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ABOUT ESTIMATES THE BERGMAN KERNEL FOR CLASSICAL
DOMAINS

Abdullayev J. Sh.!, Khasanova K. 1.2

National University of Uzbekistan named after M. Ulugbek, Tashkent, Uzbekistan
Yonibek-abdullayev@mail.ru, 2kamola_ khasan@mail.ru

The Bergman space on bounded symmetric domains is a fundamental concept in the
analysis. It is equipped with a natural projection, i.e. the Bergman projection, determined by
the property of the reproducing nucleus. On the other hand, the weighted Bergman spaces are
also important in harmonic analysis (see, for example [1-2]).

The Bergman kernel for any transitive circular domain is equal to the ratio of the volume
density to the Euclidean volume of the domain. Hua Luogeng in [2| constructed Bergman kernels
for four types of classical domains, being guided only by this consideration and without resorting
to complete orthonormal systems, and in this book one can also find explicit expressions for
the Bergman kernel, groups of automorphisms of the domain R; (m, k), %;r (m), R;rr (m) and
§R[V (n)

Definition ([3]). Let {p, (2),v = 0,1,2,...} be a complete orthonormal system of holomorphic
functions in L? (D). The Bergman kernel (or kernel function) Kp (z, f) 15 the sum of the series

S0 ()20 (©) = Kp (2.0).

which 1s holomorphic by z and antiholomorphic by C
For example (see [3], [4]), the Bergman kernel for a ball with radius R, B" (R) = {z € C" : |z| < R},

has the form
n!R?

n n+1"
™ <R2 - > ZkC_k)

Ken(ry (2,€) =

k=1
The paper presents is to find optimal estimates for the Bergman kernels for the classical
domains Ry (m, k), R;r (m), R (m) and Ry (n), respectively, through the Bergman kernels

m(m+1) m(m—1)

in balls from the spaces C™, C~ =z ,C~ 2z  and C™
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ON ESTIMATES FOR OSCILLATORY INTEGRALS WITH PHASE HAVING
E; TYPE SINGULARITY

Akramova D.I.!, Ikromova D.I.?

Samarkand State University, Samarkand, Uzbekistan.
lakramova.shoda@mail.ru, 2ikromova_89@mail.ru

Let S C R™! be a smooth hypersurface, and p € C5°(S) be a smooth function with compact
support. Consider the charge du(X) := ¢(X)dS, where dS is the induced Lebesgue measure
on the hypersurface S. In particular, if ¢ is a non-negative function, then we are dealing with
a Borel measure supported on S. The Fourier transform of the charge du is determined by the
following integral:

(€)= [ (),

which corresponds to the Fourier transform of a distribution given by the charge du (see [1]),
where x - £ is the inner product of vectors z and &.

In this paper, we consider the problem: Find the GLB (Greatest lower bound) pg of the following
set

{p € [1,00) : for any ¢ € C5°(S) the inclusion : dp € LP(R™1') — holds true}.

Where LP(R™*1) is the space of integrable functions with degree p(1 < p < c0), of course
if p = oo, then we are dealing with a space of essentially bounded functions. The number pg
is called to be an exact exponent of integrability of the Fourier transform of the charge dp,
supported on the hypersurface S.

Remark. A similar problem can be considered for smooth surfaces of codimension strictly
greater than one. The Fourier transform of characteristic functions of compact domains with
C*-smooth boundary had been considered in the work [2].

In this paper, we consider the case of hypersurfaces in R?, given in the form of the graph of
a function ¢ which has a singularity of type F7 at the origin R?, moreover the support of the
function ¢ is a subset of a small neighborhood of zero.

Note that, the well-known uniform estimates obtained in the work by J.J.Dustermaat|5| give
estimate pg < 3h(¢), where h(¢) the height of the function ¢ introduced by A.N.Varchenko[4].

In the case of singularity E;, we have: h; = %.

Note that, the estimate ps < 3h(¢) is far from been sharp. It follows from the classical results
that the equality ps = 3h(¢) holds if and only if h(¢) = 1, those ¢ has the non-degerate critical
point at the origin.

We will show that, the equality ps = 3 is valid in the cases when ¢ has a singularity of type E7
at the origin.

In this paper we assume that the density ¢ is supported in sufficiently small neighborhood of
the origin R3 and also, it is assumed that, the surface S in a sufficiently small neighborhood of
the origin is given as the graph of a smooth function: x3 = ¢(x1, x5), satisfying the conditions:
#»(0) =0,V¢(0) = 0 and also h(¢) < 2.

In this case this function is diffeomorphic equivalent to functions having simple singularities of
Arnold’s type [6]. But in the problem under consideration, we need to have the form of these



functions with respect to a linear change of variables.

Proposition. Let ¢ be a smooth function satisfying the conditions:

»(0,0) = 0,V¢(0,0) = 0, and also h(¢) < 2. In addition, the Taylor development of the
function ¢ has the form ¢ = (c;z; + c212)® + ... where ¢, ¢y € R with a® + % # 0 "..."means
sum of monomials with degree bigger than 4. Then there is a linear coordinate system in R?
such that this function can be written in one of the following forms:

d(x1, 22) = b(x1, x2) (22 — ¢($1))3 + 22b1(21) + bo(21),

where b, by, by and 1) are smooth functions, also 1(0) = ¢/(0) = 0 as well as 5(0,0) # 0 and
by(z1) = 2161 (1), bo (1) = 25 By (21). Here By, fy are smooth functions. Moreover either:

(i) ko = 4,k; > 4 and also 5y(0) # 0 (singularity of type Eg); or

(ii) k > 5, k; = 3 and also 3;(0) # 0 (Singularity of type E7); or

(iii) ko = 5,k > 5 and also 5y(0) = 0 (singularity of type Eg).

The main results of the work are contained in the following theorem:

Theorem. Let S C R? be a smooth hypersurface given as the graph of a function
r3 = ¢(x1,z2), where ¢ smooth function satisfying the following conditions:
(i) $(0,0) = 0, V$(0,0) = 0;
(ii)¢ has a singularity of the type Ex.
Then there is a neighborhood U of the origin such that for all ¢ € C§°(U) the inclusion
d/\u € L**°(R?) holds true, where L**(R?) = (N .4 LP(R?).

Sharpness of the main theorem follows from the following proposition:

Proposition. Let S C R™™! be an arbitrary C? smooth hypersurface containing the origin,
let dyp be the measure defined by

(€)= [ aut).

and let ¢ be a nonnegative continuous function concentrated in a sufficiently small neighborhood
of zero such that ¢(0) > 0. Then du ¢ LP(R™*!) for any 1 < p < @
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ON THE ERGODICITY OF p-ADIC (1,2)-RATIONAL DYNAMICAL
SYSTEMS

Aliev E.T.

Namangan Institute of Engineering Technology, Namangan, Uzbekistan,
aliev-erkinjon@mail.ru

For (1,2)-rational functions with two fixed points on the field of p-adic numbers Q, (see
[1]-[3]), we study ergodicity properties of the dynamical system generated by these functions.
We consider (1,2)-rational functions of the following form

ax
f(x)ZM> a’7é07 a’aQGQpa (1)

where z # 19 = —ekver—da V202_4“.

In [1] the p-adic dynamical system of this function is studied on the field of p-adic complex
numbers C,,.

Here we consider the dynamical system of function (1) on the field of p-adic numbers Q,.

Suppose that the square root v/¢? — 4a exists in Q,,.

Note that, function (1) has two fixed points z; = —c and 23 = 0. x5 is an indifferent fixed
point.

Denote

a = min{|§jl‘p> ’§:2|p} and B = max{\fcﬂp, |j2‘P}

Define the following set
I={r: 0<r<a}l.

Proposition 1. The sphere S,(0) = {x € Q, : |z|, = r} is invariant for f if and only if
rel.
For every zy € S,.(0) we can construct the sequence

x1 = f(x0), x2 = f(x1), oo s T = f(Tp_1), - -

The sequence {z,} is said to be forward orbit or trajectory of x.

The following results present the properties of {x,} for every xy € S,.(0).

Theorem 1. The following properties hold:

1) The sequence {x,} diverges for every xy € S,(0).

2) For everyr € I, r # |c|, there exists p(r) > 0 such that a closed ball with the radius p(r)
1s @ mainimal invariant ball.

We are interested in the ergodicity properties (see [4] for definitions) of the dynamical system
on each invariant sphere.

Let X be an arbitrary nonempty set, F is an algebra of subsets of X, u is a probability
measure on F, and 7" : X — X is a measurable map.

Definition 1. A measurable map 7T is said to be measure preserving if for every A € F,
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Definition 2. The dynamical system (X, T, u) is called ergodic if for every invariant set V'
we have p(V) =0 or u(V) = 1.

For each r € I, r # |c|, consider a measurable space (S5,(0),B), here B is the algebra
generated by closed subsets of S,(0). Every element of B is a union of some balls V,(s).

A measure i : B — R is said to be a Haar measure if it is defined by f1(V,(s)) = p. Note
that S,(a) = V;(a) \ Vz(a). So, we have fi(S,(0)) = r(1 — o)

We consider normalized (probability) Haar measure:

AD)
A(S0) (=D

Theorem 2. The function (1) is measure preserving with respect to the normalized Haar
measure.

Theorem 3. Let r € I and r # |c|,. If p # 2, then the dynamical system (S,(0), f, 1) is not
ergodic.

Theorem 4. Let p =2 and r € I. Then the dynamical system (S,.(0), f, 1) is ergodic if and
only if |cla = B and r = §.

p(Vp(s)) =
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PANJARADAGI IKKI ZARRACHALI SISTEMANING BOG’LANGAN
HOLATLARI

Anvarov J.!, Mavlonova H.?

!Samarqand davlat universiteti, Samarqand, O‘zbekiston
Javlondragon@gmail.com,
2Navoiy davlat pedagogika instituti, Navoiy, O‘zbekiston
mavlanovahafizab6@gmail. com

Panjaradagi ikki zarrachali sistemaning bog‘langan holatlari ko‘plab muallifiar tomonidan
tadqiq qilingan [1-3]. Masalan, [1| ishda ikki zarrachali klaster operatorlarining bog‘langan
holatlari parametrning kichik giymatlarida o‘rganilgan. Panjarada ikki bozonli sistemaning
bog‘langan holatlari soni [2| ishda, ikki fermionli sistema bog‘langan holatlarining soni esa
[3] ishda to‘la kvaziimpulsiga bog‘liqligi qo‘zg‘alishlar nazariyasi yordamida o‘rganilgan. Uch
o‘lchamli panjarada ikki fermionli sistema Hamiltoniani tashuvchisi

D = {Il = (n17n2>n3) S Z3 tng € Z, |TL1| + |7’L2| S 1}

silindrda bo‘lgan potensial bilan qaralgan bo‘lib [4], H (k) operatorning invariant qism fazolari
topilgan hamda bu qism fazolardagi bog‘langan holatlarga mos energiyaning qiymatlari aniq
hisoblangan.
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Ikki zarrachali sistemaga mos energiya operatori f5((Z?)?) Hilbert fazosida
f{ - I:I() - ‘A/

formula bilan aniglanadi. Bu yerda H, ikki zarrachaning kinetik energiyasiga mos operator
bo‘lib, u quyidagicha aniqlanadi:

bu yerda m; birinchi zarrachaning, ms ikkinchi zarrachaning massasi bo‘lib, ularni biz birga
teng deb hisoblaymiz, yami m; =my =1. A} = A® I, va Ay = [ @ A bo'lib, I — (5(Z?) dagi
birlik operator, A esa panjaradagi standart Laplas operatori, ya'ni

~

(A)(x) = Z (fx+ ) +(x —e)) = 20(x)), € o(Z7),

bu yerda e; = (1,0), ez = (0,1) lar Z? panjaradagi birlik vektorlar.
Zarrachalarning o‘zaro ta‘sir energiyasi V' esa quyidagi ko‘rinishda bo‘ladi:

(Vqﬁ)(xlu Xg) = (X, —sz(xla X2), 2/Af < 52((Z2)2)-
Potensial ¢ : Z> — R ga quyidagi shartlar qo‘yiladi:
0(n) = 9(n1,nz) = v(|n),  |n| = |na] + |nal, (1)

hamda ©(0) > v(1) > 0, 9(n) = 0, n > 2 deb faraz gilinadi.
Potensial v ga qo‘yilgan (1) shartda H operator chegaralangan va o‘z-o‘ziga qo‘shma bo‘ladi.
H operatorning koordinat tasviridan impuls tasviriga Fur‘ye almashtirishi orqali o‘tiladi.
Ikki zarrachali sistema Hamiltoniani H = Hy — V va Ly((T2)?) fazolar quyidagicha to‘g‘ri
integralga yoyiladi [5],

= [ oW L1 = [ oLFdk
T2 T2
bu yerda
Fio = {(ki.ks) € (T?)": ki+ko=k}, ke T?

k— sistemaning to‘la kvaziimpulsi.
Har bir tayinlangan k € T? da H(k) : Ly(Fyx) — Lo(Fy) operator Lo(T?) Hilbert fazosida
aniqlangan H (k) = Hy(k)—V operatorga [2| unitar ekvivalent bo‘ladi. Bu yerda Hy(k) operator

k1 2
ex(p) = 4 — cos — COSP1 — €08 - COS Py

funksiyaga ko‘paytirish operatori.
Zarrachalar o‘zaro ta‘sirini ifodalovchi operator V integral operator bo‘lib uning f € Lo(T?)
elementga ta‘siri quyidagicha aniglanadi:

VHp) = ! /Wv(p—q)f(q)dq-

T om
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Potensial v ga qo‘yilgan (1) shartda v(p) funksiyaning ko‘rinishi quyidagicha bo‘ladi:

1 ) 1
— N 7,(1’1, ) — — |, 7y
v(p) = . EZQ d(n)e'™P) = 5 [0(0) 4 2v(1)(cos p1 + cos pa)].

H (k) operatorning xos vektorlari sistemaning bog‘langan holatlari, bu xos vektorga mos
xos son bog’langan holatning energiyasi deyiladi. Shunday ekan biz H (k) operatorning xos
funksiyalari va xos qiymatlari bilan qiziqamiz.

Minimaks prinspidan [5] foydalanib H (k) operator muhim spektridan pastda yotuvchi xos
giymatlari soni uchun quyidagi tasdigni isbotlash mumkin.

k
Teorema. Agar v(1) > 200851 + 200852 bo‘lsa, u holda H(k) operator kamida uchta
T0S qiymatga ega.
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NUMERICAL RANGE OF THE FRIEDRICHS MODEL

Bahronov B.I.

Bukhara State University, Bukhara, Uzbekistan
b.bahronov@mail.ru

Quadratic forms and their use in linear algebra are quite well known. A natural extension
of these ideas in finite- and infinite-dimensional spaces leads us to the numerical range. When
specialized to finite-dimensional spaces, the numerical range is often called the field of values.
We remark that the numerical range is an important tool in the spectral analysis of bounded
and unbounded linear operators in Hilbert spaces.

Let us state the definition. For a bounded linear operator 7" on a complex Hilbert space
‘H, the numerical range W(T') is the image of the unit sphere of H under the quadratic form
r — (Tx,z) associated with the operator, where (-,-) is an inner product on Hilbert space H.
More precisely,

W(T) ={(Tz,x): x € H, ||z]| = 1}.

Thus the numerical range of an T, like the spectrum, is a subset of the complex plane whose
geometrical properties should say something about that operator. This notion was first studied
by O.Toeplitz in [1]; he proved that the numerical range of a matrix contains all its eigenvalues
and that its boundary is a convex curve. In [2] F.Hausdorff showed that indeed the set W(T') is
convex. In fact, it turned out that this continues to hold for general bounded linear operators

and that the spectrum is contained in the closure W(T') (see [3]).
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Let T3 be the three-dimensional torus, the cube (—m, 7|> with appropriately identified sides
equipped with its Haar measure and L?(T?) be the Hilbert space of square integrable (complex)
functions defined on T3.

Let us consider the Hamiltonian (so-called the Friedrichs model) A(uy, o) acting on the
Hilbert space L*('T?)

A(per, p2) == Ao — Vi + p2Va, (1)

where Ay is the multiplication operator by the function u(-) :

(Aof)(p) = ulp)f(p), feL*(T%);

and V,, a = 1,2 are non-local interaction operators:

(Vo f)(p) = va(p) /1“3 v () f()dt, a=1,2, feL*(T%.
Here p, > 0, a = 1,2 are positive reals, u(-) and v,(-), a = 1,2 are real-valued continuous
functions on T?. Under these assumptions, operator A(uy, pi2) defined by (1) is bounded and
self-adjoint in L?(T3).

In addition, we assume that the function u(-) has an unique non-degenerate minimum at
the point p; € T? and has an unique non-degenerate maximum at the point p, € T?, and for
a = 1,2 the function v,(-) has the continuous partial derivatives up to the third-order inclusive
at some neighborhood of p, € T3.

We set

my = min u(p), my = max u(p),

v2(t)dt
I.(z) = =~ ze R\ [mi;ms].
@)= [ 2 s e R i
Since the function I,(-) is an increasing in the intervals (—oo;mq) and (mg; +00), by the
Lebesgue dominated convergence theorem the exist the following finite or infinite limits

[1(?711) = Z_}gil_o Il(Z), IQ(TTLQ) = Z_};IZIQIJFO IQ(Z).

The finiteness or infiniteness of the last limits are important in the investigation the presence
of the eigenvalues of A(f1, o) and the conditions under which the numerical range of A(pq, 112)
is closed as a set.

In the case |I,(mq)| < 0o, o = 1,2 we denote

p = (I(ma)) ™ g o= —(Ta(ma))

We describe the numerical range W(A(u?, 13)) of A(uf, 19) depending on the value of the
function v,(-), @ = 1,2. Our investigations are based on the threshold analysis techniques.

Let supp{va ()} be the support of the function v,(-) and mes(£2) be the Lebesgue measure
on ) C T3,

Theorem. Let the condition

mes(supp{v;(-)} Nsupp{v2(-)}) =0
be fulfilled. If vy (pa) = 0 for a = 1,2, then
WA, 1)) = [masmo)(= o (A4, 13))).
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ESTIMATES FOR THE BOUNDS OF THE ESSENTIAL SPECTRUM OF A
2x 2 OPERATOR MATRIX
Dilmurodov E.B.

Bukhara State University, Bukhara, Uzbekistan
Bukhara Branch of the Institute of Mathematics named after V.I.Romanovsky, Bukhara,
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We study the essential spectrum of the 2 x 2 operator matrix of the form

Aqy MA12 )
= >0
A < pAi, An )l

acting in the Hilbert space

H = 7‘[1 s> 7‘[2
with Hy = L*(T9) and Hy = L2, ((T%)?). Here T¢ is the d-dimensional torus, the cube
(—m, w]¢ with appropriately identified sides equipped with its Haar measure and Lgym((Td)Q)

stands for the subspace of L?((T)?) consisting of symmetric functions (with respect to the two
variables). The matrix entries A;; : H; — H;, © < j, 4,5 = 1,2, are given by
(Aunfi)k) = wr(k) i), (Awf)(k) = [ falh, 00
T
(Ao fo) (b, ko) = wa(ky, ko) fo(ky, ko), fi € Hiy i=1,2.

Here p > 0 is a coupling constant, the functions wy(-) and ws(+, -) have the form
1
wl(k‘l) = 8(]{71) + v, U}Q(kfl, k’g) = 8(k’1) + 8(5(1{71 + k’g)) + 6(]{72)

with v € R and the dispersion function ¢(-) is defined by

d
e(k) ==Y (1 —cos k"), ki = (k{",... k) e T,
i=1
Let Hy := C. To study the spectral properties of the operator A,,, we introduce the following

auxiliary family of bounded self-adjoint operators (generalized Friedrichs models) A, (k), k €
T4, which acts in Ho @ H; as 2 x 2 operator matrices

AOO ‘&A(Jl
A, (k) = V2 ,
u(F) < A An(k) )
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with matrix elements

Awfo=fo, (Aofi) = /]I‘d Ji(t)dt,
(An (k) f1) (k1) = Ex(k1) fr(Ry),  fi € Hay i=0,1,

where the function Ej(-) is defined by

Ey(ky) = 5( (k + k1)) + &(k).
To simplify the notation we set

A= | (k) + oaie(Au(R))), T, = [0;6d] UA,.

Let

min ,__ : max ,__ .
a,”i=minX,, @, =maxd,;

() = (/Td W)A/Q for v > 0;

W) = /A~ ( /T L@)/ for < 4d.

ae(t/2) +¢
We can now state the detailed information on bounds of the essential spectrum of A, for
the case d > 3 with respect to the spectral parameters v € R and p > 0 [1]:
Case I. Let v < 0. Then for any p > 0 we have

aE’in =minA, <e(0) + El(f) < 0;

moreover,

o a7 = 6d, if € (0; ud(7)];

e a®™ =max A, > &(T )+E > 6d, if g > pl(y).

Case II. Let v € (0;2d]. Then

° ami“ =0 and a; ™ = 6d, if p € (—oo; pd (7)];

o " =minA, < £(0) + EY < 0and @ =6d, if p € (u (7) 10 ();

o ap™ = minA, < £(0) + B < 0 and o = maxA, > e(T) + B > 6d, if u €
((7); +00).

Case III. Let v € (2d;4d). Then

° amin =0 and af}** = 6d, if pu € (—o0; 2 ()]

o a™" =0 and a™ = max A, > (7 )+E< > 6d, if p € (u ( ) 10()];

o A = mmA“ < £(0) + E,(f) < 0 and @™ = maxA, > &(7) + El(f) > 6d, if p €
(17 (7); +00).

Case IV. Let v > 4d. Then for any p > 0 we have a;}** = 6d; moreover,

o ap™ =0, if pu € (0; uf (7));

e a™ =minA, <e(0) + EV <0,if p> 1 (7).

All assertions mentioned above play crucial role in the study of the number of discrete
eigenvalues of A, lying outside of its essential spectrum.
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PERIODIC GROUND STATES CORRESPONDING TO SUBGROUPS OF
INDEX THREE FOR THE ISING MODEL ON THE CAYLEY TREE OF
ORDER THREE

Egamov D. O.

V.1I. Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan
dilshodbekegamov87Q@gmail.com

The Cayley tree I'* of order & > 1 is an infinite tree, i.e., a graph without cycles, from each
vertex of which exactly k + 1 edges issue(see [1]). Let T* = (V, L,7) , where V is the set of
vertices of I'%, L is the set of edges of I'* and i is the incidence function associating each edge
| € L with its endpoints z,y € V. If i(l) = {z,y}, then x and y are called nearest neighboring
vertices, and we write [ = (z,y). The distance d(x,y),x,y € V on the Cayley tree is the shortest
path from x to y.

For the fixed 2° € V' (as usual, 20 is called a root of the tree) we set

W,={xecV | d(z2°)=n}.

We write z < y if the path from z° to y goes through x and |z| = d(z,2°), x € V.

It is known that there exists a one-to-one correspondence between the set V' of vertices of
the Cayley tree of order k£ > 1 and the group Gy of the free products of k + 1 cyclic groups
{e,a;},i=1,...,.k + 1 of the second order (i.e. a? = e, a; # ¢) with generators a,, as, ..., ax11.

At first, we give main definitions and facts about the Ising model. We consider models
where the spin takes values in the set ® = {—1,1}. For A C V a spin configuration o4 on
A is defined as a function z € A — o4(z) € ®; the set of all configurations is denoted by
Qq =04 Put Q =Qy, 0 =0y and —04 = {—0a(z), 2 € A}. Define a periodic configuration
as a configuration o € 2 which is invariant under cosets of a subgroup G C Gy, of finite index.

The index of a subgroup is called the period of the corresponding periodic configuration. A
configuration that is invariant with respect to all cosets is called translation-invariant.

Let Gi/G} = {Hi, ..., H,} be a family of cosets, where G} is a subgroup of index r > 1. We
consider model which its spins take values in the set & = {—1, 1}.

The Ising model with competing interactions has the form

H(o)=J Y o(@)o(y)+J Y olx)o(y),
(wy)el dgf;f)‘:z
where J = (Jy, J;) € R? are coupling constants and o € ().
Let M be the set of unit balls with vertices in V. We call the restriction of a configuration
o to the ball b € M a bounded configuration oy.
Define the energy of a ball b for configuration o by

Uloy) = Uloy, J) = %Jl S o) +h S ol)ol), nyeb,

(z,y)eL d(z,y)=2
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where J = (Jl, JQ) S RQ.

We consider periodic ground states on the Cayley tree of order three, i.e., & = 3. Let
By = {3,4}, By = {d},d € {1,2}, i.e., m; = i,i € {1,2}. Now, we consider functions ug,p, :
{a1,a2,a3,a4.} — {e,a1,a2} and v :< e, ay,a2 >— {e,ay, a2}

e, ifr=ua;i=3/4
u{Bl}v{BQ}(x) - a;, Zf Tr = a“ ﬁ

eifr=e
ajifx € {ay,asa1}

v(x) =< azifx € {a,aras} o
Y(asaz—;..y(aas—;)) if v = ajaz_;...a3_;, () > 3,1 =1,2
Y(asas_;..v(as_;a;)) if x = ajas_;...a;, () > 3,i=1,2.

Let Hy := Q' 5, (Gs) . Then Hy = {x € Gs| ¥(u p,p, (x)) = e}. Note that H; is a subgroup
of index 3 (see[2]).
GB/Hl = {Hla HQ, H3}

where

H2 = {23 € G3 ’7(“3132<x>> = al}? H3 = {l‘ € G3 |7(UB132($)) = CLQ} .

H;i-periodic configurations have the following forms

o1 T € Hl,
o(x)=4q o3z € Hy,
O3 T € Hg,

where o; € ®,7 € {1,2,3}.

Note that if o; = 09 = o3 then this configuration is translation-invariant and the full details
of such configuration are given (see|[1]).

Theorem 1. Let k = 3.

1) If (J1, J2) = {(J1, J2) : Jo = —3J1, 1 < 0}, then there are siz Hy-periodic ground states
which corresponding to the following configurations

01 ZfZE S Hl,
o(x)=+x4 o092 ifz e Hy,
g3 Zf.%' S Hg,

where (01, 09,03) € {(—1,1,1),(1,-1,1), (1,1, —1)}.
2) If (Ji,Jo) € RA\{(J1, Jo) : Jo = —1J1,J1 < 0}, there are not Hy-periodic (except for

translation-invariant) ground states.
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THE CANONICAL CENTRAL EXTENSION OF RESTRICTED
PSEUDO-ORTHOGONAL GROUPS

Eshkobilov O. Yu.

Turin Polytechnic University in Tashkent, Tashkent, Uzbekistan,
olim 0190@mail.ru

The main aim of present work is the explicit description of a nontrivial central extension of
the restricted pseudo-orthogonal group 01(2, n+ 1) of a scalar product of signature (2,n + 1).
Our approach was inspired by the method used in [4] to construct nontrivial central extensions of
the real symplectic group Sp(2n,R), such as the circle extension Mp®(2n,R) and the universal

covering group Sp(2n,R) as an extension by Z. This method, in turn, has its origin in the
classical work of Bargmann [1].

For given integers p,q, 1 < p < 2, p < ¢, let RP? denote R™, m = p + ¢, with the
nondegenerate scalar product (z,y) = —2%° + (=1)P"lzly! + 23";21 2/y) = Gy of signature
(p,q), where 2° ... ™! denote the coordinates with respect to the standard basis ¢ =
(o, ... €m_1) of R™. Let Oi(p, q) denote the identity component of the pseudo-orthogonal
group of defined as above.

We construct a canonical central extension 61(2, n+1) of 01(2, n+ 1) using the transitive
action of 01(2, n + 1) on the irreducible bounded symmetric domain of type IV, regarded as
a homogeneous space of (n + 1) x 2 real matrices [2,3,5]. The group manifold of the central
extension is realized explicitly as an embedded submanifold of the product Ol(?,n +1) x
R and the group multiplication defining the Lie group structure is given by a single global
formula. Moreover, the center of 61(2, n+ 1) is computed. This is the content of Theorem. As
a byproduct, an explicit realization of the universal covering group of 01(2, n+ 1) is obtained.
In the construction of the canonical covering we build a nontrivial central extension 61(2, n+1)
of the pseudo-orthogonal group O% (2,7 4 1) and describe its center Z(2,n+1).

Let the classical domain of type IV is denoted by v, which is the set of (n 4 1) x 2 real
matrices defined by Qv := {f € R(n+1,2) | I, — B8 > 0, ie., Iy — '3/ is positive definite} .
For each B = (uv) € Qry, where u = {(ut,...,u"), v="vl, ... o™ we let

BJ(B) = t(Uj,Uj,é;,...,(5?+1), j:l,...,n+1,

ji(B) = 11,0, ..., u™h),  §2(B) =10,1,0, ... 0",

Consequently, by the Gram—Schmidt process, or by the Iwasawa decomposition, there is a
unique smooth map ¥ : Qpy — TF(n + 3) into the group of upper triangular (n + 3) x (n + 3)
matrices with positive entries on the main diagonal such that, for each 5 € Qpy, P(8) :=
B(B)%(3) belongs to O1(2,n + 1).

The map P : Qiy 3 8 — P(B) € OL(2,n + 1) is a smooth global cross section of 7 :
0L (2,n+1) = Q. Let 4, b,¢,9 be the smooth maps defined by

_ (a(B) b(s)
0= (3 a): ¥PEw

Moreover, for each t € R, let

sint cost

o) = (pa(t), palt)) = (t ‘Si“t) £ S0(2).
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Let m, v and R be the smooth maps defined by requiring that

PP = (s ) (7 g ) ). e e o

Since €y is simply connected, there exists a unique map © : Qp x Qv — R, such that

‘C(ﬁ,ﬁ/) = p[@(ﬁ,ﬁl)] and @(OI\/, OI\/) =0.

Let ¢, ¥ and ( be the maps defined by requiring that X = P (WQ_(X)) (w(OX) \I/(OX))’

(X, X) = © (5 (X), W(X) w3 (X)) (X)) + 1 (5 (X)), (X)) VX, X' € OL(2,m+ 1)

We formulate our main result.
Theorem: The subset of OL(2,n 4 1) x R given by
Ol (2.n+1) = {(X,7) € OL2,n+1) xR $(X) = p(r) }

is a connected embedded submanifold diffeomorphic to Qry x R x SO(n+1). The multiplication
(X, 7)* (X, 7) = (XX, 7+ 7'+ {(X, X)) gives O1(2,n+1) the structure of a Lie group with
neutral element (I,43,0) and inverse (X, 7)™ = (X7, —7 — (X, X™1)). Moreover, the map
o: 01(2,71 +1)> (X,71)— X §01(2,n + 1) is a covering homomorphism of Lie groups. If
Z(2,n + 1) denotes the center of O (2,n + 1), then

1. 2(2,n+1)={(I,27k) | k € Z} 2 Z, if n is even;
2. 72, n+1) = {(-D)*I,7k) | k € Z)} = Zy x Z, if n is odd.
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Let Ao ={4,....k+ 1}, A, ={s}, s €{1,2,3}, i.e., m; =4, i € {1,2,3}. Now, we consider
functions wugiyoyqs) : {a1, @z, ..., g1} — {€, a1, a2, a3} and v, : (ay,a2,a3) — {e,ay,az,as} |2]:

( ) €, if T = ay, 'L:Nk\{17273}7 ( )
U T) = 1
2343 a;, if © =a;, i€{1,2,3},

( .
e, if z=e¢

ay, if = € {azay, azas};
as, if = € {ay1a3,azas};
as, if x € {aras,aza1};

1(as as,aiy...a;,_,7(ai,_ a;,)), if

T = Gy Ay Qg QoG @ () > 2.
\

K§ = A{z € Gil m(ugyzya () = e}
By Theorem 2 in [2], we obtain that K is a subgroup of index 4 of the group Gy . Put
Ga/ Ky = {Kg, Ki, K3, K3},

where
K7 = {z € Ga| v(upyay3(2)) = an },
K5 = {z € Go| v(upyzy33(w)) = as},
K3 = {z € Go| v(upyzp33(w)) = as}.

Then we have
QU(KS) = ’{al,a% "'7ak+1} N Kg‘ = |{a47a57 "'7ak+1}‘ =k — 27

a(Kg) == [{a1, a2, ...;ap41} N Ki| = {ai}| = 1,

3(Kg) == [{a1, a2, ...;ap41} N K| = {az}] = 1,

03(K5) == {ar, a2, ... ap1} N K3 = {as}t] = 1,
Q(Kg) = (q0(Kg), q1(Kp), ¢2(K(), g3(Ky)) = (k —2,1,1,1).

Assume that x € K (the cases € K5 and x € K3 are similar), i.e., y(ugyq2331(2)) = a1.
Then it is easy to check that

{v(upyey(zar)), y(upyaysy (wa2)), Y(upyeysy (zas)) } = {e, az, as}.
In addition, we have y(uqiyq2333(va;)) = a1, i € {4,5,...,k + 1}. Consequently,
qo(z) = {zay, xas, ..., zap1 } N K§| =1,

q1($) = ’{xalaxab ...,$Gk+1} mKﬂ =k— 27
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qQ(I) = ’{xalaxaﬂa ...,$ak+1} N K;‘ = 17

g3(x) := |[{zay, zag, ..., zar1 } N K5 = 1.
Hence Q(z) = (1,k — 2,1,1). Clearly, (see detail in [1,3]) for any = € G, there exists a
permutation 7, of the coordinates of the vector Q(Ky) such that

T:Q(Ko) = Q(x). (3)

Let b = (hy, hg, ..., h12) and b = (b}, hy, ..., h},) € R' then we define the operator W, :
R — R'2.

( 1y = f(h1,0) + f(hio,0);
hy = f(ha,0) + f(hio,0);
hy = f(h7,0) + f(ha,0);
Wy = f(hs,0) + f(h11,0);
hs = f(h1,0) + f(hi1,0);

, he = f(h1,0) + f(hs, 0);
WOT=R 0 b = F(hs,6) + F (B, 0): S
hs = f(h2,0) + f(hi2,0);
hy = [(h2,0) + f(hs,0);
hio = f(he,0) + f(ho,0);
hyy = f(hs,0) + f(ho,0);
{ hio = f(h3,0) + f(he,0).

Note that K is the subgroup of index 4 for the group G and the set of quantities h =
{he;z € Gy} is called Kj-weakly periodic, if h, = h;;, for any z € K}, v, € K, i,j €
{0,1,2,3}. We use the operator W to study Kj-weakly periodic Gibbs measures for Ising models
on the Cayley tree of order two. Since Q(z) = (1,0, 1, 1), the cases h, = h;;, i € {0,1,2,3} are
not occurred. Then Kj-weakly periodic set of h has the following form

([ hoy =M, x€Kj, x; € K;
hoo :=he, z€ K, ) € K3;
hos = hs, x¢€ Kj, v, € K3;
hio:=hy, x€K{, z, € Kj;
hio:=hs, z€ K, )€ K3;
hi3:=hs, x€Ki, x,€ K3;
hoo = hy, x€ K5, )€ K§;
hey :=hg, z€K;, x|, € Kj;
hos = hy, z¢€ K;, z, € K3;
hso = hi, =€ K3, v, € K§;
hsi:=hn, ze€ K3, v, € K{;
hso = hi2, € K3, v, € KJ,
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where h = (hq, hg, hs, ..., h12), in view of [1] satisfy the following equations:
Wh=h. (6)

To find all solutions of the equation (6) is not so easy. That is why, we solve the equation
on invariant sets on the Cayley tree of order two. It is easy to check that the following sets are
invariant with respect to the operator W.

L={he€R®:hy=hy=hy="hy=hs=hg=h;=hsg=hg=hig=hi1 = hia},

I, ={h € R™ : hy = hy = hyy = hyo; hy = hg = hy = hg; hg = hyo; hs = hs},
Is={h € R : hy = hg = hg = ho; hy = hs = hig = hs; hy = hz; he = hn1},
Iy ={h € R : hy=hy = hs = he; hy = hg = h1g = h11; h1 = hy; hg = hya},
Is ={h € R™ : hy = hs = hy; hy = hy = hs; hs = hg = hg; hig = h1y = hi2},
Is={he R?:hy = hg = hi1; ho = hg = hio; hs = hy = hiz; hy = hs = hg},
={h € R : hy = hg = hio; ha = hs = hia; h3 = hy = hi1; hy = hg = ho},
Is ={h € R™ : hy = hy = hg; hy = hy = hig; hg = hs = hia, hs = hg = h11},
Iy ={h € R®: hy = hy = hy = hs = hy = hg; hg = hg = hg; h1g = h11 = h1a},
Lo ={h € R : hy = hia; hy = ha1; hy = hag; hy = ho; hs = hs; hg = hr}.
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IKKI ZARRACHALI SFERIK POTENSIALLI SISTEMAGA MOS ENERGIYA
OPERATORINING INVARIANT QISM FAZOLARI
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Parametrning kichik qiymatlarida ikki zarrachali klaster operatorlarining bog‘langan holatlari
paydo bo‘lish tabiati birinchilardan bo‘lib [1] ishda, keyinroq umumiyroq holatda [2] ishda
o‘rganilgan. Panjaradagi ikki zarrachali energiya operatorining invariant gism fazolari [3-5]
ishlarda qaralgan. Biz ushbu ishda energiya operatorining sferik potensial bilan garaymiz va
uning invariant qism fazolarini o‘rganamiz.
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Ikki zarrachali sistemaga mos energiya operatori (Shryodinger operatori) £5((Z*)%) Hilbert
fazosida H = Hy+V formula bilan aniglanadi. Bu yerda H, ikki zarrachaning kinetik energiyasiga
mos operator bo‘lib, u quyidagicha aniglanadi:

. 1 1
Hy=—-A®I—--I®A
0= —5A®1 - ZI®A,

bunda I — (5(Z?) dagi birlik operator, A esa panjaradagi standart Laplas operatori, ya‘ni

fle+e)+ flo—e)—2f(x), fel(7?,

2
]:1

bu yerda e; = (1,0), ey = (0,1) lar Z* panjaradagi birlik vektorlar.
Zarrachalarning o‘zaro ta'sir energiyasi V' esa quyidagi ko‘rinishda bo‘ladi:

(V) (1, 22) = 021, —22) f(21, 22), [ € b((ZD)7).
Potensial ¢ : Z? — R ga quyidagi shartlar qo‘yiladi:
0 (21, w2) =0 (|2]), 2] = [o1] + |2,

7(0)>7(1)>7(2) >0, 6(n) =0, n>3. (1)

1-ta‘rif. Agar © funksiya S, = {x € Z*: |x| =r} sferada bitta qiymat qabul gilsa, u holda
U ga sferik potensial deyilads.

Potensial ¥ ga qo‘yilgan (1) shartda H operator chegaralangan va o‘z-o‘ziga qo‘shma bo‘ladi.
H operatorning impuls fazodagi tasvirini H orqali belgilaymiz. Bu operator Lg((TZ)Z) Hilbert
fazosini o‘zini-o‘ziga akslantiruvchi o‘z-o‘ziga qo‘shma operator bo‘ladi.

Ma‘lumki H operator va LQ((TZ)Q) fazo Fon Neymanning to‘g‘ri integraliga yoyiladi, ya‘ni

H= | ®H(k)dE, LQ((TQ)Q)—/Q@LQ(Fk)dk,

’]1‘2

bu yerda Fr, = {(p,q) € (1;2)2 . p+q =k}, k—sistemaning to‘la kvaziimpulsi.
Har bir & € T? da H (k) : Ly (Fy) — Lo (Fy) operatorlar H (k) : Ly (T?) — Ly (T?)

operatorlarga unitar ekvivalent bo‘ladi [4]:
H(k) = Ho(k) — V.

Bu yerda Hy (k) va V operatorlarning f € Lo (T?) elementga ta‘siri quyidagicha aniglanadi:

k k
(Ho(k)f)(p) = (e(5 —p) +e(5 +p))f(p), e(p) =2~ cospr —cosps,
(V) = i/ o(p— @) f(a)dg, v(p) = — > d(n)ert.
27 Jo ’ 27 gt
Potensial v ga qo‘yilgan (1) shartda v(p) funksiyaning ko‘rinishi quyidagicha bo‘ladi:
17 . ° )
0(p) = 5| 9(0) + 20(2)(cos(pr + p2) + cos(pr — p2)) + Y 0(1) cospi + 0(2) cos 2]

=1
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Hy(k) operatorlar chegaralangan va o‘z-o‘ziga qo‘shma, V' esa o‘z-o‘ziga qo‘shma, kompakt
operator bo‘ladi.

Lemma. V operator uchun \y = 0 soni cheksiz karrali, \a = v (0) soni bir karrali, \3 = v (1)
soni to‘rt karrali, Ay = v (2) soni esa sakkiz karrali xos gqiymat bo‘lads.

Agar biz Ly(T?) dagi juft funksiyalardan tashkil topgan qism fazoni L5(T?) bilan, toq
funksiyalardan tashkil topgan qism fazoni L3(T?) bilan belgilasak, u holda L (T?) Hilbert fazosi
quyidagi to‘g‘ri yig‘indiga yoyiladi:

L, (T?) = L; (T?) & L3 (T?) ,

o‘z navbatida L§ (T?) va LS (T?) fazolarni quyidagicha to‘g‘ri yig‘indi ko‘rinishida tasvirlash
mumKkin.

15 (1) = L (19 & i~ (19, L3(1%) = Li~ (T%) & Li* (1%).

L3 (T?) gism fazo har ikkala argument bo‘yicha juft funksiyalardan, Lj~ (T?) qism fazo esa
birinchi argument bo‘yicha juft, ikkinchi argument bo‘yicha toq funksiyalardan tashkil topgan
qism fazo.

Teorema. L (T?), Ly~ (T?), L3~ (T?), Ly (T?) qism fazolar H (k) operatorga nisbatan
mwvariant gism fazolar bo‘ladi.
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ON UNIFORM ESTEMATES FOR OSCILLATORY INTEGRALS
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Introduction.
Defintion 1. An oscillatory integral is called to be the integral of the form:

J(t,s) ::/ a(x,s)eitq)(m’s)dx,
]Rd

where a € C§°(R%x R™) is called to be an amplutude function, ® € C*(R?x R™) is a real-value
smooth function called a phase function and ¢ is a real parameter.
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Defintion 2. Let K C R™ be a set. A uniform estimate for the oscillatory integral J(t, s)
is called to be the bound of the form:

| J(t,5)| < M(a,t),

where s € K and M is a function which does not depend on s.

Uniform estimates for oscillatory integrals had been considered in many papers, including
paper by Van der Corpute (1923), Vinogradov .M. (1931), Duistermaat J.J. (1974), Karpushkin
V. N. (1981-1984), Phong D.H., Stein E.E., Strum D. (1999), Popov D.A. (2008). In this talk,
we consider uniform estimates for oscillatory integrals with smooth phases.

Uniform estimates for oscillatory integrals, called dispersive estimates have a few motiva-
tion. Dispersive estimates play a crucial role in the study of evolution equations. Proving such
estimates often boils down to establishing decay estimates for the L> norm of the solution at
time ¢ in terms of the [* norm of its initial data. It is by now well-established that the I* — L
decay estimates give rise to a whole family of mixed space-time norm estimates, called Strichartz
estimates. For the continuous Klein-Gordon equation such estimates have been established e.g.
by Brenner, Pecher and Ginibre and Velo (see [1| and [2]). In this talk, we mainly pay attention
to the cases 2 < d < 4.

Discrete Klein—Gordon equation (DKG).

Consider the Cauchy problem for the DKG:

{ ue(t,z) — Agu(t, z) + u(t,z) = F(t,z), (t,z) € R x Z¢4,
U(O,.T) = f(.l’), ut(07x> - g(ZL‘),

where A, is the discrete Laplacian,
Ayu(t,z) = Z u(y,t) — 2du(t, ).

[z—y|=1

For the plane waves e¢(z) = €% we have (1 — A, )eg(z) = w(€)?ee(x), where w : T4 — R is the
dispersion relation, given by

d
w(§) = Z (1 —cos(&;)).

We will identify the torus 7¢ = (R/(27Z)? with the fundamental domain [0, 27]?. The
solution to (1) is given (for sufficiently regular data f, g, F') by Duhamel’s formula,

sin(t;/?) oo

Psin((t — s)v/1 = A,)
—l—/o A F(s,x)ds.

u(t,x) = cos(t\/1 — Ap) f(z) +

Decay estimates.
The solution u(t, ) is thus a sum of oscillatory integrals of the form

I(t,z) = /[02 . ei(z~£—tw(§))a(€)d€’ (2)
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where a : [0,27]¢ — C is a smooth function; in fact, a(§) = 1 or a(§) = w(§)~t. We will be
interested in obtaining time decay estimates on I(¢,z), uniformly in z € Z%. In other words, we
want to find (the largest possible) o > 0 such that

1 1(t, )ozay < C(A+E])77, teR,

for some constant C' independent of t.
The following theorem is our main result.
Theorem. For the oscillatory integrals (2) the following estimates hold for all ¢ € R:

[ (E, ) lliee(z2) < O +i)”

11t <) [|100 (z3) <O+ t))~
11(t, ) lie(zey < C(L+ [t])~2 log(2 + |¢]),

3
4

)
7
6,

where C' is a constant independent of t.
A proof of the Theorem is based on result of the monograph [3].
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ON A VOLTERRA CUBIC STOCHASTIC OPERATOR
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Let E ={1,...,m} be a finite set and the set of all probability distributions on the set £
Smil = {X = (q:l,xg,...,xm) e R"™: x; > O,ZQ}Z = 1}
i=1

the (m — 1)-dimensional simplex.
A cubic stochastic operator (CSO) is a mapping W: 8™t — S™~1 of the form

Wz = Z Pijk LTy, | € E, (1)

Z?-]?keE

where p;j;; are the coefficients of heredity such that

Pijkt >0, Y pijkr = 1, (2)

leE
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and the coefficients p;;i,; do not change for any permutation of 4, j and & (see [1,2]).

A Volterra CSO is defined by (1),(2) and by the additional assumption p;jx; = 0, { & {7, J, k}.

In |2] by authors constrained Volterra CSOs with additional condition p;jrx = 1/3, i #
k, j # k was investigated. A point x € S™ ! is called a fized point of W if W(x) = x and
we denote the set of all fixed points by Fix (W). We note that if w (x?)) consists of a single
point, then the trajectory converges to this point, as it is a fixed point of the operator W.
Therefore the fixed points of a nonlinear operator describe a limit or long-run behaviour of the
trajectories for any initial point.

Let DW (x*) = (8W /0x;(x ))n;: be the Jacobian of W at the point x*

A fixed point x* is called hyperbolic if its Jacobian DWW (x*) has no eigenvalues on the unit
sphere.

A hyperbolic fixed point x* is called: (i) attracting if all the eigenvalues of the Jacobian
DW (x*) are inside the unit ball; (ii) repelling if all the eigenvalues of the Jacobian DW (x*)
are outside the unit ball; (iii) a saddle otherwise.

A CSO W is called regular if for any initial point x € S™~! the limit lim W™ (x) exits.

n—o0

Let the set 0S™ ! = {x € 8™ ! : x; = 0 for at least one i € F} be the boundary of the
simplex S™~1; the set int ™1 = {x € S™ ! : w2, > 0} the interior of S™!; the set
M, ={xeS™" 2, =x,}, u,v € E, amedian of the simplex; the set I'; = {x € S™1 . x; =
0, ¢ €7 C E} aface of the simplex S™ ! and e; = (014,095, ...,0,) € S™ 1, i =1,...,n, the
vertices of the simplex S™~1, where §;; is the Kronecker delta.

Consider the following cubic stochastic operator defined on the S?

r =z (2% + 3139 + 31123 + 3T273)
W o = xo(x3 + 3129 + 3T0w3 + 1.57123) (3)
vy = x3(23 + 3w123 + w213 + 1.52113).

Note that the operator (3) is a Volterra CSO.
Theorem. For the CSO W (3) the following statements are true:
(i) The faces I'yy, @ =1,2,3 and Ms = {x € 5% : 2y > x3}, Mc = {x € S? : 2 < 23} are
invariant sets and the median M_ = {x € S? : 3 = 13} is a invariant set;
(ii) Fiz (W) = {e1, e, e3,¢1,Ca,¢3,x*}, where ¢ = (0,1/2,1/2), ¢co = (1/2,0,1/2), ¢c3 =
(1/2,1/2,0),
x* =(1/5,2/5,2/5);
(iii) ey, e, €3 are attracting points, ¢y, ¢y, c3 are saddle points, x* is a repelling point;
(iv) if a:go) > 1/2 (resp. x3 > 1/2 ) then nhjEO W (x) = e, ( resp. TLILIEO W (x) = e3) for

any x@ € Ty \ {e1 )5
(v) if 21”2 > 1/2 (vesp. 2”) > 1/2 ) then lim W" (x9) = e; (resp. lim W" (x(©) = e3) for
any x@ € Iy \ {co};
(vi) if 2% > 1/2 (resp. #{”) > 1/2 ) then lim W™ (x9) = e; (resp. lim W™ (x(V) = e,) for

n—o0 n—oo
any x@ € iy \ {c3};
(vii) lim W™ (x@) = e for any x € (int 5> N M) \ {x*};

n—oo

(viii) lim W™ (x(©) = e, for any x(@ € (int S> N M) \ {x*};

n—o0

(ix) lim W (x) = e3 for any x© € (int S N M) \ {x*}.

n—0o0
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On the two-dimensional simplex
5% = {X: (21,29, w3) € R*: x1,m9,23 >0, 1+ 22+ 13 = 1}

we consider a strictly non-Volterra quadratic stochastic operator V : S? — S? which is defined
by formula
T = azd + cxi + 2w91s,
V. Qah=axi+ dri + 2xq23, (1)
rh = bx? + B3 + 27179,

where o, 5,a,b,c,d >0, a+8=a+b=c+d=1.
The trajectory {x(”), n=20,1,2,... } of the quadratic operator V for an initial value x(©) €
5?2 is defined by
xD =V (x™) =V (x©) ) n=0,1,2,... (2)

The set of limit points of the trajectory (2) is denoted by w (x(?). A solution of the equation
V(x) = x is called a fixed point of V. In [1] it is proved that the operator (1) has a unique
fixed point on the S? and w (X(O)) either a finite set or an infinite set. Note that it is proved
the existence of the unique fixed point but not find its form.
Denote
 17¢® — (45 — 60)c + 48
414¢)+2v5(c—2)
Theorem. If « = b = 0,¢,d > 0, ¢+ d = 1 then the strictly non-Volterra quadratic
stochastic operator (1) has a unique fixed point x* = (x}, x5, 25) € S%, where

vt = 1 _.(C+\/02+4(1—C>(1+C+2\/5)>7

2(4—¢)
21 — 144 /4(x1)’ +5

*
x2: )

2

27 — 1+ \/40 (z)* + 4t —4c+5
2(1 —c¢)

*_
x3_
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Kvadratik stoxastik operatorlarning traektoriyalarining holatini (ya’ni takrorlanishlar ketma-
ketligini) o’rganish muammosi birinchi bo’lib S. Ulam va uning safdoshlari [1]-[2] asarlarida
uchraydi. Shuningdek, bir qgator ilmiy izlanishlarda kompyuter yordamida ikki o’lchovli S?
simpleksda berilgan har xil tipdagi kvadratik stoxastik operatorlarning traek-toriyalarining sonli
tahlili o’tkazilgan. Keyinchalik S. Ulam va uning xamkasblarining izlanishlari S"~! simpleksidagi
kvadratik stoxastik operatorlarni o’rganish uchun zarur bo’ladigan Lipshist konstantalarini
baholashga bag’ishlangan.

Kvadratik stoxasistik operatorning uzluksiz vaqtli analogi quyidagi ko’rinishga ega:

do(t) = 3a1(t) + 323(t) + 221 (t)w2(t) — 20 (2)
i (t) = 5 (t) + 523(t) + 2x0(t) 22 (t) — 21 (1) (1)
o(t) = q23(t) + 21(t) + 2z0(t)21(t) — 22(2)

bunda z(t) = (xo(t),z1(t),z2(t)), t > 0 biror (biologik) sistemaning holati bo’lib, quyidagi
tenglik bajarilsin

Tasdiq. M (
bo’ladi.

, %, %) nuqta atrofda chiziqglashtirilgan (1) sistemaning yechimi ushbu ko’rinishda

To = % — (Co + Cl)€_2t
T =5+ Coe™
xy =5+ Cre™
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Faraz qilaylik, T? = (—, 71]® uch o’lchamli tor, L?(T?)- kvadrati bilan integrallanuvchi funksiyalarning
Hilbert fazosi hamda L**(T?) C L?*(T)? toq funksiyalardan tuzilgan gism fazosi bo’lsin. H,(k), k €

T3 ikki zarrachali diskret Shredinger operatorini L*!(T?3) Hilbert fazosida quyidagi formula
yordamida aniglaymiz:

Ho(k) = Ho(k) — V,, k € T
Hy operator L*(T?) = {p € L*(T?) : ¢(—q) = —¢(q)} fazoda quyidagicha aniglanadi:

(Ho(k)p)(q) = ex(a)e(q), ¢ € L*(T?),

bu yerda
- K9 ) 1) (2 (3)) 3
ex(@) =2) (1 —cos ——cosg”), ¢ = (¢, ¢, ¢¥) e T
j=1

Qo’zg’alish operatori quyidagi formula orqali aniglanadi:

3
Vao)p) = 3y sin g / sintDp(t)n(dt), o € L*(T%),
j=1

’]I‘S

= (1, 2, pis) € R
Hy (k) operator funksiyaga ko’paytirish operatori va qo’zg’alish operatori V,, kompakt ekanligidan

muhim spektr turg’unligi haqgidagi Weyl teoremasiga ko’ra

UeSS(HM(k)) = UESS(HO(k)) = [5min(k)75max(k)]

munosabat o’rinli bo’ladi. Bu yerda

3 , 3 ,
. k@) k()
Emin(k) = (r]rel%rrgsk(q) = 2;(1 — cos T)’ Emaz (k) = rqré%%wk(q) =2 ;(1 + cos T)
Faraz qilaylik,
1
sin?(q®)
Mik = / dq , 1=1,2,3
W=\ 2 —enat®)

bo’lsin.
Quyidagi to’plamlarni kiritamiz:

GY(k) = {k € T : (k) > pi, i = 1,2,3};

GO (k) o= {k € T« (k) = i, py (k) > pj, pas(k) > s,
i,5,8=1,2,3, i # j # s};

GUE(k) = {k € T°: (k) = i, (k) = py, s (k) > pis,
i’j78: 1’2737 Z#j #S};

)
2
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GO (k) == {k € T : (k) = ps, i,=1,2,3};
GY(k) = {k € T°: pi(k) < pi, pi(k) > pj, pra(k) > s,
i7]78:172737l%j#8};

G;lll(k) = {k S T : “l(k) < Hi, [L](k?) = My, ,us(k) > s,
i7j78:172737i%j#8};
G;lf(k) = {k eT’: Nl(k) < i, Hj(k) = Hj, ,us(k) = s,
Z”j78217273’i%j%8};

G (k) == {k € T : pi(k) < p, puj(k) < pj, ps(k) > pos,
i?jJS: 172737 Z#] %S})

Gil(k) = {k S Tg : ﬂl(k) < i, ﬂ](k) < Mg ,us(k) = s,
i,j,8 =1,2,3, i # j # s};

GO(k) = {k € T : (k) < ps, i = 1,2,3}.

3
= |J Gi(k), vpeRi.
i,j=0,i+5<3

Teorema 1.1. Agar k € G)’(k) bo’lsa, u holda H,(k) operator emin(k)dan chapda zos
qiymatga ega emas.

2. Agar k € ng(/ﬂ), j=1,2,3, bo’lsa, u holda H, (k) operator uchun e, (k) -j karrali zos
giymat bo’ladi va H, (k) operator em,(k)dan chapda zos qiymatga ega emas.

3. Agar k € fo(k:),i,j =1,2,3, i+ 7 <3 bo’lsa, u holda H,(k) operator uchun €, (k) i
karrali zos qiymat bo’ladi va H,(k) operator €, (k)dan chapda j ta zos giymatga ega.

4. Agar k € Gi)(k), i = 1,2,3, bo’lsa, u holda H,(k) operator €p(k)dan chapda i ta zos
qrymatga ega.
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DYNAMICS OF QUADRATIC OPERATORS WHICH MAP [, TO ITSELF
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We consider the simplex of idempotent measures on I,, (see [1],2]), where

I, = {<x1,$2, ,In) e R  : maxz; = 0} =

max ° 1<i<n

={(r1,29,....;xp) ERL.: T1 P T2D ... D, =1}

and consider quadratic maps of I, to itself.

We describe quadratic operators and their dynamical systems by using formula 1, = EZL =1 PrijTi%
In this case we shall find i— th element of I,, by using all elements of i— th row of each matrix
of the cubic matrix P = (pri )y, ;-

The following theorem describes quadratic operators which map I, to itself. For a cubic
matrix P = <pki7j)z,z’,j:1 a fixed j € {1,2,...,n} the matrix (pk’i,j)z,i,jﬂ is called the j-th matrix.

Theorem 1. A quadratic operator P = (pki,j)z,i,jﬂ with pg;; < 0 maps I, to itself with
formula y = Zf =1 Pri jTiT; if and only if it satisfies one of following conditions:

i) For each k-th (k < n) row of the cubic matriz P = (py;); , ,_, there exists my <n such
that all of the elements k-th (k < n) row are zero except elements Py, ;j and prjm,, where
mi £mg ifk#£q,i=Tn, j=Tn, k=1n;

ii) Cubic matriz P = (pkijj)zjﬁkzl has at least one zero row, i.e. Im < m such that all of
elements of m-th row of the cubic matriz consists of only zeroes, e.q. pmij = 0, where i = 1,n,
j=1Ln.

Theorem 1 can be proved analogously to the Theorem 2.1 in [4].

Denote

P(n;ml,mg,...mn) = (pki,j)2j7k:1 s (1)

where n is the order of the cubic matrix and my, is the number mentioned in Theorem 1 which
corresponds to the k—th row, my < n, my # mg, k # q.

In (1) we can see that there are n! possible cases. It is not easy to analyze all cases, therefore,
we consider particular cases. Due to (1) set:

A={ke{l,..,n} |my=Fk}. (2)

From (1) and (2) we get

if n = 2 then for the operator P : I, — I two cases arise:

].) |A| =2 if P(Q;LQ);

2) |A] = 0 if Piyay).

Recall that fized points of P : I, — I, are solutions to P(x) = x. Denote by Fix (P) the
set of all fixed point of P.

Theorem 2. Let n = 2. If Theorem 1 is satisfied, then Fiiz (P) has the following form:

L 0 if |A| =1 and P11 7é 0,

p11,1’
FZ$(P) = 0, p2122 if |A| =1 and P22.2 7é 0; (3)

(0, 0) otherwise.

When we map the non-fixed points by using quadratic operators they will change their
coordinates. We should find the solution of the following limiting:

lim P (z) = lim P (P (P (...(P(2))...))). (4)

m—r0o0 m—0o0
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Definition 1.(see [3]) Suppose z; is a fixed point for F' (x). Then ¢ is an attracting fized
point if |F' (zg)] < 1. The fixed point z¢ is a repelling fived point if |F' (zo)| > 1. Finally, if
|F' (xzo)| = 1, the fixed point called neutral or indifferent.

In the case n = 2, we get the following system for the quadratic operator Py, o):

2
1 = p11127 + (P121 + P112) X179,
Po. )= = ’ ’ ’
) (@) { Ty = Pag ot + (D221 + Po12) T1 2.

We know that at least one of these elements is zero. There arise following cases:
Case 1. Let ; <0, 23 = 0 then we get one-dimensional function P (x;) = pll,lx%. Solving

the equation P (z) = x, we obtain x; = 0 and z; = plll - (p111 # 0), hence the fixed points are

(0, 0) and (L 0). Derivative of the function P (z;) = pyy 127 is

p11,1’

P (551) = 21911,15171-

1
p11,1

1.1) Since |P'(x1)| = [2-praz1] = |2-p1a-

= 2 > 1 the fixed point z; =

p111,1
(p111 # 0) is a repelling fixed point of P (x1) = py1 123
1.2) The fixed point z; = 0 is an attracting fixed point of P (z1) = p1112? since | P’ (z1)| =
12-prazi| =2 pi -0 =0< 1.
Case 2. Let z; = 0, 2o < 0 then we get one-dimensional function P (z2) = pasox3. We
calculate this case analogical method which given in Case 1. Then we get following results:
2.1) The fixed point zo = p21272 (paz.2 # 0) is a repelling fixed point of P (x3) = pag273.

2.2) The fixed point zo = 0 is an attracting fixed point of P (z3) = pag 223 .
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EXPANSION OF EIGENVALUE OF PERTURBED BILAPLACIAN IN
LATTICE

Keldiyev A.A.!, Norquziyev J.?
'Djizak state pedagogical institute, Djizak, Uzbekistan
2Samarkand State University, Samarkand, Uzbekistan

In this thesis we investigate the spectral properties of the perturbed discrete biharmonic
operator A
h, = AA — o, nweR,

in the two-dimensional lattice Z2, where A is the discrete Laplacian and v is of zero-range.
From a mathematical point of view, a discrete bilaplacian is a discrete Schrl'idinger operator
with a degenerate lower threshold.
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The spectral properties of discrete Schrodinger operators with non-degenerate bottom, in
particular with discrete Laplacian, have been extensively studied in recent years (see e.g. [1],[2])
because of their applications in the theory of ultracold atoms in optical lattices [2],[3]. In
particular, it is well-known that the existence of the discrete spectrum is strongly connected to
the threshold phenomenon [4],[5].

In this thesis we study the threshold phenomenon for }ALH.

Let Z? be the two-dimensional lattice and ¢?(Z?) be the Hilbert space of square-summable
functions on Z?2. Consider the family

}Alu = }Al()_,u@a MEOa
of self-adjoint bounded operators in ¢*(Z?). Here ho := AA is discrete bilaplacian, where

Afw) =5 Y@~ fa+s),  fel@)

[s|=1

is the discrete Laplacian, and v is a zero-range operator

0f(x) = du f (),

A 1 =0,
5x0:
0 z#0

is the Kronecker delta-function in Z?2.

Let T? be the two-dimensional torus equipped with the Haar measure and L?*(T?) be the
Hilbert space of square-integrable functions on T2.

By F we denote the the standard Fourier transform

where

~

FL @) AT, Ffo)= o > fye

where
2

Z-p:= sz’pm x=(r1,22) €Z°, p=(p1,p2) € T
i=1
Recall that 0(A) = es(A) = [0,4] (see e.g. [1]). Hence, o(hy) = 0es(ho) = [0,16], and by the
compactness of v and Weyl’s Theorem,
Uess(hu) = O-ess<iLO) = [07 16]

for any p > 0.

Let
2

e() = (3201~ cosqr)

i=1
Now we study the asymptotics of e(u) as p 0. )
Theorem. For any p € (0,+00) the equality oasc(h,) = {e(n)} holds for the discrete

spectrum of ﬁ/w Moreover, for sufficiently small positive i the expansion
(—e(u)"?=m"pn+ Y Copmp™ T (—plnp)”
n+m>1,n,m>0

holds, where {canm} are some real coefficients.
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CHAOTIC BEHAVIOR OF THE p-ADIC POTTS-BETHE MAPPING
Khakimov O. N.
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The present paper is a continuation of [3|, where we have started to investigate chaotic behavior
of the Potts-Bethe mapping over the p-adic field (Q,). Note that the mapping is governed by

Or +q—1 F
r+0+qg—2) "

frante) = )
where k,q¢ € N and |6 — 1|, < 1. In [3] we have considered the case when ¢ is not divisible
by p, i.e. |q|, = 1. In that setting, under some conditions we were able to prove that fy, is
conjugate to the full shift on x, symbols (here x, is the greatest common factor of £ and p—1).
In the current paper, we are going to study the same Potts-Bethe mapping when ¢ is divisible
by p, i.e. |¢|, < 1. It is known that the thermodynamic behavior of the central site of the Potts
model with nearest-neighbor interactions on a Cayley tree is reduced to the recursive system
which is given by (1).

It is easy to notice that the function (1) is defined on @, \ {2}, where 2(*) =2 — ¢ — 6.
For the sake of convenience, we write Dom(fg %) = Q, \ {x(®}. Let us denote

pWQZLJﬁQAﬂm»
n=1

One can see that the set P () is at most countable, and could be empty for some £, q and
. If it is not empty, then for any zy € P, () there exists an n > 1 such that after n-times we
will “lost" that point.

For a given mapping f on Q, we denote by Fiz(f) the set of all fixed points of f, i.e.

Fiz(f) ={r € Q,: f(z) = z}.

Let f be an analytic function and #(© € Fiz(f). We define

A= if(:v(o)).

dz
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The fixed point z(¥) is called attractive if 0 < ||, < 1, indifferent if |\, = 1, and repelling if
|Al, > 1.
For an attractive fixed point 2(?) of £, its basin of attraction is defined by

A(SL’(O)) ={reQ,: li_>m i (z) = :c(o)}
where f" = fofo---of.

The main resul% of the present paper is given in the following theorem.

Theorem. Let p > 3, k > 2, |q|, < 1, |#—1|, < 1 and z; = 1. Then the dynamical structure
of the system (Q,, fp,4.x) is described as follows:
(A). If |k|, < |¢+ 60— 1], then Fiz(fp,r) = {z}} and

A(xg) = Dom(foqk)-

(B). Assume that |k[, > |¢+ 6 — 1|, and [# — 1], < |¢|>. Then there exists a non empty set
Jtg0r C Dom(fogx) \ Py which is invariant with respect to fy 4 and

A(xy) = Dom(foqp) \ (Paeor Uy, ) -

Moreover, if £, is the GCF (greatest common factor) of k£ and p — 1, then the followings
hold:

(B1). if k, = 1 then there exists x, € Fliz(fgqx) such that z, # xj and Jy, , = {7.};

(B2). if k, > 2 then (Jy, ., foqr, | - |p) is topologically conjugate to the full shift dynamics
on K, symbols.

It is worth pointing out that, in the present paper, the condition |6 — 1|, < ]q|]% is assumed
to get essential estimations and calculations to prove the main result. The results of a recent
paper [1] show that such condition could be loosen to |6 — 1|, < |g|,, but only for the case
k = 3 where explicit expressions of the fixed points of the function fy,; have essentially been
used to get more exact estimations. However, in this paper, we are able to prove the chaoticity
of the Potts-Bethe mapping for arbitrary values of k, (under the condition 6 — 1], < |q¢|?)
and moreover, we are not even using the existence of the fixed points. Once we have proved
that the Potts-Bethe mapping is conjugate to a full shift, then one concludes the existence of
the fixed points. Roughly speaking, we are constructing (explicitly) a Markov partition of the
mapping (1) which allows us to prove the main result of the current paper. On the other hand,
the results of [3] indicate that the choaticity of the function (1) could be obtained even in the
case of |q|* < |0 —1|, < |ql,, but it will a topic for another work. Here, it is better to emphasize
that the results are valid when p > 3. The case p = 2 is considered pathological in the p-adic
analysis (see for example [2]). Indeed, in [1] it was established that when p = 2 and k = 3 the
function (1) does not have chaotic behavior. For general values of k, due to huge calculations,
and a lots of technical issues, this case could be investigated elsewhere.
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DYNAMICS OF I + By, ON ¢y(N)

Khakimov O. N.
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Uzbekistan,
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Let X and Y be topological vector spaces over non-Archimedean valued field K. By L(X,Y") we
denote the set of all continuous linear operators from X to Y. If X = Y then L(X,Y) is denoted
by L(X). In what follows, we use the following terminology: 7" is a linear continuous operator
on X means that 7" € L(X). The T-orbit of a vector x € X, for some operator T' € L(X), is
the set
Ox,T):={T"(x);n € Z,}.

An operator T' € L(X) is called hypercyclic if there exists some vector x € X such that its
T-orbit is dense in X. The corresponding vector x is called T-hypercyclic, and the set of all

T-hypercyclic vectors is denoted by HC(T'). Similarly, T" is called supercyclic if there exists a
vector x € X such that whose projective orbit

K-Ox,T):={\T"(x);n € Z,, N € K}

is dense in X. The set of all T-supercyclic vectors is denoted by SC(T). Finally, we recall that
T is called cyclic if there exists x € X such that

K[T]x := spanO(x,T) = { P(T)x; P polynomial}

is dense in X. The set of all T-cyclic vectors is denoted by CC(T).
We stress that the notion of hypercyclicity makes sense only if the space X is separable.
Note that one has
HC(T)c SC(T) c cc(T).
Defination 1. Let X be a topological vector space, and let T' € L(X). It is said that T
satisfies the Hypercyclicity Criterion if there exist an increasing sequence of integers (ny),
two dense sets D1, D, C X and a sequence of maps S, : D2 — X such that:

(1) T™(x) — 0 for any x € Dy;
(2) Sp,(y) — 0 for any y € Dy;
(3) TS, (y) =y for any y € Ds.

Note that in the above definition the maps S, are not assumed to be continuous or linear.
We will sometimes say that T satisfies the Hypercyclicity Criterion with respect to the sequence
(ng). When it is possible to take ny = k and D; = D,, it is usually said that T satisfies Kitai’s
Criterion [1].

Now let us consider weighted backward shifts on ¢o(N). Recall that an operator defined as
Byp(e1) = 0 and By(e,) = b,_1€,_1 if n > 2, is called weighted backward shift. Here b = (b,,)nen
is taken to be a bounded sequence on K. The operator By, is called backward shift if b, = 1 for
all n > 1 such shift is denoted by B. We recall that By, has been studied in [2]. In many areas
of mathematics, an operator I + 7T appears, where [ is an identity and 7' is a given operator. In
this paper, we consider a weighted operator By, instead of T For a given b € ¢>°(N) we denote
Tb =1 + Bb.

Theorem 6. Let (b,),en be a sequence of non-zero numbers. Assume that there exists an
integer ny > 1 such that b, = p for all n > ny. Then the following statements are equivalent:
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T}, is hypercyclic;

T}, satisfies Hypercyclic Criterion;
] > 1;

Ty, is supercyclic;

Ty, satisfies Supercyclic Criterion;

M = U a w o>

Ty, is cyclic.

We would like to stress that the following problems remains open for 73,.
Problem 1. Does there exist b € (*°(N) such that T3, is hypercyclic under condition

hT{r_lgjlfH |b;] < 0.
j=1
Problem 2. Does there exist a supercyclic operator Ty, if
hrrlriglfHQ |b;] < 0.
]:

Problem 3. Does there exist b € ¢*°(N) such that Tj, is hypercyclic and T{ is not cyclic?
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IKKI PARAMETRLI KUBIK STOXASTIK OPERATORNING CHEKLI
O’LCHAMLI SIMPLEKSDAGI TRAYEKTORIYASI

Khamrayev A.Yu., Nurmatova Sh. Z.*

Qarshi davlat universiteti, Qarshi, O’zbekiston
shaxzoda0404@inbox.ru*

Bizga
S"t={reR" x> 072%‘ =1,i=1,n}
i=1

(n-1) o’lchovli simpleks berilgan bo’lsin. Quyidagicha W : "1 — §n=1 .

m
W x; = Z Pjgaxiz;xy, (1)
i7j7k:1
akslantirishni qaraymiz. Bu yerda

Pijky = Pikjy = Pjikg = Pjrig = Prijg = Prjig > 0, Zpijk,l =1 (2)

=1
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(1), (2) ga kubik stoxastik operator deb ataladi.
Biz quyidagi
S*={(z;y;2) R’ : x>0,y >0,2> 0,0 +y+2=1}

to’plamni o’zini oziga akslantiruvchi W : §% — 2

z(2? + 3xy + 3x2)
y(y* + 3zy + 3yz + axz) (3)
2(2% 4 3zz + 3yz + bay)

:C/
W<y
Zl

a>0,b>0,a+b=06,a#3,b#3

operatorni qaraymiz. (3) operator ikki parametrga bog’liq kubik stoxastik operator deb ataladi.
Bu operatorning trayektoriya holatini simpleksning chegarasida o’rganamiz.

Ta’rif: W(\) = A\, X = (z,vy, 2) tenglamaning yechimiga operatorning qo’zg’almas nugtasi
deyilads.

Ushbu Fiz(W) = {\ € §%: W()\) = A} to’plam bilan (3) operatorning qo’zg’almas nuqtalar
to’plamini belgilaymiz.

Lemma 1: (3) operatorning qozg’almas nuqtalari

FZZE(W) == {MlyMQaM&Nl;NQaNSaO}aa € (274>

dan tboratdir, bu yerda

11

My = (1;0;0), Mz = (05 1;0), My = (0:0; 1), Ny = (0: 55 5),
1 1 11 1 4—a a—2
2_(5)075)71\[3_(57570)70_(5777 4 )

Lemma 2: a € [0;2] U [4;6] da qo’zgalmas nugtalar
Fix(W) = { My, My, M3, Ny, No, N3} dan iboratdir va:
1) a € [0;2] bo’lsa, N3 nugta itaruvchi, Ny egar tipli;
2) a € [4;6] bo’lsa, Ny nugta itaruvchi, N3 egar tipli bo’ladi.
Lemma 3: C nugta a € (2;4) da itaruvchi, Ny va N3 nuqtalar esa egar nugtalar bo’ladi.
Quyidagicha belgilashlarni kiritamiz:

Alz{)\esz,a:>1

1 1 1
§,y< 5,220},A2:{)\ES2,$> §,y:0,z< 5},
1

1 1 1
As={\e S r=0y> §,z< 5},A4:{)\652,w< §,y> 5’220}’

1 1 1 1
As={AeS*r=0,y< §,z> 5},A6:{)\€S2,x< E,y:O,z> 5},

05% = S2\ {intS?}
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Teorema 1: VA € 05?% uchun

Ml, A€ Al U AQ
lim Wn()\) Mo, AE Ag U Ay
e Ms, A E A5 U AG

o’rinli bo’ladi va ichki qo’zg’almas nuqta hech qachon tortuvchi bo’lmaydi.
Teorema 2: VA € intS? N {\ € 5%,z > 1} uchun

lim W™(\) = M,

n—o0

bo’lads.
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THE DOUBLE DEGREE SERIES AND THEIR DOMAIN OF
CONVERGENCE

Khayitova Kh.G.

Bukhara state university, Bukhara, Uzbekistan
hilola.hayitova@mail.ru;

This research considers two traditional important questions, which are interesting, at least
to most mathematicians. The first question arises in the theory of the degree series of variable
of the complex numbers, which concerns the relationship, if any, and their the domains of
convergence. The second question arises in the theory of the degree series of several variables
of the complex numbers. In this research we introduce double series and we give the definition
of their convergence and divergence. We discuss the geometrical structure of following double
degree series

Z A" Y"™" (1)
Abel’s theorem. If double degree series has absolute converges in point

(9507y0)$0 # 0,90 # 0
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then, in direct rectangle,

T =A{(z,y) : [x] < lxol, [yl <lyol}
it will have absolute and uniformly converges. Abel theorem needs convergence of the degree
series of several variables for xy # 0 points. In other words its enough that point has conditional
convergence. But not for the double degree series.

We have some examples of the degree series which hasn’t any converges except of (1,1)
and (0,0) points. It we need the convergence at line in (z¢,0) or (0,y) points, we’ll have the
convergence of (1) line in |z| < |zg| or |y| < |yo| on direct line.

Counting on Abel theorem we’ll have following theorem:

The domain of convergence of the double degree series will be symmetric to the OX and
QY axle. Following examples show the variety of convergence of the double series. For example,

(e 9]

Z($2 + y2)n

n=0

the domain of convergence of this degree series consist of
B={(a,y):|2*+y| <1}

And the domain of convergence of this degree series:

(e}

Z(xQ _ yQ)n

n=0

consists of
G={(a,y):|2* —y? < 1.}

This domain of convergence 2% — y? = 1 and y? — 22 < 1 limited by hyperboloid.

All symmetric domains to OX or OY axles have converges with some degree series, in other
words there is always some degree series which has converges only in requested domain and has
no converges out of this domain. The purpose of this dissertation is to define and study a class
of convergent double series and which will be of use in accelerating their convergence.
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SOME PROPERTIES OF (A,0)-ANALYTIC FUNCTIONS IN SPECIAL CASES
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Let A, b—be antianalytic, i.e.
oA_ o _
0z 0z
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in the domain D C C such that |A(z)| < C < 1,Vz € D. We put

of (2) 0f (2)

Danf (2) = S — A(5) 22 () £ ().

0
A function f € C' (D) is called (A,b) —analytic in D, if it satisfies the following differential

equation:
0f(2) 0f(z) _
BN C] 0
Then, according to (1), the class of (A,b) —analytic functions f € Oy (D) is characterized by

D 4pf = 0. Let us now study the properties of (A4, b) —analytic functions in the following special
case:

A(z) = const, b(z) = const.

Theorem. The set of all generalized solutions of equation (1) is exhausted by the formula
f(2)=F(z+ Az)exatt?

where F is a holomorphic function in the domain (2 + Az)~}(D).
Theorem (Analogue of Cauchy’s theorem). If f is (A, b) —analitic in D, where D C C
is a domain with a rectifiable boundary 9D, then

/f (2) e (dz + Adz) = 0.

oD

Theorem (Analogue of Cauchy’s integral formula). Let D C C is an arbitrary domain
with piecewise smooth boundary 0D. Then for any function f € O4, (D)NC (D) the following
formula holds )

9 ()

1 eb(z—
f(z)=2—m.é£§_z+ =) (d¢ + Ad§), VzeD.
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Various problems of quantum mechanics, quantum field theory, partial differential equations,
mathematical physics, and a number of other problems are reduced to special cases of the
integral equation

fzy) = / (5, 9) £ (5, ) dpn () + / ol ) f (2 Oddpn(6)+

o st 0 (5)dpatt) + ot 9) 1)

where €y and (), are sets with a finite Lebesgue measure in R** and R"?, respectively, k; :
W xQy - C, kg: U xB —>C, k: Bx0 — C, g : Q1 x Qy — C are given
measurable functions and g4 (), pe(+) are Lebesgue measures on o— algebras of subsets €; and
(25, respectively.

In 1975, Likhtarnikov and Vitova [1]| studied spectral properties of partial integral operators
. In [1], the following restrictions were imposed: ki(z,s) € La(21 X Q1), ka(y,t) € La(Qa X Q)
and Ty = K = 0. In [2], spectral properties of PIO with positive kernels were studied (under
restriction Ty = K = 0)). In Kalitvin and Zabrejko [3] spectral properties of PIO with kernels
of two variables in L,,p > 1 are studied. In [4], [5] for more general PIO’s with continuous
kernels or kernels in C'(L;) spectral properties of the PIO and solvability of partial integral
equations in the space C([a, b] X [c, d]) were studied.

Let @1, 2,101,109 € Lo [L2(£21), Qo] and

ki(x,5,) = o1(z,y)¥1(s,y) + p2(z, y)va(s,y), (2,5,9) € Q] x Qa.
Then the partial integral operator (PIO) T7 :

Tif(z,y) =/ ki(z,s,9)f(s,y)du(s)

971

is bounded linear operator on the Ly(; X Qy).
In this paper we study the solvability of the partial integral equation

f_Tlf:gv (2)

in space Lo(§2; x Q9), where g = g(x,y) € La(§21 x Q2) is a given function.

At the g(z,y) # 6 the partial integral equation (2) is called the nonhomogeneous Fredholm
partial integral equation (NPIE) of second type with degenerate kernel. The homogeneous
partial integral equation (HPIE) corresponding the NPIE (2) has the following form

h—Th=4. (3)
On €y we define measurable functions 711, 712, To1, T2 :
((T(w) = [y, i(s,w)pi(s,w)dua(s),
Ti2(w) = [o, ¥1(s,w)pa(s, w)dp(s),
(W) = Jo, Ya(s,w)pi(s, w)dp(s),
| 22(w) = [y, Y2(s,w)p2(s,w)dpa(s)
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It’s easy to see that T11, T12, T21, Tog € LOO<QQ)
Let e is an identity element of the algebra L.(£2), i.e. e(w) =1 for almost all w € Q.
We define 2 x 2 matrix T and I with the elements of the Ly(£2s) :

() — (W) Ta(w) R G (ORNCY)
reri)= () e ) == (50 )
We define a measurable function D;(w) on €2 :

D (w) = det(T(w) — I(w)), w € Q.

Clearly, D; = D;(w) € Loo(€2s). The function Dy is called a determinant Fredholm of the
PIE (2).

Let ¢ € Lo(€2). We define support for ¢ by the equality s(¢) = s4 = [Xo(ex0)], Where
LO [LQ(Ql), Qg]

Theorem. If s(D;) = e (i.e. Dy(w) # 0 for almost all w € €y), then the HPIE (3) has in
the Ly(€; x €y) trivial solution and the NPIE (2) in Lg[L2(£21)] a has unique solution.
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FRIDRIXS MODELIDAGI OPERATORNING DISKRET SPEKTRI

Kucharov R. R.!, Xushvaqtov N. X.?
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Aytaylik 2 C R” —bo‘sh bo‘lmagan kompakt to‘plam va bu to‘plamda u(z) uzluksiz haqiqiy
giymatli funksiya berilgan bo‘lsin. Ly (2) fazoda k(x, s) yadroli K kompakt integral operatorni
qaraylik. Ly (Q2) fazoda H operator quyidagi formula bilan aniqlaymiz:

H=U-K (1)

bu yerda

U)(x) = u(x)f(z), feL(Q).
Statistik fizika va kvant mexanikasining ayrim masalalari H operatorning spektrini o‘rganishga
olib kelinadi. Kompakt operator qo‘zg‘alishi haqidagi Viell teoremasiga ko‘ra

0(U) = 0ess(U) = [Umin, Umax], Umin = Inf u(Z), Upax = sup u(z).
.Z’EQ (BGQ
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Dastlab H operator muhim spektr qo‘zgalish nazariyasi 1938 yilda K.O.Fridrixs tomonidan
o‘rganilgan. Odatda (1) tenglik bilan aniglangan operator Fridrixs modeli deb ataladi. Agar
u(x) = x € [0,1] va K : Ly[0,1] — L[0, 1] kompakt integral operator yadrosi, ko‘rsatkichli
Gyoldr yadrosi bo‘lsa, u holda H operator muhim spektrining tashqarisida chekli xos qiymatga
ega bo'lishi [1], [2] da o‘rganilgan.

Bir o‘lchamli Fridrixs modeli Eshkobilov Yu.X.[2|, Minlos R.A., Sinay Ya.G.|3| ishlarida
qaralgan. Agar u(z) funksiya [a, b] kesmada haqiqiy qiymatli bo‘lsa, u holda H operator diskret
spektri chekli bo‘lishi Lakaev S.N.[4], Yakovlev S.I.[5] ishlarida isbotlangan.

Bizga Q2 = [a, b]", (v € N) da u(x) = u(xy, xo, ... ,x,) uzluksiz haqiqiy qiymatli funksiya
berilgan bo‘lsin. Mos ravishda U : Ly (2) — Lo (2) va K : Ly (2) — Lo (2) o‘z-0‘ziga qo‘shma
operatorlarni quyidagicha aniqlaymiz:

(Uf)(x) =ulx)f(z), (Kf)(z)= /Qk(x, s)f(s)ds, fe€ Ly(Q), x, s€.

Aytaylik © = [0, 1] kesmada

k(z,s) = arpi(z)pi(s) + azpe(x)pa(s) + asps(x)ps(s)

funksiyani aniqlaymiz, bunda a; > 0, as >0, a3 >0, ¢, € Ly[0,1], (pi, ;) =0, i # ],
i=1,2,3, ol =1, i=1,2,3.
D(A) =1 — (a1 ®1(A) + aa®a(A) + a3P3(N)) + aras (D1(A)P2(A) — (V) +
+agaz (P1(N)P3(A) — T2 (N))+agag (Pa(A)P3(N) — T35(N)), A € (—o0,0) funksiyani qaraymiz,
bu yerda

\_/

@1()\)_/ f( ))\ds (A :O/ué%) n Bl O/U(i% »

1 1 1
L1\ /901 (5)2(5) Fis() :/%(8)903(8 ds. Tas(\ /wa s)ea(s)
0 0 0

u(s) — A us—)\

Tasdiq. D()) funksiya K, — E operatorning k(z, s) yadro uchun Fredgolm determinanti
bo‘ladi.
Qulaylik uchun quyidagicha belgilash kiritamiz

hm P ()\) = Mla lim @2(}\) = Mz, hm q)g()\) = Mg,

A0 A—0—0 —0-0
/\1_%%0 F12(/\) = M3, /\1_%110 FIS()\> = M3, Al_lg)fio F230\) = Moyg3.
Teorema. Faraz gilaylik lim ®1(\) = M; < oo, lim Py(A) = My < 0o, lim P3(N\) =
A—0-0 A—0-0 A—0-0
M; < o0, bolsin. Agar ay My + as M,y + azM3 < 1 tengsizlik bajarilsa, u holda H operator
manfiy xos gqiymatga ega bo‘lmaydi.
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ON ESTIMATES FOR NORM OF AN INTEGRAL OPERATOR WITH
OINAROV KERNEL
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Let (a,b) C R and u,v be weight functions in (a,b), i.e., positive measurable functions
defined a.e. in (a,b). Let p, ¢ > 1 and introduce weighted Lebesgue spaces

b
Lyw= {7 I, = / FOPu(t)dt < o}

and similarly L,,. In this paper we consider the integral operator

H:Lyy = Ly, (Hf)(x):= / () (D)t (1)

where k(z,t) is called kernel of the operator, which is nonnegative measurable function defined
a.e. in (a,b) X (a,b).

The problem of boundedness of this operator in Lebesgue spaces began to be studied in the
last decades of the last century. Let us now give some scientific conclusions concerning operators
of this type. For example, F.J. Martin-Reyes and E. Sawyer |2] and V.D. Stepanov [3] considered

the Riemann-Liouville fractional integral operator, i.e., (1) of the kernel k(z,t) = (xl_,'éf)_l,

a > 1 and I'(e) is the Gamma function. S.Bloom and R.Kerman [4] and R.Oinarov [5,6] gave
equivalent conditions for boundedness of (1) for kernels k(x,t) is a continuous nonnegative
function increasing in the first argument, decreasing in the second argument and satisfying the
condition: there exists a number h > 1 such that

k(x,s) < h(k(x,t) + k(t,s))

for all @ < s <t < 2 < b. Functions k(x,t) satisfying the above conditions are also called
Oinarov’s kernel. In the works on this topic, the main focus was on finding equivalent conditions
for the boundedness of the operator in (1), where estimates for the operator norm are very rare.
In the theory of differential equations it is very important to obtain the exact estimates.
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Let denote

S =

Theorem 1. Let 1 < g < p < co. Then the norm of the integral operator in (1) satisfies
A<|H| <G,
where C' is a positive solution of the equation
, 1 1 1 1 1 1 ,
C* = hqi= (p') 7@ (¢') 70 BT C = hqi=p' (¢ — 1) B (2)

and B = max{By, B1}.
Remark. Equation (2) has a unique positive solution, since

.Tq

h(z) =

g7 1p/(q — 1)# BY + ¢t (pf) 7@ (¢/) 70D Bitig

is continuous and monotone increasing function of z in (0, 00), ~(0) = 0 and h(oco) = co.
Example. Let ¢ = 2 and h > 1. Then Equation (2) and it’s positive solution take the forms

C2 — 2" h(p)¥ BC = 2hy' B?

and

C = (211?(p’)171/h + \/2%(;9/)%112 + 2hp’> B,

respectively.
Theorem 2. Let 1 < ¢ < p < 0o. Then the norm of the integral operator in (1) satisfies

1

1 1
B<||H|| <27¢h ' (p')¥ (¢)? B.
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THE EXISTENCE OF EIGENVALUE OF THE GENERALIZED FRIEDRICHS
MODEL UNDER RANK THREE PERTURBATION
Kurbanov Sh. H.!, Eshmurodov O. A.?
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Let T? = (—m, 7|3 be the three dimensional torus (Brillion zone) and let L*(T®) be the Hilbert
space of square-integrable functions defined on the torus T3. We consider the Generalized
Friedrichs model associated to a sistem of two identical quantum particles as follows:

Hyyos(p) = Ho(p) =V, V= Vi + Vo + u3Va, i, pia, iz > 0. (1)

here Hy(p), p € T? is a multiplication operator by the function w,(-) := w(p, -):

(Ho(p)f)(q) = wy(q) f(a), f e L*T?).

and V;,7 = 1,2, 3 are integral operators i.e.

Vif)(@) = ei(a) / oils)f(s)ds, i=1,23

'H‘3

Hypothesis 1. (i) The functions ¢;(-),i = 1,2,3 are real valued and belong to C"(T?)

(ii) The function w(-, -) is real analytic in (T?)? = T x T? and has a unique non-degenerate
minimum at (0,0) € (T?%)2.

The perturbation V' is positive operator of rank three. So, by the well-known Weyl theorem
[1] the essential spectrum of the operator H,, ,, ., (p) coincides with the spectrum of Hy(p) and
fills the following segment on the real axis:

O—ess<HN17N2,M3(p)) = Uess(HO(p)) = 0<H0<p)) = [m(p)7 M(p)]’

here

m(p) = minw,(q), M(p) = maxw,(q).
qeT3 qeT3

Hypothesis 2. For each z < m(p) the following relations are true

O P
wp(s)_z

Observe that by Hypothesis 1 there exist such d-neighborhood Us(0) C T2 of the point
p = 0 € T3 and analytic function qq : Us(0) — T® that for any p € Us(0) the point qo(p) =
(qél) (p), q(()z) (p), q(()g) (p)) € T? is a unique non degenerated minimum of the function w,(-) as well

as the following integrals exist:
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©?(s;)ds i
t/%m—m@’ = b2

T3

We set

-1

N i (si)ds .
wo) = | [ty | >0 =128

The main result is the following theorem
Theorem. The operator H,, ,, ., (p) has unique eigevalue E;(p;, p) below m(p) if and only

if 1, > pi(p), 0 < pj < pi(p), 0 < py < p(p), 3, j,k =1,2,3, 1 # j,i # k. The function E;(u;, p)
is monotonously decreasing in (u;(p), +00) by u; and real analytic on Us(0) by p. Associated
eigenfunction has of the form

Ci/%’%(%)
wp(q) — Eilpi, p)

\Di(,uivp7 ) EZ(NHP)) =

Generalized Friedrichs model has been considered also in |2,3].
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THE EIGENVALUE ASYMPTOTICS OF THE ONE-DIMENSIONAL
DISCRETE SCHODINGER OPERATOR
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The spectral properties of grid operators have aroused great interest among mathematicians.
Craph and Schenker (1997), D.S.Mattis (1976), A.LMogilner (1991), Yafaev (2000) in models
of solid state physics and at the same time on the fields theory of lattice one-particle and multi-
particle discrete Schrodinger operators with analogues of Schrodinger operators are considered.
Therefore, understanding spectrum of such operators is a topic of central importance in physics.

Let Z be the one-dimensional lattice, T = (R/27Z) = (—m; 7| be the one-dimensional torus,
A, it € R be real parameters.

The Discrete Laplacian operator in the momentum representation. The one-
particle Schrodinger operator H in the momentum representation is of the form defined by

H=F'H,F, H=H~-V,
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where

Hy=F*(-D)F, V=FVF

and F stands for the standard Fourier transformation F : L*(T) — (*(Z) and F* : (*(Z) —
L3(T) is its inverse. Explicitly, the non-perturbed operator Hy acts on L?(T) as multiplication
operator by the function ¢(-) :

(Hof)(p) =) f(p), felL*T), peT,

where
e(p) = (1 —cosp)+ (1 —cos2p), peT, S>0. (1)

In the physical literature, the function &(-), being a real valued-function on T, is called the
dispersion relation of the Laplacian operator —A.
The potensial operator

VNG == [ fada. e,

The essential spectrum.

Hy is a multiplication operator by a function, the perturbation V' is the one-dimensional
operator and, therefore, in accordance to the Weyl theorem on the stability of the essential
spectrum the equality oess(H,) = 0ess(Hp) holds, and the essential spectrum of the operator
H,, consists of the following segment on the real axis:

0—655<H>\;,L) = [gmina Emax]a

0 2, 0<p<y,
€min =Y, Emax = (1+4p)2 1
7 P>

where

Fredholm determinant of the operator H,,.
For any ;1 € R, we define the Fredholm determinant associated with the operator H, as a
regular function in z € R\ [Emin, Emax] as

7 dp
D =1-— [ —.
(:u7 Z) 27T T€<p) —

Lemma a) If i > 0, the operator H,, has a unique eigenvalue z(1) in the interval (—oo,0) and
has no eigenvalue to the right of the essential spectrum.

b) If 1 < 0, the operator H,, has a unique eigenvalue z(4) in the interval (£,,44, 00) and has
no eigenvalue to the left of the essential spectrum.

The main result of our work is as follows:

Theorem. z(u) satisfies the asymptotics

2
z(u):—u+(1+ﬁ)—(1g!ﬁ)%4—0(%) as g — +00
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SILJISHLI FUNKSIONAL OPERATORLARNING BIR TOMONLAMA
TESKARILANUVCHANLIK SHARTLARI

Mardiyev R., Xaydarova G.

Samarqand davlat universiteti, Samarqand, O‘zbekiston.
g.mamirovna@mail.ru

I-sodda silliq kontur, o« — I" konturni o‘z-o‘ziga o‘tkazuvchi diffeomorfizm (siljish) bo‘lib, I'
konturning yo‘nalishini o‘zgartiruvchi bo‘lsin. Ma’lumki ([1], C. 24-29) yo‘nalishni o‘zgartiruvchi
siljish albatta ikkita z; va zo qo‘zg‘almas nuqtalarga ega bo‘ladi. Bu ishda L,(I'), 1 < p < oo
fazosida

A=a(t)] —bt)W

ko‘rinishdagi siljishli funksional operatorlarning bir tomonlama teskarilanuvchanlik shartlari
o‘rganilgan. Bu yerda «(t), b(t) € C(I"), I-birlik operator, W — siljish operatori:

(We)(t) = pla(®)], teT.

a— siljishning qo‘zg‘almas nuqtalari to‘plamini & = {21, 23} orqali, 71 orqali esa I' konturning
musbat yo‘nalishida z; va 25 nuqtalarni (2; dan zs nuqtaga qarab olingan) tutashtiruvchi yoyini
belgilaylik. 75 = I"\y; bo‘lsin

Siljish yo‘nalishni o‘zgartiruvchi bo‘lgan holda A operatorning bir tomonlama teskarilanuvchanlik

shartlarini o‘rganish, yo‘nalishni saqlovchi as(t) = a(«(t)), ¢ € T siljishli funksional operatorlarni
o‘rganishga keltirilgan.
Ma’lumki «y siljishning qo‘zg‘almas nuqtalari to‘plami bo‘sh emas, s siljishning qo‘zg‘almas
nuqtalari to‘plami chekli yoki cheksiz bo‘lsin.
¢ = supp|t — an(7)] orqali a,,(7) # 7 shartni qanoatlantiruvchi IT" konturning barcha
nuqtalari to‘plamining yopig‘ini belgilaylik. U(t), a(t), b(t) € C(T') funksiyalar uchun
Us = lim Ulan()U (e (t)), ha = las(8)] — s ()2 |ba(t)],

n—+oo

Iy :F\¢, FQZ{tE¢hi(t) >0}7 ng{tgthi(t) <0},
Pym {t€d: ho(t)<O0<h () Ts={t€ o ho(t)>0>h (1)}

a(t)a(a(t)) = b@)bla(t)),  teTy

Ualt) = a(t)a(a(t)), tely,
b(t)b(a(t)), teT,
0, te T\ T,

belgilashlarni kiritamiz.
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a— siljish yo‘nalishni o‘zgartuvchi bo‘lganda quyidagi tasdiq o‘rinli.
Teorema: A— operator o‘ngdan (chapdan) teskarilanuvchi bo‘lishi uchun

va(t) #0, Vt e D\I'y(Vt € I'\T'5)

va

(Vt € T\Tw), (3ko € Z)VE > ko, blaw(t)) £ 0, Yk < ko, a(ax(t)) £ 0,
(Mos ravishda (V¢ € Ts), (ko € Z), Vk < ko, blax(t)) £0, Yk > ko, alan(t)) # 0).
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ASYMPTOTICA FOR THE EIGENVALUE OF THE DISCRETE
SCHRODINGER OPERATOR ON THE TWO-DIMESIONAL LATTICE

Muminov Z. E.!, Madatova F. A.2

National Universitety of Uzbekistan, Tashkent, Uzbekistan,
lzimuminov@gmail.com, ?fotimamadatova2@gmail.com

The spectral properties of lattice operators have aroused great interest among mathema-
ticians. Graph and Schenker (1997), D.S.Mattis (1976), A.I.Mogilner (1991), Yafayev (2000) in
models of solid state physics and at the same time on the fields theory of lattice one-particle
and multi-particle discrete Schrodinger operators with analogues of Schrédinger operators are
considered. Therefore, understanding spectrum of such operators is a topic of central importance
in physics.

Let Z* be the two-dimensional lattice, T? = (R/27Z)* = (—m;7|? be the two-dimensional
torus, A, 4 € R be real parameters.

The one-particle Schrédinger operator H in the momentum representation is of the form
defined by R

H=FH,F, H=H,-V,
where R
Hy=F(-A)F, V=FVF

and F stands for the standard Fourier transformation F : L*(T?) — (*(Z?*) and F* : (*(Z*) —
L?(T?) is its inverse. Explicitly, the non-perturbed operator Hy acts on L?(T?) as multiplication
operator by the function ¢(-) :

(Hof)(p) =c(p)f(p), feL*T?, peT

where
2

e(p) =Y ((1—cosp;) +B(1—cos2p;)), p=(pip2) €T?, B >0.

j=1
In the physical literature, the function £(-), being a real valued-function on T2, is called the

dispersion relation of the Laplacian operator —A.
The potensial operator

VHP) =L | flodg, feL*(T?.

2 T2
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H, is a multiplication operator by a function, the perturbation V is the one-dimensional
operator and, therefore, in accordance to the Weyl theorem on the stability of the essential
spectrum the equality o.ss(H,) = 0ess(Hp) holds, and the essential spectrum of the operator
H,, consists of the following segment on the real axis:

O—ess<H)\p) = [gmina Emax]a

2, o0<p<l
Emin = 07 Emax = (1+48)? 1
o P>

For any p € R, we define the Fredholm determinant associated with the operator H, as a
regular function in z € R\ [Emin, Emax] as

where

7 dp
D z)=1-2 [ P
(1:2) 21 Jp2 e(p) — 2

Theorem. z(u) satisfies the asymptotics
1 1
2(p) = —p+2(1+3)— (1+ 6% /_L+O<E>

REFERENCES

1. Reed M., Simon B. Methods of modern mathematical physics. T.1. Functional analysis, 1977
2. Reed M., Simon B. Methods of modern mathematical physics. T.4. Analysis of operators,
1982.

3. Israel Gohberg, Seymour Goldberg, Marinus A. Kaashoek. Basic Classes of Linear Operators,
Birkhauser Verlag, 2003.

4. F. Hiroshima, Z. Muminov, U. Kuljanov. Threshold of discrete Schrédinger operators with
delta potentials on n dimensional lattice. ISSN: 0308 -1087 (Print) 1563-5139 (Online) Journal
homepage: https://www.tandfonline.com /loi/gma20.

5. M.B.®emoprok. Acummrornka: mHTErpasisl u psiiabl. M.: Hayka, 1987

RANGI BIR QO’ZG’ALISHLI DISKRET SCHRODINGER OPERATORLARI
Qurbonov O.1.!, Axralov H.Z.?, Madatova F. A.3

L.2Tashkent state technical university, Tashkent, Uzbekistan
3National universitety of Uzbekistan, Tashkent, Uzbekistan
Loybekqurbonov1994@gmail.com,?axralovh@mail.ru,*fotimamadatova2@gmail.com.

Kvant mexanikasi, matematik fizika, matematik analiz va ularga bog’liq sohalardagi Schrodinger
opertorlarining spektral xossalari, shu jumladan panjaradagi Schrédinger operatorlari va ularning
qattiq jismlar fizikasidagi tatbiglari ahamiyatli hisoblanadi.

L*(T%), d— o’lchamli panjara (T? = [—~7, 7)?) da aniqlangan kvadrati bilan integrallanuvchi
funksiyalarning Hilbert fazosi.

Lokal bo’lmagan diskret Schrodinger operatorining kvazi impuls tasviri L?(T¢)- Hilbert
fazosida quyidagicha ta’sir etadi:
hu - hO - ,U/Vva
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bunda hgy operator W(e(-)) uzluksiz funksiyaga ko’paytirish operatori; p -parametr; V-integral
operator.

(hof)(p) = T(e(p))f(p), [ € LXT).
bunda e(p) = Zfil(l —cosp;), p € T4 U € C(0;00) - uzluksiz monoton kamayuvchi funksiya.

1 2
V0 = G /T g, fe AT, peR

Har qanday p € R uchun h, operatorning Fredgolm determinantini z € C \ [Wynin; Umax] ning
funksiyasi sifatida quyidagicha aniqlaymiz:

LM dq
a2 =1- g | wg =

bunda V., = U(e(0)) va Vo = V(e(2d)).

1-lemma. z € C\ [Uynin; Yinax| soni hy, operatorning zos giymati bo’lishi uchun

A(pu,z) =0

bo’lishi zarur va yetarli.
Shart 1. Birorta 0 < a < 1,0 < C; < (5 uchun

Cilz — e(0)[* < [¥(x) — (e(0))] < Colz —e(0)["

bo’lsin, bunda

C; = lim inf Wle(@)) - \1/(0), C5 = lim sup

x—e(0) |I"a z—e(0) |‘T|a
Quyidagi belgilashni kiritamiz:

to = (2m)° </ \v(e(q»d—q\v(e(o»)l'

2-lemma. (a) Agar a > d/2 bo’lsa, u holda 119 = 0 bo’lads.

(b) Agar oo < d/2 bo’lsa, u holda py > 0 bo’ladi.

3-lemma. (a) > po > 0 bo’lsa, h, operatorning (—oo; ¥(e(0))) intervalda yagona z(u)
bir karrali zos qiymati mavjud bo’ladi.

(b) 1o = 0 bo’lsa, ya'ni 2cc > d bo’lsa, h,, operatorning (—oo; ¥ (e(0))) intervalda yagona
z(p) bir karrali xos giymati mavjud bo’ladi. Quyidagi belgilashni kiritamiz:

1
U(e(p)) — W(e(0))

4-lemma. (a) Agar o < d/4 bo’lsa, u holda fy € L*(T%) munosabat o’rinli bo ladi.

(b) Agar d/4 < a < d/2 bo’lsa, u holda fo € L*(T%)/L*(T¢) munosabat o’rinli bo’ladi.

(c) Agar o > d/2 bo’lsa, shunday (0 < e < 1) topilib fo € LY(T?) munosabat o’rinli
bo’lads.

Teorema. (a) Agar o < d/4 bo’lsa, ¥(e(0)) soni h, operatorning bo’sag’a zos qiymati
bo’lads.

(b) Agar d/4 < o < d/2 bo’lsa, ¥(e(0)) soni h, operatorning bo’sag’a rezonansi bo’ladsi.

(c) Agar o > d/2 bo’lsa, ¥(e(0)) soni h, operator uchun regulyar nugta bo’ladi.

fo(p) =
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PERIODIC GROUND STATES FOR THE ISING MODEL WITH A PERIODIC
EXTERNAL FIELD ON THE CAYLEY TREE OF ORDER TWO

Rahmatullayev M. M.!,Asqarov J. N.?

nstitute of mathematics, Tashkent, Uzbekistan,
mrahmatullaev@Qrambler.ru;
2Namangan state university, Namangan, Uzbekistan,
askarjavokhir02@gmail.com

Let 7% = (V, L) be a Cayley tree of order k, i.e, an infinite tree such that exactly k+ 1 edges
are incident to each vertex. Here V is the set of vertices and L is the set of edges of 7%.[1]

Let Gy denote the free product of k + 1 cyclic groups {e,a;} of order 2 with generators
ai, s, ..., a1, e, let a? =e .

There exists a one-to-one correspondence between the set V' of vertices of the Cayley tree
of order k and the group Gy.[1]

For each x € G, let S1(x) denote the set of all neighbors of z, i.e., S1(z) = {y € Gy : (z,y)},
where (x,y) means that the vertices  and y are nearest neighbors.

Assume that spin takes its values in the set & = {—1,1}. By a configuration ¢ on V' we
mean a function taking o : x € V' — o(x) € ®. The set of all configurations coincides with the
set Q = dV.

Consider the quotient group Gy /G; = {H, ..., H, }, where G}, is a normal subgroup of index
r with r > 1.

Definition 1. A configuration o(z) is called to be Gj—periodic if o(z) = o; for all x € G,
with x € H;. A G,—periodic configuration is called to be translation invariant.

By period of a periodic configuration we mean the index of the corresponding normal
subgroup. Ising model with G,(f)—periodic external field is defined according to the following
Hamiltonian:

Ho)=J1 > oo+ Y o@)oly)+ > ao(x), (1)
(zy)€L a2 z€V

where Jp, Jo, o, € R and

g, if = € fo),
oy = 2

aq, if xEGk\G,(C ,

where o # 7 and G,(f) ={z € Gj : |z| is even}.

The energy of a configuration o;, on b is defined by the formula

U(op) = %Jl Z o(x)o(cy) + J2 Z o(z)o(y) + ae,o(cp). (2)

v€51(cp) dféyye)b;z
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It is not difficult to prove the following lemma.
Lemma 1 We have

U(l)

0 0 1 1 0) 1
Uoy) e {0, 09, ul), v, ...u% U sy Ui

+(k+1)7 Y —(k+1)7

for all o, where UY) = (551 — ). Jy + (M) 4 9i(i — k —1))Jy+ a;,i = 0,1,..,k+1,5 =0, L.
Definition 2. A configuration ¢ is called a ground state of the Hamiltonian (1), if

0) 1) 0 0 1 1
Ulgps) = mln{U-(&-O’U(O)’U-i-O?U(O?“ U() UE()kJrl)’UJ(r()k+1)’U£()k+l)}

+(k+1)
for all b e M.
For a fixed m = 40, —-0,+1,—1,...,+(k+1),—(k+1),5 =0, 1, we set
; ; : 0) 770 1 1
AD = {(J1, Jo, a0, 1) € RUUY = min{UQ, U9, ..U, U 1)
Let £ = 2 and quite cumbersome but not difficult calculations show that

AR = {(1, T, ag, 1) € R 2 Jy 0,01 +4J5 < 0, Fag > 0, |aq| < Fag},

(1) { J17 Jg,Oéo,Oél € R4 : Jl S 07 Jl +4J2 S 07 Fa1 Z 07 |Oé()’ S :Fal}a
0)
AL =1
Aﬁil = {

(

(J J27a07 (@51 €R4: Jl§07J1+4J2207:FaOZO7|a1’Sq:a0}7
(J1, Jayap, 1) €ERY Ty <0,y +4J5 > 0,Fag >0, |ag| < Foul,
(

={(J1, Ja,ap, 1) ER*: Jy >0,J; —4J, <0, Fa; > 0,]ag| < Fay},

)

)

)

= {(J1, Ja, a0, 1) €R*: J; >0, J; —4Jy <0, Fap > 0, || < Fapl,

)

={(J1, J2,c0,1) ER*: J; >0,J; —4Jy >0, Fag > 0, |ay| < Fag},
)

Al = {(J1, o a0, 00) ERY i > 0,0y — 4Jy > 0, Fay > 0, |ag| < Fou}

and
3

R = U(A uAal)).

m=0

Theorem 1. a) If (J1, Jo, 9, 1) € ASB?)) N A(_lg)), then

1,ifr e G,
—1,ifz € Gy \ GP

o(x) =

G§2)—periodic configuration is a Géz)—periodic ground state for the (1) model,
b)If (Jy, Ja, a0, 1) € A N ALY, then

~1,ifz € G2,
o(x) = ‘ @)
1, 1f:E e Gk \ Gk‘

GgQ)-periodic configuration is a Gf)—periodic ground state for the (1) model.

Remark 1. Note that for the Ising model with Gf)—periodic external field there is not any
translation-invariant ground state.
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A DISCRETE-TIME DYNAMICAL SYSTEM OF MOSQUITO POPULATION

Rozikov U. A.!, Boxonov Z.S.?
V.I.Romanovskiy Institute of Mathematics of Uzbek Academy of Sciences, Tashkent,
Uzbekistan
rozikovu@yandex.ru, 2z.boxonov@mathinst.uz

Consider a wild mosquito population without the presence of sterile mosquitoes. For the
simplified stage-structured mosquito population, we group the three aquatic stages into the
larvae class by x, and divide the mosquito population into the larvae class and the adults,
denoted by y. We assume that the density dependence exists only in the larvae stage [1].

We let the birth rate, that is, the oviposition rate of adults be ; the rate of emergence
from larvae to adults be a function of the larvae with the form of a(1 — k(x)), where o« > 0 is
the maximum emergence rete, 0 < k(z) < 1, with £(0) = 0,%'(z) > 0, and xh_)rgo k(xz) =1, is
the functional response due to the intraspecific competition [2]. We further assume a functional
response for k(z), as in [2], in the form

oz
S l+4x

We let the death rate of larvae be a linear function, denoted by dy + dix, and the death rate
of adults be constant, denoted by p. The interactive dynamics for the wild mosquitoes are
governed by the following discrete-time system:

' =By — £5 — (do + diz)x + 1,
WO: / axr
Y =17 MYty

The model (1) for dy = d; = 0 was fully studied in [3], [4].
It is easy to see that if

(1)

a>0, >0 0<u<l, dy>0, a+dy<1, d =0 (2)

then the operator (1) maps the set R? to itself.

The fixed points for (1) are as follows(under condition (2)):
1) If 8 < (1 + %) then the operator (1) has a unique fixed point z = (0,0).
QI >p (1 + %) then mapping (1) has two fixed points with

_ L (eB=p) | B —p) —pdo
5= (0.0, == (5 -1 SRS,

The following theorem describes the trajectory of any point (x(o), y(o)) in Ri.
Theorem. If the condition (2) is satisfied and § < p (1 + %) then

lim Wz, @) =(0,0), for any (z,y?) ¢ Ri

n—oo

where W' is n-th iteration of Wy.
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p-ADIC DYNAMICAL SYSTEM OF THE FUNCTION ax?
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Theory of p-adic numbers is one of very actively developing area in mathematics. It has
numerous applications in many branches of mathematics, biology, physics and other sciences
(see for example [1]-[5] and the references therein).

Let Q be the field of rational numbers.

For each fixed prime number p, every rational number x # 0 can be represented in the form
r = p" L where r,n € Z, m is a positive integer, (p,n) = 1, (p,m) = 1.

The p-adic norm of z is given by

p~", forx#0,
||, =
0, for x = 0.

The completion of Q with respect to p-adic norm defines the p-adic field which is denoted by

Q, (see [1]).

The algebraic completion of @, is denoted by C, and it is called the set of complex p-adic
numbers.

Consider the dynamical system associated with the function f : C, — C, defined by

f(x) =ax’, a#0, a€C, beZ, (1)

where z # 0.
For z € C, denote by f"(z) the n-fold composition of f with itself:

fio) = U (@)
———

n times

For arbitrary given xy and f the trajectory of z( is the sequence of points

xo, 11 = f(20), T2 = f2(930)>$3 = fg(fo)a cee

We are interested to study the limit lim,, . .
A point z is called a fixed point for f if f(z) = .



The function (1) has fixed points x;, k = 1,2,...|b — 1|, which are solutions to 271 = % in
Cp

For these fixed points we have

[wlp = = (lal,) 7/ (2)

Thus zy € S,(0), k=1,2,...]b—1].

We can explicitly calculate f™:
Lemma 1. For any x € C, \ {0} we have

For any a € C, and r > 0 denote
Ur(a) ={z € Cp: |z —al, <1},
Vile) ={z € Cp: |z —al, <7},
Si(@) = {z €Cy: [z —al, = 1},
Lemma 2. Ifbe€ Z, b <0 and « is defined by (2) then the following assertions hold
1. The sphere S,(0) is invariant with respect to f, (i.e., f(S4(0)) C S4(0));
2. [(Ua(0)) € Cp\ Vo (0);
3. f(Cp\ Va(0)) € Ua(0).
Theorem 1. Ifbe€ Z, b <0 and « is defined by (2). Then

1. if x € Uy(0) then
lim f**(z) =0, lim [ ()], = +o0.
k—oo k—oo

2. if x € So(0) then f™(x) € So(0), n > 1.
3. if v € C, \ Vo(0) then

lim |f?*(z)|, = 400, lim f* !(z) =0.
k—o00 k—o0
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DISCRETE TIME OCEAN ECOSYSTEM

Rozikov U. A.!, Shoyimardonov S.K.?

V.I.Romanovskiy Institute of Mathematics, Tashkent, Usbekistan,
lyozikovu@yandex.ru, 2s.shoyimardonov@mathinst.uz.

