TMIPOJIMNHAMUKE, B TEOPUU DJIEKTPOHHOTO PACCEAHU, B IIPOTHO3UPOBAHNIN
YPOBHsI TPDYHTOBBIX BOJ U B JPYTUX 00JacTsaX (DU3UKU M TEXHUKH.

B nannoii pabore joka3aHa HEKOPPEKTHOCTb UCKOMON 3a/adH, HOJLyYeHO PE/ICTABICHUE Pe-
IIIEHNs], BBIBEJIEHA AIIPHOPHAsl ONEHKA DEIIeHUs, MOJIYyIeHbl TeOPEeMBb, JIOKA3BIBAIONINE €JIMHCTBEH-
HOCTb U yCTOﬁqHBOCTb Ha MHO2KECTB€ KOPPEKTHOCTH.

JInTeparypa

1. M. M. Jlaspenmves., JI. 5. Caseaves Teopust oriepaTopoB 1 HEKOPPEKTHBIE 33/1a49d. 2-€ U3, nepepad.
u gonosiH. HoBocubupcek: Mza-Bo Nn-ta maremarukm, 2010. 941 c.

2. K. C. @asszos HekoppekTHasi KpaeBas 3aJada JiJjisi OJHOIO yPABHEHUS CMENIAHHOI'O THUIIA BTOPOTO
nopsizka. ¥Y3M2K. 1995. No 2. C. 89-93.

3. K.S. Fayazov, 1.0. Khajiev Estimation of conditional stability of the boundary-value problem for the
system of parabolic equations with changing direction of time. Reports on mathematical physics, Vol.
88 (2021),No. 3.

4. K. C. Qassos, . K. Xydatibepearose HekoppekTHas KpaeBas 3aJa4a JijIsd CUCTEMbI YPaBHEHUI cMe-
IIAHHOT'O THUIIA C JIBYMS JIMHAMY BBIPOXKIeHusT, CHOMPCKIE 3JIEKTPOHHBIE MaTeMaTUIeCKUEe M3BECTHSI.

2020. Tom 17. cTp. 647-660.

O6 osHOIT HeJIOKAJIbHOI KpaeBoii 3ajave i auddPepeHnnaIbHOro ypaBHEHUS
tuna ByccuHecka
Xammyxamenaos A.P.
Hayuonarorni Ynusepcumem Ysbexucmana,
xagedpa " Tupdepenyuarvhoe ypasrenus u Mamemamuveckas dusuxa”
e-mail: khalmukhamedov@gmail.com

IIycrs 2 C R™ - mpousBojibHAsS orpaHnvueHHas 00J1acTh ¢ Iaakoil rpanumeir 0F) and T > 0.
Pacemorpum B mmuszpe €2 X (0,7) ciaeayiomiee ypaBHeHue

U — Auge +1?°Au = 0, 2€Q, 0<t<T, (1)

[Jle IAPAMeTP ¥ SBJISIETCS OJIOKUTETbHBIM YUCJIOM.
HyCTb A ABJIACTCA IMPOU3BOJIBHBIM ITOJIOZKUTEJ/IbHBIM CaMOCOIIPAKEHHBIM paCIIUpeHueM OIle-
paropa Jlammaca —A:
— o0
Au=—Au, ue C5(Q),
(Au,u) > p(u,w), p>0, ue D(A). (2)

IIpemonozkuM, 910 omepaTop A mveer KoMakTHbIT o6parmbiii A~!. B wactHOCTH, 9TO caMo-
COIIPSI?KEHHOE PACIINPEHNE MOXKET OBITh MOPOXKIEHA C I'PAHMYHBIME YCJIOBUSIME CJIELYIOIIEro BUIA

ou

I + B(x)u = 0, =z €I, (3)

a(x)

¢ HekoTopbiMu az) u ().
PaccmorpuM citetyioniye HeJIOKAIbHBIE YCIOBUST

u(z,0) = u(x,T), (4)

T
/ w(z, ) dt = o(x). (5)
0



318 SECTION II. DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS

Ypasuenust Bujia (1) n3BecTHBI KaK JIMHeApU30BaHHBIE YpaBHEHUsI THIA Byccunecka (cum. [2],
ypaB. 26), 1 npu MOJIEIMPOBAHUE PA3JIUYHBIX [IPOIECCOB BOZHUKAET HEOOXOIUMOCTH UCC/IEIOBAHUS
paspermmMocTu Takux ypaBHenuil. /[jist 0630pa pe3yabTaToB MO KPAEBBIM 3aiadaM JJisi yPABHEHMIA
tuna Byccunecka, BKIIOYast 1 HeJIMHEHbIE ypaBHEHUsT cmoTpuTe [3].

B pa6ore [4] T.K. FOsames paccMoTped 3a/1ady pa3permMoCTi U TOCTPOEHUsT KOHCTPYKTUB-
HOI'O pellleHusi KpaeBoii 3a1a4u j1yisi ypaBHenust Buja (1) e mepes napamerpom v? crout 3HAaK —,
C HEJIOKAJIbHBIMU ycstoBusiMu aHajoruaubiMu ¢ (4)-(5) B caygae @ = {x € R | 0 < = < 1} (em. [4],
yesioBue (6)). D1u pe3ysbTarhl MOJLYUYHIN CBoe pa3suTre B pabore [1]| /st npousBobHbBIX obsacreii
Q c RN,N > 1, rie ycTaHOBJIEHO, UTO JIsl CyIIECTBOBAHUS PEIIEHNs, BOOOIIE TOBOPSI, JOMOJIHH-
TeJIbHO TPeOyeTCsi OPTOrOHAIBHOCTD (DYHKIUHU ¢(X) Ha JMHEHHOe MOJIPOCTPAHCTBO, 00PAa30BAHHOE
HEKOTOPBIMU COOCTBEHHBIME (DYHKIUAMHA Oneparopa A.

OCHOBHOI! 11eJIBIO HACTOSIIIEH PABOTHI SIBJISETCS HCCIIE0BAHNE PA3PEIINMOCTH U KOHCTPYKTHB-
HOT'O [IOCTPOEHHsI PelieHus Jijist ypasHeHus (1) ¢ HadanbubiMu yesoBusivu (4) u (5) u mokasaTh, 9To
B 9TOM CJIy4ae, JJOCTATOYHO MOTPeGOBATh HpUHAIesKHOCTH DYHKINH ¢(Z) K 00JIACTH OIpe/ e IeHusT
D(A) oneparopa A.

Pewenue zadavwu (1)+(4)+(5) onpedeasnemes xax dynwyus u(x,t) xomopas:

i) npunadaesrcum obaacmu onpedenenus D(A) das wascdoeo t us unmepsanra 0 < t < T u
ABNACTNCA HENPEPBIBHBIM MO t Ha 2mom unmepsane 6 Hopme La(§2);

ii) emecme ¢ pynryuets Au(x,t) asasemesn deascov. nenpepvisho duddeperyupyeman na om-
xpomom urmepsane (0, 1) 6 nopme La();

iii) ydosaemsopaem ypasnenuro (1) u yeaosuam (4)-(5).

B sroit pabore j0Ka3aHO CIIPaBE/INBOCTD CJIEIYIONIETO YTBEPXK ICHUS.

Teopema. ITycmv ¢ € D(A). Tozda pewenue 3adawu (1)+(4)+(5) cywecmseyem u edun-
CMBEHHO.

JImteparypa

1. Alimov Sh., Khalmukhamedov A., On a Non-Local Problem for a Boussinesq Type Differential
Equation , ISSN 1995-0802, Lobachevskii Journal of Mathematics, 2022, Vol. 43, No. 4, 916-923.

2. Boussinesq, J. "Theorie des ondes et des remous qui se propagent le long d’un canal rectangulaire
horizontal, en communiquant au liquide contenu dans ce canal des vitesses sensiblement pareilles de
la surface au fond". Journal de Mathéatiques Pures et Appliquées (1872): 55-108.

3. Cseewnuros A. I., Aavwun A. B., Kopnycos M. O., Ilanemnuep FO. /., Jluneiinble u HejmHeHHbIE
ypaBHeHust cobosieBckoro turna, Mocksa, @usmariut, 2007, 736 c.

4. Osdawes T.K. Cmemannoe muddepenimaipbHoe ypaBaenne tuma Byccunecka. Becrauk Bosrorpag-
ckoro rocyzapcrsentoro yuusepcurera. Cep. 1, Mar. ®@us., 2016, seinyck 2(33), 13-26.

O uwmcisie coOCTBEHHBIX 3HaYE€HUII MoJieJibHOro oneparopa tuna Illpeaunrepa Ha
pelieTke
I Xanxy»xaes A.M., 2Boiimyponos 2K.X.
L Mnemumym mamemamuru um. B.J. Pomanosckozo, Camaprand, Ysbexucman,
e-mail: ahmad x@mail.ru
2 Hasoudickuiti 2ocydapcemeenmonti nedazozuveckuti unemumym, Hasou, Yabexucman,
e-mail: jurabek.boymurodov@mail.ru

B nannoit paboTe MBI paccMaTPUBAEM MOJIEJbHBIN OMEPATOD, COOTBETCTBYIOIINI TPEXIaCTHI-
nomy oneparopy lllpenunrepa na TpexMepHO#l peIeTKe u CJIydaro, KOrga IBe OJMHAKOBLIE YaCTUIILI
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(6030HBI) B3AMMOIEHCTBYIOT ¢ YaCTHIEH MHOM IPUPOJBI ¢ TIOMOIIBIO APHOIO KOHTAKTHOIO MOTEeH-
nuaJa.

[ycrs T3 tpexmepnsrit Top, L§((T?)?)- ruinbepToBo MpoCTpaHCTBO, HHTEIPUPYEMOE ¢ KBaJI-
patom na (T3)? u cuMMeTpHUYHOE OTHOCHTEHHO MEePECTAHOBOK TIePEeMEHHbIX.

Paccmorpum oneparop Hy, -, neticrsytomuit 8 L3 ((T?)?) no dopayse:

Hp,,'y = HO,'\/ - N(‘/i + V2)7

rie
(Honf)(p,q) = (e(p) +(q) +ve(p +q)) f(p.q), p,qe T,

3
e(p) =3—) cosp;, p=(p1,p2,p3) € T?,
=1

(i +V ) = [ fos)s+ [ f(s.apds

1 > 0- ecTb 3HEpPrUS B3AaUMOAEHCTBUS ABYX YacTull, vy > () oTHOIIEHHE Macc GO30HA U APYTOit
. 3 .
wacrunel. JIByxaacrudnstii oneparop hy, ~(k), k € T°, coorBeTCTBYyIOMIHIT 1By XIaCTHIHOMY B3aHMO-
JIEACTBUIO TPEXIACTUIHON cucrembl H ), -, IMeeT BUJI:
w7y

(huny (K))(P) = €xy(P)f(P) — 1o . f(s)ds,
rie
ek (P) = £(p) +7e(k — p).
-1
JIemma 1. Ilycrs g > po(7y), po(y) = (ng (uj?s(q)) > 0. Torzma oneparop hy, (k) nmeer

eJIMHCTBEHHOE IIPOCTOE COOCTBEHHOE 3HAUEHHE 2, (K), HUXKe CyIIeCTBEHHOIO CIEKTPA.
IIycTp
Eu(P) = 2un(p) +£(p),

Tmin(ﬂa 7) = II)%% E,u,’y(p)a Trnax(ﬂ7 7) = gé%ﬂ,}g E/M’Y(p))

Emin,'y = prgiG%B EO,'y(p7 Q) =0, Emax,'y = pIgEGDTf?’ E()p/(p, CI) = 6(1 + ’7)'

Jlemma 2. CyH.[eCTBeHHbIﬁ CIICKTD olrepaTopa H,u,'y COCTOHUT U3 CJIEAYIOIIETO MHOXKeCTBa:

Uess(Hu;y) = [Tmin(,uv 7)7 Tmax(ﬂa 7)] U [07 6(1 + 7)]

O6o3naunm

2 2 —17-1
by = / (cos® s1 + 2 cos s1 cos s2)ds _3 / cos s1ds / ﬁ ~ 92,9368,
T3 e(s) ™  £(s) T3 €(8)

Teopema. Ilycts v € (0,v1). Torma cymecrByer p, > 0 Takoe, 4TO s JIFOOOTO f4 > [y
onepaTop H,, , UMeeT eJUHCTBEHHOE COOCTBEHHOE 3HAUCHHE, 21 ([1, Y) JIe2KAIIlee JIeBee CyIIeCTBEHHOIO

CIIEKTPA.

JIuteparypa
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particles in an optical lattice. J.Phys. A Math.,e14 Theor. 49,145204(2016).