Let N be the concentration of nitrogen available for uptake, measured as mass per unit
surface area of the ocean, P the concentration of phytoplankton, and Z the concentration of
zooplankton, both measured in the same currency. In [1] the following model of ocean ecosystem
processes is given:

% =aP+bZ —cNP

2 = ¢cNP —dPZ — aP (1)

Y — dPZ —bZ.

where a,b,c,d € R. In 2] the following discrete time version of (1) is studied:

z(l — b+ dy)
VigyW =y(l —a—dr+cz) (2)
2N = 2(1 — cy) + ay + ba.

Proposition 1. ([2]) The operator (2) maps S? to itself if and only if
0<a<l1, 0<b<1l, —(1—-a)<c<1l+4a, —(1-b)<d<1l-a. (3)

Moreover, under conditions (3) the operator is a 2-Volterra QSO.
For the operator V there are three fixed points with conditions (3):

Mo = (0;0;1), %z(&l—%%)@sz%Q,

and

- (cd—ad—bcba—b+d
, = .9,

? d>0. d>b ¢>0. ed—ad—be>0).
dctrd) d c+d )” >0, d2b, 20, cd—ad—be>0)

Let F': R™ — R™ be an operator. Note that Lipschitz constant of the operator F is

|Fx — Fyl|
I(F) = sup
7 =l
where || - || is some norm in R™. By the contraction mapping theorem if this norm can be chosen

[(F) < 1 then F will be strict contraction in this norm and it has unique fixed point which all
trajectories converge to this point.

Proposition 2. If ¢ > a then the operator V is not a strict contraction mapping.

Let us split the simplex S? into six parts as follows :

Po={(z;y;2) € 8% w<@,y<y,2>%2}, Po={(r;y;2) €S =<z, y>7 2>z}

Py={(z;y;2) € 8% v<@,y>7y, 2<z}, Pi={(r;y;2) €S =>z,y>7 <z}
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Ps={(z;y;2) €S? o>5,y<y,z2<z}, Ps={(v;y;2)€S8? >, y<y, 2>z}

where
cd — ad — be Q—é g_a—b+d_a+d§:

dic+d) ' d c+d ¢

are coordinates of the fixed point \s.
Theorem. Let V be the operator defined in (2). For any initial point A\©) = (2(0); y(©); 2(0) ¢

S with 2 > 0,y > 0 the trajectory A\ = V"(A©) of X0 rotates along the sets P;,i =1,
and never goes to the edges x =0 or y = 0.

T =
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To define a discrete-time dynamical system one considers (see [1]) a function f : X — X. For
x € X denote by f"(z) the n-fold composition of f with itself (i.e. n time iteration of f to x):

fi@) = fU ) -)
—_—

n times

Definition 1. For arbitrary given zqg € X and f : X — X the discrete-time dynamical
system is the sequence of points

3307371If(fco);@:f2(370)7133:f3($0)7--- (1)

Denote the sequence (1), for & = g, by 7(z) = {z; = f/(z), j=0,1,... }.
A point x € X is called a fixed point for f: X — X if f(z) = x.
Denote the set of all fixed points by Fix(f).

Definition 2. The limit set w(zg) of orbit (1) is defined as

w(wo) = N7 [7(f7(20)],

where M is the closure of M.
Definition 3.

e A fixed point z* of f is attracting or stable if there is an open set (neighborhood) U
containing z* such that for all x € U, the orbit 7(z) with initial point x converges to z*.

e A fixed point z* of f is repelling if there is an open set (neighborhood) U containing x*
such that for any z € U, z # x*, there is some k > 1 such that f*(x) ¢ U.
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The main problem: Given a function f and initial point zy what ultimately happens with
the sequence (1). Does the limit lim,, . 2, exist? If not what is the set of limit points of the
sequence? Is this set finite or infinite?

The difficulty of the main problem depends on the set X and on the given function f. The
problem is mainly considered in case X C R™, m > 1 and when f is a continuous function on
X.

Note that dynamical systems generated by rational (discontinuous) functions are very
important in many problems on biology and physics (see [1]-[4] and references therein).

Here we consider the case X = R and f as a rational function of the form

rT+a c
f(ZL‘) — b[lf—}—C, CL,b,CGR, b%ov ZL‘;A—[—)
For this function we have Fix(f) = 0 if (¢ — 1)> + 4ab < 0 and Fix(f) = {z1, 25} if
(¢ —1)% + 4ab > 0, where

1
——(1- —1)2
T2 = o (1 ct+/(c—1) +4ab> :

Denote
2(c — ab)
14+2ab+c2 £ (14¢)y/(c—1)%+4ab

Pio=|f'(z12)| =

Note that P, P, = 1.
Proposition 1. The following assertions hold
1) The fixed point xq (resp. x2) is repeller if and only if xo (resp. x1) is attractive.
2) The fized point x1 is saddle if and only if x5 is saddle.

Consider sequence of vectors (ayn, by, ¢y, dy), n > 0 given by recurrent relations:
Apt+1 = QA + acy,
bpi1 = by, + ad,
Cni1 = Cay + bey,
dpi1 = cb, + bd,.

where (ag, by, co, do) = (1,a,b,c).
Denote c
P:{xGR:EInGNU{O},f”(x):—Z—)}, (3)

The following proposition describes the set P
Proposition 2. The set P is the following
2 + apb,

s ey

where (ay, by, cn,dy) are defined in (2).

tbp(l+c¢,) #0,n > 1},

Theorem 1. If P, < 1 (for i =1 or 2) then there is a neighborhood U; of the fized point z;
such that

lim f"(z) =z, forall x € U;\P.

n—o0
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MARTINELLI-BOXNER INTEGRAL FORMULASI VA UNING
CHEGARAVIY XOSSALARI HAQIDA
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O‘tgan asrning 40- yillarida E.Martinelli va S. Boxner bir-biridan mustaqil ravishda C" fazoda,
n > 1 bo‘lganda golomorf funksiyalarning kompakt maxsusligini yo‘qotish haqidagi Xartogs
(Osgud—Braun) teoremasini isbotlash davomida ko‘p kompleks o‘zgaruvchili funksiyalar uchun
integral formulani topishgan. Bu formula Matinelli-Boxner integral formulasi deb nomlanadi.
Matinelli-Boxner integral formulasi integral sohaning butun chegarasi bo‘yicha hisoblanadigan
va sohaning ko‘rinishiga bog'liq bo‘lmagan universal yadroga ega bo‘lgan birinchi integral
formuladir. Ammo n o‘lchamli C" fazoda, n > 1 bo‘lganda Martinelli-Boxner yadrosi golomorf
funksiya emas, balki garmonik funksiyadir. n o‘lchamli C" kompleks fazodagi D sohani qaraymiz.

Teorema 1 (Martinelli-Boxner). Agar D soha C" dagi chegaralangan chegarasi bo‘lakli
silliq soha bo‘lib, f(z) € C(D) va f(z) funksiya D sohada golomorf bo‘lsa, u holda ixtiyoriy
z € D uchun

f(z) = / FQUs, 2)

formula o‘rinli, bunda U(s, z) (n,n — 1) tipdagi

Ule,z) = O _,”!i 1) T g de

|§ . Z|2n
ko ‘rinishdagi tashqi differensial forma va bu yerda
dS k] = dSi A oo ANdSe—1 A dSrq A oo A dS,.

n = 1 bo‘lganda bu formula Koshining integral formulasiga aylanadi. Lekin, Koshi formulasidan
farqli ravishda n > 1 bo‘lganda Martinelli-Boxner yadrosi golomorf emas, garmonik funksiyadir.
Shunga qaramasdan, bu formula n > 1 bo‘lganda C" fazodagi garmonik funksiyalar va golomorf
funksiyalar orasida bog‘lanish o‘rnatadi. Bu formula va uning tadbiqlari ko‘plab olimlar tomonidan
o‘rganib kelinmoqda.

Teorema 2 (Kytmanov A.M.). Agar f(z) funksiya B = B(0,1) sharda golomorf bo‘lsa
va f € C(B) bo‘lsa, u holda iztiyoriy = € B uchun

/f(@)U(c,z> = /f(g)(l— <¢,z23)(1— |2 Pls, 2)do.
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2] va [3] ishlarda n + 1 o‘lchamli kompleks fazo C"! fazoning yuqori yarim fazosi C’/™' da
L (R*1) va LP(R*"*!) funksional fazolardan olingan funksiyalar uchun Martinelli-Boxner
integral formulasi va unga mos integral operatorning spektral xossalari o‘rganilgan. Ushbu ish
analizda muhim o‘rin tutadigan Martinelli-Boxner integral formulasining chegaraviy xossalarini
o‘rganishga bag‘ishlangan.
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STRUCTURE OF THE ESSENTIAL SPECTRUM OF A FAMILY OF 3 x 3
OPERATOR MATRICES
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Let us introduce some notations used in this work. Denote by T9 the d-dimensional torus,
the cube (—m, 7|4 with appropriately identified sides equipped with its Haar measure. Let
Ho := C be the field of complex numbers (channel 1), H; := L*(T¢) be the Hilbert space
of square integrable (complex) functions defined on T¢ (channel 2) and H, := L2, ((T%)?)
stands for the subspace of L2((T%)?) consisting of symmetric functions (with respect to the two
variables) (channel 3). The direct sum of spaces Hy, H1 and Hy will be denoted by H, that is,
H =HoDH,DHs. The spaces Hg, H1 and Hs are called zero-, one- and two-particle subspaces
of a bosonic Fock space F,(L*(T%)) over L?(TY), respectively, and the Hilbert space H is called
the truncated Fock space or the three-particle cut subspace of the Fock space [1].

In the present paper we consider the family of 3 x 3 tridiagonal operator matrices of the
form

Aoo(K) AOl 0
A(K) = ASI All(K) A12 5 K e Td
0 Ai, Axn(K)

in the Hilbert space H. The diagonal matrix entries A;(K) : H; — H;, @ = 0,1,2 and off-
diagonal matrix entries A;; : H; — H;, @ < 7, 1,5 = 0,1, 2 are given by

A (K) fo =wo(K)fo, Anfi 2/ vo(t) f1(t)dt,
Td

(An(E)F)®) = (K f0). (Anf)p) = [ o0)falp. i,
(A (K)f2)(p, @) = wa(Kp, ) f2(p,q),  fi € Hiy i=0,1,2.

Throughout the paper we assume that the parameter functions wo(+), v;(+), ¢ = 0,1; wy(+; )
and wsy(+;-,+) are real-valued continuous functions on T9; (T9)? and (T9)3, respectively. In
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addition, for any fixed K € T9 the function wy(K;-,-) is a symmetric, that is, the equality
wo( K p, q) = wo(K; q, p) holds for any p,q € T9.

We introduce so-called channel operator Aq(K) acting in L*(T?) @ L*((T9)?) as a family
of 2 x 2 operator matrices

AII(K) LAIQ
Ac K) = V2 ) K e Td’
n(K) < \/LiAE Agy(K)

~

and a family of the generalized Friedrichs models A(K, k) acting in the Hilbert space Ho@®H;
as 2 X 2 operator matrices

1T A\OO(Kak) 121\01
K. k)= X -
AUEE) ( Ay Au(K k) )

with matrix elements

A\OO(Ka k)fo = wl(K, k)an 121\01]01 = % - Ul(s)f1<5)d37
(Au(K k) A)(q) = oK k) fi(g),  fi € My i=0,1.

According to the Weyl theorem, the essential spectrum of the operator A\(K , k) coincides
with the segment [Enn (K, k); Enax (K, k)], where the numbers Ey;, (K, k) and Ep. (K, k) are
defined by

Enin (K, k) := min wo (K k,q) and  Epax (K, k) := maxwy (K k, q).

geTd qeTd

For any fixed K, k € T we define an analytic function Ag(k;-) (the Fredholm determinant
associated with the operator A(K, k)) in C\ [Ewn (K, k); Enax(K, k)] by

1 vi (t)dt
A . — Kk - Y . ’
w(k;2) = wi (K k) — 2 2/Td wa (K k1) — 2

Introduce the following notations

my = min wy(K;p,q), Mg = max wy(K;p,q),

p,qeTd p,qeT
Ak = | ouisc(A(K ), Sk = [mic; M) U A
keTd

The definition of the set Ax and the equality

U [Emin<K7 k)a Emax<K7 k)] = [mKa MK]
keTd
imply the equality
| o(A(K k) = Sk
keTd

Let us introduce the following notations:

EY

(K) := min {Ag N (—oo;mgl}, BY) (K) := max {Ax N [Mg; +00)}.

max
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Theorem. Let K € TY be a fized and min Ak (k;mg) > 0. Then for the essential spectrum
kET
of A(K) the following equality

[mK; MK] s Zf maXAK(k,MK) S O,
keTd

() ; : . ) .
Oess(A(K)) = [mK,Emax(K) . if Inin Ag(k;Mg) <0 and géz%%AK(k,MK) > 0;
s M) U (B (K); Bide (K], if min Arc(h; M) > 0;

For the cases min Ag(k;my) < 0, max Ag(k;mi) > 0 and max Ag(k;my) < 0, one
p,q€Td p,q€T4 p,geT
can formulate similar assertions.
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Let T3 = (—m, 7] be the three dimensional torus (Brillion zone) and let L?(T?) be the Hilbert
space of square-integrable functions defined on the torus T®. We define the two particle discrete
Shrodinger operator as wollows:

H,(K) = HY(K) + v,
here H°(K) is a multiplication operator in L?(T?) by the function Ex(p), i.e.

(H°(K)f)(p) = Ex(p)f(p), [ € L*T?), where

3
1 |
Ex(p) =e(p) + 5e(K —p), elp) =) (1—cosp), p= (" p? p) e T
=1

V' is an integral operator:

1 2 /3
VHp) = (2 T3f<Q)dq’ f e Li(T).

The perturbation V' is positive operator of finite rank. Thus, by the well-known Weyl theorem
[1] the essential spectrum fills the following segment on the real axis:

Uess(HM(K)) = Uess(HO(K>> - [Emin(K>7 EmaX(K)]7

Euin(K) = min Ex(p), Fpax(K) = max Ek(p)

peT3 p€eT3
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We define the following number (using convergent integral)

1 dq
v(K) =
)= a5 | Boi) — B
For any p > 0 we set:

M () ={K €T :1-uv(K) < 0}
M_(p) ={K €T®:1— uv(K)=0}
Mo(p) ={K €T :1— uv(K) > 0}.

Let

for some K € T3,

The main result is the following theorem

Theorem. For any K € M (juo) the operator H,,,(K) has a unique eigenvalue £, (K) lying
outside the essential spectrum o.s5(H,,(/)) and this eigenvalue is even real analytic in M (),
as well as satisfies the following condition E,,.,(K) < E,((K) < Ene(0), K # 0. Furthermore

Mo - C
By (K) = Exc ()’

¢ = constant

wm),K(') -

is real analytic as function ¢, x : M<(po) — L*(T?).
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We study maximal operators defined by

Mf(y) :=sup|A.f(y)l,

t>0

where

AJ@%=/f@—mW@Mﬂ@

is the averaging operator, S is a hypersurface in R"*!, 1) is a fixed non-negative smooth function
with compact support, that is, ¥ € Cg°(R"™!) and f € C5°(R™1).
Let us given singular surface S; C R? defined by the parametric equations

1 (ur, tg) = uud gy (ur, us), To(uy, us) = ululgo(ur, us), T3(uy, us) = 1+ uf uPgs(uy, us),
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where uy > 0,us > 0 and aq, as, by, bo, ¢1, co are non-negative rational numbers,
{gr(ui,uz)}3_, are fractional power series, satisfying conditions g (0, 0) # 0.
A definition of fractional power series is already in [1].
For S; we define the averaging operator A;f in the following way

Al fy) = / f(yl — txy (U, uz), Y2 — txa(uy, uz), y3 — t(1 + $3(U17U2))) X

2
R>O

Xy (g, ug) U1 u2 V i(ug, ug)dug dug,

where p(uy,us) is a fractional power series, 0 < wl(ul,uz) = w(xl(ul,UQ),xQ(ul,uz),l +
z3(u1, u2)) and ¢y € C3°(R?), dy,dsy € R, f € Cg°(R?). The corresponding maximal operator is
defined by

M f(y) = sup | AL f(y)], y € R°.

We use the following denotions

by
by co

a; by
az by

ap C
Qz C2

B: 7B2:

7B1:'

Theorem. Let {g;(ui,us)}3_, be fractional power series in a small neighborhood of the
origin in R? satisfying conditions ¢;(0,0) # 0 and u(0,0) # 0, dy > —1,dy, > —1,B #
0,B; # 0, By # 0. Then there exists a sufficiently small neighborhood U of the origin in R2,
such that for every function ¢; € C5°(U) the maximal operator M*f is bounded on LP(R3)
whenever p > max{c;(d; + 1), co(dy + 1)71, 2}. Moreover, if ¢1(0,0) > 0 and max{c;(d; +
1) co(dy + 1)7'} > 2, then the maximal operator M*f is unbounded on LP(R?) whenever
2 < p <max{c(dy + 1) ca(dy + 1)1}
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T3 = (—m, m]>-uch o’lchamli tor, Ly(T?) esa T* da aniqlangan kvadrati bilan integrallanuvchi
funksiyalar gilbert fazosi bo’lsin. Panjarada kontakt ta’sirlashuvchi ikki zarrachali sistemaga
mos h,,(k),k € T? Shryodinger operatori Lo(T?) fazoda quyidagicha aniglanadi:

Py (K) = hoq (k) — pd,
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bunda
(hoH (k) f)(P) = ek~ (P) f(P)

exn(pP) = e(p) +7e(k — p),

g(p) = Z(l — COS pz)? pP= (p17p27p3) € T37
=1

—~

1)) = | Fls)is

Bu yerda p > 0 -zarrachalar o’zaro ta’sir energiyasi,y > 0 -zarrachalar massalar nisbati. Muhim
spektr turg'unligi hagidagi Veyl teoremasiga ko'ra h,, (k) operatorning muhim spektri hg - (k)
operatorning spektri o(hg(k)) bilan ustma-ust tushadi, ya'ni:

Oess(Pur(K)) = 0(hoy(K)) = [Eminy (K); Emaz (K],
bunda

q€eT3

3
Emingy (k) = min eic, () = 3(1+7) — S v/T+ 2y cosk; + 77
=1

3
Emaz(K) = maxex,(q) =3(1 +7) + Z V14 2ycosk; +72

€T3
a i=1

Faraz qilaylik

i) = L+ ( [

bo’lsin. Yuqoridagi integral ostidagi funksiya q = 0 nuqtada aynimagan minimumga ega
bo’lganligi uchun ushbu integral chekli bo’ladi.

Teorema 1.Faraz qilaylik o > po(7y) vay > 0 bo’lsin. U holda iztiyoriy k € T* uchun hy, (k)
operator muhim spektrdan quyida yagona oddiy z,.(k) zos qiymatga ega.

Teorema 2. Iztiyoriy v > 0 va pn > 3(1 + ) uchun quyidagi baho o’rinli:

9(14~)?

- + 3(1 +7> - < Zu,’\/(()) S Zu,’y(p) S Zu,’y(ﬂ') < - + 3(1 + 7)7

bunda 0= (0,0,0) € T3, m = (m,7,7) €T
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Following [1]-|2], denote by S the set of all possible kinds of stochasticity and denote by M
the set of all possible multiplication rules of cubic matrices.

Denote Ry = {z € R : z > 0} and by MP = (PEZ]) "' a cubic matrix with two
i.j k=1
parameters.

A cubic matrix P = (p;r)i 5= is called (1, 3)-stochastic if

Dijk = 0, Z pije = 1, for all j.
ik=1

Definition. A family {M®4 : s ¢ € R,} is called a Markov process of cubic matrices (or
a quadratic stochastic process (QSP) of type (13|u) if for each time s and ¢ the cubic matrix
M5t is stochastic in sense (1,3) € S and satisfies the Kolmogorov-Chapman equation (for
cubic matrices):

Mt = plsT] *,, Ml forall 0 <s<7<t

with respect to the multiplication p € M.
The elements of the matrix Mt can be renumbered as

M[Svt} — <P'[Svt}> m—1

4k )i k=0

Let f(s,t) =1 <§g)) + 1), where ® is an arbitrary function with ®(s) # 0;

( f(s,1) f(s,1) flsit) 1-— 3f(8,t)>

Mst —

%_f(87t> %_f<37t) %_f<37t) 3f(5at)_%

The matrices M[®% s, ¢t € N, s < t generate a discrete-time QSP of type (13]u).

Let us give the time behavior of the distribution 2" = (xét), :r;gt)) € S'. Fix s > 0 and by

take a vector (9 = (2§, 2{") € S,
For fixed s > 0, given vector 2(*) and any ¢ > s, we get

- (b )0+ (- 5) 0
= (5 mn) ' (5 o)

The time behavior of z® depends on function ® (which by our assumption satisfies —1/3 <
O(t)/P(s) < 1/3). If for example, @ is such that

R0 , 11
1 - th ——, . 1
S Ten T @ ith w e =15, 35 (1)

In case when the limit (1) does not exists then limit of z® does not exist too.
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CB4A3AHHBIE COCTOAHUNA CUCTEMHBI /IBYX BO30OHOB C
IMMNJINMHAPNYECKUM IIOTEHIIMAJIOM HA PEIITETKE

A6aynnaes 2K.M.!,dpramosa I11.X.2

lCamapkanickuit rocynapersenneiii ynusepenter, Camapkami, Y30eknucTan
jabdullaev@mail.ru
?Hapowniicknuil ToCcyIapcTBeHHBII Negarorndeckuit mactutyt, Hason, Y36ekucTam,
sh.ergashova@mail.ru

B s10i1 pabore paccMaTpuBaIOTCs CBA3aHHBIE COCTOSHUSI TaMIJIBTOHUAHA H cucremb JIBYX
OO30HOB Ha TPEXMEPHOIl peleTke Z3 ¢ MUIMHIPUIECKIM MOTeHIagoM 0. MBI m3ydaeM Juc-
KPeTHBI criekTp cemeiictsa oneparopos Ipemunrepa H(k),k € T3, coorsercrytomuii ra-
MUJTBTOHUAHY He MHBAPUAHTHOM TIOIIPOCTPAHCTBE L193.

[osmbiii rammisTonuan H neficTByeT B rusibbeprosoM npoctpanctie 5" (72 @ Z3) u co-
CTOUT U3 Pa3HOCTU CBOOOJHOIO IaMUJIbTOHUAHA, Hy u morennmana B3auMoseiicteus Vs JIBYX
wacrur (em.[1],[2]) Te. o X

H=H,— V.

[lepexo/; B UMITyJIbCHOE IIPEICTABIEHNE OCYIIECTBIISIETC ¢ TIOMOIIbIO TIpeoOpaszoBanusa Dy-

pbe. lamuibronnan H B UMITYJIbCHOM TIPEJICTABICHUN PA3JlaraeTcs B MPSIMOil MHTErpas (CM.

[3])
H= | ©Hk)dk.

T3

Caoit H(k) oneparopa H ymurapro sksumsaienten omneparopy H (k) := Ho(k) — V, koropsrit
HasbiBaercst oreparopom Illpenunarepa. Omneparopsr Hy(k) u V' geiictBytor B rusibbGeproBoM
npocrpanctse LS(T?) := {f € Ly(T?) : f(—q) = f(q)} no dopmynam:

(Ho(K))(D) = ex(p)f(P).  2x(p) = 3 2(1 — cos 2 cos ),

j=1

(V) (p) = (2m) / vla—s)f(s)ds, v(a) = (Fo)(q),

T3
OTHOCI/ITe.HbHO IIOoOTEeHIIaJIa ?A) npearoJiaracrcd, 9To

R R v(|nl|), |ni|+|ng <1

rae |n| = |ny| + [ng|+|ns| u 0 : Z, — R youBaomas dyuxmms na Z, := NU{0} u v € lo(Z,).
Hocurens norenmnmaa v coBiiaaeTr ¢ MHOXKeCTBOM D :

D = {n = (nl,ng,ng) c Z3 g € Z, |n1| + |n2| S 1}
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[Tpu ycnosuu (1), V' spisiercst oneparopom ['miasbepra-IIIMuiara, B 9acTHOCTH, KOMIIAKTHBIM
oneparopouM. [losTomy B cmry Teopemsr Beits, cymecrsennsiii criekTp oneparopa H (k) cosma-
naer co criekrpoMm oneparopa Hy(k). Eciu k = (7, 7, 7), Torna cuekrp oneparopa H (m,m,7) =
6/ — V cocrouT u3 coOCTBEHHBIX 3Ha4YeHUN BUja 6 — U(n),n € Z, U CyIIECTBEHHOIO CIEKTPA
{6}.

CHauasa Mbl HafijleM WHBapHAHTHbBIE MOJNPOCTPAHCTBA OTHOCHTEIbHO omeparopa H (k).
'unb6eproso npoctpanctio LS(T?) MOKHO MpecTaBUTh B BUJIE IPAMOLT CyMMBbI

LY(T%) = L1as ® Ligg, Luas == L3 (T) ® LI (T) ® L3 (T),

rie Ly (T) = {f € Ly(T) : f(—q) = f(q)}— nomupocrpancTBo, COCTOSMINIA U3 YeTHBIX (byHKIIII
na T = [-m, 7.

Jlemma 1. Ilycrs norenrman ¢ umeer Buj (1). Torma mommpocrpancTBo Ligg siBIsieTcs
MHBAPUAHTHBIM OTHOCUTEILHO oneparopa H (k).

O6osnaunm yepe3 Hisz(k) cyxkenme oneparopa H (k) B MHBApHAHTHOM IIOJIIPOCTPAHCTBE
Ly23. Mbr m3ydaem coOCTBeHHBIE 3HaYeHUsT 1 coOCTBeHHBbIe dyHKIMU oreparopa Hiss(k) =

H <k>|L123'
Cucrema dyukiuit g (¢) = \/%7,1/1: (q) = ij;q,n € N obpasyer opTOHOPMUPOBAHHBIN

6asuc B Ly (T). O6osnauum uepes L(n),n € Z, — oJHOMEPHOE TIOIIPOCTPAHCTEO HATAHYTOE Ha
sekTop ", Ilpu atom L (T) pasnaraercs B IPAMYIO CyMMy

L3 (T) =Y @L(n). (2)

Paznoxenne (2) mopoxkaaer pasyioKenue

Ligg = L35 (T*) ® i SL(n) = i SR(n),

n=0

re R(n) = L3 (T @ L(n), LiT(T) =L (T)® Li(T).

Jlemma 2. Ilycts norentman © umeer sug (1), To ps mo6oro n € Z, HOMIPOCTPAHCTEO
MR(n) gBageTCS MHBAPUAHTHBIM OTHOCUTEILHO onieparopa Hiss(ky, ko, 7).

Heciio:kaple BBIMUC/ICHUS TOKA3LIBACT, YTO CYKCHHE Hl(;g(kl, ko, ) := Higs(k1, k2, T)|m(n)
onieparopa Hies(k1, ko, ) MOXKHO IpEJICTABUTH B BUJIE TEH30PHOTO [TPOU3BE/ICHUS:

H{g(ky, by, w) = [21 + Ho(ky, ko) — Vi) @ 1. (1)

Bnech [— emunnunbiii oneparop, Ho(ki, ke)— omeparop ymHOKeHusi Ha (DYHKIHIO £x(p) =
4 —2cos ™ cosp; — 2cos 2 cos ps, a HE Ky, ks) := 21 + Ho(ky, ko) — V9 — nyMepnslii 1Byx-
qacTUUHBII onepaTop, jeiicteytonmii B Ly (T?) no dbopmyie:

1

(Hi3/)(P) = 2+ 2x(P) (D) — 15 / [0(n) +20(n + 1)(cos py cos g1 + cos py cos )] (a)da

Jlemma 3. na moboro n € Z, ouneparop H f’;g(kl, k2) mMeer xoTst OBI OHO COOCTBEHHOE
3HaUYEHNe, JIeJKAIllee CIeBa OT CYIIECTBEHHOI'O CIIEKTPA.

Teopema. [lna moboro (ki ky) € [—m,w]? oneparop Hioz(ky, ke, ™) umeer Geckomedmnoe
THCI0 COOCTBEHHBIX 3HAYMEHUIT HIZKE CYIECTBEHHOTO CIEKTPA.



73

JINTEPATYPA

1.Abnynnaes 2K.U. Teopust Bosmytmennii s gByx4dactTudnoro omneparopa Illpeannarepa va pe-
metke. TM®.T.145, 1, 212-220.2005.

2. Abnynnaes K. U., Ukpomos N.A. Konegnocrs unciia coOCTBEHHBIX 3HAYEHUI JIBYXIaCTAY-
noro omneparopa Ilpenunrepa na pemerke. TM®. T.152, 2, 47-57.2007.

3.Pun M., Cumon B. Meroibl coBpemennoit matemarndeckoit pusuku. [V: Anaimms oneparopos.
M.: Mup.1982.

O IMHAMUKE OJHOT'O CEITAPABEJIBHOT'O KYBUYECKOI'O
CTOXACTNYECKOI'O OIIEPATOPA

Baparos B. C.!, 9mkabuaos FO. X.2

Kapmmuncknit ['ocynapcrsennbtit yuusepcuret, Kapim, Y36ekucran
baratov.bahodir@bk.ru, 2yusup62@mail.ru

O/1Ha 13 OCHOBHBIX 3a/1a9 B UCCJIeJOBAHUHT JUHAMUIECKON CHCTEMbI COCTOUT B N3y YeHUH IBO-
JIIOIIUU €€ COCTOSIHUS. DBOJIIOIHUIO MTOMYJIANNN MOXKHO M3ydaTh ¢ IMOMOIIBIO JTMHAMIICCKON CHU-
creMbl HesimHetHOTO onieparopa |1]. Kagparndnbie oneparopbl IPUBIEKAIOT BHUMAHUE CIIETIAA~
JIMCTOB B PAa3JIMIHBIX O6.HaCTHX MaTEeMaTUKN U €€ HpHﬂO)KeHHﬁ. B ImocJjieinee BpeMd C 60JII)LHI/IM
NHTEePpEeCOM HU3yYdaeTCd JUHaMHUKa Cenapa6e,anbIX KBaJPaTUYIHBIX CTOXaCTUYICCKUX OII€epaTOPOB.
B pabore [2| mocraBiiena 3a1aua u3ydenus dbynkiun JIsmynosa cenapabesibHbIX KBaIPaTHIHBIX
CTOXaCTUYECKUX oneparopoB. B [3] mokazano, uro HesjmHeitnblii BoibreppoBeKuil KBapaTid-
HBII CTOXaCTUYECKHIl OllepaTop He SBJISIeTCs cenapabe/bHbIM KBaIPATHIHBIM CTOXaCTUIEeCKUM
oriepaTopoM. B pabore [4] Obuia n3ydeHa IUHAMIKA OJHOTO CenapabeIbHOr0 KyOHIecKoro CTo-
XaCTUIeCKOrO OIepaTopa.

[Iycrs E ={1,2,...,m}. MHO)KecTBO

Smt = {:B:(xl,...,:vm) eER”:z;>0,VieF, inzl} (1)

1=0

Ha3bIBaeTCst (1M — 1) MEPHBIM CHMILIIEKCOM.
KyGuuecknii croxacruuecknii oneparop (KCO) W : S™~ ! — §™~1 yveer Bus

m
W)= Z Pjiivizivg, L€ E, (2)
ijik=1
e

m
Pijig = Prijy = Pirji = Prjig = Pjirg = Pjrig 2 0, Z Pijri =1 Vi, j, k € E. (3)

=1

B nacrosiieit pabore Mbr pacemorpum KCO (2) ¢ 1onotHUTeTbHBIMU CBOHCTBAMI:

aibjicr + arbyci + agbrici + arbjica + ajibycr + ajibycy
6 Y

Pijry =

e a;, bji, ¢y € R-smementst kBagparnansix marpur A = (ay), B = (b)) u C = (cg).
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Torma KCO W, cooTBeTCTByOMNN MATPUIIAM UMEET BT
7 = (A(z)), - (B(x)), - (C(z)),, [l€E, (5)
rie

(A(z)), = Z aqxi, (B(z)), = Z by, (C(x)), = . (6)

Onpenenenne 1. Ilycts A = (ay) , B = (bj;)) 1 C = (c)- 3aaHHbBIe M X M KBAJAPATHY-
Hble MaTpuiel. Eciaun omeparop (5) sasasercs KCO, to KCO (5) maspiBaercs cenapabeabHBIM
KybmuaeckuMm croxacrudeckum orneparopom (CKCO) u obosnauaercs wepes W = (A, B, ().

MBI paccMOTPUM TPEXMEPHBIE MATPUIIBL:

1

111 %%% b 1—c¢ ¢
A=|1 11|, B=| 1T 1 1), c=[b1 o0 (7)
1 1 1 0 1 1 b 1 0

riae b > 0, ¢ € [0, 1]. Jlerko nposeputs, uro W = (A, B, C') siBiisercst KyOHIeCKIM CTOXACTHIE-
CKHM omepaTopoM Ha S?.

CrenosaresibHO, 110 onpenenennto 1, oneparop W = (A, B, ') saBnsiercsi cenapabebHbIM
KyOruecKnM croxacTudeckuM orneparopoM. Hemnogsmxkuas rouka CKCO W = (A, B,C) ecrb
perenne ypasuerne W (z) = x.

IIpensoxenune 1. g mobbix ¢ € [0,1] b > 0 CKCO W = (A, B, C') umeeT ¢IMHCTBEH-
HYIO HEIOJBIZKHYIO TOUKY z* = e = (0,1,0).

IIpensioxkenune 2. Hemopukuas Touka * = eo CKCO W = (A, B, C) aBagioTcs IpuTsi-
TUBAIOIIEN.

Omnpenenenne 2. MHOXKeCTBO mpeebHbIX Touek TpaekTopun Toukn (0 € S™ ! nazpr-
BaeTCA ee HpeJIeIbHBIM MHOXKECTBOM 1 obosHauaercs depes w(z(?).

Teopema 1. Ilpu mo6oit nagassnoi Touxa (9 € S™~ 1 qma CKCO W = (A, B, C) umeer
mecro pasenctso w(z(?) = {e,y}.

CuaexncrBue 1. Henogsmkuas rouka e CKCO W = (A, B, C) siBagercs ri106aibHOil Tpu-
TATUBAIONIENl TOYKA.
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[Tycrs T! opmoMepHblit TOp, T.e. Ky6 (—7, 7| COOTBETCTBYIOIMM OTOKICCTBICHUEM TIPOTH-
BonosiozKHbIX rpaneit u L2(T!, n)- ruanb6epToBo MPOCTPaHCTBO KBaPATHYHO-UHTEIDHPYEMbIX
dbynknuit na T' ¢ mepoit Xaapa n(dp) = g—ﬁ.

B pabore paccmarpubaercs jasyxdactuanbiii oneparop Hy(k), k € T orseuarommii ore-
paTopy 3Heprun § — d OOMEHHOI MOJIE/TH, KOTOpasi COJIEPYKUT CIUH-CIIMHOBOE B3aUMOJIeiCTBIE
MEZKJTy JIOKAJIM30BAHHBIMI CIIMHAMHI M 3JIEKTPOHAME ITPOBOJUMOCTH ¢ KOHCTAHTON CBsi3n (06-
MeHHbIM mapamerpoM) A > 0. JlanHasg oOMeHHas MOJEJIb, KOTOpasl SIBJISIETCS] PEIIeTdaThIM
aHaJjiorom Mogiesin JIu - mpocreiinieii MoJiesin B KBaHTOBOI Teopun noJis [1], Ha crporom mare-
MaTHYECKOM yPOBHE oncana B [2], a B 3| 06cyk1eHbl husnueckue pesysibraThl BBITEKAIONIE U3
910 Mojies . MbI JIoKaXKeM CyIeCTBOBAHNE € IMHCTBEHHOI'O COOCTBEHHOTO 3HAUYECHUS OTIepaTopa
H, (k).

H(k), k € T xpyxuactuunblii guckpeTHbiii onepatop [IpeuHrepa, accoluupoBaHHbIil ra-
MIJIBTOHUAHOM CHUCTEMBI JIBYX IMPOU3BOJIBHBIX YACTHII, B3AUMOJEHCTBYIONIIX C MOMOIIBIO Map-
Horo KourakTHoro norenmuana A > 0. Ouneparop Hy(k), k € T, neiictByer B ruibbepToBoM
npocrpanctse L2(T!, 1) o dpopmyie

H(k) = Ho(k) + éV,

e Ho(k)— onepatop ysomerst wa dynio Ey:(Ha(k))(q) = Bulg)f(a). f € L3(TVn).
rie Fr(q) =e(q)+e(k—q)—AS, S >0, e(q) = 1 —cosq u V— unrerpajbHblil olepaTop panra

omum: (V f)(q) =Tf1 fl@)n(dq), fe L*(T',n).

Omneparop Bo3MyIeHust V' KOMIAKTHBIN, Torga u3 teopembl [. Beitns [4] cymecrBenubrii
criektp oneparopa H (k) coBnasaer ¢ cymecrBeHHbIM crieKTpoM oneparopa Ho(k), T.e.

Oess(Ha(k)) = 0ess(Ho(K)) = o(Ho(k)) = [Emin(k), Emax (k)]
Emin(K) == grel%rrll er(q) = 2(1 — cos g) —AS,  enax(k) = gé%}fgk(q) = 2(1 + cos g) — AS,

Teopema. /lna mobvir A > 0 u k € (—n,m) onepamop Ha(k) umeem edurncmeenroe cob-
cmeennoe snavenue Ea(k) na noayocu (€max(k), +00).
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[ycrs 7% = (V, L) — ectb nepeso Ksmm mopsiaxa k, k > 1, T.e Geckonednoe JepeBo, U3
KazKJIOl BEPIIMHBLI KOTOPOTO BBIXOAUT paBHO k + 1 pebep, riae V — MHOXKecTBO BepinH, L —
MHOZKecTBO pebep TF.

k

NsBecTHO, 910 7" MOXKHO HpecTaBuTh Kak (G — cBoboaHOe npousBeerue k + 1 mukinde-

CKHUX I'DYIIT BTOPOro mopsiaka (cm.[1]).
n
Jlns ipoussosbHoit Touku 2’ € V nonoxum W, = {x € V|d(2°,z) = n}, V,, = | Wy, rae
m=0

d(x,y) — paccrostHue MeXy = U y Ha jepese Kasn, T.e. ancsio pebep myTu, COeUHSIONIETO T
ny .
MpbI paccMOTpHUM MOJIE/Ib, TJI€ CITMHOBBIE ITepeMeHHbIe IPUHUMAIOT 3HaYeHUs U3 MHOXKECTBa,
= {1,2,...,q}, ¢ > 2 u pacnojioxkeHbl Ha BepuMHax jepesa. Torma Kxongueypayus o va V
onpejensiercsa Kak dyHkips © € V — o(z) € O; MHOKecTBO Beex KoHMUIYpanuii coBnaaer ¢
Q= ®V. Ilycrs €, = ®¥* obo3HATAET IPOCTPAHCTBO KOHMDUIYPAIHIA, OIIpe/Ie/eHHBIX Ha V,.
lamunbronman momenu IlorTca ompesesgercs Kak

H(U) =—J Z 5U(x)a(y)> (1)
(z,y)EL

rae J € R, (x,y) — 6mxkaiinme coceau u d;; — cumBost Kponexepa. Ompegenm KOHEIHOMEPHOE
pacriipejiesieHiue BepOTHOCTHON MephI 4 B 00beme V,, Kak

pn(0m) = Zy ' exp{ —=BH, (o) + Y heo(x) ¢, (2)

rie o, € O, 3=1/T, T > 0 — remneparypa, h, € RI71 Z-1 — nopmuposounbiii MHOKHUTETD,
Teopema 1. [1] Mepw (2) ydosaemeopaiom ycio6uio co2aaco8aHus mozda u mosvko mozoa,
Kkoz2da dns ecex v € V' \ {z°} umeem wmecmo caedyrowee:

hz - Z F(hy70)7 (3)
y€S(x)

ede pynryua F : h = (hy, ..., hy1) € RTY — F(h,0) = (Fy,..

popmyramu
. —1 .
P (0 —1)et + 3297 e + 1
v 9 q_l hj
+ Zj:l €

. Fyo1) € R onpedeasemes

> , 0 = exp(JP).

Kazxk omy periennto h, GyHKINOHAJIBLHOTO ypaBHeHue (3) cooTBeTCTBYeT o/Ha Mepa ['nbbca
1 HA0OOPOT.

[Ipu npousBoJIbHBIX k U ¢ TPAHC/IATIMOHHO-UHBApUAHTHBIE Mephl ['nb0ca st mojenu [lorrca
u3ydeHsl B pabore [2].

B cayuae k = 3, ¢ = 3 151 TPAHCIAMOHHO-UHBAPHAHTHOM COBOKYITHOCTH BEKTOPOB U3 (3),
HOJIYIMM CJIE/IYIONIYIO CUCTEMY YPaBHEHUI:

_ Oel1teh2+1

h/l - Zyes(x) ln 9+6h1+6h‘2 9 (4)
ho = Z In feh2el141
2 = yeS(z) O+eh14eh2 *

YuaureiBasd, 9To k = 3 MOJIyIUM CIIEIYIONIYIO0 CUCTEMY YpPaBHEHUII:

{ hy = 31In ftet2tl

0 ehltehQ )

_ fe24e1 41
hQ =3ln et
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U3BecTro, 9TO 9TA CHCTEMa MMeeT cJie/yonme pererns (cM.[2]):

(h,0), (0, A"), (~hS", ~h{"), (0,0),i = 1,2,

rie
10 _ 31 202 + 60 — 2 (1 . 3v/30% + 24603 + 1802 — 1200 — 249 w) N 0—1
=3Inx;, 1y = ———— cos(= arctan —5)t
1 ! 3 3 203 1+ 302 — 120 — 47 3 3
WOeEF+O—2 1 3v/30% +240% + 1802 — 1200 —249 7. 6—1
Ty = ———— cos(= arctan + o)+ — (5
3 3 2603 + 302 — 1260 — 47 3 3

B sroit pabore s mosesin [TorTea ¢ moMOIBI0 TPAHCISAIIMOHHO-MHBAPUAHTHOM MepbI ['n60-
ca Ha jgepese Kamu nopsiiika tpu (kg = 3) 1o anasoruio ¢ Koucrpykiusivu u3s |3, [4] mokaxkem
cylecTBoBaHue HOBbIX Mep ['nbb6ca Ha jepese Ko ceibMoro mopsijaka, KOTOPBIX TaKyKe HA30-
BeM (3)-TpaHC/ISIMOHHO-NHBApUAHTHBIMU Mepamu ['ubbca.

Jlokazana ciieryromiasi TeopemMa.

Teopema 2. /laa modeau Ilommea wa depese Kaau nopadka k = a+ b+ 3,a,b € N npu
qg=3ub e B(a,b) cywecmesyrom ne menee wecmu (3)-mpaHciauonno-un6apuaHmHlLs Mep
T'ubbca.

Sameuanune: B pabore [5| moxasama cymiecrBoBanue (2)-TpaHCIAINOHHO-HHBAPUAHTHBIX
mep ['ub6ca wa nepeso Ko msitoro nopsiika. Ormernm, 9ro (3)-TpaHC/sIIMOHHO-MHBAPUAHTHBIX
mep ['ub6ca ormyaercst or (2)-TpaHC/ISIIIMOHHO-MHBAPUAHTHBIX Mep ['nb6ca
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O ®OPMVIJIE KOIIIN-®ATAIIBE B 9JIJINIINCONIE
3uéros I11.3.

Kapmunckunit rocynapctBennbiilt ynusepeurtet, Kapim, Y30ekucran
shoxijahon.ziyotov@mail.ru

B MHOrOMepHOM KOMILJIEKCHOM aHAJIM3€ UHTErPAJIbHBIE (DOPMYJIBI SIBJIAIOTCS MOIIHBIM KOH-
CTPYKTUBHBIM aIIAPATOM, U 3TH (DOPMYJIBI IIUPOKO UCIIOIL3YIOTCS J1J1sl TOJIOMOPGHOTO MPOJI0JI-
xenns Gyukimit. [[puMepbl BKIIOYAIOT MHOTOKPATHYIO WHTErpasbHyio dgopmyny Kormm g
nosmkpyra, dopmyny Maprunen-Boxuepa u Jlepe qist map B mpocrpascrtee C™ (em. [1-3]),
dopmyny Beitns s momsipa B 9TOM IPOCTPAHCTBE U MHTErpajbHbie (hopmyJibl boxnepa—Xya
Jlo-kena jyist Kyaccudeckux obsacreil o kinaccudukanuu . Kaprana (em. [4]).
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WNurerpanbuas dpopmyra, orkpbitag 2K.JIlepoM B HagaJie BTOpPOil MOJOBUHBI MPOIILIOTO Be-
Ka 1 mojyduBIinasi Haspanne Komum—®@aHTanbe, gBseTcs OYeHb obmeil popMysioif, Koropas
COJIEPKUT BCe HamboJiee yrnorpediisieMble HHTErpabHble (hOPMYJIbI, 3aBUCAT OT HEU3BECTHOMN
dyHKIIMU, CBA3aHHON ¢ 00JIaCThIO, T.e. y 9TOil hopmysbl HeuzBecTHOE sijipo. Hamomumm, ato
uuTerpasbayto dopmysny Komu-@anranbe: s a060it obnactu D C C" ¢ KycodHO TIaIKoi
rpannueii u mo6oit Gyrxmun f (z) € O (D) N C (D) sepua urTerpaHas dopmya

_ (-1 SAQ)) AdC
= iy l e

Baech A(C) - mponsBoJibHAs IIaJIKasi BeKTOp - (yHKIMA Ha 0D Takas, 910

(C—2,MC)) A0 st Becex z € Du ¢ € 9D, d¢ =d¢ Ndi N ... ANdC,,
C—2=(C 21,0~ 22, (= zn), 6 (w) = ﬁ:(—l)”_lwydw[u] :

v=1
n
dwlv] = dwy Adwg A ... Ndw,_q N\ dw,q A ... A dw,, (z,w) = zjlz,,wl,.
V=

Hecmorpsa Ha Gosibinyto obmHocTh dopmysibl Koru - @aHTtalibe, BOIPOC 00 OTHICKAHUN
HHTETrPAJbHBIX MIPEICTAaBICHUI ¢ TOJOMOPQHBIM SAPOM JIJIsT KOHKPEeTHBIX obsacreit u3 C" He
cHuUMaeTcst. B JI0KJIajie MpUBOJATCs ¢ TIOMOIbio (1) mosrydeHHble HHTErpaibHble (hDOPMYJIbI €
roJIOMOPGHBIME siipaMu s jumaiconia S (Ry, Ry, ..., R,) uz C™:

e 2"
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O HEKOTOPBIX CBOMNCTBAX JMHAMUWYECKUX PASBUEHUN
OKPYYKHOCTEM

Kapumon 2K. 2K.

Typunckunii momrexuuyeckKuit yausepcureT B ropojie Tamkenrte, Y30ekucran
jkarimov0702@Qgmail.com

Hacrosimas paGora mocBsineHa M3y9eHUI0 HEKOTOPBIE CBOMCTBA IMHAMUYCCKUX Pa30MeHuit
JJIst OTOOPasKeHNH OKPYZKHOCTH ¢ U3JI0OMOM U MPPAIMOHAIBLHBIM YHCIOM BPAIICHUS.

MBI pacCMOTPUM PEHOPMIPYIIIIOBOE IPEOOPA30BAHNE B IIPOCTPAHCTEE TOMEOMOP(MU3MOB OKPY K-
HOCTH C OJIHOI TOYKOI M3J7I0Ma U ¢ 9ucJoM Bpaienus p = [k, k,..., k,...] = %m, k> 1.
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IIpeobpazoBarme peHOPMIPYIIIEL B TPOCTPAHCTBE TOMEOMOP(MU3MOB OKPYKHOCTH € H3/I0Ma-
MU ¥ aJreOpandecKuM IICIOM BPAIIEHHs IMeeT Meproudeckyio opoury [1]. O6osnaunm depes
X} MHOXKeCTBO Hap crporo Bospacraonmx dyuxmuit (f(z), z € [—1,0], g(z), € [0, ]), ymo-
BJIETBOPSIONIIX CJICJLYIOIINIM YCJIOBUSIM:
2) f(0) =, g(0) = 1 6) f(g(0)) = F(—1) < 0.
B F(-1) = ga) 1) fD(g(0)) > 0
n) f(x) € C*([—1,0]), g(z) € C**<(]0,a]) mna moboro € > 0.
Yenosus a)-B) mososstior upu nomonn (f, g) € X, mocrpouts roMmeoMopdusM OKPYKHOCTH
[—1, ) mo dopmyie:

xr), ecmmzx € |[—1
Ty (@) = {f( ) €[-1,0),

g(x), ecmmz € [0,a).

O6osnaunm 1depe3 Xp(p) MOIMHOKECTBO, cocTosmiee u3 Takux nap (f,g) € X, aro umcio
spamienust p = [k, k, ... k,...].
Ompejiesinm ipeobpasoBanue peHopMmrpyiibl Ry : Xy(p) — Xp(p) no dopmyie [2]:

Ri(f(z), g(x) = (f(x), z€[-1,0;  §lx), =ze€0,a]),
e )
flz) = —a™ f(g(—ax)),  §(z) =—a ' f(-ax), o =-a"'f(-1).
f'(=0)
f'(+0)”
BAHHOM ¢ TipeobpaszoBanue Ry B mojMHOXKecTBe X;(p) MMeeT eJIMHCTBEHHYIO TEePUONIECKYTO
tpaekropuio {f;(x,¢;), gi(z,¢;),i = 1,2} nepuoga apa. 1o o3HAUAET, UTO

Rk(fl(xvcl)ugl(xacl>> = (f2<x762)792(x702))7
Rk(fQ(x>CQ)792($7CQ>> = (f1<$,01),gl(l’,01)).

Oyuxun fi(z, ¢;) u gi(x,¢), i = 1,2, umeror BU:

OrmpesiesiuM BeJIMYUHY U3JI0Ma: ¢ = B pabore [1| mokazano, 4ro npu GuKCHpo-

fi(z, i) = 3; +<((xﬁii+—i—cgj)fici)x’ gi(z,c;) =

Oéiﬁi(% - Ci)
aiBici + (¢ — oy — ¢;f8)x’

rae
c— 62 C—l _ 62 B
! Tﬁoo’ C1 =¢, 022617 B = B2 = B,

Bo — €IMHCTBEHHBI KOPEHb YPABHEHUS

Qg =

o

gop - i1,
c
npuna iexamuii uarepsaiy (0, 1).

OToxKIeCTBIIsIsT KOHIIBI TTOJynHTepBaioB [—1, ), i = 1,2 momydaem okpyKHOCTH S;, i =
1,2. Teneps npu momornu (f;, g;), ¢ = 1,2 onpenenum romeomopdusmbl okpyuoctu Tj : S; —
S; o dopmyure:

Tiz) = { filz,e;) ecmn x € [—1,0),
‘ gi(z,¢;) ecmm x €0, ;)

Hwuxke mb1 onmcbiBaem cpoiictBa romeomopdusma 17 okpyzxkuoctu S;. ['omeomopdusm T
MMeeT U3JOMBI B TOUKaX xg U &1 = 11(xo) ¥ MpousBe/IeHIe BEJMYUH U3JOMOB B 9TUX TOYKAX
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paBuo c¢;. [omeomopdusm T nepeobosnaunm uvepes Tp,. [apa dyuxmmit (fi(x,c), —1 < x <
0; gi(z,c), 0 <z < ) gBisieTcsl HEMOJABUKHON TOYKOI TIpeobpazoBaHust R,% = Ry o Ry.

Obosznauum gepes 2’—:, n > 1, n-yio NojxoJsniyio 1podb p. Hucia ¢, yI0BIETBOPAIOT CJIETy-
IOIIEMY PA3HOCTHOMY yPaBHEHUIO

On+1 = Qn + Qn—1, =1 q=1

Yncna ¢, naseiBaioTcea ancaamun Oubonaadn. Bo3bMeM MTpon3BOIbLHYIO TOUKY o € S' n pac-
emorpum ee opouty Or(zg) = {z9, 21 = T(x0) xa = T?*(20),, .., xn = T™(x0),...}. Ipu mo-
motru opoutsl Or(x) onpegennm mociaeoBaTeabuocts { P, (xo), n > 1} aumammaecknx pas-
Ouennii okpyzxuocTH. Pasbuenne P,(xy) moaydaercs mpu MOMOIIM YacTH OPOUTHI TOUKHU Ty :
{z;, 0 <1 < qy+ quy1 — 1}. s kazxgoro n > 1 0603Ha9MM Yepe3 A(()n)(xo) OTPE30K, COeJIMHA-
IOIIUI TOYEK T U Ty, .

Tonozxum A" (z) = THA (z)), i > 0. Torga paséuenue P, () COCTOMT U3 CHCTEMBI
orpeskor {A 0 < i < goii} n {Agnﬂ), 0 < j < ¢,}. Pasouenue P, (o) naswiBaeTcs n-vim
JUHAMUNECKUM Da30UEHUEM OKPYKHOCTH.

O6osnaunm x, := 17" (x), n > 1. U3 yrBepxaenus jeMmbl 1 B [2] BbITEKaeT, UTO

Ty = =B85 Ty = Ty (w0) = TP (T (0)) = 55~ fi(— o).

Tenepb MBI OyJieM n3ydars opouTy TOUKN n3ioma xg = 0, T.e. {z;,7 > 0}.
Teopema 1. /Ijs1 moboro m > 1 pazouenne P, o, N [T, , Tgy, ;] OTIHIAETCA OT PA3OHEHHS
P, N [—1, aq] pacrsazkernuem B G pas.

Teopema 2. [Iis mo6oro m > 1 pasbuenne P, 1o, N [Ty, Tgpn 1], 7 > 1, oOTiigaeTcs ot
paszbuenusi P, 1 N [—fFy, 1] ToabKO pacTsizkenneM B 63‘1 pas.
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CHEKTPAJILHOE CBOMICTBA OJJHOYACTUYHOTI'O OIIEPATOPA
MPEJVHTEPA C TOYEYHBIM ITOTEHIIWMAJIOM

Kyimxanos ¥V.H

CamapkaHJICKUil TOCYIapCTBEHHBI YHUBEPCUTET,
Camapkanckuit puinas TarmKkeHTCKOT0 roCcyIapCTBEHHOTO SKOHOMUYIECKOTO YHIUBEPCUTETA,
Camapxkan, Y30ekucran
utkirnq@bk.ru;

HpeJJ;BapI/ITe.TIbHI)Ie cBeJdeHusda 1u BI)I60p paciinpeHmnAda

TFaMusibronnan (omepaTop 9HErun) pacCMATPUBAEMON JIBYXUYACTUIHON CUCTEMBI 33J1aeTCs
KaK HEKOTOPOE paCIIupeHue h CIeayIonero CuMMETPUIECKOro oneparopa  hg, AefHCTBYOMEro
B ruibbeproBoM npoctpancTBe Lo(R) mo dbopmyste

ho = —5 - (A6)() (1)
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U OIPEJICICHHOTO Ha MHOXKECTBE (DYHKITHT
D(hg) = {¢ € Ly, ¢(£a0) = 0}, 2 € R, (2)

rie A-onieparop Jlamtaca. [Tocite coorBercTBytoriero npeobpasoBanusi Pypbe orepaTop mnepeii-
JleT B ollepaTop

- 1
(hof)(p) = 51" f (), (3)
na muoxkectseD(ho) C Ly(R) dbyuumit f(p) , yIOBIETBOPSIONIEX YCIOBUSIM:
/p4 | f(p) [ dp < oo,/eim”’f(p) dp=0 (4)
R R

~Jlemma 1. Jlaa mobozo z € 1y = C'\ [0; o0) depexmmoe nodnpocmparncmeo onepamopa
ho cocmoum u3 gynxuutl euda

c eirop + 626—2'10])

oln) = A o)

Jlemma 2. O6sacts onpegenennst D(hj) omeparopa hfy cocront n3 dbyHnknumii Buia

Cleimop + C2€—im0p dleizop + dze—imop

g(p) = f(p) + 2l + (P® + 1)

(6)
rie f € D(hg),c1, ¢, dy, dy € CL. Oneparop hi neiicreyer na dbynkinuio g sua (6 ) o dbopmyie

hog(p) = p°g(p) — 1€ — cpe™ "7,

rJie C1, Co - KOHCTAHTBI B3siTas u3 pasjoxkenun (6) dyHkuun g.
Tenepsb BoIGEPEM pacupenus oneparopa hg . Crasum coorsercrsue Muoxkectso D(h.), D(hg) C
D(h.) C D(h§) , caeayrommm obpa3oM:

clellop + 02672I0p clellop + 0267210p

9
p’+1 (p* +1)?

D(h.) = {g<p> — ) + fe D<h0>} )

Cyzkenne oneparopa hj aa obsnacts D(h.) obasnadum 1depes h.. [lo onpenenennto h. siisiercs
paciiuperueM omneparopa hg .
Tepeoma 1. Pacwuperue h. ABAACMCA CAMOCONPAHCEHHIM ONEPATNOPOM.

ChnekTpaJsibHbIe CBOCTBa oreparopa h.

Teopema 2.Cywecmesennvid cnexkmp onepamopa h. coenadaem ¢ nosyocsio [0;00).
JL1g TIOJTHOTO ONMCAHMS CIIEKTPa IMOCTPOUM PE30JIbBEHTY oreparopa h..

4 cos(up) [eos(as) o sinfmp) [sins) ()
(R)p) = [ R/SQ_ZwUd ulro Rfsz_zwmdwpz_z,
rie

2 2e

— = e ArolV=E g b(z;e) =2 +1—

V=2 V==

a:=a(z;xg,e) =2+ 1+ 2|x0|)6_2‘x°‘ —
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Teopema-3. /[asa mobvix x> 0,z < 0 sepro caedyroujue ymeepotcienvie:

1—(1+42x)e=2®

CL) Ecau e € O;W

), mo onepamop h. umeem eJuHCMBEHHOE NPOCMOoe COOCMBEEH-
HOE 3HAUEHUE.

b) Ecaue € [

1—(1+2r)e‘2x . h 0 a 6
m, o mo Onepamop e UMENTN 0604 HSGbLPOOfC EHHBLT COOCTNBEHHBLL

3HaveHud.
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HEKOTOPBLIE CBOVMICTBA m—CYBTAPMOHUNYECKUX ®YHKIINN
OINTPEJIEJIEHHBIX HA AHAJINTUNYECKUNX MHO2KECTBAX

Kypb6aubaes C. U.

HanmonaJibubrit YHuBepcuTer Y30ekucraHa, TamrkeHT, Y30eKucraH,
suqrot.qurbonboyev.93@mail.ru;

MpbI onpejiesisieM U NMPUBEIEM HECKOJIBKO CBOWCTB m—cybrapMOHIUYECKUX (DYHKIMHA HA aHAJII-
THUYECKUX MHOXKECTBax.
1 N
Onpenenenne 1 (cm. [1]). QPynknua u(z) € L. (D), 3agannas B obractu D C CV,
Ha3bIBaeTCst m—cybrapMonmyaeckoit (m — sh) dyuakiumeit, 1 <m < N, B D ecin:

1. omna mosynenpepbiBHA cBepxy B D, T.e.

lim u(z) = lim sup u(z) < u(2°);
z—20 =0 B(20.¢)

2. morok ddu A ™1 > 0 B D B 0600IIEHHOM CMBICIIE, T.€.,
ddu A "1 (w) = fuﬁmfl Addiw > 0,Vw € FIN=m:N=m) =, >

Teopema 1 (cMm. [1]). TlosynenpepsisHas cBepxy byHKIWMA U, 3a1anHad B obiactu D C CN
ABJIAeTcs M — sh TOryIa U TOJILKO TOIJa, KOTa J1Is 060 m— MepHOil KOMILIEKCHOI ILIOCKOCTH

[T € CV cyxenue
ulpy € sh <HﬂD> :

[Mycts A C C¥ menpusoaumoe anaiurudeckoe MHOKecTBO (cM. [4]) pasmeprnoctu n, 1 <
n < N. MHoxKecTBa peryjispHbx ToueK obozHadaercs kak AP

Onpegnenenne 2 (cm. [2]). Qyuxmua u(z) € L}, (A), 3a1anHast Ha HEIPUBOJUMOM aHa-
JIMTHYIECKOM MHOXKeCTBe A, HasblBaercsi m—cybrapMoHUYIecKoil Ha A, eciiu:

1. oma moayHenpephBHa cBepxy Ha A, T.e. V2° € A mMeeT MecTo mepaBencTsa

lim u(z) < u(z");
z—20
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2. u(z) € m — sh(AY).

B uacrubix ciydasix, npu m = 1, dyuknuio u(z) € 1 — sh (A) nasbiBaercs
wopucybrapmonndeckoii Ha A (em. [3]), u obosnauaercs kiace rakux dbyHkuuii kak psh (A),
upu m = n, GyHkIwmo u(z) € n — sh (A) Ha3pIBaeTCcst cybrapMOHIIECKO Ha A, 1 0003HATACTCS
KJylacc Takux QyHKnuit Kak sh(A).

Tenepb npuBeIeM HEKOTOPBIE ITPOCTHIE CBOMCTBA M —CyOrapMOHIIeCKuX (DYHKITHIA, KOTOPbIe
HEIIOCPEJICTBEHHO BBITEKAIOT U3 OIPE/IeIeHHs 2.

C1. Jluneitnas KoMOuHaIus m—cyObrapMOHIYeCKUX (OYHKIUHA ¢ HEOTPUIATEIbHBIMU
kodpUIMeHTaMI SIBJIIETCS M —CyOrapMOHUYIECKON (DyHKITHE:

ug(z) € m — sh(A), ar €RT (k=1,2,...,p) =

arug (x) + agua(z) + ... + apu,(z) € m — sh(A);

C2. MakcumyM KOHETHOTO 9HC/Ia M—CybrapMoHnIecKnx (byHKIUI TaKKe m—CyOrapMOHUYIEH:
uy (), uz(x), ..., up(x) € m — sh(A) =

max{u; (), ug(x), ..., upy(x)} € m — sh(A);

C3. Ilpees1 MOHOTOHHO YOBIBAIOIIIEH TOC/IEI0BATETLHOCTH M —CyOrapMOHUIEeCKUX (DYHKITHT
m— cyOrapMOHUYEH:

uj(2) € m— sh(A), w(=) 2 uya(2), (=1,2,.) =
lim u;(2) € m — sh(A);
Jj—00
C4. PaBHOMEPHO CXOJAIIASCS TOCJIEI0OBATEILHOCTD M—CyOrapMOHMYIeCKuX (PyHKIUH CXO-
JITCA K M—CyOrapMOHUYeCcKOil (DyHKIIUN:

uj(z) € m—sh(A), (j=1,2,..), uj(z) Zulzr)=

u(z) € m — sh(A);
C5.psh(A)=1—sh(A) C..Cm—sh(A) C..Cn—sh(A)=sh(A);

C6. Ipunmun maxcumyma. Ilyers u(z) € m — sh(A) u B HeKoTopoil BHyTpeHHeil Touke
20 € A® oma mocruraer cBoero MakcuMmyMa, T.e.

u(=%) = supulz),
z€A

Torya u (z) = const.
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N3YYEHUE HE KPATHOCTU I'MBBCKOY MEPHI J1JIs1 HC-MO/JIEJIN
Magarosues I'. T.

Axkanemuaeckuit jureit npu TYUT umena Myxavmmvas an-Xopesmn
V3bekucraH,
madgoziyevg@gmail.com;

Jepeso Kamm I'* = (V, L) nopsyika k > 1 - 6eckoneunoe jepeso, T.e. rpad 6e3 MUK/IOB, U3
KayKJIOH BEPIIIHEI KOTOPOTO BBIXOIHUT POBHO k + 1 pebep, rie V ecTh MuOKecTBO BepmmH I'F, L
- ero MHOX)KeCTBO pebep. Paccrosrue d(z,y), z,y € V na nepese Ko onpezensiercs: hopmyitoit

d(z,y) = min{d|3x = zg,x1,...,24-1,24 = y € V, Tar, 4TO

<X, Ty >y, < Tg1,Tq >}

[Tycts ®— koneunoe muoxkectBo. Kondurypanus o na V' onpegensercsa Kak QyHKIUA T €
V — o(x) € ®. Muoxecrso Becex Kouduryparuii copnajaer ¢ 2 = ®V. [lyctrb A C V. & =
{=1;1} u |A| =4.

lavmupTOHMAH ONpesiesseTcs CIeayoNIM 00Pa3oM

H(o)=—-J) _ Ula), (1)

beM

roe J > 0.

OcnoBras mpobsema, Jjist JaHHOTO FAMUJIBTOHUAHA - 9TO OIMMCAHNE BCEX OTBEYAIONIUX €My
mep ['ub6ca. B sroii pabore Haiijgeno yciosue uekpaitnoctu mojenn HC (hard-core) na nepese
K»su. Oupenenenne mepnl ['nb6ca u 1pyrux mOHATHIA, CBA3AHHBIX ¢ Teopueil ['mbOcoBcKux Mep,
moxkuo Haittu, manpumep B ([1]-]2]). Tyers 2° € V— dukcuposannas Touka. Byjgem mucatsb
x <y, ecym IyTh oT ¥ 710 Y TpoxXoauT depes x. Bepmuna y Ha3bIBaeTCs IPIMBIM IIOTOMKOM I,
eCJTN iy > T U X,y SIBJIIAIOTCS COCEISIMU.

O6o3naunM:

W,={zeV:da’ z)=n}, V,={zeV: dz", z)<n}.

Touka y HasbiBaercsa "mpsiMbIM TOTOMKOM" TOUKM =, ecsin x < y u d(x,y) = 1.

Hna x € Gy obosnaunm uepes x; = {y € Gy < z,y >} \ S(z), vae S(z)-MHOKeCTBO
"psiMbIx 1OTOMKOB"TOUKEN = € V.

Paccmorpum BeposiTHOCTHOE pacipe/ie/ieHue u(”) Ha {2y, :

n — Ib(z))
1™ (0,) = Z; Vexp {—5}1 (o) + > hbfm)}ab<z)}, (2)
zeWn

rae o, € Qy,, Z,— HOPMUDPYIOIUHA MHOXKHUTEb. [0OBOPAT, UTO BEPOATHOCTHOE PACIPEICICHIE
p™ | (¥n > 1) cormacosanno, ecm

S 1 (01,0™) = 1V (0,4) (3)

o'(n)

g Bcex n = 1luo, 1 € Qy .
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B sTom ciyuae cyrectByeT enuncTBennas Mepa p na )y, Takas, 9ToO

i({oly, =on}) = u" (o)

st Bcex n > 1l u o, € Q.
PaCCMOTpHM KOH(bHpraHHH 0o = {+7 +7 +7 +}7 01 = {+7 ) +7 +}a 09 = {+7 +7 R _}7 03 =

{+7 Ty T _}7 —0p = {_7 Ty T _}7 —01 = {_7 Ty T +}7 —02 = {_7 ) +a +}7 —03 = {_a +7 +7 +}
Ha €/[MHUYIHOM IIape.
Ob6osnagnm
o o o o o o
by oo = oo, Py, = ety NG, = heo, byt 0 = hes, Ny o) = hea, By o = hys,

—0 —0 —0 — O —O — O
hypor = hogy Pyogr = hoz, hy ot =hog, by %0 = hyg, By 70 = hyio, 070 =hyni. (4)

b,o1 b,o9 b,—o1 b,—o2

Crenyromast TeopeMa JlaeT HeOOXOAUMBIE U JIOCTATOYHBIE YCIOBUS Ha My ;, IIPH KOTOPBIX BbI-
nostHsieTcs (3).

Theorem.1[3] ITycrs k = 2. BeposTnoctroe pactpeaenenue ™ (0,), n=1,2,... B (2.1)-
COTJIACOBAHHOE TOTJIA U TOJILKO TOTJIA, KOIJIa Jist JII0Ooro a € M MMEeIoT MECTO CJIeLyOIe

_ A0+ Y1+ Y2 AYeo + Yoo + Yoo

Ya,0 = Ya 6
Yoo T Y1+ U2 Yo+ Ye1 + Ye2
Yot = Yo — AYpo + Ub1 t Y2 Yes3 T Yeus + 1
a,l — Ya,7 — : 5
Yoo T U1 + Y2 Yeo + Ye1 + Ye2
B W3t Wwatl  Yestyeatl
Ya,2 = Ya,8 = : ) (5)
Yoo T Yot T Yb2 Yeo T Ye1 + Yer2
Yot = Yoo — A3t Ubat+ 1l Ayes+yea+1
a,3 - a,g - : 9
Yo.0 T Yp1 +Yp2 Yeo T Ye1 + Ye2
)‘yc,3 + Ye,a +1
Ya,4 = Ya,10 = ) Ya,5 = 17

yc,O + yc,l + yc,Q

ede A\ = exp {Jﬁ} , B= 1/T7 Ya,i = eXp<ha,i - ha,ll) , 0 =10, 10.

B (4) monosuM ya,; = yi € Ryyo = Y3,y = Y1 = Y, Y2 = 1.
TEOPEMA 2. Ecau A > A\, ~ 2.6639 , mo mepa g (coom. edunc. pewenue y> + (1 —N)y* —
1 =0) asasemcea nexpatined.
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ACUMIITOTUKA COBCTBEHHEIX 3HAYEHII BUJIAIIJIACIAHA C
KOMITAKTHBIM BOSMVYIIIEHNEM

ITapaab6aes M.A.!, Paxmarosa J1.C.2, Kamapuaauuosa I11.P.3

L2Camapranacknii TocyapcTBeHnnlii yausepenter, CaMapkan, Y36eKucTan
p_mardon75@mail.rul
SByxapckuil rocyIapcTBeHHbIH yHIBepcuTeT, Byxapa, Ysbekucran

B pab6ore [1| paccmoTpero cemecTBo HenpepbiBHBIX omeparopos IlIpemnuarepa h(A), A > 0
ACCOIIMPOBAHHOE C CHCTEMOil JBYX KBAHTOBBIX JACTHI, MBIZKYyImxca na RY.d > 1 n apienne,
korja mpu A — 0 HeKoTOpHe oTpuraTesibHoe cobcTBernoe 3uHaderne e(A) — 0, T.e. mpu A — 0
cOOCTBEHHOE 3HAYEHUE IOTJIAINACTCS HEIPEPBIBHBIM CIIEKTPOM, U 00paTHO, s Jjoboro & > 0
npu A < &, A\ — £ HelpepbIBHBIN CIIEKTP MOPOXK/IAeT HOBOE cOOCTBeHHOe 3Hadenue. [lomydeno
CXOMsIIIeecs pa3ioxKenune 1mo MajabiM A > 0 upu d = 1, a upu d = 2 TOJIBKO aCHMIITOTHYECKOE
pasJioyKeHue 1mo MajbiMm A > ()

Pasyioxkenne coOCTBEHHBIX 3HAYEHUI OJIHOMEPHOrO OmiialjiacuaHa ¢ KOHTAKTHBIM BO3MY-
ImeHneM ObUIO HEJAaBHO ycTaHOBJIEHO B [3|. B 9roit pabore m3ydaercs CKOPOCTB MOTVIOIICHUS
OTPUIIATE/ILHBIX COOCTBEHHBIX 3HaUCHUi h, IpU NPUO/INKEHUH [t K IOPOTY KOHCTAHTBI CBS3H.
DTO CUJIBLHO 3aBUCHUT OT b.

[Tycrb Z - ojHoMepHast pererka, a £2(7Z) - Tuib6epToBO NPOCTPAHCTBO KBaAPATHIHO-Cy MMUPYEMBbL
dbyukimit, onpejenennbx Ha Z.

Paccemorpum oneparop hy,, aeficrsytomuii B (2(Z) 1o dopmyie

e ) )
Bje) = jay - TEFDEIEZD e g,
- JUCKDPETHLII JjlaljiacuaH, a
A ORE-FIORS-S (VS
Vf () = ¢ =5 F0) + § F(1) + 5 f(-1), =1
0, lz| > 1,

SIBJISIETCS TIOTEHIIMAIOM PAHTa OJINH. 371eCh b HeHyJieBoe JIeCTBUTE/IHLHOE THCIIO.

[Tycts T - oppomepHbiit Top, a L*(T) - ruibbepToBo npocTpanceTBo (DYyHKIUI, HHTErpUpye-
MBIX C KBaJIpaToMm, Ha T.

[IycTp

F:A(Z) - LXT), Ff(p ¢%§jf e

r€EZ

- crangapTHOoe npeobpasoBanne Pypbe ¢ 0OpaTHLIM
FL) = £@), F@) = 2= [ e
\/ 27

B mmmysibcnoM npejcraBienun oneparop hy, (hy, = F/ﬁu}" 1 neiicreyer B L*(T) xak

hu = hO — HVb, H > 07 (1)
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rje ho := FhoF ! - oneparop ymuosxenns B L2(T) na

2
e(q) := (1 —cosq)”,
1 vy, := FV,F ! - uHTerpajibHblii oepaTop paHra OjuH

() =1 = cosp) 3= [ (1=cosa) fla)a.

™

rjie b # 0 - npousBoOJIbHOE JIEHCTBUTEIHLHOE THUCIIO.

~

[Tockombky 0(3) = 0ess(A) = [0, 2], mveem
O'(ho) = Uess(ho) = [0,4]

CreioBaTeibHO, B CIJIy KOMIIAKTHOCTH Vj, 1 T€OPeMbl Beiis

‘7888<h#) = UeSS(hO) = [074]

Jist jroboro > 0. B cuity HeOTpHIIATEILHOCTH Vi, MHOXKECTBO TOJIOKUTEIBHOIO JIMCKPETHOTO
clIeKTpa, oniepaTopa f,, IycT.

Teopewma. /laa mobozo p > b% onepamop h, umeem eduncmeenroe cobcmeenmoe 3naverue
e(p) aeorcauiee aesee CYWECmEenH020 CNeKmpa, a CoOmeememsyowas cooCmeennas PyYHKyUL

 l—cosp
ey = ) — ey

Kpome mozo:

(1) e(-) <0;

(2) pymryua p € (55,400) — e(l) 6EUWECMEENHO-GNANUMUNECKAA, CMPO20 YOLIEAIULAA,
cmpozo 60znyma no (5, +00) ¢ acumnmomuKod

lim M = —§b2;

lim e =0 U
u\b% (,LL) H—+oo [l 2

1
b2

SRS AR

(8) Oasn docmamouHno MAAVT U MOAOHCUMENOHLT L —

n>1
2de Cp,m=1,2,..., - deticmeumenvrnie xoapduuuenmot ¢
1
Cy = V202, Cy = =22, Cy = — 1.

JINTEPATYPA
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I'PAHDb I'EPIIII'OPMHA OJId CAMOCOITPAKEHHDBIX
ITIOJIVIPAHNYEHHDBIX 3 x 3 OIIEPATOPHBIX MATPUII

Pacymnos T. X.

Byxapckuit rocymapcTBeHnblil yHuBepcuTeT, Byxapa, Y36ekucran
Byxapckoe otnenenne Nncturyra maremaruku nmenu B.J.Pomanosckoro
rth@mail.ru

[Iyctn
aix - Q1n
A=
Qp1 - Ann
IPOU3BOJILHAA N X N-MaTPUIla ¢ KOMILIEKCHBIMA 3JIEMEHTAMMU.

B 1931 romy T'eprropus [1| yeranoBui ciemyrormuit pesyibrar: Kaxioe cobeTBenHoe 3Ha-
qeHne \ MaTpuiibl A Bcerja pacrosioykKeHo B OJHOM U3 KPYTOB

Ki={2€C: |z—au| <Ri:=) layl} (i=1,..n).
j=1
%

Cornacao Teopeme l'epiiropuna CIieKTp IPOU3BOILHON KOMILIEKCHONR MaTpUIlLl A, IpUHA,I-
JIEXKHUT 00beauHeHn0 KpyroB K; KoMmiuiekcHoil miockoctu C ¢ 1eHTpoM B TOUKE a;; pajuyca

Ria

Takum obpazoMm, oObeuHEeHnEe BCEX TOYEK KpPyroB lepiiropuna jjaeT HEKOTOPYIO 00JIaCTh
JIOKaJIN3aIliN CIIeKTpa MaTpullbl A, T.e. 06/1aCTh, B KOTOPOii 3aBEIOMO JIEZKUT CIEKTD MATPHIILI
A.

DTOT pe3yabTaT IPUBJIEKA U IPOJI0JIKAET IPUBJIEKATh K cedbe bosbitoe BHuManue. [Iputan-
Ha TAKOTO WHTEPeca 00bsICHIETCS T€M, 9TO BO MHOTHX CJIyUasdX TOUHBbIE 3HAYEHNS COOCTBEHHBIX
qncesl He BaykKHBI, M HYKHO JIMIIb 3HATH, MPUHAJJIEKAT JTU OHU HEKOTOpoil obsactu (G KOM-
IIJIEKCHOM TIJIOCKOCTU WJIN HET.

ycrsH;, i = 1,...,n — runsbeprossr npocrpancTsa u H™ := H,@®- - -®H,. Torma oneparop
A € L(H™) Becerna sanuceiBaercs B Bujie 6J109HO-ONEPATOPHON MATPHITLI

All e Aln
A= | (1)
Anl T Ann
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C IMHEHHBIMI OrpaHIYeHHBIME onepaTopamu A;; : H; — Hi, 4,5 =1,--- ,n.
H.Salas [2| 06061t Teopembl [epiiropuna jijist OrpaHUYeHHBIX 7 X 1~ OEPATOPHBIX MATPUIL
A™ puna (1) cremylomum obpasom: s i = 1, ..., n onpemesnm

Gy = o(Ay) U AeﬂmmiHMﬁ—MAWlSENMM
j=1
i

Torma

B pabore [3] gokaszan anaaor TeopeMbl ['epriroputa OTHOCHTEIHLHO CyMMBI 3JIEMEHTOB CTPOK 1
CTOJIOIOB JIJIT HEOIPAHUYIEHHBIX JTHArOHAIBLHO JOMUHUPYIOIIHX 1 X N—OIEePaTOPHBIX MaTpuIl. B
HaCTOLINEN 3aMeTKe YKa3aHO I'paHb [epIiiropuHa JiId cCaMOCOIPSKEHHBIX OJIyOrPaHUYeHHbBIX
3 X 3—olepaTOpHBIX MaTPHIIL.

B runs6eproBom mpocrpanctse H ) paceMoTpuM 3 X 3-0HepaTOpHYIO MaTPUILY

A A Agg
A(g) = ATQ AQQ A23 s
Afy Ajy Ass

rje AuaroHajabHble smeMenTsl A; = Af @ H; O D(Ay;) — Hi, @ = 1,2,3 orpanudensl cHu3y, a
BHE JIMAroHa/IbHble 3jieMeHThl A;; @ H; — H;, @ < j, 4,j = 1,2,3 — orpaHuYeHHble HEHyJIEBble
OTIePaTOPBHI.

Teopema. lmeeT MecTO HEPABEHCTBO

3
3
min o(A®) > min | mino(4;) — Z 1A |

=1

=
TakK Kak 371ech Juisd ¢ = 1,2, 3 nMeeT MecTo
1 3
(A — )7 = T A< Iznzlfl mino(A;) < mino(A4;);

AHAJIOTHYHIM 00PA30M MOYKHO MOJTYYHTH OneHKy 1t max o(A®)).
JINTEPATYPA
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IHIEPNOJINYECKHNE OCHOBHBIE COCTOAHMNA AJ14d MOAEJIN ITOTTCA
C BHEIIIHUAM IIOJIEM HA JTEPEBE K29JIM BTOPOTI'O ITIOPAJIKA
Pacynosa M. A.!, Hebmaros M.?

"Hamanranckuit rocynapcTsennblit yausepeureT, Havanran, Ys6exucran
m_ rasulova_ a@rambler.ru
2 KokanJICKHit rocyapCTBeHHbI ejarorudecknii uncturyT, Oeprana, Y30eKucTaHn

[ycrs 7% = (V, L), k > 1 ectb gepeso Koy nopsiyka k (em.[1]) u @ = {1,2,3,...,q}, rae ¢ > 3.
Torna xoudurypanus o va V onpejeinsercs kak Gyaknus ¢ € V — o(x) € P.
Famubronnan mMozenn [ToTTca ¢ BHENTHAM TIOJIEM MMeeT BUJ

H(o)=J Z Oo(z)o(y) T OZZU(I%

(zy)eL eV

rie J, o € R, a— BHelllHee TOJIE.

[Tycrs M — MHOKECTBO €JIMHUYHBIX MAapoB ¢ Bepimaamu B V' (em.[2]). Mbl HazoBeM cyKeHune
KoH(uryparmuu o Ha mape b € M orpanmdeHHoi KoHdurypamueir o,. OnpegesuM SHEPTUIO
KOHMUIryparun o, Ha b cieayommum odpa3oMm:

1
U(O‘b) = 5(] Z 50(%)0(35) + OéO'(Cb),
z€S1(cp)

3/1€Ch Cp— IEHTP eJIUHUIHOrO mapa b.
Jlemma. ITycmo k = 2. Tozda dasa xaocdoti kKonguypayuu p, 6epro caedyrouiee

Ulpp) € {U, : n=1,4q},

e () ([

Ae ={(J,a) € R* : Us = min{Uy, Us, ..., Usg } } -

MmuozkecrBa Ay, A4y UMeEIOT coremyIOMMil BU:

Ay ={(J,a) e R*: J <0,aa >0}, Ay, ={(J,a) € R*: J < 0,a <0}

O6o3HAYNM

Teopema 1. ITycmov k = 2. Tozda das modeau [lommea ¢ enewrum nosem o # 0 seprol
caedyrouue Ymeeprcoenu:
I a) p(x) = 1,V € V kondueypayusi A6AAEMCH MPAHCAAYLUOHHO-UHBAPUGHIMHOLM OCHOGHbIM
COCTNOAHUECM HA MHOMHCECTNGE Ay;
6) p(x) = q,Vr € V konguzypayus A6AAEMCA MPAHCAAUUOHHO-UHBAPUGHIMHBLM OCHOGHBLM CO-
cmoanuem Ha muooicecmee Ayy;
I1. Besakxue mpancaauyuoHHO-UHBAPUAHMHBLE KOHPUYPAUUL, KPOME YKAZAHHOIX 6 N. | Konguay-
payutl, He ABAANMCA MPAHCAAUUOHHO-UHBAPUAHMHBMU OCHOSHBLMU COCTNOAHUAMU.

Teopema 2. ITycmov k = 2. Tozda das modeau [lommea ¢ enewrum nosem o # 0 scarue
2
ch )—nepuo&uuecnue OCHOBHBIE COCTNOAHUA ABAAIOMCA MPAHCAAUUOHHO-UHBADUAHTHDLMU.
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HEKOTOPOE OBOBIIIEHUWUE TEOPEMBI O ITPOAJOJIZKEHUN
CEITAPATHO-AHAJINTUYECKHNX ®YHKIIUN

CobupoB ¥Y.M.

WNucturyr maremaruku nmenn B.M.Pomanosckoro Akagemun Hayk Pecriybiuku Y36ekucra,
Vpreud, Y3bekucran
s_usmon2014@mail.ru

BameuareabHas JeMMa Xaprorca 06 aHAJUTHIECKOM IPOJOJIZKEHUN TOJOMOPQMHBIX (DYHK-
Uil BJ0JIb (DUKCHPOBAHHOTO HAIpaB/IeHUs (CM.[D]) SBJIsIeTCsT OCHOBOIIOIATAOMIEH JIEMMOM TeOo-
pun aHaAJIUTUYIECKOI'O IIPOAOJI2KCHU A beHKLH/H/I MHOT'MX KOMIIJIEKCHBIX II€PEMEHHDBIX.

JIlemma Xaprorca. [Tyems gynxyus f(z,w) 2oromopdna 6 yuasundpe

UxV={zeC": |z] <1} x{weC: |w| <1}

u npu Kasrcdom Ppurcuposanrom 2° € U dynryus f(2°, w) no nepemennomy w zoromopgno
npodossicaemca 6 boavwot kpye Ve ={w € C: |w| < R}, R > 1. Tozda ¢ynxyus f(z,w) no
COBOKYNHOCTNU MEPEMEHHDBIT 20A0MOPPHO npodosstcaemcs 6 borvwot yusundp U X Vg.

Jlemma Xaprorca mmeeT MHOTOYHUCIEHHBIE 0OODIEHNA W MPUJIOYKEHUS B PA3HBIX 00JIACTIX
HayKI: B TeOpeTUIeCcKoii dbusnke, Tomorpadun u .. (cMm. Hampumep [1-4])

Mpu1 OyjieM JIoKa3aTh CJIEIYIONIYIO TEOPEMY.

Teopema 1. Ilyemv D C C, G C C oepanuvennwvie niockue obracmu v & C D, F C G
nenoaaprvie Komnaxkmol. Ecau nenpepwenas dgynxuus f(z,w) € C(E X F) ydosaemsopsaem
CALOYIOULUM YCAOBUAM:

1) npu xasrcdom gurcuposarnom w® € F dynxyua f(z,w") no nepemenromy z 2oaomopgro
npodossicaemcsa 6 obaacmu D 3a uckatouenuem KOHEUH020 YUCAQ 0co0beHHocmet;

2) npu kasicdom gurcuposanrom z2° € E dynxyusa f(2° w) no nepemernomy w 2o0romopgno
npodossicaemcsa 6 obaacmu G 34 UCKAOYEHUEM KOHEUHO20 YUCAA 0CObEHHOCMEL, MO PYHKUUA
f(z,w) 2oa0mopdro no cosorynHocmu NEPEMENHBLT NPOJOANCAELCH 6 004

{(z,w) : w*(z, E, D) + w*(w, F,G) < 1}\S,

2de S- nexomopoe anasumuneckoe nodmmoscecmso C2.
Bnecs w*(z, £, D)— rapmonndeckas Mepa (cu. [9]):

w* (2, E,D) = limw (¢, E, D) ,

(—z
w(z,B,D)=sup{u(z):uesh(D), ulp<1, ulp<0}.
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OB AHAJIOTE JIEMMBI XAPTOI'CA JAJIAd R-AHAJINTUNYECKUNX
®YHKII C TIEPEMEHHBIM PAJIMNYCOM CXOJIMMOCTU

Tyitanes T.T.!, Xoamyponosa I'.H.?

Hamuonasbubrit yauBepcurer Y3b6ekucrana nm. M. Yiyroeka, Tamkent, Y30ekucrtaHn
ltahir1955@mail.ru, *xolmurodovagulnoza3@gmail.com

Pabora nmocssamena 3amadaM R-aHagnTndaeckoro npojo/zkenus (pyHKIUi MHOIUX JeiiCTBI-
TeJILHBIX IePEeMEHHBIX, JOIYCKAOMMUX R-aHaIuTHIeCcKoe IPOO/IZKeHNe Ha, IapaJslebHbIe ceue-
nus. B Heil npuBoayuTCs aHasor n3BeCcTHOI TeopeMbl Xaprorca s R-anamu-Tuaeckux byHKIuit
C HePEMEHHBIM PaJIUyCOM CXOIMMOCTH.

Usecrnas gemma Xaprorca (cm.[1]) yreepxkaaer, aro ecian rosomopduas B obaactu ‘U X
{lzn| <7} CcCL, x C,, tie 'z = (21,22, s Zn_1) bynknusa f('z, z,) Upn Kax10M HUKCHPO-
BanHoM 'z €' U roslomopdHO npojioszkaercs B Kpyr |z,| < R, R > r > 0, To ona rosjomopdna
10 COBOKYITHOCTH IiepeMeHHbIX B obsactu 'U X {|z,| < R}.

C rTeopemoit Xaprorca HEIOCPEJICTBEHHO CBsi3aHa cjejyiomias Teopema Popesumn [2]: ecm
f— Geckoneuno rnajkas B Touke 0 € C", f € C*{0}, u cyxkenus f|;— romomopdHbI B Kpyre
U(0,1) =1NB(0,1) ayst Bcex KOMILIEKCHBIX IPAMBIX [ S 0, T0o f roomMopdHO mpoozKaercs B
map B(0,1) C C" B menasueit padore 3] A.Cajysiaes qokazan ceLyOnpi aHaI0r TeOPEMbI
Dopesmm g1 R-anamuruaeckux (OyHKIHIL.

Teopema 1. ITycmo gynryus f(z), © = (1,22, ..., Tp), OECKOHEUHO 2000KAA 6 HEKOMO-
poti okpecmuocmu 0 € R™, f(z) € C®{0} u nycmo das 060l sewecmeennot npamot | :
r = At),\ = (A1, Aa, ..y M) € S(0,1),t € R napamemp, cyocenue f | = f(At) asasemea
sewecmeenno-anasumuyeckoti (R -anasumuveckoti) 6 unmepsane t € (—1,1). Toeda cywe-
cmeyem samkrymoe naropunosaproe muoocecmeo S C B(0,1) maxoe, wmo f(x) asasemcs
R -anarumumveckoi ¢ B(0,1)\S, 2de B(0,1) C R"— edunuwnwt wap, a S(0,1) = 0B(0,1)—
edununHas cphepa.

OTMeTHM, 9TO 3/1eCh UCIOJIb30BaHa N3BECTHASI TEPMUHOJIOIUsI, YTO MHOXKecTBO S C R™(x)

Ha3bIBaCTCA IIJIIOPUIIOJIAPHBLIM, €CJIM OHO IIJIIOPHUIIOJIAPHOE B BJIO2KEHHOM KOMIIJIEKCHOM IIPO-
k+1

= ﬁ TOKa3bIBAET,
4TO TOYHBbIe aHajoru Teopembr Popesn, a TakxKe Teopembl Xaprorca jiid R-anammTuaecknx
dbyukuumit ve Bepubl. Oyukiws f(xy, o) BemecrBeHHO-aHaIUTHIeCKas B obacT R X {|xq| < %}
cyxenue f(z, 7o) BemecTBeHHO aHamuTHYeCKad Ha Beefl npamoit R. Oxnaxko f He aBjsercs
BEIIECTBEHHO-anaanTHIecKoil B Touke (0, 1).

B pa6ore [4] anasor Teopembr A.CajyiiiaeBa JoKa3aH JJisi TOJUIMIAHIPIIECKONH 06/1aC-TH.

Teopema 2. ITycmov dynxyus f(x) = f('z, x,) ydosaemeopsem caedyrowsum ycaosusm:

crpancree C?, R? C C”, z = x + iy. llpumep dbyukmun f(xq, z5)
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1) ¢pynxyusa f(z) = f('z,x,) R— anasumuueckan 6 noavyuaundpe U =" U x {|x,| <
Totytn > 0 2de 'z = (21,29, ..;xy 1) vw'U = {'z € R |zq| < roy|ze] < 7o,y T <
Tnoat={2 €R" 1 —r| <y <7y, Ty < X9 <Toyeoey —Tp1 < Tp_1 < Tn_1};

2) npu xasrcdom gurcuposannom 'z’ € 'U dynwuyua f('2°, z,) R-anarumuyeckan 6 unmep-
sane |z, | < 1y, R-anarumusecku npodoascaemesa 6 6oavwut unmepsan |, | < Ry, R, > r,

Tozda cywecmeyem naropunossproe samknymoe muodxcecmeo 'S C 'U makoe, wmo ¢ymx-
yusa f(x) = f('x,x,) R-anasumuvecku npodosscaemes no cosokynmuocmu nepemennox (', x,)

/ /

6 ('U x {|zn] < Rn}) \ ('S X |zn| > 70)

B nmokazarennerBe TeopeMbl 2 CYIIECTBEHHO UCIOIL3YETCs METO, T0KA3aTeIbCTBa TeopeMbl
1, npenoxensstit A.CagysiaeBbIM, & IMEHHO, BJIOZKEHUE BEIIeCTBEHHOTo npocTpancTBa R” C
C?, z = x + 1y, u ecrecTBeHHOE I'0JIOMOPdHOE 1IpoJloJizKeHne R -aHamuTHaecKux (QyHKIUI B
C™,roomopdHOE MIPOJIOJIZKEHIE PSAJIOB XapTorca U METO/bl TEOPUH ILIIOPUIIOTEHIIAIA.

OCHOBHBIM PE3YJILTATOM PabOTHI ABJISETCA CJIELYIONIee YTBEPXK ICHHE.

Teopema 3. ITycmo gynxyua f(z) = f('x,x,) ydosaemsopaem caedyrouyum ycao6uam:

1) pynxuyua f(x) = f('x,x,) R-anarumuueckasn 6 nosuyuaundpe U =" U x{|x,| < rn},rn >
0;

2) npu xasrcdom gurcuposannom 'z’ € 'U dynwuyus f('2°, z,) R-anarumuyeckan 6 unmep-
sane |T,| < rp, R-anaaumuuecku npodoasicaemes 6 unmepsan |z, | < R,('z°), R, (') >r, >0
u R, ('2°)- paduyc maxcumarvnozo unmepsanra xyda R-anasumumecku npodosdicaemcs @ymx-

/.0
yua f('2°, ).

Tozda cywecmeyem naropunossproe amrnymoe muoocecmeo 'S C 'U makoe, wmo ¢ymx-
yua f(x) = f('x, x,) R-anasumuvecku npodossicaemes no cosokynmuocmu nepemennox (', x,)
6 obaacmo {('z,x,) € R™ : 'x € 'U, |z, < (Rp)«(x)} \ ('S X |xn] > 1), 2de (R,).(x) =

lim R('w) -nuorcnasn peeyaapuszayus paduyce gynryuu R, ('x) .
"w—'x
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O MIPOJOJI2>KEHUN IIJIIOPUTAPMOHNYECKINX ®YHKIINN
Xoamyponosa I'.H.

Hanmonassublit yausepcurer Y30ekucrana nMm. M.Yiayroeka, Tamkent, Y30ekucraHn
xolmurodovagulnoza3d@gmail.com

Pabora nocssiena 3a/1a4aM Mpo0J2KEHIUS ITIOPUTAPMOHITYCCKUX (DYHKITNI, JTOMYCKAIONINX
rapMOHUYECKOe MTPOJIOJIZKEHNE Ha, TapaJsiie/IbHble CeYeHNs ¢ JTUCKPETHBIMUA OCOOEHHOCTSIMH.

Teopembr Xaprorca 1] u Jlesona [2| yrBepzkaior, 4To cenapaTHo-roJoMOPQHBIE KX CeIIapaATHO-
rapMoOHUYIecKre (PYHKIUU sIBJSIIOTCs, COOTBETCTBEHHO, FOJJOMOP(MHBIMU UJIU TaPMOHHIECCKUMU
GYHKIUAMU 110 COBOKYITHOCTH TI€PEMEHHBIX. BO3HMKAET eCTEeCTBEHHBIN BOIPOC: ABJIAETCH JIA
cermapaTHO-CyOrapMoHMIecKasi (PyHKIUsT CYOTapMOHUYIECKON 10 COBOKYITHOCTU TE€PEeMEeHHBIX !
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A Burepusk [3] mocTpomst mpumep MOKa3bIBAIOIINIA, UTO CYIIECTBYeT cenapaTHo-CyOrapMOHIIecKast
dbyHKIMS He gBJIOmAaacsa cyOorapMOHIIECKOl 110 COBOKYITHOCTH MTEPEMEHHBIX.

JlokazaTeanLeTBo TeopeMbl XapTorca OIMPaeTcs Ha CJEAYIONLYIO JIEMMY XapTorca : eC/Iu
rosiomopduas B nomkpyre 'U x {|z,| < r} Cc C" 1, x C,, rne’z = (21, 22, .., 2n_1), GyHKIUS
f('z, 2z,) mpu KaxkaoMm bukcupoBanaoM 'z € U rosoMopdHO MPOIOIZKAETCS TI0 TePEMEeHHOT
Zn B KPYT |z,] < R, R > r > 0, 70 oHa rojioMopdHa MPOJIOJZKAETCS 110 COBOKYITHOCTH
nepeMeHHbIX B Gosbimoit mommkpyr ‘U x {|z,| < R}. CupaBemyus aHajgor 3Toil JeMMBbI st
IIOPUTAPMOHIUYECKUX (DYHKIWIA: 1mycTh dyHKIws u('z, z,) MIOPUTapMOHUYHA B TIOJUKPYTe
'U x {|zy| < 7}, n npu Kazxka0M HUKCHPOBAHHOM TAPMOHUYIECKHU MIPOJIOJIZKACTCH 10 2, B OOJIb-
moit Kpyr |z,| < R, R >r > 0. Torma u(’z, z,) saBisiercs mIrOpUrapMOHIIECKON 10 COBOKYII-
HOCTH IlepeMeHHBIX B 6osibiom nosmkpyre ‘U x {|z,| < R}. B camom nese | tak xak u('z, z,)
wiopurapmonnyana B 'U X {|z,| < r}, To u('z, z,) aB/IsieTcst peasbHOIl 4acThi0 HEKOTOPOI 1O
JoMopduoit B 9rom nosmkpyre dyukmun f('z, z,) . Kpome Toro npu dukcuposannom 'z € U
OHa SIBJISIETCST PeATIbHOI J4acThio TosioMopdHOil B |2,| < R Hekoropoit dyukuun F('z, z,) . Pac-
cmorpuM pasnocth f — F. Tak xak f = F' B |z,| < r, TO U3 TeOpeMbI IMHCTBEHHOCTH CJIEJYET,
gro f = F . Caenosarenbho, dyuknus f('z, z,) romomopdHa 1o 2z, B GOJBIIOM Kpyre mpu
Kaxk oM ukcuposanioMm 'z € U u rosomopdHa 10 COBOKYIIHOCTH IIEPEMEHHBIX B MEHBINEM
nosukpyre ‘U x {|z,| < r} . Torga npumensis iemmy Xaprorca, MbI 0Ty 9aeM T0JOMOPGHOCTD
10 cOBOKyIHOCTH nepeMeHHbx f B mosmkpyre 'U x {|z,| < R} u , cieposarensno, u('z, z,)
SIBJISITCSI TJTIOPUTAPMOHUYEC- KOW B 9TOM HOJIMKPYTE .

s moboit mmropurapMorndeckoit B obiactu D C C™ dynknnm u(z) JIOKaJIbHO B OKPECTHO-
cru ka0l Toukn z° € D cymecrsyer roomopduas dbynkuua f(z) , aua koropoit Ref(z) =
u(z) . OfHAKO, ecyin Mbl XOTUM HaiiTu Takyo (DyHKIMIO I0OGAILHO, TO BOOOIIE TOBODSI, OHA
He 00s3aHa OBITH OJHO3HAYHON, OHa OyjeT MHOTO3HAYHON aHajnTHdecKoi dgynkuueit. B man-
HOM JIOKJIaJ1e 00CYKIaeTCsl BOIPOCHI IPOJIOJIZKEHNUST IITFOPUTaPMOHUIECKUX (DYHKITHIA, UMEFOIIX
0COGEHHOCTH Ha TapaJLIe/IbHBIX cedeHnsax. OCHOBHBIM DE3Y/IbTaTOM SIBJISIETCS CJIeIyoIas Teo-
pema.

Teopema. Ilyemov dynryua u('z, z,) nmopuzapmonuveckasn 6 noaukpyee 'U x {|z,] <

r}, >0, u npu xascdom Purcuposannom 'z’ € U dynxyua u('z°, z,) 2apmonunecku npodoa-

/
HCAEMCA HG 6CHO 3AMKHYMYIO NAOCKOCTD { z = ZO} 30 UCKANYUYEHUEM HEKOTNOPO2O ducnpemﬁoeo

mrooicecmea ocobvir movek ay('2Y), ..., i ('2°) (m = m('2°) > 0) . Ipuuem n;inp(a,-(’z), a;('z))
i#£j

NOKANLHO omepanuden om nyas 6 'U (6 mempure pacuupernnot naockocmu C), m.e. daa ao-
6020 xomnaxma K C'" U natidemcsa wucao § = 6(K) > 0, daa komopozo

/ /
. a;('z) —a;('z
win i )2 i(2)] > ek
i 2 - (7
# /14 |ai(2) 2 /1 + ey ()]
Tozda u('z, z,) naropuzapmoruvecku (00noznauro) npodossicaemes 6 obaacmo ('U x C)\ S, ade
S - nexomopoe anasumuueckoe nodmmostcecmso 6 'U x C .

B jokasaresbcTBe 9TON TEOPEMBI CYIIECTBEHHO HCIIOJB3YeTCsl TeopeMa 2 u3 paboTsl [4].
Bamernm, ato xoTs cama by f('z, z,) , 1 koropoit Ref('z, z,) = u(’z, z,) , mosyuennas
[pH JI0Ka3aTeIbCTBe TEOPEMbl, MHOIO3HAYHAsT aHATUTHIeCKash (DYHKIW, ee JeficTBUTeIbHAsS
YaCTh ABJISIETCs OJIHO3ZHAYHON ILIIOPUTaPMOHUIECKO (DyHKITHEIH.
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ITIOBEJAEHUWE NMHTEI'PAJIA ITYACCOHA HA I'PAHUILIE
KJIACCUYECKOI OBJIACTI BTOPOTI'O TUIIA

SumMberos M. P.!, Marnazaposa VY. H.!, Kypb6anos K.?

'Hamuonanbubiit yausepeuter Ysoexucrana um. M. Yiyroeka, Tamxkent, Ysz6ekucran
mr.eshimbetov92@gmail.com, fialka.m.u@mail.ru
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B nacrosiiee BpemMs nzydeHune U UCCJIe/I0BaHAE I'PAHUYHBIX CBOWCTB MHTETPAJIBHBIX (DOPMYJT
Beprmana, Komu-Cere, [lyaccona jiyis MaTpudHbIxX 00/1acTell sIBISETCS aKTYaIbHON TPOOIeMOii
(em. mamp. [5-7]). Hus kimaccuyeckux obsacreit Ry (m,n), Ry (n), R (n) u Ry (n), xiac-
cucdunuposanubix Kapranom B pabore |2|, 6putn Haiinenst Xya Jlo-Kenom sinpa Beprmana,
Komm-Cere u Ilyaccona, na ocHoBe 3TuX sijiep OBLIN YCIIEITHO PEAJTM30BAHbI MHTEIPATbHBIE
dbopmyssr (em. [1]).

Banadeit [lupuxie g ypaBuenus Jlamaca HasbiBaeTcd 3ajiada HAXOXKJICHUS 3HATCHUI
rapMOHUYIECKO# (DYHKIUU BHYTPH OOJIACTH 110 €€ IPAHUIHBIM—KPAeBbIM 3HAUECHUSM Ha TPAHUTIC
obnactu. zBectHo, uro nunrerpas [lyaccona siBjisieTcst MOITHBIM alllIapaToOM IIPY PEIICHUN 38,13~
an [upuxite. [Tosromy narerpas [lyaccona mmpoko NpuMeHsIIOT B MHOTOMEPHOM KOMILIEKCHOM
aHaJIM3e M ero MpuioxkKeHUsX. TakyKe ero 9acTo UCIOJIB3YIOT B TADMOHUYIECKOM aHAJIU3e (CM.
mamp. |1,3,4,8,9]).

Jl st GostbImeii ICHOCTH MBI CHa4YaJ 18 OyJeM MOBOPUTH O TapMOHMYECKUX (PYHKIUAX B 7 1pu
m = n. Ypasuenue Jlamiaca B R; umeer Bu

n n n - n - a2u
Z Z (SQQ — Z ZlaRlB 5]' - Z Zjy Ry W =0. (1)

a,B=1 jk=1 i=1 y=1 Zja0%kp
Oyuxiwn u (z), YIOBJIETBOPSIONINE STOMY YPABHEHUIO B 3aMbIKaHUU Ry, Oy/IeM Ha3bIBATH Tap-
MormgIeckumu B J7. Te n3 HUX, KOTOPbIEe UMEIOT HEIIPEPBIBHBIE TPAHITHBIE 3HAYEHUsT HAa OCTOBE
X; B obstacts R obpazyror Kiracc, obozHadaeMblit gepe3 N. Perenne 3amaqu dupuxie B R 1a-
eT cJeyIomuii pe3yabrar. Keim HaM JaHa HenpepbiBHAs Ha YHUTApPHOW rpymme Xy, OyHKINAS
¢ (U), TO cyIecTByeT o/iHa, U TOJILKO OJIHA, rapMOHUYecKast MyHKIW U (7 ), yIOBIETBOPSIONIAST
YCJIOBHIO

lim w(Z) = ¢ (U).
Ota (hyHKIMS MOXKeT OBITH HaiijleHa 110 nHTerpaabHoil hopmyste [lyaccona
1 det (I — 221" .
w2 = yx Wt I =220 wyo
(X1) /' |det (1 - 22)]
I

B nokitaie mpuBosiTest aHATIOT HAX0XK jieHus iud epeHnuaaibHoro oneparopa suaa (1) s
KJIACCHIeCKH 001acTi BToporo Tuiia Rrr(n) 1 HalieHa COOTBETCTBYIONAs HHTErPAJIbHas (HOp-
myna Ilyaccona, a TakxKe n3ydeHa rpaHMYHbIE CBOMCTBA JIAHHOIO MHTEI'PaJIa.
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O BECKOHEYHOCTU ANCKPETHOT'O CIIEKTPA JINMHENMHBLIX
CAMOCOIIPA>KEHHBIX OITEPATOPOB B MOJAEJIN ®PUJAPUNXCA

Amkabunos 0. X.!, Kyarypaes JI.2K.?

Kapmuncknit rocyiapctBentbiiit yauBepeurtet, Kapiu, Y306ekucran
yusup62@mail.ru ;  2davron  2189@mail.ru

Vzyuenne crekTpa siBISETCS OCHOBHOI 3amadeii B Teopun oneparopos Ipeaunrepa.
[Tycrb u(x) - BemecTBeHHO3HAUHas HemnpepbiBHas dyHkiws Ha 2, = [0,1]Y, v € N. K -
MHTErpaJIbHbIH OlepaTop B ruabbepToBoM mpocTpancTBe Lo(€,) ¢ aapom k(x,s) € Ly(02),
rie k(z,s) = k(s,z). Pag BoupocoB KBAaHTOBO#I MEXaHWKH U CTATHCTHYeCKOH (usukn [1-2]
IPUBOJIUT K UCCJIEIOBAHUIO JIMCKPETHOIO CIIEKTPa onieparopa H B rujibbepTOBOM IIPOCTPAHCTBE
Ly(S2,) neiictByrorero mo dbopmyie

H=Hy+K (1)

rje

(Hof)(x) = u(z)f(x), (Kf)(af)Z/kf(ﬂ%S)f(S)du(S)-

3mech naTerpast nmonnmaercs B cMbicsie Jlebera, pi(-) - mepa JleGera na R”.

Omneparop Buja (1) HasbBaercs: oneparopom B Mogean Ppuapuxca. 3 kiaaccudeckoil Teo-
pembl Beiijisi 0 KOMIAKTHOM BO3MYIIEHUH CJIEJIyeT, YTO CYIIECTBEHHBIH CHEKTDP Oess( H) ore-
paropa H cocrour u3 MHO)KecTBa 3HaueHuil yHKImU u(x), T.€. Oess(H) = [Umin, Umaz], TIE
Upmin = Min u(z), = max u(x).

min xGQV ( )7 max IEQD ( )
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[Tob3ysiCh MPUHIMIIOM MUHUMAKCA U MAKCHUMUHA JIOKA3aHO [3] 9T0, ecim siipo WHTerpasib-
HOTO oreparopa K BBIPOKJIEHHBIN, TO JUCKPeTHBI criekTp B Mojiesin Ppuapuxca (1) siasercs
koneaHoM. OTcCIO/Ia BeITEKAET, 9TOOBI oriepaTop B Mojesn (1) nmesr 6eCKOHEUHBIH JIUCKPETHBII
CIEKTP HEOOXOMMMO, ITOOBI S/IPO MHTEIPAJILHOrO orepatopa K ObLIO HEBBIPOXK ICHHBIM.

PacemoTrpuM IByX9acTHYHBIN peIieTdaThlii TaMIJIbTOHUAH

Q=0Q+Qq, (2)

JefictBytonuit B mpoctpatctse lo(Z x Z) (v € N), 3nech kunerndeckast sueprust () 3a/1aeTcs
CBEpPTKOI ¢ (pyHKIIHEH 00IIero BUIa:

(Q0¢)(m7n) = Z UO(m - kvn - l>¢(k> l>7

kleZ

a MOTeHIMAa/IbHasA SHeprus () paBHa

(Ql¢) (m7 n) =U (m7 n)¢(mv n)

[Tycrb KuHeTHUECKas 3HEPTUS UMeeT BUJL v (m,n)

4b, eciit m=n =0,
( ) b, ecm |m|=1 n=0,
vo(m,n) =
’ b, ecmm m=0, |n|=1,

0, s Apyrux 3HadeHuit n, m € 7,

rme b < 0.
OrnpeiesuM OTEHIMATBHY 0 (DYHKIIAIO

ag, ecom m=mn =70,
a,, ecm m e {xp}, n=0, peN,
By ecm m =0, ne€{£q}, ¢ €N,

0, JIIS IPYTUX 3HAYEHU n, m € Z,

vi(m,n) =

rae ag >0, a, >0, B, >0, pgeN, Y a2 <oo, Y f < oo
peEN qeN
[Iycrs T = (=m,7|. F : o(Z x Z) — Lo(T x T)- upeobpazosarue Pypbe, Ipu KOTOPOM

dbyukim ¢(m, n) Ha pemerke 7 X Z uepexonar B dyukiwu f(x,y) wa T x T mo npasuty
1 .
(;5(771, n) — f(x,y) = % Z (b(pl? Ch)exp(l[(Phx) + (th)])

P1,q1E€EZL
Jlemma. ITpeobpasosarue Pypve Hy onepamopa Q (2) deticmeyem 6 Lo(T X T) no gpopmyase.
Hof (2,y) = Hy f(x,y) + Kaf (2,y), 3)

3decb

f#wLmzﬁmWV@w,mﬂaw://@m%am@ﬁwﬁ
T T
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U u(()2) (z,y) = 2b(2 + cosx + cosy), adpo ky(x,y;s,t) - nesupostcdentoe.
CorytacHo JileMMBbI JiucKpeTHbIi oreparop IpeanHrepa fIQ(e) (3) sBJISIETCST OLIEPATOPOM B
Moziesin Ppuapuxca ¢ HeBLIPOXKICHHBIM s1poM. VMeem aess(ﬁg (€)) = [8b,0].
Teopema. JJuckpemnuiti onepamop Ilpedunzepa Hy umeem Geckonenunoe Koauuecmeo no-
AOHCUMENLHBLT COOCTNEEHHDIT 3HAeHUT.
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The present paper is devoted to local and 2-local derivations of simple finite-dimensional
algebras without finite basis of identities, constructed by Kislitsin in [1] and [2]. The history
of local derivations began in the paper of Kadison. Kadison proved that every continuous local
derivation from a von Neumann algebra into its dual Banach bimodule is a derivation. A similar
notion of 2-local derivations was introduced by Semrl.He proved that any 2-local derivation of
the algebra B(H) of all bounded linear operators on the infinite-dimensional separable Hilbert
space H is a derivation. After his works, numerous new results related to the description of
local and 2-local derivations of associative algebras have appeared.

The study of local and 2-local derivations of nonassociative algebras was initiated in papers
of Ayupov and Kudaybergenov. In particular, they proved that there are no nontrivial local and
2-local derivations on semisimple finite-dimensional Lie algebras. Ayupov Sh.A., Kudaybergenov
K.K. and Rakhimov I. gave examples of 2-local derivations on nilpotent Lie algebras which are
not derivations. Later, the study of local and 2-local derivations was continued for Leibniz
algebras and Jordan algebras. Local and 2-local automorphisms were also studied in many
cases. For example, local and 2-local automorphisms on Lie algebras have been studied by
Ayupov Sh.A., Kudaybergenov K.K. and Costantini M.

The variety of Malcev algebras is a generalization of the variety of Lie algebras. It is closely
related to other classes of nonassociative structures: it is a proper subvariety of binary Lie
algebras, under the multiplication ab— ba an alternative algebra is a Malcev algebra. Moreover,
they have connections to various classes of algebraic systems such as Moufang loops, Poisson-
Malcev algebras, etc. The study of generalizations of derivations of simple Malcev algebras was
initiated by Filippov and continued in some papers of Kaygorodov and Popov.

In the present paper, we continue the study of derivations of simple algebras. Namely, we
prove that any local derivation of the simple finite-dimensional algebras without finite basis of
identities, constructed by Kislitsin in [1] and [2], is a derivation, and every 2-local derivation of
these algebras is also a derivation.

Let D = (e, vy, 09, €11, €12, €22, p)r be an algebra over a field F of characteristic 0 whose
nonzero products of basis elements from {e, vy, va, €11, €12, €22, p} are defined by the rules v;e;; =
—€iV; = Vj, UVgp = —PUg = €, Vj€ = —€V; = Uy, €€ = —€€;; = €45, P = —€P = P.

Then D is a simple anticommutative algebra without finite basis of identities. [2| Let a be
an element in D. Then we can write a = aje+ asv1 + azvs + ageq1 + aseis + ageas + azp, for some
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elements ay, as, as, a4, as, ag, a7 in F. Throughout of the paper let @ = (ay, as, as, a4, as, ag, az)? .
Conversely, if v = (a1, as, a3, ay, as, ag, a7)’ is a column vector with ay, as, as, a4, as, ag, ay in
IF, then, throughout of the paper, by v we will denote the element aje + asvy + azvy + azeqq +
as€ia + ageaa + a7p, 1.e., U = a1€ + a1 + azvs + ageqq + asein + agean + arp.

Let A be an algebra. A linear map D: A — A is called a derivation if D(zy) = D(z)y +
xD(y) for any two elements z, y € A.

Our principal tool for the description of local and 2-local derivations of D is the following
Proposition.

Proposition 1. A linear map D: D — D is a derivation if and only if in the above basis
D has the following form:

D(x) = xaa22v1 + x3(a22 + as5)vs + T5a5 5612 — T7(a22 + a55)p,

T = x1€ + X1 + T3V + Tyey + Tse12 + Teea2 + x7p € D

for some fixed ag 2, as5 in F.

Let A be an algebra. A linear map V: A — A is called a local derivation if for any element
x € A there exists a derivation D: A — A such that V(z) = D(x).

A (not necessary linear) map A: A — A is called a 2-local derivation if for any two elements
x, y € A there exists a derivation D, ,: A — A such that A(z) = Dy (), A(y) = Dy y(y).
With respect to these notions we proved the following theorem.

Theorem 2. Every local (2-local) derivation on the simple algebra D is a derivation.

Let C = (e = 1, vy, v9, €11, €12, €22, P)r be an algebra over a field F of characteristic 0 whose
nonzero products of basis elements from {e = 1,v;,v9, €11, €19, €22, p} are defined by the rules
Vi€ij = €;5V; = Vj, Uap = puy = 1.

Then the algebra C is a simple central commutative algebra with no finite basis of identities.
[1] Let a be an element in C. Then we can write

a = a1e + asvy + aszvo + ageq; + as€e12 + ag€E22 + arp,

for some elements ay, as, as, ay, as, ag, a7 in F. Throughout of the paper let @ = (a4, as, as, a4, as, ag, ar)
Conversely, if v = (a1, as, as, ay, as, ag, a7)’ is a column vector with ay, as, as, a4, as, ag, ay in
F, then, throughout of the paper, by v we will denote the element aje + asvy + azvy + ageqq +
as€1a + agean + a7p, 1.e., U = a1€ + asv1 + azvs + ageq + asein + ageon + arp.

Our principal tool for the description of local and 2-local derivations of C is the following
Proposition.

Proposition 3. A linear map D: D — D is a derivation if and only if in the basis (2) D
has the following form:

D(z) = x9a90v1 + x3(a2,2 + a55)V2 + 505 5€12 — T7(a2,2 + a55)P,

r = x1e+ r9v; + T3V + 24611 + T5€19 + L€ + xTrp eD

for some fixed ag 2, as5 in F.
With respect to C we proved the following theorem.
Theorem 4. Every local (2-local) derivation on the simple algebra C is a derivation
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One of the well known classes of algebras is the class of associative algebras. Only up to
5 dimensional cases their full classifications are known [2|. One of the nearest to associativity
property is so called the power-associativity property. An algebra A is said to be a power-
associative algebra if its every one-generated subalgebra is an associative algebra. The classification,
up to isomorphism, of all m-dimensional power-associative algebras over algebraically closed
fields is an open problem except for m = 2 case. In m = 2 case the corresponding result, over
the field of complex numbers and R cases, has been given in [3]. When every quadratic and
cubic polynomial over the underlying field F has a root in it or F = R the corresponding result
can be found in [1].

One can weaken the power-associativity property by fixing some positive integer n > 3
and consider n-power-associative algebras, that is algebras where "u""is well defined for any
element u. It means that n times product of any element does not depend on the order of the
multiplication, for example, 3-power-associativity of an algebra A means that u?u = uu? is true
for any u € A.

In [1] it was shown that the set of all 3-power-associative two-dimensional algebras is strictly
bigger than the set of all two-dimensional power-associative algebras. In contrast to this fact
in the present paper we show that if n > 4 then every two-dimensional n-power-associative
algebra is a power-associative algebra.

Further it is assumed that F is fixed field such that every quadratic and cubic polynomial
over it has a root in it, or F = R . All algebras are two-dimensional over F. If (A,-) is a
two-dimensional algebra and e = (ej, e2) is its fixed linear basis we denote by

A:<gi o gj)eMat(QXZL,F)

its matrix of structural constants (MSC) with respect to this basis, which means that
ere; = arer + Breg, €16z = aner + Paea, 261 = azer + Szea, €262 = auer + Saer.

It is assumed that a basis e is fixed, we don’t make difference between an algebra A and its
MSC A in that basis. We follow the notations used in [1].

Lemma 1. Any nontrivial two-dimensional not single generated(two-generated) algebra is
isomorphic to only one of the following such algtlabras:

11 2
In Char(F) # 2,3 case A; (3,—3,0,0) = ( 8 13 (l) ) ;
3 3 3
(a0 0 0 o (F0 00
As (e, 2 1>_( 0 201—-1 1—a 0)“48(3)_(0 2 -z 0)
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in Char(F) = 2) case A15(1,1,0,0) = ( (1) i 8 (1) ) ;
a; 0 0 0 1 0 00
A4,2(04171):( 01 11—y 0)’148’2(1):(0 01 0)’
in Char(F) = 3 case A33(0,—1) = 8 _11 1 _01)’
(a0 0 0 (011 0
A473(0‘1"1)—( 0 2m—1 1-0a 0)’A10’3_ 000 —1)’
1 _1 2
inIF:]RcaseALr(%,—%,O,O):<3 i3 1),
0 -5 3 3 X
o 0 0 0 = 0 0 0
A5ﬂ"(a1’_1):( 0 20,—1 1—a 0)’A1°"”<%):<8 z -1 0)'

Lemma 2. If A is commutative, u,v € A, (u? u) is linear independent, v?u = yu? +

S1u, (u?)? = you? + dau, v # 0 then vu # 0 whenever §; # 0. If ‘ 31 gl # 0 then vu? # 0.
2 02

Note that every one-generated two-dimensional 3-power- associative algebra is commutative.
Indeed, if (u?,u) is a linear basis and v = a(v)u*+ B(v)u, w = a(w)u?+ B(w)u then vw —wv =
(a(v)B(w) — a(w)B()) (w2u — un?) = 0.

The following is the main result.

Theorem. In two-dimensional case every n-power-associative algebra, where n > 4, is
power associative.

In connection with the above Theorem it is natural to ask the following two interesting
questions about finite dimensional algebras over an algebraically closed field F.

Question 1. Is it true that at any natural m > 3 there exists a positive integer p(m) such
that if n > p(m) then every n-power-associative m-dimensional algebra is power associative?

Let 2A(m) stand for the set of all m-dimensional algebras, P2((m)-be the set of all m-
dimensional power associative algebras and P2(; .y(m) be the set of all m-dimensional algebras
which are n-power-associative at any n > [.

Question 2. Does the tower

PQl[lyoo)(m) C PQI[ZOO) (m) C PQl[gm)(m) - Pi’l[4,oo)(m) C ...

stabilize? If "Yes"will PU(m) be its stabilized term?
The questions are formulated for m > 3 case as far as at m = 2 the answers to these
questions are positive due to the above Theorem.
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Let (Q the field of rational numbers and ) be the 2-dimensional vector space over (). Consider
the following bilinear form o(x,y) = z1y; + Sxays on Q?, where x = (21, 22),y = (y1,92) € Q.
Then the pair (Q?, ¢) is a bilinear-metric space.

Definition 1. A mapping F : Q* — @Q?* will be called ¢-orthogonal (form-preserving) if
p(F(z), F(y)) = p(a,y) for all 2,y € Q.

Denote by O(2, ¢, Q) the set of all p-orthogonal transformations of Q2. It is easy to see that
every element of O(2, p, Q) is a linear transformation of Q2. O(2, ¢, Q) is a group with respect
to the composition of transformations. Let F' € O(2, ¢, Q). Then det(F) =1 or det(F) = —1.
We denote by SO(2,¢,Q) the set {F' € O(2,¢,Q)|det(F) =1}. Put U = |uyll; ;_, 5, where
up = l,ujg = w9y = 0,uge = —1. Then U € O(2,¢,Q). It is easy to see that O(2,p,Q) =
SO2,0,Q)U{HU | H € O(2,,Q)} holds, where HU is the multiplication of matrices H and
U.

Let © = (21,22) € Q. Denote by M(x1, ;) the matrix of the form TL 5T

i) T
SM(p, Q) be the set of all matrices M (zy,xs) such that det(M (z1,xs)) = 2% + 5z3 = 1.

Theorem 1. The equality SO(2, 9, Q) = SM(p, Q) holds.

Let GL(2,Q) be the group of all linear transformations of Q2. Let € be a subgroup of the
group GL(2,Q). Denote by QV Tr(2,Q) the set of all transformations H : Q* — @Q? of the
form H(z) = F(z) + a, where F € Q, a € Q. The set QV Tr(2,Q) is a group with respect to
the composition of transformations.

Let N be the set of all natural numbers and m € N,m > 1. Put N,,, = {j € N|1 < j < m}.

Definition 2. Let m € N. A mapping u : N,, — Q2 will be called an m-tuple in Q2. Denote
it in the following form u = (uq, ug, . .. uy).

Denote by (Q?)™ the set of all m-tuples in Q2. Let G be a subgroup of the group GL(2,Q)V
Tr(2,Q).

Definition 3. Two m-tuples u = (uj,ug,...uy) and v = (vy,v2,...v,) in Q? is called
G-equivalent if there exists g € G such that v; = gu;,Vj € N,,. In this case, we write v = g(u)

. Let

G
or u~"v.

Definition 4. A subset B C (Q?)™ is called G-invariant if g(u) € B for all u € B and all
g €G.
Definition 5. Let B be a G-invariant subset of (Q%)™. A function f : B — @ is called

G-invariant on B if u,v € B and u < v implies f(u) = f(v).
L1 Y1

Let [zy] denote the determinant TV of elements 7 = Y = ) € Q>

T2 Y2 T2 Y2

Since det(g) = 1 for all g € SO(2,¢,Q), we have [(gz)(gy)] = det(g)[zy] = [zy] for all g €

SO(2, ¢, Q). Hence the determinant [zy] is SO(2, ¢, Q)-invariant function on the set (Q?)2.
Definition 6. Let B be a G-invariant subset of (Q*)™. A system {f;|j € J}, where f; €

Map(B,Q)%, will be called a complete system of G-invariant functions on B if u,v € B and
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equalities f;(u) = f;(v),Vj € J, imply u S .

Denote by 6, the m-tuple u = (uy,uz,...)m € (Q*)™, where u; = 0,Vj € N,,. Define the
function D : (Q*)™ — N as follows: put D(0,,) = 0. Let u = (uy, us, - ..)m € (Q*)™ such that
u # O,,. In this case, we put D(u) = k, where k € N,, such that u; =6,Vj =1,...k—1 and

Proposition 1. Let G be a subgroup of GL(2,Q). The function D(u) is an G-invariant
function on (Q*)™.

Let u = (U1, ,Un),v = (v1,...,v,) € (Q*)™ be m-tuples such that D(u) = D(v) = 0.
Then u = v = 6,,. Hence u < v in this case. Now we consider the case D(u) = D(v) # 0.

Theorem 2. Let u = (uy,ug, ..., Uy),v = (Vi,V2,...,v,) € (Q?)™ be two m-tuples in Q?
such that D(u) = D(v) =k, where 1 <k < m.

(1) Assume that u 50229 4. Then:

(2.1). In the case k = m, the equality ¢(ug, ur) = ©(vg, vg) holds.
(7.2). In the case k < m, the following equalities hold

o (uy, Uk) = SO(Uk, Uk);

o(uk, uj) = p(vg,v;),Vi =k +1,...,m;
[ugu;] = [vpv;] Vi =k+1,...,m.

(77) Conversely, assume that the equality ¢(ug,ur) = @(vg,v) holds in the case k = m and
the above equalities hold in the case £ < m. Then, in these cases, there exists the unique
matrix F € SO(2,¢,Q) such that v; = Fu;,Vj = 1,...,m. In these cases, F' has the

following form
W((Ulmvk% *5[%%)]
F=| Gt fan )

plug,ug)  o(ug,ur)

where det(F) = (M)Q +5( [ugvi] )2 -1

o(ug,ur) o(ug,u)
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Let X be a topological Ti-space. Denote by exp,, X the set of all non-empty closed subsets
of X of cardinality not greater than the cardinal number n, i.e.

exp, X ={FecexpX:|F|<n}.

Put exp, X = J{exp, X :n=1,2,..}, exp, X = {F €expX : F iscompactin X}. It is
clear, that exp, X C exp, X C exp, X C exp X for any topological space X [1].

Definitionl. A space is a (strong) YX-space if there exists a pair {7, C} of families satisfying
the following conditions:
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1. J is a o-discrete family of subsets of X;
2. C is a cover of X by closed countably compact (respectively compact) subsets of X;

3. If C € C and U is an open subset of X such that C' C U, then C C F C U for some
Fe JH4l.

Theorem 1. If X is a paracompact ¥-space, then exp, X is also a paracompact X-space.

Definition 2. A collection F of subsets of a space X is a k-network if whenever K is a
compact subset of an open set U, there exists a finite 7/ C F such that K C JF C U. A
regular space with o-locally finite (countable) k-network is called an N-space ( Ro-space)|5].

Proposition 1. Let f : X — Y be a perfect mapping of a topological space X onto a
topological space Y. If X has a k-network of cardinality 7 > N, then Y has a k-network of
cardinality < 7 [5].

Theorem 2. A space X is an N-space if and only if exp,, X is an N-space.

Theorem 3. Hausdorff space X is an Ng-space if and only if exp,, X is an Rj-space.

Corollary 1. Hausdorfl space X is a paracompact R-space if and only if exp,, X is paracompact
N-space.
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It is known that a permutation group is the group of all permutations, that is one-to-one
mappings X — X. A permutation group of a set X is usually denoted by S (X ) Especially, if
X ={1,2,...,n}, then S(X) is denoted by S,,. Let G be a subgroup of the permutation group
Sy, (groups of all permutations of n elements) and let X be a compact. The group G acts on
the n-th power of the space X as permutation of coordinates. The set of all orbits of this action
with quotient topology we denote by SPLX. The space SPZX is called G-permutation degree
of the space X. In particular, if G = S,, then SPZX = SP"X [1].

Given amap f: X — Y, we define a map SPLf : SPEX — SPZLY by the formula:

SEPef((wr, 2, n)]) = [(f (1), f(w2), -, fan))]
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Definition 1|2|. Let X and Y be topological spaces. A function f : X — Y is said to be
T-continuous if for every subspace A of X such that |A| < 7, the restriction f|4 is continuous.

Let X and Y be topological space and let f and g be continuous mappings of X to Y.
We say that the mappings f and g are homotopic [3], if there exists a continuous mapping
F: X x[0,1] = Y such that F(z,0) = f(x) and F(z,1) = g(z) for each 2 € X. In this case
the mapping F' is called a homotopy between f and g, the spaces X and Y are called homotopy
equivalent.

Operation SP" preserves T-continuity of the mappings, i.e. the following holds.

Theorem 1. If f: X — Y is a 7-continuous mapping, then the mapping

SP"f:SP"X — SP"Y

is T-continuous.
Theorem 2. If the mappings f and g are homotopic, then SP"f and SP"¢g are homotopic.
Corollary. If X and Y are homotopy equivalent, then SP"X and SP"Y are homotopy
equivalent.
Conclusion. The above results are valid for any functor SFPj.
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Ma’lumki, bo‘sh bo‘lmagan har qanday €2 to‘plamning qandaydir to‘plam ostilaridan tuzilgan
bo‘sh bo‘lmagan ixtiyoriy a oila uchun Na C Ua bo‘ladi. Bu yerda « oilaga qo‘yilayotgan
bo‘sh bo‘lmaslik talabi muhim hisoblanadi. Agarda berilgan €2 to‘plamning bironta ham qism
to‘plamini saqglamaydigan () bo’sh oilani qarasak, boshqa barcha oilalar uchun bajariladigan
Na C Ua munosabat o‘rniga N O UP munosabat bajarilar ekan (quyidagi Teoremaning (1)
va (2) xossalaridan kelib chigadigan bu noodatiy holat — paradoks deb baholanishi mumkin).
Ushbu maqolada biz aynan shu paradoksning isbotini yordamchi xossalardan foydalanib bayon
etamiz.

Bo‘sh bo‘lmagan Z to‘plam berilgan bo‘lsin. Quyidagi belgilashlarni kiritaylik:
P(Z) — Z to’plamning barcha to‘plamostilari oilasi,
a va f — Z to’plamning qandaydir gismlaridan tuzilgan oilalar,
() — bo‘sh oila (Z ning birorta qgismini saglamaydigan oila). Bu yerda bo’sh oila () va bo’sh
to’plam & ni bir-biridan farqlash talab etiladi.
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Teorema. () va P(Z) oilalar quyidagi xossalarga ega:

(1) nd = Z.
(2) U) =w2.
(3) NP(Z) = @.
(4) UP(Z) = Z.
Teoremaning isbotini keltirishdan avval quyidagi jumlada bayon etiladigan yordamchi xossalarni
qaraylik.

Lemma. Agar o C P(Z), C P(Z) bo’lib, a C 8 bo’lsa, u holda
(yox1) Na D Np;
(yox2) Ua C Up
bo’ladi.
Isbot. Z berilgan to‘plam va uning gismlaridan tashkil topgan a va ( oilalar mos ravishda
a={A;CZ:se€ 51}, f={As C Z:s€ Sy} bolsin.
Ravshanki, agar S; C Sy bo’lsa, o C 8 bo’ladi. Masalan: S} = {1,2,3}, Ss = {1,2,3,4,5}
deb qarasak, S; C Sy bo’lib, a va 3 oilalar mos ravishda o = { Ay, As, A3}, = {A1, Aa, A3, Ay, As}
kabi bo’ladi. Bu yerda a C [ ekanligini ko‘rish qiyin emas.
« oilaning kesishmasimasi deganda

Na = ﬂAs:AlﬂAQHAg

s€ST

va (3 oila kesishmasimasi deganda esa

NB= (] As=A1N AN AN A3 N Ay N As

SES2

kesishmalar tushuniladi. Bu misolda Na D NA o’rinli ekanligi ko‘rinib turibdi. Umumiy holdagi
isbot quyidagidan iborat:

Ve € NP = Vs Sy xe A, Sg2V8651,$€A32>$€ %Aszﬁa.
s€S1

Endi (yox2) Ua C US o’rinli ekanini ko’rsatamiz.

2

VerQjHSESl,xEASSg seESy=zxe€ ggAS:U5:>U04CU5.
S 2
Lemma isbot bo’ldi.

Yuqoridagi yordamchi xossalarni qo’llab teoramani isbotlaymiz.

Isbot. (1) N0 = Z ekanini ko’rsatamiz. V3 oila uchun () C 3, (yox1l)ga ko’ra NG D NB. N0
to’plam ko’pi bilan qaysi to’plamni o’zida saqlaydi? Jumladan, 8 — oila sifatida § = {Z} ni
olsak, ) C {Z} bo’ladi. (yoxl)ga ko'ra N0 D NG = N{Z} = Z, yani N0 D Z. Bizda Z dan
katta to’plam mavjud bo’lmaganligi uchun N = Z bo’ladi.

(2) UD = @ ni o’rinli ekanini ko’rsatamiz. V3 oila uchun ) C § va (yox2)ga ko’ra U C U
o'rinli. UP to’plam kamida qaysi to’plamga qism bo’ladi? Jumladan, § = {@} ni qarasak,
(yox2)ga kora U) C UB = U{@} = & orinli, ya'ni U) C &. Bizda @ to’plamdan kichik
to’plam mavjud bo’lmaganligi uchun U) = .

(3) NP(Z) = @ ekanini ko'rsatamiz. Va oila uchun @ C P(Z) va (yoxl)ga ko'ra N D
NP(Z) bo’ladi. NP(Z) to’plam kamida qaysi to’plamga qism bo’ladi? Jumladan, e — oila deb
a={A,Z\A}, A C Z olinsa, Na = AN(Z\A) = @ bo’ladi. (yox1)ga ko'ra NP(Z) C Na bundan
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NP(Z) C & ekanligi kelib chiqadi. Bizda @ to’plamdan kichik to’plam mavjud bo’lmaganligi
uchun NP(Z) = @ bo’lib qoladi.

(4) UP(Z) = Z ekanini ko’rsatamiz. Yo oila uchun v C P(Z) va (yox2)ga ko'ra Uae C UP(Z)
bo’ladi. UP(Z) to’plam ko’pi bilan qaysi to’plamni o’zida saqlaydi? Jumladan, o — oila deb
a = {A,Z\A},A C Z olinsa, Ua = AU (Z\A) = Z bo’ladi. (yox2)ga ko'ra Ua C UP(Z)
bundan Z C UP(Z) kelib chiqadi. Bizda Z to’plamdan katta to’plam mavjud bo’lmaganligi
uchun UP(Z) = Z bo’lib goladi. Teorema isbot bo’ldi.
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PRO-SOLVABLE LIE EXTENSIONS OF GIVEN MAXIMAL
PRO-NILPOTENT LIE ALGEBRA.
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During analyzing of finite-dimensional solvable Lie algebras with given nilradical [4] we
can take a question such that the structure of finite-dimensional solvable Lie algebras can be
appropriate for an infinite-dimensional case. In order to answer this question, extensions of
some pro-nilpotent Lie algebra to pro-solvable Lie algebras with less than maximal dimension
are studied. Let L be an infinite-dimensional Leibniz algebra with countable basis. For a Lie
algebra L we define the lower central and the derived series respectively, as follows:

L'=rL, M=k ), tW=r LY =[LW ] keN
Definition 1. [2]| An algebra L is called residually nilpotent (respectively, residually solvable),
if (| L' =0 (respectively, () Ll = 0).
= =1

=1 2
Definition 2. [2| An algebra L is called pro-nilpotent (respectively, pro-solvable), if () L =
i=1

0 and dim(L/L?) < oo (respectively, if (| L = 0 and dim(L/L") < 0o) for any i > 1.
i=1
Let consider a pro-nilpotent Lie algebra with the following multiplication table [3]:

€irj, if 1—3 = 1 mod 3,
ny e, €] = 0, if 11— 0 mod 3,
—€iyy, if i—7 —1 mod 3,

Let R =n; @ @ be a pro-solvable Lie algebra, where n; is the maximal pro-nilpotent ideal
of R and @ be the complementary subspace to R.

Proposition 1. [1] The codimension of n; is not greater than 2.

In [1], the maximal pro-solvable Lie algebra with maximal pro-nilpotent ideal n; is obtained
(dim @ = 2). Here, we give pro-solvable Lie extensions of n; with less than maximal codimension,
hence dim @) = 1.
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Theorem 1. The algebra R(n;,1) admits a basis {x,ey,eq,...} such that the table of
multiplications of R(nj,1) in this basis has one of the following forms:

;

lesi—o, ] = ((1 = 1)B1 +i)esi—g + (i — 1) Iézﬁkei%k-i-?)i—&

t
Ri(n1,1,58) : § lesi—1, @] = (1 — 1+ ifB1)esio1 + @ ) Brespisi-a,
=2

t
lesi, x] = i(B1 + 1)esi +1 Y Presprsi—s, 1 €N,
\ k=2

( t

lesi—o, @] = (1 — 1)egi—a + (0 — 1) D> Bresptsi—s,
=2

¢
Ry(n1,1,8) : ¢ lesi—1, 2] = dezim1 + 1) Brespysi—a,
=2

t
lesi, x] = des; + ) PBrespysi—z, 1€ N.
\ k=2
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LOCAL DERIVATIONS ON SOLVABLE LIE ALGEBRAS WITH A FILIFORM
NILRADICAL
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Let A be an algebra (not necessary associative). Recall that a linear mapping D : A — A is
said to be a derivation, if D(zy) = D(z)y +2D(y) for all z,y € A. A linear mapping A is said
to be a local derivation, if for every x € A there exists a derivation D, on A (depending on
x) such that A(z) = D,(x). The definition of local automorphism is similar. These notions
were introduced and investigated independently by R.V. Kadison [1] and D.R.Larson and
A.R. Sourour [2]. The above papers gave rise to a series of works devoted to the description
of mappings which are close to automorphisms and derivations of C*-algebras and operator
algebras. In [2] D.R.Larson and A.R. Sourour proved that if A = B(X), the algebra of all
bounded linear operators on a Banach space X, then every invertible local automorphism of A
is an automorphism. Thus automorphisms on B(X) are completely determined by their local
actions.
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Let £ be a Lie algebra. Consider the following central lower and derived sequences:

ch=r, £ =[ehL), k>
=g, gt =gl £B] s >1.

A Lie algebra L is called nilpotent (respectively, solvable), if there exists p € N such that £P = 0
(respectively, LPI = 0). The smallest integer k such that £* = 0 is called the nilindex (or the
nilpotency class) of L.

A Lie algebra £ is called filiform, if dim£* = n —k — 1 for 1 < k < n — 1. Note that
the filiform Lie algebras have the maximal possible nilindex, n — 1. These algebras are the
"least "nilpotent.

Let n > 5 and let W, be a (n+1)-dimensional solvable Lie algebra with a basis {eq, e1, €2, ..., €,}
such that

[ei,ej] = (j - i)€i+j, 0< Z,] <n, Z+] <n.

Note that W, = [W,F, W] = span{ey, ..., e,} is the n-dimesional filiform Lie algebra which
called a Witt algebra.

Fori,j € {0,1,...,n} by A;; denote a linear mapping on W, defined on basis elements as
follows
9 if j = k?
Aij(é’k) = ‘ l ] .
’ 0, ifj#k

Set
PLocOW,) =span{A;; : 0<j<m—1,2j+1<i<n},

if n = 2m is even,
PLocOW,) = span{A;;, Ak : 0<j<m,2j+1<i<n,k=m+1,...,n},

if n=2m+11is odd.
Theorem 1. Any local derivation A on W' is uniquely represented in the form

A = ad(a) + A,

where a € span {eo,el, . ,e[ﬁ]fl} and A € PLoc(W;), [t] is the integer part of the real
2

number ¢. Moreover, the space LocDer(W.F) equipped with a Lie bracket is a Lie algebra and
PLoc(W)) its ideal.
Let n > 5 and let R\ be a (n+1)-dimensional solvable Lie algebra with a basis {eq, €1, ..., €,}

such that
[607 ei] = 7;62', 1 S .] S n,

[el,ei] = €11, 2 S 1 S n — 1,
[eg,ei] = €19, 3 S 1 S n — 2.
Denote
PLoc(R}) =span{A;;: 0<j<2,2j+1<i<n}.

Theorem 2. Any local derivation A on R, is uniquely represented in the form
A = ad(a) + A,

where a € span{eg, er,es} and A € PLoc(R;}). Moreover, the space LocDer(R;}) equipped
with a Lie bracket is a Lie algebra and PLoc(R;") its ideal.
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LOCAL DERIVATION ON SOME SOLVABLE LIE ALGEBRAS
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The notions of local derivations were introduced in 1990 by R.V.Kadison [3] and D.R.Larson,
A R.Sourour [4]. Later in 1997, P.Semrl introduced the notions of 2-local derivations and 2-
local automorphisms on algebras [2]. The main problems concerning these notions are to find
conditions under which all local (2-local) derivations become (global)derivations and to present
examples of algebras with local (2-local) derivations that are not derivations.

Investigation of local derivations on Lie algebras was initiated in papers in [1]. Sh.A.Ayupov
and K.K.Kudaybergenov have proved that every local derivation on semi-simple Lie algebras is a
derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations
which are not derivations. In this work we investigate local derivations of some solvable Lie
algebras.

Definition 1. An algebra L over a field K is called a Lie algebra if its multiplication
(denoted by (x,y) — [z,y]) satisfies the identities:

(1) [, 2] = 0,

(2) [, [y, 2]] + [y, [z, 2]] + [2, [2,9]] =0,
for all z,y, 2z € L. Identity (2) is called the Jacobi identity.

Definition 2. A linear map d: L — L of a Leibniz algebra (L, [, -]) is said to be a derivation
if for all z,y € L, the following condition holds:

d([z, y]) = [d(z), y] + [z, d(y)]-

The set of all derivations of L is denoted by Der(L), which is a Lie algebra with respect to
the commutator.

For a given element x of a Leibniz algebra L, the right multiplication operator R,: L — L,
defined by R.(y) = [y,x],y € L is a derivation. In fact, Leibniz algebras are characterized
by this property regarding right multiplication operators. As in the Lie case, these kinds of
derivations are said to be inner derivations.

Definition 3. A linear operator A is called a local derivation if for any = € L, there exists
a derivation D, : £L — L (depending on x) such that A(x) = D,(x).

For a given Leibniz algebra L the lower central and derived series defined as follows:

L'=1L, LM =[L* 1], k> 1, LW =, L =L L) s> 1,

respectively.

Definition 4. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there
exists k € N (s € N) such that L* = {0} (respectively, LI¥ = {0}). The minimal number & with
such property is said to be the index of nilpotency of the algebra L.
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Definition 5. An n-dimensional Leibniz algebra is called quasi-filiform if its index of
nilpotency is equal to n — 1.

A Leibniz algebra L is Z-graded, if L = @
a finite number of non-null spaces V;.

We say that a nilpotent Leibniz algebra L admits the connected gradation L = Vi, ®---®Vy,,
if Vi, # {0} for any i (1 < i <t).

Definition 6. The number I((®L) = [(Vy, @ -+ & Vi,) = ke — k1 + 1 is called the length of
gradation. A gradation is called of mazximum length, if [((®L) = dim(L).

We denote by (L) = max{l{(®L) such that L =V}, & --- & V}, is a connected gradation}
the length of an algebra L.

Definition 7. A Leibniz algebra L is called of maximum length if (L) = dim(L).

Theorem 1.[5] Any element of R(gj, ,,2), i = 1,2 is isomorphic to one of the following
Lie algebras:

iz Vi, where [V;, V] C Vi for any 4, j € Z with

le1, €] = €41, 2<i<n-2,
[ei, eni] = (—1)"e,, 2 <1< ”T_l, n>5 and n is odd;
[617I] - _[I761] = €1,
R(Q(ln 1)72) [€Z,$] = _[1‘761] = (Z - 2>€27 2<i1<n-—1,
len, x] = —[x,e,] = (n — 4)e,,
[elvy]: [y7€z]—6ia 2<i1<n—1,
\ [emy] = [y, en] = 26717
(le1, €] = e, 2<i1<n-—2,
iy en] = €ita, 2<i<n-—3, n>5;
[61795] = —[33, 61] = €1,
2 .
RG0n1) 2 s a] = [ ei] = (1 — 2)es, 2<i<n—1.
len, x] = —[z,e,] = 26y,
| eyl =~y el = e, 2<i<n-—-1

Now we shall give the main result concerning local derivations of solvable Lie algebra
R(an,1)’2)’ i=1,2.
Theorem 2. Any local derivation on the algebra R(géml), 2), i = 1,2 is a derivation.
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PARAMETRGA BOG‘LIQ BO‘'LGAN CHIZIQLI ALGEBRAIK
TENGLAMALAR SISTEMASI YECHIMLAR TO‘PLAMINING
PARAMETRNING BARCHA QIYMATLARIDA BO’SH YOKI BO‘SH
EMASLIGINI ANIQLASH MASALASI HAQIDA

Mamatov A.R., Zaripova N.R.

Samarqand davlat universiteti, Samarqand, O‘zbekiston,
akmm1964@rambler.ru

X={z|fi<z<f}vaY(z)={y|g. <y<g*, Az+ By = b} to'plamlar berilgan

bo’lsin.

Bu yerda o = z(J), f. = fu(J), [f*= f"(J) —n - vektor, y = y(K),g. = g.(K),g" =
g*(K) — 1 - vektor, b = b(I) —m - vektor, A = A(1,J), B = B(I, K) - mos ravishda m x n va
m x [ matritsalar;rankB =m < I, 1 ={1,2,...m},J ={1,2,...,n}, K = {1,2,...,1}.

Vx € X uchun unga mos keluvchi Y (x) to’plamning bo’sh yoki bo’sh emasligini aniqlash
masalasi qaraladi.

Masala chziqli programmalash masalasidagi tayanch tushunchasi [1] hamda maxsus shakllantirilga:
chiziqli programmalash masalalari yechimlari orqali yechiladi.

Qaralayotgan masalada

2 1 1 =1 00

bo‘lganda Vx € X uchun unga mos keluvchi Y (z) to’plamning bo‘sh emasligi qaralayotgan
chiziqli programmalash masalalarini qurish va yechimlarini aniqlash orqali bayon etiladi.
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A family v of nonempty open subsets of a topological space X is called a m-base if, for any
open subset U of the space X, there is an element of the family v lying in the set U. [1]

In [2], the concept of a weak density of a topological space was introduced. The weak density
of a topological space X is the smallest cardinal number 7 > Ny such that there is a 7w-base in
X that splits into 7 centered systems of open sets. In other words, there is a m-base B =U {
B, : a€A}, where B, is a centered system of open sets for each o€ A and | A | = 7. The weak
density of a topological space X is denoted by wd(X). If wd(X) = g, then the topological
space X is called weakly separable.
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A topological space X is called locally weakly separable [3] at a point x € X if x has a weak
separable neighborhood in X. A topological space X is called locally weakly separable if it is
locally weakly separable at each point x€ X.

A set is called canonically closed if it is the closure of its interior [1]|. Let a family {X;}ses
of pairwise disjoint topological spaces be given, that is, X,N Xy= () for s = s’. Consider the
set X = [Jses Xs and the family 7 of all sets UCX such that UNXs is open in X, for every seS.
It is easy to see that the family 7 satisfies the conditions of the topology and therefore defines
a certain topology on the set X. The set X with this topology is called the sum of the spaces
{Xs}ses and is denoted

D ses Xs or X1 @Xg D. .. @Xk if S = {1,2,..., k} [1]

Theorem 1. Let X, be a locally weakly separable space for every a€ A. Then X = & {X,:
a€ A} is also locally weakly separable.

Proof. Let z€ X be an arbitrary point. Then there is such a€A such that z,€ X,,. Since the
space X, is locally weakly separable, there exists a neighborhood Oz, C X, of the point z,,
where Oz, is weakly separable. Since the space X, is open-closed in X, then Oz, is open and
weakly separable in X. Theorem 1 is proved.

Theorem 2. Let X;C X, i = 1,2,..., n, and each X; is locally weakly separable. Then
Mi_; X is also locally weakly separable.

Proof. Let xe (), Xi be an arbitrary point. Then z€ X;, I = 1, 2, ..., n. Since the space
X; is locally weakly separable, there exists a neighborhood O!CXi such that OY such that it
is weakly separable for each i = 1,2,..., n. We put (., O.=0,. Then O, is an open set in
O!,i= 12, .., n, and by virtue of Proposition 1 from [2] we obtain that is weakly separable

x?

in (;_, Xi. Theorem 2 is proved.
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CALABI-YAU PROPERTY OF NONCOMMUTATIVE PROJECTIVE
THREE-SPACES AND YANG-BAXTER EQUATION

Mizomov 1.E
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We give a new characterization of Koszul Calabi-Yau algebras. To this end we use results of
Beidar, Fong and Stolin on description of symmetric Frobenius algebras by means of solutions
of quantum Yang-Baxter equation

QIZ o Q13 o Q23 — Q23 o QIS o Q12 (1)

We apply this characterization to give another proof of the Calabi-Yau property for noncommutative
projective three-spaces.
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Let A := kg, [xo, 1, T2, x3] be the skew polynomial ring generated by xg, z1, 22, x5 subject to

the relations
—1)*
qi+3 1)
Tilit1 = Tiy124,

qi4-2

(=1)

qi+1

TiTiyo = TitoTg
qi+3

where qq, ..., q3 € C* satisty H?:o ¢; = 1, and again the indices are taken modulo four.

The monomials of the form z{’z 25225 clearly form a basis for A, and hence A has the same

Hilbert series as the polynomial ring.
The algebra A is Koszul and its Koszul dual agebra A' is generated by &, &1, &, €3 with the
following relations

§==6==0
6160+ Bty = 6060+ Ltoty = 660 + Lty — 0
q2 q3 q1

&6 + @5152 = &6 + @5153 = &6 + ﬂ{g{g =0
qo0 q2 qo

From these relations, we obtain A' is isomorphic to a graded algebra spanned by

1, 8,8, &, &, &0ty Sob2, §083,8182, §183, §2835 08182, §08183 5 §028s 5 £16283 , 0816283

Theorem 1. The skew polynomial ring is a Koszul Calabi-Yau algebra with

Q = 1® 1665 — & ® E16als + %& ® Eobals — %52 ® Eobals + &3 © &o6aly
b ®REEs — %5052 ® 165 + %5053 ® 616y + %5@ ® €0y — %&53 ® Eoby + £a63 ® &0
—&&6&E R E+ %fa&&% ® &y — %505253 ® &1+ 616283 @ o + £0616283 @ 1.

a solution of the quantum Yang-Baxter equation.
Now we consider the following algebra generated by xg, 1, 2, x3 subject to the following
relations
T1To = Ty , Taly = Py ToTz, T3To = PoLoT3
ToTy = PIa1T2, T3Ty = Py T1T3, T3Tz = Py P12zt + F
where I’ a quadratic polynomial in zy and x;. These relations are readily seen to be of the form
described by Cassidy, Goetz and Shelton in |2, Theorem 1.1|. In particular, they have defined

Koszul, Artin-Schelter regular algebra with the Hilbert series (1 —¢)~*. A computer calculation
shows that this algebra will be Calabi-Yau exactly when

F = (p1 = po)(xg + Azory + 1) + (1 — po)ag + (pf — D)ai

for some A\ € C.
Its Koszul dual algebra A' is generated by 19, 11, 12, n3 with the following relations

Mo+ (p1—po+ 1 —po)msme = mi + (p1 — po + 1 — V)msme =15 =13 = 0,
mmno + non + A(p1 — po)nsne = M2no + PoMoNe = N3Mo + p61770773 =0
N2 +P1_1771772 = N3 + p1mns = pim3n2 + pornne = 0.
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From these relations, we obtain A' is isomorphic to a graded algebra spanned by

Ly mo, mus M2, M3, Mome, MoN2, MoM3, MMz, N3, M2M3 5 N2, MoMn3 , MoN2h3 > Nin21)3 5 MoTi727)3.

Theorem 2. The algebra is a Koszul Calabi-Yau algebra with
b
Q= 1®@nommn2ns — no @ mnans + M @ Nonzns — p—1772 @ Nomins + N3 @ Mot
0

1 1
+101m1@N2M3 — P1MoN2 @ MmNz + p—7]0773 @ mng + p—nmz & MoN3 — P111M3 @ NoM2 + N2M3 @ Mo
0 0
D
— Nomn2 ¥ n3 + p—1770771773 @ M2 — NoN2nz @ M+ mn2nz @ Ny + Nomnenz @ 1.
0

a solution of the quantum Yang-Baxter equation.
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MUHAMMAD IBN MUSO AL-XORAZMIYNING ALGEBRASIDAGI
"KASALLIKDA UYLANISH HAQIDAGI BOB"I XUSUSIDA

Narmuratov N. K.!
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Shariat va islom huqugshunosligi meros tagsimlashda "ham farz, ham qarz"masalasini qonuniylash:
uringan bo’lsa ham, aslida, hayotda kvadrat tenglamalarni yechish bilan bog’liq bo’lgan ancha
murakkab masalalar yuzaga kelar edi. Bunday hollarda masalani hal qilish qozilarning qo’lidan
kelmay, ular ilm mutaxassislariga, xususan, matematiklarga murojaat qilishga majbur bo’lardilar.
Xorazmiy algebrasi, aynigsa, uning "vasiyatlar kitobi"qismi, shunday masalalarni hal qilishga
mo’ljalangan birinchi qo’llanma desak bo’ladi. Keyinchalik islom mamlakatlarida vasiyat va
meros masalalari "ilmi faroiz"nomi bilan ataluvchi alohida fan sifatida shakllandi. Bu fanga
oid "Hulosatul hisob"nomli yirik asarnni XVI asrda yashagan suriyalik matematik Bahouddin
al-Omiliy yozgan.

Ushbu maqolamizda Xorazmiy algebrasi ("Al-kitov al-muhtasar fi hisob al-jabr val-muqobala-
"Aljabr almuqobala hisobi hakida qisqacha kitob"[2].)ning kasallikda uylanish haqidagi bob"i
va uning fan tarixidagi o’rni xususida to’xtalmoqchimiz.

Islom dinida vorislik huquqi shariatga ko’ra belgilangan bo’lib, unga Qur’oni sharifdagi
"Niso"surasining 11-, 12- va 176- oyatlarini asos qilib olingan [1]. Bu oyatlarning mazmuniga
ko’ra, qonuniy vorislar va ularga tegadigan ulushlar quidagicha bo’ladi:

1. Voris - farzand. O’g’ilning ulushi qizning ulushidan ikki baravar ko’p bo’ladi.
2. Voris - er. Agar vafot etgan ayolning farzandlari bo’lmasa, u holda unga merosning yarmi,
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agar farzandlari bo’lsa, u holda merosning to’rtdan biri tegadi.

3. Voris - xotin. Agar vafot etgan erkakning farzandlari bo’lmasa, u holda unga merosning
to’rtdan biri, agar farzandlari bo’lsa, u holda unga merosning sakkizdan biri tegadi. Agar
vorisning xotinlari ikki va undan ortiq bo’lsalar, ular merosning uchdan ikkisiga teng sherik
bo’ladilar.

4. Voris - ota-ona. Agar vafot etgan erkak yoki ayolning farzandlari bo’lmasa, u holda merosning
uchdan biri onasiga, qolgani otasiga tegadi. Agar vafot etganning aka yoki uka va opa yoki
singillari bo’lsa, u holda merosning oltidan biri onasiga, qolgani otasiga tegadi. Agar vafot
etganning farzandlari bo’lsa, u holda ularning har biriga merosning oltidan biri tegadi.

5. Voris - aka-uka va opa-singil. Agar vafot etgan erkak va ayolning ota-onasi bo’lmasa, u holda
ular meros tagsimlashda voris sifatida ishtirok etadi. Agar vafot etganning farzandlari bo’lib,
voris bitta bo’lsa, u holda unga merosning oltidan biri tegadi. Agar vorislar bittadan ortiq
bo’lsalar, u holda ular merosning uchdan biriga teng sherik bo’ladilar. Agar farzandsiz yolg’iz
erkak (ayol) vafot etgan bo’lsa, opa yoki singil (aka yoki uka) merosning yarmini (hammasini)
oladi. Agar opa-singillar soni ikkitadan ortiq bo’lsa, u holda ularga akasi yoki ukasining merosini
uchdan ikkisi tegadi. Agar vorislar aka yoki uka va opa yoki singil bo’lsa, u holda ularga meros
tagsimlash erkakning ulushi ayolning ulushidan ikki baravar ko’p bo’lishlikka asoslanadi.

Izoh: Vorislarga yuqorida aytilgan barcha ulushlar vafot etganning vasiyat va qarzlari
ado etilgandan so’'ng taqgsimlanadi. Bundan tashqari, vorislik huquqgiga vafot etgan kishining
vasiyatnomasida qayd qilingan kishilar ham ega bo’lishi mumkin. Bunday vorislarga vasiyat
bo’yicha voris deyiladi. Shariat huquqiga ko’ra, vasiyat bo’yicha vorislarga merosning uchdan
birigacha ulushni vasiyat etish durust bo’ladi. Qonuniy vorislarga tegadigan merosni zaruriy
yoki kerakli meros deyiladi.

Xorazmiy masalasi: Bir kishi o’ladigan kasal bo’la turib, bir ayolga yuz dirhamga uylandi
va uning bundan bo’lak moli yo’'q edi, ayolning 0’zi baravar mahri o’'n dirham edi.So’ngra ayol
o’ldi, u molining uchdan birini vasiyat qilgan edi. Keyin eri o’ldi.

Ayol vasiyat qilayotgan narsani x desak, mahri bilan birga 104z ,bo’ladi, erining qaramog’idagi
pul esa 100 — (104 ) = 90 — x bo’ladi. Ayol 0’z molining uchdan birini vasiyat qilishi mumkin,
bu % - (10 + z) bo’ladi. Eriga undan qolganining yarmi, ya’ni % - (10 + z) tegadi, qolganining
ikkinchi yarmini ayolning vorislari oladi. Shuning uchun erining vorislariga 90 — = + % (104 x)
tegadi. Boshqa jihatdan, xotin eridan qolganning faqat uchdan biriga egalik qilishi mumkin
bo’lgani uchun erining vorislariga 2z tegadi. Shuning uchun 90 — z + % - (10 + z) = 2z, ya'ni
x = 35 bo’ladi [2],[3].

Xorazmiy algebrasida yana shunday masalalardan 3 tasini keltirilgan.

Xorazmiy ko’rayotgan bu turdagi masalalarda "davr taqozasi" yoki "peshonadagiga" ko'ra
masalada ishtirok etuvchi shaxslarning o’rni almashinib qolishi mumkin, ya’ni vasiyat qgilayotgan
kishi kutilmagan sharoitga unga vasiyat qilinayotgan kishining o’rnida bo’lib qolishi mumkin.
Masalan, o’ladigan kasal - vasiyat giluvchi kishi o’lmay, to’satdan unga vasiyat qilinayotgan kishi
o’lib qolishi masala shartlarining o’zgarilishini talab qilgan. Yevropada bu turdagi masalalar
"dov bo’linishi"haqidagi masalalarga olib kelgan bo’lib, bu masalalar ehtimollar nazariyasining
yuzaga kelishida muhim rol o’ynagan [4].
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TRACE IDENTITIES IN THE COORDINATE RING OF THE
CALOGERO-MOSER SPACE (C,

Normatov Z.
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Let M,, := M, (C) be the space of all n x n matrices over C. The Calogero-Moser spaces
C, are algebraic varieties parametrizing the conjugacy classes of pairs of n x n matrices (X,Y)
such that [ X, Y]+ I,, has rank 1 | i.e.,

C, = {(X,Y) € M, x M, | rank([X,Y] + I,) = 1}//GL,,

where I, is the identity n x n matrix.

Named after a class of integrable systems in classical mechanics, these varieties play an
important role in several areas, especially in geometry and representation theory. It is known
that C,, is a smooth irreducible affine algebraic variety of dimension 2n [2]. It is also rational
and carries a symplectic structure [1].

We find some relations between the generators of the coordinate ring of the Calogero-Moser
space Cy.

The minimal generating set of the coordinate ring of Calogero-Moser space Cy is given in
[3]. We make the following notations for generators:

a; = Tr(X), ag = Tr(Y), a3 = Tr(A?), ay = Tr(AB), a5 = Tr(B?),
ag = Tr(A%), ay = Tr(A%B), ag = Tr(AB?), ag = Tr(B?),
aro = Tr(A*), a; = Tr(AB), a1 = Tr(A%B?), a3 = Tr(AB?), ay = Tr(BY),

where A = X — %la1]4, B=Y — %CLQI4



119

Theorem Let (X,Y) € Cy. Then the following identities hold

0= —a§a5 + &3(1?1 + 2asa12 — 4asa11 + 2a5a19 + 2aas — 2a$ + 8as,

0 = —aszaqas + ai + 2asa13 — 4asa10 + 205011 + agag — arag — 4ay,

0= —aga?) + aia5 + 2asa14 — 4aqa13 + 2asa12 + 2a7a9 — 2a§ + 8as,

0= —3a§a8 + 6azaqar + azasag — 4aia6 + 12a¢a12 — 24aza1; + 12aga19 + 48ag,
0 = asasag — 4aiag + 6asasag — 3a§a7 + 12ar7a14 — 24agai3 + 12a9a12 + 48ay,
0= —a§a9 + 3asasa; — 2a4a5a6 + 8agaiz — 12ara19 + 4agaqyg,

0 = —2asza4a9 + 3azasag — agaﬁ + dagais — 12aga19 + Sagaqy,

0= 3a§a5 — 3a§ai — 12a§a12 + 24aza4a17 — 6asazaqg + 2asa6ag — 6aia10
— daqsagar + 2a5a§ — 6a§ + 24a19a19 — 24a%1 + 24a4,

0= Sagag — Saiag — basasais + 2a3a3 — 6aia14 + 24aqa5013 — dasagag
- 12a§a12 + 2asara9 — 6a§ + 24a192a14 — 24af3 + 24a14,

0 = 4aqasa6 — 3azasa7; — 12&2@7 + 18aszasag — 7a§ag + 12aqa1g
— 24agaq1 + 12a7a19 + 48a7,

0 = 4asasa9 — 3aszasag — 12@2@8 + 18asasar; — 7a§a6 + 12aga14
— 24a7a13 + 12agaq5 + 48as,

0= 3a§a4a5 — 3a3ai — 3a§a13 — 3azasaq2 + 3azasai; + 2asagag + 12@2(111
- 9(14&5&10 - 4@4&60,8 + 2&5&607 + 12@30,4 + 12&1()@13 - 12&11@12 - 48@11,

0= 3a3a4a§ — 3aia5 — 9asasaq4 + 3asazaz + 2aszagag + 12aia13 — 3asasaqs
— 4@4&7&9 — 3&%@11 + 2@5&6619 -+ 12@4&5 + 12&11&14 — 12@12@13 — 48&13,

0= a%ag + agai% — 2aj11 — a§a14 — basaqaiz + 2asasa12 + 2asza7a9 + 10aia12
— 2aq4a5aq1 — 4dagarag — 3a§a10 + 2a5a$ + 10aszas + 32ai + 4daipa14 + S8aiiaqs
— 1242, — T2a5 — 96,

0= a§a14 - 4@3@4@13 + 2(13&5&12 + 4&2&12 - 4@4@5@11 + agalo + 12@3@5

— 4&10(114 -+ 16&11@13 — 1261,%2 — 480,12.
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We know that in recent years a lot of work on non-associative algebras has been published.
The algebraic classification (up to isomorphism) of algebras of dimension n from a certain
variety defined by a certain family of polinomial identities is a classic problem in the theory
of non-associative algebras. There are many results related to the algebraic classification of
small-dimensional algebras in the varieties of Lie, binary Lie, Leibniz and many other algebras
[1-3].

Binary Leibniz algebras were first organized in the article [4]. Note that the binary Leibniz
algebras are generalization of Leibniz algebras. It is known that all complex Leibniz algebras
are classified up to dimension four [3, 4]. The description of five-dimensional nilpotent Leibniz
algebra can be find in [5].

This work is devoted to the central extension of 4-dimensional binary Leibniz algebras. We
consider 4-dimensional Leibniz algebra with three dimensional center and show that any central
extension of this algebra is a Leibniz algebra.

Definition. L is called a binary Leibniz algebra if the algebra formed by any two generators
of the algebra L is a Leibniz algebra.

In [5] it is proved that binary Leibniz algebra is defined by the following identities:

Loz, [y, 2]| = [z, 9], 2| + |z, 2], y| + |y, [x, ]| — |y, =], 2| + ||y, 2], 2| =0,

2. x,[y,z] - [x>y]’z + [ZE,Z],y + Za[yal‘] - [Z,y],I + [Z,ZL’Ly =0,

3. Z, [ya [thH] - HZL',?/], [thﬂ + H$, [Z,tH,y} + ["L‘7 [ta [Z,y]H - [:L",t], [ZayH + H"L‘v [Zvy“?ﬂ+
[z, [y, [, 8] = [[z.9), [, 8] + [[2, [z, 8] u) + [2 1t [z 0]]] = [[2 8], [, )] + [[2 2, 0]), 8] =0,

It is obvious that any two-generated binary Leibniz algebra is a Leibniz algebra. Thus, in
non-Leibniz binary Leibniz algebras, there should be at least three generators. Moreover, any
2-step nilpotent binary Leibniz algebra is also a Leibniz algebra. Therefore, non-Leibniz binary
Leibniz algebras should be at least three generators and nilindex greater than 3.

We consider following 4-dimensional Leibniz algebra with three dimensional center

LQ@C2 : [61,61]:62.

Since the algebra Ly @ C? has a nilindex 3 and three-generated its central extension will has
a nilindex 4 and three generated.

Theorem. Any central extension of 4-dimensional binary Leibniz algebra L, @ C? is a
Leibniz algebra.
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TOG‘RI CHIZIQ VA TEKISLIKLAR MINKOVSKIY AYIRMASI HAQIDA

Nuritdinov J. T.
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To‘plamlarning Minkovskiy ayirmasi amali zamonaviy geometriyaning ko‘pgina sohalarida
muhim ahamiyatga ega. Ba’zi chegaralangan to‘plamlar ustida Minkovskiy amallarini bajarish
gonuniyatlari [2,3] ishlarda o‘rganilgan. Chegaralanmagan to‘plamlar ustida, hususan tog‘ri
chiziq va tekisliklar Minkovskiy yig’indisi masalalari D.Velichovaning ishlarida yoritilgan|1].
Lekin chegaralanmagan to‘plamlar Minkovskiy ayirmasi qanday topilishi haqida adabiyotlarda
uchramaydi. Quyida to‘g‘ri chiziglar va tekisliklar Minkovskiy ayirmasiga doir ba’zi
teoremalarni keltiramiz.

1-ta’rif. n o‘lchovli R™ Evklid fazosida berilgan ikkita P va @) to‘plamlarning Minkovskiy
ayirmasi deb, quyidagi to‘plamga aytiladi:

D="Pr:Q={xeR"z+Q C P}.

1-teorema. Agar P va () lar koordinata boshidan o‘tmaydigan R" fazodagi parallel to‘g‘ri
chiziglar bo‘lsa u holda ularning Minkovskiy ayirmasi berilgan to‘g‘ri chiziglarga parallel to‘g‘ri
chiziq bo‘ladi.

Isbot. Aytaylik D = P=(@) bo‘lsin. Bu to‘plamga tegishli ixtiyoriy a € R™ nuqtani olamiz,
ya'ni a € P*(@), u holda Minkovskiy ayirmasining ta‘rifidan a 4+ () C P ekanligi kelib chiqadi. @
va P to‘plamlar R"da parallel to‘g‘ri chiziglar bo‘lgani uchun a + ) = P tenglikni yoza olamiz.
Bu degani () to‘g‘ri chizigning a vektor bo‘ylab parallel ko‘chirishdagi obrazi P to‘g'ri chiziqqa
teng ekanligini anglatadi. a nuqta D to‘plamning ixtiyoriy nuqtasi bo‘lganligi uchun D+4+Q = P
tenglikni yoza olamiz. [1, Proposition 3.1.] ga ko‘ra va @Q || P ekanligidan, @ || P || D ekanligi
kelib chigadi.

2-teorema. Agar P va @ lar R" fazodagi parallel to‘g‘ri chiziglar bo‘lib, () to‘g'ri chiziq
koordinata boshidan o‘tsa, u holda P*() Minkovskiy ayirma P to‘g‘ri chiziqdan iborat bo‘ladi.

Isbot. Aytaylik D = P*() bo‘lsin. Bu to‘plamga tegishli ixtiyoriy ¢ € R™ nuqgtani olamiz,
ya'ni a € P2Q, u holda a + @Q C P bo‘ladi. ) va P to‘plamlar R"da parallel to‘g'ri chiziglar
bo‘lgani uchun a + ) = P tenglikni yoza olamiz. a nuqta D to‘plamning ixtiyoriy nuqtasi
bo‘lganligi uchun D + @) = P tenglikni yoza olamiz. () to‘g‘ri chiziq koordinata boshidan
o‘tgani uchun koordinata boshini o'z ichiga oladi, ya‘ni 0(0, 0, ...,0) € @ bo‘ladi. Shuning uchun
D + o= P, bundan D = P ekanligi kelib chigadi.

3-teorema. Agar P va Q lar R" fazodagi parallel to‘g‘ri chiziglar bo‘lib, P to‘g‘ri chiziq
koordinata boshidan o‘tsa, u holda P*() Minkovskiy ayirma Q to‘g‘ri chiziqqa koordinata
boshiga nisbatan simmetrik bo‘lgan to‘g‘ri chizigdan iborat bo‘ladi.

Isbot. Aytaylik D = P*(@) bo‘lsin. Bu to‘plamga tegishli ixtiyoriy a € R™ nuqgtani olamiz,
ya‘ni a € P2, u holda a + Q C P bo‘ladi. () va P to‘plamlar R™ parallel to‘g‘ri chiziglar
bo‘lgani uchun a + @ = P tenglikni yoza olamiz. a nuqta D to‘plamning ixtiyoriy nuqtasi
bo‘lganligi uchun D + Q = P tenglikni yoza olamiz. ) to‘g‘ri chiziq koordinata boshidan
o‘tgani uchun koordinata boshini o‘z ichiga oladi, ya‘'ni 0(0,0,...,0) € P bo‘ladi. Demak, har
bir a(z!, 22, ...,2") € @ nuqgta uchun D to‘plamda shunday a'(—z', —2?, ..., —2") € D nuqta
topiladiki a + a’ = o tenglik bajariladi va aksincha. Demak, D to‘g‘ri chiziq berilgan @ to‘g‘ri
chiziqqa koordinata boshiga nisbatan simmetrik ekan.

Yuqoridagi ta'rifdan va teoremalardan bir-biriga parallel bo‘lmagan to‘g‘ri chiziglarning
Minkovskiy ayirmasi bo‘sh to‘plamdan iborat bo‘lishi kelib chiqadi. Endi n o‘lchovli fazoda
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berilgan tekislik va to‘g‘ri chiziqlarning Minkovskiy ayirmasi haqidagi quyidagi teoremalarni
ko‘rib o‘tamiz.

4-teorema. Agar a- R” fazodagi koordinata boshidan o‘tmaydigan tekislik va P - shu
fazoda « tekislikka parallel biror to‘g‘ri chiziq bo‘lsa ularning Minkovskiy ayirmasi a* P yana
shu « tekislikka parallel tekislikdan iborat bo‘ladi.

Isbot. Aytaylik f = a* P bo'lsin, ixtiyoriy a € a* P nuqta uchun a+ P C a munosabat o‘rinli
bo‘ladi. P to‘g'ri chiziq « tekilikka parallel bo‘lgani uchun bu munosabatni qanoatlantiruvchi
a nugta mavjud. a nuqta § to‘plamning ixtiyoriy nuqtasi bo‘lgani uchun va P to‘g‘ri chizigni «
tekilikning istalgan nuqtasiga parallel ko‘chirish mumkin ekanligidan g+ P = « tenglikni yoza
olamiz. |1, Proposition 3.4.] ga ko‘ra B to‘plamning « tekislikka parallel tekislik ekanligi kelib
chigadi.

1-natija. Agar a- R" fazodagi koordinata boshidan o‘tmaydigan tekislik va P - shu fazoda
« tekislikda yotuvchi biror to‘g'ri chiziq bo‘lsa ularning Minkovskiy ayirmasi a* P yana shu «
tekislikan iborat bo‘ladi.

5-teorema. Agar «, - R" fazodagi koordinata boshidan o‘tmaydigan parallel tekisliklar
bo‘lsa, ularning Minkovskiy ayirmasi a*f berilgan tekisliklarga parallel tekislik bo‘ladi.

6-teorema. Agar o va ( lar R" fazodagi parallel tekisliklar bo‘lib, 5 tekislik koordinata
boshidan o‘tsa, u holda a*3 Minkovskiy ayirma « tekislikdan iborat bo‘ladi.

7T-teorema. Agar o va [ lar R" fazodagi parallel tekisliklar bo‘lib, « tekislik koordinata
boshidan o‘tsa, u holda a*f Minkovskiy ayirma [ tekislikka koordinata boshiga nisbatan
simmetrik bo‘lgan tekislikdan iborat bo‘ladi.

Beshinchi, oltinchi va yettinchi teoremalarning isboti yuqoridagi birinchi, ikkinchi, uchinchi
teoremalar isboti kabi ko‘rsatiladi. Bu isbotlarning asosida ikki parallel tekisliklarning
Minkovskiy yig‘indisi natijasida shu tekisliklarga parallel tekislik hosil bo‘lishligi yotadi.
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THE LOCALLY LINDELOF PROPERTIES OF THE HATTORI SPACES

Ortikboyeva N. Z

National University of Uzbekistan named after Mirzo Ulugbek, Tashkent, Uzbekistan
e-mail: ortighboyevan95@gmail.com

Definition 1.[1]. Let A be a subset of R of the real number. Defined the topology 74 on
R as follows:
For each x € A, {(z — e,z +¢) ;e > 0} is the neighborhood base at x.
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For each x € R\ A, {[z,z 4+ ¢) ;& > 0} is the neighborhood base at .

Then (R, 74) is called H-space. The point x is called an R-point, if z € A, otherwise, x is
called an S-point.

Definition 2 . [2]. We say that a topological space X is a Lindelof space or has the Lindelof
property, if X is regular and every open cover of X has a countable subcover. Clearly, a regular
space X is a Lindelof space if and only if every open cover of X has a countable refinement.It
follows from the definitions that every compact space is a Lindelof space.

Definition 3.[3]. X space is called local Lindelof, of it is found such neighbourhood of any
point of this space, it must be possible to separate countable cover from the any open cover of
the neighbourhood.

Theorem 1. [4]. H(A) is locally compact if and only if R\ A is closed in R and discrete in
S.

Proof: We again replace R by [0, 1] . Since H(A) is dense in K(A), the space H(A) is locally
compact if and only if it is open in K (A), which is equivalent to say that A is open in R and
R\ A is descrete in S (see the comment after the definition of the space K(A) ).

The following question is posed in [3]. What is the space H(A) if R\ A is countable and
closed in 7 Of course, A is open in R if and only if H(A) is locally compact at every = € A, but
in general there is no topological property of H (A), in dependent from A, which is equivalent
to the fact that R\ A is countable and closed in R.

Theorem 2. H(A) is locally Lindelof space if and only if R\ A is closed in R and discrete
in S.
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KO‘PXILLIKDA CHIZIQLI BOG‘LANISH VA UNING XOSSALARI

Saitova S.S., QayumovaS.N.

National University of Uzbekistan , Tashkent, Uzbekistan
sitoraa.qayumovaa@mail.ru

Bugungi kunda ko’pchilik aniq fanlar, shu jumladan matematik tushuncha va nazariyalar
jamiyatdagi jarayonlardan ancha uzilgandek. Lekin aslida unday emas. Ma’lumki, matematik
formula va asosiy tushunchalar masalaning to’liq yechimini topishga qaratilgan. Jamiyatda ham
insonlar mukammallikka intiladi, demak biz fandagi qonuniyatlar asosida jamiyatda harakat
qilsak, jamiyat taraqqiyoti jarayonlarini sof ilmiy kuzatishimiz mumkin. Avvalgi tezisimizda
ko’pxilliklarga oid asosiy matematik tushunchalarni jamiyatdagi jarayonlarga interperitatsiya
qilgan edik. Quyida shu mavzuni davom ettiramiz.
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Bizga M va N silliq ko’pxilliklar berilgan bo’lsin, ¢ : M — N akslantirish diffeomorfizm
bo’lishi uchun, ¢ akslantirish silliq, teskarisi mavjud va silliq bo’lishi kerak. ¢ : M — N
diffeomorfizm mavjud bo’lsa, M va N ko’pxilliklar diffeomorf ko’pxilliklar deyiladi.

v : a,b] — M silliq akslantirish, boshi v(a), oxiri 7(b)bo’lgan M ko’pxillikda berilgan yo’l
deyiladi.

M silliq ko’pxillikda v : [a,b] — M yo’l berilgan bo’lsin. v(t) € M, t = tg,p = y(to),p € M.
p nuqta atrofida aniqlangan Vf silliq akslantirish uchun ~ yo’lning ¢t = ¢, nuqtasidagi urinma
vektori v'(f) = @h:tm ~'- M ko’pxillikning p nuqtasidagi urinma vektori deyiladi.

M ko’pxillikdagi p nugtadan o’tuvchi barcha yo’llarning urinma vektorlaridan tashkil topgan
chiziqli fazo p nuqtadagi urinma fazo deyiladi va 7,,M kabi belgilanadi. Urinma fazo o’lchami
ko’pxillik o’lchami bilan bir xil bo’ladi: dim 7,,M = dim M.

Vektor maydon deb X, : p — X, (X, € T,M) akslantirishni qaraymiz, agar vektor maydon
akslantirish sifatida silliq bo’lsa, u holda vektor maydon silliq vektor maydon deyiladi.

Yuqoridagi tushunchalarni jamiyatdagi jarayonlarga interperetatsiya qilamiz. Jamiyatdagi
shaxslar uchun urinma vektorlar tanlangan shaxsning "fazilat"va "illatlari"bo’ladi. Har bir
inson 0’z fazilat va illatlariga ko’ra v chiziq bo’ylab hayot yo’lini yuradi. Yuqoridagilarga ko’ra,
vektor fazo sifatida har bir inson dunyoqarashini olishimiz mumkin.

M silliq ko’pxillikda Vakslantirishni aniqlaylik: V : T,M x T,M — T,M(p € M) ;X, Y,Z
silliq vektor maydonlar va f,h funksiyalar berilgan bo’lsin. V akslantirish uchun

1) VixinZ = [(VxZ) + MVy Z)

2)Vx (fX +hZ) = fVxY+hVxZ+(X )Y +(Xh)Zshartlar qanoatlantirilsa V- kovariant
differensial yoki chizigli bog’lanish deb ataladi: V : (X,Y) — VxY.

Jamiyatda insonlar dunyoqarashi, fikrlashi orqali o’zaro muloqotga kirishadi va ma’lum
bir jabhalarda ikki va undan ortiq inson fikrlari orqali biror to’xtamga kelinib, masalalar hal
etiladi. Ya'ni, insonlar dunyoqarashi o’rtasida V chiziqli bog’lanish kabi bog’liqlik mavjud.
Va bu bog’liglik chizigli bog’lanishning 2 ta shartini qanoatlantiradi. Jamiyatda ikki inson
boshqga inson bilan biror masalada muloqotga kirishganda ularning ikkalasining ham asosiy
magqsadi bitta bo’lgani bilan lekin sabablari turli xil (ya'ni f va h funksiyalar) bo’lishi mumkin
va ularning muammolarini hal gilish uchun uchinchi inson ikki shaxsning har biriga o’ziga xos
tarzda yondoshsa asosiy masala hal bo’ladi.

M-silliq ko’pxillik, V- chiziqli bog’lanish bo’lsa, quyidagicha aniqlangan (1,3) tipdagi tenzor
riman egriligining tenzori deyiladi:

R(X,Y)Z =VxVyZ = VyVxZ -V xyZ.

Mos ravishda buralish tenzori: T(X,Y) = VxY — Vy X — [X,Y] (1,2) tipdagi tenzordir.

Agar T=0 bo’lsa, V- simmetrik bog’lanish (buralishsiz bog’lanish) deyiladi.

Riman egriligining tenzori shaxslar fikrlash farqining ko’rsatkichini ifolasa, buralish
tenzorlari fikrlashdagi ziddiyatlar ko’rsatkichini ifodalaydi. Agarda buralish tenzori 0 ga teng
bo’lsa bog’lanish simmetrik bog’lanish edi. Demak, jamiyatda simmetrik bog’lanishda aynan
biror vaziyatda ikki inson dunyoqarashi o’zaro moslashgan bo’lib, fikrlari o’rtasida keskin
ziddiyatlar yuzaga kelmaydi va masalalar ham oson hal etiladi.

(M,g)-riman ko’pxilligidagi g metrik tenzor va V uchun

(Vxg) (X, Z) = X(g(Y,2)) — g(VxY,Z) — g(Y,VxZ) = 0 tenglik bajarilsa, (M,g) da
Vchiziqli bog’lanish moslashgan deyiladi

Teorema.[3] (M,g) da quyidagi shartlarni qanoatlantiruvchi Vchizigli bog’lanish mavjud:

1) V-simmetrik;

2) V- g bilan moslashgan

bunday bog’lanish Levi-Chivita bog’lanishi deyiladi.
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Levi-Chivita bog’lanishi quyidagi xossalarga ega:

1) Koszul formulasi:

2g (VX}/, Z) = X(g(Y7 Z)) + Y(g(Xv Z)) - Z(g(Xv Y)) + g([Xv Y] 7Z) + g([Zv X} ’Y) -
o(Y, Z), X)

2) Biyanki ayniyati:

R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0

(VxR)(Y,Z, W)+ (VyR)(Z, X, W)+ (VzR)(X,Y,W) = 0.

Xulosa qilsak, har ganday jamiyatda insonlar dunyoqarashi o’rtasida o’zaro bog’liqlik
mavjuddir. Jamiyat a’zolari bog’liqlikda o’zaro bir-birlarining fikrlarini inobatga olib harakat
gilsalar jamiyat yanada taraqqiy topib boradi.
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INVARIANTS OF m-TUPLES FOR THE GROUP OF
SPECIAL-ORTHOGONAL IN THE TWO-DIMENSIONAL
BILINEAR-METRIC SPACE WITH THE FORM z,y; + 1322yo OVER THE
FIELD OF RATIONAL NUMBERS
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Let Q? be the two-dimensional vector space over the field @ of rational numbers. For a =
(ar,as),b = (by,by) € Q2 we put o(a,b) = ayb; + 13asby. Then o(x,y) is a bilinear form on
Q? and (Q?, o) is a two-dimensional bilinear-metric space over @. Denote by M, the following
matrix ( Zl _23@ > Put SO(0,Q) = {M,|a € Q* a # 0}. The set SO(o, Q) is a group with

2 1
respect to the multiplication of matrices. The group SO(o, @) is an analog of the group of all
special-orthogonal in the two-dimensional Euclidean space.

Let N be the set of all natural numbers and m € N. Put N,, = {k € N|1 <k <m}.
A mapping u : N,, — Q? will be called m-tuple in Q2. Denote it in the following form
u = (u1,us,...Uy), where u; € Q*Vj € N,. Two m-tuples u = (uy,uz,...uy,) and

v = (v1,v2,...0y,) are called SO(o,Q))-equivalent if there exists H € SO(o,Q) such that

v; = Hu;,Vj € N,,. This equivalence denoted by u S0 v. A function f: Q? — Q is called

SO(o, Q)-invariant on Q* if f(Ha) = f(a),Ya € Q*,VH € SO(0,Q). For a = (ay,as),b =
(b1,b) € Q% put [ab] = aybs — asby. Functions o(a,b) = aib; + 13asbs and [ab] = a1by — asb,
are SO(o, Q)-invariant functions for all a,b € Q? such that a # 0, # 0.

Let u,v € Q2 In the case u = 0,v # 0, they are not SO(c,Q))-equivalent. In the case
u # 0,v # 0, they are SO(0o,Q))-equivalent. In the case u = 0,v = 0, they are SO(0,Q))-
equivalent.
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Theorem 1. Let u = (uy, us, . .., Up),v = (V1, V2, . . ., V) be two m-tuples in Q? such that

uy # 0,v1 # 0, where m > 1. (i). Assume that u 09 4. Then the following equalities hold

{ o(ur,uj) = o(vy,v;), V5 =1,...,m;

[uuj] = [v1v;], V5 =2,...,m.

(71). Conversely, assume that above equalities hold. Then there exists the unique matrix H €
SO(o, Q) such that v; = Hu;,Vj € Ny,

BOUNDED GEOMETRY FOR CRITICAL CIRCLE HOMEOMORPHISMS
WITH BREAKS

Safarov U.A.

Turin Polytechnic University in Tashkent, Tashkent, Uzbekistan,
e-mail: safarovua@mail.ru

Let f be a circle homeomorphism of the circle S' with lift F(z), z € R' |, i.e. f(x) =
F(z) (mod1), z € S' , where F'(z) is continuous, strictly increasing and F'(z+1) = F(z)+1, x €
R'. The most important arithmetic characteristic of the homeomorphism f is the rotation
number (see [1]):

F?’l
py = lim (z) (mod1).

n—o0 n

Henceforth, F denotes the nth iterate of the function F. The rotation number p; is rational
if and only if f has periodic orbits.

We consider an orientation preserving circle homeomorphism f that rotation number p; is
irrational. We denote by {a,, n € N} the sequence of entries in the continued fraction expansion
of ps, i.e. py = [a1,as, ..., a,, ...]. Denote by fo = la1, as, ...,a,), n > 1 the convergence of py.
Their denominators g, satisfy the recurrence relation, that is

Gn = GnQn-1+ qn-2, N = 27 qo = 07 g1 = as.

For an arbitrary point 7o € S! we define A{ (z) the closed interval on S! with end points
zo and x4, = f?(zq). Note that for odd n the point z,, lies to the left of z; and for even
n to the right. Denote by A™(x,) the iterates of the interval A{™ (z) under f:A™ () :=
FHAG (w0)),i > 1.

Lemma([1]). Consider an arbitrary point zq € S*. A finite piece {z;, 0 < i < g, + ¢u_1}
of the trajectory of this point divides the circle into the following disjoint (except for the
endpoints)intervals: Af.”‘”(xo), 0<1< @y, Ag")(azo), 0<7<¢qn-

We denote the obtaned partition by &,(xg) and call it n-th dynamical partition of the
circle. We now briefly describe the process of transition from &,(zg) to &,4+1(x¢). All intervals
Agn) (9), 0 < j < @u_1, are preserved, and each of the intervals Agnil)(xo) is divided into
Gny1 + 1 sub intervals:

ap+1—1

Agn—1>( 0) = A(n+1) U AH% sqn (T0)-

Definition. Let K > 1 be a constant. We call two intervals I, and Iy of S* are K—
comparable, if the inequalities K—0(15) < ((I,) < K{(I) hold.
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One of the important class of circle homeomorphisms are piecewise smooth homeomorphisms
with break points or shortly, the class of P-homeomorphisms.

This class of P-homeomorphisms consists of orientation preserving circle
homeomorphisms f which are differentiable except at a finite number of break points,
at which the one-sided positive derivatives f’ and f! exist, which do not coincide and for
which there exist constants 0 < ¢; < ¢y < 00, such that

ec; < fl(xy) < cpand ¢ < fi(x) < ¢y for all z, € B(f), the set of break points of f in
St

o ¢ < f'(x) < ¢y for all x € SY\B(f);

e log f" has bounded variation in S* i.e. v := varg log f’ < oo.

Now we consider an orientation preserving circle homeomorphisms f, that have a critical
point.The point z.. € S! is called non-flat critical point of a homeomorphism f with order
d > 1, if for a some d— neighborhood Us(z.,) such that f(z) = ¢(z)|¢(z)|% + f(z.r) for all
r € Us(z.,), where ¢ : Us(zer) — ¢(Us(z.)) is a C? diffeomorphism such that ¢(x..) = 0.

Let z. € S' be a critical point of homeomorphism f. For any x, € S!, consider the
dynamical partition &,(x¢). For definiteness we assume that n is odd. Then z,, < x¢ < g, ;.
The structure of the dynamical partition implies that Z., = fP(z.) € [zq,, %4, ], for some
p, 0 < p < qp. Let I; and I, be any elements of a dynamical partition &,,(Z..), m > n having
common endpoints.

Next we formulate the main result of this work.

Theorem. Let f be a P-homeomorphism with critical point of the order d > 1 and irrational
rotation number. Then there exists a constant K > 1 depending only on f such that the intervals
I and Iy are K -comparable.

Note that the result of Theorem was obtained by Dzhalilov, Noorani and Akhatkulov [2]
for P homeomorphisms with odd order of critical point. In our case the order of critical point
can be any real number bigger than 2.
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2-LOCAL DERIVATION ON SOME SOLVABLE LIE ALGEBRAS
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The notions of local derivations were introduced in 1990 by R.V.Kadison [3] and D.R.Larson,
A R.Sourour [4]. Later in 1997, P.Semrl introduced the notions of 2-local derivations and 2-
local automorphisms on algebras [2]. The main problems concerning these notions are to find
conditions under which all local (2-local) derivations become (global)derivations and to present
examples of algebras with local (2-local) derivations that are not derivations.

Investigation of local derivations on Lie algebras was initiated in papers in [1]. Sh.A.Ayupov
and K.K.Kudaybergenov have proved that every local derivation on semi-simple Lie algebras is a
derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations
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which are not derivations. In this work we investigate 2-local derivations of some solvable Lie
algebras.

Definition 1. An algebra L over a field K is called a Lie algebra if its multiplication
(denoted by (x,y) — [z,y]) satisfies the identities:

(1) [z,2] = 0,

(2) [y, 2] + [y, [z, 2]] + [2, [2,9]] =0,
for all z,y, z € L. Identity (2) is called the Jacobi identity.

Definition 2. A linear map d: L — L of a Leibniz algebra (L, [, -]) is said to be a derivation
if for all z,y € L, the following condition holds:

d([z, y]) = ld(x), y] + [, d(y)].

The set of all derivations of L is denoted by Der (L), which is a Lie algebra with respect to
the commutator.

For a given element x of a Leibniz algebra L, the right multiplication operator R,: L — L,
defined by R.(y) = [y,x],y € L is a derivation. In fact, Leibniz algebras are characterized
by this property regarding right multiplication operators. As in the Lie case, these kinds of
derivations are said to be inner derivations.

Definition 3. A map V : £ — £ (not necessary linear) is called 2-local derivation if for
any x,y € L there exists a derivation D, , € Der(L) such that

V(SE) = D%y(x)’ V(y) = Dz,y(y>'

For a given Leibniz algebra L the lower central and derived series defined as follows:

LY=L, LM = [LF L), k>1, LW =, phst =l fB] s> 1,

respectively.

Definition 4. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there
exists k € N (s € N) such that L* = {0} (respectively, LI¥l = {0}). The minimal number k¥ with
such property is said to be the index of nilpotency of the algebra L.

Definition 5. An n-dimensional Leibniz algebra is called quasi-filiform if its index of
nilpotency is equal to n — 1.

A Leibniz algebra L is Z-graded, if L = €
a finite number of non-null spaces V;.

We say that a nilpotent Leibniz algebra L admits the connected gradation L = Vi, &---@V,,
if Vi, # {0} for any ¢ (1 <i <t).

Definition 6. The number [(®L) =1(Vy, @ --- & Vi) = ki — k1 + 1 is called the length of
gradation. A gradation is called of mazimum length, if [(®L) = dim(L).

We denote by (L) = max{{(®L) such that L = V}, @ --- @V, is a connected gradation}
the length of an algebra L.

Definition 7. A Leibniz algebra L is called of maximum length if (L) = dim(L).

Theorem 1.[5] Any element of R(gfml), 2), ¢ = 1,2 is isomorphic to one of the following
Lie algebras:

iz Vi, where [V;, V] C Vi, ; for any i, j € Z with
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[elaei]zez-i-la 2S2Sn_27
i, eni] = (—1)'e,, 2 <i< "T_l, n>5 and nis odd,
[61737] - _[x761] €1,
R(g(ln 1)72) lei,x] = —[z,e;] = (i —2)e;, 2<i<n-—1,
[en, x] = —[x,e,] = (n — 4)e,,
[ezay] - [y7€z] €, 2 S ? S n— 1a
\ [emy] = [ya en] 2ey,

( [6176i]:€i+17 2§Z§n_2a
[eiven]:ei+27 2§Z§n_3an257
le1, 2] = =[x, e1] = ey,

RG01) 2 fesa] = —[ei] = (1 2)es, 2<i<n—1.
[enax] = _[-raen] = 26717
L [eivy]:_[y7€i]:ei7 2§Z§n_1

Now we shall give the main result concerning 2-local derivations of solvable Lie algebra
R(gzn71),2), 1=1,2. |
Theorem 2. Any 2-local derivation on the algebra R(gzm), 2), i = 1,2 is a derivation.
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C, DA NORMASI BIRDAN KATTA BO’LMAGAN, Z, GA TEGISHLI
BO’LMAGAN ELEMENTLARNING MAVJUDLIGI

Tursunov M. M.!

Namangan Davlat Universiteti, Namangan, O’zbekiston,
musohontursunov42@gmail.com

F —maydon bo‘lsin. F' maydonni gism maydon sifatida o'z ichiga oluvchi har qanday K maydon
F maydonning kengaytmasi deyiladi!.

Ta’rif 1.Agar K kengaytmaning har qanday a € K elementi koeffisientlari F' maydondan
olingan biror ag + a1z + asx® + ... + a,2” = 0, a; € F,i = 0,n, ko‘phadning ildizi bo‘lsa, u
holda K maydon F' maydonning algebraik kengaytmasi deyiladi.
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F maydonning har qanday K kengaytmasini /' maydon ustidagi vektor fazo sifatida ham
garashimiz mumkin. Agar F maydon ustidagi K vektor fazo chekli o‘lchamli bo‘lsa, u holda K
maydon F' maydonning algebraik kengaytmasi bo‘ladi. Bu holda K vektor fazoning o‘lchami K
kengaytmaning darajasi deyiladi va [K : F| kabi belgilanadi.

F maydonning chekli algebraik kengaytmalarining darajalari orasida quyidagicha bog‘lanish
mavjud. Agar K’ maydon K maydonning algebraik kengaytmasi, K maydon esa F' maydonning
algebraik kengaytmasi bo‘lsa, u holda K’ maydon F' maydonning ham algebraik kengaytmasi
bo‘ladi va quyidagi tenglik o‘rinli: [K”" : F] = [K': K] - [K : F].

Agar K maydonning ixtiyoriy elementini koeffisientlari F° maydonga tegishli bo‘lgan
ratsional funksiyaning biror @ € K dagi giymati ko‘rinishida ifodalash mumkin bo‘lsa, u
holda K maydon « elementni F' maydonga qo‘shilishidan hosil gilingan deyiladi va K = F(«)
ko‘rinishida belgilanadi.

K maydon F' maydonning algebraik kengaytmasi bo‘lib, a« € K bo‘lsin. U holda bosh
koeffisienti 1 ga teng va keltirilmaydigan yagona ko‘phad mavjud bo‘lib, o shu ko‘phadning
ildizi bo‘ladi, yami " + a,_1a" ' + ... +aa+ay =0, a; € F. Odatda bu ko‘phad « ning F
ga nisbatan minimal ko‘phadi deyiladi, n esa a elementning darajasi ham deyiladi. Bu vaqtda
F(«a) maydon F' maydonning n-darajali kengaytmasi bo‘ladi.

Endi quyidagi ikkita fundamental teoremalarni keltiraylik. Bu teoremalarni isbotini [1]
kitobdan topishingiz mumkin.

Teorema 1. (Krullning mavjudlik teoremasi) (F, |-|r) noarzimed normalangan maydon
va K uning kengaytmasi bo‘lsin. U holda K maydonda | - | normaning davomi bo‘lgan | - |k
noarzimed norma mavjud.

Teorema 2. (Yagonalik teoremasi) F wva K Teorema 12.1 ning shartlarini
qanoatlantirsin. Agar F' maydon | - |F normaga nisbatan to‘la va K maydon F ning algebraik
kengaytmasi bo‘lsa, u holda | - | normaning K maydonga davomi yagona bo ‘ladi.

Bundan keyingi hamma joyda K orqali Q, maydonning chekli kengaytmasini belgilaymiz.
m = [K : Q,], ya'ni K — bu Q, maydon ustidagi m o‘lchamli vektor fazo bo‘lsin. U holda p-
adik normaning K gacha noarximed davomi mavjud va yaqona ekani yuqoridagi teoremalardan
ma’lum.

Faraz qilaylik, L va K maydonlar Q, C K C L munosabatni qanoatlantiruvchi Q,
maydonning ikkita chekli kengaytmalari bo‘lsin. Hamda |-|; va ||k normalar p-adik normaning
mos ravishda L va K maydonlargacha davomi bo‘lsin. U holda bu davomlarning yagonaligidan
ixtiyoriy € K uchun |z|; = |z|x kelib chiqadi. Demak, x ning normasi davom ettirish usuliga
bog‘liq emas.

Biz K maydonga p-adik normaning davomi mavjud va yagonaligini bildik, ammo davom
ettirishning qanday usullari bor? Shu savolga javob berishga harakat gilaylik.

Bizga K \ Q, to‘plamdagi elementlarning p-adik normasini hisoblash uchun N\g,(zy) =
Nig, () Nk\g, (v) tenglikni ganoatlantiradigan Nx\g, : K — Q, funksiya kerak.

Teorema 2. K maydon Q, ning chekli kengaytmasi bo‘lib, n = [K : Q,] bo‘lsin. U holda
p-adik normaning K maydongacha davomi ushbu |x|, = ,"/}NK\Qp(x)}p ko‘rinishdagi | - |, :
K — R, funksiya bilan aniglanads.

Demak, agar K maydon Q, ning chekli kengaytmasi bo‘lib, n = [K : @Q,] bo‘lsa, u holda
ixtiyoriy € K uchun ord,(z) = tord,(Nk\g,(z)) bo'lib, yugoridagi formula yordamida
aniglangan normaning qiymatlari {p="%®) : ord,(x) € n~'Z} to‘plamda bo‘ladi.

Endi koeffisientlari Q, dan olingan har qanday ko‘phadning barcha ildizlarini o‘z ichiga
olgan maydon quramiz.
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Ta’rif 2. K maydon bo‘lsin. Agar K|x] halgadan olingan har qanday ko ‘phad ildizlari K
da mavjud bo‘lsa, u holda K maydon algebraik yopiq deyiladi. Agar K maydon F maydonning
kengaytmasi bo ‘lib, algebraik yopiq bo‘lsa, u holda K maydon F maydonning algebraik yopilmasi
deyiladi va K = F* kabi belgilanads.

Faraz qilaylik U to‘plam @, maydonning barcha chekli kengaytmalarini birlashmasi bo‘lsin.
Bu to‘plam @, ning algebraik yopilmasi ekanini isbotlash mumkin, yani U = Q. Haqiqatan,
agar v € Q¢ bo'lsa, u holda z element Q,(x) chekli kengaytmaga tegishli bo‘ladi.

Biz ||, normani p-adik normaning Q,(z) kengaytmagacha yagona davomi sifatida aniqlaylik.
Bu normaning aniqlanishi Q,(z) chekli kengaytmaning tanlanishiga bog'liq emas. Shuning
uchun uni Qp¢ dagi p-adik normaning yagona davomi deyish mantiqan to‘g'ri. Demak, biz
p-adik normaning Q7 maydongacha davomiga ega bo‘ldik. Endi, bu normaning qiymatlari
ganday bo‘ladi degan savolga javob beramiz.

Ma’lumki, K maydon Q, ning chekli kengaytmasi bo‘lib, n = [K : Q,] bo‘lsa, u holda
K maydonda aniglangan normaning qiymatlari {p~%(®) . ordy(x) € n~'Z} to‘plamda
bolar edi. Q, maydonning algebraik yopilishi cheksiz kengayishdir, bu @Q, ga nisbatan har
qanday darajadagi keltirilmaydigan ko‘phadlar mavjudligidan kelib chiqadi. Demak, = € Qg°
elementning normasi {p~%@ : ord,(r) € | J2°,n"'Z} = {p": r € Q} to'plamning elementi
bo‘lar ekan.

Afsuski Qf° maydonning p-adik norma bo’yicha davomi to’liq emas. Biz Q¢ ni to’ldirib,
yangi algebraik yopiq bo’lgan C, maydonni hosil gilamiz. Bu fakt Krasner teoremasi bilan
ma’lum. Biz C, ni kompleks p-adik sonlar maydoni deb ataymiz.

Endi biz C, elementlarini ichida normasi birdan kichik, ammo Z, ning elementi bo’lmagan
sonning mavjudligini ko’rsatamiz. Buning uchun Q, da yechilmaydigan, 2> = a ko’phadni
qaraymiz va uni shu ko’phadning ildizi yordamida F' maydonga kengaytiramiz. U holda [K :
Q,] = 2 bo'ladi. Endi, faraz gilaylik |a|, = p’ bo’lsin. p~ /2 . z elementni qarasak, bu F da
mavjud va uning normasi |p~%/2 - x|, = p~ /2. pt/2 = 1 bunda norma sifatida F' dagi normani
oldik. Tasdiq . C, da normasi 1 dan katta bo’lmagan, ammo Z, ga tegishli bo'lmagan cheksiz
ko’p elementlar mavjud.
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In recent years non-associative analogues of classical constructions become of interest in
connection with their applications in many branches of mathematics and physics. The notions
of local and 2-local derivations are also become popular for some non-associative algebras such
as the Lie and Leibniz algebras.

The notions of local derivations were introduced in 1990 by R.V.Kadison |7] and D.R.Larson,
A R.Sourour [8]. Later in 1997, P.Semrl introduced the notions of 2-local derivations and 2-
local automorphisms on algebras [6]. The main problems concerning these notions are to find
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conditions under which all local (2-local) derivations become (global)derivations and to present
examples of algebras with local (2-local) derivations that are not derivations.

Investigation of local derivations on Lie algebras was initiated in paper in [2]. Sh.A.Ayupov
and K.K.Kudaybergenov have proved that every local derivation on semi-simple Lie algebras is a
derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations
which are not derivations. In [3] local derivations and automorphism of complex finite-
dimensional simple Leibniz algebras are investigated, and it is proved that all local derivations
on a finite-dimensional complex simple Leibniz algebras are automatically derivations and it
is shown that filiform Leibniz algebras admit local derivations which are not derivations. The
results of the paper [4] shows have proved that p-filiform Leibniz algebras as a rule admit local
derivations which are not derivations. The results of the paper [1| shows have proved that
quasi-filiform Leibniz algebra as a rule admit local derivations which are not derivations.

In the present paper we describe local derivations of N Fj, @& N F Leibniz algebra and show
the existence of local derivation on N F}, & N F; Leibniz algebra which is not derivations.

Definition 1. A vector space with a bilinear bracket (L, [-,-]) is called a Leibniz algebra if
for any x,y, 2z € L the so-called Leibniz identity

[SL’, [y’ZH = [[x,y],z} - HSL’,ZLy],

holds.
For a given Leibniz algebra (L, [, -]), the sequence of two-sided ideals are defined recursively
as follows:
L'=1L, LM =[L* L], k> 1.

This sequence is said to be the lower central series of L.

Definition 2. A Leibniz algebra L is said to be nilpotent, if there exists n € N such that
L™ = {0}.

Definition 3. A linear map d: L — L of a Leibniz algebra (L, [, -]) is said to be a derivation
if for all ,y € L, the following condition holds:

d([z, y]) = ld(x), y] + [z, d(y)] - (2)

The set of all derivations of L is denoted by Der(L), which is a Lie algebra with respect to
the commutator.

For a given element x of a Leibniz algebra L, the right multiplication operator R,: L — L,
defined by R.(y) = [y,x],y € L is a derivation. In fact, Leibniz algebras are characterized
by this property regarding right multiplication operators. As in the Lie case, these kinds of
derivations are said to be inner derivations.

Definition 4. A linear operator A is called a local derivation if for any x € L, there exists
a derivation D, : £ — L (depending on x) such that A(z) = D,(x).

Definition 5. An n-dimensional Leibniz algebra is called null-filiform if dim L’ =n + 1 —
i, 1<i<n+1.

Let NFj; be an k-dimensional null-filiform Leibniz algebra with a basis eq,es, ..., e, and
NF, an s-dimensional null-filiform Leibniz algebra with a basis fi, fa,..., fs then we have the
following multiplication|5|:

NFk;: [eiael]zei-l—la 1§Z§k_17 NFS: [fiafl]:fi-i-la 1§Z§8_1

Let us consider the direct sum of these algebras £ = N F & N F§. The following proposition
describes derivations of the algebra £.
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Proposition 1.Any derivation of the algebra £ = NF; & NF; has the following matrix
form:

k

D(ej) = jone; + > aijure;, 1<j<k
i=j+1

D(f;) = jpif; + Z Bi—j+1fi, 1<j<s.

i=j+1

Theorem 1. Let A be a linear operator on £. Then A is a local derivation, if and only if
its matrix has the form:

k
A(GZ) = Z’}/jﬂ‘ej, 1 S 7 S k
j=i
k+s
A(f)= > reifin 1<j<s

t=k+j

Corollary 1. The algebra £ admit local derivations which are not derivations.
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B nmammOit pabore paccMaTpuUBAIOTCs IEHTPAJIbHbBIE PACIIUPEHNsT €CTECTBEHHBIM 00pa-
30M TI'PaJuypPOBaHHBIX 2-puaudopMHubIX ajaredp JleitbHuna. PakTUIecKn METOJ IMEHTPAJIHHBIX
pacrupenuii anre6p Jlu 6bu1 agantuposan i ajarebp Jleitbauna B [2]. OrMeruMm, 9T0 O/1HO-
MEpHBIE TEeHTPaJIbHbIE pacuiupenns Hy/Ib-puimndopMuoil ajnredbpol JIelibHuIa 1 ecTeCTBEHHBIM
obpazoM rpajynpoanHoil duindopmuoii anrebps! JIun 6butn omucanst B [2], [3].

[Iycrs L-rpajyupoBannas 2-dpunndopMHasd Hepas3IoKuMasd HereBasd aaredpa Jleitbuuria.
Torya corstacuo pabore [3] oHa n3oMopdHA OTHON U3 CJIEIYIOMUX HEn30MOPMHBIX airedp:

prc lesel] = e, 1<i<n—3, [e, fi] = fo,
Ha - [6i,€1]26i+1, 1§/L§7’L_37 [617f1]:62+f27 [eiafl]zei-‘rh QS/LSTL_?),

rie {e1,es,. .., e, 9, f1, fo} Gasuc amarebps.

OcHoOBHBIE pe3y/IbTATHI JAHHOM PabOThI COCTOST U3 KIACCHMUKAIINN OTHOMEPHBIX TEHTPA b
HBIX PACIIUPEHUi eCTECTBEHHBIM 00Pa30M rpa/lynpoBaHHbIX 2-undopMHubIX aaredp Jleitbru-
ma .

[Tycts L—n-mepHas anrebpa Jleitbuuna u nycrs V = (z)—abeseBa airebpa.

HenTpaababiM 2-KOIUKJIOM Ha [ HaszbiBaeTcs OmaunHeiinoe orobpaxkernue 0 : L ® L — V
TaKoe, 9TO JJIst JIFoOOI TPONKU 3JIEMEHTOB X, Y, 2 € L BBINOJIHAETCS PABEHCTBO

9(%, [ya Z]) = 6([$7y]7 Z) - (9([%, Z]vy)'

Yepes Z L2(L, V') obosHaUMM MHOXKECTBO Beex 2-KomumkioB u3 L wa V. Ecim jnys muHeiiHOTO
orobpakenus ¢ : L — V mveem 0(z,y) = ¢([z,y]), 10 0 naspBaerca xorpamumeit. Hepes
BL?*(L,V) oboznauum MHOXKECTBO Beex 2-Korpamun us L ua V. Muoxkecrso HL*(L,V) =
ZL*(L,V)/BL?(L,V) naseiBaercst 2-oit rpynmoii koromoJioruit. Eciu 6 — 65 korpanuna, To 6y
1 0y HA3BIBAIOTCST KOIOMOJIOTHYHBIMU.

Insa 6 € C*(L,V) nocrpoun neHTpasbHoe pacimpenue Ly. ITo ompeiesieHuio, To BeKTOp-
HOEe ITPOCTPaHCTBO Ly = L &V co cieyionmum yMHOKEHUEM:

[ +u,y+v] = [,y +0(x,y), mma zyel, uveV.

Anrebpa Ly aBngercs anrebpoit JlefiGuuma Torga u ToabKo Torna, Korna 6 € ZL*(L,V).
Anrebpa Ly Ha3BIBAETCS UEHMPAALHOIM Dacuuperuem arzebpor L no uermpy V.

[Iycts L — n-MepHas ecTecTBEHHBIM 00pa3oM rpajyupoBanHas 2-dunndopmuas aaredbpa
JlenibuuIIA f17.

IIpenmoxxkenune.

e Cremyromme KOINKIIBI
Ni(e,e1) =z, 1 <i<n—1, Ay(en,e1) =, Dples, en1) =,

An+1(€17 6nfl> =, An+2<6n717 €n,1) =, An+3(ena enfl) =z,

obpasytor Gazuc npocrpanctea Z L2 (g, V);
e Cliefyronye KOrpaHuIlbl
Ai(ei7€1) =z, 1 <i<n-3, A1172(6176n71) =T,

obpasytor Gazuc npocrpanctea BL* (1, V);
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e Ceryrorue KOIUKITBI
[A1](€n72, 61) =, [A2]<€n717€1) =z, [Ai%](enflaenfl) =2z,

[A4](6n7 61) =, [A5](€m en—l) =,

obpazyior 6azuc npocrpanctsa HL*(uy, V).

N3 Ipemioxkenns BbITEKAET, 9TO TaOJUIA YMHOXKEHUN OJHOMEPHOTO IEHTPAIBLHOTIO PACIIIU-
penust anrebpor JleiGuua (1 mmeer Bug L(aq, ag, az, g, ais):

[ei,e1] = ey, 1<i<n—-3, le1, en—1] = €n, [en—2,€1] =y,
[%—1,61] = Q, [en—hen—l] = 37, [%;61] = 0y, [em 6n—1] = Q5.

Teopema. OHomepHoOe TIeHTpaIbHOE paciupenue 2-guimdopMuoil anredps Jleitbauna [
U30MOPQHO OJIHON U3 CJIEAYIOMNUX TOMAPHO HEM30MOP(HBIX ajredp:

L1(1,0,0,0,0), Ls(1,0,1,0,0), Ls(1,0,a,1,0), L4(1,0,0,0,1),
L5(0,0,0,1,0), Lg(0,0,1,1,0), L7(0,0,0,1,1), Ls(0,c,0,0,1),
L6(0,0,1,0,0), L1o(0,1,0,0,0), o€ C.

JINTEPATYPA

1. Camacho L.M., Gomez J.R., Gonzalez A.J., Omirov B.A. Naturally graded 2-filiform Leibniz
algebras. Communications in Algebra. —2010. -Vol. 38(10). —P. 3671-3685.

2. Rakhimov 1.S., Hassan. M.S. On one-dimensional Leibniz central extension of a filiform Lie
algebra. Bulletin of the Australian Mathematical Society. —2011. -Vol. 84. —P. 205-224.

3. Skjelbred T., Sund T. On the Classification of Nilpotent Lie Algebras. Technical Report,
Mathematisk Institutt, Universitetet i Oslo. —=1977. 24 p.

OIINCAHUE BU-IN®PEPEHIIMPOBAHUI HYJIb-®NJINPOPMHOI
AJITEBPEI JIEMBHUIIA

Anames 2K. K.!, A6paes . II1.2

Nucruryr maremaruku nmenun B.M.Pomanosckoro, TamkenT, Y30ekucra,
adashevjq@mail.ru;
YupunKcKuil ToCyIapCTBEHHBIH [T€/JarOrMIeCKUii HCTUTYT, TarkenT, Y30eKucraH.

B sroit pabore MbI onipejiesisieM nouaTue ou-auddepennupoanns aareopol Jleitoauna n
oruiieM Ou-auddepeHnupoBanus HyIb-puandopMHoi aaredpsl Jleitbnura.
[Iycts L — anrebpa Jleitbuuia naj momem F.
Onpenenenue 1. Jluneitnoe orobpaxkenue d : L — L nazbiBaercs auddepeHnnpoBaHueM,
ecJii Jijist JI0OBbIX X,y € L BBIIMOJIHSIETCS TOXKJIECTBO:

d([z, y]) = ld(x), y] + [, d(y)].

Omneparop npasoro ymHoxkenue R,(y) = [y, x] sBisiercs nuddepeHnupoBanneM u Takue
nuddepeHmpoBanns Ha3bIBAIOTC 8HYMPEHHUMU.

[Tonaruga ou-muddepennmpoanns i aaredp Jleitbnuiia onpeie/IioTcsS aHAJIOTUYHO, KaK
u B ciaydae s anrebp Jlu [2].
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Onpenenenne 2. bununeitnoe orobpaxkenume ¢ : L X L — L wnHa3zbiBaeTcsd Ou-
b depeHImpoBaHueM, eCJiu OHO SBJIgeTcs JuddepeHITIPOBAHIEM 110 00EUM apryMeHTaM, T.e.

o[z, 9], 2) = [z, 0y, 2)] + [p(z,2),y] w1 @(z,[y,2]) = [y, p(z, 2)] + [p(z,y), 2],

JIIA BceX T, Y, 2 € L.

Ecau L — anrebpa Jlu, To orobpazkenue ¢(x,y) = Az, y| mia Beex x,y € L, saBisiercst
npumepom ou-auddepennupopanuii u Takue o6u-audepeHITuPOBAHI HA3BIBAIOTC GHYMpPEH-
numu, rne A € C.

Teneps mpusesiem kaaccudukanuio auddepenupoBanuii n o6u-auddepenmpoBanuit
HyJib-ummdopmuoit anredpsr Jleitdbnuia. M3BecTHo, 9TO B KaK I0il pa3MEpHOCTH ¢ TOYHOCTHIO
J10 m3oMopdu3Ma CyIecTByer eJInHCTBeHHas Hyib-buandopmuas aarebpa Jleiibuuna [1], u B
Gasuce {eq, eg, ..., €, } yMHOKeHNE anreGpbl UMeeT BUL:

NF, : [ej,e1l] =e€41, 1 <i<n-—1,

rJle OTCYTCTBYIOIINE TPOU3BEICHUST PABHBI HYJIIO.
B pabore [3] onucanst auddepenrmposanust Hyib-duindopMHOl anredbpor JIehGHuIA.
CrenoBatesnbho, Joboe auddepennupopanue aaredbpbr N Fj, nMmeeT cjeayionuil BuI:

d(e;) = iAje; + Z Aj_iyie;, 1<i<n.

j=i+1

B ciemytoreit Teopeme cpopmyupyeM OCHOBHO pe3y/ibTaT JaHHON pabOThI.
Teopewma 1. [Ipoussosibnoe 6u-muddepennuposanne aaredpor N F,, nmeer Bu/I:

(e, er) = pleg, ) = iAre -1 + Z Arickgoer, 1<k <i<n.
t—itk
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z = F(z,y). Ormedem Kakyto-uubyap Touky Mo(xo, Yo, 20)Ha 3T0it moBepxHoctu. IIposemem
KacaTe/IbHYIO IJI0CKOCTb o 1 HopMaJib MyN depes 3Toit Touku. [lajiee mpoBe M HOPMATIBHYIO
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cedeHnio BTO eCTh IJIOCKOCTH MPOXOJAIIH depe3 HOPMaJb. YICHO, UTO 9Ta CeYCHUsS OTCEKAET
OT TMOBEPXHOCTH S IIAJKYI0 KPUBYIO L KOTOPYIO MOXKHO 3ajarh ¢ ¢dyukuueit z = f(x).Kpome
TOro IpsiMag [ IO KOTOPOMY IIepeceKaeTcsl KacaTebHas IJI0CKOCTh (v U HOpMaJbHOe cedenue [3
ABJIAETCd KacaTeJbHOI mpaMoit K KpuBoit L B Touke M.

Onpeaenenusi-1. Eciau cymectByer HOpMasbHOe cedeHme B Touke My, /I KOTOPOTO,B
mastblii okpectHoctu U touku My jyisi paccrostaue d(M, 1) or quaun L 1o KacateabHOTo [
BBITTOJTHSAETCS YCJIOBUS

C1|M — My|* < d(M,1) < Cy|M — Myl,

rjie C7 u C5 NOoJOXKUTEIbHBIE YUCIa WA BCE PABHO CYIIECTBYeT Takoe 4ducjo k € N, aro npu
Beex i = 0,1,....,k — 1fO(My) = 0, f®(My) # 0 To ceuenme L moepxHocTH S Ha3bIBACTCH
ceYeHneM KOHEYHOro Tuma- k.

Onpenenenns-2|IS|. Eciau m060e HOpMasibHOE cevYeHre sIBISETCs CedeHneM KOHEYHOTO TH-
&, TO MMOBEPXHOCTH S Ha3bIBAETCH MOBEPXHOCTHIO KOHEYHOTO JIMHEIHOTIO THUIIA.

[Ipumep Ha MOBEPXHOCTD UMEIOIIEH KOHEUHOM JinHelinoit Tutt Oyer cdepa. [luaunap ne Oy-
JIET TIOCKOJIBKY y MOIEPEIHOTO CEUCHUS MOJIYIUThCA PsAMasi 9TO 03HAYAECT HEBO3MOYKHO HANTH
Takoe k B ompeesieHue -1.

[Iycts S C R% rnagkas Kpusas OrpaHMYHBAIONIAsl BLITYKJIYIO 06J1aCTh U IIycTh do Mepa
MHIyIINPOBaHHON jymmHe Ha Kpuboil S. [lycts T, ecth adbdunHas KacaTesbHas K KpUBOi S B
TOYKE Ty U IYCTh

Bl(xo,0) = {z € S : dist(x, Ty,) < 0},

B nasbiBaercst "qamkoii" ¢ BBICOTOI .

Teopema-1. Ilycts S GyneT riagkas 3aMKHyTas KpuBag Ha R? OrpaHIMHUBIIAS BEITYKIIYIO
obsactb. Janee nycts 1 € R? ¢ |n| = 1 u nyersb xg € S, ) oproronasen kK S B Touke o.Kpome
sroro mycth X € BV (S) cocpesioToueHo B MaJIoi OKPECTHOCTH TOUKH To.[lostoxmm

HO\) = /5 NN () do ().

Torma crpaBeuBa caeayionas OleHKa:

[HO)] < Clo(Blan, 1)

Ine C' koncranTa 3aBucsIeiics Toabko or S, BV - HopMmu Y’ 1 HOPMHU X M 0- HHIyIUPOBaHHAS
JleberoBas Mepa.

JTokazaTeIbecTBa 3TOil TeopeMbl OCHOBBIBAETCA Ha, CJIeLyIomIeil JemMe.

JIemma -1.ITycrb 9)(t) ecrb riajkast Beinykiaas dyakius ¢ yeaosusymu (0) = 0,4'(0) =
u myctb x € BV (S). Torna

n

1
|/ MOy (t)dt| < 4Cmes{z : 2 € ™10, W)}
rjie C 3aBUCHTH TOJIBKO OT BV- HOpMBI .
JINTEPATYPA
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YETHBIE JU®PEPEHIIIPOBAHUE OJHON HUJIBIIOTEHTHOM
CYIIEPAJITEBPHI JIEMBHUIIA

BeknusizoB A., CanakysoBa C.

Hamnumonayibublit yauepcurer Y30ekucrana, TarnrkenT, Y30eKUCcTaH,
bekniyazov.asan@mail.ru;

W3BecTHO, 9TO JI/Ist IPOU3BOJIBHOIO MHOI00Opa3ust ajredp, mocpeacTsom obostouku ['paccma-
Ha, MOYKHO OIIPEJIC/IUTD Zo-TPAJIyUPOBAHHbBIE aJIreOpbl, KOTOPbIe HA3BIBAIOTCS cyliepasredpaMu
9TOro MHOrooOpasusa. OOBITHO B Zo-TPa IyHPOBAHHBIX IIPOCTPAHCTBAX OTHO U3 IPOCTPAHCTB Ha-
3bIBAETCs IE€THON YacTbiO, & BTOPOE — HEYETHON YacThio. XapaKTepHO depToil MHOTOOOpas3mit
cynepaJiredp siBJsieTcs TO, YTO YeTHas JacTh €CTh HEe 9TO MHOE, KAK MHOI00Opa3ue STuX aJreop.
B uwactnocru, yernag dactb cynepasreop JIu u cynepasrebp Jleitbnuna gasisgercs ajreopoii JIu
n ayirebopoit JIefibauia, cooOTBETCTBEHHO.

Onpenenenne 1. Z5-rpajiyupoBaHHOe BEKTOPHOE NpocTpancTBO L = Lo @ L1 Ha3biBaeTcs
cyneparebpoii Jleiibuuia, ecim oHa cHabKeHa IPOU3BEJIEHIEM [—, —| KOTOPOe yI0BIETBOPSIET
CJICJTYIOIIEMY YCJIOBUIO:

[z, [y, 2]] = [[z.y], 2] — (=1)*"[[z, 2], y] — cyneprozxaecrso Jleiibnnuua

21 mobbIx © € L,y € Lo,z € Lg.
JLnst orrpejiesieHusT TOHSITHSI HUJIBIIOTEHTHOCTH cyliepaJireOpbl JIefibHuiia omnpeaeanm ciemry-
IOIINHA HUZKHUHA HEeHTPaJIbHBIA PA;:

L'=1L, L =[L* L], k> 1.

Anrebpa Jleitbauma L Ha3bIBaeTCS HuAbnomenmuot, eciau cyiectByer k € N Takoe, ITO
L* = {0}. Munnvambroe 9ucio k ¢ TaKIM CBOHCTBOM Ha3BIBACTCA UHOEKCOM HUABNOTMEHMHO-
cmu anreopsl L.

Onpenennm rousTre guddepeHnnpoBanns 11 cymnepaaredop Jleitbuuma. OTMeTuMm, 9T0 1O-
HaTHe MuddepeHnmpoBatus Cyneparedp OTimdaeTcsd OT 0OOBIYHOTO JuddepeHrmpoBanns aJ-
rebp, 1 KaK B Zo-IpajlynpoBaHHO ajredbpe MpocTpancTBO quddepeHImpoBaHnii COCTOUT TaKKe
U3 Y€THON M HEYETHON MOJIIPOCTPAHCTB.

Onpenenenue 2. [{uddepennupoanuem cynepayiredpot L crerenu s, s € Zy Ha3bIBAETCH
Jineitnoe npeoopazosanue D : L — L yaoBieTBOpHIONiee CJIEIyIONEMY yCJIOBUIO:

D([z,y]) = [z, D(y)] + (=1)*7[D(), y],

e x € L,y € Lg.
B pabore |2] npuBe/ieHbl HIJIBIOTEHTHBIE CyTiepaaredpol JIefiOHMIA ¢ HUIBUHIEKCOM 1 + m
1 XapaKTEePUCTHIECKON TOCIe0BaTebHOCTRIO (1 | m—1,1). B caygae m = n+1 cynepanrebpa
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L B 6azuce {x1, T2, ,Tn,Y1,Y2," " * »Ynt1} UMEET CIEIYIOIINE TIPON3BEICHNUSI:
[$i,x1] = Tjt1, 1 §Z§n—1,
[yis 1] = Yjt, 1<3<n-1,
[, 1] :%yiJrla 1< <n—1,
[yjs 1] = zj, 1<j<n,
[Ynt1, Ynt1] = VTn,

n+1l—1t .
@i Ynr1] = D0 BrYr-144, 1 <4< [,
R[]
[?Jl; yn+1] = —2 Z BrTi—1 + By,
k=(m5)
n+2—j ' .
[Wys Y] = =2 X2 ) BrTk—2+1, 2 < <[
e

[Ipu n = 8 tabiuna ymuoxkeHuit Takoii cymepajreOps! JleitOHua nMeer cjeayomnuii Bui:

([zi, 21] = @i, 1<i<T,
Wi, T1] = Yjt1 1<5<7,
[0, 01] = 5¥ira, 1<i<7,
[y, 1] = x5, 1<j<8,

L : 9—i ‘
[$i>y9] = BrYk—1+is 1<1<3,
k=6
[Y1,Yo] = —2Bsx5 — 2Pr6 — 2Psx7 + Pas,  [Yo, Yo] = Vs,
10—y
[Yj> Yol = =2 > BrTr—24;, 2<j5<4.
\ k=6

B cirenytormem mpe tozkeHnn OMAIIEM TPOCTPAHCTBO YeTHBIX i hepeHImpoBanuii cymep-
Jlarebpsor JleitOonuma L.
IIpeagioxxkenne. Yernoe quddepennupoBanne cynepajaredpsl Jleiidnuna L umeer ciemy-

IOIIUA BUJI;
.

d(xy) = 2byxq + baxo + - - - + by,

d(x;) = 2ibyx; + bowiry + -+ + bg_; x4, 2 <1 <8,
d(y;) = (20 — 1)bryi + bayirr + - +bg_iys, 2 <1 <8,
d(y1) = biyr + baya + -+ - + oy, d(ye) = coypo,

\
e
boBi =0, 6<i<8, Bi((2i—3)b1—1)=0, 6<i<8§,

6(15[)1 — 1) = ’)/bg, ’}/(Cg — 8b1) =0.
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IMTPUMEPBHI NTHAEKCOB BEIITECTBEHHBIX W*-IIOJAJITEBP
KOMIIJIEKCHOI'O ®AKTOPA TUITIA I, (n=2, 12)

BoartaeB X. X., Xycanbaea 3. X.