320 SECTION II. DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS

3a,zLatIa Komn AJId YpPaBHEHUA XHpOTa B KJIaCce ImepunonveCKmux
0EeCKOHEYHO30HHBIX (DYHKIIUU
1Xacanos A.B., 2Mannosnos I'.A., 39m6ekos P.
L Caml'y, Camaprand, Ysbexucman,
e-mail: ahasanov2002@mail.ru
2 Caml'y, Camaprand, Yabexucman,
e-mail: mannonov.g@mail.ru
3 Caml'y, Camaprand, Yabexucman,
e-mail: rayxonbek@mail.ru

B nmacrosmieit pabore paccmarpuBaercs 3amada Ko g ypaBHeHusT XUPOTa

{ pt = a(t) [Praz — 6(0* + ¢)pa] + b(t) [—Gzz + 2(p* + ¢*)q]
@ = a(t) |qeae — 60> + ¢*) x| + b(t) [pez — 2(0* + ¢*)p]

Ipn HaYaJIbHBIX YCJIOBUAX

p(xvt)‘t:O = po(x), q(‘r?t)‘t:O = QO(HT), (2)
po(z + ) = po(z) € C5(R), qo(z + ) = qo(x) € C°(R)

B KJIacce ,HeﬁCTBHTeJIbeIX OE3KOHEYHO30HHBIX T-IEPUOJNIECKUX II0 T CI)YHKL(I/II'?‘I

p(x + m,t) =p(x,t), q(x +m,t) =q(z,t), € R, t >0, (3)
p(z,t), q(z,t) € C2(t > 0)NCLE > 0)NC(t > 0).

Buecs a(t), b(t) € C (]0,00))-3aanHble HEIPEPBIBHbIE OrPAHNYEHHBIE (DYHKIHN.
B pmamnoit pafore npejiaraeTcs aJiropuTM MocTpoenus pemenus p(z,t), q(z,t), © € R, t >
0, zazaun (1)-(3) ¢ momorpo 06paTHON ClIeKTpaIbHON 3aja4n /s olieparopa Jlupaka:

d
L(T,t)yzBﬁ—l—Q(:z:—l—T,t)y:>\y7:CER,7'ER,7§>O7 (4)

rmue

0 1 p(z,t)  q(z,t) ) < y1(z) )
B= s Q l',t = , = .
( ~10 ) ) ( al@,t) —ple,t) )T (o)
Caemyer obMeTuT, 9T0 ypaBHEHUE XUPOTHI

e + (um +2 \u|2u) — i (uxm +6 |u\2ux) =0, a,E€R

ObLIO IPOMHTErPUPOBAHO B paborax [1-4], a Takxke [5-7] B kiacce GbICTPOYOBIBAIOIINX U KOHEUHO-
BOHHBIX (DYHKIIAM.

Eciin 3anumem ypasHenusi XUpoThl cooTBeTCTBYOMUE (-) J1ebOKYCUPYIOIIEMY CJIydao B BUJIA
SKBUBAJIEHTHOIl eMy Ha BEIeCTBEHHYIO U MHuUMYIO Jactu Gyukuuu u(z,t) = q(x,t) —ip(x,t), i =
v/—1, To nonyunm cucrema ypasnenns suga (1).

O6o3HauuM 4depes
oz, A\ 7 t) = (er(z, A\, 7 1), co(m, A, 7, 0) T s(w, A, 7, t) = (s1(x, A\, 7, 1), sa(@, A, 7, 0)T
pemenns ypasuenns (4) ¢ naganbubivu yesopusvu ¢(0, A, 7,t) = (1,0)7u s(0, A, 7,t) = (0,1)7.

Oynkuns A(N) = ¢y (7, A\, 7, t)+s2(m, A, 7, t)HasbIBaerca dbynkuueit JIsamynosa a1 ypaBHeHHs
(4).

Cuekrp oneparopa Jlupaka L 4ucTo HENPEPBIBEH U COCTOUT M3 MHOXKECTBA

s(L)=E={\cR: \A()\)|§2}=R\< U (Ain,)\gn)>.

n=—oo

NnrepBaibl (Aop—1, A2p), N € Z Ha3BIBAIOTCS JIAKYHAMH, TJie A, KopHE ypaBHeHus A(X) F2 = 0.
Kopuu ypasuenust sq(m, A\, 7,t) = 0 obosuaunm uepes &,(7,t), n € Z u upu srom &,(7,t) €

[/\271— 1 )\271] .
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Yucna &,(7,t), n € Zu 3uaku o,(7,t) = sign {sa(rm, &n, 7,t) — c1(m, &y, T, t) fHa3BIBaIOTCS CIICK-
TpasibHbIME apaMeTpaMu oreparopa L. Crnekrpaibhable napamerpot &, (T, t), o,(7,t) = +1, n € Z
U TpaHUIpl ciuekTpa A, (7,t), n € Z, Ha3bIBaIOTCsl CHEKTPAJbHBIMU JaHHBIME olieparopa Jlupaka
L(1,t).

Tenepb ¢ moMoIIbIO HadaudbHbIX byHKIMit po(r + 7), qo(xr + 7), x,7 € R mocTpo-
um oneparop upaka sume L(7,0). Pemas npsmyo 3amady, HAXOIUM CIEKTPaJbHbIE JaHHbIE
{/\n, (), 00(r) =+1,n € Z} oneparopa L(T,t).

OcHOBHO# pe3yJIbTaT HACTOAIIEN PAbOTHI COJAEPIKUTCH B CJIEJIYIONIEN TeopeMe.

Teopema 1. Ilyemov p(x,t), q(z,t),x € R, t > 0 asasemcsa pewernuem 3adauu Ko-
wu (1)-(3). Tozda cnexmpanvrvie Jdannvie {A,(7,t),&n(T,t), on(T,t)}, n € Z onepamopa
L(7,t)ydosaemsoparom ananoey cucmemos ypasuenuti Jyopocuria:

1 Pl — o pnez

2. 765”3(;’0 = 2(=1)"0y (7, t)hn (&) {a(t) [E3(7,t) + 4p(T, )2 (T, 1)+
+2 (p°(m 1) + QQ(T, t) +q2(7,1)) &a(7,t) + 2 (p(7, )g-(7,1) — pr(7,8)q(7, 1)) +

+20(7, 1) (12(7, 1) + @ (7,)) = Pre (7, )] + (1) | (p(7,1) + Enl7,1))” +
+q2(T,t) +q-(1,t) + EZ(T, t)]} , neZ. (5)
KpOMe TOT'0, BBIIIOJIHAIOTCA CJIEAYIOINUE HaYaJIbHBIE YCJIOBULA:

5”(7—7 t)’t:O = 52(7-)7 O'n(T, t)’t:(] = U(TJL(T)7 ne Z? (6)
0

e £9(7), 09(7) = +£1, n € Z-cuekrpanbuble mapaMeTpsl oniepaTopa Jupaxa L(7,0)c koadbdumm-
eatamu po(x+7), qo(x+7), 7 € R. [ocnenosarenbuocts hy,(€), n € Z,yuacTByiomas B ypaBHEHUH
(5), onpenemnsiercst o Gopmyite:

hn(g) = \/(gn(7-7t) - )\anl) ()‘Qn - fn(Ta t))fn(g)a

_ oo (A2k—1=&n (7,8)) A2k —E€n(T:1))
fn(g) o H k = —0Q, (fk(T,t)—fn(T,t))2 ' (7)

k#n

Jlajiee, ¢ IOMOIIBIO 3aMEHbI IIEPEMEHHDBIX
fn(T, t) = /\Qn_l —+ ()\Qn — )\Qn_l) sin2 Z‘n(T, t), necz

cucremy ypasuerusi Jlyoposuna (5) MOYXKHO IepenucaTh B BHJE OIHOIO yPaBHEHHsI B OAHAXOBOM
pocTpancTee K:
dx(,t)

dt = H('T(Tv t))v $(Ta t)|t:0 = xO(T)v :EO(T) €K (8)

rie
K ={z(1,t) = (..., x_1(7,t), zo(7,t), 1(7,1),...) :
2]l = 3o0i o (L4 1nl) (A2n — A2p—1) |2n(7, )] < 00} .

JlemMma 1. Ecin
po(z + ) = po(x) € C*(R), qo(x + ) = qo(x) € C°(R),
To BekTOop-byukiwsa H(x(7,t)) yaosaersopsier ycaosuio Jlumnmmna B 6aHaxoBoM mpocTpancTse K:
[H (x(7,1)) = H (y(7, )| < Llx(r,t) —y(r.0)||, Yo,y € K

rue

L=AY " (1+[k])[k>w < oo, A>0, 9)

k=—o0
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Ck Ok 9
Vk 2k — A2k—1 24yk|5+k6’ E k< 00, (10)

k=—o0

> <o o= [ QP W ar Qult) = wlt) — im0

k=—00

Crnenyer ormerurs, uro onenka (11) momydena B pabore (cMm.[8], cTp.98).

Samevanne 1. Teopema 1 u semma 1 garor meron pemenusi 3agaun (1)-(3). st sroro
CcHavaJIa HalIeM CHeKTpaJbHbIe JaHabie Ay, £9(T), 00(7) = +1, n € Z oneparopa upaxa L(T,0).
O6o3HaunM crekTpasbHble jlanHble oneparopa L(T,t) depe3 N\, {n(7,t), on(7,t), n € Z. Tenepn
pemas 3amada Kormm (5), (6) mpr mpon3BOIbHOM 3HAYEHUN T, HAXOMM

En(T,t), op(T,t), n € Z. U3 dpopmyiisl ciiejios

st = 3 (L g), (11)

k=—00 2
Q(T7t) = Z (_1)k_10'k(7—7 t)hk(£(7_> t))> (12)
k=—0oc0

oupenemmm dyuxiwn p(7,t) u ¢(7,t), T.e. perenne 3amaan (1)-(3).
Takum 06pazoM, HAMM JIOKA3aHa CJIEJLyIOIIas TeOPEMA.
Teopema 2. Ecau nauarvhoe gynryuu po(z), qo(z) ydosaemsopaiom ycaosusm

po(z + ) = po(x) € C°(R), qo(z+ ) = qo(z) € C°(R),

mo cywecmeyem 00Hoznawno onpedeasemoe pewenue p(T,t), q(7,t) sadawu (1)-(3), komopoe onpe-
deasemea, coomeememeenio, cymmoti pados (11), (12) u npunadaescum xaaccy C2(t > 0)NCL(t >
0)NC(t>0).
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Banaum Ko ajist HesmHeliHOro ypaBHeHusi Tuna cuHyc-I'opgoHa
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B macrosimeit pabore paccmarpuBaerca 3ajgada Komm st HEJIMHEHHOrO ypaBHEHUS THIIA
cunyc-l'opmona Buga
q$t:0hQ7 qZQ(x7t>7 x€R7 t>0 (1)

C HAYAJILHBIM YCJIOBUEM
q(z,t)|,—g = q0(x), a0z +7) = qo(x) € C*(R) (2)
B KJlacce JelCTBUTEIbHBIX GECKOHCIHO30HHDBIX - IEPUOJMYECKUX 10 T (DYHKIIMIL:
q(z + 7, t) =q(z,t), q(z,t)€ C’;”tl (t>0)NC(t=>0). (3)
CiiejtyeT oTMETUTh, YTO ypaBHeHHs cuHyc-Iopona:
Uyt = sinu, u=u(x,t), x € R, t >0

610 IpOUHTErpUpoBaHo B paborax [1-2], a Takxke [3] B Kilacce GbICTPOYOLIBAIOIINX U KOHEUHO30H-
HBIX (DYHKITIN.

B manHoii paboTe mpejiaraercs ajaropuT™ mmocrpoenust pemenust ¢(z,t), x € R, t > 0, 3a-
naan (1)-(3) ¢ momorpio 06paTHOl crieTKpaabHOll 3aaa4u j1yist oneparopa Jlupaka:

d
L(T7t)yEB£+Q($+T,t)y:)\y, re€R, t>0, TER (4)

- (1) men- () o= (2)

O6ozmaumm uepes c(x, A, 7,t) = (c1(x, A, 7, 1), c2(z, A\, 7, 1)) n
s(z, N\, 7,t) = (s1(x, A\, 7, 1), 82(x, N\, 7, 1)) pemenusa ypasmenms (4) ¢ HAYATHLHBIMI YCIOBHAME
c(0,\,7,t) = (1,007 u s(0, A\, 7,t) = (0,1)T. Oynxmusa AN, 7,t) = c1(m, A\, 7, t) + sa(m, A, 7, 1) HAZEI-
Baercs dyukimeil Jlgamynosa st ypasaerust (4).

Cuekrp oneparopa upaka L(T,t) 4uCTO HENPEPBIBEH M COCTOUT U3 MHOXKECTBA

rjae

c(L)={\eR: |A(A)\§2}_R\< U (Agn_l,x%)).

Nnrepsaibl (A2p—1,A2n), n € Z\ {0}, Ha3bIBaIOTCSI JTAKYyHAMHE, TJ1€ Ay, KOPHU ypaBHeHust A(N\)F2 =
0.

Kopuu ypasuennst sq(m, A\, 7,t) = 0 oboznaunm uepes &, (7,t),n € Z\ {0} u upu srom &, (7,t) €
[)\2n_1, )\Qn], nc Z\ {O}

Yucna &,(1,t),n € Z\{0}, n snaku o,(7,t) = sign{sa(m, &, 7,t) — c1(m, &, 7 0)}, n €
Z\ {0} HasbIBarOTCH CHEKTpAIbHBIMU HapaMerpamu orneparopa L(T,t). CuekrpaibHble mapaMeTphl
En(T,t),0n(1,t) = £1, n € Z\ {0} u rpanunst cuekrpa A\, (7,t),n € Z\ {0}, nHasbiBatoTcsi Criek-
TpaJIbHBIMU JIaHHBIMHU olieparTopa lupaka L(T,t).