TamkenTckuit rocy1apcTBEHHDBIN TeJlarorndeckuii yuupepcuter nmenn Huzamu, Tanrkenr,
VY36ekcuran.

bkhabibzhan2020@mail.ru, Zulfizarxon2809@gmail.com

[Iycrs B(H) — anrebpa Bcex OrpaHHYCHHBIX JIMHEHHBIX ONEPATOPOB, JEHCTBYIONIX B KOM-
IIeKCHOM TuiibbeproBoM mpoctparcTse H. Crnabo 3amkuyTasi *-moganrebpa M B B(H), co-
JlepzKaliag eJJMHNIHbI orepaTop € HasbiBaerca W*- ajnrebpoit. Bemecrsennas *-momanretpa
R C B(H) masbiBaercs sewecmeennot W*- anrebpoit, ecamn ona ciabo 3amMrayTa u RN iR =
{0}. Bemecrennas W*-anrebpa R HasbBaeTcs seuwiecmeenoti garmopom, ecau ee ientp Z(R)
cosuazaer ¢ {Ae, A € R}. Mer ckazkem, arto Bemecrsennas W*-anarebpa R nmeer tuu Iy, I,
1y, o wmm Iy, (0 < A < 1), ecn ee obBeproiBatorast WH-anrebpa M = R + iR umeer
COOTBETCTBYIOIINI THII B CMBIC/IEe 00bI9HOi Kiaaccudukanun W*-anredp. Jluneitnoe orobpazke-
aue o : M — M ¢ a(x*) = a(z)* naspBaerca *-asmomoppusmom, ecin a(zy) = a(z)a(y);
*anmuasmomoppusmom, ecmn alxy) = a(y)a(r); unsomomuenvm, o?(x) = x, aua Beex
z,y € M. UsBectro [1], aro eciau o muBOMOTHBHEBI *-anTHaBTOMOpduU3MoM W*-ajrebper M,
TO

(M,a) ={x € M : ax) = 2"} (3)

saBiasgerca Bemecrsennoit W*-anrebpoit. Beprno m obparnoe yTBep:KIeHHe, T.€. BCAKAS Be-
mecrtBennag W*-anrebpa R umeer Buj , e M = R + iR W Q-UHBOJMIOTUBHBI *-
anTuaBToMopdusm M, onpenenenusiii Kak axr + iy) = x* + iy*. [losToMy MBI MOYKEM OTOXK-
JIECTBIATE BermecTBernyio W*-amrebpy R ¢ mapoit (M, «). Ilycrs M (C B(H)) - koneu-
HBIT GAKTOp U IMyCTh (v - WHBOIOTHBHBINA *-anTmaBromMopdusm M. UssectHo [2|, uro ecim
B(H)= B(H,)+iB(H,) n (M,«) C B(H,), tae H, — BelecTBeHHOE IAIBOEPTOBO IIPOCTPAHT-
cBo ¢ H, +iH, = H, Torna

: : L
dimy (H) = dima)(H,) = idzm(M’a)(H). (4)

[Tycrs N — noadaxrop dakropa M, takoit uro a(N) C N. Hndexcom N B M HasbiBaercs
ancyo dimy (L*(M) n o6osnauaercs kax [M : N, rae L*(M) — nononmenue anre6pbt M orHOCH-
TesbHo HOpMEI |||y =tr(2*z)'/? [3]. Anamormuno, undexcom (N, a) B (M, a) HazbIBaETCS THUCIIO
dimy o) (L*(M, @) u obosnagaercs kak [(M,«) : (N, )], tne L?(M, ) — nomnosnuenue Bete-
crBenHoro ¢gakropa (M, a) OTHOCHTEIBHO HOPMEL || - ||2. MezK /1y BelecTBEHHBIM U KOMILICKCHBIM
MH/ICKCAMH FMEETCST CIIC/IYIOMAs CBA3b.

[(M,a): (N,a)] =[(M: N], re. [R: Q] =[R+iR:Q+ Q).

PaccmarpuBas komiuiekcHbiit akrop M kak BemecrBenuyto W*-ajirebpy, B cuiy (2) Mbr
mozkeM nostarath [M : (M, a)] = 2[(M,«) : (M,a)] =2, re. [M : R] =2.

Tenepb paccMOTPUM HEKOTOpBIE HPHUMEPbI UHJEKCA BeIecTBEHHBIX W *-1mojanirebp KoM-
ekcHoro (akropa ™anos Iy u I15. [lycts, B nampreiinem, M - (kommiekcHelit) dakTop Tumna I,.

1). ycrs n = 2. Torma M = M,y(C) = B(C?), u anrebpa M umeer, ¢ TOYHOCTBIO 0
130MOp(dU3Ma, YeThIpe BelecTBeHHbIX WH-nogaaredpnl, orandnbie or M, SABIAIONINXCS BEIe-
CTBEHHBIM WM KOMILTIEKCHBIM nosidakTopom M. D1o C, R, My(R) u H - Tesio KBaT€pHUOHOB.
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Torma MHIEKCHI COOTBETCTBYIONMX BEMECTBEHHBIX W *-1101a/re0p BHIMUCIAIOTCS CJICAYIOMAM
obpazom:

dimR(C2 o dz’mRCQ -

My(R) : R| = — = —> =4

[ 2( ) ] dZmMQ(]R)CQ dzTr2Lu2;g(C
dimRC2 4

H:R] = 2R _ 2y

[ ] dzmHC2 1 ’

Torma [M : R] = [My(C) : R] = 2 [My(R) : R] = 8, [M2(C) : H| = [M(C) : My(R)] =2 u
[My(C) : C] = 4.

2). Ecim M - dakrop tuna Iy (T.e. M = Mip(C) & B(C')), torma M umeer, ¢ TOYHOCTBHIO
710 m3oMopdu3Ma, CJICAYIONUE MATHAAIATE BEIIECTBCHHBIX W ¥-1omaareOpsl, SBIISIONAXCS
BEIeCTBEHHbIM WM KoMILIeKCHbIM mojidakropom M: C, R, H, My(R), My(C), My(H),
M;(R), M;3(C), M3(H), M4(R), My(C), Mg(R), Mg(C), Mg(H) u Mi2(R), rae H - maoxkectBo

KBATEPHUOHHBIX unces. VHIeKChl 3THX BemecTBeHHbIX WH-ronairebp paBHbL:

[Mi2(C) : C] = [M12(R) : R] = [Mg(H) : R] = 144,

[M12(C) : Ma(C)] = [Mi2(R) : Ma(R)] = [M(H) : H] = [Ms(H) : Ma(R)] = 36,
[Mi2(C) - M3(C)] = [Mia(R) - M3(R)] = [Mg(H) : Ms(R)] = 16,

[Mi2(C) : My(C)] = [Mi2(R) : My(R)] = [M(H) : My(R)] =9,

[Mi2(C) : Me(C)] = [M12(R) : Mg(R)] = [Mg(H) : Ms(R)] = 4,

[Mlg(C) . MQ(R)} = [Mu(@) H] = 72,

[Mlg(C) : Mg(R)} = 32,

[M12(C) : My(R)] = [M;12(C) : My(H]) = 18,

[Mi2(C) : Ms(R)] = [Mi2(C) : M3(H]) =8,

[M12(C) : Mio(R)] = [M12(C) : Mg(H]) = 2.

B oGmenm ciyuae umeer mecro: [M,(R) : M, (R)] = (£)? u [M,(C) : M,,(R)] = 2(2)>.

Taxum 06pa3oM, U3 IPUMEPOB BUJIUM, UTO, KOMILJIEKCHBIN (hakToOp nmeeT OoJIbIiee KOJLIIe-
cTBO BemmecTBeHHbIX W¥-noganreop, dem komiiekcabie W*-nioganrebp. Ilosromy KOMILIEKCHBIH
daxTop MOXKET ComeprKaT JHIIb BemecTBeHHyo W¥-momanrebpy ¢ 3aJaHHbIM 3HAYCHUEM HH-
JIEKCA.
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Uccnenys cpoiicTBa mHaekcoB st W*-nonaare6p, B. Txonc [1| ommcan MHOXKeCTBO BCex
BO3MOXKHBIX 3HaUEHU WHJEKCa MojdgakTopa KoHedHoro dakropa. Ilpu sTom, oH jasa jokKa-
3aTeNIbCTBO cylnecTBoBanusg MapkoBckoro ciesa Ha anrebpe Ho(q) = U, H,, 1, KoMOuHUpYst
5T MapKOBCKHe cilejibl ¢ ONHMCaHueM y370B B R3, Ha ocHOBe IpyHIbl KOc¢ B, OH HOCTPOMII
HOBBIIl TIOJMHOMHUAJILHBIN WHBAPUAHT I y3J70B. Kpome TOro, comocTaBiiss KaxKJOi mape
W*-anredbp N C M HeKOTOPBIH JABY/IOJBHBIN I'pad, OH MOTyYIn/I HEOOXOJUMOE U JIOCTATOYHOE
YCJIOBUS CyIecTBoBaHusA MapKOBCKOTO CJiefia, U TeM CaMbIM OTKPBIT BO3MOXKHOCTb U3YYCHUS
W*-nionasnrebp Ha sg3biKe rpados.

IIycre B(H) — anrebpa Bcex OrpaHMYEHHBIX JHHEHHBIX ONEPATOPOB, JEHCTBYIONMX B
KOMILJIEKCHOM TuibbeproBoM npocrpanctee H. Ciabo 3amkuyTas *-nonanrebpa M B B(H),
cojiepzKaliiast eJMHITHBI ollepaTop e, HaspiBaeTcst W™ asrebpoit. BerecrBennast -momanrebpa
R C B(H) c¢ e naswpBaerca sewecmseennols. W*-aazebpot, ecmm oHa c1abo 3aMKHyTa W
RN iR = {0}. Kommutekcrast nim BerecrBernast W*-anrebpa R HasbiBaeTCst akmopom, eciam
ee IIEHTP TPUBHAJIEH, T.€. COCTOUT U3 CKAJISIPHBIX KPATHBIX €JMHUYIHOrO oreparopa e. Kommy-
TanT *-anrebpsl R onpenensiercs ciaeayiomum obpasom: R = {a € B(H) : ab = ba, Vb € R}.
ITycte A C B - KoneuHomepuble BemecTBennble W*-aireopsr. Torma A = @le M,.(F) n

!

I _ p—

B = @j:l My, (F), tne F' = R wm F = H - teno xsarepunonos. lIpeamomozxmm, aTo
nW = (ny,..,n;) u m = (my,...,m;) U HA30BEM UX BEKTOp-pasmepHocTsivu A u B coorser-

crenno. Onpegesnm sstementsl A;; k X l-marpuust A% kak: A;; - wmcsio i-ro ciaraemoro B
upescraBiennn A B j-M ciaraemMom B. [em. 2-3].

Teopema. Eciu A u B caabo samrnymo, mo AFY = (AR, 2de J - modyaaprasn
unsomoyua u A C B C JA'J, t osanawaem mpancnonuposarue Mampuiot.

g SICHOCTH IPOJIEMOHCTPUPYEM 3TO Ha CJIEJLYIONIEM IIPUMEDE.

ITpumep. Ilyctb A =R, B=R® R u JA'J = My(R). Biioxxerne A C B C JA'J umeer
caeytonmii rpad:

1 A
1 1 B
2 JA'J
%
Tak kaxk 7 = (1), m = (1,1) u k = (2), cregosarensro nonyunm AE = (1,1) u

AT = ( i > Otciona mueem AFY = (AR)"

CnencrBue. [Tycmv A; C Ay C ... C A, C nocaedosamenvnocms W* - nodanzebp, mozda
Aﬁz_‘—l = (Aﬁz_l)t'
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IIOHATHNE O MHAEKCAX N X ITPUMEHEHWNE

Typaesa H.A.!,Typaes 2K.®.?

Homent kadeeapn " Iuddepennnanbabie ypaBaenns" Byxapckoro rocyiapcBeHHOTO
yHuBepcnTera
CryzieHT HAIIPOBJIEHNS] MATEMATHKHN (DU3UKO-MaTeMaTHIecKoro (gpaky/abrera Byxapckoro
rOCYIapCTBEHHOIO yHUBEpCUTeTa?

[Tomobmno monsTuio joropudma, B TEOPUU CPABHEHUN BBOJIUTHCI MOHATHE WHJIEKCA, UTPAIO-
IIIEr0 POJIb Jiorapudma.

Tak Kak cTenenu neppoobpasnoro xopus ¢°, ¢, , g?~2 1mo Moaymio p o6pa3yloT CHCTEMY HO-
JIOXKUTEJIbHBIX BBIYETOB (TOJIBKO He HAMMEHBIINX) 110 MOJIYJIO P, TO JIJI BCSIKOrO dmcya A, He
JISJIAIINErocsd Ha p, HEITPEMEHHO OyJ/IeT MMETh MECTO CpaBHEHUE

A = ¢"(modp)

rie k-onno us 3navenwuit 0, 1,2, ,p — 2.
B sTom cityuae nmokazaresib k Ha3bIBaeTCsl WHJIEKCOM YUCTa A TIPU OCHOBAHWUU ¢ TI0 MOJLYJIIO
P 1 3allUCbIBa€TCA 3TO TaK:

k = ind,A,
I 9acTo 0e3 yKazaHusi ocHOBaHUs k = indA.

CBoiicTBa MHIEKCOB

1. Ecu g° = g'(modp),ro s = t(modp — 1).

2. Indl = 0, tax kax Beerga 1 = ¢°(modp).

3. Ind(AB) = indA + indB(modp — 1).

4. IndA"™ = nindA(modp — 1).

5.Ind4 = indA — indB(modp — 1).

6. Ind,A = ind,Aind,q(modp — 1).

[Ipumvenenne OnepaTUBHBIX CBOMCTB MHJIEKCOB (2-5) Oy/aeM Ha3bIBATH WHJEKCHpoBaHueM. s
KaK/ION0 [POCTOIO MOJLYJIsl P 110 TabJInIle WHJICKCOB HAXOAATCS MHIEKCHI JIAHHBIX YHCE, & I10
TabJInIe AHTUMHIIEKCOB HAXOJSTCSA YUCIIA 110 JIAHHBIM MHIIEKCAM.

Kazxmaa n3 tabimi pacrosiozkena B BUIE TPAMOYTOJIbHIKA; B 3arJIaBHON CTPOKE CTOAT -
pet 0,1,2,3,4,5,6,7,8,9; B 3armasaoM crosone mmdps 0,1,2,...; cradana (11 HEGOIbIIIX
MOJLyJI€eii) X HEMHOTO.

YT00BI HANTH WHJIEKC JAHHOTO YHCJIA, OTBICKUBAIOTCS JIECATKH 9TOTO YHCJIA B 3aIIaBHOM
croJiblie, a eJMHUIBI - B 3ariaBHOil crpoke. Ha mepecedennn cTpoku u cToJIONa, UIYIIUX OT
ITUX JAECATOK U €IMHUIL, BHYTPH TaOJIHIBI 1 HAXOIATCA MCKOMBIM MHJIEKC JAaHHOIO ducia. Axa-
JIOTHYIHO HaXOAUTCA W 9YHUCJIO 110 JaHHOMY HHICKCY.

JINTEPATYPA

1. Kynekos JI.4. Anrebpa u treopus uncesr. Mocksa "Beicias mmkosa' 1979r.
2. Byxmtab A.A. Teopus uncen Mocksa. 1966r.

TEOMETPUYI PUMAHOBBIX CYBMEPCHI B IIPOCTPAHCTBE R"
TypcynoB B. A.

Kapmunckwnit rocyapctsennbtit yuusepcuret, Kapmum, Y30ekucramn,
bakbarovich@mail.ru;



144

B sr0ii paboTe m3ydena reomerpusi HEKOTOPBIX CyOMepCHii, KOTOPbIe BOSHUKAIOT IIPHU HCCIe-
JIOBAaHUK T'€OMETPUM OPOUT BEKTOPHBIX mosteil Kumunara. TeomeTpust opoUT BEKTOPHBIX OJIEH
SABJIAETCS 00BHEKTOM MHOIOYHMCICHHBIX UCCICIOBAHNUI B CBA3U €€ BaXKHOCTBHIO B T€OMETPUU U
Jpyrux obsacTsax MareMaruxu |1-3).

B pabore [1| pacemorpena n BekTopubIX moseil Kutnara B R, n3 KOTOPBIX k BpaIleHuit,
n — k napaJsiie/IbHbIX IIEPEHOCOB, TJie N = 2k + [, mocTpoeHa cjiejiyionas puMaHoBa cyOMepcus
7 R"F — R™ dopmyinoii:

W(tlat% <o 7tn+k) - {I’l,l’g, v 7'Tn}7
rae ti,ta, ... toyk € R"F 21, 29,..., 2, ER" 1

Toi—1 = tgi—1 COStyyi — to;Sinty,
To; = toj—1 8ty + T COS Ty,

i
Toktj = tokts, Jj=11

1 M3yUeHa ee TeOMEeTPHS:

Teopema. Kommo3uiiuss puMaHOBBIX CYOMEPCHUIT SIBJISETCH TOYKE PUMAHOBBIM.

B [3] mokazana uro, 7 : R* — R? : w(ty, ta, t3) = {ticosts —tysints, tsint3+tacosts} apnsaer-
cs1 pUMaHoBa cybMepcus U u3ydeHa ee reoMerpus. B cuity Teopembl, 7 0 R3 — RY 1 w(ty, to, t3) =
{ticosts — tysints} wm 7 : R® — R? : w(ty, ta, t3) = {tisints + tycosts} TakKe sABIAETCA pUMa-
HOBa cyOMepcHusd, T.e. IIPOEKIINA — CAMBII IIPOCTOM IIpUMED JIJIsT pUMAHOBOI cyOMepcnii. Kerartu,
JUUTsT 9TH cyOMepChr BBITOJIHEHO ycsoBun 1-4 Teopembl 2 B pabore [1].
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AJITEBPAMYECKU MHBAPUAHT OTHOCUTEJIBHO JENCTBUYAI
I'PVYIIIIBI BEINNECTBEHHBIM ITPE/ICTABJIEHVUEM I'PVIIII Sp(n)
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Kak u3BecTno, o110t 13 BayKHBIX 33,184 KJIACCUIECKOI TeOpUN MHBAPUAHTOB SIBJISJIACH TTPO-
biiema KyraccuUKaIluU JIEMEHTOB KOHEYHOMEDPHOI'0 BEKTOPHOI'O IIpOoCTpaHcTBa V' HaJl mosieM
k otHOCHTEIBHO JeiicTBus anrebpandeckoii smueitnoi rpymnet G C GL (n, K). Ilpu sToM, nH-
BapuaHTAMU TaKOI'o JIEHCTBUSA HA3bIBAJIM HE ITPOU3BOJIbHbIE (DYHKIUU Ha V| MOCTOAHHbIE HA
opburax rpymisl GG, a JHIIb MOJMHOMUAILHbBIE (T. €. 3alUChIBAEMbIEB KOODJIMHATAX KAK MHO-
rowieHbl) win, 6oJiee obire, paruonaabube Gynknuu. [lommHoMuabHbIe HHBAPHAHTHI TPYIIITHL
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G obpasytor noganrebpy B asnrebpe k [V] Becex mosmHOoMuManbHBIX yHKIWA HA V. D1y M0
Jlasiredpa Ha3bIBAIOT aJIredPoil MHBAPUAHTOB, M ODO3HAYAIOT Uepe3 k:[V]G. B zagaay Teopum
MHBApPUAHTOB BXOIUT IIOCTPOEHUE 0OPA3YIONINX aJIreOphI k[V]G 1 HAXOKJICHHUE OIIPEICISTIONTNX
COOTHOIIEHU MKy HUMU. Pertenust 3TuxX 3a/1a9 HA3bIBAIOTCS COOTBETCTBEHHO IIEPBOIl U BTO-
pOii OCHOBHBIME TeopeMamu Teopun nHBapuaHTHOB [1|. IlepBast n BTOpas OCHOBHBIE TEOPEMBI
U METOJIbI UX JOKA3aTeIbCTBA JIJIsT KJIACCHIECKUX T'PYII, BKJIIOYasl JIMHEHHBIE, CIenalbHble
JIMHEHHbIe, OPTONOHAJIbHBIE W CUMILIEKTHIECKbIe TPYIIIbI, IPUBE/IeHbl B KHure Beiist [2].

B nannoit pabore paccmarpuBaeTcs mpobJieMa MOCTPOEHUsI CHCTeMa, 00Pa3yIoNnX aareopbl
k:[V]G MHBAPUAHTHBIX aJiredpanvdecKnx (pyHKIUH OTHOCUTEIBHO JIEHCTBUS IPYIIIBI BEIeCTBEH-
HBIM IIpejcTaBienueM Sp (n).

[Iycte H"— n-mepHOe BEKTOPHOE MPOCTPAHCTBO HAJI TEJIOM KBATEPHUOHOB H, W mycTh
GL (H™) rpynmy Bcex 00paTuMux JUHEHHbIX npeobpasoBanuii H™ u

Sp(n) ={o € GL(H") : {ox,0y) = (z,y)},

n
rie (z,y) = > 1y, x,y € H™, a §j—pPMUTOBO CONPSIZKEHHBIN dj1eMeHT K ;. Temepb, H™ MoxK-
=1

HO paccMaTpHUBaTh Kak 4n—MepHOe BEIIeCTBEHHOEe BEKTOPHOE mpocTpancTso. O6o3HaInM 3T0
BEIeCTBEHHOE BEKTOpHOE IpocTpaHcTBO depe3 V. Kak muoxkectBo, H" cosnajaer ¢ V. To-
ria Kaxpli sigement o € GL (H™) onpenensier nmHeitHoe npeobpazosanme o' € GL(V), n
GL (H™) moxHO paccmaTpuBaTh Kak noarpyimiy rpynmsl G L (V) ¢ nomoripio nsomopdusma B
o — o'. Torga Sp (n) MoxkHO paccMaTpuBarh Tak:ke Kak noarpynmy B GL (V). Dro moarpyi-
Ila Ha3bIBAETCsl Gewecmeentvim npedcmasaeruem Sp(n). lanee Mbl paccMaTpuBaeM TOJIBKO
BelecTBeHHoe npejicrasyienne Sp (n), Koropoe obozHadaercs .

O6oznaunm 1epes O (Z,7), U (Z,7), Q; (Z,y)n Q (Z,y) xosdbdunuenter npn 1, 4, j, k
B Merpudeckoil dopme (x,y) coorBercrsenno (zr,y) = O (7,9) — Qi (Z,9)1 — Q; (Z,9) ] —
O (Z,9) k. tne z,y € H", ¥, €V, x = ¥, y = ¢, (* — onepaIysi OBEIIECTBIEHNS ).

Torya, Kak Jjierko Bujerb, () (¥, 1) (coorsercrsenno ), (Z,9), « € i, ], k) saBaserca cum-
mempuoli (COOTBETCTBEHHO KOCOCUMMEMPUNHOT) BEeCTBeHHO3HAUHbBIH OuymHeiiHoi dhop-
MOl Ha BemeCTBeHHO BEKTOpPHOM mpocTpancTse V . COrJIacHO 3TUX yTBEPKICHHAX MOMKHO
onpesessier Tpymibl I ciemyronm o6paszom,|[1]:

['={o" e GL(V): Qu(0'T,0")) = Qu (£,), Z,4 €V, a €{l,i,j k}}

Teopema 1.Ilyemv kK = R u G = T. B smom cayuae, KoHeuHbll Cucmema
G — unBapuarmuur MHo204AeH08 6 eude g (T, Tp,) ABAAEMCA CUCMEMY 00PAZYOUUT ar2ebpbL
k:[V]G, 2de v € {1,4,5,k}, 2,2 €V, I,m =1,4n.

[Iycts S, - 9TO rpylla IOACTAHOBOK, COCTaBJIeHHasd W3 3JEeMEHTOB MHOxKecTBa [ =
{1,2,...,n}. NzBecTHO, UTO /I000i1 /1€MEHT 0 € S,, MOKHO BBIPA3UTH U€PE3 B BHUJIE PA3JIOKE-
HIU€e HE3aBUCUMBIX IIUKJIOB. Yepes p,, 0603HauaeM 0TOOpaXKEHH YTO, OJHO3HAYHOE COTIOCTABUTD
MHOXKeCcTBO I K 0,. T.C.

p=1{(1,1),(2,2), ..., (n,n)}, ..., pn ={(L,n), (n,n—1), ..., (2,1)}

rae 7 = 1,n!. Takum obpasom, obosHaunM 4epe3 A, MHOXKECTBO BCeX TaKoe OTOOparkeHume, a
TaK>Ke Jepes Fgl’O‘Q""’O‘” o00o3HaYAEM CJIe/IYIOIINe BhIpaXKeHHe

Qs (T, ) Doy (Tys Ty ) e Qe (o)
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riae ag, ..., ay € {1,14, 7, k},{mls,mzs} =pt (), lsel, 7=1,nl

Teopema 2. I[lycmv cucmema 6eKkmopos Ty, To,...,T, € V - smo cucmema Odeii-
CMBUMEALHBIT BEKMOPOS, COOMBEMCMEYIOWAA CUCTNEME NUHETHBIT HE3AGUCUMDBLL GEKMOPOS
X1, To, ..., Ty, € H™. B amom cayvae caedyrowas coommeweny, cnpasediuso 8CaAKul Oas g €
{1,1,7,k}, wmo ydosaemesoparousezo ycaosuro oy + g - ... - oy, = £1:

F(fl, ,fn) = Z (_1)”*7’00417041,042,._,,@” -0

pp
PTEAP

rJe 7— YUCJIO IUKJIOB B PA3JIOXKEHUH 0, COOTBETCTBYIOMEM OTOOParKeHUIO pr, & TaKiKe
o . . — — — —
¢, = sign {ag ...~ a, } sign {Qal <xmll , xm;1> e Q) (wmwxm;n) } )
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KOMITAKTHOCTD I'MITEPIIPOCTPAHCTBA 1 TOIIOJIOTNYECKA
I'PYIIIIA IIPEOBPA3OBAHU
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UccnenoBanue Bo3seiicTBuii (hyHKTOPOB Ha TOIOJOTMYECKYIO IPYIILY IIpeobpa3oBaHuil Ha-
Jasi0ch B padotre [1|. ABTOpBI OTMeUIeHHON pabOThl YCTAHOBIIIN PE3YJILTATHI B 9TOM HallpaBIe-
HUM, KACAIOIIHeCcs BO3/IeHCTBUIO (PyHKTOPA BEPOATHOCTHBIX MED Ha TOMOJOTHYECKYIO TDYIIILY
npeobpaszoBanuii. B nannoit pabore Mbl yCTAHOBUM HEKOTOPBIE PE3YJILTATHI, OTHOCAIIHECS BO3-
JieficTBrIO (DYHKTOPA THIIEPIPOCTPAHCTBA Ha TOMOJOTUYIECKYIO TPYIILY TpeoOpa3oBaHmil.

['pynmna romosiormaeckux mpeobpasosanuii ects Tpoiika (G, X, a), riae G — Toroiornyieckast
rpymia, X — xaycgopdoBO TOMOJIOTHIEeCKOe MPOCTpancTBo, a: G X X — X — Ttakoe HelpepbIB-
HOe OTOOparKeHue, 4To

1) a(g1, a(ge, ) = a(gige, ¥) ans Beex g1, g2 € Gux € X;;

2) a(e, x) = x nng Beex x € X, me e — exununa rpynns G [2].

Orobpaxkenne «: G x X — X mHazpBaercs jeiictBueM rpymmbl G Ha mpocTpancTtse X.
[Ipoctpancreo X ¢dukcupoBanubiM jeiictBueM « rpyumbl G cantaercs G-POCTPAHCTBOM.

[Tycts X — mekoropoe G-npoctpanctso u x € X. [logmHO)KeCcTBO

G(z) ={g(x) e X: g€ G}
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Ha3bIBacTCd [3] opburoit Toukn x (orHOCHTENbHO JAciicTBus rpynnsl (). Ecnu g(z) = h(y) mua
HEKOTOPBIX ¢, h € G, z, y € X, 1o G(x) = G(y). Takum o6pazom, opourst G(x) u G(y) m06bx
JIBYX TOUYEK T, y € X jmb0 He [epeceKalTcs, b0 COBIAIAIOT.

Hepes X/G 0603HaTaETCS MHOZKECTBO, 3JIEMEHTAMI KOTOPOTO SIBJISIOTC opouThl G(x) Jeii-
crBug rpynnel G Ha X, T. e.

X/G={G(x): v € X}.

[Tycte m: X — X/G — ecrecrBeHHOE 0TOOpPAsKEHHE, COMOCTABJISIONIEE TOYKE T ee OpOUTy
G(z):
m(z) = G(x).

Torna X /G obbranbiM 06pazoM Hajessiercs dakropronosorueii (Mmuaoxkecrso U C X /G orpsiTo
TOTJIA U TOJILKO Torja, Korja U oTkpbiTo B X ). [To/yueHHOe TOMOIOrIecKoe IPOCTPAHCTBO
X /G naszpiBaeTCst MPOCTPAHCTBOM OpouT (mpocTpancTBa X OTHOCHUTETHHO jeficTBus rpymibl (7).

Ecmu A C X, o muoxkecrso 7 'w(A) = {g(a) : g € G, a € A} aBnstercst obbeUHEHEEM
opbur 3j1eMeHTOB U3 A U HasbIBaeTcs HacblmeHueM MmHOXKecTBa A. s orkpeiroro Vo C X

muokectBo miw(V) = UVG () = G(V') TO)Ke OTKPBITO, UTO IO OIPEJIETCHAI0 03HATALT, ITO
Te

muozxkectBo (V) orkpeiro B X/G. Cienosaresbho, npoekrust m: X — X /G — HenpepblBHOE
OTKPBITOE OTODparKEeHHeE.

Paccmorpum MHO)KECTBO eXp X BCeX HEMYCTBIX 3aMKHYTBIX IMOJMHOXKECTB TUXOHOBCKOTO
npocrpanctBa X ¢ TonoJiorueit Bueropuca. st menpepbiBHOro orobpaxkenusi f: X — Y
TUXOHOBCKUX TTPOCTPAHCTB IOJIOXKIM

(exp f)(F) = f(F), FeepX,

DTUM paBEHCTBOM ompejesieHo orobpazkenne exp f : exp X — exp Y. 1o oTobpazkeHue Herpe-
PBIBHO.
st romosiorndeckoit rpymmbl G nipeobpasosanuii (G, X, ) momoKuM

exp(G) = {exp(ay) : g € G}.

MuozxkectBo exp(G) saBisierca |4] rpyImnoit OTHOCHTENIBHO OIepaIin

exp(ozgl) eXp(Oég2> = eXp(Oégng>.

[Tpu sTom exp(ca,) — exuana rpynis! exp(G).
s neiictBus a: G X X — X MOXKHO OIpEIENTD JIeiiCTBHE

exp .

o exp G xexp X - exp X

IO ITPABIITY
O‘exp(eXP(O‘g>, F) = eXP(O‘g)(F)-

st ronmosiornveckoit rpymmsl (G, X, ) npeobpazosanuii Tpoiika (exp(G), exp X, a®*P) ap-
ngercs |4] Tonosormyeckoit rpynmoii mpeobpazoBaHuii.

Curestyioriee yTBep:KJIeHUE SIBISETCS OCHOBHBIM PE3YJIbTaTOM HACTOSIIENH 3aMETKH.

Teopema 1. Ilycrs rpynmna G komnaktaa u X — HeKoropoe G-ipoctpancTso. Torma:

1) mpocrpanctso exp X/ exp(G) xaycmopdoBo;

2) npoeknus m: exp X — exp X/exp(G) — 3aMKHyTOE 0TOOparKEHNE;
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3) mpoekrust 7: exp X — exp X/exp(G) — coberBenHoe orobpazkenue (T. e. mpoobpas
JIO6Or0 KOMIIAKTHOIO MHOYKECTBA KOMIIAKTEH );

4) KOMIAKTHOCTH IIPOCTPAHCTBA €Xp X PABHOCUIbHA KOMIAKTHOCTH IIPOCTPAHCTBA
exp X/ exp(G);

5) JIOKaJIbHAST KOMIIAKTHOCTH TIPOCTPAHCTBA exp X PABHOCHJIbHA JIOKAJIbHOM KOMITAKTHOCTH
npocrpancTBa exp X/ exp(G).
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Let I' = VUE be a metric star graph, consisting of a finite set of vertices (nodes) V' = V;UO
where V; = {v;};_, is set of boundary vertices and at one point O, we call a set of interior
vertices of the graph. Besides, a finite set of edges £ = {By};_, (such as heat conducting
elements) connecting these nodes.

We define coordinate x; on the each bound By of the graph with isometric mapping it to
the line intervals (0, Ly) such that L, < oo, (k=1,2,3).

We consider the following time fractional equation

0— Dt u(a,t) — ugg(m,t), T >t>t "
B Dgtu(xvt)_uzz(xyt)g 0<t<t0

on the each edges (Br{ zx : 0 < x < Li}) of the over defined metric graph, where 1 < o < 2,
and D¢, f is the Riemann-Liouville fractional derivatives [1]:

. 1 A\" [ ft
(Daxf)(x):m(%> /#dt,n:[a]+l,a>0,x>a.

a

Problem formulation: To find a solution u*) (z,t) of the equation (1) in domain By x
(0,T), with the following conditions:
1. solution u® (z,t) belongs to the class:

u® (z,t) € C ([0, L] x (0,T)) N C2{ ((0, L) x (0,T))

2. takes places initial-boundary and gluing conditions:
u®(0,8) = u® (0.6) = u® (0,1), ¢ €[0,T]; (2)

ulM(0,1) +ul®(0,t) +ul®(0,t) =0, t € (0,7); (3)
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u®) (Ly,t) =0, t€[0,T], k=1,2,3; (4)
t_l)itr(}}rOD%fu(k) (x,t) = t_l)itrﬁou(k) (x,t), x € By;
t_l)itror}rODf;;lu(k) (x,t) = t_l)itron_ougk) (x,t), = € By;

1i_r>%D8‘t’1u(k) (2,t) = oW (2), x € By;

where p*) (z), k =1,2,3 are sufficiently smooth functions.
Discussion
Using by the separate variables method for the equation (1) we will get ODE integer order:
2

d
@X(k)(:c) + N XW® () =0, A€ R\{0}, k=1,2,3 (5)

and ODE fractional order
Dy TR + N°TH(t) =0, T >t >ty and DAT(t)+ NT(t) =0, 0<t <ty (6)
moreover, from the conditions (2)-(4), we receive
x (0) = x (2 (0) = X3 (0),
d d d
ZXxD0) - =X@00)+ —X3® () =0
LX) 4+ XP(0) + X0 (0) =0,
X® (L) =0, k=1,2,3.
We would like to note, that eigenvalues and corresponding orthonormal eigenfunctions of
the Eq.(5), was found in work [2], in case Ly = Ly = L3 = L.
On the other hand, we recall, that a solution of the Eq.(6) will be represented on the form
(see [3]):
TP (t) = C1t* 2 Boei a1 (A7), o <t < T;

T (1) = Cot® ' B (=A%) + Cat* 2B 01 (—A2tY), 0 <t < to.

n

Hence, solution of the investigate problem we will present, as

u®) (x,t) = ZXn(az) (C’lta_QEa_l,a_l (—)\2250“_1)) , fortg <t <T;
n=1

u®) (x,t) = ZXn(:U) (CQtO"lana (—)\Qta) + Cst* ?Epa1 (—)\2ta)) , for0 <t <t
n=1

Under certain conditions to the given function unique solvability of the investigated problem
is proved.
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The nonlocal boundary value problem, dju(t) + Au(t) = f(t) (0 < p < 1,0 <t < T),
u(&) = au(0) + ¢ (o is a constant and 0 < & < T'), in an arbitrary separable Hilbert space H
with the strongly positive selfadjoint operator A, is considered. The operator d; on the left hand
side of the equation expresses either the Gerasimov-Caputo derivative or the Riemann-Liouville
derivative; naturally, in the case of the Riemann - Liouville derivatives, the nonlocal boundary
condition should be slightly changed. Existence and uniqueness theorems for solutions of the
problems under consideration are proved. The influence of the constant o on the existence of
a solution to problems is investigated. Inequalities of coercivity are obtained and it is shown
that these inequalities differ depending on the considered type of fractional derivatives. The
inverse problems of determining the right-hand side of the equation and the function ¢ in the
boundary conditions are investigated.

If « =0 (and £ = T'), then these problems are called the backward problems. The backward
problems in case of the Gerasimov-Caputo derivatives were studied in detail in [1]. The work [2]
is devoted to the study of the backward problems in case of the Riemann-Liouville derivatives.
It is well known, that regardless of the fact that the classical or fractional derivative is taken
into the equation, this problem is ill-possed in the sense of Hadamard.

In case of the classical derivative: dfu(t) = «'(t) the above nonlocal boundary value problem
has been extensively studied by A. O. Ashyralyev et al. (see, for example, [3]). As shown in this
paper the problem, in contrast to the backward problem, is coercively solvable in some spaces
of differentiable functions.
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In this work we get theorems for some polyharmonic functions, which determined in a unlimited
strip. In this work is discussed continuations polyharmonic function u(x), on its meanings, and
meanings of its normal derivative, on a smooth part of border S, of infinite domain D. Let
R™ - material space, © = (1, %2, ...Tm), Y = (Y1, Y2, ---Ym),T, Yy € R™,
¥ = (1, Tm-1,0),y = (Y1, -, Ym—1,0),
r=lr—yls=a'—ylh=7,p>00%=s.

D -the unlimited domain lying in a layer {y : ¥y = (y1, 2, ...ym),y; € R,j =1,2,.m—1;0 <
Ym < h} with border, 0D = {y : y = (y1,¥%2, -Um)s Y = 0} US, S =1y : ¥ = [ (Y1, -, Ym_-1)}
where f(y1, .., Ym—_1) has limited first order private derivative.

Cauchy problem: Let
u € C?*(D) A"u(y) =0,y € D

u(y) = Fo(y), Au(y) = Fi(y), ... A" Mu(y) = Foa(y),y € S

A An—l
= Go(y)dd—l;(y) =G1(y), -, dd—nu(y)
Where F;(y) , Gi(y),1=0,1,...,n—1, given on S(S C dD) continuous function, n -external
normal to 0D . It is required to restore u(y) in D.
Let’s assume, that the solution u(y) of problem (1) is exist and differentiable to endpoints of
border up to 2n—1 order and satisfies to the certain condition of growth (class of a correctness),

which provides uniqueness of the solution.
Let us define ¢, (y, ) and O, (y,x) : if m = 2k, k = 2,3, ... than

=Gna(y)yes (1)

dr=2 K(w)

(14 = 2 2) K () = gl ] 0 = iv/3 4, £

itm=2k+1,k=2,3,.. than

\k—lo—k o dk 1 du . \/72
(=1)" 275k — 2)Npo (y, 2) K () = = W =1V8 + U + Y.

dsk= il Vui+ s’
(3)

At all odd m > 3, and also even m with a condition 2n < m, the function K (w) satisfies

0

exp(ow — achipy(w — h/2))
(w =+ @, + 3h)"HL

K(w) = m=2n+1,n>1
exp(ow — achipy(w — h/2))
(W + xp, + 3h)"

Theorem 1.Function ®,(y,x) defined by formula (2)-(3) is polyharmonic function order n,
s > 0.

K(w) = m=2n,n > 2.

Let B,(D) is the space of polyharmonic functions in D which have continuous private
derivatives to endpoints of border up to 2n — 1 order and satisfying a condition:

3
,_.

(IA’“ W)] + lgradA™*lu(y)]) < Ceapleappa(y')). (4)

i
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Theorem 1. Let function v € B,(D) for any point y € 0D satisfies the inequality

n—1
HAP-1-k h
S 1aku(w)] + 122 < Cerplacosps(n — Deappily'). 5)
k=0

where p; < ps < p3 < p.
Then for any point xy € D takes place

8A" 1=k ONF®(y, x
u(zo) Z/A O (y, o) — (y) A"‘l_ku(y)—ag 0)]ds.
k=05,
Theorem 2. Let u(x) be solution of (1)-(2). If u € B,,(D;) and for any y € 9D satisfies
conditions of growth (5). Suppose

aAnflfku Y .
weon\s |22 s <
then 1,
lu(x) — up(z)| < C,MC(0)exp(—ox,, — achplacos%), g>09>0,x€D,
where

n—1
ON*D, (y, x)
—kz:%/ n—k—1( D, (y,x) —Fn—k—l(y)T]dS

and C(p) -constant which depends only from p and dimension of space R,,.

REFERENCES

1. Yarmukhamedov. Sh. Ya. a Task Cashy for polyharmonic of the equation.// The reports of
WOUNDS. 2003. Volume 388, Ne2. p 102-115.

2.Ashurova.Z.R., Jurayeva.N.YU., Jurayeva U.Yu., Task Cauchy and Carleman function,
// Academicia: An International Multidisciplinary Research Journal. 5 may, 2020.
http://saarj.com, Affiliated to Kurukshetra University, Kurukshetra India p.371-378

3.I. M.Tonysun. O6ob6rmennas dpopmyia Kapiemana u ee npujioxkeHnne K aHAJTUTHIECKOMY 1TPO-
no/kernto gyukiwii, // Mat. c6oprnk.1933. Ne40. C.144-149.

SYNTHESIS OF SUBOPTIMAL CONTROL IN THREE - DIMENSIONAL
TIME-OPTIMAL PROBLEM

Bakhramov J. A.

V.I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan,
bahramovjasurbek@gmail.com

We consider the time-optimal equation for the equation

ou(t, )
ot

= Aful- )t ) + v(t, 2) (1)
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with initial and boundary conditions
U(O, ‘T) = Uo(l’), MU(t, S) = U)(t, S)? (2)

where A is a uniformly elliptic differential operator, t > 0, x € D, D — regular domain with
Lyapunov boundary I', s € I'; M is a differential operator whose order is less than the order A.

It is hard task to apply Pontryagin maximum principle to problem (1) and (2). So,
Chernousko applied the method of expansion in the system of eigenfunctions of the operator A
[1]. As a result of this decomposition, the problem reduces to a system

d
— Uk = =Mk + Uk, Yk(0) =wyro, k=0,1,2 .. (3)

dt
In this work, to construct suboptimal control, is used the method of grouping terms
of a Fourier series. Unfortunately, its effectiveness is strictly related to the specific type of
eigenfunctions ¢y (x), therefore, here the method is demonstrated for the operator A = %.
Thus, consider the problem

%:g%‘ij(t,x), lv(t,z)| <wvy, t>0, 0<z<m, ()
u(0,x) = ug(x), u(t,0) =0, u(t,m) =0

Then the eigenvalues are equal A\, = —k? and the system of eigenfunctions consists of

or(r) =sinkx, k=1, 2, ..., which will be a complete orthogonal basis of the space L,[0, 7].
Consider such a constraint

Jnax | apsinkx + by sin 2kx + ¢ sin 3kx | < g, kelL, (5)

where the sequence i is chosen so that Y ux = vy condition is satisfied. The set (ay, b, cx)
kel
satisfying inequality (5) is denoted by Py. Let

P:{@@@ew

max |a sint + b sin2t + ¢ sin3t| <1 }
0<t<mw

Then P, = upP. As a result, the problem of constructing a suboptimal control is reduced
to the time-optimal control problem for a three-dimensional system

t=—-x+4a, y=—-4y+b, 2=-92+¢, (a,b,c) € P. (6)

First of all, we note that in auxiliary problem (6), for each initial point (xg, yo, 2), there is
a unique time-optimal control [2]. Therefore, the optimal controls of problem (6) coincide with
the extremal controls of the Pontryagin maximum principle [3].

Theorem The function

o(t,x) = Z WY(t) sin kx

k=

1
will be a suboptimal control in the problem (4) for the initial state ug(x).
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ON SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS WITH
INVOLUTION
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Definition. Let A C R be a set containing more that one point and f : A — A a function
such that f is not the identity Id. Then f is an involution if

fP=fof=1Id

or, equivalently, if
f=r"
If A =R, we say that f is a strong involution [1].
Example 1. The following involutions are the most common examples:

1. f:R— R, f(x) = —z is an involution known as reflection.
2. f:R\ {0} = R\ {0}, f(z) = L known as inversion.

Tz

3. Let a,b,c € R, cb+a®#0, c#0,

ar +b
cr —a’

pa s o m {2 s

is a family of functions known as bilinear involutions.

Differential equations with involutions were introduced for the first time [1] and |2] and since
then have become an important part in the general theory of functional differential equations,
with applications to certain biomedical models [3], stability of motion [4], and the pantograph
equation [5]. They can be transformed into ordinary differential equations and thus provide an
abundant source of relations with analytic solutions, as well as heuristic ideas for equations of
more general nature.

Example 2. The solution of the initial-valu problem for the differential equation with
reflection of the argument,

Y (z) =ay(=z), y(0) =1y

Theorem 1. Let the initial value problem

x(to) = xo, y(to) = yo,

satisfy the following hypotheses:
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(1) The function f(t) is a continuously differentiable strong involution with a fixed point t.

(2) The functions Fi, Fy are defined and are continuously differentiable in the whole space
of its arguments.

(3) The given equations are uniquely solvable with respect to y(f(t)), x(f(¢)):

y(f (1) = Gi(t, (1), y(t), (1)),

z(f(1)) = Galt, x(t), y(t), y'(t)).

Then the solution of the system of ordinary differential equations

V) = G+ g O+ s )+ 5o PO R0, 000,
and
V) = G+ e 7O+ G 0+ s PO B 0,20 0).2(0)

with the initial conditions

z(ty) = xo, '(to) = Fi(to, o, Yo, Yo),

and
y(to) = yo, ¥'(to) = Fa(to, zo, Yo, Zo)-

Example 3. We consider the following initial value problem

{x’(t) — y(f(1))

(f(t)): 2(0) = o, y(0) =0, [f(t)=—L.
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We consider the following one-dimensional integro-differential equation of the heat conduction

0,(t, ) = —Z/((g))@(t, z) + %Qm(t,x)+

LR —7) (- 7) r(t, )
v [ o) =) T gy O )}d ) @

It is supposed «(0) and k(0) are given numbers such that k£(0) > 0, «(0) # 0. Rewrite the
equation (1) in the compact form:

0,(t,7) = f(t.2) + COu(t, ) — al0)0(t, ) + /0 [CB(t — 7)0y(r,2) — d'(t — 7)0(r, )] dT (2)

for all t > 0,z € (0;1) and consider the initial-boundary value problem with

0(0,x) = bo(x), (3)
0(t,0) = pu(t); 0(t,1) = pa(t); 00(0) = pa(0); Oo(l) = p2(0); (4)
the initial and boundary conditions, where
SR R PR 0 r(t,2)

o) "= a0y "= oy T = gy
In equalities (3) and (4) Oo(x), p1(t) and py(t) are given functions. If r(¢,
p1(t), pa(t) are given functions, then finding the function 0(¢, x) from (2)-(4
problem.

We pose the inverse problem. For given functions r(t, x), 6o(z), u1(t), pe(t) it is required to
determine the functions k(t), «(t), t > 0 of the integral term in (2) using additional informations
about the solution of the direct problem (2)-(4):

»;C) o(x), aft), k(t),

is called as a direct

) |:v:zo: @bo(t),‘g |$:$1= @Z)l(t), Xo,T1 € (O, l), t>0 (5)

In this case 1o(t),91(t), t > 0 are assumed to be given functions.

Since the method for studying the inverse problem allow to find simultaneously the solution
to the inverse problem and the solution to the direct problem, then in the sequel, we will call the
inverse problem as a problem of determining functions (¢, x), k(t), a(t) from equations (2)-(5).

Theorem (existence and uniqueness).  Assume the conditions Oy(x) € C?(0,1),
(1/}0(t)7¢1(t)) € CQ[O;TL :ui(t) S CZ[O’T]v 1= 1,2, 00(1‘0) = ’QZJ1(0), 00(901) = @Z)Q(O): A #0,
00(0) = u1(0), 6Go(l) = pu2(0) are hold. Then there exists sufficiently small number T* € (0,T)
that the solution to the equations (2)-(5) in the class of functions 9(t,x) € C™?(Dp+),
a(t) € C?[0,T*], b(t) € C0;T*] exist and unique, where Dy« = {(z,t)|z € (0,1),t € [0,T*]}.
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APPROXIMATE SOLUTION OF THE CAUCHY PROBLEM FOR THE
PARABOLIC EQUATION WITH A VARYING DIRECTION OF TIME BY
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Consider parabolic equation

ug (z,t) = sign () ug, (x,t) + f(x,t). (1)

in the D = Dy U Dy, where Dy = {(z,t) : =1 <z <0}, Dy ={(z,t): 0 < <1}.
Problem. Find the function u (z,t) € W3 (D)NC'° (D) which is solution of the equation
(1) in the domain D and satisfies following initial

u(z,0) =p(x), -1 <x<1, (2)
boundary
u(—=1,t) =0,u(1,t) =0,0<t <T (3)
and gluing conditions
u(=0,t) = u(+0,t),u, (=0,t) = u, (+0,¢),0 <t < T, (4)

where ¢ (z), f (z,t) - sufficiently smooth functions.

Problems for equations with a varying direction of time have been considered in many works.
In [1] the author considers the first boundary value problem for one parabolic equation, in the
case when the gluing conditions on the hyperplane must be specified with a weight to ensure
the uniqueness of the solution.

The problem under study belongs to the class of ill-posed problems of mathematical physics,
namely, in this problem there is no continuous dependence of the solution on the initial data.
[l-posed problems for such equations were considered in the works of A.L. Bukhgeim, K.S.
Fayazov [2]|, K.S. Fayazov and 1.O. Khazhiev [3] and others.

An approximate solution of the problem (1) - (4) will be constructed in the form of a
solution to a boundary value problem for a pseudo-parabolic equation. In this paper, we
prove the existence and uniqueness of a solution for the initial-boundary value problem for
the inhomogeneous pseudo-parabolic equation with a varying direction of time.
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ESTIMATION OF THE STABILITY OF THE CAUCHY PROBLEM FOR THE
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In recent decades, mathematicians have become increasingly interested in the problems
associated with the behavior of solutions to systems of partial differential equations with a
small parameter in high derivatives with allowance for the kinetic parameters. These problems
arise from the physical applications, mostly from contemporary hydrodynamics (compressible
multiphase fluids with low viscosity). An analog to the Burgers equation arises, for example,
in studying a weak nonlinear one-dimensional acoustic wave moving with a linear velocity of
sound. In this case, the nonlinear velocity terms in the system of the Burgers equations come
from the sound velocity depending on the amplitude of the sound wave, on the second derivative
terms and on the difference in the velocities representing the sound waves attenuation associated
with energy dissipation. In other words, these terms provide the continuity of solutions and are
dissipative processes associated with the production of entropy. These terms in turn provide
the non-roll waves [1]. The system under consideration is a special case of a two-velocity system
of hydrodynamics equations [2-8]. A one-dimensional analog of the Navier-Stokes equations for
a compressible fluid can be considered as a system of the Hopfs equations which is a system of
nonlinear convection-diffusion equations [3]

ou ou -
E—i—u%:b(v—u), (1)

ov ov
E+v%—b(u—v), (2)

where the quantities u and v can be regarded as velocity subsystems with the dimension [z]/[t],
constituting two-velocity components with the corresponding partial continuum densities p;
and pa, p = p1 + ps is the common density of the continuum, b = ;’—“1’ b, b > 0 is the coefficient
of friction with the dimension 1/[t], which is an analog to the Darcy factor for porous media.

A two-velocity system of hydrodynamic equations and a system of the Hopfs equations
have much in common. For example, the quadratic nonlinearity with respect to the terms
and v with advective terms corresponding to the sound, depending on the amplitude of the
sound waves and the linear coefficient of friction b of the right-hand side is responsible for the
attenuation of the sound waves [1]. With regard to the properties of the solutions, they are
totally different. The system of the Hopfs equations in the vanishing coefficient b is formed of
both strong (shock waves), and weak discontinuities, while the solution of the system of two-
velocity hydrodynamics does not have such features. However, the range of applicability of this
system is by no means limited to the above example. These systems arise in many problems,
thus confirming their significance.
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For system (1), (2) in the domain Qr = {(¢t,z) : 0 < t < T,z € R}, let us consider the
Cauchy problem with the following initial data

U |y—o=uo(x), U |t=o=1vo(x), x € R. (3)

We are interested in the classical solution of the Cauchy problem for the system of the
Hopfs equations (1), (2), namely, u, v € C'(Qr) is the class of functions once continuously
differentiable with respect to ¢t and to z.

Theorem. Let ug(z), vo(x) € CY(R) (W3 (R), where W (R) is the Sobolev space. Then the
Cauchy problem (1)-(3) has in the class C'(Qr) a unique solution, and the following estimation
of stability holds

max{b, b} [

mZn{b’ [N)} - (U%(l‘) + Ug(m)) dx.

/ (w(t, ) +v*(t, 2)) dedt < T
Qr

The reported study was funded by RFBR and CNRS according to the research project No.
21-51-15002.
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Kasr tartibli differensial tenglamalar ko‘plab fizik, mexanik va biologik jarayonlarni
matematik modellarini mukammalashtirish, ba’zi holatlarda butun tartibli differensial
tenglamalar orqali ifodalash qiyin bo‘lgan jarayonlarning matematik modellarida muvaffaqiyatli
ishlatilmoqda [1|. Kasr tartibli hosilalarning ham turlari ko‘'p bo‘lib, eng ko‘p ishlatiladigani
Riman-Liuvill va Kaputo-Gerasimov ma’nosidagi kasr tartibli hosilalardir [2]. Bu ikki turdagi
hosilalarni umumlashtiruvchi Hilfer kasr tartibli hosilasi nafaqat matematik umumlashma, balki
amaliy ahamiyatga ham ega [3|. Keyinchalik, [4] ishda bu hosila ham yana umumlashtirilgan
bo‘lib, undan xususiy hollarda turli tartibli Riman-Liuvill va Kaputo-Gerasimov hosilalarini
keltirib chiqarish mumkin bo‘ladi. Aytish kerakki, bu kiritilgan hosilalarni aslida avvalroq
kiritilgan Djrbashyan-Nersesyan kasr tartibli diffe-
rensial operatorlarning xususiy holi sifatida qaralishi mumkin [5].

Biz qarayotgan kasr tartibli differensial tenglama uchun teskari masalada, qo‘shimcha shart
yordamida noma’lum boshlang‘ich shart ham topiladi. Masalani tadqiq etishda qaralayotgan
tenglama uchun Koshi masalasi yechimidan foydalanilgan [6].

Masala. Shunday u(t) funksiya va & son topilsinki, u(t) funksiya [0; 7] kesmada ushbu

DS u(t) = du(t) = f(t), 1<7,8<2 0<pu<l (1)
tenglamani va s
. 1—p)(2—-8 o
Jm Jo, u(t) = &o, (2)
d e
Jm o u) = 6, 3)
u(T) =n. (4)

shartlarni qanoatlantirsin. Bu yerda f(¢) berilgan funksiya, A, &y, n berilgan haqiqiy sonlar, &
— noma’lum son.

n— d " —p)(n—
DS u(t) = 14 (@ 180D p (), n—-1<~y<n B>0neN

—umumlashgan Hilfer operatori,

I8 f(t) =T(a)™ / f)(t—2)""dz, t>0

Riman-Liuvill kasr tartibli integrali.

Dastlab, (1) tenglamaning (2) va (3) shartlarni qanoatlantiruvchi yechimini topib olamiz.
Bunda biz & qgiymatni ma‘lum deb turamiz. Bu masala ekvivalent ravishda 2-tur Volterra
integral tenglamasiga keltiriladi [6]. Buning uchun tenglamadagi kasr tartibli hosilani

D(()Zr’ﬁ )u(t) = [ngg Lu(t) ko'rinishda yozib olib, (1) tenglamaga olib borib go‘ysak,
137 Dgyu(t) = Mu(t) + f(2)

tenglik hosil bo‘ladi. Bu yerda v = f4+pu(n—_3), 0 = f+u(a—pF), (n=2).So‘ngra tenglikning
har ikki tomoniga I§ , operatorni ta‘sir gildiramiz hamda

. (t — a’)a_j : d " n—o
tl—l>rc2,- E [a—‘r (t)

135 Dy, (t) = f(t) - Z (

a—j+1)

j=1
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tenglikni e’tiborga olsak, tenglama shunday ko‘rinishga keladi:

d\*7 ,
tg%i_ (%) [O—;au(t) )
(AN,
t1—>0+ (dt) I3 u(t)]

Bu integral tenglamaning yechimini quyldagl ko‘rinishda yozib olish mumkin:

Oé—-

2
I3, D, u(t) 27 D

Jj=1

u(t) = ]g+)‘“( ) + Ingf Z Y

t
u(t) = &t By (M) + £, Ey (M) + / (t— )" "By, [A(t - s)ﬂ F(5)ds.
0
Topilgan umumiy yechimni (4) shartga bo‘ysundiramiz. ¢t = T" desak,
T
w(T) = &I Esy(NT?) + 6772 Es 1 (AT°) + / (T —5)° "' Ess [)\(T - 3)6] f(s)ds =n.
0
Bu tenglikdan Ejs. 4 A\T° # 0 shart asosida &, noma‘lumni quyidagicha topamiz:
T
&= |n— / (T — 5)° " Ess [)\(T - 3)5] F(s)ds — &7 By (ANT?) | - [T72E5, 1 (AT)]
0

-1
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In this paper, the problem of continuation of the solution of the ill-posed Cauchy problem
for matrix factorizations of the Helmholtz equation in a multidimensional bounded domain is
studied. It is assumed that the solution to the problem exists and is continuously differentiable
in a closed domain with exactly given Cauchy data. For this case, an explicit formula for the
continuation of the solution is established, as well as a regularization formula for the case when,
under the indicated conditions, instead of the Cauchy data, their continuous approximations
with a given error in the uniform metric are given. A stability estimate for the solution of the
Cauchy problem in the classical sense is obtained.

This problem concerns ill-posed problems, i.e., it is unstable. It is known that the Cauchy
problem for elliptic equations is unstable relatively small change in the data, i.e., incorrect
(example Hadamard, see, for instance [2], p. 39). In unstable problems, the image of the operator
is not is closed, therefore, the solvability condition can not be is written in terms of continuous
linear functionals. So, in the Cauchy problem for elliptic equations with data on part of the
boundary of the domain the solution is usually unique, the problem is solvable for everywhere
dense a set of data, but this set is not closed. Consequently, the theory of solvability of such
problems is much more difficult and deeper than theory of solvability of Fredholm equations.
The first results in this direction appeared only in the mid-1980s in the works of L.A. Aizenberg,
A.M. Kytmanov, N.N. Tarkhanov (see, for instance [3]). At present, special attention is paid
to topical aspects of differential equations and mathematical physics, which have scientific and
practical applications in the fundamental sciences. In particular, special attention is paid to
the study of various ill-posed boundary value problems for partial differential equations of
elliptic type, which have practical application in applied sciences. As a result, significant results
were obtained in studies of ill-posed boundary value problems for partial differential equations,
that is, approximate solutions were constructed using Carleman matrices in explicit form from
approximate data in special domains, estimates of conditional stability and solvability criteria
were established. The first results, from the point of view of practical importance, for ill-posed
problems and for reducing the class of possible solutions to a compact set and reducing problems
to stable ones were obtained in the works of A.N. Tikhonov (see [1]).

In many well-posed problems for systems of equations of elliptic type of the first order with
constant coefficients that factorize the Helmholtz operator, it is not possible to calculate the
values of the vector function on the entire boundary. Therefore, the problem of reconstructing
the solution of systems of equations of first order elliptic type with constant coefficients,
factorizing the Helmholtz operator (see, for instance [4], [5], [6], [7], [8], [9], [10], [11], [12]
and [13]), is one of the topical problems in the theory of differential equations.

In this paper, we present an explicit formula for the approximate solution of the Cauchy
problem for the matrix factorizations of the Helmholtz equation in a multidimensional bounded
domain. The odd dimensional case requires special consideration, in contrast to even dimensions
in many mathematical problems. The even dimensional case will be further considered in other
works of the author. Our formula for an approximate solution also includes the construction
of a family of fundamental solutions for the Helmholtz operator a multidimensional bounded
domain. This family is parametrized by some entire function K (w), the choice of which depends
on the dimension of the space (see, [4]-[13]). This motivates a separate study of regularization
formulas in odd dimensional spatial domains.
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Consider a simple star graph (metric graph), which is obtained by connecting three finite
segments By = {z} : 0 <z < Ly}, (k=1,2,3), at one point O(0,0), called the vertex of the
graph. Line segments are called bonds of the graph. On the each edges of the over defined
graph, we consider fractional differential equations

Dy u® (z,t) — ull)(z,t) = fP(2,t), =z € By, (1)

where 0 <a<1,, 0<u<1, f®(x,t), k=1,2,3 are known functions and Dyl is Hilfer
operator:

(Dgif'u) (t) = ]gin_a)D(”) <Ié}r_“)(n_a)u> t)yn—1<a<n0<pu<l
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Where I§, the Riemann-Liouville (R-L) fractional integrals with order a of a function f(z) is
defined by|2]

(ﬁJM@:FéL/@q%ﬁJh@>a,a>w

We will study the following problem for the equation (1) in I'.

Problem To find functions u® (z,t) in the domain By x (0,7, satisfy an equation (1) for
0 < a < 1 with the following properties:
1.
tloommtony(®) (2 1) € C([0, L) x [0,T)),

ul) (2, 1), DyFu® (x,t) € O ((0, Ly) x (0,T)).

rxr

2. Local conditions:

Iér“)(lfa)u(k)(x,t) =M (2), k=1,2,3z € By
t=0

3. vertex conditions
u(0,1) = u®(0,£) = u®(0,1),¢ € [0, T,

ulM(0,t) +u@(0,) + uP(0,8) =0, t€[0,T], k=1,2,3

T

and boundary conditions
u (L, t) =0, t€[0,7T], k=1,2,3.

where *) () are sufficiently smooth given functions.
Using the method of separations of variables for the homogeneous equation corresponding
Eq(1), we will get ODE of integer order
d2

@XW (2) + M XP(2) =0, A€ R\{0}, k=1,2,3 (2)

and ODE of fractional order
DYMT() + NT(t) =0, I —1<a<l, 0<pu<1. (3)

We would like to note, that the Eigenfunctions and eigenvalues at the formulated problem are
the some as in work|[1].

Using properties of the Mittag-Leffler function, we prove the uniform convergence of the
obtained Fourier series. The uniqueness of the solution of the problem is also proved.
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ZINAPOYASIMON GRAFLARDA TO’LQIN TARQALISH TENGLAMASI
UCHUN BOSHLANG’ICH-CHEGARAVIY MASALA YECHIMINING
YAGONALIGI HAQIDAGI TEOREMA

Kenjaboyeva M

Qarshi davlat universiteti, Qarshi, Uzbekistan,
mkenjaboyeva@inbox.ru

Ushbu ishda biz zinapoyasimon graflarda (1-chizma) to’lqin tenglamasi uchun boshlang’ich-
chegaraviy masalani qaraymiz. Ma’lumki, bunday graflar DNK, RNK molekulalarida
kechadigan impuls transportini tadqiq gilishda model vazifasini bajaradi [1,2].

Bizga qirralari teng uzunliklarga ega bo’lgan zinapoyasimon graf berilgan bo’lsin.

-‘J]_ bg !13 bu—l b,

— —_— —_— —_— | =

J . l byisa lb,,+3’ s "l byna Ib?!n-].

[rom—— —_— | —

bZH b2n+L b2n+2 bsn—? Ib3n—1

1 — chizma

Har bir girraga (0, L) kesmani mos qo’yamiz, yani by ~ (0, L),k =1,2,...,3n — 1.
Grafning har bir girrasida quyidagi
Ut = QU + fu(x,t), € (0,L),t >0,k =1,2,...,3n — 1, (1)
to’lgin tarqalish tenglamasining
Uk lt=0 = ©r(x), Urtli=o = Yr(x), x € [0, L],k =1,2,...,3n — 1, (2)
boshlang’ich shartlarni
Ujlp=0 = 0,7 € {1,2n}, w|,=r =0, 1 € {n,3n — 1},t > 0, (3)
bir jinsli chegaraviy shartlarni va
Uk |o=1 = Uky1le=0 = Uktn|z=0,
uk$|m:L - u(k+1)x|$:0 + U(k+n):{:|x:0a k= 1; 27 ey — 1 (4)

ka(nfl)’sz = uk’x:L = uk+1’x=07

Uk—nt D)o lo=L + Uka|z=L = U(kt1)z|z=0,k = 2n,2n+1,...,3n —2,t > 0 (5)
ulanish shartlarini qanoatlantiruvchi regulyar yechimini topish masalasini qaraymiz. (4), (5)
ulanish shartlari odatda oqim saqlanish yoki Kirxgoff shartlari deb ham yuritiladi.

Teorema. @i (), Yr(x), k =1,2,...,3n — 1, funksiyalar (0, L) kesmada uzluksiz funksiyalar,
fr(z,t),k = 1,2,...,3n — 1 funksiyalar D = {(z,t) : 0 < o < L,t > 0} sohada uzluksiz,
chegaralangan funksiyalar bo’lsin. U holda (1) — (5) masala ko’pi bilan bitta regulyar yechimga
ega bo’ladi.

Teorema energiya integrallari usulida isbotlangan.
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THE EXISTENCE OF EIGENVALUE OF THE GENERALIZED
FRRIEDRICHS MODEL UNDER RANK THREE PERTURBATION
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Let T3 = (—, 7] be the three dimensional torus (Brillion zone) and let L?*(T?) be the Hilbert
space of square-integrable functions defined on the torus T2. We consider the Generalized
Friedrichs model associated to a sistem of two identical quantum particles as follows:

Hyyyous(0) = Ho(p) =V, V= Vi + poVa + pusVa,  pa, pio, iz > 0. (5)

here Hy(p), p € T? is a multiplication operator by the function w,(-) := w(p, -):

(Ho(p)f)(q) = wy(a) f(q), f e L*T?

.and V;, 7 =1, 2,3 are integral operators i.e.

Vi) ) = eila) / pils)f(s)ds, i=1,2,3

’]I‘S

Hypothesis 1. (i) The functions ¢;(-),i = 1,2, 3 are real valued and belong to C")(T*)

(ii) The function w(-, -) is real analytic in (T?)? = T® x T? and has a unique non-degenerate
minimum at (0,0) € (T3)2

The perturbation V' is positive operator of rank three. So, by the well-known Weyl theorem
[1] the essential spectrum of the operator H,, ,, ., (p) coincides with the spectrum of Hy(p) and
fills the following segment on the real axis:

Tess(Hpuy yio 5 (P)) = Oess(Ho(p)) = o (Ho(p)) = [m(p), M(p)],

here

m(p) = minw,(q), M(p) = maxw,(q).
qeT3 qeT3

Hypothesis 2. For each z < m(p) the following relations are true

/Mdszoa Z%j? 27]:1’2’3

J wy(s) — 2

Observe that by Hypothesis 1 there exist such d-neighborhood Us(0) C T2 of the point
p = 0 € T? and analytic function gy : Us(0) — T? that for any p € Us(0) the point go(p) =
@$"(0), 4 (0), 4§? (p)) € T is a unique non degenerated minimum of the function w,(-) as well
as the following integrals exist:

2(¢.
/—%’ (s)ds 4 93

wp(s) —m(p)’

'I[‘B
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We set .

e p7(si)ds i
w) = | [ iy | 0 v

The main result is the following theorem

Theorem. The operator H,, ,, .,(p) has unique eigevalue E;(1;, p) below m(p) if and only
if p; > pi(p), 0 < py < pi(p), 0 < pg < pu(p), 4,5,k =1,2,3, 9 # j,i # k. The function E;(p;, p)
is monotonously decreasing in (1;(p), +00) by p; and real analytic on Us(0) by p. Associated
eigenfunction has of the form

'H‘3

Cipipi(qi)
wp(q) — Eipi, p)

‘Iji(ui7p7 K E’L(/“Llap)) -

Generalized Friedrichs model has been considered also in [2,3].
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VISUAL MODELING OF THERMAL CONDUCTIVITY PROCESSES IN
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In this paper, in order to study visual modeling of heat generation processes at
industrial enterprises in the presence of a source, we look at the following problem in () =
{(t,z):t € Ry, x € R} area:

(1)

2" 2 = div (Jo|" w™ = | ValP 2 Vul) + 5y (1) o |z
|z|” 90 = div (|[" v™=! IVuP 72 Vol) + 5 (t) uo™ "

with initial (Cauchy) condition
u(0,2) = ug (z) >0, v(0,2) = v (z) >0, (2)

where my > 1, mg > 1,p> 2, q1, g2, 11, 12 > 1, k,l € R is the parameters, ug (z), vy ()
is the initial conditions, |z|™ , |z|* is the density of the medium, 0 < () € C (0,00) is the
specified function.
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Before constructing a self-similar solution of the system of equations (1), let us consider
some cases of diffusion, for example: m; + p — 3 > 0, ¢« = 1,2-the state of slow diffusion,
m; +p—3 = 0,7 = 1,2-the critical state(the asymptotic is summed up depending on its
solutions), m; +p —3 < 0, ¢ = 1,2 is called the state of fast diffusion. An asymptotic solution
is usually understood as a solution of a system of nonlinear equations that can satisfy certain
conditions.

(1) the equation represents a number of physical processes [1]: the reaction diffusion process
in a nonlinear environment, the heat dissipation process in a nonlinear environment, the
filtration of liquid and gas in a nonlinear environment, they represent the existence of the
law of polypore and other nonlinear displacements [1-3].

(1) the Cauchy problem and boundary value problems for the equation were observed by
many authors in one-dimensional and multi-dimensional cases [2-4].

We can translate the system of equations (1) into a system of radial-symmetric equations
so that we can find a solution to a self-similar or an approximately self-similar. To do this, we
first introduce the notation asr = |z, so that we can translate the system of equations (1) into
a radial-symmetric system:

kdu _ s n+N-1, mi—1|du|P~2 Jul G171 0.k
ri Sy =div (r u o 5o )+ () utomr®,

kov __ j; n+N—1, mo—1 (9_1117_2 @l q1.,,71 0.k
rie =div (r v u|P70uT) 4y (8) utomr

(3)

After performing the substitution (3), to find a self-similar solution of the system of
equations (1) and the solution of the approximately self-similar, we use the following method:

ult,r) = (t)-w(r (1), o (r)) "
v(t,r)=v(t)-2(7(t),e(r) °
Now we calculate the initial part of the system of equations (1), as required, as follows:
_ 1—ro+r
| { a1 = (q1—11)(7’22—1)1—r1q2

o = —q1+q2
2 (g1—1)(re—1)—riqo

1

{ g_z =~ (t) - a1 - u(t) = A [To+f0tv(77) dnr
W — oy (t) - ue (1) = Ay [TO + [y () dn} "

After performing the calculations, the system of equations (3) takes the following form:

dw
¢

p—2 1
Ow __  1-—s 0O s—1, mi—1 Ow —q1(m1+p+l—3) 57 r
5= @(@ w™ %)Jrv(t)uql( CPHERGT (Wi — w), 5
9z _ ,1-s 0 s—1,m1—1 |0z
ar — ¥ Op (('0 < Op

P2 g_zl> + y (t) ﬂqzz—jrz(m2+p+l—3) (wqg o2 Z)
(%2}

From the system of equations (4)-(5) (1)-(2) there are important considerations on the
question: if m; + p+1#4; i=1,2

r0= [ mom e = [ ey

orifm;+p+1=4; i#1,2isequal to7(t) =T +1.
We form a system of equations of a new form:
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-2
€ & (é g & %) + £y (1) gan=CmpH=gn (fagn — f) =0,
6)
p—2 (
61_8 % (65_1 gm2—1 3_21 %) + %,}/ (t) Tﬂqzq—}rg—(mg—&-p—i-l—?)) (fqggT2 _ g) =0

To find a solution to this system of equations (6), we introduce another repeating self-similar

pattern: B
{ f(&) =A(ar—¢m)™
g(§) = B(az— &)™
wherea; > 0; 1 = 1,2, v > 0; ¢ = 1,4 is equal.
Combining all the calculated equalities, we get the integral self-similar solution we are
looking for:

1—7ro 1

e T G . a .
wa(t,z) = |aza, [T+ Jy v (ydn| ™ Afay = gm)™,
va(t,2) = [A0 ] 7 [T+ 3y () dn] ™ B (@ — )
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GIPERBOLIK TIPDAGI BUZILADIGAN IKKINCHI TUR TENGLAMA
UCHUN KOSHI-GURSA MASALASI
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Giperpolik tipdagi ushbu

Upe — (=) "y + (=)™ uy, — Nu=0, y <0 (1)
buziladigan ikkinchi tur tenglamani AC : z — 2(2—m) (=y)* ™" = 0, BC : = +

2(2 — m)fl(—y)@*m)/ > =1 va AB : y = 0 xaraktiristikalar bilan chegaralangan D sohada
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qaraylik, bu yerda m, a hamda A berilgan haqiqiy sonlar, m € (1,2), a« < (3m —4)/2 ,
a#-n22-m)+m/2,a#-n(2—m)+m—1,n€N.
Koshi-Gursa masalasi. D sohada (1) tenglamani hamda

lim (—y)* (9/9y) {u(z,y) — AL [r(t), A} = v (z), z € (0,1), (2)

y——0

u(r,y)lae = vo (), ¥V 2 € [0, 1/2] (3)
shartlarni qanoatlantiruvchi funksiya topilsin, bu yerda v (z), ¢o (x) — berilgan funksiyalar,
7 (z) = u(z,0),

: o n(= ()
AL [T(t), Al = Z; (2 —m)* (B +1/2),(8 +n),

< [ @@ (0= T T (0) d, (4)

v =T28+2n)T2(n+pB), CF = /[k;'(n— k)] ; (a), - Poxgammer belgisi: (a), =
(a), = ala+1)(a+2) (a—i—k— 1), F(z) - Eylerning gamma fl;{l}jsiyasi, 8 =
(20 —m)/[2(2 ~ )] Dy [7(1), ] = (N d2/dt2) T(t), t = x+2(2—m) ' (=y) 2 x x(22-1),
J,

(2) = 2<Mj{)2 £ —1,-2,-3, L o=4A2—m) (—y) 2 /2 (1—2).

Eslatlb o‘tish joyizki bu masalaning o € ((3m —4) /2; m — 1) bo‘lgan holi [1] maqgolada
o‘rganilgan.

Qo‘yilgan masalani yechishda (1) tenglama uchun qo‘yilgan ko‘rinishi o‘zgargan Koshi
masalasi va uning Ry, sinfdagi yechimidan foydalanamiz. Bu masala quyidagicha bayon gilinadi:

D sohada (1) tenglamani hamda (2) va

u(z,0) = 7(x),¥ x € [0,1] (5)
shartlarni qanoatiruvchi u (x,y) € C'[a,b] N C?(0,1) funksiya topilsin, bu yerda 7(z) va v(z)-
berilgan funksiyalar. {(1), (2 ) (5)} masalaning yechimi

1

u(z,y) = A; [7(8), Al = a(=y) / v (1) [2(1 = 2)] T (0) dz, (6)

0

formula bilan aniglanadi [2], bu yerda v, = (1 — a)"'T'(2 = 28) T2 (1 — f).

Quyidagi lemma o’rinli [2].

1-lemma. Agar 7 (z) € C*""2[0,1] va v (z) € C'(0,1) N L (0,1) bo’lsa, u holda (6) formula
bilan aniglangan wu (x,y) funksiya {(1), (2), (5)} masalaning yechimi bo’ladi.

1-tarif. Agar 7 (z) funksiya

7 (x) = sign (v — k) / (x — 9)72’57_5 A(x—6)]T(0)do (7)
k

ko’rinishga ega bo’lib, v (x) va T (x) funksiyalar (0,1) oraliqda uzluksiz va integrallanuvchi
bo’lsa, u holda (6) ko'rinishdagi u (z,y) funksiya (1) tenglamaning Rj, sinfga tegishli yechimi
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deyiladi, bu yerda I, () = > [(2/2)%} / [j!(l + fy)j] , k parametr 0 yoki 1 gqiymatlardan biriga
=0
teng.

1-teorema. Agar v(z) € C(0,1) N L(0,1) va ¢o(z) € C[0,1] bo'lsa, {(1),(2),(3)}

masalaning yechimi

uley) = / CW —0) =T {A\/m} W (9) do+
+2(:018 B 7<[<2 —(@- ‘9)2} ﬂgjfﬁ [Am] X
2=

x [qf (0) — 27[(2 — m) /4] v (0) cos gﬂ do

formula bilan aniglanadi, bu yerda ¢ = 2(2 —m) (=)@ ™2 W (z) = 22°T"1 (1 — B) x
x cos BrARY | DY g0 (/2)] 4+ 2302 = m) /0w (@) cosmB; AN ()], Dy lgl)]

operatorlar mos ravishda [3|, [4] adabiyotlarda keltirilgan.
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RECOVERING TIME DEPENDENT FUNCTION FOR THE FRACTIONAL
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The present study investigates existence and uniqueness of solution to an inverse problem
for a one-dimensional time-fractional diffusion equation. This existence and uniqueness result
is based on the Fourier method and Laplace transform, the fractional calculus and the Banach
fixed point principle. The unknown time dependent coefficient is determined uniquely by the
additional data which is an integral condition. Then, the continuous dependence of data is
proved.
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We consider the so-called one-dimensional fractional diffusion equation

(“Dyu) (2,1) — uge(2,t) + q(t)u(z,t) = f(2,t), (2,t) €, (1)
with initial
u(z,0) = ¢(x), z € (0,1), (2)
and the homogeneous Dirichlet boundary conditions
u(0,t) = u(l,t) =0, te (0,77, (3)

where Q := (0,1) x (0,T], “D¢ stands for Caputo fractional derivative of order 0 < o < 1 in
the time variable and f(z,t) is the known source term, ¢(x) is the initial temperature.

For (1)-(3) the direct problem is the determination of u(z,t) in € such that u(-,t) €
C?((0,1),R) and (“Dyu) (x,-) € C((0,T],R), when the coefficient ¢(t), the initial temperature
¢(x) and the source term f(x,t) are given and continuous.

Inverse problem. Find the couple of functions {u(z,t),q(t)} satisfying equation (1)-(3),
under the over-determination conditions

/0 u(z, t)dx = g(t), t €10,7], (4)

where g(t) € C([0,T],R) is the additional data of the thermal energy. The solvability of inverse
problems with such type of integral over-determination has been considered in the paper [1]-[3].
We have the following theorem.
Theorem 1. Suppose the following conditions hold:
(i) ¢ € C°[0,1], o™ (0) = ®)(1) =0, k = 0,2,4;
(i) f € CoP(Q), O f(0,8) =08 f(1,1) =0, k=0,2,4;
(iii) g(t) € AC[0,T], |g(t)| > go > 0 and g(t) satisfies the matching condition g(0) = f(f o(z)dx
Then the inverse problem (1)-(4) has a unique solution.
Setting 71" such that

. 1 go
T<m1n{ , ,} )
2cev/ 1+ a eyl 4+« (5)

where
[Y0llog) < ¢ == max ([[volle@y, llgolleror), (6)

Then we have the following theorem.

Theorem 2. The solution (u(z,t),q(t)) of the inverse problem (1)-(4), under the
assumptions of Theorem 1, depends continuously upon the data of ¥ = {f(z,?), v(x), g(t)}
for satisfying (6).
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INITIAL-BOUNDARY VALUE PROBLEM FOR SUBDIFFUSION EQUATION
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We use Green’s function method to construct the solution of initial boundary value problem for
the time-fractional diffusion equation on the metric star graph with equal bonds. The approach
of energy integrals was used to demonstrate the uniqueness of the solutions to the problems
under consideration. The uniqueness of the solutions of the considered problems were proved
by the method of energy integrals. Some possible applications in branched nanostructures were
discussed.

The diffusion equation is widely applied in a variety of domains of research, including physics,
biology, mechanics, chemistry, and others. The theory of fractional calculus has been studied
with great interest in recent years. It is known that the Green¥s function method is a powerful
technique for solving boundary value problems. The GreenVs function method for fractional
order equations was investigated by A.V. Pskhu [1].

We consider the star graph which has m = k + [ bonds connected in one point O. We define
coordinates in the graph’s edges by isometrically mapping these bonds to the interval 0 to L,
so that the coordinate 0 corresponds to the vertex O in each edge. The bonds of the graph are
denoted by B;,j =1, m.

On each bond B; of the graph we consider the time-fractional subdiffusion equation

2

0 N
Dguj(z,t) = @uj(m,t) — fi(z,t), O0<az<L,0<t<T, j=1m (1)

where Df,g(t) is the fractional derivative [1] defined by

o1 0 g
D2 g(t) = r(1—a>§/|t—g|ad§’ 0<a<l,
n

where I'(z) is the Gamma function. Initial conditions are

lim D§; 'uj(z,t) = j(x), 0<z<L, j=1m. (2)

t—0

At the inner vertex of the graph we use the following gluing (Kirchhoff) conditions

u1(0,t) = uz(0,t) = . m(0,1), glclir(l) (Z B Ui (x,t) ) = 0. (3)

for all ¢ € [0, 7. These conditions ensure the local flow conservation at the branching point of
the graph.
At the boundary vertices we will use Dirichlet boundary conditions (BC) given by

wi(L,t) =(t), i=Tm. (4)
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Problem consists of finding the regular solutions for equation (1) which satisfy conditions (2)—

(4).
Lemma. The problem has at most one solution. Furthermore, if 1;(t)
solutions satisfy the following a-priori estimate

0,7 = 1,m, then the

Dy Hlul* < Ea(t) - Dgy Il + T(@) Eaa - Do £,

where Eo(z) = > 2 2" /T(an + 1) and E,,(2) = > 072" /T'(an + p) are the Mittag-Leffler
functions.

In the proof of this lemma we use analogue of the Gronwall-Bellman lemma [see 2].

Taking into account the theorem 4.3.1. [see 1], we look for solution of problem in the following
form

u(z,t) = /0 (G(x,t; L, T)ue(L, 7) — G(x,t;0, 7)ue(0,7) — Ge(x, t; L, 7)u(L, 7)+

L t L
L Ge(, 50, 7)u(0,7))dr — / o(8)G (1€, 7)dE / / Gl t:€,7)f(€, 7)dedr,

where u(z,t) = (uy(,1), ..., um(z,t))" and G is a matrix-Green’s function. Green’s function
satisfies the equation Gee — D, G =0, for all £ # x,0 <7 < L.

We found Green’s function in the form

G= Z )"M"(T(x —&+2nl,t —7)+ MI'(z 4+ &+ 2nl,t — 1)), (5)
2 — 2 2
1 2 2—m .. . . . .
where M = - matrix of dimension m x m and I'(s,t) is
2 2 e 2—m
1 sl 5 . 2"
(s, t) = =t*/>tel®2(— h w0 (2) = .
(57 ) 2 e1 a/2( ta/g)? where ea,ﬁ(z) nZ:O F(om 4 ,U/)P((S . 571)

Theorem. Let ¢;(t),¢;(t) € C[0,T] (i = 1,m, T > 0), and f(z,t) € C¥{(z,t) : 0 <z <
L,0 <t < T}. Then considered problem has unique solution in the form of

L

ule,t) = — / (Gele,t; L, ryu(L, )+ )dr — / o(8)G (1€, 7)dé

0

//GmgT F(e, 7)dedr,

where u = (uy, ..., )’ F = (f1,., fr)T and G(z,t;€,7) is given by (5).
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LAPLAS TENGLAMASI UCHUN DIRIXLE MASALASI YECHIMINING
MAVJUD BO’LMASLIGI HAQIDA
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Laplas tenglamasi uchun Dirixle masalasi qaraladigan soha chegarasi Lyapunov sirtidan iborat
bo’lmaganda yechimga ega bo’lmasligi mumkin. Bu tasdigni isbotlovchi quyidagi misolini
keltiramiz (Lebeg misolining umumlashishi). R? dagi S = {(z,0,0) € R®: 0 < z < 1} kesmada

p(x)= f(x)eCl0,1]
chiziqli zichlik bilan tagsimlangan quyidagi massa potensialini qaraylik.

B G ((31:
(z,y,2) /0 \/(g—x)2+y2+22

(1)

Bu potensial S kesmadan tashqgarida aniglangan va garmonik. Kiritilgan w(z,y,2) = u(?)
funksiyaning yetarli katta
] =7
lardagi giymatlari uchun
[ 17l 1
. 1 1
i< c [LEE ol [irlae< oo
0 0

Ch,Cy = const > 0.
Demak,
1
u(x,y,z)|=0(;),r—>oo (2)
f(z) = kzx, k = const > 0

bo’lgan holni qaraylik. U holda (1) potensialni p = /9% + 22 # 0 bo’lganda quyidagicha
ifodalash mumkin.
U(ZL‘,y, 2) = ]{3(,0(1‘, p) — 2kx lnpa

(3) w(z,p) = \/(1—w)2+p2—\/m+xln((1—x+ (1_$)2+p2) <$+ x2+p2>)

u(z, p) funksiyaning sath sirtlari u(z, p) = ¢(c = const) tenglama bilan beriladi. Ular aylanma
sirt bo’ladi (aylanish o’qi - z o‘qi). ¢ > kbo’lganda bu sirt > 0 yarim fazoda joylashgan va u
"uchli nok sirtiga"o’xshash. Bu sirtlarga (0;0;0) nuqtani qo’shib qo’yamiz. Sath sirtlarining

z2=0
tekislik bilan kesimi tekislikda egri chiziglarni ifodalaydi. Bu egri chiziglar (0;0) nuqta atrofida
exp(—k/2)

funksiya kabi bo’lib, ular koordinatalar boshiga urinishi cheksiz tartibli bo’ladi.



177

L
.\
/
/ \
/
i \I
4 -

\\ /

/

.//

1 —rasm.
u(z,y,z) = 2k sath sirtining z = 0 kesimi. Biror ¢ > k 1i sath sirti bilan chegaralagan,

chegaralanmagan soha Gni qaraylik. G' sohadaning chegarasi 0G da u|,, = ¢(y) = ¢, ¥ € 0G
chegaraviy shartli (tashqi) Dirixle masalasini qo’yaylik. (3) formula bilan aniglangan u(z,y, z)
funksiya G da garmonik, OG ning koordinatalar boshidan farqli nuqtalarida u(z,y, z) = ¢, lekin
(z,y,2) — (0;0;0) da turli yo'llar bo’ylab turli limitlarga intiladi, ya'ni u(z,y, z) funksiya G
da uzluksiz emas. Isbot qilish mumkinki, agar qaralayotgan Dirixle masalasining cheksizlikda
(2) shartni qanoatlantiruvchi yechimi mavjud bo’lsa, u albatta aytilgan u(zx, y, z)funksiya bilan
ustma-ust tushadi. Bu yechimning G da uzluksiz bo’lishiga zid. Shunday qlib, qo’yilgan Dirixle
masalasi yechimga ega emas. Endi R = k/2 radiusli (k/2;0;0) markazli sferaga nisbatan Kelvin
almashtirishini bajaraylik. Bu almashtirishda chegaralanmagan G soha chegaralangan D sohaga
o’tadi va shu soha uchun hosil bo’luvchi mos (ichki) Dirixle masalasi yechimga ega bo’lmaydi.
D soha olmaga o’xshash bo’lib, uning chegarasi koordinatalar boshiga cheksiz tartibli urinadi
(juda ham uchli "voronka"shardan chigarib tashlangan).
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BUZILADIGAN GIPERBOLIK TIPDAGI TENGLAMANING BIR ANIQ
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Buziladigan xususiy hosilali differensial tenglamalar gaz dinamikasining turli masalalari
matematik modellarining asosi bo‘lib xizmat qilgan [1, 2|. Tkkita buzilish chizig‘iga ega bo‘lgan
aralash tipdagi differensial tenglamalar uchun turli lokal va nolokal shartli chegara-
viy masalalar bir giymatli yechilish ma'nosida ko‘pchilik olimlar tomonidan tadqiq etilgan,
analitik yechimlar topilgan (masalan, [3-5] ishlarni ko‘ring).

Ushbu ishda biz, 2 ta tip buzilish tekisligiga ega bo‘lgan chiziqli giperbolik tipdagi
tenglamaning bir aniq yechimini qurish masalasini tadqiq etamiz. Olingan natijani keyin-
chalik bunday tipdagi tenglamalarning chizigsiz holatlarini tadqiq etish rejalashtirilgan.
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Quyidagi xususiy hosilali differensial tenglamani

U = (xkua:)a: + (ykuy)y + f($7 Y, t) (1)

qaraylik, bu yerda k € R (k # 2) - berilgan son, f(x,y,t) - berilgan funksiya.
(1) tenglamaning aniq bir yechimini quyidagi ko‘rinishda izlaymiz:

u(w,y,t) = U(2), z =4 +49°7" — (2 = k)*F". (2)

Xususiy hosilali differensial tenglamalarning aniq yechimlarini bunday usulda izlash hagida [6]
dan batafsil ma’lumot olish mumkin.
(2) almashtirish asosida tenglamada ishtirok etgan kerakli hosilalarni hisoblab olamiz:

uy = —2(2 — k)?U, + 4(2 — k)**U.., (3)
(%uy), = 4(2 — k)U, 4+ 16(2 — k)22**U,., (4)
("uy)y =42 — k)U. +16(2 — k)*y**U.... (5)

Topilgan (3), (4) va (5) tengliklarni (1) tenglamaga qo‘yib, ba’zi soddalashtilarni amalga
oshirib, (2) ko‘rinishni e’tiborga olsak,
22—k)zU,, + (6 — k)U, = f1(2) (6)
tenglama kelib chiqadi, bu yerda fy (2) = — [2(2— k)] " f (z,y,t).
(6) tenglamaning yechimi quyidagi ko‘rinishga ega bo‘ladi:

4 — 2k 24k
Ciz =2 + C
2k 12 + Ca,

U(z)=F(2)—

bu yerda F} (z) = fz_%F (2)dz, F(z) = 2(2—1_k) i fi(z)z%dz, Cy va Cy — o‘zgarmas sonlar.
(2) almashtirishni e’tiborga olib, (1) tenglamaning yechimi topiladi.
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D ={(z,y): 0 <z <a,—b<y < c} sohada quyidagi
200
Uy + SGNY - Uyy + — s = 0 (1)

tenglamani qaraymiz, bu yerda a,b, ¢, € R, jumladan a,b,c > 0, o < 1/2.

Ta’kidlash kerakki, (1) tenglama uchun S.P.Pulkin tomonidan [1,2], o« > 1/2
bo’lganda, uchlari A(1,0) va B(0,1) nuqtalarda bo’lgan T' bo’lakli silliq chiziq va
OB = {(z,y):z=0,0<y <1}, OC = {(z,y) :x+y=0,0<z<1/2}
CA={(z,y):x—y=1,1/2 < x < 1} kesmalar bilan chegaralangan sohada Trikomi masalasi
o’'rganilgan. Masala yechimining yagonaligi ekstremum prinsipi yordamida, mavjudligi esa
integral tenglamalar usuli yordamida isbotlangan.

M.M.Xachev tomonidan [3] ishda D to’g’ri to’rtburchak sohada o’zgaruvchilarni ajratish
usuli yordamida Trikomi tenglamasi uchun Dirixle masalasi o’rganilgan.

To’g’ri to’rburchak sohada Dirixle masalasini turli xil buziladigan va singulyar koeffitsiyentli
tenglamalar uchun [4], [5], |6] ishlardan topish mumkin.

Dirixle masalasi. D sohada (1) tenglamani va quyidagi

u(z,y) e C(D)nC*(D)NC* (DY UD™), (2)

Su(z,y) =0, (v,y) e DYUD™, (3)

u(z,c)=¢(x), ulz,=b)=v(x), 0<z<a, (4)

u(a,y) =u(0,y) =0, —-b<y<gc, (5)

shartlarni qanoatlantiruvchi w (x,y) funksiya topilsin, bu yerda Dt = D n {y > 0},
D~ =Dn{y <0}, ¢ (z), ¥ (x) —berilgan funksiyalar bo’lib, ¢ (0) = ¢ (a) =¥ (0) = ¢ (a) =

shartlarni qanoatlantiradi.

Bu ishda quyidagi teorema isbotlangan.

Teorema. Masalada berilgan ¢ (z) va ¢ (z) funksiyalar quyidagi shartlarni ganoat-
lantirsin:

(), ¥ (x) € CU0,a],0(0) = ¢ (0) = " (0) = 0,0 (1) = ¢’ (I) = ¢" () = 0,

¥ (0) =4 (0) =" (0) = 0,4 () =¢' (1) =" (1) = 0,
A (n) = chhc-sin \yb + shh\,c - cos\b # 0, n € N, |A(n)] > Coe*?, Cy = const > 0.
U holda Dirixle masalasining yechimi mavjud, yagona va quyidagi formula orqali ifodalanadi:

+00
n=1
bu yerda A\, = pn/l, n € N, pi,, esa Jija_q (v) Bessel funksiyasining nollari,
X, () = V22 27 T g (M) [ ads om0 (M)

() = A7 (n) {o, [cos Apb - shAny + sin A\,b - chA,y] + nshA, (c— )}, y >0,
W= A (n) {en [sin A\, (y + b) + ¢y, (shA,c - cos Ny — chA\,b-sin \y)|}, vy <0,

a

On = /gp () 2% X, (v)dz, 1, = /aw (z) 2**X,, (v) dx.

0
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PARABOLIK TIPDAGI XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMALAR SISTEMASINI EVOLYUSION METOD BILAN YECHISH

S. Xojiyev, A. N. Tag’oyev, Z. Z. Raximova

Buxoro davlat universiteti, Buxoro, O’zbekiston

Zamonaviy informatsion texnologiyaning rivojlanishi va hisoblash mashinalarining xotirasi
va hisoblash tezligi oshishi ayrim muhim amaliy masalalarni yechish imkonini yaratdi. Bu
imkoniyatlar esa matematik modeli murakkab tenglamalar sistemasi bilan ifodalanadigan
jarayonlarni o’rganish imkonini berdi.

Xususiy hosilali nochizigli differensial tenglamalar bilan ifodalangan jarayonlarni analitik
usullar bilan yechib o’rganish deyarli imkoni yo’q. Shu sababli bunday tenglamalar sistemasi
asosan sonli usullar bilan yechiladi. Shunday usullardan biri chekli ayirmalar metodidir. Bunda
differensial tenglamadagi differensial xodlar chekli ayirma analoglar bilan almashtirilib, ko’p
sondagi algebraik tenglamalar sistemasi bilan almashtiriladi. Albatta, bunday tenglamalar
sistemasini yechish hisoblash mashinasidan ko’p vaqt hisoblashni talab qiladi. Bu esa parallel
0’z navbatida ko’p noma’lumli xususiy hosilali differensial tenglamalar sistemasini sonli yechish
samarali usullarini yaratishni talab qiladi yoki jarayon modeli asosli sodda model bilan
almashtirishga to’g’ri keladi.

Ma'lumki, tabiatdagi juda ko’p amaliy masalalar fizika va mexanikaning fundamental
gonunlari matematik modeli yordamida o’rganiladi, ya’ni massa, harakat, enargiya saqlanish
gonunlari asosida. Masalan, har tomonlama oqim harakatini umumiy to’la Nave-Stoks
tenglamalar sistemasi yordamida o’rganish mumkin [1]. Vaholanki, oddiy siqiluvchan va issiqlik
o’'tkazuvchan havo oqimi uchun ham ushbu tenglamalar sistemasini yechish oson emas. Ushbu
tenglamalar sistemasi elliptik tipda bo’lib, uni chekli ayirma metodi bilan yechishda vaqt
bo’yicha butun hisoblash nuqtalarda yechimni saqlab turishni talab qiladi. Bu esa juda ko'p
EHM xotirasini talab qiladi va hisoblash metodlari ham murakkab.

Ko’p hollarda o’rganilayotgan jarayon mohiyatiga qarab matematik modelini soddalashtirib,
yetarli natija olish ma’lum bo’ladi. Shunday oqimlar borki, ularda asosan, bo’ylanma tezlik
ko'ndalang tezlikdan (U > V) yetarli darajada katta, bosim ham asosan bo’ylanma
yo’nalish bo’yicha o’zgaradi. Bunday masalar evolyusion (tarqalish) masalalari deyiladi hamda
xususiy hosilali nochiziqli differensial tenglamalar sistemasini yopiq bo’lmagan sohada berilgan
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chegaraviy va boshlang’ich shartlarda yechish hisoblanadi. Evolyusion masalalarni yechish
sohalari a) va b) chizmalarda keltirilgan (z - bo’ylanma yo’nalish koordinatsiyasi, ¢ - vaqt).

a) ﬁjJ—-"‘u 6)

| — L | t
—_h
(B)__-" ------ T — —_—
: l r— -T

(D) sohadagi yechim xususiy hosilali differensial tenglamalar sis-temasini qanoatlantirish
kerak. (G) sohadagi yechim chegaraviy shartni qanoatlantirishi kerak. (B) oqim chiqadigan
boshlang’ich soha bo’lib, unda yechim ma’lum hisoblanadi. Shunday masalalarga misol qilib,
oqgimlarni kesimi o’zgarmas va o’zgaruvchi sohalarda tarqalish yoki oqimni quvurdan chiqib
(B) erkin tarqalishi yoki yo’ldosh ogim bilan qo’shilib tarqalishi (yonish masalalari) kabi
masalalardir. Bunday matematik masalalar boshlang’ich shartli yoki boshlang’ich va chegaraviy
shartli masalalar deb yuritiladi. Bunday masalalarni yechishda ilgarilama (mapmessiit) deb
yuritiladigan metodlar ishlatiladi [1, 2]. Ushbu metodlar yordamida yechishda boshlang’ich
shartlardan foydalanib ketma-ket yo’'nalish bo’yicha chegaraviy shartlarni bajaradigan yechim
topiladi. Bunday masalalar (jarayonlar) matematik modeli xususiy hosilali giperbolik yoki
parabolik tipdagi tenglamalar sistemasidan iborat bo’ladi. Quvurlarda yopishqoqligi butun
sohani (kesimni) egallaydigan havo oqimini kichik Reynolds sonlarida parabolik tipdagi "tor
kanal yaqinlashishi"("npubsinxkenue y3koro kanasa") matematik modeli yordamida o’rganish
mumkin. Biz shu metod yordamida [2]| ishda keltirilgan tenglamalar sistemasini chekli ayirma
metodi bilan quvurda havo oqimi tarqalishini har xil boshlang’ich qiymatlarida va chegaraviy
shartlarda yechimi sonli o’rganilgan. Har xil qiymatdagi Re sonida yechimlar olinib tahlil
gilingan. Butun kesim yopishqoq bo’lgan holda ham yechim olingan va shu hollarda ham
kesimlarda massa saglanishi kuzatiladi. Quvur va oqim simmetrik deb garalganda simmetriya
o’qi bo’yicha bo’ylanma tezlik kamayib boradi va boshlang’ich temperatura yuqori bo’lganda
quvur bosh gismida harorat saglanib turishi kuzatiladi.
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Let G denote the graph of 1-skeleton of the pyramid or prism in Euclidian space R? [1-3]. The
team of Pursuers P = { P, P, ..., P,,} and one Evader () moving along play a pursuit-evasion
differential game. Speed of () doesn’t exceed 1 while maximal speed of point P; equals p;, p; <
L,i=1,2,...m, 1 > p1 > ps > ... > pp > 0. The process of pursuit-evasion begins from initial
positions P(0) = {P(0), P»(0), ..., P,,(0)}, @(0). If one of the players chooses concrete strategy
and other chooses arbitrary control function the P(t) = {Pi(t), Pa(t), ..., Pn(t)}, Q(t),t > 0
then corresponding trajectories will be generated. The aim of the team of pursuers is to reach
the equality P;(T) = Q(T) for some i = 1,2,...,m, T" > 0 for any initial positions. The aim of
evader is opposite, i.e. to hold the condition P;(t) = Q(¢) for all i = 1,2,...,m and ¢,t > 0 for
some initial position (see [1-3]).

Obviously, if m is great enough then the team of Pursuers can win the game. The least
value of m that m Pursuers win the game, will be denoted by N(G).

Theorem 1. If 0 < p; < 0,5,0,5 < py < 1,0 =1 then on the Pursuit-Evasion game on the
graph of 1-skeleton of the pyramid, the team of Pursuers wins.

Theorem 2. If 0 < p; < 0,5,0 < ps < 0,5,0 =1 then on the Pursuit-Evasion game on the
graph of 1-skeleton of the pyramid, the Evader wins.

Theorem 3. If 0 < p; < 0,5,0 < p3 <0,5,0 < p3 <0,5,0 =1 then on the Pursuit-Evasion
game on the graph of 1-skeleton of the pyramid, the team of Pursuers wins.

Theorem 4. If % < p1 < 1,py = 0 =1 then on the Pursuit-Evasion game on the graph of
1-skeleton of the prism, the team of Pursuers wins.

Theorem 5. If 0 < p; < 1,0 < ps < 1,0 = 1 then on the Pursuit-Evasion game on the
graph of 1-skeleton of the prism, the Evader wins.

Theorem 6. If 0 < p; < %,0 < py < %,% < p3 < 1,0 = 1 then on the Pursuit-Evasion
game on the graph of 1-skeleton of the prism, the team of Pursuers wins.

Theorem 7. If 0 < p; < %,O < py < %,O < p3 < %,0 = 1 then on the Pursuit-Evasion
game on the graph of 1-skeleton of the prism, the Evader wins.

Theorem 8. If 0 < p; < %,O < po < %,0 < pg < %,0 <py < %,0: 1 then on the
Pursuit-Evasion game on the graph of 1-skeleton of the prism, the team of Pursuers wins.
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Integro-differential equations as integral and differential equations are mathematical models
of the many physical processes and the operation in technical systems. In application of integro-
differential equations the analytical and iterative methods play an important role.

In this paper, we study the initial value problem of one value solvability and construction of
solutions of a nonlinear Fredholm integro-differential equation of second order with degenerate
kernel and nonlinear maxima. When a kernel of integral is degenerate, it is easy to replace
the given equation by implicit differential equation, which is convenient to transform into
Volterra integro-differential equation for solving by the method of successive approximations.
The integral and integro-differential equations with degenerate kernels were considered by many
authors (see, for example [1-8]).

So, in our paper, using the method of degenerate kernel in combination it with the
regularization method, we obtain an implicit functional-differential equation with nonlinear
maxima. As you know, Fredholm functional integro-differential equation of first kind is ill-posed.
So, we use initial boundary conditions to ensure the uniqueness of the solution. In order to use
the method of a successive approximations, we transform the implicit functional-differential
equation to the nonlinear Volterra type functional integro-differential equation, which is ill-
posed, too. The one value solvability of this problem we have proved by the given initial
boundary conditions.

On the segment [0; 7] the following nonlinear Fredholm integro-differential equation of first
kind and second order is considered

)\/K(t, $) F (s,u(s), max {u(7)| 7 € [h1(s,u(s)); ha(s,u(s))]}, u'(s)) ds = f(t) (1)

under the following conditions

u(0) = o1 = const,
u'(0) = o2 = const,
u"(0) = o3 = const,
u(t) = @i(t), t € [~hoy; 0],
U(t> = g02<t), te [T,T + hog],
where 0 < T is given real number, A is nonzero parameter of marching, F'(t,u,v,v) € C([0;T] x
XxX XX), hl(t,u) c C([O,T] XX), —hop1 < hl(t,u) < hg(t,U) < T+h02, 0 < hgy = const, 1 =
k
].,2,3, (,01<t) S C[—h()l,O], QOQ(t) € C[T,T+ hOQ], K(t, 8) = Zal(t) bi<8), 0 7é ai(t), bz<8) €
i=1
C10;T], X is closed | set on real number set. Here it is assumed that each of the systems of
functions a;(t), 1 = 1, k, and b;(s), i = 1, k, linearly independent, 1(0) = o1, @2(T) = u(T).
Using the notation

I(t) = F (t,u(t), max {u(7)|7 € [hi(t,u(t)); ha(t,u(t))]}, v’ (1))

and introducing new unknown function ¥.(t), we obtain from (1) approximation Fredholm
second kind integral equation with small parameter

SO.(8) = F(t) — A / S ailt) bi(s) V. (s)ds,

0 i=1

where liné V.(t) = ¥(t), 0 < ¢ is small parameter.
e—
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Mathematical modelling of many processes occurring in the real world often leads to the
study of the initial and boundary value problems for a non-classical equations of mathematical
physics. High-order partial differential equations are of great interest from the point of view
of physical applications. Many problems of gas dynamics, theory of elasticity, theory of plates
and shells are reduced to the consideration of high-order partial differential equations. Integro-
differential equations with degenerate kernels were considered, in particular, in [1-8].

In this paper, we propose a method for studying the unique solvability of the initial value
problem for a nonlinear integro-differential equation of Fredholm type in partial derivatives of
the fifth order with a degenerate kernel. This work is a further development of works [9, 10].

In the domain = Q7 x Q7 we consider a fifth-order Fredholm-type integro-differential
equation with a degenerate kernel

T
2 3
0 0°u(t, x1, xs) —|—)\/Kts sxl,xg)ds _
0

8x18x2 82&3 882
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T o1
= 1’171’27///1‘[ S, Y1, Y2)u(s, Y1, Y2 )dyr dyads (1)
00 0

with initial value problem

w(0, 21, 22) = w1(x1,22), u (0,21, 132)2: wa(x1, Ta), @)
(0, 21, 2) = @3(x1,x9) 1, T2 €
u(t,0,0) =(t), t € Qr, (3)
where p(t) € C (Qr), B(x1,22,7) € C (7 XR), pr(x1,22) € CH(QF), k= 1,2,3, ¥(t) €
C (@), (0) = £1(0.0) = 22(0.0) = @3(0.0) = 0. K(t.) = S a(t) i(s). 0 < a(t). b(s) €
C(Qr), 0 < fflfl|H t, 1, To)| dridredt < 0o, Qp = [0,T], Q2 = [0,1] x [0,1], \ is spectral
000

parameter.
By the solution of the initial value problem (1)-(3) we mean a function u(t,z;,zs) €
C3L1(Q), satisfying partial integro-differential equation (1) and initial value conditions (2),

(3).
The initial value problem (1)—(3) is reduced to the following Volterra type integral equation
of the second kind with respect to the unknown function wu(t, zq, x2)

u(t, v1,12) = ©1(21, 2) +t a1, T2) — V(L) (w1, 12) + P (t)+
T1 To

Tl
+p(t // y,///H (0, 21, 22) u(0, 21, 22)dz1d2od0 | dy,dys,

where

MI>/

AAI / (t — 5)%a;(s)ds,

=1

t

/ (t = )a(s)ds, a(t) = [ pls)ds.

0 0

A1i(A), A(X), i = 1,n are determinants depending from the degenerate kernel.
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We consider the questions of the classical solvability and construction of a solution to a
multidimensional mixed problem for a fourth-order partial integro-differential equation with
a degenerate kernel. Sufficient conditions for the existence of a classical solution to the mixed
problem are obtained. The solution to the mixed problem is constructed in the form of a Fourier
series, the absolute and uniform convergence of the solution to the mixed problem is proved.

In a multidimensional domain Q@ = {0 <t < T, 0 < 21, ..., x,, < [} we consider the following
equation

m

T
Uni(t, 2) = > _[w(t) Urraya,(t, @ +/Ux o (0, T)d O] =
0

=1

T
= V/K(t7 s) ZUtaEixixixi<Sy l’)ds, (1)
=1

where T" and [ are given positive real numbers, v is a real nonzero parameter, 0 < w(t) € C'[0; T1,
k
re R™ 0#K(t, s)=>Y a;(t)bi(s), ai(t), bi(s) € C'[0; T]. We suppose that the system of
i=1
functions a;(t), i = 1, k and the system of functions b,(s), i = 1, k are linear independent.
Problem. Find in €2 the function

Ut,z) € C(Q)NCTHQ) N OO0 ()

t,x1,T2,..., x
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C2+0+2+0+...+0 (Q) N...N C2+0+...+0+2 (Q)

t,1,2,3,...,Tm tL,T1,.. .y Tm—-1,Tm

satisfying equation (1) and the following conditions
U,z)=¢(z), 0<z<I,
U0, z) = (z), 0<z<lI,

U(t, O,xg,xg,...,xm):U(t,l, atg,xg,...,xm):
:U(t,xl, O,xg,...,xm):U(t,$1, l,l’g,...,l‘m):...:

—lexl(t; 0, zo, x3, ,xm):lexl(t, [, xo, x3, ,xm):
—Uzlml(t,xl, 0, z3, ,xm):Umlwl(t,xl, [, z3, ,xm): =
=Us,u, (t, T1, ooy Topt, 0) =Uz 2, (t, Ty, ooy Ty, l) = =
=Us, 2., (t, 0, x9, 3, ..., xm) =Us, 2 (t, l, xo, x5, , xm) =
=Us, 2., (t, 1,0, x3, ..., :vm) =Us, 2., (t, 1, l, T3, ..., xm) = ...,=
=Ugpan(t,x1, ooy @1, 0)=Ug o (t, 21, ooy Tipe1, 1) =0,

where ¥ (x), p(z) are given sufficiently smooth multidimensional functions in the domain

m
QF ={x1,...,xn}
orU U U
ot 9z}’ "ozl
in domain ©Q, C;";(Q) is the class of functions U(t,z1,...,x,,) with continuous derivatives

o'y 92UO'U i domain £, C’HHOJ“JZS(Q) is the class of functions U(t,z,...,x,) with

0,t"™ 7 0,x5 0,5, tyx1,x2,...T
92U r+0+..4+04,r

continuous derivative drraer I domain Q, C,, " "
02U

ot D,

Note that in this paper the set of values of the spectral parameter v € (—o00;0) U (0; 00) is
divided into two regular and irregular subsets. For the set of regular values, sufficient conditions
are obtained for the existence of a unique classical solution, which can be expanded in a Fourier
series. This work is a further development of works |1, 2|. The generalized solvability of the
mixed problem for linear parabolic and hyperbolic equations was studied in |3, 4].

, C"(Q) is the class of functions U(t, x1,...,x,,) with continuous derivatives

(Q) is the class of functions

U (t, x1, Ty) With continuous derivative in domain €2, r, s are arbitrary natural numbers.
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In this paper, we study the solvability and determination of the unknown coefficient in the
inverse problem for a nonlinear partial integro-differential equation with a multidimensional
generalized Whitham operator of high degree. This work is a further development of works
[1-3].

In the domain 2 = Qr x R™ we consider the Whitham-type multidimensional integro-
differential equation

0 "9\
(a%—sA(t,u(t,xl,...,xn));%) u(t, 1, ..., xn) =
:Oé(t)ﬂ(.fl, SR xn)+

T
+F<t,$1,...,xn, u(t,xl,...,a:n),/K(t, s)u(s,xl, .. .,xn) ds) (1)
0

with initial value conditions

i

u(t, z1, ..., ‘T")\t:o =o1(z1, ..., T,), 57 u(t, z1, ..., o) i =
:goHl(a:l,...,:cn), Ty, ..., € R =1, m—1, (2)
where u (t, Tiy onns xn) is unknown function, « (¢) is redefinition function, g (xl, ce xn) €

T

C(R")? Aty ult, z, ..., 2,)) €C(Qr X R), [|K(t, s)]| ds < oo, F(t,xl,...,xn,u,ﬁ)e
0

C(QTXRnXRXR), QOZ'<I1,...,LL’n) € C(Rn), 1 = 1,_m, Qr = [O,T], 0 < T < o0,

R = (—o0, 00), n, m are natural numbers, ¢ is small positive parameter.

It is required to determine the main unknown function u (t, T1y oo,y xn) eC m(QT X R”)
and the coefficient redefinition function « (¢) in the problem (1), (2) with the aid of the following
condition

u(t, 2f, ..., 2)) =(t),
where (29, ..., 2%) € R", ¥ (t) € C™(Qr), ¥ (0) =0,
We reduce the initial problem (1), (2) to solving the following integral equation
u(t, T1y v,y a:n) :@(t, T1, ..., To; U, ﬁk,plf, ...,pﬁ) =

m

EZ‘Pz‘(pl(t, 0, zq, ..., xn)» ...,pn(t, 0, z1, ..., mn)) (++

=1



189

t

_ m—1
+/& [0 (5) B (pr(t, 8 21, ooy %), ooy Dty 8 0s o 2)) +
0

(m—1)!
+F (57 pl(ta Sy L1y v xn)a 7pn(ta S, Ty - v ey xn)a
u (57p1(t7 Sy L1y oo xn)> 7pn(t7 S, T, "'7xn))>

T
/K(s,&)u (H,pl(t,ﬁ,xl, e Ty, .,pn(t,e,xl, . ,mn)) dG)]ds,
0

where p; (t, S, X1, Ta, ..., xn), i = 1, n are determined from the system of integral equations

pi(t, Sy Ty ones xn) =

t

= x; —E/A(H,u(H,pl(t,Q,xl,...,:Un),...,pn(t,é’,xl,...,mn))) dao,

s

Di (t, t, xq, ..., xn) = x; and the variables x4, ..., x, play the role of a parameter.