Teneps ¢ momoripio HadaIbHbIX GyHKIWI o(x+7), T € R, mocrpoum oneparop dupaka Busa
L(7,0). Perasi upsiMyto 3a/1ay, HAXOJAUM CIIEKTPaJIbHBIE JTaHHbIE
{\n, (1), ob(7), n € Z\{0}} oneparopa L(7,0).

OCHOBHOI1 pe3yJIbTaT HACTOAIIEN PAabOTHI COAEPIKUTCS B CJIEJIYIONIEN TeopeMe.
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Teopema 1. Ilyemwv q(z,t), x € R, t > 0, asasemca pewenuem 3adavu Kowu (1)-(3).
Toz0a cnexmpansvnvie darnve{ A, (T,t), & (T,t), on(1,t) = 1}, n € Z\{0}, onepamopa L(T,t),
ydosaemeopaom anasozy cucmemovl, Jupdepenyuarvror ypasrueruld Jybposuna:

OA(7,t) .
L= =0, ne2\{0}; (5)
2 P T8 (1), (€, 0)an(E(m. 1), m € 2\ (0, (6)

3decv snak on(7,t) = £1, n € Z\ {0} wmensemca na npomusonosodchuili npu KaHcoOM CMOAKHO-
senuu mouxu & (T,t),n € Z\ {0} ¢ epanuyamu ceoets aaxyrv [Aap—1, Aap].
Kpome TOro, BBIIOTHSIOTCS CJIe/IyIOIIHe HadalbHble yCIOBHS

En(T,t)limg = &n(7), on(T,8)], = op(7), n € 2\ {0} (7)

rie £9(7), o0(r) = £1, n € Z\ {0} - cuekrpanbubie mapamerps onepatopa lupaka L(,0). Tlo-

care1oBaTebHOCTD hy(€) u gn(§), n € Z\ {0} yuacrsytomas B ypasuenun (6) ompesessiercs 1o
dopmystam:

hn(f) = \/(571(7—’ t) - )\2n—1)()‘2n - gn(tﬂ—)) X fn(g)a

o

_ ot — &0 )0~ En(rit) i
fu(§) = . :]T‘EOO (E(T, 1) — En(T, t))2 » gn(§) = 2, (1. 1) pla(r,t)}. (8)
k#n
3ameuanue 1. YaurbiBasg GOPMYJIbI CJIEIOB
g (rt) =2 Y (=) ow (1) by (€ (7,1)) (9)
k=—o00
=3 ) (10)

2 00 2 2
<;QT (7—7 t)) =+ %QTT (7—7 t) = Z <)\2k_12+/\2k - élg (T7 t)) (11)

k=—o00

Cucremy (6) MOXKHO TIepenucaTb B 3aMKHYTOi (opme:

Bl Tel) (1o V& D)~ Aan 1O — &) Jnl) - anle(r 1) (12)

rIe

o0

exp C(t)+2/0T S =D o (s, ) i (E(s1) | ds (13)

k=—00, k0

1
gn(§) = 2%, (1, 1)

Baecy C(t)-nekoTopasi OrpOHUYICHHAsT HEIPEPbIBHAS (DYHKIIUS.
B pesymnbrare 3aMeHa mepeMeHHbBIX

fn(T, t) = Xop—1 + ()\Qn — )\27171) SiIl2 SUn(T, t), n e Z\ {0}

cucremy auddepennuanbupx ypasuenns lybposnua (12) n nadasibubie yeaosus (7) MOXKHO mepe-
IUCcaTh B BUJIE OJHOIO ypaBHEHHUs B OaHAXOBOM IIpocTpaHcTBe K:
dx(T,t)
dt

= Ha(r,0), a(r,t)],_g=2(r) € (14)

rjae
K = {2(r,t) = (o z_1(1,1), 21(1, 1), ...) : l2(7, 8)|| =
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o0

= Z (1 + ’TLD ()\271 - )\Qn—l) ‘mn(Ta t)’ < 00}7

n=—00,n#0
H(z) = (..., H.1(x), Hi(x),...),

Hy(z) = =(=1)"00(0) - gnl(ooey A1 + (Ao — A1) sin® z1(7, 1), ...) X

X fr(ooy M+ (A — A1) sin® z1 (7, 1), , ...).

Usgectro (cu. [4], crp. 98), uro eciu qo(z 4 7) = qo(x) € C2(R), 10 (qo(z)) € C1(R).
[Tosromy ayist JyiuHbl J1akyH oueparopa L(7,0), nMeer MecTo paBeHCTBA:

(6
Tn = Aon — Aop—1 = ﬁ, ’TL’ — 00, (15)
rie
00
Y ak <o
n=—00

JlemMma 1. CrpaBeyTUBBI CJIEYIONINE OIEHKA!

L Cy < [fn(O)] < Co, ‘%@)‘ < Cs,

2. [ga(6)] < &,

Ogn 1
220 < c5mE i, € 2\{0)

rae C; >0, j =1,2,3,4,5, He 3aBHUCAT OT ITapameTpa m 1 n.

Jlemma 2. Ecimm qo(x + ) = qo(x) € C%(R), To Bekrop-dbyukmusa H(x(T,t)) ynosiersopser
yeaosuio Jlummuna B 6amaxoBoM mpocrpancTse K, T.e. cymecTByer KoHcranTa L > (0 Takas, 9TO
JIUIsL TIPOU3BOJIbHBIX 9J1eMeHTOB (T, t), y(7,t) € K BBIIOJHIETCS CJIe/IyIOIIe HEPABEHCTBO

1H (2(7, 1)) — H(y(r, )| < LJa(7,t) — y(r, D),

rIe

L—C Z ]nH—l(/\Qn Do 1) = Z \nH—l _c Z |n|+1

n=—00 ’ ’

Bameuanue 2. Teopema 1 u jemma 2 Jar0T MeTOJ HaxXOXKJeHUs pernenus 3ajgaqdu (1)-(3).
Jl1s1 3TOTO, CHAYATA HaiiieM CIeKTpadbHble Januble Ay, £9(7), 00(7) = £1, n € Z\ {0}, oneparopa
Hupaxa L(7,0). O6o3Haunm criekTpaJibhbie ganubie oneparopa L(7,t) gepe3 Ay, §,(7,t), on(7,t) =
+1, n € Z\ {0}. Teneps pemas 3amaay Komm (12), (7) npu npoun3BoabHOM 3HAYEHUN T, HAXOUM
En(T,t), on(T,t), n € Z\{0}. Uz dopmyinsl cienos (9) oupenennm dyukuus ¢, (7,t), T.e. penienue
sagaqan (1)-(3).