In this paper, we study the solvability and determination of the unknown coefficient in the
inverse problem for a partial integro-differential equation with a multidimensional generalized
operator of Whitham type of high degree. Using the expression of high-order partial differential
equations in terms of the superposition of first-order partial differential operators, the considered
higher-order equation is presented as an ordinary integro-differential equation that describes
the change of an unknown function along characteristics. The unique solvability of the direct
problem is proved by the method of successive approximations. An estimate is obtained for the
convergence of the Picard iterative process. The determination of the unknown coefficient is
reduced to solving the Volterra-type integral equation of the first kind.
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B nanmnoit pabore paccMOTpUBaeTCA HATPYKEHHOE YpaBHEHHE MapadoIo-THIEPOOINIECKOTO TH-
na

0 J U —c D%u+ pyu+ D3 u(z,0), mput >0 (1)
Ugr — Ut + Mot + Dg;u(:v, 0), upu t<0
rjie o, f3;, ji;— AeficTBUTe/IbHBbIE TOCTOsTHHBIE, ipudeM 3; < 1, u; # 0, n

t

1
DG f(t) = n—— [ (t—2)"f(2)dz, 0<a<l,
'l —a) 0/
F(ll—ﬁ)% f (x =) f(t)dt, mpn0<B<1,
D f () = s O 1
F(iﬂ) of(x — )7 f(x)dz, mpu B <0,

muddepeninaibable 1 THTErPo-anddepeHImaabHble OllepaTopbl, COOTBETCTBEHHO B CMBICJIE
Kamnyro n Pumana-JInysumis.

NzBectHO, UTO JIOKAIBHDBIE U HEJIOKAJIBHBIEC 38891 yPABHEHUIT Tapad0JIO-rUIepOboITnIECKOTO
THIa ¢ omeparopoM KarryTo cjej perieHns KOTOPBIX ObLI BKJIIOUYEH B PA3JIMYHBIE UHTErPO-
nuddepeHIuaIbHbIE OIIEPATOPHI IPOOHOTO MOPsiIKa, Takne Kak Puman-JluyBusis, Dpaeitan-
Kobep u apr. ucciemosansl B paborax [1],[2] u [3]. Xorenocs 661 0TMETHTD, YTO ypaBHEHUS
[PUBEJICHHBIE B BBIIIE IO TIEPKHYTHIX paboTax He BKJIIOYAIOT cebs caaraemoe f;u(x,t). T.e. 6e3
MJIJIIIErO JICHA.

OcHoBHag 11e/1b JaHHON PabOThI, UCC/IE/IOBATH OJHOZHAYHYIO PAa3PENIMMOCTb HEJIOKAJIHHOMN
KPaeBoii 33/1a4i ¢ HHTerpajbHbIEM YCJIOBHEM CKJICMBAHUs JJIsi ypaBHeHus (1).

[Iycrs Q— obaacrb, orpanwdennas orpeskamu: AjA, = {(x,t) : =z =1, 0 < t < h},
BBy = {(z,t) : #=0,0<t<h}, BAy = {(z,t) : t=h, 0 < ax < 1} mput > 0,
u xapakrepuctukamu: A;C @ x —t = 1, BiC : © +t = 0 ypasuenus (1) nupu t < 0, rue
A; (L;0), Ay (Lh), B, (0;0), By(0;h), u C (L3 . Qo =Qn( > 0), % =Qn(t <0),
L={z:0<z<i} L={z:L<a<1}.

Bamada I. Tpebyercs naiitu pemenwe u(z,t) ypasuenusi (1) m3 wiacca dyakumit: Wi =
{u(z,t) : u(z,t) € C(Q) N C*Qa); Upe, cDYu € C () ; ugp € CM( \ A3Bs)} yosiersopsito-

1€ KPaeBbIM YCIOBHAM:
ua (1 1) = p1(t), ua(0,8) = @a(t), 0 <t <h; (2)
u(z, —z) =i (z), 0<z <1
1 MHTErpajibHOE YCJIOBUE CKJICHMBAHUS:
tlirfo Diu(z, t) = M(z)ue(x, —0) + Ao (z)ug(z, —0)+

x

+A3(x)u(x,0) + Ay(2) /r(t)u(t, 0)dt + As(x), 0 <z < 1

4
rie 1 (x), 0i(t) (i = 1,2), \e(x) (k = 1,5) - 3ananuble dynximum, mpuaem y A2 (z) # 0.
k=1

Bocmonsyiocn cBoiictBamu dyukimn Beccesst n n3BecTHbIX orepaTopoB Kak ALK BlUF u

azr ?

(Gl uccjieJ0BaHmue IIOCTaBJIEHHON 3a/Jla91 CBEIETCAd K MHTEI'PaJIbHBIM YPDaBHEHUAM BOJIbTeppa

axr

BTOpPOrO pojia. [Ipu ompesie/IeHHbIX yCJI0BUAX Ha 3a/IlaHHble (DYHKITUHU, JIOKA3BIBACTCS OJHO3HAY-
Had Pa3permmuMOCTh NOJTYYCHHOI'O NHTErPAJBHOIO YPABHEHUA.
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B obmact @ = {(z,t) : =1 <2 < 1,0 <t < T} paccMOTpUM ypaBHEHHEe
Lu = wyy + k() ugee + a(x, t)ug, + b(x, t)u, + c(z, )uy + d(x, t)u = f(x,t) (1)

rie zk(z) > 0, mpu z # 0,k(0) = 0.
Kpaesas 3aiaqa. Haiitu B obacru () pernienue ypapaenus (1), yIoBaeTBopsitolee KpaeBbiM
YCJIOBUASM

ulog =0 (2)
J1st mpocTaThl M3JI0KEeHUsT Oy/IeM Mpe/Inoiararb, 9ro Koaddumuenter ypasaenns (1) Gecko-

Hevuno juddepennupyemble pyHKIIH.
Ormernm, aro Gau3Kne 3a1a4n K 3a1aqe (1), (2) usydensr B paborax |1 — 4].
Omnpenenenne. O6o3naunm gepe3 H(()) mpoctpancTBo DyHKIM, TOTYIEHHOE 3aMbIKAHIEM
dbyuknmit uz C', yI0BIETBOPSIONMX YCIOBUAM (2) 10 HOpME

il = [ (R 02,4 42+
Q

Teopema. IlycTb BBIIOJIHEHBI YCIIOBHST
3
a(a:,t)—§|k:x| >§>0, (3)

Torja jis joboit dyuknun f(z,t) Takoit, uto f € Lo(Q)) cyimecTByeT eMHCTBEHHOE DEIeHne
sagaan (1), (2) u3 H(Q).
Hokazaresnbcrio. Permenne 3amaun (1), (2) 6yaem uckarb Metonom [asepkuna

m

() = 3 ib)ei(a),

=1

rie bYyHKIMN ©; () ABIAIOTCS PEIeHUSME 381441

o = =Xivi, @i(—1) = ¢;(1) = 0.
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A kosddurnmenTsr ;(t) HAXOIATCST U3 PEIIeHnsT CHCTeMbI OOBIKHOBEHHBIX T depeHITaIbHbIX
YPpaBHEHUNR

(Umtt; Qpi)() + (kumrzz; 902')0 + (aumzza 902')0 + (bumm Qoi>0+ (4)
+(Ctimt; @i)o + (dum, vi)o = (f, ¥i)o,
%(0)=~(T)=0, i=1,2,...,m. (5)

Paspermmmocts 3aa4uu (4), (5) npu Kax oM GUKCUPOBAHHOM M BbITEKAET U3 0bIeli Teopun
110 OOBIKHOBEHHBIM Jin(DepeHInaIbHBIM YPaBHEHUSAM.

[Tosryunm paBHOMEpHBIE TIO M OTeHKY iy ['asepkunckux mpubdmxkenuii. [is sToro ymuo-
KuM (4) Ha —7;(t) 1, CyMMUDPYS 110 7, HOJTY UM

(umtt) _um)O + (kum:v:c;w _um)O + (aum.tza _um)O + (bumza _um)0+ (6)
+(cumta _um)O + (durm _Um)O = (fa _um)O-

[Tocsie mHTErpUpOBAHUS TIO YACTSM B CUJLY yCJIOBUS (3) HOIydnM

[ dq <c. )
Q
PaCCMOTpI/IM TOXKIECTBY
(umtt + kumxaxx + AUy, umwa:)[) = (f - buma: — ClUmy + duma umacac)()- (8)

U3 roxjecTBa uCnosb3ys onenky (7), onpejeserust byHKIUN p; ¥ T€OpeMy BJIOKEHUS,
MTOJIYIUM

[ dq < c. )
Q
Hasee, ymuoxkum (4) Ha —74(t) 1, cyMMuUPYS TIO 7, TIOJTY IHM

(umtt + kumxwx + AUmzz, umtt)() = (f - bumx — CUmy + duma umtt)O- (10)

Orcrozia, uarerpupoBanus 1o dactam B cuiy (3), (7) u (9) mosayunm

[t iq <c. (1)
Q
U3 ypasuenns (4), B cuy (7), (9) n (11) mosmyamnm, aro

k(x)Umaze € La(Q) (12)

U3 onenok (7), (9), (11), (12) cremyer orpaHUYEHHOCTD IIOCIIEI0BATEILHOCTH IIPHOJIIZKEH-
HbIX pemtenuii {u,,(x,t)} B npocrpancree H(Q).

[TockoabKy BCe POM3BOJIHBIE, BXOJSIINE B ypaBHeHHe (4) KBaJIPATHYHO CyMMHUPYEMbI IO
obsractu (), MOXKHO BBIOPATH IOJIIOCAEAOBATCABHOCTH {Upm, (T,1)} ¥ HepeliTu K Ipeesty 1o
my — oo B cucreme (4). HerpyHo npoBeputh, uTo npejieibHas GyHKIMs TPUHAIEKAT TPO-
crpanctBy H(Q). Ilockombky cucrema {p;(x)} mrorna B Lg(—1,1), mocrymas aHAJOMHYHO,
JIOKa3bIBAETCs, UTO TpejiesibHas dbyHkims u(z, t) ynosiaersopser ypasHenuio (1) m.B. B Q.

Tem cambiM, cymecTBoBanue pertenus 3agaan (1), (2) mokasana.

U3 onenoxk (7), (9), (11), (12) crammapTHBIM 00pA30M BBITEKAET €JIUHCTBEHHOCTH DEICHUE
zazgaan (1), (2).

Teopema joxkazana.
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B nanmnoit pabore paccmarpuBaercd 3ajiada Komm g MOIUMUITTPOBAHHOIO yPaBHEHUS
Kopresera-ge @pusa ¢ HArpyKEHHBIMU WJIEHAMU W UCTOYHUKOM BU/IA

n / B0 s A W — by )dA, € > Ocgno(1)

(2, 1) 1o = @(7), v € R (2)

B KJIACCE JAEUCTBUTEJIbHBIX T - HEPUOJINIECCKUX T10 T (He 00s13aTeILHO KOHeqHOSOHHbIX) cbyHKLLI/H‘/’I
gz +m,t) = q(x,t) € C(t > 0) [ CHt > 0)()C(t = 0). (3)

B ypasuenue (1), koaddurmentsr a(t), b(t) € C[0, 00) -3amannble orpanndeHnble QyHKINT, &
xo,x1 € Ru (A, t) -aeiicrBuTenbHas HenpepbiBHAs (DYHKIHs, IMEIONAs PABHOMEPHYIO aCHMII-
TOTUKY

B t) =0(A?), A — Foo.
Yt = (F(z,\ 1), 5 (z,\1)T asnsaorca pemennsyvu Doke (HOPMEPOBAHHBIMU YCIOBHEM
(0, t) = 1) ypasnenue upaka

d
L(t) = Bd—i +Qz,)y=Ay, z€ R (4)

B ( o ) O, ) = ( q(g,t)q%,t) ) - ( %3 )

rie
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Yepes s(x, A\, t) = (s1(z, A\, 1), s2(x, A\, t))T obosnaueno permenue ypasnenne (?7), yIoBjieTBops-
foree HadasbHbIM yestosuam s(0, A, ) = (0,1)7.

B jnamnoit pabore mpejjaraeTcs aaropuTM Ioctpoenus pemenus q(z,t), v (x, A\ t), @
R, t > 0 3amauu (1)-(3), ¢ momorpo 06paTHOll ClieKTpaIbHOIT 3a1a4u j1ist oneparopa Jupaka.

OcHOBHOIT pe3y/IbTAT HACTOAIIEH PabOTHI COMEPKUTCS B CJIEYIOIICH TeopeMe.

Teopema 1. Eci q(x,t),¢v*(z,t,)\), 2 € R,t > 0 apagerca pemennem 3agaan (1)-(3), To
crieKTpaJsibHble JaHHbie A, (T,t), &, (T, 1), 0,(7,t) = £1, n € Z - oneparopa lupaka

o= () () (o) (2)4(2)

YJIOBJIETBOPSIOT AHAJIOTY CUCTEeMbl ypaBHenuit /lyoposuna

A(T,8) =0, nez, (6)

06, (T, 1)

S = 210 Dhal€){~260a(Da(ao, D (r 1) + g (1) + 262 1))

—b(t)&ng (21, / &l 52 :2 (W)\de)\},neZ (7)

rIe

A )\Qk—l_ n )\2k_ n
[ Coo-6)u-6)

ha(€) = \/(gn — Aon—1)(A2n — &n) - (&p — &n)2

k=—

k#n
Buaku 0, (7,t) = £1, n € Z MEeHSAIOTCs TIPU KAXKJIOM CTOJIKHOBEHUN TOYKH &, (T, 1) ¢ rpaHuIiaMu
CBOEIT JTAKYHBI [Ag;,—1, Agy|. Kpome TOro, BBIOTHSIIOTCS Cote iy orye HadaabHble YCIOBUSI

gn(Tv t)|t:0 = €2<T>7 Un(Tv 2f)|t:0 = O-SL(T)’ n e Z (8)

re £2(7), 02(7), n € Z cnekrpanbuble napamerpsl onepatopa lupaka L(7) = L(7,0).

Cnencrue 1. YaurbiBas (GOPMYIIBI CIET0B

, N+ A2
Pl +a(nt) = > (BT - gr)),

k=—oc0

oo

g(r.t) = D (=) lon(r, t)hi(E(T, 1)) (9)

k=—o00

cucremy (7) MOXKHO HepenucaTh B 3aMKHYTOI hopme

Bl D) — o1 (o, Dbl ) (a0l 1) 3 (~1)0u(an, el 1)

k=—o00

o0 o0

[ (Wmy + Mo = 260(7,0)) +4E (. 0] + b(én(7,8) Y (= 1)For(ar, )hi(€(x1,1)+

k=—o00 k=—o00
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(T, ) B(A t)81(7r A, T, 1)
52 1) —
Crencrsue 2. Dra TeopeMa Jaer Mero/ pemtenre 3a1a4 (1)-(2). st sroro, cuavaia Haiiem
ClIeKTpaJIbHbIe JaHHbIe A, £0(T), 0%(7) = +1, n € Z, oneparopa Iupaka L(7,0) cooTseTcTBy-
torue koaddunuenty qo(x 4+ 7). O6o3HAUMM clieKTpasbHbe JaHHbie oneparopa L(T,t), depes
Ay &, (T, 1), 0,(T,t) = 1, n € Z. Teneps B cucremy ypasaerne (10) u HAYAJIbHBIM YCJIO-
BUAM (8) MOC/IEIOBATEIBHO MOJIOKUM T = To U T = xq. Pemas nosydennyio 3agady Kormn,
uHaxogum &, (zo,t), 0,(xo,t), n € Z u §,(x1,1), 0,(x1,t), n € Z. 3areMm u3 GHopMy/IBI CIE0B
(9) onpemenunm dynkiun ¢(zo,t) u q(xq,t). Iocse sroro mojcrapBiseM 9TH JaHHbIE B CHCTE-
My ypasuenue (7), u pemas 3agady Kormmu (7), (8) mpu npousBoJbHOM 3HAYEHUN T, HAXOUM
&, (1, t), 0,(r,t), n € Z. Uz dopmyst cienos (9) oupenenum ¢(7,t). [locse sroro serko naittu
pemenns @moxe = (z, A\, t) ypasuenus L(0,t)y = \y.

d\}, n€ Z. (10)
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OBIIEE PEHNTEHNE JTU®PEPEHIIMAJIBHOT'O YPABHEHUA C
HYACTHBIMUA ITPOMN3BOJHBIMUI BBICOKOI'O IIOPAZIKA B
BAHAXOBOM IIPOCTPAHCTBE C IIOTEHIINAJIOM, CUHI'YJ/IAPHBIM
HA MHOI'OOBPA3UMNAX

Anukynos T. H.!, Xycanos 9. A.?

Hanmonabubiit YauBepcuteT ¥Y30ekucrtana, Tamkent, Y30ekucran
tolibaka@mail.ru
2elbek@mail.ru?

Paccmorpum B n— MepHOM eBRKJINIOBOM mpocTpancTse R (n > 3) riajkune MHOrooOpas3us
S1,82, ..oy Sy, dimSy < n — 3, Kaxk10€ 13 KOTOPBIX OJHO3HATHO ITPOEKTUPYETCsI Ha, HEKOTOPYIO
TUIEPIIOCKOCTD. DTO 03HAYAET, ITO JIJI KazKJI0T0 TAKOTO MHOr00Opas3us Sy, pasMepHOCTH 1 —11,
e 3 < m < n, cymecrByeT addurHOE IpeobpazoBanmne R", nmpuBo/siinee Sy K BULY

S ={r = (u,v) € R" : u = ¢i(v)}.
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Bnech u € R™ v € R"™ ¢, € CY(R"™™ — R™), npuyeM paBHOMEpHO 10 BceM v € R™™™

AMEIOT MECTO HEPaBEHCTBA ’gp{é/@vi < const, tme i = 1l,..n—m, 7 = 1,...mmu pp =
(ks - PF)-
[Iyctn
M
S — = = ) .

U Sk o= pla) = dist(z, $) = inf |z — ]

k=1
[Tostoxkum

Pi = Z Uk —SOJ
k=1

rIe uy 1 gp? — KOOPJIMHATHI BEKTOPOB 4 € R™ u g&f e R" 57 =1,2,3,..., M cooTBeTCTBEHHO.
Paccmorpum B n— MepHOM €BKJIMJIOBOM IPOCTPAHCTBE R™ BO3MYIIEHUS ITOJIyTapMOHUYE-
CKOI'0 OIIEPATOPA € CHHTYJISIPHBIM KOI(MAMUITUEHTOM BUIA

L(z, D) = (=A)" + q(), (N > 1) (1)

¢ obnacreio onpegenennst D(L) = WN(R"), n > 3,1 < p < m, rue norenmuan ¢(r) €
C*>(R"\S), ouneparopa L(z, D), nomyckarormuii 0COGEHHOCTD BUJIA

[D*q(2)| < constp(z)] {1 + [p(a)] 7). (2)

n
3aecy a— myapranggere, 0 <|al=> o; <n, 0 <7 < 1.
i=1
B nambreiimem onepartop L(z, D) obosnadnm depes L.
Pacemorpum jinddepenimaibioe ypaBHeHe

d*u(t)
dt?

= Lu(t), (3)

rje t m3mensierca Ha npomexytke [0, 7.

Onpenenenne 1. Pemennem ypasuenus (3) 6yiem HasbBarh dbyHKIuo u(t) o 3SHAUCHUAME
B D(L), nBaxpl HenpepblBHO i depeHnnpyeMyio 1 yJI0BJIETBOPSIONLY0 ypaBHeHuo (3) Ha
orpeske [0, 7.

Onpenenenne 2. Qyuxims u(t) HazpiBaeTCs ocaabIeHHBIM perenneM ypasaernst (3) (0 <
t<T), ecnm:

1) ona HempepbIBHA U UMEET HEIPEPLIBHYIO HEPBYIO Mponu3BoHyIo Ha orpeske [0, 7] u BTO-
pyto npoussojuyto Ha (0,7);

2) ee sravenus npuHaiexkar D(L) npu 0 < t < T, a dyakius L%u(t) HeIPephIBHA Ha BCEM
orpeske 0 <t < T

3) u(t) ynosaersopsier ypasuenuio (3) B uarepsase (0,7).

Ounpenesienne 3. Oyuknus u(t) HaszpiBaerTcs 0000MmeHHbIM pererneM ypasHenus (3) (0 <
t <T), ecnu:

1) ona menpepsiBHa Ha [0, T, uMeer HempepbiBHYO Bropyio mpoussoauyio Ha (0,7);

2) snavenus yuxmmn u(t) (0 < t < T') npunamaexar D(A);

3) ona ymosserBopsier ypastenuio (3) B unrepsase (0, 7).

[Iycts A— 3aMKHYTBII JIMHEHHBII OollepaTop, JAefCTBYIONUN B OAHAXOBOM MPOCTPAHCTBE U
MMEOIIUI IJIOTHYIO B 9TOM IPOCTPaHCTBE 00s1acTh ompeenenus D(A).
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Ormernm, uro omeparop IlIpémunrepa ¢ CHHIYISPHBIM OTEHIMAIOM Ha MHOTOOOpa3UAX
panee u3y4vascs B paborax III.A. Anmmvosa [3], [II.A. Asmmosa u A.P. Xamvuyxameosa [4].

B pabote 1mosrydens! ciepyomee OCHOBHBIE Pe3YJIbTAThL.

Teopema 1. [Tyemv 1 <p <m/(2+71),7 € [0,1). Toeda cywecmeyem nocmosannas C > 0
MAKAA, 4MO GHINONHACTNC HEPAGEHCTNEO

o

(L + 1), < (1>0).

141

_l_

Teopema 2. I[Tycmv 1 < p < m/(2+ 7),7 € [0,1). Tozda secaxoe obobwenroe pewerue
ypasrerus (3) umeem 6ud

u(t) =V(t)z+ V(t —T)Wr, (4)

u maobopom, Pynruua euda (4) asasemea 0606weHHbIM peltienuem ypashenus (3) npu a0bvix

z0, Wr € WPQN (R™). Jlas mozo wmobu, obobusennoe pewenue (4) 6vuio 0crabaernvim, Heoo-

xodumo u docmomanro, wmobvl zg, Wr € }D)(L%). Bce obobuennvie pewernus ypasrenu (3)
AGAAIOMCA aHasumuyeckumy gyrnxyuimu om t npu 0 < t < T.
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PEIIIEHUE KPAEBOI 3AJIAYN 1JIsI YPABHEHI Y TPETBETO
ITIOPAJIKA C MJIAAITIINMU YJIEHAMUW METO0M IIOCTPOEHUA
OYHKIIVN I'PHA

Anaxkos O.II.!, Ymapos P. A.?

"MucturyT maTemarukn nm. B. 1. Pomanosckoro, Tamkent, Y36ekucran
'Hamanranckuit nrkenepHo-Tegarormdecknit maerutyT, Hamanran, Ysoexucran
lyusupjonapakov@gmail.com 2 AHIMKAHCKTI HHCTHTYT CEIHCKOTO XO34ACTBO I

arpoOTEeXHOJIOTHH, Y30eKnCTaH
2y umarov1975@mail.ru

B obmactu D = {(z,y): 0<ax<p, 0<y<gq}, tme p > 0, ¢ > 0 moCTOAHHbIE YHUCIIA,
pPaccMOTPUM ypaBHEHUE

L(U)=Uppe —Uyy+ AUy + BU, + CU, + DU = G (2,y), (1)

sneck A, B,C,D € R, G (x,y) —3ajaHHas JIOCTATOYHO TJIajKas (DYHKIHS.
BameTnM, 4TO 3aMEHOil

A C
U(r,y) = u(z,y)exp (—gw + 5@/) :
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ypaHenusi (1) mpeoGpasyercst B CIeyIONMil BUJI:

Pu  0%u
L(u):%_a_yz_l_alu:c—i_aﬂlf:g(x?y)a (2)
rue
*—A2+B>O *2A3—0—02—AB+D>0 ( )76 A _C G( )
a; = 3 = ,a2—27 1 3 =Y, g(T,y) = €exp 337 2y z,y)-

Bamaua A. Haiitu perenue ypasuenusi (2) B obimactu D u3 Kjacca C’g’j (DN Cg:; (E),
VJIOBJIETBOPSIIOIIEE CJIEJYIOIINM KPAEBbIM YCIOBHSIM:

u(z,0)=0, wu(z,q)=0,
w(0,y) =i (y), ulp,y)=v2(y),  u.(py)=1v3(y),
rae iy (y) € 2[0,q], j=1,3
©i (0) =i (q) = ¥"; (0) =", (q) =0, g(z,y) € CY, (D),

g(x,0)=g(z,l) =0,

JokazaHo oJHasHAUHAs PAa3pelIIMOCTh 33Ja9i A IIpU OIIpeIeIeHHBIX YCIOBUAX Ha 3a/aHHbIe
dbyukim. Ormernm, 9T0 Tpu a1 = ay = 0 aHATOrUYHAS 3a/1a9a MCCae10BaHa B paborax [1, 2].

= 1,3 — 3ajlaHHbIe JIOCTATOIHO IJIaJIKHe (DYHKIINKA U
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AVIPUM APAJIAIII TUTIJIATYA TEHTJIAMAJIAP YYYH YETAPABUIL
MACAJIA XAKWJIA

Acionos Y. I11.

Byxopo BuIogT Xa/IK TabJUMEI XOIUMIAPWHN KaiiTa Tallép/iall Ba yJIapHUHT MaJIaKaCUHN
OIMPUII XYy uii Mapka3u AHUK Ba Tabuuii pansap MeToankacu Kadeapacn KarTta
VKUTYBYUCHU
aslonov-ulug@inbox.uz

MambiayMKu, 3aMoHaBUil Xycycuii auddepeHnpa TeHriaMaiap Ha3apusacuia apaJiall THTI-
JIard TeHIVIaMaJIapHU YPraHuil MyXuM YpuH srajuiaiiiu. Bynra cabab ras jguHamMuKkacu, Ma-
TeMaTHK OWOJIOTHS, Ja3ep HYDPJIAHUI Ha3apUACH, JACTUKINK Hasapuscu, KoOWkK Hazapu-
scu, OUp KUHCJIM OYyIMaraH MYXWUT/a SJIEKTPOMATrHUT MAailIOHHWHI TapKAJIUIIA HA3aPUICH,
IJ1a3Ma Ha3apusacu Ba (GAHHUHT OOIIKA coXaJIapuja Ky/JIAHWIUIM Xucodsanaam. 2Kymiiagan,
C.A.Yammrun "T'a3 okumu T¥rpucnaa’tu [1] acapuma ra3 oKEME TOBYII Te3JUrurada Oyiran
TE3/TUKJIAH TOBYII TE3JTUTUJIAH IOKOPU TE3JIMKKA Y TUII BAKTHIATT XapaKaTH apaJialll THILI TeH-
rjaMa ounan udojgagsanaan. Yoy THIArd TeHrIaMa ap yayH yHIaMeHTal UWIMAH UIiap
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yrran acpaunr 20-30 iwrtapuga ©.Tpukomu [2] Ba C.lemtepcrent [3] map Tomonngan amas-
ra ommpuiraf. Kefinngajink Oy3ujuII YM3UFUTa 3ra OYJIraH apaJall THIIACH TeHrJIaMasiap
yayH derapasuii Mmacanaaap M.Canoxuraunos, T./I:Kypaes Ba yJIapHUHT YKyBIUIAPH TOMOHU-
JIaH 9yKyp Ypranmwirad. IKkuTa Oy3UIUIT YU3UFUra 3ra OY/Iran apaJsall TUILIArT KBa3HIN31K-
JIM TEeHTJIaMaJsap ca KaM Ypranuirad [4-6]. Apasam Tungaru TenrimaMasap jieb KapajgaéTran
COXaHMHT 6I/Ip KUCMUJIa SJIJIAIITUK, UKKUHYYM KUCMU I FI/IHep6OJH/IK TUIIT'a TETUIJIN 6yﬂFaH TEH-
raMajiapra afiTuiau, ylapHu akpaTuO TypyBIM Ium3uk/a (Oy3WIUI YU3UKK) 3Ca TEHIIaMa
napaboJIK THIa TETUNLIA YKU aHUKJIaHMAaral Oyymmm MyMKUH. Yoy Makoiaga () coxacuaa
UKKNTa Oy3UIUII YU3UFUATra 5T OY/Iran

nyHm (U:m: + SgnyUyy) + 2quz + 2pny + C(SL’, y)U = f(‘rv Y, U)7 (1)
2)lqll < 1,2]|p|| < 1,m = const >0

KBa3WIU3UKJIM TEHIVIaMa YIyH Kyiimgaru derapasuii Macaja Ypranumaram: 2 = O U Qy U Qs,
Oyna ) coxacu y > 0 xoiutamran 656, yatapu O(0,0) Ba (1,0) Hykrasap/a 6§/ran CULINK,
I ymsuk Ba Oz yruaumar (0 < = < 1) kecmacwu, {2y coxacn y < 0 ma Koitnamran 6yau0,
(0 <z <1)reemacu, OD :x+y=00<xz<0,5 BaDA:x—y=1(0,5 <z <1), Q3 coxacn
y < 0 ma xoitnamran 6§u6, OD :x+y=00<2<0,5)CD:x—y=1(0<z <0,5) Ba Oy
yrumarn OC(—1 <y < 0) Kecmacu OuIaH derapajaHra.

Tabpud: (1) Tenrmamann Kanoarnantupysan U(x,y) € C[Q] N C2[Q N QN Q3] bynxims
TEHIJIAMAHUHT PETYJISAP €dUMU JIeHIIIA .

Yerapasuii macasna: (1) renryamanu Kyiinjgaru mapriapHi KAHOATIAHTUPYBIH PEryJisp
eYNMUHU TOIINHT:

Ul =¢(s), 0<s<L,

L: — I' srpu unsukHUHT HyKTaqaH oonwtab yadanran yayumru; U(40,y) = 7(y), —1 <y <0;
OMPUKUII TTAPTIAPH:
U(x,40) =alU(xz,—0)+v, 0<z<1,

. 2p . . N2
ylgﬂoy U, = ﬁylg{lo( y)*U,, 0<z<l,

Jim U(§,n) = A(n) lim U (€, n),

¢ £
: . - N R
dim 5o (€= 07Ut = B tim, 2 [ €~ 07 U
-n -n
OyHIa
E=x+y, n=x—y, 0<n<l,a,f,A€eR0<A<I.

(1) rerriamanusr /N TUK Kuemua Jupuxite, runepbosmk kuemuia Kommu-I'ypea gerapasuit
MacaJaJapu MOC paBuIia (afipuM derapasuii Kuitmatiap 6epuirad jeb dbapas KuJIMHraHraH
XoJi71a) eunaaan. bupukunin mapraapugas dboiigasanuimb, HobMaIyM (QyHKIHsIapra HucHa-
TaH CHHTYJIAD WHTEerpaJs TeHIJIaMaJjiap CUCTEMACUTa KeJITUPUIa . XOCUI OYIran TeHriamMmasiap-
ra nucbaran Kapiseman ycynmu Kymnanuino, Opearoabm MHTErpa TeHIJIaMaiap CUCTEMACHTA
orm6 kesmuaau. Bepwiran a, 8, o(s), 7(y), c(z,y), A(n), B(n), f(x,y,U) dbyuknuanapra anuk
mapriap Kyiuano, derapaBuii MacaJjia groHa eduMmra sra OYauimm ucOoTIaHraH.
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KO®PPUIINEHTHA ST OBPATHAS 3AJTAYA /11 BOJTHOBOT'O
VPABHEHMUS C HAMSATBIO JJIS CJIABO
TOPU30HTAJIBHO-HEO/JIHOPO/IHOI CPE/IbI

Axmatos 3. A.!, Toruesa 2K. 1.2

FOxkmubiit MaremaTndecknit nuctutyT Biiajukaskaszckoro Hay4anoro nentpa PAH,
Bnagukaskas, Pocens,!
ahmatov1993@Qyandex.ru;
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Kak wm3BecTHO, ydeT mamMaTy CpeJibl IIPU PACIPOCTPAHEHUN B HENl yIPyTruxX, aKyCTUYECKUX U
3JIGKTPOMArHUTHBIX BOJIH, JlaeT GoJjiee TOYHOE OIMCAHUE IPOIEeCCOB, NPOUCXOJIAIINX B 3THUX
cpenax. IToaToMy BOCCTaHOB/IEHHE HEM3BECTHBIX XapaKTEPUCTUK JIJIS CPeJl ¢ HocjeeiicTBreM,
HECOMHEHHO, SIBJIAeTCA aKTyaJabHOi 3ajadeil. JIjs mpakKTH4ecKuX MpUIOKEeHn 6oj1ee nHTepec-
HBIM SIBJISIETCS CJIydail, KOrjla XapaKTepUCTUKH CPEIbl 3aBUCAT OT JIBYX U Gojiee HepeMEeHHDIX.
Hanpumep, s reobusuku OHUM U3 OCHOBHBIX BOIPOCOB ABJISIETCS KOJIMYECTBEHHAs OIEH-
Ka TOPU30HTAJIBHBIX HEOJTHOPOTHOCTEH B CKOPOCTAX ceificMuyueckux BoJiH. Hakoruiensr (pakTbr,
CBUJIETEILCTBYIONME O CYIIECTBOBAHUM BHYTPH 3€MJIM HEOJHOPOJHOCTEH 10 reorpadudecnm
KOOPJMHATAM, WM TOPU30HTAILHBIX HeogHopoanocTeil. K ancny Takux pakToB OTHOCATCS CH-
CTeMaTUYeCKHe OTKJIOHEHH ToI0rpad OB BOJIH OT YCPEIHEHHOrO rogorpada, acuMeTpus IPaBu-
TAIIMOHHOTO U 3JIEKTPOMArHUTHOTO ToJieit. [1pu aTom orkIoHeHNd OT TOJI0TrpadOB, OTBEYAIONTUX
cepruIecKn-CUMMETPIHYHOMY PACIIPEJIEIEHUIO CKOPOCTEli yIIPYTHUX BOJIH, IOCTATOYHO MAJIbI [1].

Jannoe uccyreoBanye CTABUT HEJbIo PeINuTh 1Be 3afa4dn. IlepBag 3a1ada cBazaHa ¢ ompe-
JenenreM QyHKIMA (A7pa MHTErPAILHOIO ONEpaTopa), OIUCHIBAIONIEH ABIEHNe TAMATH CPEJIa.
Bropas 3agaua — onpenenenue kosdduimenTa-XxapaKTpUCTUKI CPeIbl ¢ yIeToM (DYHKIUN I1a-
matu. UccrenoBanne 6asupyercst Ha paborax [2,3].
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g (z,2,t) € R3 z > 0 paccMoTpuM MpsIMYIO 3ajady onpejenennsa Gynxkuun u(z, z,t)
u3 UHTErpo-auddepeHnnaabHOr0 YpaBHEHH:

t
Upp — Ugy — Uy — q(T, 2)u = / k(T)u(z,z,t — 7)d7r, 2 >0, (x,t) € R? (1)
0
ou
uleo =0, |  =0d(@)d (), (2)
<o 22|,

rie 0'(+) — npousBoHas genbra-byakimn lupaka; q(z, 2) — kosdduiment, xapakTepu3y oIt
CBOWCTBA CPEJIbI, B KOTOPOii PACIIPOCTPAHSETCsT BOJIHOBOI Tiporiecc; k(t) — apo, onuchiBaoIiee
HaMATh CPEJIbL.

Beesiem dopMasibHO apaMeTp MaJIOCTH &:

u(z, 2,t) = up(x, z,t) + cuy (v, 2, 1) + O(£?), (3)

q(w,2) = qo(2) + exqu(2) + O(e?), (4)

qo(z) = qp = const npeanoJiaraeTcs 3aJaHHON BEJIUIUHOMN.
PagencTBo (4) o3HaUaeT ¢1abyo 3aBUCUMOCTb OT TOPU30HTAJILHON MEPEMEHHOI .
[oacrasissa (3)-(4) B (1)-(2), momyuanm 3amaqn (5)-(6) u (8)-(9):

(wo)sr — (o) ze — (U0) 22 — Go + Ug = /0 k(T)ug(z,z,t — 7)dr, z>0, (2,t) € R, (5)

8U0

0z
O6parnas 3agada 1: Haittu ug(x, z,t) u k(t), sxomsmmx B (5)-(6), ecau oTHOCHTEIBHO

npeobpazosanust Dypbe F[ug](v, z,t) 1151 HEKOTOPOroO 3HAUEHUSI TTAPAMETPA I U3BECTHO

= §'(2)8' (). (6)

z=0

u0|t<0 =0,

Fluo] (v, Z’t)|z:0 = —ivd(t) + fo(r,t)0(t), t € R. (7)
Teopema 1. ITycts T > 0 dbUKCHPOBAHO U BBINOJHEHBI cyeiytomue yeaosus: fo(v,0) =
0, (fo)L(v,0) = —%, f(v,t) € C?0,T] ans mekoroporo 3nHavenust napamerpa v. Torma o6-

parras 3agada (1)-(2), (7) B obmact Gr = {(2,t)| 0 < 2z <t < T — z} uMeer eIUHCTBEHHOE
pemtenue k(t) € C[0,T].

t

() = (u1)z2 + 2q1(2)uo(z, 2, t) + qour (z, 2, 1) — / k(T)uy(x, 2z, t — 7)dr, (8)
0

_o, Ym 0, (2,t) €R 9

urf, =0, 5ﬂﬁw-az>y@ﬁ€ : (9)

OGparnasa 3amada 2: Haiitu uy (2, 2,t) u ¢i(2), Bxogammux B (8)-(9), ecam oTHOCHTEIBHO
npeobpaszosanus Oypoe Fy[uq](v, z,1) a1s HEKOTOPOro 3HAYECHUs [TApAMETPA I U3BECTHO

Fylui](v, 2,1)|,_, = filw, 1), t > 0. (10)

z=0

Teopema 2. Ilycrs fi(v,t1) € CY[0,T], fi(v,0) = 0, byuaxkuun uy(v, z,t) u k(t) asnsores
pererneM 3ajaqn (5)—(7). Tormga B obmactn G CymiecTByeT eUHCTBEHHOE PelieHne o6paTHO
sagaan (8)—(10) ¢i(z) € C[0,7/2].
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Bamaun (5)-(7), (8)-(9) cBoAATCH K 9KBUBAJICHTHBIM 3aMKHYTHIM CHCTEMAM HHTErDAJbHBIX
ypasrenuii Bosibreppa Broporo poja. IIpoBe/iena dnciennas peajausanus ¢ ITOMOIIBIO JIICKPe-
Tu3anuu npocrpancTsa G, U 3aMEHbI COOTBETCTBYIOIIUX HHTEIPAJIOB KBAPATYPHBIMI (GOpMY-
namu. Pacder HensBecTbIxX (byHKIHIA IIPOBOIUTCS 110 PEKYPPEHTHBIM (hopMyJ/IaM. YCTOHIMBOCTD
MIPOBEPSIACH 3AIIYMJICHUEM JIAHHBIX 00paTHOl 3a/1a4n. Pe3y/ibTaThl perenns 3TuX 00paThiHX
381491 TTO3BOJISIIOT YUUTHIBATH TIOCJIEIEHCTBIE CPEJIbI IIPH AHAIN3€E €€ XapAKTEePUCTHK.
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BNJONSMEHEHHASA 3A/TAYA KOIMIU-T'YPCA 1JId YPABHEHU A
TNITEPBOJINMYECKOI'O TUITIA BTOPOI'O C CUHIVJ/IAPHBIM
KO®PUITNMEHTOM

Axmenos K.H.

Hamumonanmbabrit YHuBepcuTeT ¥Y30ekucTana, TarkeHnT, Y30eKnucTaH
Lars28@inbox.uz

Hawummnas ¢ 1953 roga mocse mybsmkarun m3ectibix pabor M.JI. Kaposs 1] mossmics
HHTEPEC K N3y 9IeHNIO KPAeBbIX 3a/1a4 JIJIs YPAaBHEHU CMENTaHHOTO THITa BTOPOTO pojia. AHasorn
3ajaan T puKOMHU JIJsi YpaBHEHUS SJUIMTUKO-THIIEPOOINIECKOrO TUIIA BTOPOT'O POJia B 00JIACTH,
9aCTh IPAHUIIBI KOTOPOH SIBJISIETCS JINHUEH BBIPOXKJIEHUs, PACCMOTPEHbI B padorax [2]-[5].

B nannoit pabore mosryueHo mpejicTaBienne o0OOIEHHOTIO pelienns Kiacca [y
BHUION3MeHeHHasd 3a1a4a Komu-I'ypea s ypaBHeHus: TunepboJImaecKoro TUIra BTOPOro
C CHHTYJISIPHBIM KO3(MDMUITUEHTOM.

Paccmorpum ypaBHenue

—(=y) ™ tgw + uyy + (Bo/y)uy = 0, (1)

B KOHEYHOW OJHOCBSA3HOI obOsiacTi ) KOMILJIEKCHOH TOJIYIIOCKOCTH 2 = = + 1y, Imz < 0,
OIPAHUYICHHON XapaKTepUCTUKAMUI

2 m—+2 2 m+2
AC: v — ——(—y) 2 =-1, BC: —(—y) 2z =1
ypasaenus (1) u orpeskom AB ocu y = 0, 3necs C [0, —((m + 2)/2)2/(m+2)] :
A= A(-1,0), B= B(1,0), a mocrosiHEble M ¥ [3y YIAOBJIETBOPSIOT yCIOBHUSI
—1l<m<0, —1-m<pf <—-m/2 (2)

Onpenenenne 1. Perynsapabiv perenrem ypasaerust (1) B obactu §) HasblBaeTCSA
byuxmua u(z,y) € C(Q) N C?*(Q), ynosrersopsiomnue ypasuennio (1) B obmactu ().
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Bunousmenennas 3amayua Komu-I'ypca. Haiitu peryssipuoe perierne ypasuenust (1) B
obstactu (), YI0BIETBOPAIOIIEE YCJIOBUIM

u(z,0) =7(x), (z,0) € AB, (3)

u(x7y>|AC = 90<$>> 0 < r < %7 (4)

rie 7(z), ¢(z) - samanabie Gyuximu, npudem 7(0) = ¢(0),
7(z) € C(AB) N C?*(AB), (5)
o(x) € CY(AB)N C*(AB). (6)

Ilepexoaum uccaenoBanue BugoundmMenenHoi 3agauyu Komm-I'ypca. [Ipu
ncciegoannn 3ajauu Kormu-1'ypca BayKHYIO poJib UTpaeT pelienne BUI0N3MeHeHHas
zasada Kommu|6] ¢ Havag bHbIME JTaHHBIME

u(r,0)=7(x), (x,0)€ AB, lim sz(:ﬁ), (z,0) € AB. (7)
y—-0 Oy
Onpepnenenne 2. O600mennoe pemenne Bugon3Menennoii sajaaun Komul6] ¢ nauaababivm
nmaHEbIME (7) mpuHAUIEKAT Kiaccy Ry , ecsm v(x) menpepsiBHa B (—1,1) um nHTerpmpyema
B [—1,1], a 7(z) ectb uHTerpas apobHoro mopsiika — (25 — 1) or mekoropoit dbyukmu T'(x),
HernpepbiBHO Ha (—1,1) u uaTerpupyemoii a [—1, 1], T.e.

T

T(z) = / (z — )" T(t)dt, (8)

-1

m+280
m+2 ?

riae 7(x) obpamaercs B HyJb MOpsijika He MeHblle —25 mpu @ — —1, 26 =
-1 <28 <0.

O606mmenHoe perenne 3agaun Komm ¢ nanapivu (7) s ypasrenus (1) w3 kiacca Ry B
obstactu Q maercst popmysioii [4]:

pudeM

3 U]
wem= -7 TWd+ [0-07 -0 Nww
0 3
e
2 m2 2 m2 251 1'(2 —2P)
§=I—m—+2(—9)2777=$+m—+2(—?/)27722[2(1—25)]B ™1=p) (10)
N (t) =T (t)/2cosmf — v (t). (11)

[oacrasnsa (9) B (4) naxomum v(x), u mojctasigs B (9) HAXOAUM B SBHOM BHJIE DEIICHUE
BUJIOM3MeHeHHOf 3as1a1m Komu-I'ypea, KoTopoii npuHaiekuT Kiaccy Ro.

Takum 06paszoM, u3 camoro crocoba mosrydenus hopmyJabl (9) u ee BUja CJIeJIyeT, 9To perie-
Hre ButonsMenenHoit 3a1aan Komu-Iypea (1), (3), (4) cyrmecTByer, eIMHCTBEHHO U HEIPEPBIBHO
3aBUCUT OT HAYAJIBHBIX JIAHHBIX.

JINTEPATYPA
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O KJIACCAX CUCTEM JNO®PEPEHIINAJIBHBIX 1 PASHOCTHBIX
YPABHEHU! C IEPUOJNYECKNIMU KOSYDPPUITUEHTAMUI B
JIMHENHBIX YJIEHAX
emunenko I'. B.

WNucruryt maremaruku nm. C. JI. CoboneBa CO PAH, Hosocubupck, Poccnst;
Hosocubupckuii rocymapcrBennbiii yausepcurer, HoBocubupck, Poccust;
demidenk@math.nsc.ru

B pabore paccmarpuBatoTcd cucteMbl TuddepeHna bHbIX YpaBHEHU

dy _
dt

rie A(t) — HenpepbiBHas T-1iepruojiniecKas MATPUIA, U CHCTEMbI PA3HOCTHBIX YDaBHEHUIT

Alt)y, teR, (1)

Tpr1 = B(n)z,, ne€Z, (2)

e MaTpudHast nocienosaresbuocts { B(n)} — N-nepuoauueckas. B nammx paborax |1, 2| mis
cucreMm (1), (2) ycraHOB/ICHBI HOBbIE KDUTEPUH IKCIIOHEHIHAIBHON JINXOTOMUM.

st cucrembr (1) KpuTepuii SKCIOHEHIIMAIBHOM IUXOTOMHN (QOPMYJIUPYETCsS B TEPMEIHAX
Pa3permMoCTH OTHOCUTETHHO SpMUTOBOI Marpunbl H (t) u marpuibl P caeayromeil KpaeBoii
zajaqn s auddepennuaibHoro ypapaenus JIsmynosa

(LH - HAG) + A (OH = — (Y1) PFQUIPY ()

+( YY) (I - Py Qt)I — P)YY7'(t), 0<t<T,

H(0) = P*H(0)P + (I — P)*H(0)(I — P),

| P2= P, PY(T)=Y(T)P,
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rae Y (t) — marpunant (1), Q(t) = Q*(t) > 0.

st cucrembl (2) KpuTepHil 9KCIOHEHIMATBHON auxoToMuu (hOPMYIUPYETCs B TEPMUHAX
Pa3penMMOCTi OTHOCUTEIbHO SpMuToBbIX Marput V(0),...,V(N) u marpunps P cieyroreii
KpaeBoit 3aja4u 115 auddepeHiuaibHoro ypasaenus JIsamyHosa
, -1
V(1) — B*O)V(I+1)B(l) = <Ul*) P*C(1)PU

—(Ul*) (I - PyC()(I—P)U7, 1=0,1,...,N—1,

V(0)=P*V(0)P+ (I — P)*V(0)(I — P),

| P2=P, PUy=UxP.

riae {U,} — marpunant (2), C(I) = C*(1) > 0.

OTrmeTnM, 9TO 9TU KPUTEPUU SABJISIOTCS aHAJIOTAMU COOTBETCTBYIOIINX YTBEPKJIECHUN O 3a-
Jlade JMXOTOMUH JIJIsi CHCTeM ypPaBHEHUH ¢ MOCTOSHHBIMU KO3 duimenTamMu (cM., HapuMmep,
[3-5]).

Wcnonb3ys 9T KpUTEPUN SKCIOHEHITUAIBHON JTUXOTOMUM, MBI ITOJIyIaeM OIEHKH ITapaMeT-
POB JINXOTOMUU, JIOKA3bIBAEM AHAJIOTU TeOpeM O Bo3MmyIneHun |5, 6| i SKCHOHEHIUATLHOI
JINXOTOMUM, YCTAHABIUBAEM YCJIOBHUS CYIIECTBOBAHUS IEPUOMIECKUX PEIIeHU HeTMHEHHBIX
cucreM quddepeHnnaabHbIX 1 PA3HOCTHBIX yPABHEHMI, & TaK¥Ke UX YCTOWINBOCTD.

Pabora BbImoiHeHa 1pu puHaHCOBOM Mojepkke Poccuiickoro ¢onia yHIaMeHTATbHBIX
nccaenoBanuii (mpoext Ne 19-01-00754).
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Ob O,Z[HOfI HEJIOKAJIBHOII KPAEBOM SAIJAYE IJId TPEXMEPHOI'O
YPABHEHUUA TPUKOMMUM B ITPUSMATUNYECKOM HEOT'PAHNYEHHOUN
OBJIACTMN.

I>xamaJgios C. 3.!, Amypos P. P.2, Typakynos X. III.3

Nucruryr Maremarukn AH PY3, Tamkent, Y36eknucran
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Kak usBecrno, B pabore A.B.Bumaaze nmokasano, aro 3amada Jlupuxiie 1jist ypaBHEHUsT CMe-
IMAHHOTO THIA HeKOppeKTHA [1]. EcTecTBeHHO BO3HUKAET BOIPOC: HEJIb3s I 3aMEHUTD YCJIOBUS
zasaan Jlupuxie ApyruMu yCJIOBHSAME, OXBATBIBAIOIINME BCIO TPAHUILY, KOTOPbIe obecrevynBa-
I0T KOPPEKTHOCTDH 3ajiauun? Briepsbie Takue Kpaesble 3a1auu (HEJOKAJIbHBIE KPAeBble 3a/1a4H)
JIJIsT YPaBHEHUsI CMEMIAHHOIO TUIA ObLIN IIPeJIozKeHbl u n3y4uenbl B pabore O. M. Opauk/ist mpu
pEIeHnN Ta30IMHaMIIecKol 3a1a4un 06 obTekanun mpodusieil MOTOKOM JO3BYKOBOI CKOPOCTH
CO CBEPX3BYKOBOI 30HO{I, OKAHYMBAIOIIEHCs MPAMBIM CKadkoM yiutorHenus [2]. Kak Gsuskne
10 TIOCTAHOBKE K M3ydaeMbIM, 3aJla9M JIJIsl YPaBHEHUs CMENIAHHOIO THUIla IEPBOTO POJia UCCIe-
JIOBaHA B OIPaHUYEHHBIX 06JacTax B paborax [3]-[7].
B namnoii pabore ¢ ucrosib3oBaHueM pe3ysibraroB pabor [6],[7] usyuatorces ogno3HauHAST paspe-
IIIMOCTb 0O0DIIIEHHOTO PEIeHNs OJIHOM HeJIOKAJIbHONM KpaeBoil 3a/1a4n JI/Isi TPEXMEPHOI'O ypaB-
Henus TpukoMu B IpU3MATHYCCKON HEOTPAHUYEHHON 00JIACTH.
B obmactn

Q= (_O‘aﬁ) X (07T) xR =

=Q1 xR={(z,t,2);zx € (—,3),0<t <T < 400,z € R},
paccMOTpuM ypaBHeHHe Tpuxkomun:
Lu=zuy — Au+a(z, t)u +c(x, t)u= f(x,1,2), (1)

riae Au = Uy, +u,,- oneparop Jlamnaca . Ilycrs Bee koaddunumentsr ypasaenus (1) gocraToano
riajikue yHKiun B obactu Q.

Henokanpuas kpaeBas 3amada. Haiitu obobmennoe pemenue u(z,t, z) ypaBnenus (1) u3
npocrpancTsa Wy (Q), yIOBIETBOPSIONIEe CIEAYIOMIAM KPACBEIM yCIOBHIM

P — P
VDY ul,_g = D uly_rp, (2)
P — P
n‘Dz u|,7;:—1 - DLE u|m:1 ) (3)
p
upu p = 0,1, e Diu = gTZ , DY%u = u, v, )—HEKOTOpBIE MOCTOAHHBIE YUCJIA, OTJUYHBIE OT

HYJIsl, BEJIMYMHBI KOTOPOIo OyJIeT yTOUHEHBI HUKE.

Onpenenenne. O606meHHBIM pererneM 3ajatn (1)-(3) Oyaem HaspBarTh DyHKIWO U(T, T, 2) €
W5 *(Q), ynosrersopsiomee moutu Beioay ypasuernmo (1) ¢ yemosmsvi (2)-(3)
Teopema.llycTh BbImoOTHEHBI cllefytoliee ycaoBust Jyist Kodddurmentos ypasaerus (1);
2a(z,t) + uK(x) > 01 > 0, p c(x,t) — ci(x,t) > 6 > 0, ama seex (z,t) € Qy, Te
p= 2y >0umpu |v| > 1, |n >1, a(z,0)=a(z,T), c(z,0) = c(z,T). Torna ans
nro6oit byukmn f € W, ’3(Q), Takoit, uro 7 - f(x,0,2) = f(x,T,z), cylmecrByer eJIMHCTBEH-
HOe 060GIIeHHoe pernenne 3anaqn (1)-(3) u3 mpocrpancrsa Wy (Q), u juist Hee CrpaBe I THBLL
CJIE/TYIOIINE OTIEeHKH:

2 2
I). ||u||W21*3(Q) <a “f”WZO*S(Q)

2 2
II). ||u 2,3 <c 1,3
) H HW2’ Q) = “2 Hf”w2 (®)
e ¢; — MOJIOZKUTEJbHBIE BOOOIIE rOBOPH, PA3HbIe MOCTOAHHBIE YUCJIA, OTJIMYHBIE OT HYJIA.
1 .
Brecn uepes W5*(Q), 0603HAUEHO MUIILOEPTOBO IIPOCTPAHCTBO ¢ HOPMOIA

+oo
e = @r 2 [ (1 AP ot Vg

—0o0
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rie Wl(Q,) mnpocrpancrsa Cobomesa, Tyie s, [l— OObIe KOHEIHBIE MOMOKHTETbHbIE Te/Tbe
qncia, a HopMma B npocrpanctse Cobonesa W(Q1), onpeensercs ciemyronmm obpaszom

90 = Y [ 1D"0F dudt,
o<t g,

Q— 3TO MyJbTHUHJIEKC, [D*—ecTb 0000IEeHHAS TPOU3BO/IHAS 110 TIEPEMEHHUMU T U t,a Yepe3

+o0
w(x,t,\) = (2m)~1/? / u(z,t, 2) e ™ dz

obozHaveHo npeobpazosanne Pypbe bynkuuu u(z,t, z).
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B mpupose coBepIiieHHO 3/1aCTHYHOTO MaTepHasia He CyIIeCTBYET, Ha CaMOM Jiejie HedJa-
CTUIHOCTH Beerjia npucyTeTyet. Crie/loBaTe/IbHO, JJIs IUPOKOro KJacca MaTepuaJioB HeJ0CTa-
TOYHO UCIOJIB30BAThL YIPYTYIO MOJIE/b, YTOOBI UCCJIE/IOBATD UX MeXaHu4decKoe rnosejienue. s
OHMCAHUsT OCHOBOTIOJIATAIONINX YPABHEHU BAA3KOYIIPYTUX MATEPHUAJIOB UCIIOIb3YIOTCS HHTErPO-
nuddepeHuanibHbie ypaBHeHHe. B 9Toil 3aMeTKe TMOKa3bIBaeTCs IKBUBAJIEHTHOCTH OJIHOTO Ta-
KOI'0 YpaBHEHHS JIPOOHOMY ypaBHeHUIO JTuddy3un.

Teopema. nrerpo-auddepennualibioe ypasuenue auddysnn

t
Ut—AU—I—/K(t—T)AU(ZE,T)dT:O, reR" t>0, (1)
0

¢ aapoM K(t) = t7*Eq_a)1-a)(—t'"%), «a € (0,1), S5KBUBaJEHTHO JAPOGHOMY ypPaBHEHMIO
nuddysnn
U +4 DU — AU (z,t) = 0, (2)

rae A — oneparop Jlamaca mo nepeMeHHbIM & = (X1, . . ., Ty ), E, 5(2) — IByxmapamerpudeckast
(o)

dbyuxnus Murrar-JIedbdrepa [1], onpenensemast psaom 4 5(2) = kz::o F(#:B) a>0,6>0TI()

— ramma dyukug Ditiepa, a B (2) §D{U — apobuas nponssoanas Kamyro o Bpemenn [1]:

t
1 Ur(z,7)
oDyU = .
g F(l—a)/(t—T)adT
0

Teopema MozkeT OBITH JIOKAa3aHa C MCIOJb30BAHUEM CJIEYIONIeit JeMMbl [2]:
Jlemma. Eciu jyist sio6oro T > 0 umeer mecro Briodenue { K (t),r(t)} € L1]0,T] u dynk-
n K (t),r(t) yIoBIETBOPSIIOT HHTEIPAJIBHOMY YPABHEHUIO.

r(t) = (t) + /K(t —7)r(r)dr, te[0,T],

TO pelieHue MHTEpaJIbHOI'O YpaBHEHNA

t

olt) = / K(t = r)p(r)dr + f(B),  f(t) € L0, T]

0

BbIpazKaeTcs 1Mo (opmyiie
o) = [ 1t =) (e + 1)
0

Huddepennuanibioe ypaBHeHUsT ¢ JAPOOHBIM ITPOM3BOIHBIM (2) OIUCHIBAET aHOMAJIBHO i~
(by3uoHHBIIT IIepeHOC PACTBOPEHHOIO BEIECTBA B I€TEPOreHHBbIX MOPUCTHIX cpeax [3]. Takxe
CYIIECTBYIOT JpyTue MHTerpo-auddepeHImagIbible YpaBHEHNS, OMUCHIBAIONINE BOJTHOBBIE ITPO-
IIeCChl B €CTEeTBUHBIX HayKax Ojm3kue ypasHeHuto (1), ¢ siipoM, cojepzKaiiuM JIByapaMeT-
pudeckyo dyuknuio Murar-Jleddiepa ¢ geiictBurensubiv aprymeaTom (e. [4]), koTopbie
9KBUBAJICHTHBI (] epeHnmaj bHbIM YPaBHEHUAM C JIPOOHBIMU ITPOU3BOIHBIME H0JIee 0OIIEero
BH/Ta 1eM (2),
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N3YYEHUE SPEJINTAPHBIX CBOMICTB IIJIOCKOTI'O YIIPYI'OI'O TEJIA
Hypnues JI.K.!, Boaraes A.A. 2

1 Bapeaytomuit Byxapckum otnenenuem Nneruryra Matemaruku AH PY3
durdiev65@mail.ru;
2 ByxI'V, npenogosatess Kadeapsl duddepennuaibabie ypaBHenus
asliddinboltayev@mail.ru;

[ycrs T = (21, 22) € R?. O6o3HaumM 4epes 0;; POEKIHIO Ha OCh ; HAIPSZKEHUs JIefHCTBY-
IOIEr0 Ha IUIOMIAJKY ¢ HOPMAJIbIO, HAPAJIIEHOM OCH T, a U; — IIPOEKIUs Ha OCh T; BEKTOPA
emernennst dacturpl. CorsacHo 3akony ['yka jijist BA3KOYIPYTHUX CpeJl HalpsizKeHust ¢ jedopMa-
nusiMu cBs3aHbl hopmyaamu [1]:

ou;  Ou; ,
O'Z'j(f, t) = U <az + 82]) + 5Z‘j>\leﬂ+
j i
/ ou, o
(4 — i ) vl (71 —
—l—O/Kw(t T) |:,LL <8xj + axi) +5Z]/\dlvu] (T, t —7)dr, (1)

3ech (= fu(x2), A = Mx2) — xoaddunuentst Jlame, §;; — cumson Kponekepa, K;;(t) —
dyHKIIIN OoTBEevaloe 3a BA3KOCTh cpebl u K = Kj;, 4,7 = 1, 2.
YpaBHeHns JIBUKEHUS YACTUIL IJIOCKOIO TeJIa TP OTCYTCTBUM BHENTHUX CUJI UMEIOT BU/L

OQE 2 80i]~
= i =1.2 2
p 8t2 — 3xj ,Z » < ( )

=

rie p = p(r2) — WIOTHOCTH cpenbl, U(T,t) = (u1(T,t), us(T,t)) — BEKTOp CMEIIEHUIL.

C yuérom sroro, cucrema ypasuernnii (1) u (2) oTHOCUTEIBHO CKOPOCTH U; U HAIIPSAKEHUS 0
MOKET OBIThH HAIlMCAHA B BUJIE CHCTEMbI IATH HHTErpo-1nddepeHnuaabHbIX YPaBHEHUH IIEPBOro
nopsika. s yyiobersa obo3nadas r; = x, To = Y, UMEeM

o0 o o0 t
[ + AZ= + By + D0 = — T
i ay+ 15+ 1 /0 Ri(t — 7,y)9(z, 7)dr, (3)

riae A = diag(vs, —vs, vy, —1,0), I — eauuntnas MaTpuiia pasMepHocTa 5.

Bi(y) = (bij<y))5x5v Di(y) = (Cij(y))5x5a Ri(y,t) = (?ij(yvt))5x57 i,j=15
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big = byy = ——YE__ 2
13 24 20V A2 2p(A2p)°

bU =0 Z’j = ]-727 sz =0 Za] = 37_57 b15 - b25 ==

1
2p?

bit = by — VB _ A bar — byy — —2A v p(A+2p) bt = by — —2 V/ B(A+2p)
14 =023 = 5 ==~ gy U1 =012 = "5 - "5 b =0bp=—5+ "5 —,
bs1 = bsy = —%, cij = ¢ij(y), i, =1,5; cu=—ciz = 2Lpa% (\/Np) - #, Co1 = —Co2 =

19 r33(0) _ _ A 2u 1 r22(0) _ _ A+2u 8 1
2p 0y (Vip) +757, g3 = ca3 = > oy <\/P(>\+2u))_ 2o =Ty, (\/P(A+2M)>_

”22(0), Cy3 = Cyq = ﬁ (r22(0) = r11(0)), 55 = —1r11(0), cp=cpu =0, 1 =1,2, p=3,4,5;
35 = C45 = 0, ?z‘j = Fij(yat)a i,] :1,_5 ﬁp Z’sz =0,1=1,2,p=3,4,5, T35=r455=0, 111 =
1y =~ = T = =T Ty = TR0 =34, Ty = T = 5 (1) — (1)
Tss = —171(1).

Pacemorpum cucremy ypasaenuii (3) B obractu

D ={(z,y,t):z € R,0<y< H,t>0}, H = const.
Jlig 370l cucTeMbl OPAMYIO 3a4a4y IIOCTABAM CJICLYIOIIAM O0OPa30M:

ﬁz‘t:():%(%y)a Z:m7 (4)

Oil,_o = Vilat), i= 13, 0| _, =vi(a,t), i=24. (5)

Ussecrno, uro 3amada (3)—(5) mocraBiena KoppekTHa [cm.2|. IIpemnomoxnm, uro dyHKImmI
vi(x,y), ¥i(z,y) duHUTHBI 0 T TpU KaxKJIOM (UKCHPOBAHHOM Y, t U 06JAIAI0T [IAKOCTHIO
JI0O HEKOTOPOW CTENEHU.

U3 cymecrBoBanust Jjisi cucTeMbl (3) KOHEIHON 06JacTi 3aBUCUMOCTU U (DUHUTHOCTHU 110 T
maubix (4) u (5) caemyer dunuTHOCTH 1O @ pentenuii v; 3agadn (3)—(5). Torga K paBeHcTBOM

(3)—(5) MozkHO mpUMennTh npeobpasosanne Pypre o x. Obosnawum Vi(y,t) = 9;(&,y, t)| e

rje %(f, y,t) = [ €*";(z,y,t)dz, j = 1,4 — npeobpasosanus Pypee pynxmit J;, & — napa-
R

MeTp npeobpazoBanusi. [Ipsivble Bbrancienns mokaseisatot, ato V(y,t) = (V;,i = 1,5) ymnosie-
TBOPSAET YPABHECHHIO

ov oV t
I +05, + PV = /O Ry(y, )V (y, t — 7)dr, (6)
a ycaoBusiM (4), (5) cOOTBETCTBYIOT YCJIOBHSI
Vilio = @ily), i =15, (7)
Vi‘y:():Ji(t% =13, %|y=H:Ji(t)’ 1= 2,4, (8)

oo

rie 3;(y), i = 1,5, ¢i(t), i = 1,4 — obpassl Pypee coorTBeTcTByIOmuX pyHKmii u3 (7), (8)
npu £ = 0. Obo3uauuM emé depe3 Dy mpoekiuio [ Ha TIOCKOCTD ¥, t.
CrpaBeIJINBO CJIe/IyIONIee YTBEPIK IeHTE:

Teopema. Ilycrs p(y), p(y), Ay) € C1[0,00), F(y) € C[0,00), P(t) € C'[0,00), ply) >

0, \(y) >0, ply) >0, r;(t) € C1[0,00), i,j = 1,2, u Bomosmens yeaosus @;(0) = ;(0),
1,3, @;(0)= JZ(H ), ©=2,4. Torga B obnactu Dy CyIiecTByeT eIMHCTBEHHOE KJIACCHIECKOe
pemenue 3a1a4au (6)—(8).

Bagada (6) - (8) B obacTu Dy SKBUBaJEHTHA JUHEHHOMY HHTEIPAJILHOMY YPABHEHUIO BTO-
poro Buja tuna Bosbreppa oraocurenbuo V. Kak ciieyer u3 reopun JTHHEHHBIX HHTETPAJTHBIX

YPaBHEHUI, TaKad CUCTEMAa UMeeT €JIMHCTBEHHOE DEIIeHNUE.
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SAJAYA OIIPEAEJIEHUA TPEXMEPHOI'O KO®DPUITNEHTA
PEAKIIN B IPOBHOM YPABHEHVN JN®DY3NUN

Hdypmaues V. 1.

Byxapckuit rocymapcTBennblii yHuBepcuTeT, Byxapa, Y30ekucraH,
umidjan93Q@mail.ru;

Paccmorpum ciesyromiee TpexMepHoe qudpy3noHHOE ypaBHEHNE JIPOOHOTO MOPSIIKa:
(CDtau) (.CE,t) - Azu"i_Q(x/at)u(mat) = f(xat)a (1)

r = (21, 29,23) = (2, 23), (x,t) € R®x {t >0}
U yCJIOBUN

= o(z), = €R3 (2)

u

rie A, -onepatop Jlammaca 1o nepeMeHHbIM T = (71, T2, 73), a “DF, 0 < a < 1, - perynspuso-
BaHHasi JpobHast pon3Bo/Hast 1o ¢ (mpousBoaHas [epacumosa-Kamyro), T.e.

t

N B 1 u,(x, 7)dT
(Cptu)(x’t)_F(l—a)/ t—n)e

a f(xz,t), p(r)-3amanubie riajgkue OyHKIUH.
O6parHas 3ana4a. Tpebyercst onpejeuts dynknuio g(z',t), ' € R? t > 0 B (1), ecyn
perrenne 3amaan Kormu (1), (2) yaoBiaeTBopsier yeJaoBuo

u =g(a',t), 2 €R? t>0, (3)

x3=0

rie g(2',t)-3amannas HyHKIHS.

Teopema 1. Ecau f(z,t) € C(H*™(R®),[0,T]), ¢(z) € HT(R?), g(a',t) €
C(H*(R?),[0,T]), |lg(«’,t)|* > go > 0, g(2/,0,0) = ¢(2/,0,0), mo cywecmsyem maxoe
wucao T* € (0,T], wmo obpamnas 3adava (1)-(3) umeem eduncmesennoe pewenue q(x',t) €
C(H*(R?),[0,T%]).

Yepes C (H'(R™), [0, T]) obosHammM Ki1acc HenpepblBHBIX Ha orpeske [0, T] 110 mepemeHHoit
t dbynkmmit co snadenmavu B8 H'(R"), rae H'-npocrpancTso lembaepa ¢ mokasarenem [, e
T > 0 - npousBosbHOe (DUKCHPOBaHHOE 4HCI0. HopMa B 9TOM IPOCTPAHCTBE OIPEIEISIeTCs
caeyromum obpasom |1, ¢. 16-27]:

1 t) — 2 t
ol = swp lo(@, )]+ sup  L2EL D D)
TER™ |zt —22|<pg,x!,x2€R™ |ZE - |
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[Ipu buxcuposannom ¢ Hopma bynxman ¢(z,t) B H'(R™) obosnaamm 1epes |¢|'(t). Takoe o6o-
3HAYEHME UCHOJIb3yeM Jijisd (DYHKIMH 3aBUCSIIMX TOJILKO OT TepeMenHofi x. Hopma dynkimn
¢(z,t) B C (H'(R"),[0,T]) onpenensiercss paBeHCTBOM

lgll" := max [|¢]'(t)] .

t€[0,7)

[Iycts T' - IPOM3BOJILHOE MOJIOKUTEIbHOE (PUKCUPOBAHHOE YUC/I0. PACCMOTPHM MHOXKECTBO
Q(70), (70 > 0 HeKOTOpOE (DUKCHPOBAHHOE YUC/I0) 3ajaHHbIX DYHKIW (f, @, g), JIsi KOTOPBIX
BBIIIOJIHEHB! Bee yenosnst Teopembl 1 1 max { || f[*72, [0]*2, [|g]|*} < ~o. Yepes Q(71) obo3na-
anm kiace gyukuuit ¢(2/,t) € C(H*(R?), [0,T1]), yrosrersopsomux Hepasenctsy [l¢[|* < v ¢
HEKOTOPBIM (DPUKCUPOBAHHBIM [OJIOKATETBHBIM THCJIOM Y.

Teopema 2. ITycmo (f,,9) € Q), (f,8,9) € Q) v (¢,9) € Q(m1). Toeda dan pewe-
HUA 00pammoti 3a0a4U CNPABEOAUBA CACIYOULAL OUEHKG YCTNOTMUBOCTNUL:

la—all* < (I = FI™2 + e = &l + llg = 311°) (4)

2de nocmosanHan ¢ 3asucum moavko om T, a, Yo, V1-
N3 TeopeMbl 2 JIETKO cJie/IyeT CIeyionias TeopeMa eJIMHCTBEHHOCTH TSt sroboro 1" > 0:

Teopema 3. [Tycmo dymnyuu q(2',1), f(x,t), (x), g(a',t) w (@', 1), f(z, ) p(x), ga',t)
UMEINOM MOM HCE CMBICA, wmo U 6 meopeme 2. Ilpuvem ecau f = f, o = @, g g oA

(z,t) € D, mo q(2/,t) = q(a',t), ' € R? t > 0.
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OB OJJHOM KPAEBOI1 3AJJAYE C YCJIOBUEM TPUKOMMU HA
ITAPAJIJIEJIbBHBIX XAPAKTEPUCTUKAX J1JIAd HATPY2KEHHOTI'O
YPABHEHUA ITAPABOJIO-TUIIEPBOJINMYECKOI'O TUIIA,
BBIPO2KJTAIOITIEI'OCHAd BHYTPU OBJIACTU

2Kypae ®@.M.

Byxapckuit rocyrapcTBeHnbIll yHUBepcuTeT, Byxapa, Y36ekucran

fjm1980@mail.ru

Kpaesble 3a/1aum 1718 BBIPOKTAIONIETOCS HAIPYKEHHOTO yPAaBHEHMS CMENTaHHOTO THIIa BTO-
pOro MOpsiJIKa UCCIeI0BAINCH cpaBHUTENbHO Masio. Ormernm paborer A.M.Haxymesa [1],
B.M.Kasuesa [2]|, B.Mciomosa u @./Ixxypaesa [3]. D10 cBsi3aHO, MpekKJie BCErO, ¢ OTCYTCTBU-
eM TIPeJICTaBJIeHUsT OOIIEro pPeIieHns JJisi TAKUX YPaBHEHUI; ¢ JIpYroif CTOPOHBI, TaKue 3a/atu
CBOJATCA K MAJION3YyYCHHBIM MHTEI'PAJILHBIM YPABHEHUAM.

[Tycts )— KoHeuHAsT OMHOCBsA3HASA 00JIACTH B IJIOCKOCTHU TIEPEMEHHBIX T, , OTpaHUIeHHAS
KPUBBIMH:

Sit o Jzl=1, O0<y<l, S3: O0<z<l, y=1, 8: -1<z<0, y=1,
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2 2—m 2 2—m
Ly ‘ﬂ‘m(—y) 2 =0, T W‘FE(—Q) =1, y<0,

ziech n ganee x > 0, mpu j =1, 2 <0, nmpu j = 2, npuaem m < 0.

Bgenem obosnauenust  Qf = QN {(z,y): >0, y >0},
QF=0n{(z,y): <0, y>0}, 0 =Qn{(z,y): >0, y <0},

Q =Qn{(z,y): <0, y<0}, L1 ={(z,y): 0<z <1, y=0},
IQ:{<x)y): —1<x<0,y=0}, 132{(1‘,y>1 $:0,0<y<1},
Q=07 UQ;UJ;, Q=0 UQy UJs, Aj((-1)7,0)=1nS5;,

1l a2 —m\Te
1yt oy T
¢, [( e (e

0(0,0) =N 1, By(1,1) = SN S3, By(—1,1) = S5N Sy, By(0,1) = S3N Sy.

= F] N Fj+27 (j = 172)7

B obnactu €2 paccmoTpum ypaBHEHHE
0— Uz — |x|puy—pju(x70), ((L’,y) € Q;‘—7
Ugy — (_y)muyy + :uju <I7 0) ) (%y) € Qj_7
rae m, p, pj, pj (j =1,2)—mobble neiicTBUTEIBHBIE THUC/IA, IPTIEM

m<0, p>0, p; >0, >0, (j=1,2).

B obmacru € mus ypasuenus (1) uccremyercs ciaeayiomast 3a1a4a.

Bamaua TG. Haiitun dysakimo u(x,y), 06/1aIa10MLy 0 CJIeIyONIMMUA CBORCTBAM:

1) u(z,y) € C(Q)NCHOQYNCE (QF UQT)NC? (9 UQ);

2) u(z,y) sABIsieTCs peryssipHBIM pererneM ypasHenus (1) B obractsx Qj u Q) (j=1,2);
3) u(x,y) yIOBIETBOPSET KPACBLIM YCIOBUAM

ulg. = ¢i(y), 0<y<1,

J
1 1
ulp, = g1(z), 0<z< 2 ulp, = ga(z), —1<x< —5
4) na juHUE BRIpOXKAeHUs [; (i = 1,3) BBINOJHAETCS YCJIOBUS CKJICHBAHIA

ylig_louy(x7y) = ylirgouy(xay)v (:B70) € Ij? (] = 172)7

lim u,(z,y) = lim u,(z,y), (0,y) € Is;
z—+0 z——0

rie ©1(y), p2(v), g1 (z), g2 (), — 3amannble Gyukwmu, mpudeM gs(—1) = ¢2(0),

ij(y) eC [07 1] N Cl (07 1)7 (] = 172)7 (2)

g(z) e C! [0, %} ncs (0, %) , g2(z) € C* [—1, —%} ncs (—1, —%) (3)
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Ecmn Bomosmensr yenosug 1) u 2) 3agaun TG, To m06oe perymispHoe perienne ypaBHeHHsT
(1) moxxHO TpejicTaBUTh B BUJE [3]:

u(z,y) =v(x,y)+w(z) .

rue
Uj ('I?y)a <x>y> S Q;_>
v(z,y) = _
wj (x7y> (l’,y) S Qj )

o () = {w;r(x), (z,0) € I,
o (@), (@0) €T,

3rech v; (z,y) u wj (z,y),(j = 1,2) peryssapHble pelleHns: ypaBHEHHsI
Lvj = V)4 — |2|Pvj, =0, (2,y) € Q;r,

Lwj = wjaw — (—y) " wjyy =0, (z,y) € Q =12),

a w;r(x) nw; (z) (j = 1,2) mponsBo/bHBIE BAKIBI HEPEPHIBHO M depeHIpyeMble permenns

YpaBHEHUA

+//

W (Z)ﬁ') - pjw;_ (ZIZ’) = PjV; ([L’, 0) ) (J/',O) S ]ja

_n

Wi () + gy () = =g, (2,0), (2,0) € I,

COOTBETCTBEHHO.
Jlemma. Ecmn i(y) = ¢o(y) =0, Vy €[0,1], g1(z) =0, Vo € [0,3] ,ugo(z) =0, Ve
(-1 3], o
7;(z) =0, Veel, (j=1,2),
srech 7j(x) = vi(z, 0) = w;(z,0) .
Teopema. Eciin BbinosiHeHsl ycaosust JieMMbl 1 (2)-(4), To B obsactu ) perienue 3aa4qu
TG mis ypasrenus (1) cymiecrByer u eMHCTBEHHO.
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TEOPEMBI TUITA ®PATMEHA-JINMHAEJIED®A
2Kypaena V. IO.

Camapranackuii ['ocymapcrsennsiit Y uuBepcnter, Camapkan, Y30eKucTaHn
umida_9202@Qmail.ru;

Hacrosias pabora mocssiiiieHa 3a/1atie, KoTopast MOZKeT ObITh ChOPMY/IUPOBAHA, CJIE/TY FOIITITM
obpazom:

IlocTranoBka 3agaumn. /lana 6eckonednasi 001acTb D IBYXMEPHOIO IIPOCTPAHCTBO U OUrap-
Mourmdeckas B D dyukius u(P), HenpepbiBHAS BIUIOTH JI0 TPAHUIIEI CO CBOUMHE ITPOM3BO/THBIMIE
JIO TPEThero mnopsijaka. ' pedyercs mokasaTh, 9TO ecjii (DyHKIHSA U ee HOpMaJIbHasT ITPOU3BOIHA
orpannveHbl Ha rpanure D u u(P) Heorpannvensa BHYTPH, TO pu P — 00 OHa J0JIZKHA Pac-
T BHYTpU D) CO CKOPOCTBHIO, HE MEHBIIEHl HEKOTOPOI MPeJIe/IbHOIM, U OIEHUTDb 3Ty TPEJIETbHYIO
CKOPOCTH POCTA.

s rapmorndecknx (YHKINNE 3TO 3ajada Oblaa mpeameroM ucciemoBanns M.A.EBrpa-
dosa, I.A.Yeruca, N.C.Apmonom, A.D.Jleonbrepnim, 111 Apmyxamenossim , 3.P. Amrypo-Boit,
H.2Kypaepoit u ap. Il Apmyxame10B 3aHUMAJICS UCCJIEIOBAHIEM KJ/IACCHIECKON HHTErPAJIb-
Hoit hopmysiel 'puna iyt rapMoHUYecKnX (BYHKIWI B HEOTDAHMIEHHON MPOCTPAHCTBEHHBIX
obnacTsx. 3ajava 3aKII09aIach B Oy deHnn (hopmysibl ['puHa /1UTsT pacTyInX rapMOHUIECKIX
dyuKIMit. 371eCh BMECTO KJIACCHIECKOT0 (DYHIAMEHTAILHOTO pelllenns ypaBHerus Jlamraca Ha-
J10 OBLIIO ITOCTPOUTH HOBOE (PYHIAMEHTAJILHOE PeIIeHne, KOTOPOe JOCTATOTHO XOPOIIO YObIBAET
Ha 6eckoneunoctu. L. dpmyxamenoBbim ObLIO TOCTpOeHO Tpebyemoe dyHIaMEeHTAJIbLHOE pele-
HUE B sIBHOM BHJIE, KOTOPOE BBIPAXKAETCs depe3 Te/I0il (PYHKIINN KOMILJIEKCHOTO TIePEeMEHHOTO.
Nwm nostyuena uaTerpaabuas gpopmysia ['puna B HeorpaHu4deHHON 00/1aCTH B KJIACCe PACTYIITUX
rapMoHndecKknx (ynkmuii. B sTom Hampapienun uM ObLIO yCTAHOBJIEHO TeopeMa Tuiia Opar-
MeHa - JluHaeneda 11 rapMOHUYIeCKUX (PYHKITHIA.

B nannoit pabore crpoutcs dpyuxkmusa Kapiaemana /st OJUrapMOHUYIECKUX (PYHKIUH BTO-
poro mnopgjka (T.e. g GurapMoHMdYecKux (QyHKIMit) onpejeseHHbX B objactu D C R?

={y :y = (y1,¥2),92 > 0} u c ee momomm JOKa3biBaeTCs TeopeMbl Turna PparmeHa-
JIunneneda.

DOyukuuio ¢, (y, x) upu o > 0 onpeenM CIeyONMMI PABEHCTBAME:

1 71 K(ivu?+s+ys) udu

oY, ) = m , (1
#oly ) K () / iVu? + s+ ys — 2o Vu? + s @
e K(w) = % Baech s > 0, cp = 27 Tws, wy MIOMAL IMHIIHOTO KpyTa B R2.

[onoxum D, (y, r) = corips(y,x), (2) npu srom = = (z1,72), ¥y = (y1,¥2), w = ivVu? + s+
yo,s = =(y—x),r=ly—z/,r?=s+(ya+12)% 0<p1 <1, 0>0, 42 >0,¢ €R.
31ech Gepercst peryiisipHas BETBb aHAJIUTHIECKONH (DYHKINE W’ B IIJIOCKOCTH C Pa3PE30M BJIOJIb
BEIeCTBEHHON OTPHUIIATEIbHON mosryocu. VMeer Mecta cieyromye yTBep:K IeHUS:

Jlemma 1. Qynryus o, (y,x), onpedeaennan Gopmyrot (1), umeem eud

(e = wa) (g w2)? — (R4 ) = 2ys + w2) (w2 + 5)) sin A udu
poly, @) = O/ (u? +r2)(u? + r?)2exp(cA) V2 + 3+

udu

7 (y2 + x2) — (u® + 5)) + 2(y2 — 22) (y2 + x2)) cos A
/ (u2 + r2)(u? + r?)2exp(c Ay)
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u npu o > 0 - asasemces 2apmonuveckoti pyrxyueti, 20e ¢y = Wﬂ%l)pl)), Ay = ((y2 + 1)2 +

u? + 5)'% cos(py arctg (VyZijlf), A= o((ys + 1)+ u® + 5)7 sin(p, arctg (Vyi*li). Jlan ydobemea

sanucu 6 darvHetiwum 0603HaAUM wepe3 Cop 6CE NOCMOAHHDHLE YUCNA.

Teopema 1. Qynruyus P, (y, ), onpedesernnasn gopmyaot (2), umeem 6ud
1
q)o(y7 JZ) - CO(T2 In — + TQGU(ya l’)),
r

2de pynwuus Gy (y, ) eapmonuueckan gynryua ¢ B2\ {x} no nepemenmomy y.

Jlemma 2. Qyuxuua P, (y,x), onpedeaennan dopmyarot (2) asasemca OGuzapmonuveckot
Pyrryuer.

Jlemma 3. Jlaa dynryuu D, (y, ) onpedeasemoti pasencmeom (2) cnpasediusol ouerku

1 1 cor?
Po(y, 2)| < (—+ 3)——
(@0 (g, 0)] < (7’7’1 r?’exp(cA)
0, (y, ) a «o 1 r 1 7 Co
alCAC A R I T U S U N N N W N
| on = +r+r%+r1+r1+7f rf)ewp(aA)’

2de A=co((ys+1)2+5)7.
Jlemma 4. ITycmwv n-enewnsas nopmanv x eparuye 0D. Tozda, cnpasedauev. nepasercmea:

1 1 1 1. ¢
AD,(y, <(F+—+5+ =) ——,
| (v I)|_(r+r1+rf+r{’)exp(m4)

1 1 1 1 Co

OAD,(y, x) 1 )

1 1 1
<A+ =4 5+5+g+-F+—5+—3+—)——r

| on = reoord ot i e e eap(cA)

Teopema 2. Qyuxyusa P, (y, z),306ucawas om napamempa o > 0, onpedesernas Gopmyrot

(2), npuy # & asasemca ynwrkyuet Kapaemana oas mowku x € D u 0D

Dids| < —C1&)

0, (y, ) AP, (y, )
o ——2 |+ |AD —
/8D(| 0(y7$)‘+‘ ) ‘_‘_‘ U(y’$)|+‘ el'p(O'A)’

n on

20e C(x)-MHo204AEN 3a6UCAULEE MOADKO OM T, N-BHEWHAL HOPMAAL K epanuye OD.
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OB OJTHOU KPAEBOIT 3ATAYE CO CMEIIIEHUEM J1JI5
OBOBIIIEHHOI'O YPABHEHUA TPUKOMU CO CIIEKTPAJIbBHBIM
IIAPAMETPOM B HEOTPAHUYEHHOI OBJIACTU

3ynnynos P. T.

Nucruryr Maremarnkn nmenn B.U1 Pomanosckoro AH PVY3, Tamkent, Y36ekucran
zunnunov@Qmail.ru

Paccmorpum ypasHenwue
Signy|y| e + Uy, — N |y|™u = 0, (1)

B Heorpanmventoii cventannoit obmactu (2 = Oy U AB Uy, te Oy = {(z,y) 1 y > 0,—00 <
r < +00}, a Qy - obmacth momymockocTn i < 0 orpanmuenHas otpeskom AB = {(, y) y =
0,0 < z < 1} u xapakrepucTuKaMu

AC s 3= [2/(m+ ) (=)™ /2 = 0, BC : & + 2/ (m + 2)](—y) "D/ = 1

ypasuenus (1), Bexogsmummu u3 Todek A(0,0) u B(1,0). 3aech upemonaraercsa m, A - 3a/aH-
HbIE JeHCTBATEIbHBIE YHCIa, IpuIeM A = A\ upu y > 0, A = Ay upu y < 0, m = const > 0.
Kpome Toro, M;(j = 1,4) - nonoKurebHbe IOCTOSIHHBIE, & € - JOCTATOYHO MAJIOE IIOJIOKH-
TesbHoe uncio, 3 =m/(2m +4), ro = /22 + [2/(m + 2)]2y™+2

h={(z,y): —c0o<x<0,y=0}1l={(r,y) 1 <x <400,y =0}

() = (g_{m%—?)ﬂ@))el(@ _ <1+x7_[m—|—27 1—l'i|mi2>.
2 2 2 2 2 2

OuernHo, uto Op(z) U 01(x) ecTh TOUKH mepeceveHns XapaKTePUCTUK ypasHeHus (1) |
BBIXO/AIINX 13 Touku (x,0) € AB | ¢ xapakrepuctukamu AC' u BC' cOOTBETCTBEHHO.

Bagaua T'N*®. Hatmu ¢gynrkyuro u(zx,y) co caedyrowum u c60UCmeamL:

1) u(z,y) € C(QUIL UL UACUBC)NCYQ) N C%(Q1 U Q) npunem u,(z,y) nenpepuisra
snaoms do Iy Uly u 6 oxpecmmocmu movex A(0,0) u B(1,0) , dynryuu y™uy(z,y), uy(z,y) ,
MOYM UMEMD 0COBEHHOCTNU NOPAJKG MeHbwe wem 1 — 2[3;

2) ydosaemsopaem ypasrenuro (1) 6 obaacmazx Qy u Qs ;

3) npu docmamouno 6oavwuT Ty YOOBAEMBOPAEM. YCAOBUAM

M, | . M, M;
|U({E,y>| < 517 |y u$(a:,y)| |uy(x y)| < —
7“0 To T

uy(z,0) = pi(x), Vo € ;1 =1,2
a(2) Agy * { D5, [8(2)u(Bo(x))]} + b(a) Ay { DYy [w(w)u(6: (2))] 1+
+c(x)uy(x,0) + g(x)u(x,0) = d(z),Vor € AB

rae pi(x),a(x),b(x),c(x), g(x),d(x) - 3anannbie byukmun, npuaem a’(z) + b*(x) + A(z) +
g*(x) # 0, a(x),b(z), c(x), g(x),d(x) € C*(AB), pi(x) € C(l;) w npu x — 0, z —> 1 moryT
obpamaTbcst B GECKOHEYHOCTD MOpsijika MeHbIe deM 1 — 23, a jjis 10CTaToqHO GOJIbImX |z
YJIOBJIETBOPSIIOT HEPABEHCTBAM

i ()| < Mylz|™7°,6 >0,
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a D% [f(x)] - oneparop apo6Horo B cMbicsie Pumana-JTuysmiisg narerpo-nnddepeHnnpoBanus
LA
u ALMf(z)] - oneparop us [1].
B nannoit pa6ore nokasana 0JIHO3HAYHAA PA3PEIINMOCTD IOCTABICHHOI 3a1a491 [IPU BBIIOJI-
HEHUU yCJIOBUN

a=y=1—-0,6x)=w(x)=1

a=y=p806x)=2""wx)=1-2)*"

EmHCcTBEHHOCTD pelenns MOCTaBIeHHON 3a/1a9n JJOKa3bIBAETCS METO/IOM MHTErPaJIOB SHEPIUN
a cyiecTBoBaHue MeTojioM dbyHKiuit ['puHa n mHTErpaJbHBIX YpaBHEHUI.

JINTEPATYPA
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3AJTAYA TUIIA TYPCA IJIsI CUCTEMbBI YPABHEHU
IIOPOVIIPYTOCTHA

NMmomuazapos X. X.!, duruboes 3.111.,> Xyxkaes JI.X.?

MucruryT BoruBcnTenbHON MaTeMaTuku u MaTeMarudeckoit reodpusukun CO PAH, Poccusa
imom@omzg.ssce.ru
?Kapmunckuit rocynapeTsennblii yausepenret, Kaprmm, Ys6ekncran
zoyiry@mail.ru
STalmkenTcKuil yHuBepcuTeT HHGOPMaIMOHHLIX TexHosoruii Kapmunckuit dpunnasn, Kapmm,
V36ekucTon
lochin-x@mail.ru

UccnenoBanne pacnpocTpaHeHnss aKyCTHYECKUX BOJIH B HACBHIMIEHHON (DJIIOMIOM TOPUCTOI
cpejie, IpeJICTaBIsgeT DOJIBINON NHTEpeC, KaK ¢ MPAKTUYeCKON TOUYKM 3PEHUs, TaAK U C HayIHOI.
Bajiaun, CBI3aHHbIE C aKyCTHICCKUM 30HIUPOBAHUEM TOPUCTBIX CPEJ] C MEJIHIO ONPEICICHIUS Xa-
PAKTEPUCTUK HACBIMAIONNX (PJIIOUIOB WA MPOTIZKEHHOCTH HE(TEHOCHBIX W Ta30HOCHBIX ILIa-
CTOB, & TaKKe UCIOJb30BaHUE MOPUCTHIX MaTEPHAJIOB JIJIsl IIIYMOU3OIAINN U TEIJION30JIAIINN
SIBJIAIOTCS aKTYAJIHHBIMU, TaKKe KaK TeOPEeTHIeCKIe U SKCIIEPUMEHTAIbHbIE HCCIEIOBAHNS, CBSI-
3aHHBIE C TPOXOKJIEHNEM U TIOTJIONIEHNEM 3BYKa B IOPUCTHIX CPEeJIaX, HACHIIIEHHBIX YKUJIKOCTHIO
WJIA Ta30M.

[Tokazamno, 49To MOBBINIEHNE TEMIIEPATYPBI TAPOra30BOil CMECH B TIOPUCTOI Cpejie IPUBOIAT
K YMEHBITNICHUIO KO3 durmenTa 3aTyxanusi KObICTPOI> BOJTHBI U3-38 YMEHBIICHUS ILJIOTHOCTH
apora3oBOil cMecH U, KaK CJIeJICTBHE, YMEHBITIEHUS BIUSTHISA MeK(Ma3HbIX CHUJI.

B namnoit pabore mpu omnmcaHUM HUCCIEIYEMOTO Ipolecca OyaeM CUNTaThb, YTO U3MEHEeHue
TeMIIepaTyPHOTO TOJIsd CPeJibl He OyJ/IeT BJIMSATh HA aKyCTHYECKUe XapaKTePUCTUKHU CUCTEMBbI,
KOTOPbIE OIPEJIETISIIOTCA CXKUMAEMOCTBIO U BA3KOCTDBIO YKUJIKOCTU. BysieM yuanThiBaTh 3(pHeKThI,
00yCJIOBJIEHHBIE MOJIyJIEM CABUTa U KO3 huImeHToM MezKpasHoro Tpenus.

[Iycts D - obsacts nHa mmockoctn Oxt, oOpasoBaHHAsT TUPAMBIMU: T + t = xo + to U
T —1 = zg — tp, UPOXOAAIIUMHU YePe3 TOUKY (xg,to) g x > xg. Jatee pacemoTpum ciry-
Jaii, korma (g, tp) = 0. Haittu dbyuxmun u (z,t) u v (x,t), cBa3anneile B KBajpare D =

{z,t:0<2—t<2L,0<ax+t<2L} cucremoit ypasuenuii |1-6]:

Ut — Ugpy + ’yb(ut_vt) = f ($, t) (1)
vy — b(w—vy) = f (2,t)
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pu BeimoHeHnn Jyist hyHkwit u (x,t) u v (x,t) ycropuit

ul_, =¢@), 0<x<L,
ule_, =(x), 0<a<L,
5(0) = 3(0). ?

B cucreme (1) u (z,t) u v (z,t)- KOMIIOHEHTBI CKOPOCTH CMEIIEHHUIT YIIPYTOro MOPHCTOTO TeJIa
¥ HACHINIAMOMENH KUJIKOCTH, COOTBETCTBYOIIUE MOCTOSHHBIM MAPIUAIBHBIM IIOTHOCTIM pg 1
pr. Hnsg mpocToTsl camraem, 9TO MOJY/Ib CABUTA IIOCTOSHHBIA M CKOPOCTb PaCIHPOCTPAHEHUS
IOTIePeYHOM BOJIHBI paBHa ejuHuUIE, b- Koapdunment Hapcu, L > 0- 3ajaHHas MOCTOTHHAA,
v = pi/ps.

Onpenenenne. Oynknnn u (x,t) u v (z,t) HazpIBaloTCs pemenneM 3aaaqn (1), (2) ecan u,
U,y Ug,y Vg, U, Vg, Uge € C(D) 1w (x,t), v (z,t) ynosrersopsitor (1), (2).

Teopema. [Iycrs byukius f(x,t) ssiasercs nenpepsisHoi Ha D u dynximn G(x) u i (z) 8-
JIAIOTCS JBaK /bl HenpepbiBHO nuddepentupyembivu dbyaknuamu Ha [0, L]. Torma cymecrsyer
elmHCTBEHHOE pernenue 3aja4an (1), (2).
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(1)

OZLU: uxx_uy_)\Qlua (.T,y) eDl?
T e — uyy — Au, (z,y) € Do,

rjie Di— obiractb, orpanudenHast orpeskavu AB, BBy, ByAg, AgA, mpsaMbix
y=0, =1y =h, x = 0 coorBercTBeHHO; Dy— XapaKTEPUCTUICCKHUIl TPEYTOJHHUK,
orpannyeHHblii orpeskoM AB u ocu Ox u asyms xapakrepucrukamu AC : x4+ y = 0, BC :
x —y = 1 ypasuenus (1), serxoggamumu u3 Touek A(0,0) u B(1,0), nepeceKamuMucs B TOUKe
C(0,5; —0,5), X\ €R.

Beenem obosnavenust: J = AB = {(z,y): 0<z <1, y=0},

D1:DH{$>0,y>0}, DgzDﬂ{x>O,y<0}, D=D,UDyUJ,

Ji={(z,y): O0<z<e, y=0}, h={(z,y): c<x<l, y=0},
E(c,0) € J, ceJ

Yepes C7 u Cy 0603HAYMM, COOTBETCTBEHHO, TOYKHM IiepecedeHus xapakrepuctuku AC u
BC' ¢ xapakrepucTukoii, ucxossiieii u3 rouku E(c, 0) € J,

O () = (z/2; —x/2), 01(x) = (2/2; —x/2), 0" (2)=((x+0)/2 (c—2)/2), (2)

0o(z)— mouka nepecedenns xapakrepuctuku AC ¢ XapaKTePUCTUKON, BBIXOJAIIEH U3 TOUKH
M;(z,0), (,0) € Ji, a 01(z) u 6*(r)— rouku nepecevyenusi xapakrepucruku AC u ECy ¢
XapaKTepPUCTHKOl, Bbixojsiieit uz rouku Ms(z,0), (x,0) € Jy coorBeTcTBEHHO.

Hacrostmmmas pabora moCBsIIeHa UCCae0BaHIIO 3a1a49n ¢ yeaopusMu bunaaze-Camap-ckoro
[1] a xapakrepuctukax AC), AC' u ECs.

Bagada BC. Haiitu B obsactu D dyukumio u(z,y), 06Ja1aroIyo CBORCTBAMM:

1) u(z,y) € C(D):

2) u(x,y) € C2, (D, U AyBo) N CZ2 (Do\ {EC, U ECy}) , ynosrersopsier ypapuenuio (1) B
obmactax Dy u Do\ {EC, U ECy};

3) u, € C(DyUJyUJy) NC(DyUJy U Jp) n Ha unrepBasax J; (j = 1,2) Bblmonnsgercs
YCTIOBHE CKJICUBAHMS

lim u, (z,y) = lim u, (z,y), (2,0)€ JyUJy, (3)

y——0 y—+0

4) u(x,y) ynoBIeTBOPSIET KPAEBbIM YCIOBHIM

Ulpmg = 01(y), Ul =2(y), 0<y<h, (4)
a(x)%u [Oo(z)] + b(z)u(x,0) = ¢(x), (z,0) € Jy, , (5)
w0 (2)] = pu[0”(2)] + d(@), (2,0) € Ja, (6)

rie o1 (y), w2 (y), alz), b(x), c(z), d(r)— 3amanHbie QyHKIWH, TPHIEM
p € (—o0; +00)\ {1}, (7)

e1(y), @2(y) € Cl0,h]NC(0,h), (8)
a(@), b(x), c(x) e CR)NCL), dz)eC ()N (1) (9)
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Hackosnbko HaM M3BECTHO, ITO aHAJIOIH 3aaadn Tpukomu [yrst ypasuenus (1) mpm \; =
0( =1,2) ma(x) =1, b(x) = 0 usyuensr B paborax [2|-[4].3anaua BC nis ypasrenus (1)
panee He OBLIN HCCJIETOBAHBI.

Teopema. Ecim Bomosaenst yeiaosus (7) - (9), To B obractu D cyIiecTByeT € IMHCTBEH-HOE
peryisipaoe perrenne 3agaun BC.
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O 3AJTAYE JAPBY AJid HEOJHOPOJHOI'O YPABHEHU Y
SMJIEPA-IIVACCOHA-JIAPBY

Ncemonnos A.UN.

Qepranckuii rocyaapcTBenauii yausepeutet, Peprana, ¥Y30eKUCTaH
ismoilovaxrorjon@yandex.com

Paccmorpum HeoHOpOIHOTO 00001IEHHOTO ypaBHeHus Jityiepa - [lyaccona - Tapby

e (s BN (e BN L
b=+ (i) w (e Tg ) memmsen 0

B obmactn A miockocru £On, orpanmuennoii orpeskavnOA = {(,n):n=¢ 0< € <1},
CA={(1):0<£<1,},0C ={(0,n7):0<n<1}, tme a, 3, 7 - 33JaHHbBIe JICHCTBBITEH-
Hble uncia, a f (&, n) - 3ajanHas GyHKIUS.

Bagada Jap6y. Haiitu pemenwe u (§,7n) € C (A) ypasHenust (1), yIoBreTBOpSIIOIiee ycio-
BUSIM

u(=71(8), 0<¢<, (2)
U(Oan)zw(n)’ 0<n<l, (3)

rie 7 (§), ¥ (§) - 3amanuble HenpepbiBHBIE GyHKINM, nprdeM 0 < aff < 1/2, 11 (0) = 7 (0).
Oynknus Pumana-A namapa ypasaenust L (u) = 0 qyist yesrouii (2) u (3) mocrpoena B pabore

[1]:
. _ R1(fa77550>770’7)7 Mo > 57
V(§77]’§0’n07/y) B { R4(£77];£077707/7)7 Mo < 57 (4)
+o0 k
R1(§a77§§07770a’7) = UOZ %F?) (B,OZ, 1 - /Ba 1- Qs 1+ k;02a01)7 (5)
k=0 :

X

n+§ )a (77—5)25 5281
[(

Ra(€,m; =
4(577%50’77077) X(T/O i 50 &] - é;) (770 o n)]ﬁ 2
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+oo k
7 S
X;k!(ﬁ)k}b(l_ﬁ_k’l_ﬁ’a’l_a’2 25,02> 01)- (6)

rae x = T'(1=B)/T(B)T(2 = 2B), a0 = [(n+£)/(no + &)1 [(n — &) (0 — &)1, o1 = (£ — &) (n —
m0)/ (1 + &) + &), o2 = (€= &) —m)/(n— &) — &), 03 = =€ — &) — m0), T'(2)-

ramma - pyHkusa Jitnepa, a Hy u F3- cOOTBeTCTBEHHO runepreoMmerpudeckue pynkiuu L'opna
u Anmesns IByX IepeMeHHBIX.

Oyukuus V' (&,1; &, no;7y) 0b61a1aer CaeIyoIiMi CBOfCTBAME:

19) oma 1o &,y ynownersopser ypasnenuto (1) npu f (€,n) = 0, a 10 nepemenubiM &, 1) -
CONPS?KEHHOMY YPaBHEHHIO:

B 0 a o] 0 o 6] o
L*(“)‘“f"_a_fKnTﬁnT&)“} _a_gKM_nTﬁM”“_O’

4%) V (&, 105 0,03 7) = 1; 59) lm V(7 &o,m0:7) = 0.

0y i (e B _ (e B _
o), lim, { Ve G2V [ (e - 75) V] ngo—e} =Ue=0
[Iycrs w (&, n) - pemenne 3amaqau Tapby, a P (£o,n0) - npousBosbHas Touka obsactu A U

CA. Haiinem u (£y,10). B rpeyrompuuke O'A'D’, orpanumuennom orpeskamu O' A", A'D', O'D’
IIPSIMBIX COOTBETCTBEHHO 1) = & 4+, 1 = & — &, & = 0, u B npsmoyroabanke D' A" C"C’
orpamnuentom orpeskanu D' A", C'C", D"C', A"C" upsmpx coorsercrBenno n = & + ¢,
n="mny, &=0,&=E& — 2, cupaBe/INBO TOXKJIECTBO

VL (u) =uLl™ (V) = M¢ + Ny = V[ (&) =0, (7)

vie M =V, = uVy + (2 + 2 ) uV, N = Vug +uVe — (2% - 2 ) uv.

Uurerpupyem toxaectso (7) mo tpeyromsuuky O A'D' u wersipexyromsuuxy D" A"C"C".
Barewm, nepexojid K npejieny npu € — 0 u yuantbisag ceoiictsa 19 —6° dbynkmuu V' (€, 1; &0, 103 )
1 KpaeBble ycioBud (2), (3), momydaem

70

w(gom) = | [w' () +

a+p

v <n>} V(0,1 €0, 10: ) di-

o o
(Lt 28) (128 (25) r(©)
) / mt&) [E—e)€E—m) "
&o 70
xEa(a L a gionon)lds+ [ d [ FEnV (€ dn. ®)
0 §

U3 mporecca mosydenusi (Gopmysabl (8) SICHO, 4YTO, €CM CYIIECTBYET DeIlleHne 3aJadqu
(1),(2),(3), To 1o pemenne umeer Buj (8). Mz (8) mpu 0 < a, 5 < 1/2, f(&,n) = 0 cueny-
et dopmyiia, noaydennas A.K.Vpunoseim u AWM. Vemousossim B padore [1].

Uccrenyem dopmyiy (8). Ilepsoe u Bropoe ciaraembie u3y4ensl B pabore [1|. 3mects pac-
CMOTPUM TPETHE CJIAraeMOe.
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Bresiem cirenrytoree obosnadenue:

&o 70

F (€0,10) = / e / F(E )V (60,03 €m: ) i (9)
I3

0

Teopema. Eciu dynxmms f (§,7) npencrasuma B suge f(§,1) = (7 — A En), e >
0, fi(&mn) € C(A), ro dynkuus F (£,1m0) B obmact A yzosnersopsier ypasrernto (1) n
KPAeBBIM YCJIOBUSM

lim F (507770) - 07 0 S 50 S ]-a F(§07n0)|§0:0 - 07 0 S Mo S 1.

no—&o
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OB OJJHOM 3AJAYE OJ1d HEJIOKAJILHOI'O YPABHEHUS
CMEIIIAHHOTO TUIIA C JPOBHOM IIPOU3BOJHOI XMNJI®PEPA

Kamupkynaos B. 2K.!, 2Kanusios M. A.?

' TamKkenTCKuit roCyIapCTBEHHDINH yHUBEPCUTET BOCTOKOBeIeHNs, TamkenT, Y30eKucTan
kadirkulovbj@gmail.com
2@epranckuii rocynapcTsennblii yausepeuret, Oeprana, Ys0eKucTan
alimuhammad9978@Qmail.ru

[Iycts Q@ = {(z,t) : "1 <z <1, —a<t<bl, U =00 >0),0%=0n({ <0),
rae a,b,d - moJoKNTeNbHbIE IeiiCTBUTEeIbHbIC YicIa. B obmactu ) paccMOTPUM CJIeIyIOILy O
HEJIOKAJIBHYTO 3aJ1a4Y.

Badaua A. Tpebyercst maiitn dynkuuii u(z,t) u3 Kiacca

k ak

9 _
Daﬁu,tlﬂa—;}: € C(), uy,

a—;,j € (), usr € C(Qs), Unaan € C( U, k= 0,2,

yzoBJieTBopsitoriee B obstactu (2 U )y ypaBHEHUIO

0— DY u(x, 1) 4 Upgae (T, 1) — EUgpee(—2, 1) + d*u(z,t),t > 0,
| we@ ) F Usae (T, 1) — Elggae(—, 1) + dPu(w, 1), <0,
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YCIIOBHSIM
u(—1,t) = 0,u(1,t) = 0, upe(—1,¢) = 0, upy(1,¢) = 0,t € [—a,0) U (0,0],
w(x, —a) = D*u(z,b) + ¢(z), -1 <z <1,

a TaK2Ke YyCJIOBUAM CKJIEMBaHUA

d
— T 1-a L=y
t1_1>1110 Jor u(z,t) = tl_l}rilou(il},t) hrjr& Jor o —Joi u(z,t) = hmout(:c t).

Brech o(x) 3aganHag goctaTouHo raajkas dyHkmus, € € (—1,1), D* = J&rajt{]&”, 0<

a < v <1 - oneparop Xuidepa [1]. Ormerum, uto pu v = a u v = 1 umeem D*Y = rr DG, n
D>l = oDy ', Taxum obpasom oneparop D7 sBjigeTcs HEIPEPLIBHON HHTEPHOIAIIEH 110 Tapa-
MeTPY 7Y U3BECTHBIX orepaTopoB quddepennuposanns Pumana-/Iuysumig n Kamyro gpobroro
MOPsIJIKa, KOTOPBbIEe KaK M3BECTHO OMMCHIBAIOT MPOIIECCHI, CBI3aHHBIE ¢ IIporeccamMu quddysnn
[2].

OCHOBHBIM Pe3yJIbTATOM HACTOAIIEN PAOOTHI SIBJISIOTCS:

Teopewma 1. [lycts umeer MecTo HepaBEeHCTBO

/A
Air(a,b,e) = M —cos VA + DT By (< Agb®) £0, i =1,2.k=1,2,... (1)
ik

rie Ay = (1+e)k*r* + d2, Aoy = (1 — &) (k —0,5)*n* + d® k = 1,2, .... Torma, eciu pemmenue
3a7a9u A CyIecTByeT, TO OHO €QMHCTBEHHO.

Teopema 2. Ilycts ¢(x) € C*[—1,1],0® (=1) = 0,00 (1) = 0,1 = 0, 2. Torma:

1) 3amaua A B o6actu € OJIHOZHATHO PA3PENTMa TOJBKO TOTIA, KOT/Ia BBITOJTHAIOTCS YCI0-
Bud (1) u |Ay (a,b,e)] > C; > 0,i=1,2.

2) ecam [Tt HEKOTOPBIX a, b, &, 1 = ig u k = ky, ..., ks Beimosusercs yeaosue Agg(a,b, ) = 0,
TO 3aJa49a A paspenmMo TOJIBKO TOIJA, KOIJA BBIIOJIHAIOTCA YCJIOBHS OPTOrOHAILHOCTH

1

Piok = /SO(-T)XiOkdiE =0,k =kq,...ks,

“1
Bnech Xyg(x) = sin krz, Xox(z) = cos(k — 0,5) 7, k= 1,2, ... .
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O PASBPELIIVIMOCTU 3AJAYN TEOPUUN TEILJIOIIPOBOJHOCTHU C
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225

B nmamnoit pabore m3ydeHa 3a/ada ¢ HAYAJIBHBIMA U C IBYMS HEJOKAJTbHBIMI I'DAHNYI-HBIMHI
YCJIOBUSIMH B JIBYXMEPHOM CJIydae JJIsi yPaBHEHUs TeIIONPOBOIHOCTH. Perenne 3Toii HeJIO-
KaJIbHON HAYAIHLHO-TPAHUYHON 331891 TIOCTPOEHO B BHJIE CyMMBI PsiJia 10 CHCTEME COOCTBEHHBIX
yHKINNE COOTBETCTBYIOIMIMME CIEKTPAJIBHBIMU 3ajadaMu. ¥ CIEKTPAJbHON 3a/iadu HallIeHbI
cOOCTBEHHBbIE 3HAYEHUS U ITOCTPOEHA COOTBETCTBYIONIAs cucTeMa cobcT-BeHHbIX (ynkmuii. [To-
Ka3aHO, YTO 9Ta CHCTEeMa COOCTBEHHBIX (DYHKIUI sBJISETCA IMOJHON U obpasyer 6a3zuc Pucca
B npocrpancTBe CobosieBa. Ha ocHoBaHUU TOJTHOTHI CHCTEMBI COOCTBEHHBIX (DYHKIAN JTOKA3a-
HA TeopeMa eJIMHCTBEHHOCTH pelenns 3aja4qu. B kinaccax CoboJieBa JJOKa3aHO CyIIECTBOBAHLE
PETYJIIPHOTO PeIIeHns TOCTABIEHHON HaYaIbHO-TPa-HUYIHOM 3a/1a4M.

MHuorue 3aja4u 0 KojedbaHusaX 0aJI0K U IJIACTHH, KOTOPble UMEIOT OO0JIbIIOE 3HAYUEHHE B CTPO-
UTEJIHLHON MeXaHuKe, NIPUBOIAT K U depeHIna bHbIM yPaBHEHUIM 00J16€ BHICOKOTO MOPSIKA.

OTMernM Takyke, 9TO K YPABHEHUIO KOJI€OAHUN OAJKU MPUXOJIAT BO MHOTUX 3aJa4dax MPHU
pacuére yCTOWYMBOCTU BPAIIAIONIUXCS BAJOB M U3yYeHUH BHOparyun KopaobJieil.

Kak wm3BecTHO, uTO B (hbusmke TBEPJOro Tejaa U3ydaloTCsl TaK Ha3biBaeMble (hpaKkTabHbIE
CpeJibl, B 4aCTHOCTH, dBJeHus jauddys3us B Hux. B oxnoit u3z mozeneit, nuddysusa B CuIbHO
MIOPUCTON Cpejie ONUCHIBACTCS YPAaBHEHUEM THIIA YPABHEHUS TEILJIONPOBOJHOCTH, HO C JIPOOHOI
ITPOU3BOHON IO BPEMEHHOI KOOp/IMHATE U ollepaTopaMu Jlariaca ¢ HeJIOKaIb-HbIMI KPaeBbIMI

yCJI0BUAMMU.
B nannoii pabore paccmarpubaercs jJudepeHiaibHoe ypaBHeHe BUa
N O*u  Ou
atu_m+m+p(x Y, ) (Qﬁ,y,t)EQ:(O,l)X(O,l)X(O,T), (1)

C Ha4YaJIbHBIMAX
U(ﬂ?,y,t) = uo(:v,y) (2)

U I'PaHUYHbIMU YCJIOBUAMU

u(0,y,t) —u(l,y,t) = (),
w(z,0,t) —u(x, 1,t) = 7o(t)
fo ,y,t)dr = i (t),
Joula,y, t)dy = pa(t)
sneck  F(x,y,t), uo(x,y), 71(t), m2(t), pi(t), ua(t), wenpepbBHO mubGEPEHTUPYEMBIX
dyHKIUN.

Y

t
I+1
3ech Datu( ) _ szgnJr (t a) d_l f u(z,7)-dr
a

W e JpobHasi pousBogHas Pumana—/InyBuiis.

CrpaBeJIUBO CJIe /Iy IOMast
Teopema 1. Ilyemv F(x,y,t), uo(z,y), 71(t), 72(t), pu1(t), p(t), Henpepboeno dugpcpe-

peryupyemoir pyrnruyud. Tozda peeysapnue pewenue 3adavu (1)-(8) us waacca W el Q(Q)
¢ nokasamesem Ss3 = 3, S = 3, 0 = —[—a| cywecmsyem, eduncmeenno u npu mwfc@om
t > 0 npedcmasasemca 6 sude crodawuiicsa pada Pypve no cobcmeeHHLIM GYHKUUAM COOM-
GEMCMEYIOUWUT CNEKMPANLHHLT 3a0aM.
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HEJIOKAJIBHA A HAYAJIBHO-TPAHNYHAA 3AJAYA, CBASAHHBIX C
BUTAPMOHUNYECKUUMU OITEPATOPAMMU

Kacumos II1.T.!, Aiit6aesa A.T.?