Sameuanue 3. Oyuxius ¢ (7,t) HOCTPOEHHAs ¢ TOMOIIBIO CUCTEMbBI ypasHenuii Jlybposuna
(12) u dopmyia crena (9) AefiCTBUTENHHO y/IOBIETBOPsIET ypaBHEHUE 1.

Takum 06pazoM, HAMU JOKa3aHa CJIEIyIOMasi TEOPEMA.

Teopema 2. Ecau nauasvhan gynkyus qo(x) ydosaemeopaem ycaosuto qo(x + m) = qo(z) €
C?(R), mo cywecmesyem 001o3nauno onpedesemoe peweHue qT (1,t) 3adawu (1)-(3), xomopoe onpe-
densnemcs, kax cymma pada (9), u npunadseocum xaaccy Cr 't L(t>0)NC(t>0).

n=—oo n=—oo
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O paspenimmMocTy OHOI OOpaTHON 3aa4M JJIs JJIUINTUYUECKOTO YPABHEHUS
JPOOHOrO IopsaaKa
1Xacanos H., ?Paxmonos A.
L Byzapexuti 2ocydapemeennuiti ynusepcumem, Byvapa, Yabexucman
e-mail: ihasanov998Q@gmail.com
2 Unemumym mamemamury um. B. M. Pomarosckozo AH PY3, Tawxenwm, Yabexucman
e-mail: araxmonov@mail.ru

Henbio mannoit paboThl ABJISIETCS JTIOKA3ATEILCTBO €IMHCTBEHHOCTU U CYIIECTBOBAHUS PeIlie-
HI 00paTHON KpaeBoil 3a0a4n JJIst JLITUITHIECKOTO YPABHEHNS IPOOHOTO MTOPSIKA C HHTEIPAJIHHBIM
YCJIOBUSM Ilepeonpeiesienns. PaccMOTpuM ypaBHEHUE

(6&tu) (x,t) + uge(x,t) = q(t)u(z, t) + f(x, 1), (1)

rae 1 < o < 2—3aJanH0e 4HCI0, Jf —peryispu3oBaHHasd mpon3soaHad I'epacumosa-KamyTo npo6-
HOTO MOpsijiKa (v, ¢ HadasioM B Touke 0, KoTopasi olpejessiercs cieyomum obpasom [1,2]:

() (O) = (00 = sy | (E= 70

rze 1§, - npobubiit naTerpan Pefimana-JInysnnisa nopsaka a, T. e.

(I2:99)(t) = F(la) /0 (t — ) y(s)ds,

I'— ramma-dynkiws Ditepa, u nocrasum st Hero Dp = {(x,t) : 0 <z <1, 0 < ¢ < T} obparHyio
KPaeByIo 3a/1ady C TPAHNIHBIMUA YCJIOBUSAMUE:

U(IL‘,O) = QO($), u(l’,T) = ¢($)7 (O Sw < 1)7 (2)

uw(0,t) =u(l,t), wu,(l,t)=0, (0<t<T), (3)

1 MHTEerpaJIbHbIM YCJIOBHUEM II€PEOIIPpEeaCJICHUA
1
/ (o dz = h(t) (0<t<T), ()
0

rie f(z,t), o(x), ¥ (), h(t)— 3ananube dbyukuuu, a u(z,t) u q(t)— uckomble dyHKIUN.

YenoBue (4) sABiIsieTcst HEJOKAJIbHBIM HHTErDAJIBHBIM YCJIOBUEM II€PBOIO POJia, TO €CTh He
COIEP2KUT 3HavUeHNIT ICKOMOI'O perniennd B TOYKaX I'paHUIIbI.

O6patHas 3anada. Onpedeaumv dynxyuu u(x,t) € C*(Dr), q(t) € C[0,T] us xpaesoti
sadauu (1)-(3) u donoanumenrvrvim yeaosuem (4).
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[.IlocranoBka 3amaun Gg. Ilycts D— KoHedHast 0THOCBA3HAST 00/IaCTH KOMILJIEKCHOMN TIJIOC-
koctu C' = {z = z + iy}, orpanuuennas upu y > 0 HOpMaJIbHON KpuBOii 0o(y = 0p(x)) ¢ KoHIAME
B Toukax A(—1,0) u B(1,0), samamnoit ypasnenmem x2 + 4(m + 2)"2y™™2 = 1, a npu y < 0—
XapaKTepUCTUKAMU

2 2
o 2 (_aym2)/2 . _\(m+2)/2
AC: x m+2( Y) 1 nu BC.:U+m+2( Y) 1

ypaBHEHUSsT
(signy)[y|™ tae + uyy — (m/2y)uy =0, (1)
rJIe M— MOJIOKUTETbHAST TOCTOSTHHAS.

O6oznaunm yepes DT u D~ gactu obsiactu D, JiezKalliyge cOOTBETCTBEHHO B HOJIYILIOCKOCTSX
y>0uy <0, aqgepes Cy u C; Touka nepeceuenust xapakrepuctuk AC u BC' ¢ xapakrepucTtu-
kamu ypasHenust (1) | Beixojsmmmu u3 Touku F(c,0), Tie ¢— HEeKoTopoe Yuciio, MpuHaIerKaIee
unrepsaiy I = (—1,1) ocu y = 0.

Bamaua Gy. Tpebyerca naiitu B obnacru D dyukmmo u(z,y) € C (5), YIOBJIETBOPSIIONILY IO
CJIEJIYIONIUM YCJIOBUSIM:

1) bynxmus u(z,y) npunagiexur C2 (DV) u ynosrersopser ypasrenmio (1) B obmactun D7;

2) byukus u(zr,y) sBiasercs B obaacru D~ 060OIIEHHBIM pellenneM Kiacca Ry ypaBHeHust
(1) (u(z,y) € Ry eciu B dbopmysie Janambepa 7 (z), v(z) € H (cm. mmxe (6) [1, ¢.104];

3) Ha MHTEepBaJie BHIPOXKIeHNsT AB MMeeT MeCTO yCJIOBUE CONPSIZKEHUsI

ou
: o I m/2Y%
yhmo( Y) o yhmoy , v €I\ {c}, (2)

[IpUYEM 3TU Tpejesbl ipu © = £1, x = ¢ MOI'yT UMeTh OCOOEHHOCTH MOPSJIKA HUXKE €IUHUIIDI;
4) st 00bIX = € I BBINOJHSAIOTCST PABEHCTBA

u(:c,y) ’00: cp(a:), LS [_1’ 1]7 (3)
w(z,y) laco=vo(z), = €[-1,(c—1)/2], (4)
u(xvy) ’ECIZ 1/11(35)7 S [Cv (C + 1)/2]7 (5)

Oyuxmun (), vo(r),v1(z) samams u p(z) € C[—1,1] N C%%(-1,1), ¥y(z) € C[-1,(c —
1)/2] N Ch0(—1,(c —1)/2), ¥1(z) € C[(c+ 1)/2,1] N CH((c +1)/2,1), ag € (0,1), npuuem
o(x) = (1 — 22)@(z), tne p(z) € CO0[-1,1] N C%0(~1,1), 1o(—1) =0, ¥1(c) = 0.

Bamerum, uro yciaosue (3) siBisiercs ycaosueM Jlupuxiie, 3aJaHHBIM Ha 0, a ycaoBus (4) u
(5)— sT0 yeaosue lesuieperesra 3ajanHoe Ha rpannaHoil xapakrepuctuke ACH, u Ha BHyTpeHHeil
xapakrepuctuke ECy . Ilpu ¢ = —1 wim ¢ = 1 3amaua Gy coBuagaer ¢ 3azgaqeii Tpuxkomu (M.,
nanpumep, (1, c. 128)).

2. EquHcTBeHHOCTDL pemtenus 3agadn Go. Popmyna Janambepa, onpeensiomas B 06-
nactu D~ pemenue Jyisi ypaHenust (1) BugounsmenenHoii 3aaun Ko ¢ Haga bHBIME JaHHBIME

—m/2@

7(z) =u(x,0), z€l; v(r)= lim (—y) xel,

y——0 oy’

umeer Bu [1, c. 39|

1 2 2
_ - L2 () mr2)/2 _E (L m2) |
u(z,y) 2[7(90 Y )+T<f€+m+2( y) ﬂ
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(_y)(m+2)/2

1 2t
g et \(mA2)/2 dt.
i /_lu[:wm”( ) } (6)

C nmomontpio dopmyier Jamambepa (6) m3 kpaeBbix yciaosuit (4) n (5) HETPYIHO HOJIYYIHTDH
paBeHCTBA

P - v = (P51, e (-1 @

xr+c

T’(x)+u(a;)=¢1< > z € (c,1), (8)

Coornomenus (7) u (8) sABAAOTCS MEPBBIMU (DYHKIIMOHATLHBIME COOTHOIIEHISAME MEZK LY
HensBecTHbIME byHKIMsiMU T () U v(z), npuBHECEHHBIMU Ha uHTepBasbl (—1,¢) u (¢, 1) ocu y = 0
n3 obsractu D~

Hna sagaun Gy ananorom npusnuna skcrpemyma A.B.Bunasze (3, ¢. 301) siBisiercst

Teopema 1.Pewenue u(z,y) 3adawu Gy npu evnoaneruu ycaosud Po(r) = 0, YP1(z) =
0 csoe20 naubosvwezo nososcumesvrozo snavenus (HII3) uau naumenvuwezo ompuyamenbrozo
snavernus (HO3) 6 samrxnymoti obaacmu D" mooicem NPUHUMAMD MOALKO 6 MOYKAT HOPMAALHOT
Kpusol og.

HoxkaszaresabctBo. [lycrs dyukius u(z,y) yaoBiaerBopser ycaoBusM TeopeMmbl 1. B cmry
npunnuna Xorda (3, c. 25) permenne u(z,y) ypasuenus (1) ceoero HII3 Bo BHyTpeHHHX TOUKAX
obmactu DT me mocturaert.

ITycrs pemenne u(x,y) csoero HII3 mocruraer Bo BHyTpeHnueii Trouke My(xo,0) unTepBaia
AB.

PaceMOTpUM OTZIEIBHO TPH CIydast BOSMOXKHOTO TIOJIOKEHHsT TOUKH X().

1. Ilycrb 29 € (—1,¢). Torga B cuiy usBecTHOrO aHaJsora npuHimna 3apemba— 2Kupo B 910ii
TOUKE

v(zg) <0, (9)

(1, c. 74). C apyroii CTOPOHBI XOPOIIIO U3BECTHO, YTO B TOUKE MOJOKUTEIHLHOIO MAKCHMYyMa B

CHJIy COOTBETCTBYIOIIErO OJJHOPOIHOTO paBeHCTBO (7) (Tae 1y (xOT_l) = 0) umeem

v(x) =0, (10)

a 9TO PABEHCTBO B CUJLY YCJIOBHsI COLIPsizKeHUsI (2) IIPOTHBOPEYNTH HepaBeHCTBY (9), ciieoBaTesIbHO
70 ¢ (—1,¢).

2. Ilyers xg € (¢, 1). Baech anagorngno ciaydao 1 B cuity opHopojaHoro (rie (’”OT*C) =0)
ycsioBust (8) JIErKO TIOKA3BIBAETCsI, UTO ITO MPEJIOJIOKEHIE TAK¥Ke BeJIET K IIPOTUBOPEYUIO T.€. T ¢
(c,1).

3. Ilycrb x¢ = c. Torja U3 cOOTBETCTBYIONIErO OJHOPOHOrO Kpaesoro yeiaosus (5) (¢ i1 (x) =
0) umeem 7(c) = 0, cae0BaTENBHO U B 9TOM CJIydae ToUKa xo He sBisiercss Toukoil HII3 dynknum
u(z,y).

Takum obpazom, perenue u(x,y) yAOBJIETBOPSIONMM yCaoBusiM TeopeMbl 1 cBoero HII3 jo-
CTUTAeT B TOYKAX KPUBOM 0.

AHaJIOrn9HO Kak ¥ BBIIe TaKyKe MOYKHO I10Ka3aTh, YTO pelieHue u(x,y) yI0BIeTBOPSIONasl
yeaoBusim TeopeMbl 1 csoero HO3 tak ke jocTuraer B TOYKax KpuBoil og. TeopeMbl 1 joka3aHa.

N3 Tteopembl 1 BbITEKaET

CaencrBue. 3adaua Go moocems umems He 6oaee 001020 PEWEHUA.

B camowm jsieste, B cuity Teopembl 1 pertierne omgHOpoaHOM 3anaun Gy csoero HII3 u HO3 1o-
CTUTAeT B TOYKAX HOPMAJbHON KPUBOH 0 ¥ B 3THX TOYKAX B CUJIY COOTBETCTBYIOIIEIO OJHOPOIHOIO
(¢ p(z) = 0) yeaosust (3) u(z,y) |5,= 0. Orcroga caexyer, uro u(x,y) = 0 BCIOJAY B 3aMKHYTOIl

o " .
obsractu D', ciieioBaTe/IbHO, U BO BCel cMermannoi obnactu D.