Hanmonasbubiit Y HuBepcuTeT Y30ekucTana, TamkeHT, Y30eKucraH,
Ishokiraka@mail.ru;
2aysanem.aytbaeva98@Qgmail.com

B nannoit pabore msyteHa 3ajada ¢ Ha9aJbHBIMUA W HEJIOKAJbHBIME TPAHUIHBIMU YCJIOBU-
MU JIJIsi OJTHOTO KJlacca juddepeHnuaabHbIX YpaBHEHUN B YaCTHBIX ITPOU3BO/IHBIX BBICOKOT'O
MOPsAJ/IKA, CBSI3aHHBIX ¢ OMTapMOHUYECKUMH olleparopaMiu. Pererune He/IOKab-HOW HaYaIbHO-
IPAHUYHON 3aJ[a9K MOCTPOEHO B BUJIE CyMMBI Psijia 10 CUCTEMe COOCTBEHHBIX (PYHKIINN COOT-
BETCTBYIOIIUMU CIIEKTPAJBHBIME 3a/[a9aMu. Y CIEeKTPaIbHON 3a/ia9u Haiil-/IeHbl COOCTBEHHbBIE
3HAYEHUS U TIOCTPOEHA COOTBETCTBYIONIAs CHCTeMa COOCTBEHHBIX (DyHK-1uil. [lokazano, dro
9Ta CcUcTeMa COOCTBEHHBIX (DYHKIIMI siBJsieTCs TOJIHON U obpaldyer Oasuc Pucca B mpocTpan-
crBe CobosieBa. Ha ocHOBaHWME ITOJIHOTBI CUCTEMbI COOCTBEHHBIX (DYHKIINI JIOKA3aHA TeopeMa
eJINHCTBEHHOCTH pentenns 3aaa4u. B kinaccax CobosieBa T0Ka3aHO CyIIECTBOBAHNIE PErYJIIPHOIO
pellleHnsT TOCTABICHHON HAYa/ILHO-TPAHUYIHON 3a-71a4uu. Muorue 3aadn o KojedaHusx 0aIok
U IJIACTHH, KOTOPhIE UMEIOT OOJIBINOe 3HAYEHNE B CTPOUTEIBHON MeXaHUKe, MPUBOIAT K -
depeHIMATBLHBIM YPaBHEHUSIM 00JIe€ BBICOKOTO MOpsijika. OTMeTnM Tak:kKe, 9TO K ypaBHEHUIO
KoJieDaHuil O6ajIKi MPUXOJAT BO MHOIHMX 3aJadaX IMPH PACIETe YCTOMIUBOCTH BPAIIAIONIAXCS
BaJIOB U U3YYEHUU BUOPAIU KOPaOJIeii.

Kak m3BecTHO, uTO B (huzmke TBEPJOro Tejaa U3ydaloTCsl TaK Ha3biBaeMble (hpaKTaIbHbIE
CpeJibl, B 4acTHOCTH, dBJeHus auddys3us B Hux. B oxnoit u3z mojeneit, nuddysusa B cujIbHO
MIOPUCTON Cpejie ONMUCHIBACTCS YPaBHEHUEM THIIA YPABHEHUS TEILIONPOBOJIHOCTH, HO C JIPOOHOI
IIPOU3BO/THO 110 BpEMEHHOI KOOp/InHaTe 1 oreparopamMu Jlariaca ¢ HeJIOKa/Ib-HbIMU KPAeBbIMU
YCJIOBUSIMU.

B manmoit pabore paccmarpuBaerca auddepeHnnaabHOe ypaBHEHHE ¢ JIPOOHOM ITpOons3-
BOJHOM BUJIA

2m
"L 92 @2Siu(x,y,t)
DOtu( )+a2 v 6_3712 ZE y7 ZbQ Tlgsz = F(l‘7y,t), (1)
(,y,t) eQ =T xII x (0, 7), 1= (0,7) X ... x (0,m), | —1<a<l Il=—[-q]

C Ha9aJIbHBIMA U I'PaHUYIHBIMU YCJIOBUAMU

ooiu(e,t) = gilo, 1), (v,y) €M, i=1,2, .1, (2)



227

.
Mu(z,y,t) u(z,y,t) ]
R Y o + BJW e 0, k=0,m—1,7=1n,
= =
Il u(,y,t) It lu(z,y,t) ;
ﬁjw + QT =0, k=0m-—1j=1n,
xj:() J :Bj:(]
84k+2u(x,y7t) 34k+2“(907y7t) )
\ Y az,ak x,_o—i_ﬂjw x,_ozo’ k=0m—17=1Ln, (3)
J— 7
O3y (x,y,t) o4k +3u(2yt) ]
BjW + Qs =0, k=0m-17=1,n,
J ;=0 J z;=0
‘9%“(%%1‘/) 82k z,Y, t) y
Oy ;2k _07 JBy—Qk :07 k:075_17]:17n7
J x:=0 €Ti=T
J J

zjecb m, s;, 0 € N, T > 0 — 3ajannble nojoxkureabable unciaa u F(x,y,t), ¢;(x,y),

v = 1,2,...,1 — nocrarouno riajkue (PyHKINUU pasjaracMble MO COOCTBEHHBIM (DYHKITUSIM
{vy(x,y), ¢ € N*"} cuekrpasnbHoil 3a1a4u:
2m
n n
9” 0*iv(z,y)
2 2 S5 —
a ( 2 v(z,y) + E b7 (—1) 2—6 5 — \(z,y) =0, (4)
i=1 g i=1 Yi
( 4k
9 u(z,y,t) Fu(z,y.t) _ _ S
Q; Oz ik +ﬁ] Oz, 3k _07 k_()?m_laj_lana
7 x;=0 J ;pj:(]
Okt Ly (z,y,t Okt Loy (z,y,t .
ﬁj 8x-4’(€+1 : + a;j 3x-41(€+1 ) :()7 k:()?m_ 1,] == 1,”7
J szo J xj:O
84k+2u(x,y,t) 34k+2u(:v,y,t) .
O[J 8r-4k+2 + /8] 81"4k+_2 = O, k = O,m — 1,] — ]_7 n’ (5)
J ;=0 J ;=0
OB u(ay,t) I, 3u(ay,t) :
ﬁ] 9. kT3 + Oéj Oz 3k+3 = 07 k= 07 m — 17] = 17 n,
J ;=0 J ;=0
o2k t o2k t .
;(a;,IZJJ =0, ;(gf’) =0,k=0,s—1,j=1,n,
Yj . Yj L
;=0 Tj=T

Baecy D% u(x,

Hl(t—a) 4! -d
t) = s’giﬁ(l o) a) jtl f |: (@,7)- =t Apobuag npoussogHas Pumana—JInysumng. Cupa-

BEJJTMBO CJIE Ly IONIast
Teopema 1. IIycmov o # 0, B; # 0, |a;| # |B;] deticmeumenrvuvie wucaa npu xasrcdom
: , 2
L<j<nup=max /0,7 +2(% + (g, + )7 —1) - 0(s)) < 1, ede o(0) = L. o(s;) = 1,
1<j<n 2

npu s; > 0 9 = \/_xrél[goli] |eu,0]ac _ 1‘ mj = 2mj -+ Dy,

0; = —arccos m; € Z.Toeda cucmema cobemeennwz pynkyui {v,(z,y), ¢ € N*"}

2 5 27
cnexkmpanvhoti sa@a%u (4)-(5) obpasyem noanoti opmoHOPMUPOSAHHVLT CUCTNEMOT 6 KAACCAT
0
Coboresa W 3™ (11 x ).
Teopema 2. I[Tycmov navwasvnoe gynkyut o;(x,y), « = 1,2, ..., 1, u npasyro wacmv F(z,y,t)
docmamouno zaadkue pynkyuu npu xarcdom t > 0 u nyemov «; # 0, B; # 0, |ay| # |5
deticmeumenvrvie wucaa npu kasrcdom 1 < j <n u

2

0; 4
p = max \/9]2 + Q(ﬁ + (g +1)7 —=1) -o(s;) <1,

1<j<n
ede 0(0) = % o(s;) =1, npu s; >0, 0; = V/2-max_|e%® — 1|, \,.. = 2m; + ¢;,
V2 z€[0,7] ’
p; = —arccos QHf’Q, m; € Z. Tozda peeyaapwvie pewenue sadawu (1)-(3) u3 waacca

0

;0
W 3 5(Q) ¢ nokasamenem sy =4m+%, sy = 2s+7%5,0 = — [—a] cywecmeyem, eduncmeen-
1o u npu kascdom t > 0 npedecmasasemces 6 eude crodauyutica pada Pypve no cobcmsertvim

pynxyuam  {v,(z,y), ¢ € N*"} cnexmpaavnoti sadawu (4)-(5).
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HAYAJIBHO-TPAHUYHAYA SAJAYA OJId YPABHEHUA B YACTHBIX
ITPON3BO/JHBIX BBICOKOT'O ITIOPAIKA B MHOI'OMEPHOM CJIYUHAE

Kacumos II1.T.!, 2Kaiicanosa H. K.?

Hanmonaibubiit YauBepcuteT ¥Y30ekuctana, Tamkent, Y30ekucran
Ishokiraka@mail.ru;
nargizajaysanoval991@Qgmail.com2

B nannoit pabore m3ydeHa 3ajiada ¢ HaYAJbHBIMU U IPAHUIHBIMHU YCJIOBHSIMU JIJIsT OJTHO-
ro KJacca JuddepeHmaj bubIX YPaBHEHUN B 9aCTHBIX MPOU3BOIHBIX BBICOKOTO MO-PsJIKA OT
HECKOJIbKHUX II€PEMEHHBIX. PeH_IeHI/Ie HaHa.ﬂbHO—FpaHI/ILIHOfI 3a/1a491 IIOCTPOEHO B BUJAE€ CYMMDBI DA~
Jla IO CUCTeMe COOCTBEHHBIX (DYHKIIMIT MHOTOMEPHON CIIEKTPAJILHON 3a/1a4du. ¥ CIIEeKTPaIbHOI
3aja491 HaieHbl COOCTBEHHBIE 3HAUEHUS U IOCTPOEHa COOTBET-CTBYIOIIAs CHCTEeMa COOCTBEH-
Hbix yukmuil. [lokazano, aTo 3Ta cucremMa coOCTBEHHBIX (DYHKIUI sIBJISETCS TOJHON 1 oOpa-
syer 6a3uc Pucca B npocrpancrse CobosieBa. Ha ocHo-BaHME OJIHOTBI CHCTEMBI COOCTBEHHBIX
dyHKINM TOKa3aHa TeOpeMa €IMHCTBeHHOCTH pe-ieHus 3a1a4u. B kinaccax CobosieBa J0Ka3aHO
CYIIECTBOBAHUE PEry/ISIPHOTO PEIeHNsT TOCTABIEHHON HaYaIbHO-TPAHUTHON 3a/IatN.

Mmuorue 3ama4un 0 KojaebaHUSIX OAJOK U ILIACTHH, KOTOPBbIE MMEIOT OOJIbIIOe 3HAaYeHUEe B
CTPOUTEILHON MeXaHuKe, IPUBOJAAT K juddepeHImaabHbIM ypaBHEHUAM 00J1ee BBICOKOTO I10-
psiaka. OTMeTUM TakzKe, 9TO K ypaBHEHUIO KojieOaHuil OaaKu IPUXOIIT BO MHOI'HX 3aavdax
IpU pacdéTe YCTOMIUBOCTH BPAIIAIONINXCS BAJIOB U M3YUYEHUN BUOPAIMH KOPAaOJIeil.

B nanmnoit pabore paccmarpuBaercd auddepeHnuaabHOoe YpaBHEHHE € JIPOOHON ITPOU3-
BOJHOI BUIA

L Oy (Yt 0%iu(x,y,t
Diula.t) + z R sz s D (a0, )
ox 8xj i
(,y,t) € Q=T xII x (0, 7), I=(0,p) x...x (0,p), l =1 <a<l l=—[-a]
¢ HAYAJILHBIMU ¥ IPAHUYHBLIMU YCIOBUAMU
Dg”t_iu(x,t) =@i(z,t), (x,y) eI xII, i=1,2,..1, (2)
‘4ku T 4k+1u T
2 ax(j47137t) 2,0 - 07 2 8$j4}(€+,%/,t) ;=0 = Oa
4ku T 4k+1u T -
2 ax(.4,lgjt) = 07 2 8x‘4}(€+,iy,t) = 07 k= 07 m — ]-7 (3)
0“*Fu(x,y, _ u(z,y, — —0 ¢« —1
TQ’ZJI,:O_O’WI.ZP_O’ k—O,S—l,
J J

zjecb m, 8,1 € N, p, T > 0 — 3a1annble noji0KuTeNbHbIE Yucia u F(z,y,t), pi(z,y),
i = 1,2,...,1 — pocraTouno riajgkue (QYHKIUU pasjaracMble 110 COOCTBEHHBIM (DYHKIIAIM
{vy(x,y), ¢ € N*"} cuekrpasnbHoil 3a1a4u:

n

84’”21} (x 82511) T
S uey) Zb2 # — Xv(z,y) =0), (4)

4mZ
=1 Oz
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9o (a,y) _ o 2 lu(ay) _0

93,7k - ) O, kT 2,20 )
I y(a, Okt 1y (x, _

awj(%y) oy W(Hy) oy 0, k=0m-—1, (5)
9 v(z,y) _ . Pu@y) -0 E=0s—1

dy, 2k 2= » Oy;2k - 3 ) )

31ech

D%u(x,t) = sign'(t — a)dtl Ti—a) i

d sign™(t — a) d' z,T)
Dg;u(z,t) = / It — 7
npobuag nponssoanas Pumana—/Iuysusuis. CripaBeyinso Ciieryomas
Teopema 1. Cucmema cobemsennviz gynkyut {v,(z,y), ¢ € N**} cnexmpanvnot sadavu

0

(4)-(5) obpazyem noanoti opmornopmuposarnuitl cucmemots 6 xaaccax Coboresa W 5™ (I x IT).
Teopema 2. Ilycmov navwarvuve gynwuyui o;(x,y), i = 1,2,....1, u npasyro wacmo
F(z,y,t) docmamouno 2aadkue dynruuu npu xascdom t > 0. Toeda peeyaraprvie pewenue 3a-

0 .
davu (1)-(3) us kaacca W 5% °(Q) ¢ nokasamenem sy =4m+1, s, =2s+1, 0= —[—q]
cywecmeyem, eduncmeenno u npu xastcdom t > 0 npedcmasasemcs 6 eude crodaujuiica pada
Dypve no cobemeennvim Pyrryuam  {v,(x,y), ¢ € N*"} cnexkmpasvroti sadavu (4)-(5).
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AHAJIMTNYECKUE PEIIMEHUA JJId AKTVUBHBIX YHYACTKOB B IIOJIE
ABYX HEIIOABUN2KHDBIX TIEHTPOB

Kopmynosa H. A., Paiiumos A.!

Hamnumonaybublii yauepcurer Y30ekucrana, TanrkenT, Y 30eKucTan

bead0371@rambler.ru

PacemarpuBaercs: BapuanuoHHast 3ajada O JBIZKEHIN TOYKH [EPEMEHHO Macchl (MEHTP Macce
KOCMHUYECKOTO allllapaTa) B MoJe JBYX HEMOJBUXKHBIX IEHTPOB B nocraHoBke Jloygena. Dta
3ajia4da CBeJIeHa K Ipo0JieMe MHTEeIPUPOBAHUs 3aMKHYTOW IaMUJIBTOHOBOM CHUCTEMBI YeThIPHA-
JIIATOTO TOPsJIKa M0 YYacTKaM HYJIEBOMH, IMPOMEXKYTOTHON M MaKCUMaJILHON TAT. K HacTosiIe-
MY BpPEMEHH JIJI yIACTKOB IIPOMEXKYTOIHON TATU U3BECTHO MATH OOIUX MHTEIPAJIOB, KOTOPHIX
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HEJIOCTATOTHO JIJI OIpeiesieHus o0Iero perreHus auddepeHuaj bHbIX ypaBHeHU Bapualu-
oHHoit 3as1aun. [losTomy mpejcraBasgeT HTEpeC OoNpe/ieieHne YaCTHBIX NHTErPAIOB U YACTHBIX
perennit. OJHUM U3 METOIOB HAXOXKJIEHUsT TaCTHBIX PEIIeHI TaMIIBTOHOBBIX CUCTEM SIBJISET-
cst Meto;1 JIeBu-HuBuTa, NCIOIB3YIONINI 3HAHKE TOJILKO HEKOTOPOI'O YNC/Ia NHTErPaJIOB WU WH-
BapUaHTHBIX COOTHOIIEHNI, HAXOISIIUXCS B MHBOJIIOIUN. DTOT METOJ, T00aBIsSIeT K NMEIOIIIMCS
“HTerpaJjaM MHBapUaHTHBIE COOTHOIIEHNH, HeJOCTAOIINE JI0 CBEJICHNUA 3a/1a91 K KBaJApaTypaM.

[TockoMbKY TpH M3 N3BECTHBIX MHTETPAJIOB HAXOAATCA B MHBOJIIONUH, TO MeTo 1 JIeBn - HuBn-
Ta, TTO3BOJIJI ITOJIy YU Th HOBBIi KJIACC YaCTHBIX PEIIeHUH A1 aKTUBHBIX YIACTKOB. DTU PEIIeHUs
PaCIIupSIOT KJIaCC paHee MOJYyUEeHHBIX, TaAK KaK CHUMAIOT OrpaHUYeHUs] Ha 00JIACTh CYIIECTBO-
BaHUsI TpaeKTopuii. PereHnsiMm coOTBETCTBYIOT paBHOMEPHBIE JIBUKEHUS TOUKH 110 KPYTOBBIM
TPACKTOPHUAM, ILJIOCKOCTH KOTOPBLIX MEPIEHIMKY/ISPHBI JIMHUU IEHTPOB. BEKTOP TATU JIEXKUT
B IJIOCKOCTH, HOPMaJIbHOW K TPaeKTOPUU. BeJTUYInHbI, OIMMCHIBAIOIIUE MTOJIyIeHHbIE aKTUBHBIE
YYaCTKHU, 3aBUCAT OT HAYaJILHOI'O IIOJIOXKEHUdA TOYKH, OT OTHOIICHUA I'PABUTAIMOHHLIX IIapa-
METPOB IIEHTPOB IPUTAKEHUA U PACCTOAHUA MEXKJY HUMHU, OT PACCTOAHULA JIO JIMHUU IIEHTPOB
U OT HOJIOXKEHUH IIJIOCKOCTU TPACKTOPUU.

JI71st KOHKPETHBIX COOTHOIIEHHUI I'PaBUTAIIMOHHBIX ITapaMETPOB IEHTPOB IPUTAXKEHUS I10-
CTPOEHBI I'PpadUKN 3aBUCUMOCTEH BEJIUINH, XapaKTePU3YIOMNX HAIIPAB/JICHUE U BEJTUINHY CUJIBI
TATH OT IOJIOYKEHUsT TPAGKTOPUU B 00JIACTH MEXKJLy IeHTpaMu Tarorenus. 3 rpadukos ompe-
JIeJIeHbI TOYKH, TJie IPOUCXOJUT PEBEPC TATH 110 PaJIHAJIbLHON COCTABJISIONE Oa3uc-BeKTOpA.
[Tokazano, 4TO IpU yBEJIMIECHUH OTHOIIEHHUS I'PABUTAIIMOHHBIX IIAPAMETPOB, TOUKH PeBepca Ts-
'l TPUOINKAIOTCS K JIMHUH [EHTPOB. A IIpy MPUOJINZKEHNH ILJIOCKOCTH TPAEKTOPUU K OJTHOMY 3
IIEHTPOB, TOYKU peBepca TATU JJId PA3JINYHBIX OTHOIIECHUI IPaBATAIMOHHLIX IIapaMeTpPOB Cry-
martorcd. PaccMoTpen ciydail, Korja MI0CKOCTb TPaeKTOPUN HAXOIUTCS Ha PABHOM PACCTOSHUN
OT IIEHTPOB MPUTSIKEHUsI, YTO 3HAUUTETHHO 00JIerdaeT aHAIN3 JIBUKEHUS.

PaccemoTpen Bompoc 006 0OCyImIecTBUMOCTH HailJIeHHBIX ITPOrPAMMHBIX JBUKEHHUI IIPU aBTO-
MaTu4IeCcKoM ylpajieHnn. [lokazaHo, 9To Jijis0 HaliIeHHBIX KPYTOBBIX TPAEKTOPUIl CYIIECTBYIOT
00J1aCTH HEYCTOWIMBOCTHU, KOTOPBIE YBEIUIUBAIOTCS TP YAAJEHIH TOYKH OT IIEHTPA C MEHBITUM
rpaBUTAIIMOHHBIM TTapamMeTpoM. llokazaHno, YTo cucreMa MOJTHOCTHIO yIIpaBjgeMasi 10 TePBOMY
HPUOJINZKEHNIO, U HEBO3MYIIIEHHOE JIBUXKEHNE MOYXKHO CTaOMJIM3MPOBATH JIMHEHHBIM PErysIsTo-
pom. Ilomyuen JUHEHHBIN PerysasaTop, 00eCIeUnBAIONINi aCUMIITOTUIECKYIO YCTONIUBOCTD 110
JIsImyHOBY HaliJIeHHBIX IIPOIPaAMMHBIX JIBUzKeHu . [I0CKOIbKY TTOTeHIAJ 10151 IBYX HETIOIBUK-
HBIX IEHTPOB MOKeT ObITh UCIIOJIb30BaH IIPU IIOCTPOEHUH IIOTEHINAIA 3eMHOIO TSIOTEHUSsI, TO
MOJTyYeHHBbIE PEe3Y/IbTaThl MOI'YT OBITh IPUMEHEHBI JjIs PelieHns] KOHKPETHBIX 3aJiad IepesieTa
B KQ4eCTBE OIIOPHBIX IIPU YUCJICHHOM MHTEIPUPOBAHUN.

OB OTHOM KPAEBON 3AJJAYE JJId YPABHEHU S HEYETHOTI'O
INOPAJAKA C KPATHBIMU XAPAKTEPUCTUKAMMWN.

Kypb6anos O.T.

Nucruryr Maremarukn AH PY3, Tamkent, Y36ekucras,
e-maill: 0dil0769@Qgmail.com.

B sanHoii paboTe ¢ HOMOIIBIO Pe3y/braToB [1-4] uccieoBana oJJHO3HAUHAS PA3PEIIUMOCTD
OJIHO KpaeBoil 3a/1a4u.

Tpebyerca onpenenuts B obimactu D = {(z,y) : hi(y) <z < ha(y),0 <y < 1} dyuxmio
u(z,y), 0bIAIAIONILYIO CBOCTBAMU:

Du(zy) € C*H(D)(C*(x = haly),0 < y < 1)) C*(D);
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2) ABIAIONMIEICA PEryJIAPHBIM DEIIeHneM yDaBHEHUE
L(%y) = Ugze — uy:f(xa:%u(xay))? (1)

B obstactu D;
3) YJOBIIETBOPSIOIILYO YCIOBHSIME

u(z,0) =up(x), hi1(0) <x < hy(0), (2)

u(hi(y),y) =¢ly) 0<y<1, (3)

u(hi(y),y) =vy) 0<y<1, (4)

Uz (h2(y),y) + auz(ha(y),y) = g(u(ha(y),y),y) 0 <y <1, (5)

a TaKzKe eCcTeCTBEHHbIE chIOBI/Iﬂ COIJIaCOBaHUYA B yF.HOBbIX TOYKaX:
uy (ha(0)) +uo (ha2(0)) = g(uo(h2(0)),0) ,
uo(h1(0)) = (0) ,ug(he(0)) = 1(0)

Nnmeet mecTo
Teopema 1. Ilycrs h,(y) € C'[0;1] ,r = 1,2 u g(u,y), f(x,y,u(z,y)) HenpepbiBHbIE
dbyukimm ceoux aprymentos 0 < y < 1 npu 060M |u| < 00, yIOBIETBOPSIONIHE YCIOBUN

9(u1,y) — g(u2, y)| < Uy) lur — ual, (6)
|f(z,y,w) = f(@,9,u9)] < L(z,y) [ur — ugl (7)
0 <I(y) < —hs' (y) — a2, (8)

0< L(z,y) < B—a, (9)

e a >0, B>a®, hy(y) < —a?

Torma penienne 3aJ1a491 ¢IMHCTBEHHO.

E,ZH/IHCTBQHHOCTI) pemenune 3aJav9u JOoOKa3aHO METO/J0M HMHTEr'paJioB SHEPIuu, IIpuMEeHEHHUEM
HEKOTOPbIEC 3JIEMCHTAapPpHbIC HEPpaBEHCTBa.

Teopema 2. IlycTb HapsLy ¢ YCJOBUSME T€OPEMbI 1 BBIIOIHAIOTCA U CJICLYIONIHE yCAOBUS

ug(x) € C*[h1(0); ha(0)] ,o(y) € C*[0;1] , @ (0) =0, ¥ (y) € C[0;1],

0 —
a—y(f(lv,y,U)) € CD), f(x,0,u(x,0) =0
u y € [0; 1] mpu sro6oM |u] < 0O mMeeT MECTO HEpaBEeHCTBA

’g(uayﬂ < Mla |gu(uay>’ < M2 ) ’gy(u7y)’ < M3

a Takxke s (x,y) € D u |u| < oo

|f(l’,y,U>| < M4 ,|f$(I,y,U)| < M5 ) |fy<$,yau>| < M6 )
‘fu(QZ,y,U)‘ < M7 .

Tora perenue 3a1a4n CyIecTBYeT.

Uccnemyemast 3a1a1a 95KBUBAJCHTHO CBEJICHO K CUCTEMY HEJIMHEHHBIX WHTEIPAIbHBIX yPaB-
Hennit Tuna lammepmrreiina ornocuresnsHo u (z,y), 7(n) = uw(ha(n), n) uw v(n) =
Uy (he (1), 1) .OaHO3HATHYIO PA3PEIIUMOCTE STOH CHCTEMBI JIOKA3aHO C MTOMOIIBIO IPUHITUIIA
C2KUMAIOIIUX OTOOPAKEeHMIl.
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O CYIIIECTBOBAHUU 1 EAVUHCTBEHHOCTU PEIIIEHUSA OJHON
BECKOHEYHOM CUCTEMBI JU®PEPEHIINAJIBHBEIX YPABHEHUN B
I'MmJIBBEPTOBOM IIPOCTPAHCTBE

Kyukaposa C. A.!, U6parumos I'. 1.2

'Hanmonanbueiii ynusepcuter Ysbekucrana, Tamkent, Ys36eKucran
kuchkarovall@yandex.ru;
2Vuusepcurer ITyrpa Masnaitzun, Masaiizus
ibragimov@upm.edu.my

B sroit crarbe paccmorpum beckoHedHyIO cucteMy JauddepeHnuaabubix ypasuenuit. Borpo-
ChI CyIIECTBOBAHUS U €JIMHCTBEHHOCTH 00OCyKiaiorcs B ['minbeproBoM mpocTpancTBe lo. Mbl
JIOKa3aJil TeopeMy, KOTopasl ITO3BOJISET MCCJIEI0BATh ONTHMAJIbHOE yIIPABJIEHUE U PAa3INIHbIE
AI'POBBIC 3aJ1a49M, OIUChIBACMbIC TAKON CUCTEMOI.

Mpb1 uzygaeMm juddepeHIua bHyo Urpy Jjisd CJIeIyIONeil CUCTeMbI:

=1,2,...

T = —aur; — By + win, x:(0) = x40,
Ui = Bixi — ouyi +wiz,  yi(0) = o,

B ['ms6epToBOM TIpocTpaHcTBe lo, TIE (), [3; - IeHCTBUTEIbHBIE TUCIA,

zo = (10, T20,--.) € lo, Yo = (Y10, Y20, --.) € Lo

[Ipenmosraraercd, 9ToO «; - OTpaHMYIEHHBIE OTPUTIATEIbHBIE Uncaa: a < a; < 0,1 =1,2,..., r1e
a - 33JJTAaHHOE YUCJIO.
Knace dyukuumit w(t) = (

= )y wa(t),...), w:[0,T] = Iy, ¢ UBMEPUMBIMU KOO MHATAME
wi<t) = (wil(t),wiz(t)), 0<t i =

w1 (t
<T, 1,2,..., ynoBaeTBopsgIOIine yCaI0BUIO
w T
> [ (whis) + whe) ds < g3
=179

=1

obosaaunM 1depe3 S(pg), e po - 3a7aHHOE TTOJOKUTETHHOE TUCIO.

[Tycrs C'(0, T 13) - npocTpancTBO HelpepbIBHBIX dyHKIWM 2(1) € I, 0 <t < T.

[Iycts w(-) € S(po). Pyukuma z(t) = (21(t), 22(t),...), 0 < t < T, ¢ HENIPEPHIBHBIMU
KoopuHaTaMu z;(t), YIOBIETBOPAIONIUME HaYaJbHbIM yejaoBusM 2;(0) = 2z, i = 1,2,..., Ha-
3bIBaeTCs perenneM cucteMbl (1), ecan ona quddepenimpyema moarn ey Ha [0, T u ymo-
BireTBOpseT noutu Beioay Ha [0, 7] cucremy (1).
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Teopema 1. Eci w(-) € S(po)u a < a; <0,i=1,2,..., 10 17151 iro6oro 3amanuoro T > 0
CYIIECTBYET €IMHCTBEHHOE PelleHne GeCKOHETHOM cucTeMbl qud bepernuanbabx ypasaennii (1)
B pocrpanctee C'(0, T 1s).
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PETVJISIPU3AIINL 3AJAYA KOIIIN A1 YETBIPEXMEPHOI
CUCTEMBI KOIMIN-PUMAHA /REGULARIZATION OF THE CAUCHY
PROBLEM FOR A FOUR-DIMENSIONAL CAUCHY-RIEMANN SYSTEM

Masukos 3.!, Myiiaunosa I11. H.2 Mlopmatos C. III.

CamapkaH/JICK1it TOCyIapcTBeHHbBI yHuBepcuTeT, CamMapkan, Y30eKucran
'malikovz@gmail.com
2shodiya94com@gmail.com

B mannoit paboTe paccMaTpuBaeTCs BOCCTaHOBJEHUE pelrenue cucreMmbl Kormm- Pumana B
OTpaHUYEeHHON 00JIACTH TI0 €r0 M3BECTHBIM 3HAaUE€HUEM Ha KYCKe T'DAHUIBI 00/IaCTH, T.€.3a/1a9n
Komm st 4-x mepnoit cucrembr Kommmn- Pumana. PaccmarpuBaeMasi 3a1a1da OTHOCUTCS K 3a/1a-
JaM MaTeMaTUu4IeCcKoil pU3uKM, B KOTOPBIX OTCYTCTBYET HelPePbIBHAS 3aBUCUMOCTD PEIIeHnii OT
HavaJIbHBIX JaHHbIX. B pabore npu nomonu dyukimn Kapiemana BoccTaHABINBAIOTCA 110 JIaH-
HbiM Ko Ha gacTu rpanuiibl 06/1acTt rapMOHIYecKas (DYHKITUS U ITOJTy YeHa OIeHKa YCJIOBHOM
YCTOMYUBOCTH.

[Iycts G- orpanndenHas oJHOCBsI3Has 0bJ1acTh ¢ rpanuneir OG, cocrosmeit u3 yactu 1 ru-
HEPIIOCKOCTH Y4 = 0 1 NIaJKOKOTO KyCKa IUIIEPIIOBEPXHOCTH S JIeyKAIleil B IOy IIPOCTPAHCTBE
ys > 0.

Bsomum ciesytonue obo3nadeHue:

T = (33'1,1’2,.]73,$4), y= <y17y27y37y4)7 I‘l = (.Tl,ﬂfg,l’g), y/ = (y17y27y3)7 o = |y/ - LU/‘.
B obmactu G paccmorpum cucremy nddepeHnaIbHbIX YpaBHEHNI

0,U =0, (1)
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rae u = uy(y) + iuz(y) + jus + kus(y) KBATEPHOH C 3aKOHOM yMHOXKEHHUS JIJIsA €JIMHUIL,

IMocranoska 3ana4a. [lycrs U(x) € C1(G) N C(G) yaosnersopsier cucrem (1) B obmacTn
GG u Ha YacTu rpaHUIpl S 3ajaH0 3HaYeHue BeKTop - dyukimu U(z), T.e.

U(z)lg = f(x),
riae f(x) menpepwiBHas GyHKINMS, 3agaHHasd Ha dacTu S rpaHuipl obmactu G. Tpebyercs wc-
noJsib3ys yeaosue (2), npomoxuts U(x) B G.
Bagaua (1), (2) massiBaercs 3amaqeii Korrm.
Ecrm U(z) € CY(G) N C(G) n asnserca pemennem cuctemb (1) Toria BepHa cre/yioniee
MHTarpaJjbHoe npejcrasienne |1,2].

Ulr) = | 03P, (y,x)Bu(y)dS, =€ G, (3)
oG

g 0 0 0

_— = —

y:ayl 8?J2_j3_y3_ 8_y4’

B = Bi(y) +iBay) + jBs + kBaly) , B = (B1, B2, Bs, B4) euHuHas BHEMIHsAS HOPMAb MPOBE-
JleHHas B TO4Ke y rpaHuilsl 0G.

rJe

o'w2

‘ , w=1ivVu+ o +ys. (4)

1 2
O, (y,z) = —e " Im—
(v, %) 2wne m(zoz + Yy — T4

O6o3HaYNM

Ur(w) = [ 040e(y.0)Buly)as.

Teopema 1. [Tycts U(x) € C1(G)NC(G) asaserca penternen cucremsr (1) ma wactu S Tpa-
Hutpl OG yJI0BIeTBODSIONINI HadaabHOMY yeioBuio (2) u Ha actu T’ rpanutipl OG BBIIOJIHEHO

HEPaBEHCTBO
Uyl <1, yeT

Torma mis moboro x € G u o > 0 crpaBeJIUBLI OIEHKI

4

U(2) = Us(2)| < Cla4,0)e™"",

oU(z) U, (z)

rie C(xy,0) nu Cy(xy,0) dyHkmn, 3aBucusinas OT o U Ty.

S Cl(x470-)e_gmi7 1= 17273747
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O IIOCTAHOBKE 1 MCCJIEJJOBAHIIO OJTHO KPAEBOM 3AJIAYU
AJId YPABHEHU A TPETBEI'O IIOPAIKA
ITAPABOJIO-TUIIEPBOJIMYECKOI'O TUIIA, KOTIA YIJIOBOM
KO®PUIINEHT XAPAKTEPUCTUKUN OITEPATOPA IIEPBOTI'O
ITIOPAJKA PABEH 1

Mamaxkonos M.!, IllepmaTosa X.M.?, Maxkamosa O. C.?

'Kokanackuii rocynapcTsennblii megarornyeckuii unerutyT, Kokan, Ysbekucram,
'hek84-08@mail.ru
23®epranckuit rocymapeTsennblil yansepentet, Oeprana, Y36eKucTam,

23hilola~-1978@mail.ru

B nacrosiiem cooliieHnn paccMaTpuBaeTcsl ypaBHEHNEe

(e% + a% + c) (Lu) =0, (1)

B obstactu G mwnockoctu xQy, e ¢ € R,

Ulge — u1y7 (33', y) c Gla
Lu = .
Uige — WUiyy, (CB) y) € Gz (Z = 27 3)7

G = Gy UGy UG U Jp U Jy, Gi— npsimoyroibauk ¢ Beprnmuaamu B Toukax A (0; 0), B (1; 0),
By (1, 1), Ao (0, 1); G2 uw G3— tpeyroapuuku ¢ Bepmmmaamu B Toukax D (—1, 0), B(1; 0),
C (0, —1) w A(0; 0), D (-1, 0), Ay (0, 1) coorBercTBeHHO; J; U Jo— OTKPBITBIE OTPE3KHU C BEP-
munamu B Toukax D (—1, 0), B(1; 0) u A(0; 0), Ag (0, 1) coorBeTcTBEHHO.

st ypaBraenus (1) craBuTcs ciieyrolnas 3a/1ada:

Bagaua 1. Tpebyercs Haiitu dyHkuumio u (x, y) co coiicrBamu: 1) HeNpPePbIBHA B 3aMKHY-
Toit obmactn G u B obmactu G\J;\Jy, MMeeT HempepLIBHBIC TPOU3BOIHBIC, YYACTBYIONINE B
ypasHenuu (1), mpudaeM IPOU3BOHBIE U, U Uy, HEIPEPHIBHBL B (G, a TAKzKe HEIPEPBIBHbI BIUIOThH
JI0 9acTh IpaHunbl obractu (G, yKa3aHHbIE B TPAHUTIHBIX YCJIOBUSIX; 2) YIOBJICTBOPSIET ypaBHe-
auio (1) B obmactu G\ J;\Ja; 3) YIAOBIETBOPSIET CIIEAYIONMM KPAEBBIM yCIOBHSIM

u(ly)=¢i(y), 0<y<1, (2)
ulpe =1 (@), 0< o<1, 3)
pp = (0), —1 <0<~ ()
%D:w3<l’>, -1<2<0 (5)

1 4) yIOBJIETBOPSET CJIEYIONMM HEIPEPBIBHBIM YCJIOBUSAM CKJICUBAHUS HA JIMHUSX U3MEHEHUS
tuma J; n Jo:
u(z, +0) =u(x,—0)=T(z), -1 <z <1, 6

(6)
uy (x, +0) = u, (x, =0) = N (z), -1 <z <1, (7)
Uyy (:E7 +O) = Uyy (:L", _0) = M(I)7 S (_170) U (07 1)’ (8)

u(+0,y) =u(=0,y)=73(y), 0<y <1, (9)
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um(+07 y):uﬁf(_ov y>:V3(y)7 Ogygla (10)
Uag (10, Y) = Usa (=0, y) = p3 (y), 0<y <1 (11)

MBI npuBeieM 37ech TeopeMy O CyIeCTBOBAHUU U eAMHCTBEHHOCTH PelleHus 3aa4u 1.

Teopema. Ecin ¢; € C? [0, 1], ¢y € C?[0,1], 4y € C?[~1, =1/2], 93 € C? [~1, 0], npuenm
BBITIOJTHsIeTCsT yesoBue cormacoBanus @1 (0) = 1 (1), To 3amaga 1 gomyckaer eImHCTBEHHOE
pelenue.

3/1ech MBI IPUBEIEM HJIEI0 JOKA3aTEILCTBA 9TOM TeopeMbl. [l sToro ypasuenue (1) nepe-
[UIIEM B BUJE

Ulge — uly = w1 (l’ - y) e—cy’ ($a y) S Gla (12)
Uigx — uiyy = W (:U - y) e—cy’ (ZE, y) € G’L (Z = 27 3)7 (13)
rae BBeseHo obosHavenne u (z, y) = w; (z,y), (z,y) € G; (i=1,3), aw; (x—y), (i=1,3)

HEU3BECTHBIE TIOKA HENPepbIBHO jTud depeHupyemMbie (pyHKITIH.

Uccnenoanue Gyem nposecTy cHadasia B obactu Go. 3anuchiBas penienue ypasuenus (13)
(1 = 2), ynosaersopsiomiee yeaoBusam (6), (7), 3aTreM mojcrasiss ero B ycaosue (5), HAXOAUM
Hen3BecTHYI0 bYHKIMIO ws (¢ — y). Hasee, nomcrabiss sro pemenne B (4) n (3), mosydanm
ase coornomenust Mexxay 1 (x), N (z) u 7 (x), va (z) coorBercrBenno. V3 9Tux mosry<deHHbIX
COOTHOIIIEHUIT HaXOMUM Ty () U v (). Ilomaras B ypasuenun (12) y — +0, a B (13) (i = 2)
y — —0 B cuuty ycsoswuii (6)-(8), mosyunm ere JBe cooTHOmeHust Mexay 71 (), vy () u py ().
Uckmovas u3 9TUX ABYX COOTHOIIEHNU{T 1 13 cooTHomenus Mexxay 1" (x) u N (x) dynkunu p; ()
u vy (), npuxouM K uddepeHInaibHOMY yPABHEHUIO TPETHETO HOPSIKA OTHOCUTEIBHO Ty ().
Permast 310 ypaBHeHue IpH U3BECTHBIX JIAHHBIX YCJIOBHUiT, HaxoanM GyHKIMIO T1 (), TeM caMbIM
II u dyuknuro uy (x,y).

Teneps nepexomum B obmacts G5. Ilepexons B ypasrenusx (13) (1 = 2) u (13) (i = 3) K
upejeny npu y — 0, HaxomuMm ws () = we (z), —1 < x < 0. 3arem mpuMeHsisi METOJ IIPO-
JIOJIZKEHHsI, HAX0UM (DYHKIHIO U3 (X, ¥), B KOTOPOI y9acTBYIOT HeM3BeCTHBIC (DyHKIUU T3 (YY)
u v (y). Iomarass B sTom permennn © — —0, MOJIy9IUM [EepBOE COOTHOINEHUE MEXKIY T3 (y) 1
v3 (y). Ilepexonst B ypasuenun (13) (¢ = 3) k npeneny npu & — —0, IPUXOAUM KO BTOPOMY
COOTHOIIEHNIO MeXK Ty T3 (y) u i3 ().

Teneps nepexonum B o6acts G. 3anuceiBas perienne ypapuenus (12), yroBieTBopsiioniee
yerosusm (2), (6) (0 <z <1), (9) u nuddepeHnupys 3T0 penieHue Mo , 3aTeM Iepexo/is B
HOJIy9eHHOM DaBEHCTBE K TIpejsiesty pu & — 0, IMOJIyIUM TpeThe COOTHOIIEHHE MeXKIy T3 (Y)
u v3 (y). I3 9Tux mosrydeHHbIX cooTHOIIEHUT HaxoquM yHKmu 73 (y), V3 (y) 1 us (y) u Tem
CaMBIM, DeIICHIe TTIOCTABICHHON 38149 ¢/TUHCTBEHHBIM 00Pa30M.

O PA3PEIIINMOCTU OJHOM KPAEBOU 3AJAYN JIJIA
ITAPABOJIO-TUIIEPBOJINYECKOI'O YPABHEHU Y YETBEPTOI'O
IOPAJKA B IIATUYT'OJIbBHOM OBJIACTU

Mamazkounos C. M.

Nucturyr maremaruku um. B. 1. Pomanosckoro, Tantkent, Y30ekucran
sanjarbekmamajonov@gmail.com

B macrogdiiem cooOmennu cTaBUTCA OJiHA KpaeBad 3a/a4a Jijid yPaBHEHU

(D %) o 9 B
SlsgLu = (al% + b18_y> (—% + a—y) (LU) = 0, (1)
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B mATHyTObHON obsactu G mrockoctn zOy, tne G = Gy U G U G3 U J; U Jo; G1— mpsimo-
yroabpauk ¢ Beprimaamu B Toukax A (0; 0), B (1;0), By (1, 1), A (0, 1); Ga— TpeyroybHuk c
geprmmaamu B Toukax B, C'(0, —1), D (—1, 0); G3— IpsMOyTroJbHUK € BEPIIMHAMEI B TOYKAX
A, D, Dy(—1, 1), Ap; Ji— OTKDBITBIIl OTPE30K ¢ BepumHamMu B ToukaxX B, D; Jo— OTKPBITHIi
OTPE30K ¢ BepimuHaMu B Toukax A, Ap;
L= ) M Uy (x,y) € Dy,
Ugy — Uyy, (2, y) € Dy, 1 =2, 3,

ai,b1 € R, 1 <y < 400, y2 = =1 (v = bifa;, i =1,2).

st ypaBrenus (1) craBurcs ciieflyiomast 3a1ada:

Baga4da-1. Haiitn dbyskmumio u (z, y), Koropas 1) mHenpepbiBaa B G u B obmactu G\Jp\Js
MMeeT HelPePbIBHBIE IIPOU3BOHbBIE, YIACTBYIONME B ypaBHeHue (1), IpudeM y, Uy, Uy, Usy,
Uy, — HEeIPepbIBHEL B G BIUIOTH [0 YaCTH rPAaHUIbI 001acTu (G, yKa3aHHbIE B KDAEBBIX yCIIOBHSIX;

2) ynosiiersopsier ypasrenuio (1) B obmact G\ Ji\J2; 3) yI0BIETBOPSET CICAYIOMUM KPACBBIM
YCJIOBHSIM:

u(l,y)=p1(y), 0<y<l, (2)
u(=1,y)=ps(y), 0<y<1, (3)
uﬂﬁ(l?y):@?x(y)v OSQSL (4)
uy (=1, 9) = pa(y), 0<y <1, (5)
u|BC:¢1(‘r)a OS"ESL (6)
ulpr =1t (), -1 <2< -1/2, (7)
ou

%Bc:%(x)’ 0<z <1, (8)
ou

%DC:¢4(ZE)’ —1§l’§0, (9)
82

8—7;;30:%(33), 0<z<l, (10)

4) YAOBJIETBOPAET CJICAYIOIIUM YCJIOBUA CKJICMBaHUA Ha JIMHUAX U3MEHCHUA THUIIA:
u(z, +0) =u(x, —=0) =T (z), -1 <z <1,

(

uy (z, +0) = uy (z,—0) = N (z), —1<z <1, (

Uyy (T, +0) = uyy, (v, =0) = M (z), z € (=1,1)\{0}, (
Uyyy (T, +0) = uyyy (2, =0) = O (z), x € (-1,1)\{0}, (14

u(+0,y) =u(=0,y) =7(y), 0<y <1, (

Uz (+0, y) = uz (=0, y) =13 (y), 0<y <1, (

Uy (40, ¥) = Uye (=0, y) = p3 (y), 0<y <1 (

Uszz (+0, Y) = Ugae (=0, y) =03 (y), 0 <y <1, (
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rne ¢; (i=1,4), ¢¥; (j =1,5) - sananHble JOCTATOMHO MiajaKne QYHKIWH, n— BHYTPEHHS
HOpMaJIb K IpsaMoii ¢ +y = —lwmz —y =1, aF (-1/2,-1/2).
B pabore [1], uccienosano kpaesast 3aja4a npu a; = 1,as = 1,0y = 0,by = 1.
JlokasbIBaeTcst OJHO3HAMHAS PA3PEIIUMOCTD OCTABJICHHON 3a1a41 B CJICAYIONE Teopeme:
Teopema. Eciu 1, 0o € C*[0,1], 3,04 € C3[0,1],¢; € C*[0,1], ¢y € C*[-1,—1/2], 43 €
C310, 1], ¢4 € C3[—1, 0], ¥5 € C?[0, 1], upudem BuINOIHAETCS yCIOBHe corylacoBanust 1y (1) =
©1(0), p2(0) = g (1), ¢, (0) = —¢'4 (0), To 3a7aa-1 UMeET €AMHCTBEHHOE PEIICHHE.
Dra TeopeMa J0Ka3bIBAETCA METOJOM HEIOCPEJICTBEHHO IIOCTPOeHUs pemtenus. s 3Toro
ypasuenue (1) mepemnuiiem B Bujie

Ulge — Uy = W11 (blx - aly) + w12 (27 + y) ) (ZL’, y) € Gla (19)

Uiy — uiyy = Wi1 (blx - aly) + Wi2 (ZL‘ + y) ) (17, y) € Gj (] = 27 3)7 (20)

rje BBeJeHbl o0o3HaueHus u (x,y) = u; (z, y), (z,y) € G; (z = m), npuaeM wy (i — ary),
wip (x+y) (i =1, 3) HensBecTHBIE MOKA TOCTATOMHO IviaJKHe (YHKIWMH, NOIEKAIIE OIpe-
JICJICHHIO.

UccneoBanne nposejercst cHadasia B obmactu Go. BanuceiBasi pernenue ypasaenus (20)
(1 = 2), ynosaersopsiomniee ycaosusim (11), (12) u ynosserBopss yciaosusm (8), (9) u (10) mo-
cJie HEKOTOPBIX BBIKJIAIOK, HAXOMUM (DYHKIHUIO wa (b1 — 1Y) +wag (T + y). 3arem mojcrasiisis
sanucannoe perrernre B (6), (7), IMeeM COOTHOIIEHHST MEK Ty HeM3BeCTHBIME QyHKIsiMu 1 (),
N (z) u 15 (), vo(x). VI3 9TUX HOJIyYeHHBIX JBYX COOTHOIIEHUIT HAXOMUM (DYHKIWMU Ty (L) U
Vo (x). BareMm mosb3ysch ycaoBusMu ckiaenBanuii (11)-(14), mpuxogumM K COOTHOIIEHUSIM MEK-
Jy Hem3BeCcTHBIME byHKImAMU 71 (), 11 (x), w1 () u 6y (). VI3 9TUX HOIy9eHHBIX YeThIpex
cootHorernit HaxoauMm Gyukun 71 (), vy (), p1 () u 0y (z). B obimacru Gz 3amada pemaercs
METOJIOM IIPOJIOJIZKEHNsA. B 9T0it 06/1acTH 10Ty daeTcest 0/IHO COOTHOIIEHIE MeXKIY T3 (y) u v3 (Y).
A B obractun (G7 3anuchiBaercs perienne ypapaenus (17), yIOBI€TBOPSIONIEro yeaoBusam (2),
(10), (14) u muddepernupys 91O perienne o T ¥ yCTPeMJIsAs & K HyJIIO, IOy IUM BTOPOe COOT-
Homenne Mex ity 73 (y) u vs (y). [lonb3yscs yemosusim ckinenBanus (15)-(18), mosytamnM erre e
cooTHOIIeHusT MeXKY T3 (y), V3 (y), ps (y) u 05 (y). VI3 5TuX 9eThIpex COOTHOIICHUIT HAXOIIM
5Ti (DYHKIMU U TEM CAMBIM — DeIlleHIe [TOCTABICHHOI 3a/[a91 eIMHCTBEHHBIM 06pa30M.
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CTEeIMAIbHOTO BUJIA, YCTAHOBJIEHBI OIEHKM PEIeHnii 3TUX CUCTEM Ha paBoil mosyocu. [Tomy-
YeHHbIe OIEeHKH ITO3BOJIAIOT CJIeJIaTh BBIBOJ 00 yCTOWIMBOCTH pemnteHuii. B ciydae acHMIITOTH-
YeCKOI yCTOMYMBOCTH YKa3aHbI OIEHKU Ha 00JIaCTH IPUTIXKEHNs 1 OIEHKHU, XapaKTepU3yIOIIne
CKOPOCTH CTAa0MIN3AIMU PelleHuil Ha OeckoHedHOCTH. PaboTa mpomjo/KaeT HAIM HMCCJIeI0Ba-
HUsI YCTOYUBOCTU pEIeH HeaBTOHOMHBIX YPABHEHUI C 3aIa3/(bIBAIOIINM apTyMeHTOM (CM.,
Harpumep, [1-9]).

Pabora BbImoIHEHa 1TpH puHAHCOBOI MojIepkKe Poccuiickoro donia GyHIaMeHTaIbHBIX
uccsenosanuii (mpoekt Ne 19-01-00754).
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Hna ypaBuenus lemiepcreiira ¢ CHHTYJIAPHBIM KOI(MMUITMEHTOM JOKa3aHbl TEOPEMBI €JIH-
CTBEHHOCTH ¥ CYIINECTBOBAHUs PENIeHUs 3aJa9K C JIOKAJbHBIMA U HEJIOKAJbHBIMU YCJIOBUSIMU
Ha JaCTdX I'PAHUYIHON XapaKTEePUCTUKH U C Pa3pPbIBHBIMU YCJIOBHSIMU CKJICUBAHUSA Ha JIMHUN
BBIPOZK JICHUSI.

Bsegenue. [lycts ()— koHeuHAasT OHOCBSA3HAS 001ACTH KOMILIEKCHO TIJIOCKOCTH 2 = T+ 1Y,
orpannyenHas 1pu y > 0 HOpMaJIbHOM Kpuboit 0g : o2 + 4(m + 2)72y™*2 = 1, ¢ KoHnamMu B
roukax A(—1,0), B(1,0), a mpu y < 0 - xapakrepucrukamu AC' u BC' ypaBHenus

(signy)|y|" vas + uyy + (Bo/y)uy, =0, (1)

rie nocroguusie m > 0, Gy € (—m/2,1).

O6osnaanm gepes Q1 u 0~ gacrn obsacru €, JgexKalime COOTBETCTBEHHO B HOJIYILIOCKOCTSIX
y>0uy <0, auepes Cyp u C;— COOTBETCTBEHHO TOYKHU Iepecedenns Xapakrepuctuk AC u
BC' ¢ xapakrepucrukaMu ucxogsiieit u3z rouku F(c,0), tnece [ = {x: -1 <z <1, y=0}.

B sagaue Tpukomu [1,¢.223] Bo Bcex Toukax rpanndHoil xapakrepucruku AC 3amaBajiach
3HaYEHNEe NCKOMOM (DYHKIINM, B HACTOsIIIEH paboTe UCCIeIyeTcss KOPPEeKTHOCTh 3a/1a9H, T/e Xa-
pakrepuctuka AC' nmpouspojbHOM 0b6pa3oM pasbuBaercs Ha jaBe dactu ACy u CyC' u Ha 1neppoit
qactu AC) 3ajaercs 3HavYeHHe UCKOMOI (yHKIuu, a Ha Bropoit dactu CyC' u mapaJuie/bHO
el BHyTpeHHOiT xapakrepucruke EC| 3amaercs yeiaosue buraze-Camapcekoro [2].

Bagada A. B obmactu ) Tpebyercst Haiitu hyHKIHMIO 4(Z,y) YIOBIETBOPSIONLYIO CIE/YIO-
IIIIM YCJIOBHSM:

1) u(x,y) HempepbIBHA B KazK/0i M3 3aMKHYTBIX ObJacTreii Q'uQ

2) u(x,y) npunagiexut kiaccy C? (QF) u ynosnersopster ypasuenuio (1) B 3Toit obaacTu;

3) u(z,y) asiaserca 0b60OIEHHBIM perteHneM Kiacca Ry [3,¢.35] B obmactu

4) Ha UHTEpBAaJIe BHIPOXKJICHUS BBIIOJIHACTCS OOIIUE YCIOBUsI CONPsizKeHus [4]

u(z,—0) = a1 (z)u(z, +0) + ap(x), z €1, (2)
ou ou
N8O _ . Bo
ylgr_lo( y) ay bi(z) Jm y 5y +bo(z), z €I\ {c}, (3)

IpUYEeM 9TH HpeJeibl Ipu & — +1, £ — ¢ MOI'YT MMeThb OCOOEHHOCTH ITIOpsijika Huke 1 —
268, tme B =(m-+20)/2(m+2) e (0,1/2); 5) BBIIOIHEHBI YCIOBUA

uw(z,00(z)) = c(z)u(z,+0) + o(z), x€l, (4)
u($7y> |AC(): 1/}($)a S [_17(0_ 1)/2]7 (5)
ulo(@)] = puld* ()] + p(a), @ € [e,1], (6)
rjie

w1 [(m+2) (e + 1))

0(zo) = 5 ! [ 1 } :

. _xzot+c | [(m+2)(x0—c) 2/(m+2)

9<x°>_T_Z[ 1 }

—COOTBETCTBEHHO ad@uKCchl Touek Iepecevenns xapakrepuctuk CoC C AC u EC; ¢
XapaKTEePUCTHKOM ncxojsmeii u3 touku (x,0), tme zg € [e, 1], a0(2), ar(x),bo(z), by(x),
c(x), o(x), ¥(z), p(r)— 3amaHHBIe JOCTATOYHO TJIaJKHe (QYHKIUH, [i— HEKOTOpas TOCTOSH-
mas upuaeM YP(—1) = 0,p(c) = = p(1) = 0, ¢(—1) = p(1) = 0. Bamernm, 9TO ycaoBHE
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(4) aBaserca ycaosuem Buranze-Camapckoro Ha oy u Ha OTpe3Ke BeIpoaenus AB, a ycio-
Bre (6) Tak ke ectb yciaosue Buranze-Camapcekoro [2| Ha mapaJiiesbHBIX XapaKTePUCTHKAX
CoC C AC u EC;.

Ormernm, uaro 3agada A upu p =0, (¥((c—1)/2) = p(c)) nepexour B 3ama1y Tpukomu
C Pa3pBIBHBIMU YCIOBUIMU COMPSZKEHNsT Ha JIMHUN BBIPOXKIeHus Bua (2) u (3) [4].

Unes ucenenosanus 3agadu A npocTast: 3apaHee MpeoIaraeTes, YT0 U3BECTHBI BEJIMINHN
u(zx,+0) wm yl—ig:lo |y|” u, Ha orpeske AB i 10 STHM JaHHBIM B 0GMacTH () BBHIIHCHIBACTCS

M3BECTHOE PellleHre BiIon3MeHeHHoi 3ajadn Ko [3, ¢.34], a B obsactu Q7F, 1onoHITEIBHO B
[PEJIIOJIOKEHNE ITO U3BECTHBI U(L, Y) |4, , BBIIICHIBACTCS pellierne 3a1a4qu JlupuxJie win pere-
HUe BUJOU3MeHeH el 3a1a4un XogbMrpena [3, ¢.93], 3arem 9Tu peleHust MoIdeHsI0TCs KPaeBbIM
YCJIOBUSAM U TIOJIy9aeTcsd HeCTaH[apTHbIE CHHTY/IAPHbIE MHTErpaJIbHbIe YpaBHeHUd T PUKOME OT-

HOCUTE/IbHO HEU3BECTHOM (DYHKINN I/(JZ) = lim yﬁog—z.
y—+0

OJiHOBHAYHAS PA3PEIIUMOCTb ITOrO YPaBHEHUsI JOKA3BIBAETCA METOIOM paboTh [5].
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B nanmnoit pabore paccmarpuBaercd 3ajiada Komu g 1edOKyCHPYIONEro HeJIUHEHHOTO
ypasuenus [Ipeaunrepa (JIHVIII) ¢ HarpyKeHHBIMEU YIeHAME BUIA

Gt = Paw — 20(P* + ¢%) + a(t)p(x0, t)gs — b(t)q(20, )P,

IIpyu HadYaJIbHBIX YCJIOBUAX

{ Pt = —Gea + 2¢(p° + ¢%) + a(t)p(20, t)pe + b(t)q(wo, )g, (1)

p(@,t)]—g = po(x), q(,t)l—g = qo(x), v € R (2)
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B KJIacCe JICHCTBUTEIBHBIX OCCKOHEUYHO30HHBIX 7 - MEPUOJIMICCKUX 10 & (DYHKITHIL:

p(z +m,t) = p(x,t), (e +7,t) =q(z,t), z€ R, t >0, (3)
p(x,t), q(z,t) € C2(t > 0)(CL(t > 0)C(t > 0).

Bueck a(t), b(t) € C(]0,00)) 3a1anHble HEPEPbIBHBIE OrpaHnieHHble DYHKINH, & To € R.
B nmanHoit crarhe mnpejjiaraercst aJropuTsM noctpoenus perenus p(x,t), q(x,t),x € R, t >
0, zagaqn (1)-(3), ¢ momMoIbi0 06paTHOl CHIeKTpaJIbHOI 3a/1aun 711 onteparopa npaka:

Lit,tyy=By' + Qx+1,t)y= Ay, z € R, t > 0, (4)

p=( 1) ama= (200 w0 ) e (2,

O6osznaunm gepes c(z, A\, 7,t) = (c1(x, N\, 7, 1), co(z, \, 7, 8))T u s(z, N, 7,t) =
= (s1(x, A\, 7, 1), s5(z, A\, 7,1))T pemenus ypasuenus (4) ¢ HAYATBHBIME YCIOBUAMU
c(0,\,7,t) = (1,0)7 u s(0,\,7,t) = (0,1)T. Oyukiua AN, 7,t) = ci1(m, A\, 7, t) + so(m, A, 7, t)
HasbiBaeTcst pyHkImeit JlsmyHosa st ypaBHeHus (4).

Kopun ypasaenuit A(\, 7,t) = +2 obosnaunm depes A, (7,t), OHA COBIAIAET ¢ COOCTBEH-
HBIMU 3HAYEHUSIMU [EPUOJINYECKOl 1 aHTunepuoandeckoii 3agaa y(0,7,t) = +y(mw, 7,t) g
ypaBuenus (4).

Teneps paccmorpum 3asa4ay lupuxie

rJe

y1(0,7,6) =0, y1(m,7,t) =0, (5)

st ypasaenus (4). Ilepsasi kommonenta BekTOp-byHKIWMEU S(T, A, T,1) YJIOBIETBOpSIET I€p-
BOMY TI'DaHHYHOMY ycjaoBuio (5), MOJICTABIsAsl €ro HA BTOPOE I'PAHUYHOE YCJIOBHE, TOJIYIUM
s1(m, A\, 7,t) = 0. Pemasg ero ornocuresbHON, HaxomuMm cobcrTBerHOe 3HadeHUe &, = &,(T,1),
n € Z,zanaun dupuxie (4), (5). Oboznaunm depes o, (T, t)3uak:o,(7,t) = sign{sa(m, &,, 7, t) —
c1(m, &, 1)}

MmuozxkectBo {&,(7,t), 0,(7,t), n € Z}, Ha3bIBaeTCs ClIEKTPAIbHBIMU ITapaMeTpaMi, a Habop
{An(7,8),&0(T, 1), 00(T,t), n € Z}- criekTpasbHBIMEU JaHHBIME OriepaTopa L(T,t). Boccranosie-
are koaddunuenta € (x,t) oneparopa L(7,t) 10 ClleKTpaTbHBIM JaHHBIM HA3BIBAETCS 0OpaT-
Hoii 3asaveit. Koapdurment ) (z,t) - omeparopa L(7,t) onpejessiercss 0JHO3HATHO MO CIIEK-
TpasbHbIM JIAHHBIM { A, (7, 1), &, (7, 1), 0, (7, 1), n € Z}. Tenepsb ¢ noMoMNIbI0 HaYAIBHON dyHKIHMIT
po(z + 7),q0(x + 7), T € R, mocrpoum oneparop Hupaka suga L(7,0)y = \y,x,7 € R. Peras
IPSIMYIO 33/1a'y, HAXOJIMM CIIeKTpaJjibable ganubie {\,, (1), 02 (7), n € Z} oneparopa L(7,0).
Orcrona crenyer, uro (1 + ) = £2(7), o (7 + ) = 02(7), n € Z.

OcHOBHOI pe3ysIbTaT HACTOSAIIEH pabOThI COMEPKUTCS B CJIEJIYIOIIEH TeopeMe.

Teopema 1. Ilycrs napa p(x,t),q(z,t),x € R, t > 0, aBisercst pemenuem 3ajadu Ko-
mu (1)-(3). Torma cuekrpansubie ganusie {\,(7,t), &, (7, 1), 0,(7,t), n € Z} oneparopa L(T,1)
YJIOBJIETBOPSIOT aHAJIOTY CUCTeMbl ypaBuenwuit /[ybposuna:

1) A\u(7,t) = A\pyn € Z,
06, (1,1)

e = 2(—1)"0, (1, ) (P (7, 1) + g (7, 1) + [p(7, 1) + Eu(7, 1))+
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HE(r, ) = alt)pleo, ) [p(r 1) + 67, 0] + S(Bha(z, 1) )
rie
G R R I e
k=—00
k#n

Buaku 0,(7,t) = £1,n € Z, MeHSIIOTCA IPU KaxXKJIOM CTOJKHOBeHUH TOuku &,(7,t), n € Z, ¢
IPAHUIIAME CBOEH JIAKYHBI (A2, 1, Ao,]. Kpome Toro, BINONHAIOTCH Ccoieyione Hada bHbIe
YCJIOBUS

€N(T7 t)|t:0 = 52(7-) ) Un(Tv t)|t:0 = 0-2(7_) NS Z? (8)
Caenacrsue 1. YuautbiBasi (GOPMYJIBI CJIEIOB

o) o)

prt)= 3 (BN g gm = 3 (1 aln (). ()
Pt tanlnn = Y (AT e (10)

k=—o00

cucremy nuddepeHnuaabHbIX ypaBHeHuil (6) MOKHO IepenucaTb B 3aMKHYTOI (opme.

CuencrBue 2. Dta TeopeMma jgaeT Meron pernenns 3agadu (1)-(3). g sroro cnadasna
Haii/leM cleKTpaibhble JaHubie),, £2(7), 02(r) = +1, n € Z, oneparopa L(7,0) cooTser-
crByforme Koabdummentam po(z + 7), qo(z + 7), 7 € R. O6o3HaUNM CHEKTpaJbHbE JTaHHbIE
onieparopa L(T,t) wepes,, &,(7,t), 0,(r,t) = 1, n € Z. Tenepp B cucreme ypapuenus (6)
¢ HaYAJIBHBIM ycsoBueM (8) mosoxkuM T = xo. Pemas momydennyio 3anady Komu, naxomnm
&n(xo,t),00(20,t),n € Z. 3aTem u3 dopmyist cirenos (9), onpeaeaum Gyaknuu p(xo,t),q(zo,t).
[Tocste aToro mojcrasisieM 9T JIaHHBIE B cucTeMy ypasaenwuii (6) u pemas 3agaay Kommm (6)-
(7) pu mpOU3BOJILHOM 3HAYEHUN T, HaxomuM &,(7,t), o,(7,t), n € Z. U3 dopmya crenos (9),
onpegesum p (7,t) u q(7,t), T.e. pemenne 3amaan (1)-(3).
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B nacrosieii pabore nsydaercs 3ajada onpenennans Gyukiui u(x,t), k(2 t), x = (2, x,) €
R™ t > 0 u3 caeayommux ypaBHEHMI:

t

u = a(t)Au + /k(x', Tu(z, t — 7)dr, (1)
o =), 2)
ul = fla' 1), 0<t<T, f(2',0) = p(a',0), (3)

riae A - oneparop Jlamiaca OTHOCHTETHEHO TPOCTPAHCTBEHHOTO TIEPEMEHHOTO T = (X1, ..., Tp) :

n
2
A=) 88?; R%2 = {(z,t)|z = (2/,x,) € R", 0 <t < T} upejcrasisger coboil MOIOCY € TOJI-
i=1 7%
unoit T, T > 0 npousBosibHOE (bUKCHPOBAHHOE YUCI0, at) fBJgeTcs TIajKoil byHKIuel u

0<ap<a(t)<a <oo. mate|0T].

s samanubix bysximit ¢(z),f(2',t) u pemenus 3amaqu (1) — (3) ucmosab3yrores mMpoH-
crpancrBa Lenapiepa [1, crp. 16-27| nus dyHKIuMii, 3aBUCAIIUX TOJIBKO OT TPOCTPAHCTBEHHBIX
nepeMeHHbIX - H* u jij1g pyHKIM, 3aBUCSIIIX OT IIPOCTPAHCTBEHHBIX U BPEMEHHOM NepeMenHoii
- H®?2 | a- HEOTPHIATEIBHOE IIeJI0€ THCIIO.

st perennst, mocraBieHHas 3a1a4a (1) — (3) 3aMensieTcst BCOMOraTeIbHOMN 3a/1a4eil, B KO-
Topoii nenzsectHoe sipo k(z',t), ¥’ € R"™1 ¢ > 0 BXoauT B JIONOILHUTEILHOE YCIOBUS. 3aTeM
ucnob3ysd dopmysty, obobmarornryio dgopmyry [lyaccona mnsa pemenus 3agaqn Komm B cy-
Yyae ypyBHEHHUsI TEILIONPOBOJIHOCTH C IIEPEMEHHBIM KO3(DMUIMEHTOM TIpH JIaljlacuata, Moy de-
Ha SKBUBAJIECHTHAS CHCTEMa MHTEIPAJIbHLIX YpPaBHEHUIl OTHOCUTEIHLHO HEM3BECTHLIX (DYHKIIMIA.
[Tpumensist MeTOI C2KATHIX 0TOOpakeHuit |2, crp. 87-97| mas mocse/Hedl JOKA3aHO CIIeLyoIee
yTBEPKJIECHUE:

Teopema (cylecTBOBaHME W €JUHCTBEHHOCTB). FEcau ycaosus ¢(z) € H'TO(R?)
(@) > o — const > 0 f(a',) € HWA2 (RaY) | e (0,1), f(2/,0) = (', 0), fule',0)
Ap(2',0) ewnoansromesn, mo cywecmeyem docmamoywno manoe wucao T > 0, makoe, wmo
pewenue 3adavwu (1)-(3) 6 xaacce ymryui {u(z,t) € HFHHIEV2(RY) | k(2/,t) € HY/? (R})
cywecmeyem u eQUHCMEEHHO.

Cpemn paboT IOCBSAINEHHBIX OOPAaTHBIM 3aJadaM ONpPEJe/IeHns  daapa  HHTerpo-Iud-
bepeHIIaIBLHOrO ypaBHEHUs TEIIONPOBOIHOCTH, OoTMeTuM [3], [4], B KOTODBIX HCCI/IeI0BAHBI
OIM3KKIE K PACCMOTPEHHOM B 9TOil pabore 3a1a4m.

JINTEPATYPA
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HEJIOKAJIbHA A SAJTAYA J1JI4 BBIPO2KIAIOIITEI'OCHA YPABHEHUN A
CMEIIIAHHOI'O TUIIA C IPOBHOM IIPOU3BOJHOMI

Ouunosa H. K.

TamkenTckuit hunancosblit nuHCTUTYT, TamkenT, Y3bekucran
nargiz.ochilova@gmail.com

OcHoBHas 1es1b TaHHON padboTh! [1 nccmeoBanme CyIecTBOBAHNS U €IMHCTBEHHOCTH pPerrie-
HUs HEJIOKAJIBHOM 38184 /I BHIPOXKIAIOIIETrOCd YpaBHEHUs CMeNaHHoTo Tula. PaccMmarpuba-
eTcs mapaboJIo-rurepboInIecKoe ypaBHeHue ¢ JpobHoit mpoussoanoit Kamyra. EauncrsennocTn
pellieHns JJ0Ka3aHa MeTOI0M MHTErPAJILHON SHEPIUU C UCIIOJIb30BAHIEM HEOOXOIMMBbIX CBOWCTB
TUIIEPreOMeTPUIeCKUX (DYHKINN 1 HHTErPo-/ 1 depeHITuaIbLHBIX OIepaTOPOB JIPOOHOTO MTOPI-
ka. CyImecTBOBaHMe JTOKA3BIBAETCS METO/IOM MWHTErPAIbHBIX YPaBHEHNUI.

B macrogmeit pabore wumccienyercd KpaeBas 3ajada JiIsd  ypaBHEHHIT 11apaboJio-
TUIEePOOJIMTIECKOTO TUIIA

0— {um —cDgyu, y>0, (1)
(_y)mumz - xnuyya Yy < 07
0<a<l1l, m,n=const>0,comneparopaMu:

Y

« o 1 —Q
cDo,u = Ti—a) /(y — ) “uy(z, t)dt,

0

B obactu 2 = O U Qs U I. Q) — obsacth,orpanndennasi orpeskamu: A1 A, = {(x,y) : = =
0,0<y<he}, AAB={(x,y): y=0,0<2x < hi}, ByBy ={(z,y) : v ="h,0 <y < hy},
AyBy =A{(z,y) : y=hy, 0 <z < hy}, mpuy > 0, a Qy— XapaKTepUCTHICCKUAN TPEYyTOJHHUK,
OorpaHUYeHHbIT OoTpe3koM Ay B ocu x u jaByms xapakrtepuctukamu A C : %xq — i(—y)p =
0, BiC: %xq + %(—y)p = 1, ypasuenus (1) Bexomgmumu u3 Touek A; (0;0), By (hy;0),
nepecekamomumucs B Touke C' ((%)l/q, _(12_,)1/;)) npu y < 0. 3yech 2¢ = n+ 2, 2p = m + 2,
hy = ¢4, hy >0, m > n.

Beegem cienyromue obosnavenus: QT = QN (y > 0), Q@ = Qn(y < 0), I, =
{(,y): 0<z<hy, y=0}, I = {(z,y): 2 =0, 0 <y < ha}, 200 = n/(n+2), 20 =
m/(m + 2) npudem 0 < ay < f; < 0.5,

xk — tk

a, b

c,

) ktt=ldt, k>0, ¢ > 0,
x

1
r)=—— (zF =t E (a,b,c,
J 0= 5 [ 106 -
0
riae ['(z)- Tamma dyukuus, F(a,b,c; z)- runepreomerpudeckas dyukius Laycca, Fo|...] -
M3BECTHBII orepaTop, BBeieHHbI B [1|. B obmactu 2 mus ypasuenust (1) mccsemyercst cite-
JLyFOTIIAsT
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Bagaga BC. Tpebyercst onpenenntsh DYHKIWO u(z,y), 0OIAJAIONYI0 CASIYIONUMA 13
KJIacca;

1) A= {u(w,y) sz, y) € C(Q) N O, uge € C (), cDg,u € C’(Q*)};

2) u(x,y) ynosiaerBopsier ypasuenuto (1) B obsactsax Q2 u (;

3) y'u, € C(), uy, € C(Qy), upuuem 51u HYHKIME HEIPEPHIBHBL BILIOTH /10 Tpanuisl A; By,
Kpowme Toro Ha A By BBIOJHIETCA YCIOBAE CKJIEHBAHUS

liIEO Y %uy (2, +0) = A (2)uy(z, —0) + Ao(2)u(z,0) + A3(x), (7,0) € A, By;
Yy—

npudeM vE (1) MOXKeT UMeTh 0COGEHHOCTD MOPAJIKA MEHbIIe eJIMHUIbI P & — 0 U orpaHudYeHa
upu r — hq;
4) u(x,y) yIOBJIETBOPSIET KPAEBBIM YCJIOBUSIM:

e (2, y) +you(, )] |4 ., = 1), 0 <y < hy,

[01uz (2, y) + daulz, y)] BB, ©2(y), 0 <y < hy,
d o ar+Bi—1  a+ B 20y 1
T ) el 2 2 (@) e =

Bh x2q
= a(z)uy(z,0) + b(x), 0<x<hy,

e Y1, 2, 01, 0y = const, w \i(x) i = 1,3, p1(y), a(y), alz) = a($1/2q)’ l;(x) = b($1/2q) B
sajannble byskImn, o, [...] 1 0606menHpil HHTErpaIbHOi orepaTop ApobHOro nopsaka [1], a

o= (5) - (5)

TOYKa IepecevdeHns] XapaKTepUCTUK ypaBHenus (1) Bbrxomsimux u3 Touek (z,0) € [;, ¢ xapak-
repucturoit AC.
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KpaeBag 3amava ajisi OJHOTO HEJMHEITHOTO ypaBHEHUS CMEIIaHHOIO THUIla

X. P. Pacysos

Byxapcknit dumman nncturyra Marematukun AH Pecriybnukn Vsbekucran, Byxapckuit
rOCYJIAPCTBEHHBI YHUBEPCUTET
xrasulov71@mail.ru

N3BecTHo, uTO B cOBpeMeHHOI Teopuu JuddepeHnnajibHbIX YPaBHEHUN ¢ YACTHBIMU ITPO-
M3BOJHBIMI BayKHOE MECTO 3aHUMAIOT MCC/IEI0OBaHUs ypaBHEHUi cMmerannoro tuna. [IpakTu-
YeCKWil WHTepec K JTaHHOW OOJIACTH CBA3aH C IPUMEHEHWEeM YpaBHEHNN CMEIIaHHOTO THIla B
ra30BOil JUHAMHKE TPAHC3BYKOBBIX TEUEHWil, B MaTeMaTUIeCKOl OMOJIOTUU, B TEOPHUU Jia3ep-
HOT'O M3JIyY€HUs, B TEOPUU YIPYTOCTHU, B TEOPUHU ODOJIOUEK, B TEOPHUH I1JIa3Mbl, B TEOPUU PaC-
MIPOCTPAHEHUsT JIEKTPOMArHUTHOTO II0JIsI B HEOJIHOPOJIHOMN Cpejie U JIPYTUX pasjieslaX HAyK!u U
TEXHUKHU.
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Pacemorpum ypasuenue
Y| tae + sign(zy)|a|*uy, = f(z,y,0),  k>0. (1)

[Iycts Q— KoHeUHasi OHOCBsA3HAS 00JIACTH ILIOCKOCTH Y, OrpaHmdeHHast Kpuboit 2Kop-
nana o ¢ kKouramu B Toukax A(1;0) B(0;1), nexameit na nepsom KBajapare x > 0,y > 0 u
XapaKTepPUCTUKAMI

BC:(—x)P+4y?=1, CD:x+y=0, DA:a?+ (—y)P =1

ypashenue (1), tiae 2p = k + 2. DJUTMITHYECKYIO 9acTh 0baacTu 0603HaIMM depe3 (i, a rumep-
Gommaeckue - gepes Qo u Q3. [yers A(xg,0) u B(0,yy) npousBosibHbIe TOUKE OTpe3koB OA u
OB coorsercreenno. [lox AgPy, AgP> u ByE1, BoFE> OyneMm nonnMarh XapaKTepPUCTUKN

z” + <_y)p = Zo, a? — (_y)p = Zo,

(—2)’ +y" =y, (=2)" =y’ =
ypasaenue (1), coeauusitornue Touku A(zg, 0)(0 < zo < 1) u B(0,y0)(0 < yo < 1) ¢ Toukamu

A @) () - (52))
A2 - ()b nl(22) - (52))

Yepes 2* obo3naunm 00/1acTh, orpanndennyo Koutypom AcBE;ByE1OP, AP, A.
Onpenenenune: peryysspHbIM pelleHUeM YpaBHEHUS gl) B objyractu §) Oy/meM Ha3bIBATh

dbyukuio U(x;y), HENPEPBIBHYIO B 3aMKHYTON o6Jjactu ), UMEIONIYI0 HENPEPbIBHbIE TPOM3-
BOJHBIE JIO BTOPOT'O IOPsJIKa BKJIIOUUTEJIHHO B 00acTh ) U yJIOBJIETBOPSIOIILYIO yPABHEHUIO

(1).

3 =
S =

S
SIS

Bagada I'. Haiitu perymnsiproe perienne ypasrenne (1) B obmactu Q* npu zy # 0, obia-
JTaroIIye CJIeYIOMNUMI CBONCTBaMU:

Du(z;y) € C() NC*(Q);

2)g—g|$:0 u g—Z|y:0 MOTYT OOpamarbcsd B OECKOHEYHOCTb IIOPsiIKa MeHbIIe 1 B TOYKe
0(0;0), A(1;0) B(0;1);

3)u(x;y) yIOBIETBOPSIET KPAECBBIM YCJIOBHUIM:

ul, = @(§) (§— rouka koHTypa 0),  (2)

ulagp, = 1(x), 2 € It; ulagp, = Po(x), x € I,
ulpos, = Vs(y),y € Ity ulpyp, = Yay),y € Iy,

3 17
I = <@> <r<ux), L=|zg<z< Tot+ ,
2 2
l P
132((%>p<y<y0)7 I4=<’y0<y<(y02 >>7

u o, Y1, 9,13, 94— 3a1aHHBIE PYHKITUN.

rIe
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B namnom coobrennu mpu onpeie/IeHHBIX OPAHMYCHUSX Ha 3a/laHHble (DYHKIUN JTOKa3aHa
OJIHO3HAYHAs Pa3pennMocTh 3aaqu I

CremxyeT OTMETUTD, YTO B JIaHHOI paboTe ¢ MOMOIIBI0 METOJOM IOC/IEI0BATEIbHBIX ITPHU-
Ormzkennii [1-3] moKa3aHbI CyIIeCTBOBAHUE PEIICHUs 33 144, TI0JIYyYCHBI OIIPE/ICJICHHYO OIEHKY
It pertierne u(x, y) U CyIMeCTBEHHO PACIIUPEH KJIacC paccMaTpuBaeMbix GyHknuit f(z,y, u).
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OB O/THO! 3AJIAYE CO CBOBO/JIHOM I'PAHUIIEN J1J141
ITAPABOJINMYECKUX CUCTEM

Pacynos M. C.!, Hopos A.K.?

Nucturyr Maremaruku , Tamkent, Y36ekucTan
Lrasulovms@bk.ru
2norov@mathinst.uz

B pabore paccmarpuBaercst 3aj1a4a co cBOOOIHON IpaHUIEil I CUCTEMbBI TapadbOJIMIeCKIX
ypaBuenuit peaknuu-auddysun: tpedyercs Haiitu dbyukuuu s(t), u(t, x), v(t, ) yaoBaeTBops-
IOIIUE YCIOBUSIM

U — dyUyy — myu, = u(m(x) —u—kv), (t,z)€ D, (1)
vy — doVgy — MUy = v(m(x) —v —hu), (t,x) € Q, (2)
u(0,2) = ug(x), 0<z<s59=s(0), (3)

v(0,2) = vo(z), 0<zx < o0, (4)

uz(£,0) =v,(¢,0) =0, 0<t<T, (5)

u(t,z) =0, 0<t<T, s(t)<z<oo, (6)
u(t,s(t) =0, 0<t<T, (7)

5(t) = —pem™COy,(t,z), 0<t<T, (8)

rie D = {(t,z):0<t<T,0<zx<s(t)}, @ = {(t,2):0<t<T,0<z <400}, s(t)-
cBoboHas (Hem3BeCcTHast) IpaHuIa ompejensgercs Bmecre ¢ u(t,z), v (t,x); di, do, k, h, u,
p — TOJIOXKUTEJIbHBIE MOCTOSHHbIE, MOJIOKUTeIbHAs byHKIuA m(x) yuosiaeTBopger m(x) €
C10, s(t)]. @yukuun ug(z), vo(T) YAOBIETEOPAIOT YCIOBHSIM:

ug(), vo(x) € C(0, s0), uo(z) > 0 8B [0, S0, vo(x) > 0 B (0, 50),
up(0) = v9(0) = 0,up(s0) = vo(so) =0, uj(se) <0, vj(se) < 0.
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Bagaay (1)-(8) MOXKHO paccMaTpUBaTh KaK OMUCHIBAIOILYIO PACIIPOCTPAHEHUE JIBYX B3ANMO-
JIEHCTBYIONUX BUJIOB € IIOTHOCTBIO (u(t, z),v(t, x)) no MecTy obuTaHmusi.

VcenenoBanus MpoBOAATCA 1O ciepytomeit cxeme. CHavgasa yeTaHaBIMBAIOTCS JIBYCTOPOH-
Hue oreHKn 41 u (t, ), v(t, ) u 5(t), a sarem omenkn A1 ||, ., |5, o IIPE 9TOM BocIOMb3yeM-
cs pesysbraramu paborsl [1-2]. Tasee, moKa3aHbl T€OPEMbI CYIIECTBOBAHUE U €IMHCTBEHHOCTH,
a Tak»Ke WMCCJIeI0BAHbl HEKOTOPhIe KaueCTBEHHbIe CBOIiCTBa perenun 3.
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I'NITEPBOJINK TUIIIAT TEHI'JIAMA YUYVH KOIIIN MACAJIACI
Pacynos X.P.!, Axmenos O.C2.
Byxopo jaBiar yausepcurer, Byxopo, Y36ekncTon

Ixrasulov71@mail.ru, 2axmedov.olimjon70@gmail.com

Xycycuit xocuwiaan guddepeHiual TeHrIaMaiap Ha3apusiCHHUHT MyXUM Ba, YKaJ1aJl PUBOXK-
JlaHuO OopaéTran fyHauILIapuIaH ONpK apaJiall TUIArY TeHIJIaMaJap COXaCu XUCOOTaHa I,
Nxxkunun Tomonan Oy TeHIVIaAMaJapHUHT €YUMJIapU MeXaHWKa, (bU3MKa Ba TEXHUKA MacaJia-
JIapua KeHT KYJIaMIi Tap3/1a TaTONK STUIUIIN aMaJIneT/Ia KaTTa KU3UKUIT YIHFOoTa Iu.

Burra Ba MKKUTA Oy3WJININ YU3UFUTA STa OYJIraH apaJiall TUIJIArd TeHTJIaMaJIap yIyH Jera-
pasuii macasiagap ©.Ppankib, A.Hamisirud, A.B.Bunanze, A.Camapckmii, M.CaJloXuTInHOB,
T./I>xypaeB Ba yJIapHUHT YKyBUYMJIApU TOMOHUJIAH ypraumirai. VIKkkura neprnenukyadap Oy3u-
JIMIIT YU3UFHUTa 3ra OYJIraH apaJialll THIIArd KBa3UIU3UK/IN TeHTJIaMaJjap 3c¢a KaM ypraunuiraln
[1,2].

ApaJtam Tunarun TeHraamasap 1eb KapajgaéTran COXaHUHT OMp KUCMUIA SJUIANITHK, NKKIH-
YU KUCMUJIa TUIIEPOOJIMK TUIITa Terunuii Oyhyran TeHryiamaiapra ailTuaa u, yJaapuu axpaTo
TYpyBUH YM3UKa (Oy3UJIMIT YM3UFU) 3ca TeHrIaMa napaboJIuK TUITA TETUILIN €KW aHUKIaH-
MaraH OVJIUITN MyMKUH.

Xycycuit xocumanu nuddepeHnnal TeHraMazap Hazapusicuia Oy3uini au3urura (TeH-
rJIAMaHUHD THITH §3rapajii) sra Ba CHHIYIID KOIMMOUITMEHTIN KBA3UIU3UKTH THIePOOTUK THIT-
Jlard TeHIJIaMasap MyXuM pojib YitHaiim. Yoy maxkomaga y = 0 ykuamar OA kecmacu Ba
OD: z +y =0, DA: xX* 4+ (—y)’=1, 2p = m + 2 xapakrepucrukajap OuIan derapajanra §)
- coxa/ia

m m &
—(=y)"U,, +2"Uy, + U, + éUy = f(x, y, U), aup,fup,m = const > 0
T Y
TeHIJIAMaHN KapaiMus.
Tabpud: Bepuiran renrnamann kanoarnantupysaun Uz, y) € C [2] N C? [2] dynkupsra
TeHIJIAMAHIHT PEryJisap eduMu el aTaiaiu.

Komm macasmacm: TenriamMann Kyiingara OOIIIaHFUY MAPTIaPHU

U(z,0)=7(x), 0<z<1,
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lim (=y)’U (z,y)=v(z), 0<z<1

y——0 y
KAHOATJIAHTUPYBYHN PEryjsip eduMuHN TONuHT, 7(z) Ba v (x) — Gepuiran dyHKIusiap, OyH1a
7 (z) € C[0,1]NC?%(0,1), v (z) € C(0,1]NC?*(0,1) Ba v (z) - O(0,0) mykraga 2/(m+2) TapTudau
UKKUHYY TYP Y3UIUIITra, 3ra, OF NI MyMKIH.

AT XKOM3KH, akcapusaT MakoJagap/a, xycycas [1] Ba [2] wimuii unurapia TeHrIaMaHuHD
€INMUI MaBXKYJIMTUHA KYPCATHUINIa KeTMa-KeT sIKWHJIAINAII TPUHIATTNIaH (o ataHmIraH -
ru cababuu, f (x, y, U) Ba f (z, y, U, U;, U,) byakuua sa yuuur U, U,, U, aprymentiapu
Oyiinya XoCHJIaJapUHAHD a0COIIOT KUAMATIapUHI Mab/JiyM OMpP COHIAH KUYMK OY/IUIIN Tajab
KUJIAHAIH.

Maskyp wija TeHIJIAMAHUHT €9UME MaBXKYJIUTHHA KCOOT/IAINIa FOKOPHUIArd HIILIap-
Jgan daprym yiaapok, [Hlaynep npunnunuaan doitnatanniaau. Haruxkasia, YHT TOMOHIarun
f(z, y, U) byuknus cundu kenrairupuiaubd Ba «, [, m— ¥3rapmaciapra MabayM IapTiap
Ky iinan6, TeHrJIaMaHuHT sICOHA, €9UMIa 9Ta, OYJIUIIT NCOOT/IaHIITaH.
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IUOHHBIM 3ajadaM. COOpHUK MaTepuasoB MexkayHapoanoit Kondepenrun KPOMIII-2019, c.
197-199.

JIOKAJIBHAA BAJAYA 1J1d YPABHEHUA TPETBET'O ITOPA/IKA
ITAPABOJIO-TUITEPBOJINYECKOI'O TUITIA, BBIPO2KJTAIOIITETI'OCA B
BHYTPU OBJIACTHA

Paxumosa 3.B.

Hamanranckunii rocyapcTBeHHbBIH yHuBepeuTeT, I. Hamanran, Y36ekucram,
zuhrarahimova256@gmail.com

OjinuM m3 BasKHEHINUX KJIACCOB YPaBHEHUN C YACTHBIME ITPOM3BOJIHBIMU SIBJISIOTCH TaK
Ha3bIBACMbIC yDaBHEHUsI CMEIIaHHO-COCTaBHOrO Tuia. Brepsbie B paborax A.B.Bunamze n
M.C.CanaxutnuaoBall| mocraBien w wmccaeoBaH pPsiji 3a7ad IS MOJEIBHOTO yDaBHEHUS
CMEIAHHO-COCTABHOT'O THIIA, BHJIOB.

[Tocne »sTmx paboT KpaeBble 3aJ@9d JIJIsT MOJEJbHBIX YpPaBHEHUN CMENIaHHO-COCTaBHOTO
THIIA, TJIABHAS YaCTb KOTOPBIX COJEPXKHUT OIEPATOPHI SJUIUITHKO-IUIEPOOTUIECKOTO, Tapa-
60J10-TUIePOOJIMIECKOT0 U SJLIUITUKO-TIAPAO0ITMIECKOTO TUIIOB, OBLIN UCC/IEIOBAHBI B pab0-Tax
M.C.Canaxurnusuosa [2|, T./.Ixypaesa [3-4] u ux y<ueHHKOB.

Hauunast ¢ pabor [5-6] B Teopun ypaBHeHHil napabomdecKoro THIla MOSBUIOCH HOBOE Ha-
IIpaBJIeHre, B KOTOPOM PAacCMaTPUBAIOTCS KPAeBbIe 3aJIa1N JJIsT BHIPOK/IAIOIIEr0Cs ypaB-HeHUs
apaboTMYecKoro TUIa.

Hackosbko HAM M3BECTHO, KPaeBble 3a/a9u [IJIs YpaBHEHUS Mapabo/I0-TUIIepOOInIec-KOro
THIIA C OJIHOM JIMHUEH BLIPOXKJIEHUSI BTOPOTO U TPETHEro IOPAJIKOB U3Y4Y€HbI, CPABHU-TEJIHHO
masto. Ormernm paborst B.Mciomosa n @. Xacanosa |7], B.1. Ucaomosa u 3.C. MagpaxumoBoit

8].
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Hammas paboTa MOCBAIIEHA TOCTAHOBKE W UCCJICIOBAHUIO JIOKAJBHOW KPaeBOil 3aadu Jiis
ypaBHEHUS 11apaboJIo-rUepOOTNIECKOro TUIIA TPETHEro MOPSIKa, BBIPOXK/IAI0-IIEr0Csd B BHYTPU
obacTu.

Paccmorpum ypasuenue

0
0= 5 (Lu). )
rie )
ou O
o I@‘f‘aa—x B (z,y) € Qo,
) 2w Q%
or 2t Q0 (j=1,2
812 ayz? (x7y) e 7 (] 9 )7
0<a<l. (2)

3nech )g— obmacTh, orpannderHast orpeskamu AB, BBy, BoAg, AgA mpaveix y = 0,z =1,y =
1,z = 0 cooTBeTCTBEHHO; a {2 — XapaKTepUCTUIECKHIT TPEyroJbHUK, OIPAHUIEHHBII OTPE3KOM
AB ocu x 1 ABYMSI XapaKTePUCTHKAMK

AC :x+y =0, BC:z—y=1

ypasuenusi (1), BeixojgmmmMu u3 Touek A u B, mnepecekaronumucst B Touke C (%, —%) , Qo—
XapaKTEePUCTUIECKUIT TPEYTOJIbHUK, OrpaHuvueHHbIl orpe3kom AAy ocu y m JaByMsi xapakTe-
puctukamu AD : x +y = 0, AgD : y — x = 1 ypasuenus (1), BeIxomsgmumu u3 To9eK A u
Ag,nepecekarormvucst B Touke D (—3,1).
Beenem obosnauenud:
Q=QUQULUILUIL,

L={(z,y):0<z<1l,y=0}, L={(z,y): =0, 0<y<1}.
3azada B. Tpebyerca naiitn dyHKImio u(x,y), obIATAIONLYIO CIIe Y IOMUME CBOTICT-BaMMU:
1) u(z,y) € C(Q) N CHQ);

2) u(z,y) € C21(Q)NCZ2(Q1UQ,) i ynosrersopsier ypasrenus (1) B obmacru Q; (1 =0, 2);

3) Uy, uy— HempepbIBHLI BILIOTH 10 AD; 4) ma unrepsBase I} u Iy COOTBETCTBEHHO HMeET
MECTO YCJIOBUE COIPSI?KEHU S

yg@ouy(xvy) = ylirfrlouy<m7y)v (:L“,O) €I, mlirrjoux(xvy) = mlinﬁouw(xvy% <an) € Iy;

5) u(x,y) yI0BIETBOPSIET KPAEBBIM YCJIOBUSIM

(@, y) g, = t2(z), 0<a <1,

N —

U(l’,y)lAc =1(z), 0<x<

ue Dy = erly), 20D

Y

DN | —

=o(y), 0<y<
AD

w(w,y)|gp, = w3(y), 0<y <1,

rjie n— BHyTpeHHast HopMaib, wx(y) (k =1,3), ¥;(x) (j = 1,2)— 3amannble byHKIUA, TpUYeM

©1(0) =91 (0), 2 (1) =13(1), (3)

)
paln) € CRANCIOD, )€ C 0] ne? (03], (@)
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in(z) € O [0; %} n e (o; %) ey e [0; %} n e (0; %) | (5)
Uy () € C[0;1] N C?(0; 1), (6)

a dynkrun ¥y’ (%) , (gp’l” (%)) MOryT obpalarbcst B OECKOHETHOCTD MOPsIKa MEHbIIIe (g Ha

KoHrax uarepsasia Iy (1) .

CrpaseyiuBo cJretyromnast

Teopema. Eciu Boinonnsiorcs yciosus (2) - (6), To B obimactu {2 cymiecTByer eImHCT-
BEHHOe perreHne 3aja9u B.
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IIAHHOI'O THIIA U POJICTBEHHBbIE ITpoOJieMbl aHan3a W nHMopMmaTukm: Tes. jgokia. MexyHa-
poaroro Poccuiicko-Y3b6ekckoro cummosnyma. Hampamnk, 2003. C. 58-59.

8. Ucnomos B. 1., Madparumosa 3.C. KpaeBast 3a7ada co CMeIeHNEM JIJIsT yPaBHEHHUS Tpe-
THEro MOPSAJIKa ¢ HapaboIo-rUIepOOIMIECKIM OIepaTopoM ./ / Y30eKcKuil MareMaTh-IeCcKuil
xxypuast. Tamkent, 2009. Ne 4. C.76-81.

KPAEBA4A SAIJAYA JI1d YPABHEHU A I'EJIJVIEPCTE/ITA C
CUHI'VJIAPHBIM KO®PUITNMEHTOM

Pysune M. X.

Nucturyr Maremarukn AH PVs., TamkenT, Y36ekucran
mruziev@mail.ru

Paccmorpum ypaBHenue

Stgny|y|" gy + Uy, + %uy =0, (1)

B obsactu D = DTUD™ U I KOMILIEKCHOM IIOCKOCTH 2z = I + 1y, rjae DT - mepsblii KBaapaHT
1j10cKocTH, D~ - KOHedHas 00J1acTh YeTBEPTHIA KBaJPAHT IJIOCKOCTH, OlPaHMYeHHAs XapaKTe-
puctukamu OC u BC' ypasuenns (1) Boxomsmmmvu u3 Touex O(0,0), B(1,0) u orpeskom OB
npsvoit y = 0, I = {(z,y) : 0 <z < 1,y = 0}. B (1) m, By - Hekoropsle neiicTBUTEIHHbBIE
qmucia, yJIoBIeTBOpsiomiee yeaosuam m > 0, —5 < fy < 1.
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Beenem obosnavennst: [y = {(z,y) : 0 <y < oo,z =0}, [} = {(x,y) : 1 <z < oo,y =0},
Co n (' - coOTBETCTBEHHO TOUYKHM Tepecedenus xapakrepuctuk OC n BC' ¢ XxapaKTepucTUKOi
ucxojdmeit uz rouku E(c,0), rie ¢ € I- npoussosbHoe (DUKCHPOBAHHOE IHCIIO.

[Tycrs q(z) € Cle, 1] - mudpdeomopdusm uz MHOKECTBa TOYeK OTpe3Ka [¢, 1] B MHOKeCTBO
Touek orpeska [0, ¢|, mpuaem ¢'(x) < 0, ¢(1) = 0, ¢(¢) = ¢. B kadecTBe npumepa Takoit GyHKIUI
npuBseseM smneitnyo dynkmmo ¢(z) = k(1 — ), roe k = %

Bagaua GF. Haiitu B obmactu D dbynxmuio u(x,y) co csoiicrsamu: 1)u(x,y) € C(D) e
D=D-uUDtUl,UI;

2) u(z,y) € C*(DT) u ynosnersopster ypasenuto (1) B 3Toit ob1acTu;

3) u(z,y) asasgerca ob6o6IIeHHBIM perteHneM Kiacca Ry [1] B obmactn D5

4) BBINOJIHSAETCS PABEHCTBA

4

o mA2 >0 >0
Tz 0y =0

lim u(z,y) =0, R* = 2° +
R—o00

5) u(z,y) yI0BIETBOPSIET KPAEBBIM YCJIOBUSM

u(0,y) = ¢(y), y 20,
u(z,0) = 7y (x), x €1,
2 Do ulb(2)] = p(x) (@ — )’ D ulf*(2)] + ¥(w),c < < 1,
u(q(x),0) = pou(e,0) + f(z), e <z <1,
U YCJIOBUIO COIIPSIZKEHUS
i 5 = tim ()P s eI (o)
putieM Tu rnpejessl tpu x = 0, x = 1, x = ¢ MOryT uMeTh 0OCOOEHHOCTH TIOPsIKa HuXKe 1 — 23,

rae f = 505 fa) € Cle, 11N CM4 (e 1), f(1) =0, f(e) =0, u(z),9(x) € Cle, N CH2(c, 1),

Y(c) = 0, po- const, 7y (x) € C(I,), mpudem byHKIMIO 71 () B OKPECTHOCTH TOUKe & = 1 1pejicTa-

suMa B Bugie 71 (7) = (1 —2)7(7), 71(z) € C(I1), u IpH JOCTATOIHO GOTBIMIX T yIOBICTBOPSET

nepasencrsy |7i(z)| < 2, e, M - nonoxuresbHble KOHCTAHTBL, Ti(Z) - yIOBIETBOPAET YCIOBHIO
3m+4-28¢

lenpnepa Ha o6om orpeske [1, N, N > 1, o(y) € C(ly), y— = (y) € L(0,00), ¢(y) yao-
BJIeTBOpsieT ycsoBuio enbiepa na robom orpeske [0, N, N > 0, p(o0) = 0, ¢(0) = 0, Dé;ﬁ
u D}.P - oneparopsr apoGuoro muddepeniuposanns B cMbicie Puvana-Jlnysuis, TouKa-
mu niepecedenust xapakrepuctuk CoC(ECY) ¢ XapaKTepucTuKoil, uexojsiieir u3 touku (xg, 0),

Ty € (¢, 1), asnatorca 0(xg) = 5 — i (mT“xo)%“ , 0% (o) = 25 — i (2 (2 — ¢)) ™2
B pab6ore [2| B orpanndennoii obactu Oblia UCCIeI0BaHa 3a/1a9a, IJie TPAHnIHAs XapaKTe-

pUCTHKa ObliIa MPOM3BOJILHBIM 00pa30M pa3duTa Ha JIBa KyCKa U Ha IEPBOM KYCKEe 3a/1aBAJIOCh
ycsioBue TpuUKOME, U Ha BTOPOM KYCKe U MapaJlIe/bHOM eif XapaKTepuCTHKe -ycjioBue buraize-
Camapckoro. lannass pabora, IMOCBSIIEHHAS HCCJIEJIOBAHAIO 3a/a9l B OECKOHETHON 00J1acTH,
ormmyaercst or 2| mem, uro 3mech xapakrepucruka OCy CBOOOKIIEHA OT KPaeBOrO yCJIOBUS,
KOTOPOE 3aMeHeHO aHajaoroM ycjaoBusd OpaHKIIA HA OTPE3Ke JIMHUU BBIPOK ICHUS.

Teopema 1. Ilycrs Boinosmensr yeiosust p(y) = 0, ¢(x) = 0, f(x) = 0, n(z) = 0,
0 < po <1, p(z) <0. Torna 3amaua FBS umeer Jiniib TPUBUAJIBLHOE PEIIEHHE.

Teopema 2. Ilycts Bomosaens! yciosus ¢(z) = k(1 —x), 0 < po < 1, p(z) < 0, tae
k =c/(1 — ¢). Torma perenne 3amaun F'BS cymecTByer.
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3ATAYA KOIIIN 14 JIAIIJTACOBA II0JISI B OTPAHUYEHHOM
TPEXMEPHOM OBJIACTHI

Carropos 3. H.!, Mapaonos Ix. Q.2

CaMapKaHJICKHit rOCyJapcTBeHHblit yausepenret, CaMapkami, Y36ekucran
!Sattorov@rambler.ru;
2mardonov-jolgosh@mail.ru

HyCTb Rg— BellleCTBEHHOE TpeXMepHOG CBKJINI0BO HpOCTpaHCTBO,
r = (21,%2,23), Y= (Y1,%2,93) € R 2= (z1,22), ¥ = (y1,42) € R,

S =« =|y/—xl|:(yl—$1)2+(?/2—9€2)2a r2:s+(y3—x3)2:|y—x|2,

()— orpanmvennag ob1acTb B R3, ¢ KycouHo-Iakoil rpanuieii 0€), cocTodieil u3 IJI0CKOCTH
y3 = 0(o6o3naunm wepes T') u ruajkoii nopepxaoct S JIsmyHoBa, JexKareil B MOy IPOCTPaH-
ctBe y3 > 0,Q = QJIN, 00 = T U S, obosnasmm. F(x) = (Fy(x), Fy(r), F3(r))— nanmacoso
BeKTOpHOE 1oJe B {) | KpaeBoe 3Havenue () HenpepbiBHOi 10 [ebiepy.

ITocranoBka 3agayu (3 a a1 a K o m u). Ussecras nanusie Ko periernst cucrembr

([1], c. 136-139)

AF(z) =0,z € Q, (1)

rotF(x) =0,z € Q (2)
Ha ITOBEPXHOCTHU S .

Fly) = ¢(y),y €5, (3)

rie o(y) = (p1(y), v2(y), v3(y))— 3amannas Ha S HenpepbiBHAs BeKTOP-byHKIWMs 110 L'esbiepy.
Tpebyercst BOCCTAHOBHUTD JIaiacoBo mojie F'(z) B (2, ncxo/id u3 3a/IaHHOM (0, T. €. PEIUTh 3aady
AHAJTUTUIECKOTO TPOJIOJIZKEHNsT B TPEXMEPHOM €BKJIMIOBOM IIPOCTPAHCTBEHHOM OIpaHMYeHHOi
06JIACTH TI0 ee 3HAYEHUAM Ha IVIaJIKOM KycKe S I'DaHUIbI.

Bagaua Komm st cucrembr ypasuenuii (1), kak u muorue sajgaqu Ko jijis HAX0XK JIeHUS
PEryJIApHLIX PelIeHui /UIMNTUICCKUX yPABHEHUH W CHCTEM, B OOIIEM CJIydae OKa3bIBACTCS
HEyCTONYIMBOIl OTHOCHTEIHLHO PABHOMEPHO MAJIBIX M3MEHEeHWIT HAYaJIbHBIX JAHHBIX. TakuM 00-
pas3oM, 9Ta 3aada HEKOPPEKTHO mocTasiieHsr ([2], ¢.39).

JINTEPATYPA
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JEMII®NPOBAHUE KOJIEBAHII CTPYKTYPHO- HEO/THOPO/IHBIX
MHOT'OCJIOMHBIX IIJIACTUH (OBOJIOYEK),
B3AVMOJIEVICTBVYIOIIINX CO CPEIOM

Cadapos U.N.!, Aamyparos III.H.!, A6aokymnos I11.3.!, Axmenos M.III.?,
VYmapos A.O.2

! TamkenTcknit XUMIKO-TEXHOJIOITYecKuil HHCTUTYT, Tamkent, Y36exkucram,
safarovhb4@mail.ru;

2 ByxapcKuit HHzKeHepHO-TeXHOJIOTHIecKIit HCTUTYT, Byxapa, Y3bexncram,
magqsud.axmedov.1985@mail.ru.

PacemorpuBarorest KosiebaHusT TUCCUIATHBHO- HEOIHOPOTHBIX MHOTOCJORHBIX 0060J09€eK (T11a-
CTHH), B3aUMOJIEHCTBYIOMUX €O cpesoil. PaccMorpuBasi KoJiebaHUsl TPEXCIOWHOM IIaCTUHBI,
CBSI3AHHOI ¢ yIPYTUM MHEPIIMOHHBIM OCHOBaHUEeM BUHKIepa cOCTaBJISIOTCS yPABHEHUS JTBUKE-
Hus. JacrorHnoe ypasHenue perrena Merojiom Miostepa. PesyibraThl moka3bBaioT, YTO HAJIU-
Ype BHEIIHEeW CpeJibl MPAKTUYeCKU He BJIMAeT Ha YaCTOThl KPYTUJIBHBIX Kojebanuit. Hacrora
KPYTHIBHBIX KoJIebaHuit orpanndena (IOCTOSIHHA), IPU BBICOKMX YaCTOTAaX U YKECTKUX CpeJax
OHa PE3KO BO3PACTAET.

B OpOMBINILIEHHOCTH CJIOUCTBIE KOHCTPYKIIMHM HCIOJIL3YIOTCS B KAdeCTBE 3JIEMEHTOB
KOPIIYyCOB KOCMUYECKUX U ABHAIMOHHBIX AallllapaToB, CTPOUTEIbHLIX IaHesell, JIeKTPOHHBIX
ILJIAT, MAITHHOCTPOUTE/ILHBIX 3/1eMeHTOB U Jip. KoJiebanus Tpexc/IONHBIX TeJl B JIMCCUTTATHBHO-
OJIHOPOJIHOM CJIydae, pacCMOTPEHBI B paboTax.

Pacemorpum KostebaHust IMCCHIIATHBHO- HEOIHOPOHBIX TPUXCJIONHBIX (MU JBYXCJION-
HBIX) 000JI0UeK (MM TLIACTHH), B3aMMOJEHCTBYIOIUX CO CPeoii. YpaBHEeHUsl JBUZKEHUsI [0
JIy9IeHbI UCIOJIB3Ys MpUHIHNI Jitjepa-Jlarpamnxka. CtaBaTcs IpaHUYIHbBIE YCJIOBUS YKECTKOTO 3a-
KPEILIeHU.

B crosix TpexcioifHoro miacTuHIaToro (MM IUJINHIPUYIECKOr0) Tejia Halpsi?KeHUs ¢
JedopMaIugaMu cBA3aHbl 3aKoHOM ['yKa.

Ha BHemnmHne 1moBepxXHOCTH ILUIACTUHOK BO3JIEWCTBYET pACIpe/le/IeHHAasl CUJIa U PeaKITHs
CPEJIbI.
Bajiaua ompejie/ieHusl HEeU3BECTHBIX (DYHKIUI IIepeMeleHuil 3aMbIKaeTCs IIPUCOe-
JUHEHUEM K CUCTeMe ypaBHCHUI KPaeBbIX YCJIOBUM.

JLis1 oty deHusi penennst BOCIo/ib3yeMcest MeTosioM Bybnosa - ['anepkuna. [Ipu permenun
cucreMbl (MpU COOCTBEHHBIX KOJIEOAHUSX) MPUMEHUM MeTOJ| 3aMOpayKuBaHus. Torjga BMecTo
CUCTEMBI yPABHEHUIl B YACTHBIX MPOU3BOJIHBIX, COJIEPXKAIIIE WHTErPAJIBI, ITOJIyIUM CUCTEMY
yPaBHEHU B MOJTHBIX JuddepeHimaiax ¢ KOMILIEKCHBIMU KOddduimenramu

[Ipu cobcTBEHHBIX KOJIEOAHUSIX PeIleHrne UIeTCd B BUJIE SKCIIOHEHIUAJIbHON (DyHKITUN
OT YHCTO MHHMMOTO aprymenta. [Ipm wmccienoBanum 3aTyxaronux KojebaHUil B yHIPYTrUX OJI-
HOPOJIHBIX CJIOUCTBIX CPeJIaX OIPEJIEISIIOTCS YacTOThI. J[Jish 9TOro cocraB/ieHO ypaBHEHUE da-
croT (TpaHCIEeHIeHTHOe ypaBHeHue). /{1 BeIYuc/IeHnsT KOPHEl TPAHCIEHIEHTHOIO yPABHEHUS
¢ KOMILJIGKCHBIMU TTapamerpamu mpuMensiin metos Mrosutepa. [lis pacdera kosdduiimeHToB
3aTyXaHns U JeHCTBUTEILHBIX YacTell 9acTOT cocTaBjeHa IIporpamma Ha aspike CTT. Bamaua
MpUBEJICHA K 3aJ1a4e ONpeJIe/IeHUd COOCTBEHHDBIX YUCE.

CobceTBenHbIe BEKTOPBI BHITUC/IAIOTCS 110 HAlIEHHBIM TacToTaM. PaceMoTpum Kosiebanus
TPEXCJIONHO MIACTUHDI, CBA3AHHON C YIIPYTUM HHEPIIMOHHBIM OCHOBaHueM Bunkiepa ¢ yueroMm
BA3KUX CBOMCTBA B3AMMOJIEHCTBUSI OCHOBAHUS C ILIACTUHYIATONW CUCTEMOIA.

Yuciennble pe3yJIbTaThl MOJTyYeHbl g CBOOOIHO OMUPAIONIEHCA TPEXCIONHON TTNJIMH-
npudeckoit obooukn (/116 T-droporutact), Haxosreiicss B 6e3pIHEPIMOHHON cpejie BunKiiepa.
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3a g/pa pesakcaluu IpUHIMAJIN TpexnapaMerpudeckoe siapo Pxxanunbina -Koarynosa. Kop-
HU YaCTOTHOI'O YypaBHEHUS OlpeJendiorcd MeTonoM Miosutepa. 3a HavabHOE NPUOIMMKEHUE
BBIOMPAJIN 9aCTOTHI COOCTBEHHBIX KOJIEOAHUN yIIPYTroll CHCTEMBI.

Pesysibrarsl pacueToB, KOrja He yYUTHIBAIOTCS PEOJIOIMIECKIE CBONCTBA MATEPHAJIOB (115t
YIPYTUX MEXaHUIECKUX CHCTEM), CDABHUBAIOTCS C pe3ysbraTamu, nosydenabivu J1.B. Jleonen-
KO. Pesynbrarel ormnmuatorcsa ¢ pasamneii 10 10 %. PesyabpraThl MOKasbIBAIOT, 9TO HAJIMYIHE
BHEITHEN cpejibl MPAaKTUYeCKN He BJIMAET Ha YacTOThl KPYTUILHBIX Kosebanwii. HacTora Kpy-
TUJIbHBIX KoJiebaHuii orpannvena (IOCTOSIHHA), TIPH BBICOKUX YACTOTAX U YKECTKUX CPEJIaxX OHa
PE3KO Bo3pacTaer.

SAJAYA OIIPEAEJIEHNA OZJTHOMEPHOI'O AJIPA
NMHTEI'PO-IN®PEPEHIIMAJIBHOTO YPABHEHUNSA HA OTPE3KE

Cadrapos 2K. I1I.

Nucruryr Maremaruku umenn B.J Pomanosckoro AH PY3, Tamkent, Y36ekucran
j.safarov65@Qmail.ru

PaccmatpuBaercs nnterpo-anddepeHiuaibHoe ypaBHeHe

t
Uy — Ugy = /k(t — Q)u(z,0)do, z e (0,0),t>0 (1)
0

C Ha9aJIbHBIMU

U|t:0 =0, Ut|t:0 =0, (2)

U I'PaHNUYIHBIMU YyCJIOBUAMU
u$|$:0 = 5/(t)a uwl:v:l - Oa t>0 (3)

Buecwh ¢'(t)— npoussopnas mesnbra dyskimu Jupaka. B obparHoii 3ajade Tpebyercs HaiTH
dbyukmmo k(t) € C(0,00), eciim OTHOCUTEBLHO perieHnst psaMoii 3a1aan (1)—(3) u3BecTHO 10-
MOJTHUTEIbHag WH(pOpMaIus:

w(0,t) = f(t),  t=0 (4)

Onpenenenne. Qyuxyus k(t) € C[0,00) (us kaacca nenpepuisnvix GynKkuul) nasveaems-
ca pewenuem obpamnot s3adavwu (1)-(4), ecau coomeememeyrowee el pewenue 3adavwu (1)-
(3) u(xz,t) € D'(D) (us waacca obobuennvr pynryuu) ydosaemeopsem ycaosuro (4) npu
f(t) € D'[0,00).