JIuteparypa
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B nmannoii pabore paccMaTpuUBaeTCs CJIEIyIOIIas CUCTeMa YpaBHEHU

N mp— 1
g+ p(t) (60 g + Ugaa) + ()t _22 Z my—1 gklgk:l i — Gk - ])’
k=1 j=0 (1)
L)y = &ghs LG = &gt + g ', Tm& >0,
gi€L2(_OO7 OO), k:]-an jzovmk_l

rjae
d . . . !
L(t)=1 < N R > 0= (g (@.1), gla(2,1), Oy, (n— i’

gp = (g (. 1), gy (x, t))T — coberBeHHast BeKTOP-yHKImMs onepatopa L(t) cooTBeTcTByIomas cob-
creerHomy 3HaudeHuio & (Im &, > 0) kparnoctu my, k=1, N, a p(t) u q(t) 3amanHble HENIPEPBIBHO
muddepennupyemble GyHKITUN.

IIpeamnosaraercs:, ITO

oo

1 1 1-1 1 1-1
e [ (T e de = Al ), @)

—00

rJe Amk 1_;(t) m3HavATBHO 3amaHHbIe HenpepbiBHEE GyHKIWE | = 0,m), — 1. Ypasuenne (1) pac-
CMaTPUBAETCS TPU HAYATLHOM YCJIOBUU

u(z,0) = up(z), =€R. (3)

B paccmarpuBaemoit 3aiade HadasibHast dyHKIUA ug(z) (—oo < x < 00) obIagaer Ciaeryo-
UMY CBOHCTBAMU:

)

o
| fal luo(e)ide < . (1)
—0oQ
& —uo(z)
2) Omeparop L(0) = z( dxu (2) d > uMeeT POBHO 2N COOCTBEHHBIX 3HAYEHUI
—ug — 4

£1(0),£2(0), ...,

&an(0) ¢ kparrocTsimu my(0), ma(0), ..., man(0).
[Ipeanonozkum, aro Gyukims u(z,t) obaagaer TpebyeMoil T KOCTBIO U JOCTATOUYHO OBICTPO
CTPEMUTCS K CBOUM IIpeliesiaM Ipu T — 100, T.e.

+oo

[ (050 + 3

k=1

W‘)dm<oo. (5)

—0o0
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OcHoBHasi 1leJib  JAHHON paboThl — MOJIYYUTh NPEJICTaBJIeHUs st pemtenust u(x,t),
gi(m,t), kE=1,N, j = 0,my — 1, 3amaun (1)—(5) B pamkax meroja oOpATHON 3a/auu PacCestHUsI
Jytst oneparopa L(t).

OCHOBHBIM Pe3yJIBTATOM JAHHON PAOOTHI AB/ISAETM CJIE/IyIONAsd TeOPEMA.

Teopema 3. Ecin dbyukuun u(z,t), gi(z,t), k = 1, N, j = 0,my — 1 siBasercs pemenu-
eMm 3agaqn (1)-(5), To namnble paccesnus oneparopa L(t) ¢ morenimanoMm u(z,t) yI0BI€TBOPSIOT
cienyomuM 1udOepeHnnaibHbIM YPABHEHUAM

my(t) = my(0), &(t) =&(0), k=1,N,

d;; (8i€%p(t) — 2i€q(1)) ™, Im& =0,
%” = (8i&p(t) — 2i&nq(t) + A (1)) X0
d;? = (8igap(t) — 2i€aq(t) + AG (1)) xi+
+ (24i&5p(t) — 2iknq(t) + AT () X0,
% = (8i&lp(t) — 2i&nq(t) + AG (1)) X5 + (24i&ap(t) — 2i&nq(t) + AT (1)) X1+

+ (24i&np(t) — 2inq(t) + A3 (1)) X0
% = (8i&pp(t) — 2i&nq(t) + AL (1)) x5 + (24i&2p(t) — 2iknq(t) + AT(E)) X5
+ (24i&,p(t) — 2i€nq(t) + A5 (1)) XTI + (8ip(t) — 2i&nq(t) + A (1)) X0,
% = (8i&2p(t) — 2i&nq(t) + AF(D)X] + (24i€2p(t) — 2i&nq(t) + AT (1) X[,
+(24i&np(t) — 2i6nq(t) + A5 (£)X]o + (8ip(t) — 2inq(t) + AR (1))X] 3+

+3 AP (OXT, n=1,N, l=%m, - L

[ToJry4eHHbIe PABEHCTBA IIOJTHOCTBIO OLPE/IC/ISIOT IBOJIONUIO JAHHBIX PACCESTHUS, YTO O3B0~
JIsieT IPUMEHNTh MeToJ| 00paTHOl 3aja4du paccesiHust Jyisi perrernst 3amaan (1)-(5).
IIpumep 1. Paccmorpum ciemytornyio 3amady Komm

Ut +p(t)(6u2ux + Ugga) + q(t)uy = 2 (9%1 - 9%2)

2
Lagi = . 0) = —
g1 =&g1; u(z,0) N
rie
+oo

e—2t(t+4) ) e~ 2t(t+4) . o—8t—2t>
p(t) =t— 33 q(t) =t — g / grgiedr = Ay(t) = —

—0o0

Herpyuo maiitu nanuble paccesinus omneparopa L(0):

{rT(0) =0, &(0) =14, xo(0) = 2i}.

CortacHO TeopeMe 2, IBOJIIOIN JAHHBIX TEOPUH PACCESHUsT BBITJISIINT CJAEAYIONUM 00pa30oM

. . _8t_22
&) =&(0)=i, r7(t)=0, xpt)=2ie %",
Caenosarensuo, F(z) = 2e~*8t=2t"  Perag CHCTeMy WHTEerpaJibHbIX ypaBHeHuit lembdarmia-
JleBuTana-Mapuenko

Ky(x,y) + /Kl(x, s)F(s+y)ds =0,

—K(z,y)+ Flx+y) + /K2(:U,$)F(s +y)ds =0,
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[TOJTY IUM
26—x—y+8t+2t2
Ki(z,y) =

1 + e—dz+16t+4e%

Orkyna HAXOIUM perrenne 3aaadn Kormm:

-

) 6731+8t+2t2

(2,1) i
€T g
ch (22 — 8t — 212 T

1+ e dot160+4e2” gu2(,t) = 1+ e dot160+4e2”

u(z,t) =—
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