B o6paTHbIX 3a/1a9ax UMEIOTCS TEOPEMBI CYIIIeCTBOBAHNUS 1 € THHCTBEHHOCTH JJ1sI IOCTATOTHO
MaJIBIX 00J1acTell OmpeIeIeHns HEN3BeCTHBIX KO(hDQUIMEHTOB, T.€. JII TAKNX 3a/1a9 Pa3perin-
MOCTH HOCHUT JIOKaJIbHBII XapakTep. CBA3aHHO 9TO sIBJEHNE ¢ HEJIMHEHHOCTHIO 3a1a9u. O JHAKO
B 3aJ1a4ax OIlpeJIeIeHUs A/[pa UHTErPAJIbHOTO YWICHA B TUIEPOOIMIECKIX YPABHEHUSIX BTOPOIO
HOPSIJIKA, TJIe HEJIMHETHOCTh HOCHT CBEPTOYHBIN XapaKTep, YAaeTCs IOy IUTh NI00ATbHBIE T€O-
PEMBI CYIIECTBOBAHUSA B IIPOCTPAHCTBE HEIPEPHIBHBLIX (DYHKIMI ¢ IKCIIOHEHInAIbHBIM BecoM. C
COBPEMEHHBIM COCTOSIHUEM TEOPHUU OOPATHBIX 33144 JJIsi THIEePOOIMYECKUX YPABHEHUH MOXKHO
O3HAKOMUThCS B [1].

OCHOBHBIM PE3YJILTATOM JAHHOI pabOThI ABJISAETCs CIIEYOIast TeopeMa TII00aIbHOMN, OJIHO-
3HAYHON Pa3permMOCT 0OPATHOI 3a/a4n.
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Teopema. [Tycmov vinosrerv, Ycro8us
f(t) € C30,0), J(+0) =0 f'(+0) =0,

mozda das a06020 durcuposannozo | > 0, cywecmeyem eduncmeennoe pewenue 0opammor

sadavu (1)-(4) u k(t) € C(0,21). B

_ Buech dynKuus f(t) cBasana ¢ dyukueit f(t) dopmymnoit f(t) = —d(t) + H(t)f(t), e
f(t)—perynspuas dyuxius, H(t)— dyuknus Xepucaiiza.

JINTEPATYPA

1. dypmues JI.K. O6patuble 3amaan st cpen ¢ mocieneiicteuamu. Tamkent: Typor-ukOoiT,
2014.

O CIIEKTPE CMEIIIAHHOW 3AJTAYUN OJId CUCTEMBEI
NHTETPO-IN®PEPEHITNAJIBHBIX YPABHEHUN

Cysipos T.P.

Byxapckuit rocytapcTBeHHbIl yHUBEpcuTeT, Byxapa, Y36ekucran
tsuyarov996@gmail.com;

Uccnenyercs yimneiinas ycroitunBocTh anajora Tedenus [lyazeitns ciasuroBoe Tedenme B Oec-
KOHEYHOM IIJIOCKOM KaHaJle JJIsl Clydasd HECKMMaeMO BA3KOYIPYIO#l IMOJIUMEPHOHR KUJIKOCTH,
paccMaTpuBaeTcs 6a3oBast peosornyieckas Mojeab 1lokposekoro-Bunorpaosa.

divu = Uy + Uy = 0, (1)
du 1
= Lo o} ®
dv 1
% +py = @ {(a12)m + (a22)y} ) (3)
da
d;l — 241up — 2a12uy + Kjann = —f8 (afl - a§2) ’ (4)
d ~
% — Avvy — Asuy + Kraip =0, (5)
@_QAU—ZL + K __6(2+2) (6)
yr 2y 19Uy 1422 = (g T Aga)

B obmacts G
G ={(tey) |t>0,(,y) € []= Lyl ]< 00,0 <y < 1}},

HEOOXOIMMO HAWTH pelleHne JUHeHHON cucTeMbl,

U, + BU, + CU, + RU + F = 0, (7)
1 .
AQ = — {am +2 (am)w} — %, 8)
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[Ipu BBITTOTHEHNE KpaeBble yCJIOBUs B IpaHumnax obigactu G

u‘y:() = U|y=0 = u|y:1 = Uly:l = 07 (9)
Q, = — (asp) 0,1 (10)
= —(a pu = ;
Yy Re 12 xT p y P
U, z,y)| = (U,U)2 =0, pt,z,y) — 0,p,(t,2,y) = 0 upu x| — oo (11)
1 Ha4YaJIbHbIE ,ILaHHbIe
Ul =Uo(z,y), pliey =po(z,y). (12)

Tenepn npumenenus npeobpasopanns Pypbe 10 IEePEMEHHOI
Cucrema (6) mpeobpasyercs CIeIyIonmM 00pa3oM:

U +CU,+ (—iB+RU+F=0, 0<y<]1, (13)

Uccnenyercs nmopejienne cieKTpa Ipyu BO3PACTAHUHU 110 MOJLYJIIO TTapaMeTpa, JBOMCTBEHHOTO TIPH
npeobpazopannu Pypbe 110 OTHOIIEHUIO K IIEPEMEHHOM, MEHSIOIIecsa BI0Ib CTOPOHBI KaHAJIA.
W onpenenena crekTpa UMeTh CJIEIYIONINAE BU/IL:

s =g+ Y/ Q)ET + Ry)Es + ... (14)

Bameuanue 4. CyTb paznoxkenns (13) 3akmogaercs B ciemyomeM: || — 0o XoTs Obl 1715
ojHoro KOopHsi Res — oo CireoBaTeibHO, OCHOBHBIM DEIIEHUEM HaIlleil CMeITaHHOW 3a/1atu
ABJIACTCA JIMHEHHAA HEYCTONYNBOCTD.

B pabote paccMoTpeHa 0 ClieKTpe 3a/1a9u I CUCTEMbI HHTErPO- i de-peHIabHbIX YPaB-
nennii. /s 6a3oBoit Mmosgesn ITokposckoro-Bunorpagosa uccieioBana JuHeHAsT YyCTONIHBOCTD
aHaJiora tedenus llyaszeiisisg, xapakKTepu3yoIero TedeHne HeCKuMaeMoil BA3KOYIIPYToil 1moJIu-
MEPHOI )KUJKOCTU B ILIOCKOM OecKoHedHOM KanaJsie. HaiieHo 9KcroHeHmabHOe pereHne Bo3-
pacraroreii o BpeMeHn (HhopMbI AMILTUTY/IBI, TAPAHTUPYIOIIee JIMHEHHYO HEYyCTOWINBOCTh BbI-
OpaHHOTO KA30BOI0 PEIEHN.

JINTEPATYPA

1. AnryxoB FO.A., Tonopuuesa 1.9.; Ilbimrorpait I.B. Mostekyrsipublit 1oxo B JnHa-
MUKe JINHEHHBIX TOJIMMEPOB: Teopus U JuCaeHHbli skcrepument // Mzsecrus PAH. Mexan.
KuakocTn u rasa. 2000.

2. Bnoxun A.M., Bambaesa H.B. Haxoxuenue pemennii tuma Ilyaseitnis u Kysrra st
YPaBHEHUI HeCXKUMaeMOl BsI3KOYNpyroit mosmmepHoit xkujakoctu // Becrauk HIY, Cepus:
MaTeM. MexaH. mHpopmaTuka. 2011.

3. Bragumupos B.C. O6ob6rennbie hyHKIMT B MaTeMaTndeckoit ¢pusnuke. M.: Hayka, 1979.

OB OJHOI IIEPNOINYECKOII KPAEBOM 3AJAYE OJ14
TPEXMEPHOI'O YPABHEHU S TPMKOMU B ITIPU3MATNYECKON
HEOTPAHNYEHHO OBJIACTI.

Typakysnos X. III.

Nucruryr Maremarnkn AH PY3, Tamkent, Y36ekncran,
e-maill: hamidtsh87@gmail.com.
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B nanHoit pabore ¢ HCHOIB30BaHIEM Pe3YILTATOB pabor [1-3| n3yuarorcs oHO3HATHAS Pa3-
PEIMMOCTh 00ODIIIEHHOTO pEIeHrs OJHON MePUOJINIeCKOl KpaeBoil 3a1adn JIJId TPEXMEPHOIO
ypapHeHusa TpPUKOME B IPU3MATUIECKON HEOTpaHUIEHHON 00JIaCTH.

B obmactu

(Q:: (_171)><(Oajv xR =
=Q1 xR={(z,t,2);x € (-1,1),0<t <T < +o0,z € R},

paccMOTpUM ypasHeHue TpukoMu:
Lu=zuy — Au+a(z, t)u +c(x, t)u= f(x,1,2), (1)

riae Au = Uy, +u,,- oneparop Jlamnaca . [lycrs Bee koaddunmentsr ypasuenust (1) gocratoano
rajikue pyHKImn B obsract Q.

ITepuonuyeckasi KpaeBas 3agada. Haiitu obobiennoe pemenue u(x,t, z) ypaBuenus (1) us
npocrpancrsa Wi (Q), YAOBIETBOPSIONIEE CIIEyIOMIM KPAEBBIM YCIOBUSIM

Dy u’t:o =Dy u’t:T’ (2)

Df ulpey = DY ul,y (3)

r=—1

upu sz,l,r;LeDfu:%, D%u = u.

Onpenenenne. O6061eHHbIM pererneM 3aa4qu (1)-(3) OyaeM Ha3bBATL GYHKIMIO
u(zx,t, z) € Wi*(Q), yrosrersopsiommee mouru Beioy ypasrenmo (1) ¢ yeaopmsvm (2)-(3).
31ech uepes WQZ’S(Q), 0003HAYEHO IM'UIBEOEPTOBO IPOCTPAHCTBO ¢ HOPMOA

—+00

lullfysg) = @m)7H2 - / (L4 AP -z, t, Mor @ (A)

—0o0

rie W(Q,) upocrpancrsa Cobosesa, s,l— j06ble KOHEUHBIE TOJIOKUTEIbHBIE Te/Ible TUCIIa,
a Hopma B ipoctpanctie Cobomera Wi(Q1), onpeensercs cieyomum o6pasom

930 = Y [ 1070 dat,

|M§1Q1
Q— 3TO MYJIbTHUHJIEKC, [D*—ecTb 0000IEeHHAS TPOU3BO/IHAS 10 TIEPEMEHHUMU T U t, & depe3

+o0
w(z,t,\) = (2m)"1/2 / u(z,t, 2) e dz

obosznadeHo npeobpazosanne Pypbe, Gynknun u(zx,t, z).

JINTEPATYPA

1.Ip6ukoB.B.H. O KOppeKTHOCTH TeproamIecKoil 3a/1a9u JJisi MHOTOMEPHOT'O yYpPaBHEHUsT
emermannoro tuma.// B. ku.: Hekiaccndeckue ypasuenus maremarudeckoii dusuku. HoBocu-
oupck,1986, C.201-206.
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2.Dzhamalov Z.S A nonlocal boundary value problem with constant coefficients for
the multidimensional equation of mixed type of the first kind,// Vestnik Samarskogo
gosudarstvennogo universiteta. Seria: Fiziko-matematicheskie nauki,2017,T.21,No 4, P.1-14.

3.xxamamnos.C.3., Amypos.P.P. O riaagkoctn ogHOI HEJIOKAJBHON KpaeBoil 3a1a4u

JUIS MHOTOMEPHOrO ypaBHeHusi Jaruibirnda B npoctpancTse.// Kasaxckuii mMaremar »Kyp-
uas1,2015,T. 18, Ne2, C.59-70.

YCTAHOBUBIINECHA BBIHY2K/IEHHBIE KOJIEBAHN A
BA3KOVYIIPYTI'OM1 CUCTEMBI C TOUEYHELIMU CBA34IMUI

Temaes M.X.!, Paitumos .I'.2, Asesos A.?, Xomugos ®.®.2, 2Kanonos ®.B.*

Mucturyr Maremarukn um. B.J1.Pomanosckoro
2ByxapCKuii HHKEHEPHO-TEXHOJIOIMIeCKU HHCTHTYT
SByxapcKuii ToCy/JapCTBEHHBIIl YHUBEPCUTET
‘Byxapckuit punan TanIkeHTCKOro HHCTUTYTa MPPUTAIMN U MEXaHU3AIUN CeIbCKOIO
XosdiicTBa

PaccmaTrpuBatoTest ycTaHOBUBIIMECS W HEYCTAHOBUBINNAECS KOJIEOAHWS BA3KOYIPYTHUX CHU-
cTeM, 0OPA30BAHHBIX W3 KOHEYHOIO YHCJIA BI3KOYHPYTHUX Tesl (IJIACTUHYATBIX M 060J1049ed-
HBIX ), UMEMOIUX BHYTPEHHEE CBSI3U M COCPEJOTOYeHHBbIe Macchl. /laHa moctaHoBKa 3a7ad O
BBIHY2KJICHHBIX KOJIEOAHUAX BAZKOYIPYTON MPSMOYTOJILHOM TIJIACTUHBI ¢ TOYEYHBIMU CBA3SIMU.
O06cy»K1eHbI METO/IMKA PelieHnst u aaroputM. [IpuBegens! auc/ieHHbIe PE3YIBTATHI U 000CHOBA-
Ha UX JIOCTOBEPHOCTb.

PacemorpuMm 3a1ady 0 BBIHYXKIEHHBIX KOJIEOAHUAX JI/Isi KJIacca TOHKOCTEHHBIX J1eop-
MUPYEMbBIX TeJI. 38 TOUeUHbIe CBSA3M IPUHUMAEM TOUYEUIHbIE OMOPHI (YIPYTUe, JKECTKIE WU BsI3-
KOYIIPYTHUE) MAPHUPHOIO UJIM 3AIMEMJIEHHOTO THUIIA, & TAKYKe CTONKM, COeJIUHSIONINE 3JIEMEHTHI
cucTeMbl Mex 1y coboit. Pacrosioykenne cocpejoTOYeHHBIX MACC W TOYEYHBIX CBA3€H MPOU3-
BOJIbHOE. DJIEMEHTBI CHCTEMbI MOTYT OBITH KaK BSI3KOYIPYIHMU, TaK W ynpyrumu. Ha kpasx
9JIEMEHTOB CTaBSATCs OTPAHUYECHHS B BHJIE MApHUPHBIX OIOP WU 3allleMJIEHHOro Kpas. Pac-
cMaTpUBAETCs Caydaii, Korjaa AefiCTBYIOIIEe Ha CUCTEMY BBIHYKJIAIONINE CHJIbI TAPMOHUIECKHE.
Tpebyercs onpeie/IMTh aMILIATY/THO- YaCTOTHBIE XapaKTEPUCTUKHU CUCTEMBI.

[IpeanosiokuM, 9TO BHEITHUE CUJIbI, NPUIOXKEHHBIE K N-MY TeJIy, UMEIOT pa3HbIe aM-
IJINTyAbI, HO OJNMHAKOBbIC YaCTOTHI. TOI‘IL& 3aKOH "X U3MEHEHUA MOXKET 6bITb 3alliCaH B BHU/E
9KCIIOHEHITMAJIBLHON (DYHKIIUKA OT MHUMOT'O IIEPEMEHHOTO apryMeHTa.

Jlst oncaHusl peslaKCallMOHHBIX ITPOTECCOB, IMPOUCXOISIIIX B TOUYECUHBIX CBA3IX WJIN
BA3KOYIPYTUX dJIE€MEHTAX CUCTEMbI, IPUMEM JIMHEHYIO HAC/IEJICTBEHHYIO Teopuio BosibiiMana
- Bonbrepphr.

3/1ech, B OT/IIHE OT 33189 O COOCTBEHHBIX KOJIEOAHUSIX, MATOCTh (DYHKIIUU PeJTaKCAIun
siipa, He npenosaraercs. Koaddunuent [Tyaccona npuanMaercs: mocTostHHbIM (U = const).

JI1s BBIBO/IA ypaBHEHMIT JBUKEHHUS HCIOJIb3yeM IPUHIUI Ditiepa-J/larpamka 3akoH
YCTAHOBUBIINXCA KOJIEOAHUI N-TO 9JIEMEHTa UINETCs B BUJIE SKCIOHEHIUAJIHLHON (PYHKIIMU OT
MHHMOT'O II€peMEHHOI'0 apryMeHTa.

Bapuanuonnoe ypasHeHue mpeobpasyeM, BbIpazkas jedopMariun depe3 KOMITOHEHTHI
BEKTOPA IIE€pEMEIICHUNA.

Todeunble cBsA3M, KaK U B 3aja4€ O COOCTBEHHBIX KOJIEOAHUSIX, BHOCSTCS T10JT 3HAK Bapu-
aIMN, UCIIOJIb3YsI MEeTOJI MHOKUTE el cBs3eii (Jlarpanxka).

Pemenne ypaBunenwmii JqBU2KEHUS WINEM KaK CyHepro3uIuu (pyHIaMEHTATbHBIX Oa3uc-
HBIX OPTOTOHAJILHBIX (pyHKIHi. [[719 9/1eMeHTOB, CBOOOJIHBIX OT COCPEIOTOYEHHBIX MacC, U BCEX
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TOYEUYHBIX CBfA3eil (OIOp, CTOEK) OHU TPEIoJIaraloTcsi W3BeCTHBIME. Toria, B KauecTBe MCKO-
MOTO TIOJIsI [T€PEMENIEHHI, YI0BIETBOPSAIONIErO 38 IAHHBIM OJHOPOIHBIM I'PAHUIHBIM YCIOBUAM,
U BapHAIMOHHOMY YPABHEHUIO IMPUMEM KOHEUHYIO CyMMY 3TUX (DyHIAMEHTAIbLHLIX Oa3MCHBIX
OPTOrOHAJIBHBIX (DYHKITHUIA.

[Tony4uennas cucrema perera MeTofoM laycca. YpaBHeHUs ABUKCHIS KMEIOT KOMILIEKC-
Hble KO3 UIMEHTHI, TO3TOMY IPOrPaMMYy, PEATU3YIONLYI0 aIrOPUTM, COCTABUIN JIJIsi CUCTEM C
KOMILJIEKCHBIME KO3(DPUIMEeHTaMI 1 KOMILIEKCHBIMEA HEM3BECTHBIMMU.

Pacemorpena 3agada cucrema U3 ABYX KBaJAPaTHLIX YIPYIUX IJIACTUHOK, COEIMHEHHBIX
HEBECOMBIM OJJHMM BSI3KOYIIPYTUM aMOPTU3aTOPOM B IeHTpe. Ha 06enx miacTuHKaxX UMeeTcs 110
OJIHO¥ TpHCcoeIuHeHHONH Macce. [1acTuHKN OMHAKOBBI 10 NEOMETPUYECKUM U MEXaHUIEeCKUM
napamerpam, HMIapHUPHO OMEPTHI 1O KOHTYPY. MakCcuMyM cKadka aMIUTATY/bI M3-3a JUCCUTIA-
TUBHBIX CBOWCTB KOHCTDYKIIMK HECKOJIBKO CMEIEH BJIEBO OT COOCTBEHHOI (U, CIIeJ0BATE/LHO,
BHEIHeH BO3MYIIAIONIeH) 4acToThl. [IpoaHasusupoBaiu rpaduku MOBeJeHns aMILuTy 1. 11o
CPaBHEHMIO CO BTOPBIM, B CJIy4ae IEPBOTO PE30HAHCA, PE3OHAHCHBIE aMILIMTY/IbI IEeHTPAJIbHBIX
TOYEeK 0Denx IIACTUH IMPUHUMAIOT OOJIbINNE 3HAYUEHUS.

Pesonancuble aMILIUTYIbl IEHTPAIbHBIX TOYEK O0OEMX ILIACTUH HPUHUMAIN OOJILIINE
3HAYEHUs 110 CPABHEHWIO CO BTOPBIM, B CJIy4ae IMEPBOIO PE30HAHCA. DTO OObSACHSIETCS TEM,
YTO NPUIOKEHHbIE K IJIACTHHAM BHEIIHUE HArPY3KHM HAXOAATCS B OJHOM dase KojebaHuii mpu
1epBoM pesoHance. 1lepBblil pe3oHaHC IJIACTHH UI'PAeT POJib OIpeIenTe s (pa3bl KojgedaHui
JIPYT JIpyTa U HaOJII0IaeTCst, KOoria KostebaHus 0benx MIaCTHH COBIAIAI0T 110 (da3e (¢ paBHBIMI
WM Pa3HBIMU aMIUIATYJaMi), a BTOPOil pe3oHaHC Habrojiaercs, Korja KosebaHus IIaCTHH
IPOUCXOJAT B IPoTHBOMba3e (CABUT Ha EPHO).

3AJTAYA ONPEIEJIEHUA ITIAMSATA B IBYMEPHOII CUCTEME
NHTETPO-IN®PEPEHIIMAJIbBHBIX YPABHEHUN MAKCBEJIJIA

Typaue X.X.

Byxapckuit rocyapcTBennblii yHuBepcuTet, Byxapa, Y36ekucran
hturdiev@mail.ru

PacemorpuM jiByMepHyio cucteMy ypasaennit Makcsesuia [1]

t
688% — o %—513 + (po+0) By + fgol(t — T)Ey (1,23, 7)dT + Jo = 0,
0

Ox3
t
M%_g_if‘i‘onl+fw/<t—T)H1(SL’1,$3,T)dT:O, (1)
0

t
phs 4 %—ff + hoHs + [ (t — 7)Hs(x1, 23, 7)dT = 0,
\ 0

snecb £ = (Ey, Es, E3), H = (Hy, Hy, H3) HaIPsi)KeHHOCTH 3JIEKTPUIECKOIO U MATHUTHOIO
nosteii, o(t), ¥ (t)— npexacrasisitomue namarhb, J(zy,xs,t) = (0, J,0)— BekTOp-DyHKIWS, € 1
(. GyeM IpenoaraTh I0JI0KUTEILHO-OIPEACIeHHBIMI CUMMETPUICCKIMEI MATPUIBI, 3aBUCI-
IIMHA TOJIBKO OT KOODJMHATEL T3, 0 = 0(x3) - MaTpuiia, @y = ¢(0), 1o = 1(0).

B nambreiimem B (1) BBemem by [2]

1 1

U = NG (\/EEz + \//7H1) , Uy = NG (\/EEz - \/ﬁHl) , Us = /uHs.
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Toryna cucrema ypasaenuit (1) 3ammuchBaeTCS B CJIELYIONEM KAHOHUIECKUM BHJIE:

t
A()a —|—A1 0 —FAQi—}—Ag U:/I?(l‘g,T)U(CB,t—T)dT—Fj\(l’l,,I’g,t). (2)
ot Oxy Oxs
0

Baecw U = (Uy, Uy, Us)*— BekTop - croJberr,

e e 1 1
v 0 o T i
AO — 9 9 0 , Al — [1) (1) 0 ; A2 — —\/—2—6 —\/—2—6 O y
0 0 u 75c 73 0 0 0
poto ul poto ul 0 w/ <p/ 0
V2e T avmur V2 ayaus _ Vae Vi
As = | o ¢ _ o ¢ K(rat)=— | X _ 2
S| s A taer O K@D veriveri
0 0 k] o 0 -
V& NG
j = (0, J2,0), *— cHMBOJI TPAHCIOHUPOBAHHUSI.
YMHOXKas cieBa Ha 00paTHYIO MaTpuily Ay ! ypaBaenue (2), moJjyanm
t
0 0 0 — _
[3815 +Bla _'_826_.1‘3—’_33 U= K(Z‘g,T)U(LE,t-T)dT-FJ(xl,wg,t). (3)
0

31ech u B nasbheiintem I3 o3HauaeTr euHEaHYyI0 Matpuiy, B; = Ay'A;, j = 1,3,

1 _ o ~
By = ——Ay, Ao =diag(—1,1,0), J = A;'J, K(xs,t) = Ay K (x3,1).

NGT

BBe 1M HOBBIIO TIEPEMEHHYIO Z € MTOMOIIBIO (POPMYJIbI

2= (zs) = / NEGIGL (4)

0

rae V($1727t> ::_ (371; ( ) )7 ('Tlazat) = j($170_1(2)7t)a C’L(’z) =
Bi(071(2)), K(z,t) := K(07'(2),t) = (kz])fj s 07(2) dynxumio, obparayo k 0(x3).
Tora cucrema (3) mpuHEMAaeT BUJ

¢
( ;+A0§ +Clai+02)V:/K(z,T)V(xl,z,t—T)d7'+J(x1,z,t). (5)
T

B npamoti s3adave npu 3amanabix marpuil K, C7, Cy, u BekTop-dyHKIMN J Tpedyercs
onpesesuth B obmactu D = {(z1,2,t) : 0 < z< L, t >0, z; € R} Bekrop dyukimo V(z,1),
YZOBJIETBOPSIIOILY IO YPaBHEHUIO (5) IPU CJIEYIONUX HAYATbHBIX U TDAHIIHBIX YCIOBHSIX:

‘/i(x1727t)|t:0 = ¢i<x17 Z); 1= mu (6)

Vi(xq,2,t) =1 = gr(21,t); Valzr, 2,t)] .20 = go(21, 1), (7)
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e G, 2) = (én, 62.6) (21,2) 1 gl 1) = (g1, g2) (1,1) sgarmmste by,

Obpammnyro 3adavy TIOCTABUM cJielytomeM obpasoM: Haittu dyukuuu ¢(t), ¥(t), t > 0, Bxo-
Jgmue B MaTpuily K, eciim oTHOCHTEIbHO perenus 3aia4au (5)-(5) U3BeCTHBI JOMOJIHUTEIbHbIE
YCJIOBUS

Vi(x1, 2,t) 220 = ha(z1,t), Va(xr, 2,t)|.=1 = ho(x1,1). (8)

ITpu srom ;(0) u 1;(0) cumTaroTcs 38/ AHHBIMHA.
[Iycrs dbynkuun J(xq, 2,t), ¢i(1,2), ¢i(z1,t) Bxogsmme B npaByio dacts (5) u ganmsie (6),
(7) dunuTHBI 110 T IPH KaxK0M (GUKCUPOBAHHOM 2, t [3]. Bosiee TovuHO, MBI OrpannanMcs nzyde-
aueM obpasza Oypbe 10 epeMeHHbIM 21 permennsi. Obo3HadnM ‘7(77, z,t) = [V(ay, z,t)e""™ day,
R

e 7)— mnapaMerpbl npeobpasobanus. Duxcupyem 7 um Juid yao06cTBa, BBeIeM OOO3HAMEHHE
V(n,z,t) =V(zt).

Iycrs Q2 = {(z,t) : 0 < z < L, t > 0} npoeknus obracti D HA IIOCKOCTD IE€PEMEHHBIX 2, t. B
repyunax bynkmn V sagady (5)-(7) samumenm B sue

t

<]3% + AO% + 0(777 Z)) ‘7 - /K(Za T)v<n7 Z7t - T)dT + ‘7(7% th) (9)
0

‘Z‘t:() = 5@(2)7 L= 17 2a37 (]‘0)

‘Z|z:L = gl(t)v ‘A}2|z:0 = @é(t), (11)

U JIONOJIHUTE IbHBIE yeaoBus (8)
Vilaco = ha(t), Valoor = ha(t). (12)
[TycThb BBIIOJIHEHBI YCIOBUS

d

5D =30, 20) =30, F(LO |56 =P ennidm = [Gawm]

z

3

ZCQJ‘(O)%(O) = {%%(ﬂ} . (13)

=0 j=1 t=0

70.0) = | 51002 |

OCHOBHBIM PE3yJILTATOM HACTOAIIEH PabOThI SIBJIAETCS CJIEIYIONEe YTBEPK ICHUE:
Teopema. Ilycts £(z3) € C0,00), ii(z3) € C[0, 00), Kpome TOrO

b(z) € C*[0, L], g(t) € C*[0, L], h(t) € C?[0,L], J(z,t) € C*(Qy),

BbinosHenb! yetosie ¢1(0)dy (L) # ¢2(0)da(L) 1 yerosns cornacosanmus (13). Toraa sist m060ro
L > 0 na orpeske [0, L] cymecrsyer exuncrsentoe pemenue obparnoit sagaun (9)-(11), (12)
w3 kacca (t), ¥(t) € C1[0, L],
rie

Qo :={(2,1t):0<2< L 0<t<L}.

JINTEPATYPA
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KPAEBA4A 3AJJAYA C YCJIOBUEM T'EJIJIEPCTEJITA HA
HEITAPAJIJIEJIBHBIX XAPAKTEPUCTUKAX 1JI1 YPABHEHUA
ITAPABOJIO-TUITEPBOJINMYECKOI'O THUIIA 3-I'O ITIOPAJKA C
BBIPOXK/IEHUEM B TUIIEPBOJINYECKO YACTU CMEIITAHHO
OBJIACTH

Typcyunos M.X.

Hamanranckuii rocyiapcTBeHHbIi yHuBepeuTteT, I. Hamanran, Y36ekucram,
Magsadjon6290126@gmail.com

Amnasioru 3amaan Tpukomu 7711 ypaBHEHUsT 1apabosI0-runepOoIMIecKoro THIIA TPETHEro Io-
psijiKa BBIPOXKIAIOIIErocs BHYTPU 06/1acTu u3ydeHbl B paborax [1-2].

B nmanmnoit pabore m3ydaercs KpaeBas 3ajada ¢ ycjaoBueM lejiepcrejira Ha HelapaJiiesb-
HBIX XapaKTePUCTUKAX JIJId YPaBHEHUS apad0I0-TUIepOOIMIecKOro THIIA 3-TO MOPsi/IKa C BbI-
POXKJIEHHEeM B I'MIIEPOOJIMIECKON YacT CMeITaHHO! 00JIacTH.

Paccmorpum ypasHenue 5
By (Lu) =0, (1)
rje

Lu = { Ugg — Uy, (z;y) € Du,
TUgy + (—2) Uy + oy, (z7y) € Do,

37€eCh o, . = CONSt, TpuIeM

(2)

n>1 (1-n)/2<a<l, (3)

a Di— objractb, orpanndennas orpeskamu AB, BBy, BgAg, ApA npsambix y = 0, x =
1, y =1, x = 0 coorBercrBeHHO; Ds— XapaKTEPUCTUUICCKHUI TPEYrOJbHUK, OrpaHUYCHHBI
orpeskom AAy ocu y— OB u aBymst xapakTepucTukamu

n+1

2 ntl 2 ntl
AC’:y—n—_Fl(—x);r =0, Angy—i-n—H(—x)? =1

ypasuenus (1), Boxomammvu w3 Todek A(0,0) m Ay(0,1), mepecekaromumucs B TOUKeE
O (= (n+1)/27"  05).
Beejsiem obosnavenus: D = Dy U Dy UJ, Dy =DN(x >0,y >0),
Dy=DnN(xz<0,y>0), J={(z,y):x2=0, 0<y<1}, E0,y) € J,
n+1 n+1
EC) :y+ %H(—x)% =1, FECy:y-— n%l(—x)% =1, Ci1 € AC, Cy € AyC.
B obmactu D muist ypasaerus (1) usydnm ciielyioniyio 3a1ady.
Banaua I'y. Haittn dbymkmmo u(zr,y) co cuepyromumu cBOHCTBAMM:
1) u(z,y) € C(D) N CZ, (D) N C*(Dy);
2) u(x,y) ABasgeTcs peryaspHbIM pelienneM ypasHenus (1) B obnacrax Dy u Do;
3) Uy, U, HEmpepbIBHbI BILIOTE J10 AC)
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4) Ha J BBITIOJIHACTCS YCIOBUE CKIICHBAHNS limo(—x)o‘ux (x,y) = lim0 Uz (2, y) paBHO-MEPHO
T—r— r—+

npu 0 <y < 1,
5) u(z,y) yIOBIETBOPSIET KPAEBBIM YCJIOBUSM

u(z,y)|as = ¢1(x), u(xay)‘AoBO = po(x), 0 <o <14
u(w,y)|pp, = w3(y), 0<y <

Yo
w(@,y)| ge, = V1Y), 5 <y <o

2
Yo+ 1
U(ZL‘, y)|ECg = ¢2(y)7 Yo S Y S 9
du(z,y) 1
— | = 0<y<g,
on e w3(y)7 Yy 9
rje n— BHYTPeHHssl HOpMaJb, ©1(x), wa(z), @3(y), Ui 1,3

y) ( = 3) — 3aJlaHHble (DYHKIUH,
npuaeM Y1 (yo) = V2 (o) » 3 (0) = @1 (1), w3 (1 ) 0o (1)

) € [Bin] et (i), vt € w2 e (W) @

2 2
4 () € C* {o; ;] e (o; %) er(2), () € C[0,1] 1 C2(0, 1), (5)
e3(y) € C (J)NCH(J). (6)

Jokazana cieayroiasi reopema.
Teopema. Eciu Bommossenst yenosus (3), (4), (5) u (6), To B obacti D cyIecTByeT e/iH-
CTBEHHOE DeryJisipHoe pernenue 3ajaqu [a.
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SAJAYA KON OJ1d BUTAPMOHMNYECKOI'O YPABHEHUA
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3V prenuckuii rocyapcTBeHHBIH yHIBEpCUTeT, Y prend, Y30eKucTan
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Pabora mnocpdieHa W3ydeHUIO MPOJIOJIKEHUS pelieHns 3ajadn Kot Jijisi OurapMOHHYIECKO-
ro ypaBHeHusi B objactu (G 10 ee M3BECTHBIM 3HAYEHUsIM Ha TIaaKoi dactu S rpaxunbl 0G.
PaccmarpuBaemast 3a/1a4a OTHOCUTCS K 3a/adaM MaTeMaTHIecKON (pU3UKU, B KOTOPBIX OTCYT-
CTBYEeT HeIpepbIBHAsI 3aBUCUMOCTD PEIeHNI OT HadYaJbHBIX JAHHLIX. B pabore mpu momoriu
by Kapiemana BoccTaHaB/JIMBAIOTC 10 JaHHBIM Koy Ha 4acTu rpaHuIlbl 00JIaCTU He
TOJIBKO cama OUrapMOHWYecKasi (DYHKIUSI, HO U ee TIPOU3BOIHBIE U MTOJIyYeHa OIEHKA YCIOBHOM
YCTOMYUBOCTH.

[ycts # = (21,72),y = (y1,y2) € R* n G- orpanuyennas oJHOCBA3Has obgacTh B R? ¢
rparuteit G, cocrosimeit n3 komnakThoit actu ' = {y; € R: a1 <y, < b1} u rorajkoit gyru
kpuBoit S : Yo = h(y1), Mexkameit B mosmymockocTn yo > 0. G = G UIG, G = SUT.

B obmactu G paccmoTpum ypaBHEHIE

AU(y) =0, ye G, (1)

rae A = g—;z + 53—;2 oneparop Jlammaca.
1 2
IMocranoska 3agaqn. TpeGyercs naiitu Gurapmomnmdeckyto dymxmmo U(y) = Uy, y2) €
C4G) N C3(G), y KoToporo u3BecTHbI 3HaUeHns Ha dacT S rpanunpbl OG, T.e.:

U(?/l,yz)|s = fl(y), AU(Z/l??/Q)‘S = fz(?/),

oU(yi,y2)| IAU(y1, 1)) |
“on |, f3(y), ST fa(y),

(2)

snech fi(y) € CV7Y(S),7 =1,2,3,4 - sananuble Gynkuun, a 2 - oneparop aucddepeHIuposa-

P
HUsI 110 BHEITHel HopMasn K 0G.
OTMernM, 9TO IPU PEIIeHUH TPUKIIAIHBIX 3889 CJIe/yeT HAWTH TPUO/INKeHHbIE 3HATCHUS

perenus U(x) u ero npou3BoHbIi agm(f), r € G, i =1,23],[4]. B naunoit pabore mnpeiaraer-
sl AJITOPUTM TIOCTPOEHUS TPUOJINZKEHHOTO PEIeHUs, 1 IIPOU3BOIHBIE TIPUOIMZKEHHBIX PeIleHuit
re. U(x,o, frs) = Uss(x) n 8U(g’;’f’“‘s) = aUg;‘l_(x), k=1,2,3,4; i = 1,2 3aBucsimux oT ImapaMer-
pa o U JOKA3BbIBAETCH, ITO IIPH CHEIUAILHOM BeIGOpe mapamerpa o = () cemeiictBo Uys(x)u
8U8"—£i(x) npu 6 — 0 cxoaurest B Kaxjioil Touke x € G K perternto U(z) u ero mpousBOIHYIO

oU (z) i i oU(z,0,frs) ; _
52, COOTBETCTBEHHO. Cewmeiictso dyukuuit U(z, o, frs) n o 1= 1,2 ¢ yKazanHbIMH

CBOMCTBAMU HA3BIBAETCH pPeryssipu3oBaHubiM pereruem 110 M.M. JlaBpentnesy [1].

Jlnst mocTpoenns npuOJINZKEHHOIO pellieHnsi Bocob3dyeMm dynknneit Kapiemana mpeso-
xennoit 1. dpmyxamenosbiv [2]:

G"Ll)2

e udu

w— T2 | Vu?+ o?

B pabore [2| mokazano, uro dyukuus P, (z,y) onpenenennast pasencrsamu (3) mpu o > 0,
IpeJICTaBUMa, B BUJIC

—2me” 3D, (z, y) :/ Im (3)
0

y(z,y) = F(r) + Go (2, y), (4)

1,1 2 _

rne F(r) = 5-In -, G,(z,y)- rapmonndeckas gynkiua 1o y B R? pkmodag y = . OTciona
caepyer, aro gyukius P, (z, y) s aodoro o > 0 110 y sBisgercs: hyHIAMEHTAIBHBIM PEIIeHUEM
ypasHenus Jlamnaca. @ynmgamenranbaoe pererne P, (z,y) ¢ yKa3aHHBIM CBOCTBOM Ha3bIBa-
erca dyukrueii Kapiaemana st mosynpocrpascTsa [1].
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st by U(y) = U(yr, y2) € CHG)NC3(G) u moboro z € G cipaseinsa cie/Tyiomast

uHTerpasibHast popmysa ['puna [5]:
AL
( (:z:,y)) A [(:I;,y) 1 lSy

v = [ | AL

0
OL(z,y) d(AU(y))
+/ac [AU(y>8—n — L(:c,y)a—n} sy, v € G,

U (y)

rae L(z,y) = r*Int aenserca dynnamenTaabHbIM pernenneM ypasrenne (1).
Tak kak @, (z,y) npejacrasiena B Buje (4), Torma B uaTerpasabaoe upeacrasienne (5) L(z, y)
samensst Ha ByHKIMO Ly (7, y) = r’®,(z,y), umeem:

- 0(ALs(z,y)) )
Ulz) = /8 y [U W)=, —AL(z,y)— }dsﬁ 6
OLo(,y) 9 (AU(y))
+\/6G {AU(y)T — LU(ZE,Q)T:| dSy, r €.

OcHOBHOIT pe3y/IbTaT HACTOSIIEH PAbOTE ABJIAETCS MOJIYyUeHBIE OIEHKN OTKJIOHEHUS TPOH3-
BOJIHBIX TIEPBOTO MOPsJIKA MTPUOJIMAKEHHOTO PEIIeHUs OT MTPOU3BOIHBIX TOYHOT'O PEIeHUs.

ABTOpPBI BBIparKarOT UCKPEHHIOI OJ1arolapHOCTh Ipodeccopy XacanoBy Axnazapy Bekyp-
JIMEBUYY 3a MOCTAHOBKU 33J1a4 U IMOJIE3HBIMU COBETAMU IIPU PEIeHne 3a/1a4.
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AHAJIOT BAJAYY T'EJIJIEPCTEATA OJId HATPY2KEHHOTI'O
YPABHEHUY CMEIIIAHHOT'O TUIIA B BECKOHEYHOI
IINJINHIPUYECKON OBJIACTU, KOTJIA HATPY>KEHHAS YACTh
YPABHEHUNSA COAEP2KUT CJIE/ OIIEPATOPA JPOBHOI'O ITOPA/IKA

V30ekoB 2K.A.

Hamnmonaybubiit Y nuBepcuteT Y30ekucrtana, Tamkent, Y30eKucraH,
ozbekovjorabek@gmail.com

Tpexmepubie anajorn 3agadun Tpukomu u leiepcrenara i ypaBHEHUS SJITHITUKO-
ruepboIMIecKoro u3ydeHsr B paborax [1-3].

JIoKa/IbHble U HEJTIOKAJIBHBIE 33/1a9H J/Id Tapado/I0-TUIepOboInIecKOro YpaBHEHUS ¢ OOIIIMMU
HAIPYKEeHHBIME CJIAraeMbIMU B JIBYXMEDHBIX 00JIACTSIX PACCMOTPEHBI B paborax [4-7].
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HackosibKo HaM U3BECTHO, 9TO TPEXMEPHbIE KPaeBbIe 38 Ia4u JIjI HAI'PYKEHHOT'O ypaB-HEeHU s
CMEIIaHHOIO THUIa paHee MaJjo u3ydenbl. OrmeruMm paborsr [8-9).

B nacrosimeit pabore B O€CKOHEUHON MUJIMHIAPUIECKON 00/1aCTH M3ydaeTcss aHAJIOr 33 a4n
lejtepcreara jij10 HArpy»KEHHOT'O ypaBHEHUsI CMENIaHHOI'O THUIIA, KOTrJla HAarpy»KeH-Has dacThb
ypaBHEHUS COMAEPKUT CJIEJI ollepaTopa APOOHOIO HMOPSIKA.

[Tycts ()~ TpexmepHast 001aCTh, OTPAHUIEHHAST TOBEPXHOCTSIMU:

[p:2=k0<y<h 2z€R, k=0,1, R=(—00,400), 'y : y=h,0< <1, z € R,

1 1
I's: z4+y=0, nggi,zER, ry: x—y:1,§<x<1,zeR.

Beesiem obosnavenust: In = {(z,y,2): 0<z <1, y=0, z€ R},

L ={(z,y,2): 0<z<xz0,y=0,2€ R}, L={(z,y,2): xo<z<1,y=0, z € R},

T T
I's;: x4+y=0, Oémggo, ze€R, T'yy: z—1y=ux, ?()gxgxo, z € R,

]_—f—[)’)() 1+ZL‘0

Iso: 2 4+y =m0, 20 <o < 5 ,Z2ER, T'yp:x—y=1, 5

<r<l1,z€R,

_ _ _ _ 1 1 =
Ag(l,h,Z) = Fl N FQ, A4(0, h, Z) = FO N FQ,CO <§, —5, Z) = Fg N F4,

_ _ 1 —1 = =
Ch <@7—@72> =I5 Ny, C2< +x07x0 ;Z) = I'gp M Ty,

2 2 2 2
E(20,0,2) =Ty Nl O =QN{(z,y,2):2>0,y >0, 2€ R} = 0A Ay A3 Ay,
Qo =0n{(z,y,2): 0<z <z, —x<y<z—u0 2€ R} =AACE,
Q=0Qn{(z,y,2);xo<z <1, zp0—z<y<z—1, 2€ R} = AEC,A,,
Q, =0C,CoCLoF.

g ypaBaenus

{ Uy — Upp — U + p DU (2,0,2) 8O, "

| Uy = Upe = U + n DSU (2,0,2) B

B obJtactu §) OyjemM u3ydarh aHajor 3aja4dn leieperenra, riae p- jobdas AeficTBUTE/IbHAS 110~
crosinnast, ipudeM 4 < 0, a Dy, (7 = «, #)— oneparop apobuoro (B cmbicsie Pumana-JInyBuiuis
[6]) nrTerpupoBanus mopsiaka 7y, upu 0 <y < 1.

Bagada AT. Haiitu dyuknuio U (z,y, 2) co caemytommmu csoiicrBamu: 1) U(x,y, z) GyHK-
U HelIPepbIBHA BILUIOTH JI0 rpanuisl obtactu §2; 2) U (x,y,2) € C1 (QU T3 UTs,), npudem
U (z,y,2) n Uy (x,y, z) MoryT obpamarbcsi B GECKOHEIHOCTD MOPSKA MEHBIIe €IHHHUIbI B JII-
muax Ay, A, Ay m E; 3) Ulx,y,2) € C2L2(Q;) N C%22(Qy U Q3 U Qy) u ymoBieTsopsiet

x,Y,z T,Y,z
ypasrenuio (1)B obmacrax §2; (j = 1,2); 4)U(x,y, 2) yIOBIETBOPSET yCJIO-BUAM

U|F0 = @o(y,z), U|I‘1 = (I)l(yaz>a 0<y< ha z € R,

U|F31:\Ifl(x,z), ngé%, z€R,
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< 170+1

U‘F32 :@2(25,2), To ST 5 , ZER7
‘lllm U= 1|1H1 Uz = |hm U, = ‘hm U: =0,

riae $o(y, 2), Pi(y, 2), Vi(x,z), V2(z, 2)— 3a7aHHBIE JOCTATOTHO TJIaJIKHe (DYHKIIUH, TPHIEM

$o (0, 2) = W1(0, 2), ‘1|1m ®;(y,2) =0, (j=0,1), ‘l‘nn Ui(z,2) =0, (I=1,2).
_>m z|— 00
OCHOBHBIM MeTOJIOM HccieoBanus 3a1aun AT saBigercsa npeobpazosanne Oypobe [8-9]. Ha
ocHOBaHMM ITpeobpasoBanre Oypbe IPHU OIpeIeIeHHbIX OIPAHNYEHNAX Ha 3aJaHHble PYHKIINN
JIOKA3BbIBAETCs OJHO3HAYHASA pa3pemnMocThb 3aaaan AT.
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OB YCTOMYMBOCTU OJJHOM OBPATHOM JIMHAMUNYECKOI 3AJ1AYN
JJ1d YPABHEHU Y SH BOJIH B IIOPVICTOM IIOJIVIIPOCTPAHCTBE

Vmapos U., duruboes 3.111.! IITo6epaues B.3.

Kapmuncknit rocyiapctBennbiiit yuuBepeurtet, Kapiu, Y30ekucran
lzoyiry@mail.ru

Pacemorpum orHOcuTesnbHO dyrkuumit u (z,y,t), v (z,y,t) B mOIynpocTpaHcTBe G =
R% x R, R% ={(z,y) € R*|y > 0} cucremy quddepennnansupix ypasaennit [1-3]

PsUtt = (uux)x + (/My)y - bpl (ut - Ut) ) (.CE, Y, t) S Ga (1)
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, (z,y,1) €G, (2)

)
B KOTOpOM Ko3bburmenTsl 1 = i (y), ps = ps(y) ABIAIOTCS MOJOKUTETBHBIMU (DYHKIHSIME
kiaacca C*(Ry), b= xpi, X = x (), pp = pi (y) ABIAIOTCA TONOKUTETLHBIMU (DYHKIUAMU
kinacca C1 (Ry). Iyers dyukiuu u (z,y,t), v (x,y,t), kpome (1), (2), yaosrersopgior ciery-
IOIMUM HAYAJbLHBIM M TPAHMYHBLIM YCJIOBUSIM:

pive = bpy (Ut — Ut

'U’t<0 =0, u‘t<0 =0, :uuy’y:o =f (t) 5(x) ) (f (t) =0,t< 0) . (3)

[Tpu 3agannbix dyuwax b (y) , p(y), ps(y), f(t) 3amaqa (1)-(3) KoppekTHA I OIpeIeisieT
byukm u (x,y,t), v(z,y,t), obragaronime KOMIAKTHBIME HOCHTEISIMU [IPH JTF060M KOHETHOM
t. B npuiokenusx, nanpumep, B reodpusnke, MpeCTaBIgeT UHTEPEC 3aa9a 00 OlpeIeeHun
CTPYKTYDBI cpejibl (B laHHoM ciydae DyHKIwii b (), w1 (y), ps (y)) IO H3MEpEeHHBIM HA TPAHUIE
00JIACTH CMEIIEHUSIMHI TOYEK CPEJIbL:

ul,_o=F(x,t), (z,t)€ RZ. (4)

OTa 3ajada, Ha3blBaeMasg OOpaTHON JuHAMUYECKON 3ajadeil s ypasaenuit SH BosH
B HACBIIEHHBIX YKUJIKOCTBIO MOPUCTBIX CpejiaX, PacCMaTpPUBAJKMCh I M3BECTHBIX (DYHKIHIA
b(y), 1(y), ps(y), f(t) B paborax [3|. O6braHO B Kavectse f (t) BRIOUpasach neibra-QyHKINS
Hupaka § (t) smbo perynspHas dDyHKIHsI, NMeOIas KOHeUHbI pa3peis npu ¢ = 0 [6].

B nanuoit pabore, UCIOIB3YsT METOVKY, TIPEJIIOKEHHYT0 B [6], ncciemyem cieayromyto o6~
paTHYIO 3a/1a4y:

Bapga4da. Tpebyerca no undopmanun (4) BoccranosButs p(y) n f (t) u3 (1)-(3) (mpm srom
CYUTAIOTCS U3BECTHBIME OCTaIbHbIe yHKIMU ps (Y) , b (y)).

Crenys [6] mpeanonoxkum, aro dyukiws f () uMeer CaeIyoNyo CTPyKTYpY:

ft)=as(t)+f()0(t), a0, (5)

re 60 (t) —dynkuus Xesucaiina: 0 (£) = 1uput > 0u 0 (t) =0nput < 0; f(t) € CY[0,T], T >
0, npenoaoKuM Takke, 910 GyHruuu b (), 1 (y), ps (y) ©3BECTHBI B TOCTATOTHO TOHKOM CJIOE
y € [0, 0], yo > 0, mpuerarornieM K rpaHUIle MOJTYIIPOCTPAHCTBA Ri.

[Ipeo6paszyem 3amaay (1)-(4), majist 4ero BBeJeM BMECTO Y KOODJAUHATY 2 COOTHOIIEHUEM:Z =

Y
Ik Cfé). Baeck ¢ (y) = /1t (y)/ps (y)— CKOPOCTH pacipocTpaHeHns IOHEPEIHBIX CeCMUYECKUX
0

BOJIH B IIOPUCTOH cpejie.

[Tocse mepexoa K KOOpJAMHATE 2, CKOPOCTH PACIPOCTPAHEHUs CEICMUYEeCKUX BOJIH B ITIOPU-
CTOI cpeJie CTAaHOBUTCA paBHOi ejuHune. [[puMenum K 1moJiydennoit cucreme npeobpa3oBaHme
Dypre 110 IepeMenHoit z, Torma 3amada (1)-(4) npeobpasyercs K BULY

L o b)) 0 (2)p(2) o ~ 7
By = oz o+l = — o i ) Ecs(2)|a+ f (& 21). (6)
a|t<0 =0, aZ|z:O = f (t)7 a|z:0 = F (gvt) ) (gat) S Ri, (7)

t
de f 3( P ~ b (1
rie 0 = Jips, f ()= fF(t)/o(0), f(& 2t) =" (ps)(pzl)( ) Ja(& z7)e @ dr,
0

[Tocste pemenust HavabHO-Kpaesoit 3auaun (6)-(7) dyskius v (x,y,t) B vacrorHON 06IacTH
t

naxouThes 10 dopmyie ¥ (€, 2,t) = b (2) [@ (€, z,7) e @ ETdr,
0
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O6osnaumm gepes A (ao, fo, Ho, Xos por; Pos) MuOoecTBo dynimit {1 (2), x (2), o1 (2), ps (2)},
VAOBJIETBOPSIONINX TTPU HEKOTOPOM 1' > () CJIeTyIONIUM YCIOBUSIM:

1) dyskmusa f (t)upegcrasuma B Bujie (5) U JiJIs Hee BBITOJIHEHBI HEPABEHCTBA |a| > ag >

A~

o |7 <t

c1o,7]
2) bynkuu (p(2), ps (2)) € C*10,T/2], (x (2),p(2)) € CH[0,T/2] u a1 HUX BBITIOIHEHDI
HEPABEHCTBA

0<po<p(z), |p (Z)Hc2[o,T/ 2] < poo < 00, 0 < pos < ps(2), ||ps (Z>H02[O,T/2] < Poos < 00,

0<xo<x(2), llx (z)HCQ[O,T/Q] < X0 <00 0 <po < pi(2), |l (Z)HCQ[O,T/2] < poor < 0.

Cupase/yinBa. cJIe/IyIoIas TeOpeMa, eJIMHCTBEHHOCTH.

Teopema 1. Ilycrs s mexoroporo T > 2z, dyukmun f*) (1), o® (2), k = 1,2 npu-
Ha IeskaT MHOXKeCTBY A (ag, fo, fo, X0, Pois Pos) 1 DYHKIHN F®) (&.t), j = 1,2upu z = 0
apnaioTes ciaegamu permenuii 3aga4 (7), (8) mpu f(t) = fB () uo(z) = c® (2), k = 1,2.
Torma, ecm FO (&;,6) = FO (&) mua t < T, j=1,2u oW (2) = 0® (2) aa 2z € [0, 2], To
fOB)=fAW)mat<TuoW(z)=0%(2) qna z € [z, T/2].

DTa TeopeMa sIBJISIETCs CJICJICTBUEM CJIEIYIONIEl TeOPeMbl, XapaKTePU3YIOIIel yCTOHIMBOCTD
oOpaTHOIl 3a/1a9u.

Teopema 2. Iycts g T > 22 > 0 byukmun fO) (t), o® (2), F® (&.1), j=1,2, k =
1,2 yaosnersopstor ycaousm Teopembl 1. ITyers wmeno a®) coorsercrsyer kosadbdummenty
npu nenbra-dynkmun B npegcrasiennn f*) (1) B suge (5), F® (t) = F® (&,t) — F® (&, 1)
Tora Haiijercs mosoKuTe/IbHast ocTosiuHas C', 3aBUCSIIA OT Gg, fo, Lo, X0, P01, Poss 205 1y €15 €2,
TaKas, 4TO UMEET MECTO HEPABEHCTBO

< Ck, (8)

7 =P lag g + 169 = a4 70 = 2, <

2 ~ - ~ -
B KOTOPOM € = Ha(l) - 0(2)Hcl[o o T > HF(D (&,t) — F@ (fj,t)‘ : + HF(I) —F®
b j:l

c2[0,T o3,
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TIOPAIKA C CUHTVYJISIPHBIM KOS®PUITNEHTOM
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B obnactu D, orpanuvennag npu y > 0 npavbivu . = 0, x = 1, y = lunpu y < 0 —
npaMbiMu © +y = 0, x — y = 1, pacemorpum ypasuenue (0/0x) Lu = 0, tie

Ly
L,

(0°/02 ) = (0/0y ) — A1, (z,y) € Dy=DnN(y>0),

L= 2
(01022 ) — (8109 ) — (2B/4) (0/0y) + X3, (5,9) € Dy = D (y <0),

B, A\ 1 Ay — 3a7anHble AeificTBUTEbHBIC Uncaa, mpudeM 0 < f < (1/2).
s ypasrenns (0/0x) Lu = 0 B obiactu D uccyieyeM CJIeLyomtyo 3a1ady.
Bagaua. Haiitn dyrxmmo u(z,y) co caenyomumn cpoitcrsavm: 1) u(z,y) € C (D)
Ug, Uy € C(DUD3); 2)B Dy UDy asnsgerca pemtennem ypasaenus (0/0x) Lu =
V/IOBJIETBOPSIET yCJIOBUSIM:

w(0,y) =01 (v), u(ly)=e2(y), 0<y<I;
1
/U(x,y)dxzwa(y), 0<y<;

0

W@ wlp, =), Gr| =wala), 0<z<(1/2);

Ds

yl_i)rfrlo uy (x,y) = ylllilo (=) Puy (r,y), O0<z<l,
rne Dy = {(z,y) 1y =—x, 0<2<1/2}, n — Buyrpennsas mopMaib K D3, a ¢; (y), ¥1 (x),
Vo (z) — samannpie dynxmuun, npuaem ¢; (y) € C0,1], 7 = 1,3; ¢1(z) € C1[0,1/2] N
02 (0, 1/2)7 ¢2 (ZE) eC [O, 1/2] N Cl (O, 1/2), 77[)1 (0) = ¥1 (0) n wlll ([E), 77/12/ (ZL‘) € L1 [0, 1/2] .

MeTo10M MHTErpasIbHbIX YPABHEHHMIT IOKa3aHa OJHO3HATHAS PA3PEIIUMOCTD [OCTABJICHHO
sagaun. [Ipum 9TOM mHOCTaBIEHHAs 3a/ava SKBUBAJEHTHO CBEJIEHA K 3aJade sl 1apabosio-
runep6oIMYecKOro ypaBHEHNsT BTOPOTO TOPSAIKA ¢ HEM3BECTHON mpapoii dactbio. [Ipu nccite-
JIOBAHUU TIOCJIEIHEH 3a/[adi MCIOJIb30BaHbl (bOPMYJIbl pelienus 3a1aqu Ko st rumep6o-
JIMYIECKOTO YPABHEHUs!, UMEIOIIEro CHHIYJIAPHBI KO3 MUIMEHT U CIIEKTPAJIbHBII ITapaMerp, a
TaKzKe PelleHusl epBoil Kpaesoil 38141 il yPaBHEHUS Uy, — Uy = 0.
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Pabora nocssimena nccie10BaHIIO0 HEKOPPEKTHON KpaeBoil 3a1a9u Jjisi HEOIHOPOIHOTO qud de-
PEHIMAIBLHOIO yPaBHEHUsI TapabOTMIeCKOro THUIIA BBICOKOTO TOPSAJIKA C OJHON JIMHEH BBIPOK-
JICHUS.
Hyers Q; = {(v,y,t) : (7,y) €Q, 0<t<T}, Q= {(z,y): [2| <, 0<y<d}, S - rpa-
Huia obstactu €2, 2 = QU S.
PaccmorpuMm muddepennuanbioe ypaBHEHIE
Pu 0%

4 sen(a T)os T a7

e +au= f(x,y,t) (1)

B obactu Q; N {z # 0}, rie a - Hekoropas KoHcTanTa, n € N.

IMocraroBka 3agaun. Haiitn dysxmmo u(z, y,t) € Wi (Q,) N CL zré 20 (Q:) ymosire-
TBOpsIONIYI0 ypasHeHuio (1) B obmactu Q¢ N {z # 0} u caeayonmM yCIoBHUsIM:
HAYAJIbHBIM

ul,_g = p(r,y), (r,y) €Q, (2)
KpaeBbIM
Uye y=ul,yy=0,0<y<d, 0<t<T,
%‘yzo - %‘y:d —0,i=0,1,.,(n—1), 1<z<l,0<t<T, (3)
n YCIIOBI/IH CKJIEUBaHUA
u(=0,y,t) = u(+0,y,t), u(—0,y,t) = uy(+0,y,t), 0<y<d, 0<t<T, (4)

rie o(x,y), f(z,y,t) nocrarounble riaajkue MYyHKIUA U YIOBJIETBOPSIOT YCIOBHsI COTTIACOBAHMUSI.
B nannoit pabore KpaeBas 3a/1a9a UCCIEyeTCs JIjId HEOTHOPO/IHOTO MapabOJIMIecKOro ypas-
HEHUs BBLICOKOTO MOPSAJIKA ¢ MEHSIOMINMCS HAIIpaB/IeHneM BPpeMeHH, oIy YeHa allpuopHast OleH-
Ka JJIsl PEelleHus U JOKa3bIBAeTCsA YCJIOBHAs KOPPEKTHOCTh PACCMAaTPUBAEMOIl 3a1a41.
O6osmasum (u,v) = [uvdQ) ckansproe npoussenenne B Ly(Q), ||ul|> = (u,u). Cormacno
Q

[5], mmeem

|lu(z,y,t ||0 ZZ (sgnzxu(z,y,t), wk;) —I—ZZ (sgnzxu(z,y,t), @kvj)Q. (5)

k=1 j=1 k=1 j=1

_ [ele] ~ o
U3 pesysbraTo paborsl |5 caemyer, ato {wk,j}k,j:p {@n;} kj—1 COOCTBEHHbIE (DYHKIH COOT-
BETCTBYIOIIEH CIeKTpa/ibHOM 3ajiadn odbpaldyior 6asuc Pucca B Hy m HOpMa B IPOCTPAHCTBE
Ly(92), onpenesiennas paBeHCTBOM (5), SKBUBAJIEHTHA HCXOJHOM.
JIemma 1. Jlns permenne 3amaun (1)-(4) npu ¢ € (0, T') umeer MecTo HEPABEHCTBO

Sl

lu(z, y,8)lly < V2(lul@,y,0)ly + @) 7 (fu(z, 9, )], + a)

-(/ Hf(ac,y,wrfdtf

+ «a,
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Bsejiem MHOXKeCTBa KOPPEKTHOCTH CJIEYIONIAM 00pa30M
M= {U(.T,y,t) : HU(JI,y,T)HO < m} .

Teopewma 1. Ilycrs pemenne 3amaun (1) - (4) cymecrsyer u u(z,y,t) € M. Torga pememnne
sagiaun (1)-(4) euHCTBEHHO.

O6osznaunm [epes u(z,y,t) pemenue 3amaqn (1)-(4) mo TounbiM nanabM @(x,y), a depes
us(x,y,t) permenne 3agaqn (1)-(4) mo npubIMKEHHBIM JAHHBIM @, (2, Y).

Teopema 2. Ilycte pemenne 3amaun (1) - (4) cymecrsyer, w,u. € M u

H[loa);] ||f(x7y7 t) o f€<x7y>t>H0 <6 HgO(ﬂ?,y) o 906(‘1:7 y)HO SéE TOF'B;a UMEET MECTO OTICHKa
te(0;

e, ,t) = el 1)l < V2(e (VT + 1))1% (2m+ ﬁ5>% + VTe.
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B nannoit pabore paccmarpuBaeTcd 3ajada Komum g weuneiinoro ypasuenus IIpeann-
repa C JIOTOJTHUTE/IbHBIMEI 9JIEHAMU BUIA

Pt =—Qu +29(p* + ¢ ) + a(t)[p*(zo, t) + ¢*(z0, t)|put

+{b( ) ( )[ (xlvt) —l—q2(ZL’1, )]} q, (1)
G = Pax — 20(P* + ¢%) + a(t)[p2(:ﬂo, t) 4+ ¢*(wo, t)]go—
Lt

—{b(t) + c(®)[p*(x1, 1) + ¢*(z1, )]} - p,

IIpyu HadYaJIbHBIX YCJIOBUAX

p(xvt)|t:0 = po(x), Q($’t)|t:0 = C]o(%’), r € R, (2)
B KJIACCE JEeHCTBUTEILHBIX OECKOHEYHO30HHBIX T - IIEPUOJANYECKUX 10 T (DYHKIMIL:
plz+m,t) =p(z,t), g(r +m,t) =q(x,t), € R, t >0,

p(z,t), q(z,t) € C2(t > 0)NCHt > 0)NC(t > 0). (3)

Baech a(t),b(t), c(t) € C[0,00) - 3a1aHHbIe HEIIPEPBIBHBIE OTpaHNIeHHbIe (DYHKII, & T(,T1 €
R.

B JlaHHOl cTaThe MpejIaraeTcst aropuT™ nocrpoenns pemenus p(x,t),¢(x,t),r € R, t >
0, 3amauan (1)-(3), ¢ momorpo 06paTHOll CrieKTpaJIbHOI 3aja4n [y onepaTopa upaxka:

Lit,tyy=By' + Qx+1,t)y=A\y, z € R, t > 0, (4)

p=(54) o= (2 ) 0= (1),

O6osznaunm gepes c(z, A\, 7,t) = (c1(x, N\, 7, 1), co(z, N\, 7, 8)) u s(z, N, 7,t) =
= (s1(x, A\, 7, 1), s2(z, A\, 7,1))T pemenus ypasuenus (4) ¢ HAYATLHBIME YCIOBUAMU
c(0,\,7,t) = (1,0)7 u s(0,\,7,t) = (0,1)T. Oyukiua AN, 7,t) = ci1(m, A\, 7, t) + so(m, A, 7, 1)
HasbiBaeTcst pyHKImeit JlgmyHosa st ypaBHenus (4).

Kopuu ypasaenuit A(\, 7,t) = +2 obosnaunm depes A, (7,t), OHA COBIAIAeT ¢ COOCTBEH-
HBIMU 3HAYEHUSIMU [EPUOJINIECKOl 1 aHTunepuogndeckoii 3agaa y(0,7,t) = +y(mw, 7,t) s
ypaBuenus (4).

Teneps paccmorpum 3asa4y lupuxie

rie

y1(0>T> t) = 07 91(7777'7 t) = 07 (5)

st ypasaenusi (4). Ilepsasi kommonenta BekTOp-byHKINUS(x, A, 7,1) yIOBIETBOpSET MEp-
BOMY TI'DaHHYHOMY ycjioBuio (5), MOJCTAB/sAsl €ro HAa BTOPOE TPAHMYHOE YCJIOBUE, IIOJIYUIUM
sy(m, A\, 7,t) = 0. Pemmag ero orHocurespHON, HaxoguM cobcrBeHHOe 3HaueHue &, = &,(T,1),
n € Z, 3anaan Hupuxie (4), (5). O6oznaunm gepes o, (T, t)3uak:0,(7,t) = sign{se(m, &y, T, 1) —
cr(m &, 1)}

MuoxkecrBo {&,(7,t), op(7,t), n € 7}, Ha3bIBaeTCA CHEKTPAJbHBIME [apAMETPAMH, a
Habop{\,(T,1), & (7, 1), 00 (7, ), n € Z}- cnekrpasibHbiMu jaHHbIME oniepaTopa L(T,t). Boc-
cranoBsierne Kodbdurmenta € (x,t) oneparopal(T,t) 10 CHEKTPAJLHBIM JAHHBIM HA3bIBAET-
cst obparuoit 3ajadeit. Koaddunuenr Q (x,t) - oneparopa L(T,t) onpemessiercsi 0JHO3HATHO
0 CHEKTPATBHBIM JaHHBIM { A, (7,1), &, (T, 1), 0, (7, 1), n € Z}. Tenepsb ¢ moMoIIBI0 HATATLHOM
dbyukiwmit po(x+7),q0(x+7), T € R, mocrpoum oneparop lupaka suga L(T,0)y = \y,z, 7 € R.
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Perag npsMyio 3aj1ady, HaXOJUM CleKTpaibhble Janubie {\,, £2(7), 02 (7), n € Z} oneparopa
L(7,0). Orcrona ciaeayer, uro (1 + ) = £9(7), o2(7 + ) = 0%(7), n € Z.
OcHOBHOIT pe3ysibraT HaCTOsIIIEeH PabOThI CONEPIKUTCS B CIIE/LYIONIE TeopeMe.

Teopema 1. Ilycrs napa p(z,t),q(z,t),x € R, t > 0, aBiagercs pemeruem 3ajadn Ko-
mu (1)-(3). Torma cuekrpanbbie ganubie {\,(7,t),&,(7, 1), 0,(7,t), n € Z} oneparopa L(T,1)

YJIOBJIETBOPSIOT aHAJIOTy CUCTeMbl ypaBHenuit /[ybposuna:

1) Ap(7,t) = A\y,n € Z,

2) Bl o1y, haleln. ) (420 + g 0)
Il 8) &l O + 27, 0) — al)p(r, )+ &l D)0 o 1)+
e ]+ LB + e t) + @)} n € L )
e
) = V& a0y | [ GemsEllame) g
i

Buaku 0,(7,t) = £1,n € Z, MeHAIOTCA IPU KaxXKJIOM CTOJKHOBeHUH TOUKE &, (T,t), n € Z, ¢
IPAHUIAME CBOEf JIAKYHBI [Ao,_1, Ag,]. Kpome Toro, BBITOTHSIOTCS Cre/yromnye HadaabHble
yCJIOBUS

5“(7_’ t)|t:0 = 52(7_) ) 0-71<7_7 t>|t:0 = 0-2(7_) y T € Z? (8)
CJIe,L[CTBI/Ie 1. YuursBaga CbOpMyJIbI cJjie10B

o0 o

p(T, t) = Z (w - gk(’r’ t)) vQ(T’ t) = Z (_1)k_lak(7—’ t)hk:(g(Tv t))’ (9)
Pt e = Y (BT ) (10)
k=—o00

cucremy nuddepeHnnaabHbIX ypaBHeHuit (6) MOXKHO mepenncarb B 3aMKHYTOi (opme.

CaeacrBue 2. Dra TeopeMa JaeT MeTos pertenns 3aaaan (1)-(3). s sToro cnavaa Haii-
JIEM CIIEKTpaJIbHbIe JaHHbIeN,, £9(T), 00 (7) = +1, n € Z, oneparopa L(7,0) cooTBercTByIomume
koadburmentam po(x + 7), qo(zr + 7), 7 € R. O603HAUNM CIEKTPATbHbBIE JAHHBIE OIEPATOPA
L(7,t) gepe3,, &, (7,t), 0,(7,t) = £1, n € Z. Teneps B cucreme ypasrernus (6) ¢ HaIaIbHBIM
ycsioBueM (8) TOCIe0BATEILHO TIOJIOKAM T = Tg U T = 1. Perasi nosydenHyio 3agady Ko-
i, HaxouM &, (o, t),0, (20, t),n € Z, u&,(21,t), 0,(x1,t), n € Z. 3arem u3 HoOpMyIIbl CJIEI0B
(10), oupenenum dyuxuuu p(zo,t),q(xo,t), n p(xy,t), q(z1,t). Iocme sroro noxcrapiasgem stu
JIaHHBIE B cucreMy ypasrenuii (6) u pemas 3aaay Komu (6), (7) mpu mporn3BoJIbHOM 3HAYEHUN
7, HaxonuM &, (7,t), o,(7,t), n € Z. VI3 dopmyn cienos (9), onpenenum p (7,t) u q(7,t), Te.
pemtenne 3a1a9u (1)-(3).
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HEKOTOPBIE PACHINPEHHBIE COOTHOHIEHU I IS
TUITEPTEOMETPUYECKON ®YHKIINU AIEJIA F, (a; by, bs; c; , y)

Xacanos A.!, Tosamiesa E.?

"Mucruryr Maremaruku, Tamkent, Y36exucran
anvarhasanov@yahoo.com;
?Hamanranckuii roc. yausepcurer, Hamanran, Ysoexucran
yorqinoytolasheva@gmail.com

Kapuicon [1]| mpesicraBut onpe/iesieHHbIe CBI3U MeK ity (DYHKIsIMEA Beccesist 1 06001IeHHbI-
MU TUIIEPreoOMeTPUYCCKUMU (DYHKITUAMU, 0000IIAIONNEe HEKOTOPbIe 0ojiee paHHUEe Pe3y/IbTaThl.
3/ech, MbI pasienus rurnepreomerpudeckuii pan Annens Fy (a; by, by c;x,y) Ha mecTHAIATH
YACTH, MBI TOKAKEM, UTO CYIIECTBYIOT HEKOTOPBIE MTOJIE3HbIE U 0O00IEHHbBIE COOTHOIIEHUST MEK-
ny Fi(a;b1,be;c;2,y) u dyaknueit Kamme e @epuer Fig{’gl [z, 9]

[Tokazamno, 9T0 3TN OCHOBHBIE PE3Y/IHLTATHI CHEIUATUIUPOBAHBI JIJI TOJIYYeHUS OIPeJIe/IeH-
HBIX COOTHOMIEHUT Mexk ty dhyHknusMu Laycca, 0606IIeHHBIME TUIIepreoMeTputieckumi g Fy (z4)
1 ssieMeHTapHbiMu byHKIusMu chx. Vicnons3yem ob6o3navenusi, Kak B [2-5| rumepreomerpude-
ckag byukius Annens Fy (a; by, be; ¢; x,y) onpejensercs

— (@)1 (01),, (b2)
Fl (a7 b17b2;c;x7y> - Z (C; m'n‘
m—+n U

m,n=0

2yt x| < 1, Jy| < 1, (1)

rze (), obosnadenns: [Toxrammepa u ompeiesisieTcs: eIy onmM 06pasom

(M= T AeO\z; 2)

Teopema 1. Eciu ¢ # 0, —1, —2,... TO clipaBeJI/INBO CJIEIYIONIEE COOTHOIIEHNE MEXKITY (DyHK-
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nueit Anmens Fy (a; by, by ¢; x,y) u bynkiueit Kamne jge ®epuer Fz}if [z, 94

) - _ (a), (b2), 5 (a)y (ba), 3 (a)3 (b2)3
P (a; b1,:27 ;x,y) = Ay +by—§)c)1 Ay +y YRR (bc>2 ;4 Y (0. (c) b b
X <a>(16() 1)1A —i—xy(a 2 ((;))1( 2)1A6 +:13y2 (a)3;(10))1( 2)2147—1—:1/:3/3 (a)4(6 10))1( 2)3A
2@ (B)y 1 o @ () (b2)y ;o o (@) () (), o g(@)y (B), (b
b (o 1) o (@) b >A B (@ oo >A - @y () >A12
5(a); (b1); 5 (@), (b1)5 (b2), 3 5 (01)5 (b2), 5 3(a)g (b1)5 (b2)s
+z 6 (0), Az + 27y 6(c), Ay + 27y 12 (), A5 + 2%y 36 (c), 16
(3)
rie A; (i = 1..16) Beipaxkarorcsa runepreomerpudeckumu dyukinuamun Kamme jge ®epuer
Fyiy [o,y"] [3]

i a; +s ] bjr st
F{() (by); @);W] w1 () 1), T ()
G| () s (B); ()i

Teopema 2. Ecin ¢ # 0, —1,—2,... TO cIpaBeJjIMBO CJI/YIOIee COOTHOIIEHUE MeXK 1y (DyHK-
uueit Taycca F (a, b; c; x) u o6obmennoit dbynxuueit g Fy ()

. e _ S (a)m(bl)m m
F(a,bl,c,x) —;W.ﬁ
a a+1 CL+2 CL+3 b1 b1+1 b1+2 Z)1—|—3
— 4° 4 7 4 4 4 4
= sf7 cc+1 c—|—2 c+%1243 v
4° 4 7 4 7 4 444
(@), (b) a+1l a+2 a+3 a+4 by+1 b1 +2 by +3 by +4
a), (01); ) ) ) ) ’ ) ) ; 4
g, T oot et e dersterahsst (@)
4 7 47 4 7 4 ’4’474’
26L2 1)9 ) ) ) ) ) ) ) oy
T 2(c), sk 1 et et d c—|—44c+543 5 6_4 boe
4 7 47 4 7 4 ’47474’

(@, (5) a-+3 a—i—4 a—+5 a+5 bi+3 by+4 by+5 by +6
31%)3 O1)3 4 4 44 g
6 (0, sl Yorderderstered o 7 S

4 7 47 47 4 7444
e [3,5]
- o 1),
F ) PR =1 m.
|:617627"'7 :| 'mZ:Oﬁ )

=1
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CUCTEMA JU®PEPEHIIMAJIbHBIX YPABHEHUN B YACTHHIX
ITPOM3BOJAHBIX JIJISI OTHOT'O KJIACCA TUIIEPTEOMETPUYECKON
OYHKIINN KAMIIE JE ®PEPUET YETBEPTOI'O IIOPAJKA C IBYMA

ITEPEMEHHBIMN

Xacanos A.!, Kosumosa 0.2

YMucruryT matemarnkn, Tamxkent, Y30ekncTam
anvarhasanov@yahoo.com
?Hamanranckuii roc. ynusepcuter, Hamanran, Ys6ekucran
odinakozimova@mail.ru

['unepreomerpudeckue (GyHKINM 3aHUMAIOT BaXKHOE MECTO B PsJIy CHEIUATbHBIX (DYHKITUT
MaTeMaTudeckoil pu3uku. B HacTOAIUIT MOMEHT CYIIECTBYET, 110 KpaitHeil Mepe, 4eThbIpe Mo/l
XOJIa K U3YYIEHUIO CBOMCTB THIIEPIeOMETPUIEeCKO (PYHKITMN MHOTUX IepeMeHHbIX. Takne (pyHK-
MU MOT'YT OIIPEJIEIATHCSA KAK CYyMMbI CTEIIEHHBIX PSIJIOB OIPEJIEJIEHHOIO BUJIa (TaK Ha3bIBAEMBIX
rUIepreoMeTpryIecKue psijibl), Kak narerpas tua Mesunaa-Bapcea, kak perenust cucreM jud-
bepenrmanpabIx ypaBaenuii [1-4].

Pacemorpum creyrontyio runepreomerpudeckyto dbyukimo Kamrme qe @epuer [7]

33| a; byed; bicr,dy; — (@)1, (), (01),, (0),, (1), (d),,, (dr),, . .
R P ] = Y ey ()

= el oenfuon (€)m (€1)y (F) (1) (@)1 (90),, 10! ’

m,n=0
rae (M), obosnauenus Iloxrammepa i ompeesisiercs CaeAyonmM oopasom [5-7]

W= g e C\Fr. @)

Teopema. Eciu a,b,c,d,by,c1,dy € C ue, f,g,e1,f1,51 € C\Z,, Z, = {0,—1,-2,...} 1o
runiepreomerpudeckast dyukiws Kamime ge @epuer (1) yaoBiaeTBopsier CIIYIONYIO CHCTEMY
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JuddepeHnuaabHbIX YPABHEHNNH B 9aCTHBIX TTPOU3BOTHBIX

3 (1 — &) Upgaw — TYUgzay + e+ 9+ [ +3—(a+b+c+ d+6) 2] 22Uy
—(b+c+d+ 3) 22 YUy,
+lef+teg+ fg+e+f+g+1
—(ab+ac+ad+bc+bd+cd+3(a+b+c+d+1)+4)x] ruy,
—(be+bd+cd+b+c+d+1)zyuy,
+{€fg_(abc—l—abd+acd+bcd )x]u
+ac+ad+ab+bc+bd+cd+a+b+c+d+1 v
—bedyu, — abedu = 0,
(1—vy) uyyyy_xygumyyy+ ler+fit g +3—(a+bi+ci+di+6)y y2uyyy
(bl + +d1 +3) Iy2uxyy
+lefiteg+ fignte+fitag+1
— (aby + acy + ady + bicy + bidy +c1dy +3(a+ by + 1 +dy + 1) +4) y] yuy,
—(b101+b1d1 +Cld1 +bl—|—01 —|—d1+1) TYUgy
+ f . a6101 +6Lb1d1 +CLCld1 +Z)101d1
c1/191 —|—a01+ad1+ab1+b101 +b1d1+€1d1 +a+b1+01 +d1—|—1 Y| Yy
—bicrdizu, — abicidiu = 0,

(

<

\

(3)

HokazarenabcTBo. [TokaxkeM cripaBeyInBOCTb IEPBOTO ypaBHeHUst u3 cucreMbl (2). Vcnob3yst
dopmyny guddepeHnnpoBaHus

I a3 [ a; b,c,d; by, cr,di; (@)iy; (0); (br); (), (1), (d); (),

= 1Ly T, Y| =
axlayj 0;3,3 e, f, g, €1, f17 g1; (e)z (el)j (f)z (fl) i (g)z (gl)j
. Yidji b4icdid4i b+ e+ g, dy + s
XF1.73’3 a 3 .7 .7 .a -7 _7 .7
033 — eti ftigti et fitigts Y (4)

= i aﬂ”m+n(b“>m<b1+j>n(c+i)m<cl+J)n(d+i>m(d1+j>nmm n
(e+1i),, (e1+4), (f 1), (f1 + 1), (g +10),, (91 +4), mn! y

)

m,n=0
ompenesideM BCEe IIPOU3BOJHBIC BXOJAAINNWE B ypaBHCHHE W HUX IIOJACTaBJIACM. TOF,IL& MBI II0CJIE
HEKOTOPLIX 3JIEMEeHTapPHbIX Hpeo6pa303aH1/H71 IoJrydaemM CJIG,HyHJ,I/If/'I BbIpazKeHue

\

( (M3 +em? + gm? + fm? +efm+egm+ fgm+efg)
(a+m+mn)(b+m)(c+m)(d+m)

o0 (e+m)(f+m)(g+m)
Z B (m,n){ —m*—m?n—am® —bm* — cm?® — dm? syt =0, (5)
m,n=0 —bm?n — em®n — dm®n — abm? — acm? — adm?

—bem? — bdm? — edm? — abem — abdm — acdm
\ —bedm — bemn — bdmn — edmn — bedn — abed

rjie

(@min (0), (01),, (), (1), ()., (1),
() (1) (F) (F1) (@) (92),, mInt

B(m,n) =
YuaurbiBag TOXKIECTBA

m® +em? + gm® + fm® +efm+egm+ fgm+efg = (e +m) (f +m) (g +m),
m* 4+ am?® + bm? + em3 + dm?3 + bm2n + em®n + dm?*n + abm? + acm?

+adm? + bem? + bdm? + cdm? + abem + abdm + acdm + bedm + bemn 4 bdmn
+edmn 4 bedn + m?n + abed = (a +m +n) (b+m) (c+m) (d + m)
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ybeK 1aeMcst, YTO BbIpazkenue (purypHoit ckobke B (5) paBHA HYJIIO.
AHanornvnble UCCye0BaHUs PACCMOTPeHbl B paborax [8-10].
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IMPAMAZ4 CITEKTPAJIBHAYA S3AJAYA OJId CUCTEMBI
3AXAPOBA-IITABATA

Xacaunos N.N.

Byxapckuit rocyapcTBennblii yHupepcutet, Byxapa, Y36ekucran
ihasanov998@gmail.com;

[Tocsie Toro kak 3axapos u [1ladar (311) B 1971 romy nmokaszasm,4To HeJMHEHOE ypaBHEHUE
[Mpemunrepa (HYIID) moxkeT GbITH TPOUHTErPUPOBAHO METOIOM OOPATHON 3a/1auu, paHee Mpu-
MeHeHHOro K ypaBHenuio Kopresera me @pusa, nHTepec K 9TOMYy yPaBHEHHIO BO3HUK BO BCEX
obiacTsax PU3MKM, TJe MMEIOTCS BOJHOBBIE cucTeMbl, moroMy dro HVII onmcbiBaer orumbaro-
Iy JJid Y3KHX BOJIHOBBIX ITYYIKOB.

Cucrema 3axaposa-Illabarta nmeer BuI

o - e A [l .

rime o = —1 ajig HopMaJIbHOK B 0 = 1 AJ19 aHOMAaJIbHOU IUCIIEPCHH.
PaccmarpuBaeM moTeHnmast ¢ ¢ mpejaeaaMu Ha 6ECKOHEIHOCTH

q(t) = pe®= mpm t — —oo, q(t) = pe’*t upu t — +oo0. (2)
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CrenaeM 3amMeHy

q=e€"q, =11, Py=e"iy, (3)
TOIJIA TOJIyYUM CHUCTEMY
O] _[-i¢ ] [ A
7 I P~ T ( )
o), =0 ic] |
U aCUMIITOTUKI .
q(t) — pe mpu t — —oo, G(t) — p mpm t — +00, (5)
rjie 0 = 6_ — 0,.. [lanee Bosiny Ha/i OyKBAMU OIIYCKAEM.

Cucrema (4) nMeeT aCUMITOTHYECKIE PEIEHUST

4 1
Vo XX X e
+ it 1
XS =e e npu ¢t — 00,

U= X, e Xy, Xjazeﬁmlwigw],

, 1
- ¢
, =e' L.ewgﬂl , ipu t — —00,
P

(€)= V¢ +op
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B nannoit pabore msydaercd Harpyzkennoe ypasHeHue Kopresera-jge @pusa, a UMEHHO pac-
CMOTPUM CJIeJIyIOlee ypaBHEHNEe

ur + B(t)u(zo, t) (Uggr — 6uuy) + y(t)u(z, t)u, =0 (1)
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riae 5(t) u y(t) - 3amannble HenpepbiBHO Tuddeperiupyemble GyHKIUN U To, 1 € R. YpasHe-
rue (1) paccmarpuBaeTcs Ipu HAYAIBHOM YCJIOBHU

uw(z,0) =ug(x), xR (2)

rje HavdasbHas DYHKIWs Ug(x) uMeer ciieyonue cBoiictsa: 1)

/_ (11 Jo) o) dr < oo (3)

o0

2) Omneparop L(0) := —% + up(z), = € R umeer posrno N OTpUIATETHHBIX COOCTBEHHBIX
saadennit A1(0), A\2(0), ..., An(0).

Tpebyercst HafITH TOCTATOTHO TIAAKYI0 QYHKIUIO U (T, t), TOCTATOYHO OBICTPO CTPEMSIIIASICS
K CBOUM TIpejieiaM B & — 00, T.9.

[ (@

[lesbi0 maHHO# PAbOTHI sIBJIsIeTCs pa3paboTKa AJIrOPUTMa IIOCTPOEHHUsI pertternst u(z, t) 3a/1a-
qu (1) - (4) MeTooM 06paTHOI 3a/1aun paccestHust JJist CaMOCOTPsizKeHHOro onieparopa ITypma-
JInyBuLIA.

OCHOBHBIM PE3YJILTATOM JIAHHOH PabOThI SIBJISIETCS CJIEIYIOIIAs TEOPEMA.

Teopema. Eciun dbyukiws u(z, t)asasgercs pemenneM 3agaqdu (1) - (4), To JaHHbBIE paccesi-
aust {rT(k,t), \,(t), By(t), n =1, N} oneparopa L(t) ¢ norennuanom u(z,t) yIoBIeTBOPSIOT
caeyronmmM AuddepeHIuaiIbHbIM yPaBHEHIAM

Hu(x,t)
u(x, t) + lw‘ ‘

)dx<oo, j=1,2,3. (4)

dx;(t)
T
W = (8ik*B(t)u(wg, t) — 2iky(t)u(zy, t))rt (k,t)
d]i;(t) = (8x3B(t)ulxo, t) + 2xny(t)u(z1, 1) By(t), n=12,...,N.

Bameuanune. [losyueHHbIe COOTHOIEHNsI TIOJTHOCTHIO OIPEJIEIAIOT IBOJIOIUIO JAHHBIX PAC-
cesiHus /71 omeparopa L(t) n TeM caMbIM MO3BOJIAIOT MIPUMEHHTDH METO 0OPATHOI 3a1a9n J1Ist
pemenus 3agaan (1) - (4). Iyers gana dymkmma (1 + |z|up(z)) € L(R). Barem pemenne
IPOBJIEMbI HAXOJUTCS 110 CJIJLYIOIEMY aJlOPUTMY.

Pemaem npsiMyio 3ajady paccesiHus ¢ HadaJbHON (byHKuueil ug(z) u nosydaeM JaHHBIE
paccesrus {r*(k), x1, X2, .-, Xn, B1, Ba, ..., By} s oneparopa L(0).

Ucnonb3yst pe3yabTaTsbl TeOPeMbl, HAXOIUM JIAHHbe paccesanst s ¢ > 0:

{TJr(kvt)? Xl(t)7 X2(t>?"'7 XN(t)v Bl(t)a BZ(t)v“'u BN(t>}

Ucnonib3yst MeToJ1, OCHOBaHHBIN Ha WHTErpaJbHOM ypaBHenun lenbdania — JleBurana —
Mapuenko, periaem 0OpaTHYIO 3a/ady paccesHusd, T.e. HAXOAUM u(x,1) W3 JaHHBIX PACCETHUS
st t > 0, MOJIyIeHHBIX Ha MPEIbIIYIIEM Iare.
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KPAEBAA S3AIJAYA OJId HATPY2KEHHOI'O
ITAPABOJIO-TUITEPBOJINMYECKOI'O YPABHEHUNA TPETBET'O
INOPAJAKA C TPEM{ JIMHNAMUN NSMEHEHNSA TUITA

XoJgoekos 2K.A.

TarmkenTcKuil rocyIapCBeHHbIN TEXHUYECKU YHUBEPCUTET, TammKenT, ¥Y30eKucTan
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Paccmorpum ypasHnenue

0
—(Lu) =0 1
(L) )
rie
Ugy — Uy, (.’L’,y) € QO7
Ugy — Uyy, (x7y> € Qla
Ugy — uyy - Nlu(ovy)a (J?, y) € Q27

Ugy — Uyy — #QU(Ly)v (ZB,y) S Q3

Lu

3
B obmact 2 = Y QU AB U BC U DA, tae )y — 001acTb, OrpaHHYeHHAsT OTPE3KAMU
=0
AB, BC, CD, ZJ)A mpambix y = 0, x = 1, y = 1, x = 0 coorBercTBeHHO; {27 — 006J/IACTD,
orpanmdeHHast orpe3skoM AB mpsimoit y = 0 u aByms xapakrepucrukamu AN n BN ypapHe-
mns (1), Bexogsmummu u3 Touek A(0,0) u B(1,0), nepecekaromumucs B Touke N (0,5; —0,5);
s — obsracTb, orpannydennas orpeskom AD mpsimoit x = 0 u aByms xapaktepuctukamu AK
u DK ypasuenns (1), Berxopsmmmu n3 todek A(0,0) u D(0, 1), mepeceKalonuMucsa B TOUKe
K (=0,5; 0,5); Q3 — obiacrb, orpanndentasi orpeskoM BC' npsmoit x = 1 u 1ByMsI XapakTre-
puctukamu CM u BM ypasuenus (1), Beixoggmumu u3 touek B(1,0) u C(1,1), nepecekato-
mpmuca B Touke M (1,55 0,5) . B ypasuenun (1) p; (j = 1,2) — 3aganmble JgeiicTBUTEIbHbIE
qucIa, IpuIem

Omnpenesienne. Ecm dyaknmsa u,, € C(Qy), Uy € C (), Uy € C(QNQY;), u €

C? (5 UQ3) n ynosnersopsier ypasuennio (1) B obmactax Qo u Q;(j = 1,3), To dynkuus
u(x,y) HABBIBAETCS PErYJIsIPHBIM perlieHneM ypaBHeHus (1).
Banaua Bj. Haiitu perynspuoe B obmacrsax Qg u Q; (j = 1,3) pemenue u(z,y) ypasHe-

uusi (1), HenpepbIBHOE B 3aMKHYTO# obj1acTu ), yJI0BIETBOPSIIOINee YCIOBUIM CKJICMBAHUST Ha,
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JIMHUSAX U3MEHEHUs! THIIa,
uy(x,4+0) = uy(x, —0), uyy(r,+0) = uyy(z, —0), 0 <z < 1,
Uz (+0,y) = up(—0,9), up(1+ 0,y) = u (1 = 0,y), 0 <y <1

U I'PaHUYIHBIM YCJIOBUAM

_ Ou(z,y)| 1 Ou(zy)| 1
u<$)y)|AN_¢1<x>7 9 an AN_SOQ(ZE)’ S [07 §:| ) 8n BN_SO3(I)7 HAS 571 )
ou(z,y) 1
u(xay)’AK:@ZL(y)? on AK:(;OE)(y)) Ogyg 57
ou(x, 1
ue oy = walr). D oy, S<y<
n oM 2

I7le n— BHYTPEHHsS HOpMaJib, a @;(z) (j = 1,7) — 3amannble QyHKINH, IPIIeM

4 (3) =4 (3) w0 =a0 a@ec ogne(03). @

pa(x) € C! E;l] nce (%;1) , pa(x)eC! {0; %] nC? (0;%) : (4)
ouly) € C {0,1} nes (o,l), o5 (y) € C! o%} ne? (o%) (5)
1

1 1 1
we(y) € CH |, 1| NC?*(=,1), pr(y)eCt|=1|NnC?(=:1). (6)
2 2 2 2
Bamernm, aro 3amada Bo 1ys ypasrenus (1) B obmactu 2F = Qg U €y u3ydens B pabotax
[1]- [2].
JlokazaHa cJeayioijasi Teopema.
Teopema. Eciu Boimossenst yesmosust  (2) - (6), To B obnactu {2 CymiecTByer einH-
CTBEHHOE PeryJsipHOe peleHune 3a1a4qu B.
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Hns ypasuenus (signy)|y|™ugze + uyy + (Bo/y)u, = 0, paccMarpuBaeMoro B HEKOTOPOii CMe-
[IAHHOW O0JIACTH, JOKA3aHbl TEOPEMbI €JIMHCTBEHHOCTH W CYIIECTBOBAHUS DEIIeHUs 3ajadu C
yeaoBusimu Buriaize—CaMapcKoro Ha HOpMaJIbHON KpHUBOii ypaBHeHun (1) u Ha OTpe3Ke JIMHUT
BBIPOXKJICHHS , & TaKyKe C ycJoBusaMU [eliepcrera Ha YaCTU MPAHUYHON XapaKTePUCTUKUA U
Ha I1apaJijleIbHON el BHyTpeHHell XapaKTepUCTUKE.

[.IloctanoBka 3amaum 7. Ilycts D— KoHedHas OJHOCBA3HAA O0JIACTH KOMILIEKCHOI
IJIOCKOCTH z = X + iy, orpaHudeHtHas npu y > 0 HOpMaJbHOI KpuBoii og(y = oo(z))
22 + 4(m + 2)"2y"™ ™ = 1, ¢ xonnamu B Toukax A(—1,0), B(1,0), a npu y < 0 — xapakTe-
puctukamu AC u BC' ypaBHeHust

(signy)|y|™ ez + gy + (Bo/y)uy =0, (1)

rJie m— MOJIOYKUTEJIbHAs MOCTOsIHHAS, By € (—m /2, 1).

O6osznaunm yepes DT u D~ gacru obaactu D, jnexkaliye COOTBETCTBEHHO B HOJIYILJIOCKOCTSIX
y>0uny <0, adqepe3 Cy u C Touka nepecedenns: xapakrepuctuk AC' u BC' ¢ xapakTepucTu-
kamu ypasaenust (1), Borxogmux u3 rouku F(c, (), rjie ¢- HeKOTOpoe YHCI0, TPUHA/IJIeXKAIIee
unrepsaiay I = (—1,1) ocu y = 0.

C. Tequtepcrer [1,c.186, ¢.201| mus ob6obmiennoro ypasaenus O.Tpukomu uccseroBas 3a-
JIavu, MPU ITOCTAHOBKE KOTOPBLIX B TUIEpOOIMYEcKOil dacTu objiactu [) 3HAYEHUs] MCKOMOTO
peIeHnst 3aal0Tcs Ha IBYX KyCKaX XapaKTepuCTHK pasHoro cemeiicrsa K Cy u ECT nm ACy n
BC, . Ilpu 5T0M B 9/1IMIITHYECKON 9acTu obact [ TpaHuYIHbIe 3HAYEHUsT 33/1aI0TCsT Ha TTPOW3-
BOJIbHO# KpuBoil 0y. Hacrosimas padbora orninuaercs ot 3ajaqn [esteperenra TeM, 9To 3/1€Ch B
YCJIOBUSAX 33149 3HAYEHUs] ICKOMOI'O PeIlleHnsl 3a/al0TCs Ha XapaKTEPUCTUKAX OJJHOIO ceMeii-
CTBa T.e Ha 'paHUYHON xapakTepuctuke ACy 1 apaJjie/IbHON eif BHyTPEHHOM XapaKTepUCTHKe
ECy

Bagaua Ty. Tpebyercs naiitu B obnactu D dynknuio u(x,y) € C (E), YJIOBJIETBOPSIOITLY IO
CJIEJTYIONIAM YCJIOBUSIM:

1) dynkius u(x, y) npunagieskur C? (D1) u ynosnersopser ypasuenuio (1) B obnactu DT

2) dyuknus u(x,y) asasercsa B obmact D~ 06obimeHHbIM perierneM Kiaacca Rq[1, ¢.104];

3) Ha UHTEpBaJie BBIPOXK/IeHUA AB MMeeT MeCTO yCIOBHe CONPSIZKeHUS

ou ou
; _.N\Po — 1 Bo
ylggo( Y) 9y Jimy 3y’ v €1\ {c}, (2)

pUYIeM 9TH Tpesebl ipu £ — +1, £ — ¢ MOTYyT UMeTh OCOOEHHOCTH TOPsjIKa HuXKe 1 — 23,
rae 5= (m+206)/2(m +2) € (0,1/2);

4) 11 JOOBIX T € I BBIIOJIHAIOTCS PABEHCTBA

u(z,o00(x)) = a(z)u(z,0) + p(x), = e[-1,1], (3)
U(ZL‘, y) |AC(): 1/}0(@: x € [_17 (C - 1)/2]7 (4)
w(z,y) [pe,= ¥1(x), = €le (c+1)/2], (5)

Oyukiun a(x), p(x), Yo(zr),v1(r) 3amans u p(z) € C[—1,1] N C%(-1,1), ¥o(x) €
C[-1,(c=1)/2]NnCY*(=1,(c—1)/2), ¥1(z) € Cl(c+1)/2,1]NC**((c+1)/2,1), ap € (0,1),
npmson (z) = (1 — 22)F(), e Bx) € CV90[—1,1] N1 CO(~1, 1), go(—1) = 0, ¢1(c) = 0.

Bamerum, uro ycaosue (3) sBagercs ycaosueM Bunasze-CaMapckoro Ha 0y M Ha OTPE3Ke
BeIpozKienns AB, a yciosus (4) u (5) ecThb COOTBETCTBEHHO ycyoBue Lesuiepereira 3a1amnoe
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Ha TpaHnvHOI XapakTepuctuke ACy u Ha BHyTpeHHeil xapakrepuctuke FCy . [Ipn ¢ = —1 nim
¢ = 1 u3 3agaun ciepyer 3aga4da Tpukomu [1,c.128].

EuncTBeHHOCTD perenns 3aa49u 1( JTOKa3bIBAETCsI ¢ TIOMOIIBIO aHAJIOTa IIPUHIIAIIA SKCTPe-
myma A.B.Bumasze [3, ¢.301], a cymecrBoBanus perenns 3a1aqu Tj T0Ka3bIBACTCSI METOIOM
TEOPUH PEryJISPHBIX U CHHIYJISPHBIX HHTEIPAJbHBIX ypaBHEeHHI [3].
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HEJIOKAJIBHA4A SAJAYA OJI4d BBIPO2K TAIOIITEI'OCAd BHYTPU
OBJIACTHU TUITEPBOJIMYECKOI'O YPABHEHUNA C CUHI'VJIAPHBIM
KO®PUITNMEHTOM

Yopuena C.T.!, Yopuen X.
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PaccmoTpuM ypasHenue
m
— Y| gy + Uy — @uy =0, m>0. (1)

[Tycts €2 KOHeYHAasT OJHOCBA3HAS 00JIACTD MJIOCKOCTH HE3ABUCUMBIX IIEPEMEHHBIX X, 1, Orpa-
HIYeHHAs XapaKTepucTukamu ypasuenns (1).
Bamaua I'. Haiitu B obs1actu {2 perysisgpHoe perieHne

_ U1<$,y), ($7y)69129ﬂy>0,
U(xjy) B { Ug(l’,y), (xay) € Q? = Qﬂy > 0.

ypasuenus (1) u3 kimacca C' (Q_l U Q_2> N C? (ﬁ\ AB ) YIOBJIETBOPSIONIEE KPACBBIM YCIOBUAM

w09 ()] = w07 (2)] + paw [0 ()] +

1 1
+§M1Uj(p1(ff)> 0) — 5#2%’@2(37)7 0) + d;(x), Vo € I = AB, (2)
3j1ech, j = 1 coorBercTByeT obsactu ()1, a j = 2 coorBercTByeT obsactu (s, p1(x) = a; + byx,

po(x) = as + box, ryie a; = %H, b; = ]]z:}, 1 = 1,2 1 ycJIOBUSAM CONPSIKEHUS
1 2

Jim (@, y) = ¢ lim us(2,y), Vo € 1, (3)
tim 32— o) lim (—g) 322 L A@), Ve e I, (4)

y—+0 Yy y——0 Y
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e 9(3')(93)(0,(?]1' ) (x), 9,(:2 ) (x)) adbdukc Toukn nepecedenust xapakrepuctuku BC; (Kpusoit x +
[2k;/(m + 2)] | y |"+P/2= 1, nexameit BryTpu obmacTu ;) ¢ XapaKTePUCTHKOI, BHIXOAIIEH
u3 rouku M (xg,0) € I; ¢ = const; pn, po = const; 6;(x), p(x), A\(x) 3anannsie GyHKIH U3
knacca C2(1) N C3(I), npudem

(1) =7'(1) =7"(1) =0, (5)

p(x) —c#0, ki >k > 1, 6/7(1) =0, A\M(1) =0, n=0,1,2.
Teopema. 3ajaga ' npu BbITIOTHEHUN YCJTOBUI

AL+ g < 1, (6)

— b i —_
e A\p = bt T 0, k= 1,2 ogHo3HAYHO pa3perinMa.

KoppekrHocts 3a1aun [' gokasbiBaercs MeTooM paboTsl [1].
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Obparnble 331291 JJIs [ICEBIOTAapA00IMIeCKUX YPABHEHUI TPETHErO MOPsIKA BO3ZHUKAIOT,
HarpuMep |1], mpu onpeiesiennn bUIBTPAIMOHHBIX ITAPAMETPOB TPYHTOB 110 HEKOTOPOit nHGOP-
MalIli1 O peleHnn ypaBuenus puabrpanuu. B mannoit pabore paccMoTpena mpsiMasi 1 oopaTHasd
3aJ1a9a, IS TICEBI0ONapad0JIMIecKOro yPaBHEHUS:

Ui(z,t) — Ups(x,t) — Uppe(,t) = /0 Kt — 7)[Ugat(x, 7) + Upe(x, 7)]dT, (1)

(2,t) € Qr = {(x,t)] x € R, t € (0,T]}

Bagaua Komm. Haiitn dyukmumio U(x,t) npuHaIeKaItyo CIEQ’U(QT), VIOBJICTBOPSIIYIO B
KJIACCHIECKOM CMbIC/Ie ypaBHeHuto (1) u HauaabHOe yCa0BHe

U(z,0) = Uo(x) (2)

Ob6parnas 3amada. Haiiru sinpo K (t), t € [0, T, ecoin pemenus 3aada Kormmu (1), (2) 3aman0
J1s1 (PUKCUPOBAHHOTO To € R :

Ulxo, T) = f(t), t€[0,T] (3)
Jlemma. ITycmo Uy(z) € CE(R), K(t) € C0,T]. Toeda cucmema ypasnenud (1) — (2) asxeu-

saneHmHa caedyrowets 3adaye:

U — Upet — Uy = 7(0)U (2, t) — Up(2)7(t) + /Ot r'(t — 7)U(x, 7)dT (4)
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Uli=o0 = Up() (5)

r(t) = K(t) + /0 K(t—7)r(r)dr (6)

Teopema. [lycmv svinoanenvs yciosue aemmovr U ycaosue coznacosanus Uy(zg) = f(0).
Tozda cywecmsyem eduncmeennoe pewerue obpamnot 3adavu (3) — (6).
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IV SHO‘BA: HISOBLASH MATEMATIKASI
VA MATEMATIK MODELLASHTIRISH

CEKINA Ne 4: BBIYVICJINTEJIbHAA MATEMATUKA
N MATEMATNYECKOE MOAEJ/JINMPOBAHINE

SECTION No. 4: COMPUTATIONAL MATHEMATICS
AND MATHEMATICAL MODELLING

EXTREMAL FUNCTION FOR ERROR FUNCTIONAL OF OPTIMAL
INTERPOLATION FORMULA IN ;%" SPACE
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We consider the following interpolation formula
N
p(x) = Py(z) = Y Cy-plag). (1)
8=0

Here C and =3 (€ [0, 1]) are the coefficients and the nodes of the interpolation formula (1),
respectively[1-3].
We suppose that functions ¢ belong to the Hilbert space

WQ(?’I) ={p:[0,1] = R | ¢ is abs. cont. and ¢” € Ly(0,1)},

o

equipped with the norm

1 1/2
ol = { [ @ +a¢<x>>2dx} @

0

were 0 € R and o # 0. The inner product of functions ¢ and v in the space WQ(’QU’U is defined as

(g = [ (@) + o @) (W) + o0 (@)

The error of the interpolation formula (1) is the following difference

N

(b9) = 0(2) = Y Co(2)p(as),

B=0
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which is the value of a functional ¢ at a function . The functional ¢ is defined as

N

Uz) = 8(z —2) =) Co(2)d(x —z5) (3)

B=0

and it is called the error functional. Here ¢ is the Dirac delta-function.

According to the Riesz theorem any linear continuous functional ¢ in a Hilbert space is
represented in the form of a inner product. Therefore, in our case, for any function ¢ from
Wz(?a’l) space, we have

(& 90) = <<)07 w€>W2(2071) (4)
and
1ell 0= = l[ellyen-

Here, 1, is the extremal function for the functional /.
It should be noted that according to the Cauchy-Schwarz inequality the absolute value of
the error of the formula (1) is estimated by the norm of the error functional as follows

€D < Wllyge - [Pl

It should be noted that the function v, satisfying the equality in the last inequality is called
the extremal function for the functional ¢ [4].
Using the integration by parts for the inner product (i, W)W(z,l) we have
2,0

e /0 (" (2) + 0@ (2)) (W () + ovi(x))dz = &' (x) (V) (x)

— (@) (7" () — o*¢y(2))

0

1

" / (W1 () — o™ (@) pla) .

0

+oiy(z))

Hence for ¢, we come to the following differential equation

¢ (@) = o*Py(z) = —l(z) (5)
with the boundary conditions

—0. (6)

0

(W7 (@) + o) | =0, (=¢7'(2) + o*¢(x))

0

Theorem 1. The solution of the boundary value problem (5)-(6) has the following form

@ZJ((IL‘) = g(l’) * Gz(l’) + )\16_090 + )\2,

where Gy(x) is a fundamental solution of the operator % - 02% and it has the form
Gx) = _sgn(q;) (—20:U +e7" — e“”)
( 403 '

Furthermore, 1, is the extremal function for the error functional £.
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We apply interpolation to the convolution (.FglA) * (Rpf) where A is the low-pass filter.
Denoting this interpolated function by Z, we then approximate the value f(x,,,y,) at each
point in the image grid by

Q

1
f(xnwyn) §BDI($m7yn)

N-1
1 km ) km\ km
= N kEO 7 (xmcos (W) + ypsin <W> ’W)

As a test case, we will use the radially symmetric phantom shown on the left in Fig.1.
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Fig.1. A radially symmetric attenuation function and its Radon transform.

e We use Python to compute the (discrete) Radon transform of this phantom;

e The next step is to choose a low-pass filter A and compute its discrete inverse Fourier
transform, ]-"BlA. When we interpret our low-pass filter as a 2L-periodic discrete function
that vanishes outside the interval [—L, L], the effective sample spacing for ' A is given
by 1/(2L). We then compute the discrete convolution (F,'A) * (Rpf). The two discrete
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functions must have the same sample spacing, so we want to have 1/(2L) = 7. In practice,
the value of 7 is determined by the scanner, and,therefore, we set L = 1/(27) for the low-
pass filter.

For our test case, we use the Shepp-Logan filter and compute a separate discrete
convolution for each angle.

e Next, we select a method of interpolation. We will evaluate the discrete back projection
only at a finite set of points {(z,,,y,)} that define the grid in which the final image is to
be presented. We need interpolation in order to assign values to (]—" D 1A) x (Rpf) at the

points
{(xmcos(km/N) + ypsin(kw /N), kr /N)}.

We could execute an optimal interpolation formula

N

p(a) = Py(z) =) Calx) - plp),
5=0

with equal spaced nodes in W2(1’0) space [1-3]. Coefficients of the optimal interpolation
formula have the following form

é’g(Z) - m [Sgn(z — hﬁ — h) . (ehﬁ-i-?h—z . ez—hﬁ)
+sgn(z — hB + h) - (ehP=% — ez=hB+2h)
+(14€2h) - sgn(z — hf) - (e — ehB=2) ||

B=0,1,..,N.

In this case, for each angle in the scan, a separate spline is computed to fit the data
given by the corresponding row of the matrix of filtered X-ray data. Then, for each point
(Zm, yn) in the image grid, we interpolate values at the desired points.

e Now that we have carried out the interpolation, we finish by applying the discrete back
projection. For each point in the image grid, we compute the average, over all angles in
the scan, of the corresponding interpolated values of the filtered X-ray data.
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We consider the following quadrature formula

/0 p(a)de = 3" Cup(hk). (1)

Here C}, are the coefficients of formula (1), h =+, N € N, ¢ € W™ (0,1).
We denote by Wi™™™1(0,1) the subspace of Wz(mm Y(0,1) [1,3] consisting of real-valued,

m,m—1
1-periodic functions. Notice that every element of the space W2 : satisfies the following

condition of 1-periodicity [2]

o(x+ B) = () forr € R and 8 € Z.
This space is equipped by the norm

1
1 2

I llgzgmm-s = / (60 (2) + ¢ (2))? da
0

The error of the quadrature formula (1) is the following difference

(€)= [ o)z =3 Cuplib)

where

o= | " U)p(2)d,

o0

and the corresponding error functional is

U(z) = (5(0,”@) —) Cid(z - hk)) % do(2). (2)

k=1
Here €(o1)(2) is the indicator of the interval (0,1] , 0 is the Dirac’s delta-function,
—~ (m,m—1) sl
p e W, , do(z) = >0 6(z—P).
B=—00

—~ (m,m—1)
The problem of constructing optimal quadrature formulas in the space Wz( ) is the

calculation of the following quantity:

Wa

=inf  sup (L)
G ol - )=
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The error of the quadrature formula (1) is estimated by the norm of the error functional.
According to the Riesz theorem any liner continuous functional ¢ in a Hilbert space is

represented in the form of an inner product. Therefore, in our case, for any function ¢ from
N(mvmfl)

2 space, we have
(€,0) = (e, 0) 7 (mom-) (3)
and
||€||mf—7;(m,m71)* = ||¢é||mf};(m,mfl). (4)

Hence for calculation of the norm of the error functional we need to calculate the extremal
function 1. Then using (3) and (4), we derive

N2
(0, ) = ||€\|Vf[72<m,m—1>*-
In the present work we obtain the extremal function and we have the following result.
Theorem 1. The extremal function v, of the error functional (2) of the optimal quadrature
formula (1) has the form:

Yo(x) = (=1)"™l(x) * G () + p,

where p = const and

00 o
e 2mwifx

G(z) = Z (2mi3)2m) — (2mi3)2m=2)"

B=—00
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I'OCT P 34.12-2015 (KUZNECHIK) SHIFRLASH ALGORITMINI TAHLILI
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Kriptografik algoritmlardagi har bir akslantirishning matematik modelini qurish, bu
akslantirishlarning kriptotahlilchi tomonidan kriptobardoshligini nazariy baholash uchun
dolzarb hisoblanadi. Biz bu tezisda TOCT P 34.12-2015 (Kuznechik) kriptografik algoritmining
har bir akslantirishini matematik modelini tuzdik. Hosil bo‘lgan bul funksiyalar yordamida
akslantirishlarning ta’sir bitlarni, algebraik chizigsizligini aniq baholash mumkin bo‘ladi. |2]
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Kuznechik (eng. Kuznyechik yoki rus. Kysmeunk) - simmetrik blokli shifrlash algoritmi
bo‘lib, blok o‘lchami 128 bit va kalit uzunligi 256 bit SP-tarmog‘iga asoslangan. Nomi KV 3-
HEYNK = KVY3uenos, HEHaes 11 Komnanus. Shifrlash algoritmida kalit aralashtirish (Xor),
S - chizigsiz akslantirish, L - chiziqli akslantirish kabi amallar bor. [3]

Kalitni xor qo‘shish. Kalitni xor qo‘shish X (K;, M) - raund kalitini qo‘shish akslantirishi
bo‘lib, chiquvchi baytlar quyidagicha (1) formula bilan aniglangan.

X(K;, M)=K,&M,i=T1,10
.:Ej:kj@mj,j:O,U?

S-chizigsiz akslantirish. S(X(K;, M))(i = 1,10) -bu chiquvchi baytlarni matematik
murakkab bo‘lgan biektiv akslantirish asosida akslantirish hisoblanadi. TOCT P 34.12-2015
da oldindan aniglangan statik jadval asosida almashtirish amalga oshiriladi. [1]

S-chizigsiz akslantirishda abcdefgh kiruvchi, Yoyry2y3yaysysy7 chiquvchi bayt kabi
belgilashlar kiritamiz. Bu chizigsiz akslantirishdagi y; (i = 0,7) chiquvchi bitlarni 6
o‘zgaruvchili (a,b,c,d, e, f, g, h) 8 ta funksiya shaklda ifodalash mumkin.

L - chiziqli akslantirish. L-chiziqli akslantirish L(S(X(K;, M))) - bu GF(2%)[z]/ 2% +
2" + 2% + x + 1 maydonda ko‘phadlar ustida amal bo‘lib, undagi akslantirish chiquvchi bitlari
formula bilan aniglanadi.

yo—
-ﬂ—}ﬁ —_
Y
-y n—

-

L - chuzigh akslantirish

|
|
5
v

~

20=fo(Yo, Y1, - - - Y127)
21=f1(Yo, Y1, - - - > Y127)
2= f2(Y0, Y1, - - - Y127)
23=f3(Yo, Y1, - - - » Y27)
2= fa(Yo, Y1, - - - Y127)
25=f5(Y0, Y1, - - - » Y127)
26=f6(Yo, Y1, - - - > Y127)

( )

zr=fr (Yo, y1, - - - Y127
2845 = Y5, J = 0,119

\

I'OCT P 34.12-2015 (Kuznechik) kriptografik algoritmi 10 raund va har bir raundda
yuqorida aytib o‘tilgan 3 ta akslantirish mavjud. Bu akslantirishlarda kalitni xor qo‘shish
amalidan chiquvchi bitlar S-chiziqsiz akslantirishga kiruvchi bitlar, S-chiziqgsiz akslantirishdan
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chiquvchi bitlar L-chiziqli akslantirishga kiruvchi bit hisoblanadi. Mos ravishda raundga
kiruvchi bit undan oldingi raunddan chiquvchi bit hisoblanadi.

Xulosa

Har bir akslantirishning matematik modelini qurish, bu akslantirishlarning kriptobar-
doshligini, regulyarligini hamda kriptotahlilda kerak bo‘ladigan boshqa parametrlarini
baholashda dolzarb hisoblanadi. Biz bu tezisda 'OCT P 34.12-2015 (Kuznechik) kripto-grafik
algoritmining har bir akslantirishini matematik modelini tuzdik. Hosil bo‘lgan bul funksiyalar
yordamida akslantirishlarning algebraik chizigsizligini aniq baholash mumkin bo‘ladi. Masalan
S - chizigsiz akslantirishda eng yuqori chizigsizlik 7 ga teng ekan. Algebraik kriptotahlilda
kriptografik algoritmni bul funksiya shaklda yozish, shu funksiya asosida bul tenglamalar
sistemasiga olib kelib buni yechish orqali yoki yechishni nazariy baholash orqali kriptografik
algoritmni kriptobardoshligini baholash mumkin bo‘ladi.
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SOBOLEV FAZOSIDA VAZNLI OPTIMAL KVADRATUR FORMULALAR VA
KOMPYUTER TOMOGRAFIYASIDA TASVIRLARNI QAYTA TIKLASH
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Bizga ma’lumki, kompyuter tomografiyasida tasvirlarni qayta tiklash va tahlil qgilishda
odatda

1 2™ (1) dx (1)
/

aniq integralni hisoblash talab qilinadi. Bunday aniq integralni yoki uning taqribiy qiymatini
hisoblash uchun w € R bo‘lganda [1] da Lém) (0,1) Sobolev fazosida optimal kvadratur
formulalar qurilgan va ular Kompyuter Tomografiyasida (KT) tasvirlarni qayta tiklash uchun
tatbiq qilingan.

Bu ishda (1) ni taqribiy integrallash uchun

¥ = cos(2mwx) + i sin(2mw)

Eyler formulasi orqali uni ikkita integrallarga ajratib, ularni taqribiy hisoblash uchun quyidagi
ko‘rinishdagi optimal kvadratur formulalarni qaraymiz

1

/ sin(2mwa)o(z)dz

0

I

S CL[Bll8) 2)

N
B=0
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va
1

N
/COS(Zﬁww)ga(x)dx & Z C.[BlplB]. (3)
0 p=0
Yuqoridagi optimal kvadratur formulalarning koeffisiyentlari uchun quyidagi tasdiqlar o‘rinli
[2,3].
Teorema 1. Sobolevning Lgm)((), 1) fazosida (2) - ko‘rinishidagi Sard ma’nosida optimal
kvadratur formulalarning w € R va wh ¢ Z bo‘lganda koeffisiyentlari quyidagicha

o] = h 1 K, cos(mwh) + mz:l Mg kqk — nSng,iV
| 27wh “2sin(rwh) — qr — 1 ’

m—1
Cl8) = h [Km,w sin(2mwh) + 3 (m&kq,f +nepg —5)] B=T,N 1,
k=1

P 2w — Twh) e N
CIN| = h [_cos( w) cos(2mw — Tw n Z —Ms k), + N kqk 7
=1

2nwh " 2sin( (rwh) q — 1

bu yerda [B] = hB, qx lar (2m —2) - darajali Eyler - Frobenius ko ‘phadi Eap,—o(x) ning |qx| < 1
shartni ganoatlantiruvchi ildizlari, K, ., msi va ng, ma’lum qiymatlar.

Teorema 2. Sobolevning Lém)(O, 1) fazosida (3) - ko‘rinishidagi Sard ma’nosida optimal
kvadratur formulalarning w € R va wh ¢ Z bo‘lganda koeffisiyentlari quyidagicha

m—1 N
mw Me kqk — Ne,kq

k=1

m—1
C’[ﬁ]zh(mecos 2nwhf3) —i—Z (mcqu nergy )),,le,N—l,
=1

1
sin(27w) sin(2mw — mwh) ' —m, kq,]gv + N kQk
CINl=h| — - K : d
[N] ( 2rwh " 9 sin(mwh) + 221 qr — 1 ’

bu yerda [B] = hB, qx lar (2m —2) - darajali Eyler - Frobenius ko ‘phadi Eap,—o(x) ning |qx| < 1
shartni ganoatlantiruvchi ildizlari, K, ., mcr va neg, ma’lum giymatlar.

ADABIYOTLAR

1. Hayotov A.R., Soomin Jeon, Chang-Ock Lee. On an optimal quadrature formula for
approximation of Fourier integrals in the space // Journal of Computational and Applied
Mathematics. 372. July 2020. 112713.

2. Hayotov A.R., Bozarov B.I. Optimal quadrature formulas with the trigonometric weight in
the Sobolev space.AIP Conference Proceedings 2365, 020022 (2021);
https://doi.org/10.1063/5.0056954

3. Hayotov A.R., Bozarov B.I. Optimal quadrature formula with cosine weight function.
Problems of Computational and Applied Mathematics 2021, No 4, pp. 106-118

BITTA SINGULYAR KOEFFITSIENTGA EGA BO‘LGAN GIPERBOLIK
TIPDAGI DIFFERENSIAL TENGLAMA UCHUN QO‘YILGAN
BOSHLANG‘ICH MASALANI TO‘RLAR USULIDA YECHISH
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Ushbu AB ={(z,y): 0<z<1, y=0}, AC= {(z,y): 0<x<1/2, 2+y=0}, BC =
{(z,y): 1/2<x <1, z—y =1} to'g’ri chiziglar bilan chegaralangan {2 sohada

2
um—uyy—gﬁuyzo, 0<pB<1/2, (1)

tenglamani garaymiz.

2 sohada (1) tenglama giperbolik tipga tegishli bo‘lib, AB kesma buzilish chizig‘i yoki
singulyarlik chizig‘i hisoblanadi.

2 sohada (1) tenglama uchun quyidagi ko‘rinishi o‘zgartirilgan Koshi masalasini qaraymiz
va to‘rlar usuli yordamida yechimni topamiz.

Ko‘rinishi o‘zgartirilgan Koshi masalasi. Shunday wu (z,y) funksiya topilsinki, u Q
sohada (1) tenglamani va quyidagi

u(z,0) =7 (x)
} (2)

Tim (=y)*uy (2,y) = v (2)

boshlang‘ich shartlarni qanoatlantirsin.

Bu masalaning yechimini to‘rlar usuli yoki chekli ayirmalar usuli yordamida yechishni ko‘rib
chigamiz.

Izlanayotgan « = w(z,y) funksiyaning to‘rning tugunlaridagi qiymatini w; =
u(xo +ih,yo + ki) (bu yerda h > 0, | < 0—qadam, i =1,2,...; k= 1,2,...) orqali belgilaymiz
[1,2]. Har bir (zq + ih, yo + kl) ichki nuqtalardagi xususiy hosilalarni ayirma- lar nisbati bilan

quyidagicha almashtiramiz:
ou o Uit1k — Ui—1k

(%)w - 2h ’
(@> o Uik+1 — Ujk—1
oy’ 21 ’
0*u Uik — 2Uik + Uik
(522 ™ & ’
(@) L Wig1 — 2Uy, + Ui
oy 2 ‘

(1) tenglamada hosilalar uchun simmetrik formulalardan foydalanib, ayirmali tenglamani
topamiz:
Uip1 e — 2Uik + Uim1 e Uikl — 2Uik + Uik—1 20 Uipn — Uik

B2 E T 2 =0 2)

bu erda z = ih, y = kl.
(2) da o = I/h belgilash kiritib, uni yozamiz:

(1 + g) Ui k1 = 2Uip — (1 a %) Ui 1+ 02 (Uig1 e — 205k + Uim1 1) (3)
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(3) tenglamaning o < 1 bo‘lganda turg‘un ekanligi isbotlangan.
(3) tenglama o = 1 bo‘lganda eng sodda ko‘rinishni oladi:

(1 + %) Ui 1 = Ui 1k T Uit e — (1 — %) Ui f—1- (4)

(4) tenglamadan (0 < x < 1, —1/2 < y < T, T—eng kichik son) topilgan taqribiy
yechimning xatoligi quyidagicha baholanadi:

h2
i~ ul < [(Myh +2Ms) T + T2M,] (5)
bu yerda u— aniq yechim,
oFu| |0%u
Mk:max{ ot | |agF }, (k=3,4).

Bu sxema oshkor sxemadir, chunki (3) tenglama w (z,y) funksiyaning yx,1 qatlamdagi
giymatini topishga imkon beradi, agar oldingi ikki qatlamdagi qiymatlar ma’lum bo‘lsa.

Demak, (1), (2) ko‘rinishi o‘zgartirilgan masalaning taqribiy echimini topish uchun
yechimning ikki boshlang‘ich qatlamdagi qiymatini bilish zarur. Bularni boshlang‘ich
shartlardan quyidagi usuldan topish mumkin.

(2) boshlang‘ich shartlarda (—y)*u, (,y) hosilani quyidagi ayirmalar nisbati bilan

almashtiramiz:
Uq1 — Uq0

l
u (x,y) funksiyaning j = 0, j = 1 qatlamdagi qiymatlarini topish uchun

=v(z;) = v

Ujg = T, uip = 7 + 1y
ga ega bo‘lamiz.
Bu holda u;; giymatlarining xatoligini baholash quyidagicha bo‘ladi:

. ah
|Ti1 — up| < 7M2,

bu yerda
Pu| |0%u
M2 = maX{ @ 5 a_y2 } .
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Quyidagi [0,1] kesmada y(0) = yo boshlang‘ich shart bilan berilgan differensial tenglamaning
taqribiy yechimini topish talab qilinsin [1]

y' = fz,y) (1)

Ushbu [0,1] kesmani uzunligi h = + ga teng bo‘lgan N ta bo‘lakka bo‘lamiz va gidirilayotgan
y(x) funksiyaning y, taqribiy qiymatlarini z, = nh, n = 0,1,..., N tugun nuqtalarda
hisoblaymiz. Bunday usullarning klassik namunasi sifatida Eyler usulini olishimiz mumkin.

Biz (1)-tenglamani taqribiy yechish uchun quyidagi ko‘rinishdagi ayirmali formulani
qaraymiz [2]

> Cap(hB) =0y Cpag (hB), (2)
p=0 B=0

bunda h = 5, N € N, C3 va Cg lar (2)-formulaning koeffitsiyentlari, ¢ funksiyalar WQ(Q’D(O, 1)
Gilbert fazosiga tegishli bo‘lib, u fazo quyidagicha aniqlanadi (masalan, [3] va [4] ishlarga
qarang.)

WD(0,1) = {©:[0,1] = Rl — abs. uzluksiz, ¢" € Ly(0,1)}.

W2(2’1)(0, 1) fazoning ¢ va v funksiyalari uchun skalyar ko‘paytma quyidagicha kiritilgan

1

(g = [ (@) + @) @) + /()] o (3)

0

Shuningdek, WQ(Q’l)(O, 1) fazoda (3)-skalyar ko‘paytmaga mos norma quyidagicha aniglanadi

1

et = { [ @)+ ow)?as) " )

0

(2)-formulada keltirilgan yig‘indilar orasidagi quyidagi ayirmaga

(C0) = Cap(hB) —h>_ Caag (hB)
=0 B=0

(2)-ayirmali formulaning xatoligi deyiladi [5], hamda unga

k

U(x) = Cpd(x—hB)+h>_ Cpid'(z— hp) (5)

B=0 £=0

ko‘rinishdagi xatolik funksionali mos keladi. Bu yerda 6(z) Dirakning delta-funksiyasi. Yuqorida
(¢, p) bu ¢ xatolik funksionalning ¢ funksiyadagi qiymati bo‘lib

ko‘rinishida aniglanadi.
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Shuni ham ta’kidlash kerakki, ¢(x) xatolik funksionali W2(2’1)(0, 1) fazosida aniqlanganligi
uchun u (¢,1) = 0 va (¢,e ") = 0 shartlarni qanoatlantiradi. Oxirgi ikki tengliklar quriladigan
ayirmali formula o‘zgarmas songa va e~ ga aniq bo‘lishini bildiradi:

Koshi-Shvars tengsizligiga asosan, (2)-ayirmali formula xatoligining absolyut giymati uchun
quyidagi bahoga ega bo‘lamiz

1(6,0)] < [lplWsZV| - 1wV

Demak, Wi>"(0,1) fazoda (2)-ayirmali formulaning absolyut xatoligi Wi>"*(0,1) qo‘shma
fazodagi ¢ xatolik funksionali normasi yordamida yuqoridan baholanadi. Ushbu ishning asosiy
natojasi shu yuqori baho uchun quyidagi olingan ifodadir.

1-Teorema. (2)-ayirmali formulaning (5)-zatolik funksionalining normasi uchun

k k k k
WD 2 =337 C,CsGa(hy — hB) =20y Co1 Y CsGh(hry — h3)—

~7=0 =0 ~7=0 5=0

k k
—h*> > ChaCaGy(hy — hB)

~7=0 =0
ifoda o‘rinli, bunda Go(x) = SZ‘L@C%M - x), Ghy(z) = mcueﬂ - 1> va Gh(x) =

2 2 2 2
sign(e) (e?—e~=
2 2 :
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Quyidagi masalani qaraymiz [1,2]:

0 0
a_?+aa—z+b(x,t)u($,t) = f(x,t) (1)

tenglamaning
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u(z,0) =ug(x), 0 <z <l
w(0,) = u(l ), 0<t<T 2

shartni qanoatlantiruvchi yechimi topilsin , bu yerda t € (0,7"), [ = 1,
Q= {(,t) 1€ (0,T),x € (0,1)},
a = const > 0, b(x,t) > 0 chegaralangan funksiya,
f([L‘,t) eH=1Lo (Q), Uo(l’ € Lo (0, 1) .
=1b=1, f(z,t) =cos2 -m(z —t)+ 2 -7 sin2 7 (z — 1), u(z,0) = cos2 - 7 (z — 1),

[ =1 deb olamiz.

Ushbu masala yechimi uchun Bubnov-Galerkin algoritmini bayon etamiz. [0, 1] kesmada
0 =2 < 21 < .. < 2 = 1 to‘rni kiritamiz. Bu yerda h;, = x; —x;_1 , h = mazx h; ,
h < ¢y -minh;, maz |h; — h;_1| < co - h? belgilashlar va tengsizliklardan foydalanamiz. To‘rning
har bir tugun nuqtasiga ; (z) bazis funksiyani mos qo‘yamiz. Bazis funksiya bo‘lakli-chiziqli
funksiyadan iborat bo‘lsin:

x_;f%’ T € (Ti-1,7);

Pi (l‘) = %7 T e (l’hxi-i-l); izl)"‘aN_lv
0, = ¢ (xi—l,l‘z‘ﬂ);
I_;f%a r € (TN_1,ZN);

¥N (I) = xz;a:’ S (‘rU’xl);

07 x ¢ (IO’xI)U<IN—1JxN>;

va ¢ =0, 7= N uchun davriylik shartiga ko‘ra ¢y = ¢y orinli bo‘ladi.
{¢i ()} (1 < i < N) funksiyalar bazis sifatida qabul qilinadi va u,(z,t) taqribiy yechim

un (2,1) = 200, 4 (1) i (2), ao(t) = an(t)
ko‘rinishda izlanadi, bu yerda

8uh 1 E)uh
= o) (t o222 0o ) (t (1) = (1) (3
(Fre) O+ (350 O+ ) 0= ) (0 @
oddiy differensial tenglamalar sistemasi va (up, ¢;) (0) = (u(0), ¢;),
1 <17 < N boshlang‘ich shartlardan aniglanadi.
up, (z,t) taqribiy yechim ifodasini (3) tenglikka qo‘yib

A 1 & D al
> SOl ene) + 1 L a0 (5200) + L ait) (n) = 1) 0.
i=1 i=1 i=1
I<j<N
oddiy differensial tenglamalar sistemasini hosil gilamiz.
Turg‘unlik.
S (s, ) + 5 oy @ (1) - (B2 05) + iy ai (1) - (#1,05)
= (f, ;) ()

Quyidagi 1*! — siljish operatorini kiritamiz:

Wy, (t,2,) = up, (2, £ h)
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va L7 —interpolyatsiya, { —ayirmali hosila

L = (pic1,0i) - ¥ + (@i, 01) + (i1, 00) - 071,

. 0pi—1 ' % ' 0Pt ' _1
5_( 8:17 7%01) ¢+<axa%)+( &’c 7901) ¢

U holda (4) sistema

%(Lth)‘Figuh‘FLxuh:(faSO])? (5)
Lyup, (0,2;) = (uo, ¢5)

ko‘rinishda yoziladi.
Ishda (5) masala uchun integral tengsizligi haqgidagi lemmaga asosan

I(t) <I(0)-e%!+ % (e%t - 1) (6)

1/2
energetik baho olingan. Bu yerda I (t) = h- 3" (@)*, M = 2 |b|,N = 2 max (h SV f)
Masalani sonli yechimini topish uchun Mathcad tizimida dastur tuzildi va quyidagi natijaga
erishildi:

1= 150

1 1 1 1
0 02 04 06 08
x

man1 — ) = 2925 % 107

15 4

4

tmin 1T — @) = —2925 % 10

Takpubui equm AHHE EYHM
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Laplas tenglamasi uchun Dirixle chegaraviy masalasini yechish
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G sohada aniqlangan G° chegara bilan chegaralangan quyidagi xususiy hosilali differensial
tenglamani qaraymiz:
Pu  u
927 By
Bu yerda u = wu(z, y) - izlanayotgan funksiya. (1) tenglama F'(x,y) = 0 bo’lganda Laplas
tenglamasi deyiladi. Faraz qilamiz G° chegarada bir nechta g(z,y) shartlar qo’yilgan bo’lsin.
(1) tenglamaning u(x, y) yechimini topish chegarada g(x,y) bilan ustma — ust tushadi :

= F(z,y). 1

u=u(z,y) Go=g 2

(2) chegaraviy shartni qanoatlantiruvchi (1) tenglamani yechimini izlash masalasi birgalikda
Dirixle masalasi deyiladi. Bu nomalum funksiyaning soha ichidagi nugtada qiymatini toppish
masalasini qaraymiz. Bunday tenglamani yaqinlashtirib yechish uchun tekislikda h qadam bilan
yetarlicha kichkina kvadrat tur tanlaymiz.

Bu to’rning tugun nuqtalari koordinatalari x; = i * h, y; = j * h bo’lsin. u(x;, y;) va F(z;, y;)
larning qiymatini qisqalik uchun w;; va Fj; ko’rinishida belgilaymiz. (i, j) tugunlar ichki
deyiladi, agar unga qo’shni bo’lgan 4 ta (: — 1, j), (i +1, 7), (¢, 7 —1), (4, 7+ 1) tugunlar
bilan G + G° qarashli bo’lsa.

(1) tenglamani ichki (z;, y;) tugunlar bo’yicha quydagi chekli ayirmali tenglamaga o’tkazamiz.

Uigrj = 2Uij + Wiy | Wiger — 2Wij + Ui

h? E =0
Bu tenglikni quydagicha yozish mumkin:
u’L,_] (1/4>(ul+1] + Ui 1,5 +u1]+1 _'_uz,j 1) 3

Buni quydagicha yozish mumkin:
Uu i = 1/4ui+1,j + 1/4/1,61',17]‘ + 1/4ui,j+1 + 1/4ul.7j71

Bunda u (z,y) = M(zr,yr) , bu erda M —matematik kutilish belgisi. Yechim toppish uchun
maxsus tasoddifiy jarayon quramiz. Masalan har bir tugun nuqtandagi zarrachani i ehtimollik
bilan 4 tarafga surish mumkin. Buning uchun EHM da (0; 1) oraligda tasodifiy miqdor olamiz
(RND) va (0; 1) oraligni 4 ta teng bo’lakka ajratamiz. Tasodifiy miqdorni (0; 1) oraliqqa
tashlaymiz. Agar tasodifiy miqdor (0; 1/4) oraliqqa tushsa, tugun nugta o'ng tomonga ko’chadji;
agar tasodifiy miqdor (1/4; 1/2) oraliqqa tushsa, tugun nuqta chap tomonga ko’chadi; agar
tasodifiy miqdor (1/2; 3/4) oraliqqa tushsa, tugun nuqta tepaga o’tadi; agar tasodifiy miqdor
(3/4; 1) oraligqa tushsa, tugun nuqta pastga o’tadi. Ushbu jarayon zarrach chegaraga chiqqanch
davom etadi. Bu tajribani n marta o’tkazib, n ta tasofiy miqdor olish mumkin va tugun
nugtani tasodifiy harakatlantirib qaysidir holatlarda chegaraga chiqishini ko’zatish mumkin.
Bizga chegaraviy shartlar oldinda berilgan. Zarrachni chegaraga chiqgandagi qiymatini har safar
hisoblab qo’yamiz. O’tkazilgan n ta tajriba orqali funksiyaning tugun nuqtalardagi qiymatlarini
hisoblash mumkin. Ya’'ni

Y1+ @2+ s+ ...+,
n

90(9507 yo)

Bu yerda ¢1 + @2 + ¢35+ ... + ¢, lar funksiyaning chegaradagi giymatlari.
Misol. 0 <2 <1, 0 <y <1 birlik kvadratda (z, 0) = (0, 92 = -y (x, 1) =

92u

x? — 1, (1, y) = 1 — y? chegaraviy shartlarni qanoatlantlruvch 8—“ + 5.5 = 0 Laplas
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tenglamasi berilgan bo’lsin. « (2, 1) ni giymati hisoblansin. h = 1/4 qadam bilan tur qurib
masalani yechamiz. Bu misolga programma tuzib natija olinganda taqribiy yechim u (2, 1) ~
2, 87 ko’rish mumkin. Qaralgan masalani aniq yechimi u (x,y) = 2> —y? vau (2, 1) = 3 ga teng.
Xatolik 0,13 ga teng. Bunda xatolikni tajribalar sonini oshirib yanada kamaytirish mumkin.

Xuddi shunday usulda Puasson va Gelmgols chegaraviy masalalarini ham yechishimiz mumkin.

Puasson chegaraviy masalasi.

Yuqoridagi (3) xususiy hosilali differensial tenglamada F' (z,y) = —g(z,y) bo’lganda Puasson
tenglamasi deyiladi. Ya'ni

Au = —g, bu yerda Au = 3273 + 22712‘

D sohada aniglangan G chegarada bir nechta ¢(x,y) shartlar qo’yilganda tenglamani
yaqinlashtirib yechish uchun yuqoridagidek yetarlicha kichik kvadrat tur quramiz va tugun
nuqtalarini belgilaymiz.

Au = —g tenglamani ichki (z;, y;) tugunlar bo’yicha ayirmali tenglamaga o’'tkazamiz.

Uit1j — 25 + Ui1j | Wi — 2Ui 5 + Ui j—1
h? h?
Bu tenglikni quydagicha yozish mumkin:

= —Gij

Wi g = (1/4)(Wig1,j + Wim1,j + W i1 + Ui jo1 + h29ij)

1 1 1 1 hQQi]’
Uij = J Uit + 7 i1 + 7 it + i1 + 1

Bunda ham yuqoridagidek tasodifiy miqdorlarni ishlatib, tugun nuqtalarni tasodifiy harakatini

quramiz va chegaradagi natijalarini yig’ib, har safar % ni qo’shib boramiz.

Tajribalar soni n- ni kattalashtirsak taqribiy yechim aniq yechimga shuncha yaqin bo’ladi.
Puasson va Gelmgols masalalariga algoritmlar tuzib EHM da hisoblangan va etarlicha aniq
yechimga yaqin natijalar olingan.
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ng,o) (0,1) Gilbert fazosida optimal kvadratur formula qurish hamda uning xatoligini
baholash uchun %—1—1 differensial operatorning Ds[f] diskret analogiga asoslangan Sobolevning
metodidan foydalanamiz [1,2,3]. Buning uchun, quyidagi

D, 5] + Go[f] = 0[] (1)
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tenglikni qanoatlantiruvchi Ds[f] diskret operatorni quramiz.

Bu yerda
: 2
_ _Slgn<$) x-cos 7(%;1)” : (2k — 1)7T (Zk — 1)7T
Go(z) = 1 Lél e Ccos (x sin ( 1 + 1 ,

L, =0,

0, 8#0.
D, [f] diskret operator uchun quyidagi tasdiq o‘rinli.

d[0] bu diskret delta-funksiya, yani 6[3] = {

Teorema. % + 1 differensial operatorning (1) tenglikni ganoatlantiruvchi Dy|B] diskret
analogi quiidagr ko ‘rinishda,

M1—K1+§—117 5 =0,

pfs =2 L ea, T =
ATz,
buyerdah:%,NENva
K = sin(?h) -ch(\gh) — sh(\gh) : cos(\/?ﬁh),
K, = Sh(\/ih) ;{Sln(\/ﬁh) , M, = —4COS(§h) . Ch(\/Tih),

My, = 2 (Cos(\/ﬁh) + ch(v/2h) + 1) ,
Ay(N) = MMy N+ Mo\ + M+ 1,

N - —K,++VK?—4 4 :A4()\1)
1 9 ’ 1 )\%_1
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OpraausMbl, XKUBYIIUE B PEIHBIX CUCTEMAX, MOIBEPXKEHBI HEITPABUILHBIM TCUCHUIM B HIK-
HeM Hanpasyiennn. CeroJiHs o/iHa U3 HanboJiee aKTYaJIbHBIX ITPOOJIEM - KaK YIIPAaBJIATH HAIIPaB-
JIEHUEM ITOTOKa, He HAHOCH yIepba 9KOJIOrUU MMOTOKA, KAaK CIHACTH YKUBYIIUE B IIOTOKE OPraHu3-
MBI OT CMbIBa 1 110Tepu. B Hacrosdiee BpeMst BeyIye y4eHble-01M0JI0r, 9KOJIOTU 1 MaTEMaTUKN
MUpa, TIPOBOJIAT Pa3IMIHbIe UCCIIE0BAHUS [0 3TOMY Bompocy. B nccenoBannsx [1], [2] mogemmn
ypaBHeHU# peaknuu-inddy3un, OCHOBAHHBIX Ha TEOPUU METPUIYECKUX IpadOoB, ObLIN UCIOhb-
30BaHbI JIJIg U3YYEHUs TOIOJOTHYECKOU CTPYKTYPBI PEUHBIX ceTeil, TpoOIeMbl BHIXKUBAHUS W
NCYE3HOBEHUs BUJIOB.

Up — Uy — Uty = u(l —u), (t,z) € Dy, (nl)

U — Vgp — 00, = 0(1 =), (t,z) € Da, (n2)
u(z,0) = ug(x), —-1<z<0, (n3)

v(z,0) =vo(z), 0<ax<l, (nd)

u(t, =) = v(t, 1), u.(t, =) = v, (t,1), 0<t<T, (nb)
u(t,0) = v(t,0),u.(t,0) =v,(t,0) 0<t<T, (n6)

3aJlaHHble (DYHKIMHI YIOBJIETBOPSIOT YCJIOBUAM: HadaibHble DyHKIUN Ug(x), vo(T) yIa0BIETBO-
pAIOT yeaoBuaM nepuogmanocty (n5) u ug(z) € C*[—1,0], vo(z) € C*T*[0,1] 0 < up(c) < 1,
0 <wvo(z) <1 ,up(x) # 0,u9(x) # 0. UccrenoBanust mpoBoaTes 1o ciemytoreii cxeme. Cradasia
YCTaHABJIMBAIOTCS JIBYCTOPOHHME OleHKH Jist u(t, ), v(t, &), 1 3ameM OLEHKH JJIs CTapIIUX 1IPO-
UBBOJHBIX | U, U 114, U, U |o1q. aee qoKa3aHbl T€OPEMBI €JMHCTBEHHOCTH M CYIIECTBOBAHMUE.
B orHomennn GyHKIMOHATIBHBIX IPOCTPAHCTB U 0003HAUEHHEM HOPM B HUX OyJIeM CJIeI0BATDH
obozHauenusaM HopM | 3.
Jlemma. Ilycrs pynkmum u(t, x) u v(t,x) spasiores pammenneM 3agaqn (nl)-(n6) . Torma

0<u(t,z) < My=1, (t,x)€ Dy, (n7)

0<w(t,z) < My=1, (t,z)€ Do, (n8)

JokazareabcTBo: Tak Kak HadaJbHbIe (DYHKIIUN TOXKJIECTBEHHBI HE PABHBI HYJIIO, TO
B cuty yejaosun (n5) u (n6) ¢ yuerom TeopeMbl O 3HAKE IPOU3BOJHON B IPAHUYHON TOUYKE IKC-
TpEMyMa U yCUJIEHHOI'O IPUHIIAIIA SKCTPEMYMa, [IOJIy IUM TI0JIOKUTETHHOCTH HCKOMBIX (DYHKITUH.
Teneps u(t, z) mv(t, x) onernnm ceepxy. [lycrs B obmactu D1Nt < to B Touke P(tg, xo), u(P) = 1.
3HadeHne neppast TOUKa 110 ¢, TJe IpUHIMaeTCs 910 3Haderne. Torga u(P) Oyaer MaKCHMyMOM
B paccmatpuBaemoit obsactu. Torma B Dy Nt < ¢y moydaercss TPpOTUBOpEYNE yTBEPKIECHUIO
IPUHIAIIA MAKCAMyMa. AHAJOTMYHOM yTBEPXKIACTC OTCYTCTBUE SKCTpEeMyMa U B obsactu Ds.
OTcyTcrBre SKCTpeMaIbHBIX 3HAYeHNI Ha OOKOBBIX I'DAHMIAX ¥ Ha JTUHAU Iepexo/la MoJIydaeT-
cst B ety yeaoun (n5),(n6). Takmv o6pasoM, MOT0KATETBHBIH MAKCHMYM JTOCTUTAETCS TOJIBKO
B HavaJbHBIT MoMeHT. CiieloBaTE/IbHO, ClipaBe/[InBbl HepaBeHCTBA (n7),(n8).
B ciemyiomux pesyabraTax Mbl yCTAHOBUM allPUOPHBIE OLEHKH BBICOKOI'O HOpAKa (DyHK-
it u(t, ), v(t, r) a Tak:Ke JOKaKeM TEOPEMbI CYIIECTBOBAHNUSA, € JMHCTBeHHOCTH ist (nl)-(n6)
3a/1a4.

JINTEPATYPA
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MATEMATUYECKAA MOAEJIb PACITPOCTPAHEHUE BUPYCA
Apunos M. M.!, Caiidymiaesa M. 3.2

Harnmonaibublit yHuBepcuTer Y30eknucraHa, TalrkeHT, Y 30eKucTaHn
mirsaidaripov@mail.ru;
TamkenTckuil yausepcutreT nHMGOPMAIMOHHBIX TexHOJ0THit, TamkenT, ¥Y30ekucran
maftuha87@mail.ru

B nacrosieit pabore paccMaTpuBaeTcs MOMYJIAIMOHHAS MOJIE/b THIIA peakIius-a1nddy3us
¢ JBOMHOM HEJIMHENHOCTHIO B He JUBEPreHTHOH (hopme:

ou

i u"V (u™ V) +bu(l — w7, (t>0, 2 € RY), u(0,2) = up(x), v € RY (1)

Bmecs b > 0,m > 1,n > 1. Dra 3anaga B padore 1] mpegroxkena Kak MaTeMaTHIeCKas MO-
JIeJTb TIPOTIecca PacpocTpaHeHe BUPYca 1 Oy 9eHbl CBOMICTBA pellieHnii 3Toi 3a1a4u. B padore
[2] aBrop paccmarpuBaer 3amady Ko [71s1 BEIDOXKIEHHOTO TapabOJMIecKOro YpaBHEHWs He
B JIMBEPTEeHTHOI (bopMe, MpeJICTaBILgIoNeil MM Yy3NOHHYI0 allTPOKCUMAIIIIO MOJIETN PACIIPO-
CTpaHeHWs SMUJIEMUN B 3aMKHYTO# momyssanuu 6e3 pemuccuu. OH JIOKa3bIBAET CYIIECTBOBA-
HUE U eJMHCTBEHHOCTD CJIA00I0 PEIeHHs, OIIPEIEICHHOIO O IXOIANIIMM 00pa30M, U HEKOTOPhIE
KadecTBeHHble cBoficTBa. Hamm jokazana, 4ro perenue 3TOil 3aja4m 00J1a/1al0T CBOMCTBAMU
KOHEYHO! CKOPOCTH PACIPOCTPAHEHUE BUPYCA U MPOCTPAHCTBEHHON JIOKAIU3AINH PACIIPOCTDA-
HEHNe BUPYCA.

B camowm jieste 3amena
u(t,x) = exp(—=bt)w(r(t), x)

B ypaBHenue (1) npuBejier ero K BHJLy

0
8_w = w"V (0™ 'Vw) — b exp((b(n +m)7(t)w")
-
rie 7(t) = b(n—1+1)(1 —exp(—=b(n+m)t)) < m
Tak kak exp(b(n +m)t) = (b(n +m)7r(t) — 1)~}
Toria nepexoyist K epeMeHHoit 7(t) JIErko BUJIETh, UTO TIOC/Ie/IHEE YPABHEHUE IPE0OPa3yeTcst

K BUJY
aw _ nv( m—lv ) 4 1 n
ar N N e T ) — 1

[lepeitem K aBTOMO/I€JIBHOMY YPaBHEHUIO I10JIarast

w(r(t),z) = (&), €= lz|/[b(n+m)r(t) —1]"?
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Torna mosyunM ciemyroriee aBTOMO/IEIbHOE YpaBHEHNE

nel—N 1lef
L(f) = 1"¢ f(5 e+

gdf | . _
2 d¢ =0

Paccmorpum dynkimio

7€) = (0~ (m+n— )5 a0

[ne ucnonbzoBano oboznadenne (m), = max(0,m). Jlerko noxcantars, ITO

L(f(&) =—(N/2)f+ [ <0

Tak Kak

—n d m1df df -
Feva RS SISV

[osromy dymrkums uy (t,x) = exp(—bt)f(£) obnamaer coiictoMm u,y (t,x) = 0 mpu | = [>
2(a/(n — 1))Y27(t) < oco,n > 1. Ilockombky max 7(t) = m, To pemenne 3ajaun (1)
obJsiazaer CBOMCTBOM IIPOCTPAHCTBEHHON JIOKAJU3alin. BUPYChl COCPEJIOTOUEHBl B O0JIACTH
| 2 |< [b(n 4+ m)7(t) — 1]Y/2.

(&7
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QJIEMEHT PUCCA O,Z[HOIZ I/IHTEPHOJ_I§HI/IOHHOI7I OOPMYVYJIbI
Bouraes A.K.!?, Canapbaes 3. C.?

! Mucruryr maremaruku umena B.J. Pomanosckoro, AH PVs3
2 HanmonanbHblit YHuBepcuTer Ysbekucrana umenun Mupso Yiayroeka
aziz__boltayev@mail.ru; saparbayevzafar41@gmail.com

PaccmoTpnM crieayroniyo HHTEPHOIATMOHHYIO (DOPMYILY:

p(x) = Py(x) = Y Cula)p(ws) (1)
B8=0
¢ (OYHKIIMOHAJIOM TIOTPEITHOCTU
Ux,2) =6(x —2) = > _ Cal2)d(x — xp), (2)
B=0

rae Cp(x) — koabdunuentst zg(€ [0, 1]) — y3mnr dbopmyist (1), () — nenpra-bynknusa Jupa-
Ka, byHKIMs () IpuHaLIeRUT ribbeprosy npoctpancrsy WiY . Hopma dyskiuii B 910M
IIPOCTPAHCTBE OIPE/IEIIATCs CIIeLYIOMIM 00pa3oM

1/2

et@mi20.0] = | [ (2@ + p@)dz| g
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Ioepewnocmovro mHTEPHONTIMOHHON hopMyJIbl (1) HA3BIBAETCS PA3HOCTH

(€,0) = p(2) = Pol(2) = p(2) = > _ Cal2)p(5)
B=0
= [ (8= 2= S al2)ste ~ 25) ) ola)da (4)
e 3=0

2,0
Bajiaua MOCTPOEHNS ONTUMAJIBHBIX WHTEPIIOJISIIIUOHHBIX (DOPMYJT B IPOCTPAHCTBE Wz( )~ 510
BBIYHCJICHUC CJICAYIONECH BEJIMINHDL:

o

. (£

o= inf sup A ©)
WP Gy etio || o

. 2,0)% 2,0)x*
[Morpemuocts dopmysb (1) sBiasgercs: JuHEHHBIM (DYHKIIMOHAIOM B WQ( ) , TIe W2( "
2,0
COIIPSI?KEHHOE MIPOCTPAHCTBO K ITPOCTPAHCTBY WQ( ),
Dra 3ajlada COCTOMT U3 JBYX Yacreil: cHavYasa Mbl JOJZKHBl BBIYUCIUTL HOPMY ||/ ||W2<2,0)*

2,0)*
dyukmonaaa morperrHocT { B TPOCTPAHCTBE WQ( ) , & TIOTOM MWHUMHU3UPOBATH €r0 0 KO-

spdbunnenram Cg(z) u y3mam zg.

Teneps MBI 3aHUMAEMCs pPeIIeHNeM TEPBOIl YaCTH STOI 3a/lavuu, T.€. BBIYUCIEHUEM HOPMBI
dyukmonasa morpemrHocTu £. jist 5T0ro Mbl oJIb3yeMcs OHATHEM SKCTPeMasIbHON QyHKIun
dbyukimonasna norpermoctu ¢, BeenentbiM C.JI.Cobosebim [1-3].

OyHKIUA 1), JIJIT KOTOPOI BBITOJIHAETCH PABEHCTBO

(€)= Il - NIl (6)

HA3BIBACTCHA IKCTPEMaJIbHOM (DyHKIMelH (YHKIIMOHAJA TTOIPEITHOCTH .

Hnmeer mecTo

Teopema 1. Ixcmpemanrvhas Gynryus 1 dynryuonara nozpeusnocmu £ uMmepnossuuot-
not opmyave (1) u umeem 6uo:

Y(z) = (G * 0)(z) + dysin(z) + dy cos(x),

2de dy u dy — npoussosvHvie JeticmBUMENLHBIE YUCAG,

Go(z) = }lsign(x) (sin(z) — z - cos(z)),

Kpowme Toro, dyHKnnoHas  morpensoctu (2), Kak mokas3aHo B [4], yJIoBIeTBOpsieT CJieLy ommmM
YCJIOBUSIM

(¢,sin(x)) =0, (¢,cos(x)) = 0. (7)

2

Kaxk 661710 cKa3aHO BbIIIIE, JIJIsl TOTO Y4TOObI BBIYUCIUTEL KBajpaT HOpMBI ||£||” dyHkimonaia
IOI'PENTHOCTH, HAM JIOCTATOYHO BBIYUCJIUTH CKaJsipHOe Ipousseenue (£,1)) ¢ yueroM ycsioBuii
oprororayibaoctu (7). Takum obpasom,

N

WH%@O)* =3 > Cs(2)Cy(2) Galrs — 1,) =2 ) Ca(2)Ga(z — x5). (8)

B=0 v=0 B=0
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SKCTPEMAJIbHA Y ®YVHKIINS 1 HOPMA ®YHKIIMOHAJIA
IIOTPEIIIHOCTU OIITUMAJIbHBIX MHTEPIIOJI§IIMOHHBIX ®OPMYVYJI
TUIIA SPMUTA B IIPOCTPAHCTBE C.JI.COBOJIEBA L} (S) AJIS
®YHKIINN 3AJAHHBIX B n- MEPHOUM EJMHNYHOM COEPE

Kanomnos O.1.1¢, Xasitop X.V.!*, Myxcunosa M.IIIL.!

! Byxapckuii rocynapersennblii yausepeureT, Byxapa, Y36ekucran
o _jalolov@mail.ru;
wera00@Qmail.ru;

B pa6ore [1] C.JI.CobosieBbIM perrieHa 3a/1ada HHTEPIIOJUPOBAHUs (DYHKIUIT N-IePEeMEHHBIX
B nipocrpancrse LY (Q)perena 3ajada 1, T.e. BbUUCIeHa HOPMbI (BYHKIHOHAIA OIPEITHOCTH
MHTEPIIOJIAIMOHHON (DOPMYJIBI.
Jomycrim, 1to B n+ 1 mponssosbHo pacnonozkennsix roukax {6; }(i = 0, N) , koropsle Bciomy
HUZKE MbI OyjIleM Ha3bIBATh y3JaMu UHTepHoaupoBanus, janu 3uadenus f(60g),f(61),...,f(0n)
dbyukuun f(0).

Tpebyercs HOCTPOUT UHTEPLOJIAIUONHEYIO hopMyty Tuita Jdpmuta Pr(f), T.e.

1(6) Y 1 e e, (1)

A=0 |a|<m
coBnaaontyto dyukmumeii f(0) B y3jaax MHTEPIOJIUPOBAHMUS:

3aeck Toukn 0V € S u napamerpel ¢y (f) Ha3bIBAEGM COOTBETCTBEHHO y3J1aMH U KO3(bhUIIeH-
TaM# WHTePHOJSInoHHON dopmyitsl (1), S — n- MepHast equHnIHasT cepa.

Bazknoit 3a/1a4eil B TeOpHH HHTEPIIOINPOBAHNE SBJISAETCS HAXOXKJEHIEe MaKCHIMyMa OITHOKH
umTeprossiuonnoit gopmyist f(0) = Pr(f) nan gammom kiaaccoMm yHKumil. 3Hadenne sToif
dbyHKIMN B HEKOTOPOi TOUYKK 7 ecTh (DYHKIIMOHAJ OIIPEeIe/IeHHBIN KaK
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N
e scno, uto Pr(z) = 53 30 (=) (2) f@) (9™)
A=0 |a|<

m
UHTEPIIOJIAINOHHAS (hOpMyJia TUIIA DPMUTA U

O ETS Z > o — ) (3)

A=0 |a|<m

bYHKIMOHAJT TTOTPEITHOCTH STONH UHTEPHOJIAITMOHHON hopMmyibl, C' /(\a) (2)- koacbpummentnr, a O
yambt bopmysier Py(2), 0% € S, §(0)- nemvra- bynknusa dupaxa u  f(0) € LT (S).

Ounpenesienne. [Ipocrpancrso L3 (S) - onpejessiercss Kak MPOCTPAHCTBO (DYHKIMH 3a-
JIAaHHBIX Ha S U 00JIaJIafolUX KBAIPATHIHO CYMMHUPYEMBIMUA OOOOIIEHHBIME TPOU3BOIHBIMIE
HOPSIJIKA 1M, HOpMa KOTOPBIX OIPEeJIEsAeTCs PABEHCTBOM [2,3]

IF (0) /L5 (1P =D > aiek™ (k+n—2)"

1 TIPEIOIOKIM, 9TO 2m > n.

Teopema 1. Hopma dyuKIHOHAIA TTOrPENTHOCTH { ) WHTEPIIOJISAIHOHHON (HOPMYJIBI THITA DP-
mura (1) mag npocrpancrsom Ly (S) pasua

(

2y M
* S Lzm (Yé? (2) - z & (2) Y, W»)]
CYENCIESPY - km (k+n—2)" !

k=1 (=1

\ J

e Yy (0)- cheputdeckue rapmonuku nmopsiika k suga £ u o (n, k)- IUCI0 JTHHERHO HE3aBHCHMBIX

ceprueckux rapmMonuk T.e. o (n, k) = (:!J(r:__;’))!! (n+ 2k — 2).

Teopema 2. CymmectByer HekoTopasi dyuknusiu (6) € LY (S)

rie

1 HA3BIBAETCS YKCTpeMasibHas DyHKIMs JIJIg HOPMbI (DYHKI[MOHATA TIOMPEINHOCTH (3) MHTEPIIO-
JSTUOHHON (bopMyJtbl (1).

Jlurepartypa

1. Cobones C.JI O6 unrepnonupopannn Gyuknuii n nepemennbix. Jokia. AHCCCP, 1961, 137 .-
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KYBATYPHBIE ®OPMVYJIbI B IPOCTPAHCTBE IIEPAOINSECKIX
OYHKINNI C.J.COBOJIEBA W™ (T,,).

Kagonos ®.M.', Kapumosa C.X.!

! Byxapckuii rocynapcTBeHnblit yausepeureT, Byxapa, Y36ekucran
o_jalolov@mail.ru;

B pabore [1| paccmarpuBaeTcst BOIIPOC 0 CYMIECTBOBAHUN HAMIYUIINX KyOaTypHBIX (hopMy.T
ob1IIIero BUIA.

Mmuoromepubie KybaTypHble (DOPMYJIbI OTIMIAIOTCH OT OJTHOMEPHBIX JIBYMS OCOOCHHOCTSIMHU:

1. Beckoneuno pasnoobpasHbl (GOPMbBI MHOIOMEPHBIX 00/IaCTell MHTEIPUPOBAHNIS;

2. BolcTpo pacreT 4YMCo y3JI0B MHTEIPUPOBAHUS C YBEJIUYEHUEM Pa3MEPHOCTH TPOCTPaH-
CTBa.

Paccmorpum KybarypHyto dhopMyay Bujia
N

/ p()f (@) do = Y erf (2V), 1)

In A=1

rie T, -n MepHBIi TOp, ¢y - Koabdunuents (Beca), a 1 = <£C§)\), xéA), ...,x7({\)> - y3JIbI KybOa-

TypHOit bopmyibl, p(x) BecoBas DYHKIH 1

N

Uy (z) = p(z)ea (1) = Y _exd (z— W), (2)

A=1

Uy (x) - Ha3BIBaETCS (DYHKIMOHAIOM TIOTPEITHOCTH KybarypHoil dhopmyssr (1).

Omnpegenenne. IIpocrpancrso Wém) (T,,) oupenensiercss KaK MPOCTPAHCTBO (PYHKIHIA, orpe-
JIGJICHHBIX Ha Tope 1), UMeronux Bce 0000MEHHBIE TPOU3BOIHDBIE TIOPAJIKA 17 U CYMMUPYEMbIe
¢ kBasparoM (cMm.|2]). Hopma ompesensiercst dhopmysioit

</f dx) +Z\2wk|2m-‘A

k0

|f @ /Wi @)

(3)

rie fi - kospdurmentsr Oypbe byukmun f ().
CrpaBeyinBa CJIe/1yIomas
Teopema 1. Ksajpar Hopmbl dbyHKIMOHa A orpernHoctu (2), Kybarypuoit dopmysist (1) Ha

npocrparcrsorm WA™ (T,,) pasen:

2
2

A N .
R
A=1
+ m E m ;
(2m) k|

k0

2

@) /i

pO_ZCA

A=1

n

e (k,x) = Z kjx;, |k| = (2 > u P, = Jrp( e2mi(k:T) ;.
=1

Beeném oboznadenus DY (x) = Z c\0 (x — x()‘)), TorJa i (PyHKIIMOHAJIA ITOIPEITHOCTU KYy-
A=1

GarypHoit hopMyIibl (4) UMeeT MeCTO CJIeIyIoNas TeopeMa.
Teopema 2. OyHKIIMOHAJ [IOIPENTHOCTH BeCOBOIT KybaTypHoii dopmyssr (1) mpn
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l(z) =p(x)er, (x)— 1 DV (i), Ny*Na-...-N,, = N u Ny = Ny = ... = N,, IMeeT HaUMECHBIIIYIO
i=1

HOPMY HaJI TPOCTPAHCTBOM WQ(m) (T},) Torma, Korjia y3/Ibl sIBJIAIOTCS 0OPA30M PEIIeTKN Ha TOPE

0
T,, u paBHbIe KOADDUIMEHTHI ¢ = ¢ = .. = Cy = C,

KOTOPOE BbIpaXKaroTcst (hopMyJIoit

1 1
2n)™™ ﬁ%%@%m

1 1 1
N (1 + (27r)2m N2Tm Z |k|2m>

>
i) [ @) 2

2 (@) / W (1)

A=

P+

0
A:

[Ipu aToMm
A B

2m T dm

N N n
irm ||
:iﬁlﬂm/Wé (T)
C)\,Z'(A)

“ 2
1 (A - n)
D (27T>2m |k|2m )

rje

k40

~ 2
Py

k' #0 k0 k0

D=1+

@wm' TEZWM

k0
Jlureparypa

1. Kpwuios B.I. [IpubankenHoe BurauciaeHne narerpasos. Hayka, 1967r.
2. Cobones C.JI. Beenenne B Teopuro kydbaTypubix dopmyst. Hayka, 1974r.

KYBATYPHBIE ®OPMYVYJIBI TUITA 9PMUTA B ITIPOCTPAHCTBE
COBOJIEBA

Kagonos O.U., Paiizuena I11. /1.
Byxapckuii rocynapcrBennbiit yausepcuteT, byxapa, Y30ekucran

o jalolov@mail.ru;

Ecsin mam u3BecTHBI He TOBKO 3Ha4YeHUs PyHKIUN f () B HEKOTOPBIX TOYKax obsacTu {2,
HO ¥ 3HAYEHH ee ITPOU3BO/HBIX TOTO UM UHOT'O MOPSIKA, TO €CTECTBEHHO, YTO IIPH PABUIHLHOM
UCIIOJTb30BAHIH BCEX ITUX JAHHBIX MbI MOXKEM OXKMJIATH O0JIee TOUHDIN PEe3Y/IbTAT, 9eM B CJIyUae
HCIOJIb30BaHUsI TOJIBKO 3HadeHuiit byHkmn [1].

Paccmorpum kybatypHyto bopMmysty BuIa

/ f(z)de ~ Z Z (e) (x(’\)) (1)

lo| <t A=1
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B IIPOCTPAHCTBE Lgm) (K,), tne K,- n- MepHbIii equHUYHbI KyO, o] = a1 + ag + ... + a, ©
0<t<m.
O600ménnas dyHKms

&) () = p(2) e, () — Z 5@ (z — W) (2),

Ha3bIBAETCsl (DYHKIIMOHAJIOM HOTPENTHOCTH KybaTypHoit dhopmy.ist (1)
£k, () - xapakrepucTuieckas GyHKius obgactu K, C/(\a) A

KybarypHoii dhopmysst (1) u 0 () - geapra-dyukims Tupaka.

- KO3 PUIMEHTHI U y3JIbI

Omnpenenenune 1. IIpocrpancTBo Lgm) (K,) omupejensgercs Kak IIPOCTPAHCTBO (DYHKIIHIA,
3aJlaHHBIX HA N- MEPHOM eJIMHUYHOM Kybe K, W mMeIomux Bce OOOOIIEHHBIE NPOU3BOIHBIC
HOPSJIKA M, CyMMUPYEMbIe ¢ KBQJPATOM B HOpMe [2]:

| 2
=3[ X St
K 52,

rie |o| = a1 + g + ... + ay, doe = dxidxs...d,.
CrpaBe IJIUBBI CJIEYOTINE

JIlemma. Eciu s dyuknmonasa norpertoctu (2) KybarypHoit dopmysibt (1) BbimosiHs-
I0TCsI YCJIOBHS

|7 /25 )

O (x) = 059 (1) - 0502 (2) - oo - 6557 ()

I/I7
. y* 1 N
|62 [Eem )| < e (1=Tom) me.
TO
o m)* 1
Hﬁg\,)/Lé O |
I N
=1

Teopema. Becosas kybarypuas dhopmyna (1) ¢ dyskimonamom norpemsocta (2) mpu

n
Ny =Ny =..=N,, I N; =Nmumig+mo+..+m, = m 9BIsgeTCsd ONTUMAJHHOI 110
i=1

MOPAJIKY CXOJIUMOCTHU B POCTPAHCTBE Lgm) (K,), T.e. ayist HOpMBbI (byHKIMOHAJIA TIONPEITHOCTI
(2) xkybaryproit dpopmy.bl (1) mMeeT MECTO PABEHCTBO

e /1 ()

—O(NF),
JInreparypa

1. Baxsasios H.C. Hucnennnte meronpbt.-M.:Hayka, 1973.-631 c.
2. Cobosies C.JI. Benenne B Teoputo Kybarypubix dpopmyi. - M.: Hayka, 1974. - 808 c.
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ITPEOBPABOBAHUE ®VPBE ®YHKIIUN 7, (z) I OIIPEJAEJTEHUN
JNCKPETHOI'O AHAJIOT'A OJHOI'O JNPPEPEHIINAJIBHOI'O
OITEPATOPA

Kanonos Nk.N.!, dpamos N.B.?

! TamkenTckuil rocynapcTBeHHbIH TPAHCIOPTHLIN yHuBepcuTeT, Tamkent, Y306eKucTan
ikromjalolov@mail.ru;
2 Byxapckuii rocy1apcTBeHHbI yHIBepcHTeT, Byxapa, Y30eKkucTan
o_jalolov@mail.ru

B nacrosieit pabore Haxo M nmpeobpasosanue Pypoe F 7, (x)] Goporoobpasuoit dyHKINI

(o.9]
U (), vite U (x) = > vm(hk)d(x — hk) n auckpernoit dyuxiwu D, [5], KoTopslil ucmoib-
k=—o00
3yeTcs IPU TIOCTPOEHUH ONTUMAJILHBIX KBAJPATYPHBIX (bOPMYJI B MPOCTPAHCTBE XEPMaHIEpa
HY(R).

Onpegenenne. [Tpocrpancrso HY(R) onpenensgercs Kak 3aMblKaHue OECKOHEYHO -
depennupyembix OYHKIWH, 33/[aHHBIX B R 1 yObIBAIONINX Ha OECKOHEYHOCTH ObICTpee JII00Ooi
OTPHIATEJIbHOI cTereHn B HOpMe|1]

00 ) 1/2
iyl ={ [ e Pl ) i) g

—00

CrpaseiyinBa CJIeIyonme
Teopemal. [Ipeobpazosarne Oyprbe GOYHKIMT Ty, () 1J1sT OIPEJIeJIeHUN TUCKPETHOIO aHAIora

muddepeHInaaIbHOIO olepaTopa
1 2"
o] 2

(27r) dx?

yaosiersopstomuii pasenctsy D, [8] * vy, [B] = 0 [5], umeer Bug,

+

F [ (2)] (p) = T (2m — 2)! [ A (e ™ 1)

92m—2 [(m . 1),]2 —\2¢27h + A (647rh + 1) — e2mh

i1

2m—k—2)!(4rh e2mh !
.z lam ke | Az(em 5) (-1

p=0

e27h i g il
1(1 ),p + sz 0( ezwh 1) Z( ) AG—pnP ]

rje

3

— (2m — k —2)! - (47)F
El-(m—Fk—1)!

B mexp(—2m |z|)

Vi (T) = Sgms 1) lzF (en. [2] ).

=
Il

0

Teopema 2. [Tuckperusiit anasor quddepeHmaibsHoro oneparopa (2) yIoBaeTBOPSIIONTHi
pPaBEHCTBY

Dry [B] - v [B] = 018],

UMeEeT CJIeTYIOTUN BUJ
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k=1 AikL;me()‘l,k)’
— 22m—2((m_1)!)2 1 m—1 Tm(/\Lk)

ecn || > 2

F[Dw(B)] = —gmar—§ 1+ P S A GO eciu || =1
rie
T (A) = A\ — 2\ cos (27h) + 1,
Lopm—o(N) = 2%:02 Cn A", G = Cam—2-pn U A1 - KOPIHBI MHOTOU/IEHA Difyiepa.
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MOAEJINPOBAHUNE TEIIJIOIIPOBO/IHOCTHN BBJIN31 BEPTUKAJIBHO
PACIIOJIO2ZKEHHOTI'O NCTOYHMNKA C YHETOM NSMEHEHUNE
IIJIOTHOCTU CPE/IbI

Kymaen 2Kypa.,Torntea M. M.

Byxapckuii rocymapcTBeHHblil yHuBepcurer, byxapa, Y36ekucran
jumayev_jural956@Qmail.ru

BceecToponnee ncciieioBanne mporeccoB TEIJIOBOI KOHBEKITUN sIBJISIETCS BeCbMa aKTyaJIbHON
IPOOJIEMOI TUJIPDOMEXAHUKHN W TEIJI000MEHA, IMOCKOJbKY OHHM YacTO BCTPEUYAIOTCH BO MHOTHX
3ajiadax mpakTuku. Vccme10BaHnIo TaKMX MEXaHU3MOB ITOCBSAIIEHBI MHOTOYUC/IEHHBIE PA0OTHI
OTEeYeCTBEHHBIX U 3apy0eKHBbIX aBTopoB. Hampumep, B paborax [1,2] paccmarpuBaeTcst crammo-
HapHBIA, JaMUHAPHBINA [IEPEHOC B CJIOE, IIPUMBIKAIONIEM IIOIPYKEHHBII B IIOKOAIUICA OKPYyZKa-
IOINI ra3 B BEPTUKAJILHOI MOBEPXHOCTH. Y DaBHEHHS HAIMCAHBI B HECXKUMAEMON ITOCTAHOBKE.
BrormenpuBeieHHbII aHAN3 TOKA3bIBAET, YTO IPOIECCHI TEIJIOBOW KOHBEKIINU HYKJIAETCS B
JTAJIGHEHIIeM UCCIeJOBAHIU. B 4acTHOCTH, MHOTHE TIPOTIECCHI IPOUCXO/IUT B BEPTUKAJIHLHO Pac-
MTOJIO?KEHHBIX MUCTOYHUKAX B CHJIBHO M3MEHAIONINMCA TEMIIEPATYPHOM PEXKUME U HYKIACTCH B
ydeTe CKIMaeMOCTH CPeJIU IIPU MOJeJTMPOBaHNU. B HacTosIell paboTe YNCIeHHO NUCCIeLyeTCs
CTAIlMOHAPHBINA, JIAMUHAPHDBII IIEPEHOC B CJI0€, IPUMBIKAIONIEM IIOIPYZKEHHBIA B IIOKOAIUNACS
OKPY2KAIOINii Ta3 B BEPTUKAJIBHON IMOBEPXHOCTU C YYETOM CXKHMAaeMOCTH cpejibl. [Ipm sarom
IIPEJII0JIAraeTCdA, 9TO TeMIepaTypa OKPYZKaIOIIero BO3/IyXa IIOCTOAHHO W PaBHO T TeMIlepa-
Typa Ha IIOBEPXHOCTU CTEPXKHA TaK 2Ke IIO/JIePXKUBACTCAd IIOCTOAHHON Temieparypoil paBHOI
to, (to > to) CxemaTnveckasi KapTHHa TEUCHUs HOKa3aH B [2].

[Ipu npoBeieHNM BBIYUCTUTEHHBIX SKCHEPUMEHTOB IIPEJIIOIArAIOCh, UYTO Telaohu3nie-
CKUe CBOICTBa MaTepuaJsa CTEHOK U I'a3a He 3aBUCAT OT TeMIlepaTyphbl, a PEXKUM TeYeHU:d AB-
JigeTcsd JaMUHApHBIM. PaccMaTpuBaeMblil (Du3nydecKuii mporece MaTeMaTHIecKn MOJIETUPYETC
HA OCHOBE YpaBHEHUU MPUOIUKEHUN TTOTPAHUTHOTO CJIOA CJIEJIYIONIell cucteMoit uddepeHiu-

asnpHOrO ypasHenus [9-10:

ou Ou
e Bt — 1
or 0Oy (pv) =0 (1)
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ou ou 0 ou, pB(T —Ty)
pU8x+p08y_8y(M 8y)+ Fr

oF oF 1 0 ou
PUor + /)U8—y = b a—y(ﬂ : 8_y)
B sTux ypaBHEHUSIX HEM3BECTHBIMU SIBJISETCS: U, IV TPOJIOJBHBIE U MTOTIEPEUHBIE COCTABJISIIOIIIE
CKOPOCTH; p- IUIOTHOCTH, 1 - abcojiioTHas Temieparypa, E - mojHas SHeprus, a TakkKe
JIMHAMUYIECKUT KOIMDDUIUEHT BA3KOCTH (i, F'r - runpogunamudeckoe uncyio Ppyna, Pr-Hucio
[Ipanarias - kpurepnii 1Mo 100Ms TEIJIOBBIX MPOIECCOB B XKUIKOCTSIX U Ta3axX, YINTBIBAIONINI
BustHue (bU3NIECKUX CBOMCTB TEIJIOHOCUTES Ha Ternooraady|2|. us samblkanust cucteMbl
nuddepenimaabibix  ypasHenuit (1) mpuBiiekaercss ajgrebpandeckKue ypaBHEHUs OJTHOM
SHEPIUU, COCTOSIHIS UIeaIbHOIrO rasa, Jjist Koddduimenra Bsa3kocTu (opmyna Carrepasia.
I'panuyHbie yciioBusi

B cucreme KoopmnHAT 110 OCH PACIIOJIOXKEH HEOIPAHMYEHHBIN CTEePXKEH NCTOYHHUK TeILIa, KO-
TOpBIIT uMeeT pUKCUpoBaHHOe 3HavYeHue. 11pu Terno u Maccoreperoce BOJM3HU CTEPKHS BO3HU-
KaeT JUHaMN49eCKHNe U TEeIlJIOBbIE HOFpaHI/I‘{HbIe CJION. TO.HIHI/IH& HOFpaHI/I‘lHOFO CJI0A paHlI/IpHeTCEI
110 Mepe TPOJIBUKEHUS Ha BepX. Vcxo/id n3 nepevuncieHubIX BhIIe, chOPMYIUPYEM I'PAHUIHBIE
YCJIOBUL:

u=0,H=Hyv=0,y=0
u=0,H=H,v=0,y>0

u=0,H=Hyv=0,y=0
u—0,H— Hy,v— 0,y = Yo

Bprrie nznoykennad 3a/1avda pereHa YuCAeHHO ¢ TPUMeHEeHNEM JIBYXCJIONHOM, 9eThIPEXTOYETHON
HESIBHON KOHEYHO - PA3HOCTHOI CXeMbl U METOJIOM IIPOrOHKY ¢ ureparueii [3]

IIpu sTOM Ha OCHOBE COCTABJIEHHOI'O aJlOPUTMa cOCTaBjieH mporpamMma Ha ga3bike DELPHIL
Bo Bpemsi paboThl IporpaMMbl pe3yJibTaThl BIPAXKaIUCh B BUJE IPA(OUKOB, JIJIT 3TOrO BOCIO/Ib-
zoasinch komronerTom Chart. Ha puc. 1. mpuBe/ieHbI MupuHA 30HBI CMEIEHUS TEIJIOBOTO 110~
IPAHUYIHOTO CJIOA, & Ha, PUC.2. IPUBEJIEHBI U3MEHEHHE TTPOJIOILHON CKOPOCTU B ceYeHnn T = 4, B
3aBUCUMOCTH OT y4era U 06e3 ydyeTa CXKUMAeMOCTU cpeibl. VI3 pucyHKOB ciie/lyeT, 9To yUeT CxKU-
MaeMOCTHU CPeJIbl TPUBOJUT K CYKEHWIO IMIUPUHBI 30HBI CMEIIEHNs, YBEJIMIEHUIO TPOIOIbHOM
CKOPOCTH 4ueM 0e3 yuera CKUMAEMOCTU CPE/Ib.

1508

W W/ 4D A5 BE 56 G0 S5 0 75 B0 BS B0 55 100 105 194 ME 120 a

o g apiage g e g e

Cunnit - ¢ y9eToM C)KUMAEMOCTHU CPEJIbl, KPACHBI-0e3 ydueTa C2KIMAaeMOCTHU CPeJIbl. TaKmm
00pa3oM, MaTeMaTUIeCKUl MOJIETb ONMUCHIBAET (DUBUKHU IIPOIECCA, B YACTHOCTH, IIPU yUeTe CXKU-
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MaeMOCTH C MOBBIIIEHIEM TEeMIIEPATYPBI YMEHBIIAeTCs TNIOTHOCTD CPeJibl(BO3/IyXa B HAIIEM CJIy-
9ae), 4TO IPUBOJUTDH CY?KEHUIO IUPUHBI 30HbI CMEIIeHUsT, TeM CaMbIM YBEJIMIEHUIO [TPOJI0JIbHO
CKOPOCTH.

JINTEPATYPA
1. Rodriguez 1., Castro J., Perez-Segarra C.D., Oliva A. Unsteady numerical simulation of
the cooling process of vertical storage tanks under laminar natural convection // Inter. J. of
Thermal Sci. 2009. Vol. 48,No. 4. P. 708-721.
2. B. T'edbxapa, . Txanypus, P. Maxazkan, B. Camakus. CBob0HO KOHBEKTUBHbBIE TE€UEHUS,
TeIIo - MaccoooMeH. B 2 - x kuurax. Kuura 1. M.: Mup. 1991 - 678 c.
3.Babummesnu [1.H. Yucsiennbie merosbl. Boraucmrenbubiii npaktukym/-M: Jlenan, 2016.-320
c.
4. Xomonenko A./l. Camoyunrtenb Delphi.-CII6.; BXB-Iletep6ypr, 2008.-576 c.

HECTAIIMOHAPHBIE IIOIIEPEYHBIE BOJIHBI CIBUTA
B VIIPYI'O-IIOPUCTOM CPEJE, OTPAHUYEHHO JIBYMS
KOHIOEHTPUYECKUMU COPEPNYECKVMMN ITOBEPXHOCTAMN

Kypaes I'. V., Mycypmonos X. 0.2, Mycypmonosa M. O.3
'Hamuonanbublii ynusepcurer Ysbexucrana uMenu Mupso Yiayroeka, Tammkenrt,
Yabekucran, gjuraev@mail.ru;
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B pabore paccmarpuBaercd 3ajiada O HECTAIMOHAPHBIX IIONEPEYHBIX BOJIHAX CIABUTA B
YIPYTO-TIOPUCTOH CpeJie, OTPAHUIECHHON JIBYMsI KOHIICHTPUIECCKUMU CPEPUIECKUMU TOBEPXHO-
cTIMU. 3aJ1av1, OTHOCSIIMECS K TIPobIieMaM MOJIEMPOBAHKS IIPOIECCOB PACIIPOCTPAHEHUST 1
JnndpakIii HeCTAIIMOHAPHBIX BOJIH B CILIOIIHBIX CpEJax, a TakxKe B3anMojeiicTBus aedop-
MUPYEMBIX T€JI ¢ OKPYKAIOIIEel CpeJoi, SABIAIOTCI aKTyaJbHBIMU U MPEJICTABISIOT OOJIBIION
IPAKTUIECKWIT U TEOPETUIECKUil HHTepec. AKTYaJIbHOCTD TPOOJIEM JTUHAMUKY J1e(OPMUPYEMBIX
Tesl 00yCJIOB/IEHA Pa3BUTHEM PAa3IUIHBIX 00/1acTeil TEXHUKM, CO3/JaHUEM HOBBIX KOHCTPYKIIHIA,
pabOTAIOIINX [TPU IMHAMIIECKIX HAI'PY3KaxX, & TaKKe Mpo0/IeMbl TeO(U3NKH, CEHCMOJIOT TN, Ta-
30pa3Be/IK, HedTepa3BeIKH, TOOBIBAIOIIEH TPOMBIIIJICHHOCTH, CTPOUTE/IHCTBA IPAK/IAHCKIX 1
ITPOMBIILIEHHBIX COOPYKEHHIA.

[IycTpb siuneiino ynpyro-mopucras OJHOPOJIHASA U30TPOIHAS CPEJla OrPaHUYeHa JIBYMs KOH-
MEHTPUIHBIMU CHEPUIECKUMU TOBEPXHOCTIMU, PAJIMYChI KOTOPBIX PABHBI COOTBETCTBEHHO R 1
Ry (R; < R»). K ee BHyTpeHHEIT TOBEPXHOCTH IIPIJIOKEHBI OCECHMMETDHYHBIC KHHEMATHIECKUE
WU CUJIOBBIe HArpy3Ku. J[Buzkenune cpes paccMaTpuBaeTcsa B chepruaecKoil cucreMe KOOpInHAT
(r, 8, 9¥) ¢ HauaaoOM B IeHTpe KoHIeHTpruieckux cdep. B HavanbHblil MOMeHT Bpemenu 7 = 0
YIPYTO-TIOPUCTAast Cpejia HAXOIUTCA B HEBO3ZMYIIEHHOM COCTOSTHUN.

C y494TOoM 0CeBOil cUMMeTpUM 33/1a9U JBUYKEHUE CPEJIbl OTHOCUTEIBHO OTEHINA A 1) OIU-
CBhIBAETCsT BOJTHOBBIM yDaBHEHUEM

a?w q/; 1 0 0 1 0 0
5 A Y A2 (29 — [ sinf— 1
o =AY T gt S T 2oy ( m) " V2sind 09 (Smgae) | W

rje y3- 6e3pa3mMepHast CKOPOCTh PACIPOCTPAHEHHS BOJIHBI B CPE/IE.
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Havambnbie yemosusa [1 ogHopoaabie
Uy=9| =0 (2)
7=0

K BHyTpeHHell IOBEpXHOCTH IPUJIOZKEHA 33 IaHHAsd OCECUMMETPHYHAs KacaTebHAd [10BEePX-
HOCTHast HAarpyska q(7,0)

0rol,—p, = a(7.0) (3)
WK 3aJIaH0 KacaresbHoe nepemertenne V (7, 0):
woly—p, = V(7. 0). (4)

Bremnsist moBepxHOCTH Cpejibl CBOOO/IHA OT JABJICHUS WU Ha IMOBEPXHOCTU IepeMelleHne
PaBHO HYJIIO.

g perennsi Ha9a/IbHO-KPAEBOi 331841 MPUMEH/IOCh HHTerpaIbHoe Tipeobpa3oBanue Jla-
miaca mo 6e3pasMepHOMY BPEMEHU W MeTOJ, HEMIOJIHOTO pa3/esIeHns IIepeMeHHbIX. B mpocTpan-
cTBe M300paKeHuil 3a/lada CBejieHa K OECKOHEUHON CHCTeMe JIMHEHBIX aJredpanvdecKnx ypas-
HEHUIl, KOTOPYIO 3AllUIIeM B BUJIE CUCTEMbl MATPUIHBIX ypaBHeHuil [2]:

MAy? + F,B — Fy,By? = ky (5)
NAz?+T,B - TyBz? =0

6—R2778 —Rms‘

T = ,y==e

rne F,,, T,,, M, N- Geckoneunble jguaroHajibHble MaTPHUIbI COOTBETCTBEHHO C 3J€MEHTaMU
Fon(8), Tran(s) (m = 1,2), M,(s), N,(s); k(s) - 6GeckoHEUHBIH BEKTOP-CTOJION € JIEMEHTaAMU
kn(s); A u B - 6eckoneunblie BEKTOP-CTOJIOIbI COOTBETCTBEHHO ¢ 3tementamu AZ(s), BL(s).
OTMeTHM, 9TO 9JIEMEHTBI BCEX YKA3aHHBIX MATPHUI] U BEKTOPOB SABJIAIOTCS PAIHOHATBHBIMA
dyuKIIMaME TapameTpa mpeodpasoBanusd Jlaraca s.
Permenne cucrembl ypapHeHuii (5) IpeICTABUM CJIETYOIINMEA OECKOHETHBIMU PsIIaAMI

(2)-S (5 o

Y

1 2
aij(s) = o (5), a(s), ..

T

T
(1) (2)
bi; (s), bi;’(8), ... H

bi;(s) = ‘ ij

[Moncrasistss 6eckonednbie psypl (6) B cucremy (5) u npupaBHEBas KO3bDMUIMEHTHI B Jie-
BOIl U IPaBOii YaCTsAX TMPU OJMHAKOBBIX CTEIEHSX MEPEMEHHBIX T U ¥, HOJIYyYUM CJIeIyOIIne
PEKYPPEHTHBIE COOTHOIIEHU I KOI(DPUITNEHTOB a(n)(s), b(n)(s), (n =1,2,...) n HAYAJIbHBIE

1] i
yciaoBud K HUM.

PexkyppeHTHBIE COOTHOIIIEHUS TO3BOJISIOT OIPEIEIUTH BCE JIEMEHTHI COOTBETCTBYIONIUX
crosi6nos a;;(s), b;;(s) B Buge panuonaibubix GyHKIuil mapamerpa npeobpasoBanus Jlamiaca
S, 9TO TO3BOJIAET BBIYUC/IHUTb UX OPUTHUHAJBI, a, CJIEJIOBATE/IbHO, U OPUTMHAJIBI KO DUImen-
TOB DSJIOB JIJIsl TIepeMeIleHrsI U HANPIZKeHNsT CPeJIbl ¢ MCIOJIb30BAHUEM TeOPHU BbIYeToB [1].
[Tomydens! popMysIbI 11 KOMIIOHEHT BEKTOPA MEPEMEIeHNsT U TeH30pa HaIPszKEHUN B Cpe/ie.
[lepexo/ K opurumHAIaM OCYIIECTBIISETCS C TIOMOIIBIO TeOpUN BbIYeTOB. [IpoBesienbl ynciennble
sKcriepuMenThl. [losryuennbie pe3yibTaThl PabOThl MOI'YT OBITH MCIIOJIB30BAHBI B 00JIACTH T'€0-
dpu3MKM, CeiCMOJIOTUN U TTPOEKTHLIX OPraHU3aIuil IIPU CTPOUTETHLCTBE COOPYZKEHUI, & TaK¥kKe
[IPU IPOEKTUPOBAHUU TIO/I3EMHBIX PE3EPBYapOB.
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MOJIEJINPOBAHUE U METO/I PACUETA JTE®OPMAIINI PABHUHHBIX
PEK
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B nacrosimme BpeMs HHTEHCUBHOE PA3BUTHE THIPOTEXHUYIECKOTO CTPOUTEIHCTBA HU TOJIHKO
HaIllell cTpaHe 0 BCEMY MHPY BbI3BAJIO HEOOXOJIMMOCTDH YyUdTa BO3JEHCTBHUA PA3/JIUIHBIX CO-
OpPY2KeHMiT Ha PYCJIOBBIE IIPOIECCHI, 0CODEHHO Ha PaBHUHHBIX peKaxX. PazpaboTke sTux mpob/ieM
MIOCBSIIEHBI UCCJIEJIOBAHUS TIOC/IE/IHETO MTEPUO/IA, TTO3BOJIMBINNE pa3paboTaTh METOJbI pacdyeTa
PYCJIOBBIX JilehopMaliiii Ipu BO3BEJICHUU THIPOTEXHUICCKUX COOPYKEHUM PAa3JIUIHBIX THUIIOB.
CJIOKHOCTH M3yUeHUs TUHAMUKN PYCJIOBBIX MOTOKOB W PYCJIOBBIE ITPOIECCHI COMPSIXKEHO Pas-
MBIBaeMbIMU IpyHTaMu. Kak M3BECTHO PYCIOBO# MPOIECC SBJISAETCA CJ0YKHBIM MHOTO(AKTOP-
HBIM $IBJIEHHEM, 9TO JIFOOOH y9IaCcTOK PEKM IOJIydaeT 3aJaHHbIH €My HPUPOIHBIME YCIOBUSIM
CTOK HAHOCOB, KOTOpbIE TOTOK JIOJIZKEH TPAHCIOPTUPOBATH BHU3 II0 TEYEHUIO. TaKoe TedeHun
OT pesibedpa, reoJIOTUM BOJIHOTO U JIEJIOBOTO PEYKUMOB, CTOKA B3BEIIEHHBIX HAHOCOB, PEXKHMA
UX TOCTYILJICHUSI, KPYITHOCTH HAHOCOB O Yepe]l pa3Mep MOCTYILJICHUN HAHOCOB, UX COCTAB 3aBU-
CAT OT MHOYKECTBEHHBIX ITPUPOJIHBIX (PAKTOPOB: BBITAIAIOIIIX aTMOCHEPHBIX 0CAJIKOB, YKJIOHOB
MMOBEPXHOCTHU BOI0COOPA, I'PYHTOB U MX IMPOHUIIAEMOCTH PaCTUTEILHOCTH U.T.I1. Bee 910 memaer
PYCJIOBOI TIPOIECC CJIOKHBIM MHOTOMAKTOPHBIM $IBJIEHUEM, KOTOPOE MOXKET M3Yy4daThCA TOJIb-
KO Ha OCHOBE 0OOCHOBAHHOI'O MHOTO(raKTOPHOT'O T0JIX0/Ia, MOTYT JIaTh IOJIE3HBIX PE3YIbTaTOB.
HeobxomMo oTMeTHTD, 9TO perieHne mpodeMbl PACIYTOB U IIPOTHO30B PYCJOBOTO ITPOIECCa
TpebyeT co3/laHne I'UIPABIUICCKON TCOPUHN B YIITOM MOPQOJIOTHICCKUl ACTIEKTHI TPOOJIEMBI.
OObIYHO, JUHAMUKA PYCJIOBBIX IOTOKOB M PYCJIOBBIX ITPOIECCHl M3Yy4dalOTCsd Ha HATypax WJIN
J1abOPATOPHBIX YCIOBUAX HA OCHOBE MOJIEJIM PeK (Wi B YacTu peku). KcrecTBeHHO, co3aHnn
MOJIe/ T TPeOYIOT OrPOMHOTO KOJIMYECTBO MaTePHAJIbHBIX PACXOJIbI U Ye/I0BEYECKOE BPEMEHU.
MNuorna nHanMmeHIoe n3aMeHeHne B apaMeTpax IMOoTOKa TPeOyIoTCs MepeIe/ KU SKCIEPUMEHTA b
HO# ycTaHOBKU. B Takux ciydasx caMbIM YI0OHBIM SKOHOMUYIHBIM B 3(DEHEKTUBHBIM METOIOM
MCCJIEIOBAHUS PEYHOTO PYCJIa SBJISETCA C TMOMOIILI0 MaTeMaTHYeCKOTO MOJIeIMPOBAHUE JTaH-
HOT'O TIpoliecca. KoTopble M03BOJIIET B IIMPOKOM JIMAIlla30He U3MEHEHUs apaMeTPOB PEYHOIO
pycia, pycia, Kak reoMeTpuvIecKre pasMepsbl, pesibed uM Obedbl, HAHOCHI U JIP. He TpeOyroTei
HUKAKUX ITPOOJIEM U3MEHEHHUS B MATEMATUICCKIX MOJIEIISIX, KPOME TOTO 3TOT CIIOCOD UCCJIe/I0Ba-
HUsI [I03BOJISIET PA3HOCTOPOHHO IIPOrHO3MPOBATH PEeYHOro pycio [3]. Maremarudeckast Mojiesb
PYCJIOBBIX TIOTOKOB OCHOBBIBAETCS HA JIMHAMUKY KujKocTeil (MHOrodasubix cpen). Pexkum re-
YeHUsl BOJBI B peKaX, KakK IPaBUJIO, TYypPOYJIEHTHBIH, MOITOMY JUHAMHUKA PYCIOBBIX ITOTOKOB
OCHOBBIBAETCS TTPEKJIE BCEr0 HA 3aKOHAX TYpPOYJEHTHOTO JIBVXKEHUS YKUJIKOCTU. Maremarude-
CKasl MOJIEJIb PYCJIOBBIX IMOTOKOB OCHOBAHBI B OCHOBHOM Ha (DYyH/IaMEHTAJbHBIX (PU3MIECKUX
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3aKOHAX: COXPAHEHUsI BeIecTBa (MAcChl) U COXPAHEHUH SHEPIUH, & TaKWe JIBUKeHus. B JaHHOi
paboTe IPUBOJIUTCS OCHOBHBIE YPpaBHEHHS 1 CIIOCOO pacuera jgedopMaliuii HEKOTOPBIX PYCJIOBBIX
nedopmanuu [1]. OcHoBHASs cucTeMa ypaBHEHUI JIMHAMUKU PYCJIOBBIX OTOKOB COJEPIKUT CJIe-
JIYIOIIEe COCTABJIABIINE: YPaBHEHNE JIBUKEHUE BOJIbI, YPaBHEHUs] HEPA3PBIBHOCTH U YDaBHEHUE

nedopmarmit [1, 4].

v? 0 apv?. o Ov
[ pr— — — —
02H+8x( 2g )+ g Ot’
00 oF
o o T
aQs 8yd -

Jannas cucreMa ypaBHEHHI He3aMKHYyTa, TaK KakK COJEPXKUT IIECTh HEM3BECTHBIX (DYHKIM
IPOJIOJILHOl KoOpauHATHI (X) u Bpemenu (t): yq, H, B,v,C, u Q. [5] Cucrema ypaBuenue uju
MareMaThyecKast MoJIeJIb JedOpMaIii PYCJIOBBIX PEK HeCTallmoHapHAast, U TPeOyeT JJisl pelleHure
I'PAHMYHBIX ¥ HAYAJILHBIX YCJIOBUS 10 HEM3BECTHBIM OIPEICIAIOTCA KOHKPETHBIMU YCIOBUSMU
sagiaun [2|. Kpome Toro, jijisi 3aMbIKaHWsI CUCTEMbl ypaBHEHUiT TPeOYIOTCS PsiJi COOTHOIIEHMUIT
(ypaBHEHUM) 5TH COOTHOLIEHUH T.€. CBA3b MEXK/LY HEU3BECTHBIM CHCTEMbI MOI'YT OBIT MOJTY Y€HbI
9KCIIEPUMEHTAJIBHO UJIH TOJTYIMITMPUIECKUM Iy TEM.

Baka4denne: Cucrema ypaBHeHuil psiJi 000CHOBAHHBIM JIOIYIIEHUSIME, HAYAJIbHBIMU U IDa-
HUYHBIME yCIOBUSIME PelleHa /I KOHKPETHOMN 3a/1a491 KOHETHO-PA3HOCTHBIM METOI0M. Pesyib-
TaThl HOJIYYEeHbI IO POJIOJLHON HAIIPABJIEHUN DEKU U 110 BPEMEHH.
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YN CJIEHHOE PEINTEHUWE 3AJTAYN ITPOOOJIZKEHU A I1OJIA
HA PEAJIBHBIX JAHHBIX

KapueBcknii A. JI.

Uucturyt marematuku uM. C.JI.Cobosresa CO PAH, HoBocubupck, Poccust
karchevs@math.nsc.ru

PaccmarpuBaemast B ipejicTaBiIeHHON paboTe 3a/1a9a NMMeeT OTHOIIEHNE K M3y IeHUIO TIOBe Ie-
HIS IJIOTHOCTH TEIJIOBOI'O ITOTOKA BOJIM3U KOHTAKTHOM JIMHUHU “TBEP/IO€ TEJIO - Ta3 - KUIKOCTD .
OTU UCCIeI0BaHUS Ha JAHHBIE MOMEHT SIBJISIIOTCS BeChbMa aKTYaJbHBIMU JJId CO3/JIaHUs HOBBIX
TUIIOB UCIApUTEIEN, UCIOIB3YIONINXCA /IS OXJIaXKIeHUsT TPUOOPOB, PAOOTAIOIMNX KaK Ha 3eM-
Jie, TaK U B KOCMOCE. ZL.HH n3zydeHnusd IIJIOTHOCTHU TeEIIJIOBOI'O IIOTOKa 6bI.H HCIIOJIb30BaH METO/,
TOHKOIl HArperoii oJibIu.
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Maremarudeckn, 9TOOBI ONPEIEINTh JIOTHOCTH TEIJIOBOIO MOTOKA B MHTEPECYIOIeil Hac
obacTh, 3ajlada CBOJNTCS B CTAIMOHAPHOM Cydae K PelreHnio 3ajadu Kormm it 9/IHITH-
JeCKOr0 YpaBHEHHSsI, B HECTAITMOHAPHOM CJIydae - K PEIIeHUIO YPaBHEHUs TeIIONPOBOTHOCTH C
JIAHHBIMHU Ha BPEMEHHUIION00HON rpanuie. B oboux ciydasx obpabaTbIBAIUCh JaHHBIE, IOJIY-
YeHHBIE B XOJ€ PeasIbHbIX JIaAOOPATOPHBIX IKCIIEPUMEHTOB.

K IIOCTPOEHUIO 1 PEIIIEHUE MATEMATNYECKUI MOJIEJIN
3AJIAUYM TEOPUUN HEJIMHEMHON ®UJILBTPAITN

Karomos II1., Ap3ukynosI.Il., Mapnauos A. II., XauTos T. O.

TamkenTckuit TocyapcTBeHHbI Texandeckuit yaupepcuter umenu . A. Kapumosa
kayumovmatemic@gmail.com, arzikulov79@Qmai.ru, apardayevich@mail.ru,
tojiboy.xaitov.77@gmail.ru

WsBectHO, 9TO 33/1a49a GUILTPAIME (DJIIOKNI0B UMEIONINEe HeJTHHeHbIe CBORCTBA MHOIOCION-
HBIX CpeJlaX MpeACcTaB/IsieT HayIHbI HHTepec B MpakTudeckoM IiaHe. CIoucThie CPeibl 110 CBO-
eil CyTH ABJISIETCsI CJIOKHBIME CTPYKTYPaAMU, TJie TPYIHO OUPEACINTh I'PAHUAIBI ¢1oeB. OOBITHO
IIPU UCCIEIOBAHNE TOI3EMHOI CPeIbl CANTAIOT, YTO CJAOUCTHIE CPEIbl NMEIOT KPOBJIS U IIOIOIII-
BbI. VCXO/1s M3 XapaKTepUCTUK CPeJIbl MOXKHO UX CINTATH THIPOMHAMAIECKN CBI3aHHBIMI MJIN
HeCBA3aHHBIME TIacTaMu. ViceeoBanme Takux IIacToB nocesmienbl paborel [1-2]. Eciu dusn-
JecKre U XUMHUKA - TEXHOJOTMIECKOe ITapaMeTpPhl CPeJIbl OTJIMIHBINA OT paHee CyIIeCTBOBABIIIX
MoJIeJIeli, a TaK:»Ke CTPYKTYPHbIE CBOMCTBa (pJjIonia MHAYe, TO OOBIMHO TaKue (OJIIOUIbl Ha3bl-
BalOT CTPYKTYpPHUPOBaHHBIMU. J[JIsT HUX XapaKTepHBI CyIIEeCTBOBAHME TPEX 30HBI (DUIBTPAINN
(30HA TOJI3yYecTH, 30HA AHOMAJILHOCTH U 30HA CHJIbHBIX MOJBUZKHOCTEl). V3yuenne crpykTy-
PUPOBAHHBIX (DJIIOUJIOB B CJIOMCTBIX Cpelax IOYTH OTCYTCTBYET, MMeeTCsl YaCTHIHbIe PabOThI
[3-5], mpemoiararorye CyIecTBOBAHNE PA3JINIHBIX TUIIOB (DJIIOUJIOB B CJIOSX CPEIBI.

[Iycrs obmacts §2 coctout u3 Tpex obstacreit Dy, Dy u D3, ipu 9T0M BepxHee D u HuzKHee [
XOPOIIO POHUIaeMble (TOPU30HTAIbHBIE XaPAKTEPUCTUKY IPeodIaIaeT HaJl BEDTHKAIBHBIMA ),
a cpeJHuit Dy MJIOXO MPOHUIAEMBI U B HEM BepTHKAJIbHBIE XapaKTEPUCTUKU MpeodIaiaeT Hal
TOPU30HTAIbHBIMH.

[Iporiece ubrpanyuu  GIIOKIOB B TaKUX Cpejax MaTreMaTHdecKd CHOpMYIUPYyeTcs
Tak: HeoOXOIUMO HaiiTu HenpepbiBuble (yukmun w;(r,y), (i = 1,2), v(z,y,2) a Takxe
Rj(z,y,t), (j = 1,2) u3 creymomeii cucrembl ypaBHEHUIt

0 ou,; 0 ou; ov
— (P - — (P 'y A=
5 UV B G + G (@Vul g — g
=M 150, (ry) € (D1, D) (1)
0 Av  Ov ov
%(k(xay7z)m&) = ME’ t > Oa S (h'lahQ)' (2)

C HavaJbHBIMU

uz(x7y70) = uio(x>y)7 U(l’,y,Z,O) = Uo(l’,y, Z)) Rl(x7y70)
= R2<m7y70) = R()(l',y), (3)
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" I'paHUIHbIMUA

ou,; ou;
@y (|Vul, 1) =— =D, (|Vul, B2) = ,
Ox 2=R1—0 Ox =R1+0
Ui|I=R170 = Ui|I=R1+0’ (4)
ou; ou;
CDQ(|VU|,ﬂ2) — :¢)3(|VU|,/83) - 3
al’ z=R2—0 81; r=Ro+0

Ui|af::R2—0 = Ui|af::R2+0 (5)

a TaK2Ke Kpa€BbIMU YCJIOBUAMU

- ou;
a1®y (|Vul, B1) on +az Ui‘(x,y)ero = ¢1(t), t >0,
(l‘,y)EFO
~ aul
b1(1)3 (|VU| aﬁ?)) 8_ = 07 t>0. (6)
n (z,y)el
Ou;
¢ =0. (7)
n (z,y)eH

Bnecy dyukumn ®;(j = 1,3), k(z,y, 2) BeIparkaeT HeJMHEHHOCTH IIporiecca QUIBTPAIIUN I
Gepercs Kak B [4,5],
{@, M} = {@1,Mq; P2, Mo ; ®3, M3} npu x € (0,Ri(t)); x € (Ri(t), Ra(t)); © € (Ro(t), Ly)
coorBercTBeHHO, 11pH 3ToM Yy € (0; Ls), z € (0; H), a; + as # 0, ¢; — napamerp cpespt. Hesu-
Heitnast 3aa4a (1)-(7) permaercs MeTOJOM UTEPAIME U METOJOM HPSMBIX 110 ¢, & TaKyXKe MeTO-
JIOM IIepeMeHHBIX HAIIPABJICHHUI ¢ JaabHeIIeM IpIMeHeHneM IIOTOKOBOTO BapHAHTa PA3HOCTHOM
nporouku [6,7]. TlocTpoeHHBIE BHIYUCUTE/IBLHBIE AJITOPUTMBI AIIPOOKPOBAH HA TECTOBBIX JIAH-
HBIX, M 110 HUM MOYKHO CJeJIaTh BBIBOJ, O IPUMEHUMOCTH JAHHOIO CII0CODa MOJICIUPOBAHUE JIJIs
OlPEJIeJICHNE TEXHOJIOTNIECKUX apaMeTpOB MEeCTOPOXKICHUIT aHAJIOTHIHOIO THIIA.
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HAJEXXKHAHA Y MOJIEJIb HAJTE2XKHOCTU BOCCTAHABJIIBAEMOI
TEXHUYECKOM CUCTEMBI

XAVMJIAPOB III. A.', SJINBOEB H. P.2, ABJIN>KAJINJIOB 2K. ITI1.3
1K apmmHCKOro nprkenepHo-3KOHOMIIeCKOTO HHCTUTYTa 375-atmmk@mail.ru
2TanTKeHTCKOr0 XMMHUKO-TeXHOIOTHYeCKOro nHeTuTyTa nurali  e@mail.ru

STalIKenTCKHil TOCYJapCTBEHHBIH TeXHUYeCKUN YHIBEPCUTET

[Ipennaraercsa quckpeTHas MaTeMaTUdeCKasd MO/JIE/Ib HAJIEXKHOCTU CTapeIoeil TeXHMYeCKOn
CUCTEMBI, COCTOsIHIE KOTOPOI CO BpeMeHeM YXY/IIIAaeTCs, YTO MPUBOJIUT K YBEJMICHUIO BEPOAT-
HOCTD ee 0TKa3a. B 1essax obecriedennst HeoOX0 MO pabOTOCIIOCOOHOCTU CUCTEMbI TTPOBOIATCS
poUIaKTHIECKIe DEMOHTHI Pa3HON TJIyOUHBI B CIydaifHble MOMEHTHI BpeMeHn. [ToaToMy BaxK-
HBIM SBJISETCS OIpPe/Ie/IeHIe TAKOI'O IIPaBIJIa BLIOOPA IIEPUO/IOB BPEMEHU TAKUX PEMOHTOB, KOTO-
poe obecrieanBaeT ONTUMAJBHBIN YPOBEHb PAOOTOCIIOCOOHOCTH CUCTEMBI. B cTaThe onuchiBaeTcst
MaTeMaTHu4YecKasi MOJIE/Ib, OIMCHIBAIONIAS B3aNMOCBI3U IaPAMETPOB HAJIE2KHOCTU TEXHUYIECKOI
CUCTEMbBI M CJIyYaflHbIX MOMEHTOB BPEMEHU IPOBEJICHUA MPOMUIAKTUICCKUX PabOT, KOTOPBIE
OIIPEJIEISIIOT KOHEYHOE YHCJIO COCTOSHMIT cucTeMbl. Ha OCHOBe aHa/msa 3TOi MOen ompee-
JIsieTCs TTPABUJIO BBIOOPA IMEPUOJIOB BPEMEHHN TAKMX PEMOHTOB, 00ECIEINBAIONIINX ONTHMAJILHBII
YPOBEHb PabOTOCIIOCOOHOCTH CUCTEMBI.

1. Ob0masi mocTaHOBKa 3aJa4d, aKTyaJIbHOCTb WM IeJib uccjenaoBanmus. /3BecTHo,
YTO BCE TEXHUYECKUE CUCTEMbI B IPOIECCE FKCILIYATAIIMU YXYIIIAIOT CBOU XapaKTEPUCTUKHU,
YTO yBEJIMIUBACT BEPOATHOCTb WX OTKaza. OHa MoKeT OBbITh YMEHBINeHA U JO0BEJICHA JIO OIl-
TUMAaJILHOTO YPOBHS C IIOMOIIBIO TPOBEJICHN TPOMUIAKTHIeCKIX PeMOHTOB. OOBIMHO TaKme
PEMOHTBI OIPEJIEAIOTCS PErJIAMEHTOM B 3apamHee Olpe/leJieHHble MOMeHThI BpeMenu. O THaKo,
B CHJIY PA3JIUYIHBIX PUUINH, UX PEATU3aIUsl IPOUCXOIUT B CJIyUIAHBIE MOMEHTHI BPEMEHU. DTO
00yC/IaBIMBAET aKTYaJbHOCTD IMOCTPOCHUA MATEMATUIECKOW MOJIEN, OMUCHIBAIONIEN B3auMO-
CBA3M TIAPAMETPOB HAJIE’KHOCTH (PYHKITMOHUPOBAHUSA PACCMATPUBAEMON TEXHUYECKON CHCTe-
MBI, CJIyYailHbIX MOMEHTOB BpPEMEHU NPOBejieHns] TPOMUIAKTHIECKUX PA0OT U BEPOATHOCTEN
OTKa3a B COCTOSIHHAX BO BPEMs PEeMOHTA. BepodgTHOCTb OoTKaza sBJisieTcs Hambojiee BayKHBIM
napaMeTpoM TaKOil MOJIEN, TaK KaK OHa IPUBOJUT K JJINTETLHOMY ITPOCTAUBAHUIO CUCTEMBI U
3HAYUTE/IHHBIM 3aTpaTaM Ha €€ BOCCTaHOBJIEHUE.

[TocieoBaTE/IBHOCTH MOMEHTOB ITPOBEJICHUST PEMOHTOB TIEPEXO0B CUCTEMBI U3 0YEPETHOTO
COCTOSIHUS B TIOCJIETyIOIIee B JAHHOM MOCTAHOBKE PACCMATPUBAETCH KaK IPOIECC YIIPABJIEHU
9TON CUCTEMOM.

Hesb mcciieioBanms - MOCTPOCHUE MATEMATHIECKOW MOJIE/N HAJEKHOCTU U paboTOCIIOCOD-
HOCTHU YIIPaBJ/ISIEMOI TEXHUIECKOI CUCTEMBI C KOHEYHBIM YHUCJIOM COCTOSHU, B KOTOPBIX CUCTEMA
OyZeT HAXOJIUThCS B TIEPUOJ OYEPETHOrO MpadUIaKTUIeCKOTO obcTyKuBanus. PaccMmarpusa-
eTcs HanboJIee TePCIIeKTUBHBIN MOIX0 K MOJIETMPOBAHUIO HAJIEYKHOCTH TEXHIMIECKUX CUCTEM,
IpeJIIoJIaTaloNIil BBEJIEHIE U OIIPe/Ie/IeHNe IPOMEYKYTOUHBIX COCTOSTHUMN, OIMPEE/ISIONINX YPO-
BeHb PabOTOCIHOCOOHOCTH U BEPOATHOCTH OTKa3a. TakKoil IMOJIXOJ] MO3BOJIET YUeCTh WHJIABH-
JIyaJIbHble OCOOEHHOCTU CHUCTEMbI, HAIIPUMEp, CKOPOCTb M3HOCA, YTO B CBOIO OYepPEb IIPeIo-
CTaBJIsI€T BOBMOXKHOCTH 00Jiee aJIeKBATHO MPUHUMATDH PEIIEHUs 110 OIPEJIe/IeHIIO TpaduKka ee
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IPOGUIAKTHIECKOOT0 00cTyKuBanusi. CyIecTBYIONIEe METO/IbI MOICNPOBAHUS TEXHUICKCKITX
cucreM [1| 1yist BBIGOpa ONTUMAJIBHBIX DEIeHHIH 110 OlpeieieHI o TpaduKa MPOdOUIAKTUIECKIX
PEMOHOTOBITIO/IL3YIOTCS CTATUCTUIECCKUMU JIAHHBIMU, TOJIYYEHBIME 110 OOJIBINON I'PYIIIe OJIHO-
TUIHBIX cucteM. OCHOBHOI BeJUYUHON IPHU 3TOM sBjseTcs "Hapaborka Ha orkaid". OjHako
UH/INBUTyaJIbHBIE OCOOEHHOCTH KOHKPETHON CHCTEMBI B 3TOM CJIydae He yIuTbiBaioTcs. [lernio
MOJIE/TUPOBAHNS SABJISIETCS TOJJIePKAHIE ONMTUMAJIbHON paboTOCITOCOOHOCTH OTAETBHOM CHCTe-
MBI C YYI€TOM €€ COCTOsIHUS Ha HeOTpaHWIEHHOM HHTePBaJIe BpeMeHn. B ocHOBY MojieTmpoBaHus
IIOJIO?KEH MapKOBCKUH CJIy4YaiHbII IIpoIiecc.

B npemiaraemoit pabore pa3BuBaeTCs MOIXOJ K MOJCTUPOBAHUIO HAJCIKHOCTH TEXHUIECKUX
CHCTEM, PaCCMOTPEHHBIH B [2].

2. MaremaTrudeckasi MO/IeJib HaJieXXKHOCTH. llycTh croxactmdeckasi cucrema S KOH-
TPOJIUPYeTCs Yepe3 cirydaiHblii mepuos BpeMenn & = min(&, 1), rae £ - ciaydaiiHoe Bpemsi J0
0TKa3a, 3aBHUCIIee OT HAOIOIEHHOIO COCTOSHUS B TIOC/IETHUN MOMEHT KOHTPOJIS; T - IJIAHOBDII
CJyYafiHbIf 1Iepuo/I KOHTPOJISA, UMEIOIINI pacipe/ieneHue dpjanra k-ro nmopsiaka. B kaxibrit
MOMEHT KOHTPOJIsI CHCTEMa MOYKET HAXOJIUTHhCA B OJIHOM U3 COCTOSHUI KOHETHOI'O MHOXKECTBA
E = {x1,...,zN, } Bynem cuanrarh, 9T0 HAMIYYIIAM COCTOSTHUEM, B KOTOPOM BEPOSITHOCTH OT-
Ka3a MUHUMAJIbHA, SBJISETCA T & HAUXYIIUM -cocTogane . COCTOSHUIO ' COOTBETCTBYET
HOBasl CHUCTEMa, & COCTOSHUIO T, - MAKCUMAJLHO HM3HOIIeHHas. Bce ocTajbHbIE COCTOSHUS -
IIPOMEZKYTOUYHbIE, BEPOATHOCTH OTKA3a B KOTOPBIX YIOPsIOUYEHA [0 €r0 BO3PACTAHUIO OT MIHU-
MaJIbHOTO K MakcuMmaJsibHomy. Ham OyJier yo0HO pacmupuTh MHOXKECTBO COCTOSHUMN, cHAOINB
KaXKJIbIil 971eMeHT 1 € F BTOpbIM nHjiekcom s, s = 1, ... k+1. [Ipustom s = 1, ..., k yka3biBaeT
Ha a3y SpJIAHINOBCKOTO pacipefieienus 2] mepuoma T, a s = k + 1 yKa3blBaeT Ha COCTOsIHUE
wiaHoBoro kKourposis. O6osuaunm E” = {z;},i = 1,.... N,;s = 1,....k + 1. Takum obpaszom,
no/iHoe MHOKecTBO cocrosuuit B = E” | J{x;;}.

ITycTe B 11aHOBBIN MOMEHT KOHTPOJIA CUCTEMa HaXOAUTCA B COCTOAHUH Zjk+1,] = 1, ..., IV,
B KOTOPOM IPUMEHSETCsI OJIHO U3 BO3MOXKHBIX IMPOMUIaKTIIecKuX peMoHTOB. [looxkum, ato
MHOYKECTBO JIOIMYCTUMBIX TTPOMUIAKTHIECKAX PEMOHTOB, KOTOPOE HA30BEM MHOYKECTBOM yIIPaB-
Jenuit u 0603HauuM Y = {41, ...Ym }, KOHEUHO. DJIEMEHT ITOrO MHOKECTBA, YIIPABJIEHHE ¥;, Ollpe-
JlesideT Tayouny obHoBiIeHHd cucTeMbl. OHO onpe/iesigeT MHTeHCUBHOCTU/L;; IIEPEX0/1a CUCTEMBI
U3 COCTOAHHA Tj,41 B COCTOAHHUE Tg, S = 1,,j Dymem cumrarb, uTo 4YeM IiIyOKe yIpaBiie-
HUe obecrievnBaeT OOHOBJIEHNE CUCTEMBI, TeM 0OJIbIlle HHTEHCUBHOCTD ME€PEX0/a B COCTOSHUE C
MeHbITUM HOMepoM S. OHAKO OyIeM yIUThIBATH, UTO UeM TJIy0:Ke OOHOBJIEHNE CHCTEMBI, TeM
OOJIbITIE CTOUT STO yIPABJIEHHE.

EcrecTBenno cumTaTh, UTO OTKa3 CHCTEMbl BO3MOXKEH B JIOOOM COCTOAHHUU Tjs, ] =
1,..,N,s =1,...,k, npudeM UHTEHCUBHOCTb OTKa3a v; He 3aBUCHUT OT ¢aspl s. Cumraem dop-
MaJIbHO, 9TO OTKA3 CUCTEMbI IIPUBOJIAT K MEPEXO/Ly €e B COCTOSIHUE Xg. B cocTosHum x( cucrema
BOCCTQHABJIUBACTCS B OJIHO U3 COCTOAHMIL X1, ¢ MHTeHcuBHOCTBIO @4, 7 = 1,..., V.

O603Ha9UM HHTEHCUBHOCTD TIEPEX0/Ia MEXKTy (hazamu depes 7.

Ocnosnas 3adavwa modeauposanus 6ydem cocmoamsv 6 vlbope ONMUMAALHOT Cmpamezul,
YNPABAEHUA, M. €. 68 6blO0Pe 8UAL NPOPUAAKMUYECKO20 PEMOHMA OAA KAAHCI020 COCMOAHUA 6
KaHcvl MOMEH, KOHMPONA.

Cucrema ypapaennii KosimoropoBa it BEpOSITHOCTEH COCTOSHHUI IPEJIJIOZKEHHON MOJIEII
MMeeT CJIeJTyIonuii Bu [4]:

d N
Epn(t) = —(v1 + A\ +7)Pi(t) + PFRy(t) + ;Nllpik(t)
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d
apsl(t) = _(Us + )\S + V)Psl(t) + (I)Spo(t)+

+Z,U25sz+l(t) + /\5—1P5—11<t)7 s = 27 cey N — 17

d
dtPNl( ) (UN + ’}/)PNl(t) + (I)Npo(t)+
+unn Py (t) + A1 Pyo11(t),
d
%Pls(t) = —('Ul + )\1 —+ ")/)P15<t) + fyq)lsfta S = 2, ...,k,
d
dths(t) = —(vg+ Ay +7)Pys(t) + vPgs—1 + Vg1 Py1s(t), ¢=2,...,N—-1, s=2,..,k,

d

%PNs@) - _<Uq + ﬁY)PNS<t) + ’Y(I)stl + /UNflefls(t)a s = 27 ) k?

a,
T Para (t Zuqz i1 (D) + 7 Par(t), 4 =1, N,

d N &k
E Z(DPO +ZZU{YPU
i=1 j=1
N k+1
)+ 2D Pilt) =
i=1 j=1
3amMeTuM, YTO OJIHO U3 yPABHEHWII CHCTEMBbI, KDOME YCJIOBUS HOPMHUPOBKHU, MOXKET ObITh OIIy-
IIIEHO TIPU €€ PEIIeHUH.

YCTh B HAYAJIHHBIII MOMEHT BPEMEHHU CHCTeMa HAXOJUTCS B COCTOSHUN X11. 10T1a HaYaIbHOE
paclpeeaeHne BepoOdTHOCTE nMeeT CJeAYIOIN BUI:

P11(0) =1, F(0) =0, P;(0) =0 ms Beex i, j, kpome ¢ = j = 1.

PaccvoTrpum cityuait, Korja cymecTByeT CTallnOHaAPHBIN peykuM (DYHKITMOHUPOBAHUS CUCTE-
Mol [4]. IIpu sToMm cymiectByioT npesessl BepostHOCTEd cocrosiumit Pj(t), Py(t) mpu ¢t — oo n,
CJIeJIOBATE/IHHO, B 9TOM PEXKUMe BCe ITPOU3BOHbIE 3TUX BepodTHocTell paBubl (. Tormga npuse-
JenHas cucrema JuddepeHIalbHbIX yPaBHEHNIT TepeiijleT B HEOJHOPOIHYIO CUCTEMY JIMHEN-
HBIX ajirebpandeckux ypaBHenuii. Takasi cucreMa MOYKeT OBbIThH pellieHa, HAITPUMED, ¢ TTOMOIIIHIO
KOMITbIOTepHO# nporpamMbl MAPLE.

BriBoabl

[Ipeozken HOBBIN T10JIXOJT K MOJICJIMPOBAHKUIO CTAPEIONINX TEXHUYECKUX CHCTEM, BEPOSAT-
HOCTb BO3MOYKHOT'O OTKa3a KOTOPBIX Bo3pacraeT co BpemeneM. OH COCTOHT B TOM, UTO JIJIst
OIMCAHUS IBOJIIOINH ITPOIECCA CTAPEHUs] TEXHUYIECKON CUCTEMbI BBOJUTCS TOCJIEI0OBATEILHOCTD
COCTOSIHMI, KOTOpPbIE OHa MPOXOAuT 10 odepeau. [Ipm sToM Takoil mokasaresab CHCTEMbI Kak
MHTEHCUBHOCTH OTKa3a MOHOTOHHO Bo3pactaeT. [lokazaHo, 4TO IpU OIpeJIe/IEHHBIX YCJIOBUAX
9BOJIIONMS CHCTEMBI MOYKET OBITH OIMCaHa MAaPKOBCKUM IIPOIECCOM U, CJIEIOBATEILHO, MOJIE/D
MOKeT ObITh OCHOBaHa Ha cucreMe ypasHeHnit Kosvoroposa. [lesibio MogemmpoBanust sIBUJIOCH
HAXOYKJIEHUE TAaKOW CTpaTernu NpouaIakTHIeCKINX OOHOBIEHUN CUCTEMBI, KOTOPasd ObI ONMTHMHU-
3upoBaJia ee paboOTOCIIOCOOHOCTD U HA/Ie’KHOCTE. [IpakTutieckoe 3HAMEHUE TIOJIYI€HHBIX PE3YJIb-
TaTOB COCTOUT B TOM, UTO PEIIEHHE STON aKTyaJbHOM 3a/1a4u JIETKO MOXKET OBITH IOJIyYeHO C
MTOMOIIHI0 MATEMATHIECKIX BBIMUC/INTETbHBIX Tporpamm, Hampumep MAPLE. Crenyer ydects,
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YTO B MOJIC/IH IIPUHAT CIydaiiHbIil iepuoji koutposid. [lociieniee pacimmpsier Kpyr CUCTEM, KO-
TOpbIE JIEKBATHO MOT'YT OBITH ONUCAHBI IPEI0KEHHON MOJIE/IBIO.
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YN CJIEHHOE MOAEJINPOBAHUWE 3AJJAYN OIITUMAJIBHOT'O BBIBOPA
BHEIITHUNX CNJI B BOJIHOBOM YPABHEHUUN

Xaitnrkynos B. X.!, Jlarunos H. K.?

Hanumonaibueiit yausepcuTer Y30ekucrana, Tamnkent, ¥Y30ekucran
b hayitqulov@mail.ru, 2nusratulla@mail.ru

[Iyctb D ={a <z <b ¢c<y<d, 0<t<T} - napamrenenunes. Tpebyercsa onpeme-
muth byuxmuio f(z,y,t) > 0, mocrapasionyyo npu Kaxiaom t € [0, 7] MuHuMyM JuHEHHOMY
dyuxmmonary [1-3|

b d
J{f}://f(x,y,t)dyda: — min, (1)

IIPA CJIEAYIONNAX YCIIOBUS:

32 32 32
2_X< )+ (r,51), a<z<b c<y<d 0<t<T

ot Ox? 8 2 /

u(z,y,0) = ¢(x,9), u(r,y,0) =¢(z,y), a <z <b c<y<d,
U(CL Y, ) ( t) u(b Y, )_”Q(yvt% C§y§d7 0<t<T,
u(z,c,t) = ps(z,t), w(x,d,t) =pu(z,t), a<x<b 0<t<T,

m(z,y,t) <ulz,y,t) < M(z,y,t), (,y,t) €D,

rie u = u(x,y,t) — HemsBecTHas dyHKuus; Y — dazoBas ckopoctb; ¢(z,y), ¥(z,y), ui(y,t),
po(y,t), ps(x,t), ps(z,t), m(z,y,t), M(x,y,t) — sananusie bysxmun. Oyuxinun m(x,y,t) u
M (z,y,t) — MUHIMAJIbHOE U MaKCHMAJIbHOE 3HAUCHNUS, 3ajianHble B obactu D. Brerreit cuiibr
OIMCHIBACTCS KBAIPATHIHO MHTerpupyemoit dyuknuit f(z,y,t) B mpoctpanctse Lo(D).

B Takoii MaTemMaTn4IecKoil MoCTaHOBKE 3Ta 3aaMa Ha PABHOMEPHOM CeTKE PEITaeTCs METOIOM
KOHEYHBIX PA3HOCTEH.
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CPABHEHUE TYPBYJIEHTHBIX MOJEJIEN JIJIS1I PACUETA
PACITPOCTPAHEHUE TEMIIEPATYPEI B HEC2KIMAEMON
3ATOILJIEHHO! TYPBYJIEHTHOM CTPVE.

Manukos 3. M.!, Haspysos /1. II.!, Mupsoes A. A.!, Kapumos P. C.?
MMuCC nm M.T. Ypaszboesa AH PVY3, Tamxkent, Y36eKkucra,

malikov.z@Qmail.ru, Navruzov.d@mail.ru, mirzoev.aa@mail.ru

Unctutyt matemarnkn uM. B.V. Pomanosckoro, TamkenT, Y36ekncran
roziq.s.karimov@gmail.com

Bepgenune. K nmpobieme mozemmpoBanus TypOyJI€HTHOTO ITEPEHOCA TeILIa MOCBAIEHbI MHO-
JKecTBa HAay4dHBIX paboT. [Toromy, ¥To jlanHas npobsema nuMeer OOJIBIIOE HAYIHOE U ITPAKTHYIE-
ckoe 3HaveHusd. [1o 9Toit MpuunHe BOZHUKAET HHTEPEC UCIIOIB30BaHN TYPOYIEHTHBIX MOJIEJIEN.
J1j1st 9TOrO MPEJIIOIOKUM, UTO JIABJIEHUE SBJIAETCH OCTOSHHBIM. /[aHHOe JOMyIeHne SBIIseTcs
OBIIEN3BECTHBIM U CHJIBHO 00JIerdaer pacyerHyto mporemaypy [1-4].

MaremaTtudeckast MojieJib 1.Maremarnyeckuit MouUIIMPOBAHHBIN MOJie/ b UeHa umMeeT

caemyromuii s [1] :

ou ou __
8—z+a—y—0

ou ou __ 10 Ou —
ga—i—l—vg—( L pag—i- ( a—y—uv)
(gt)_'_ p@xj =P - '0€+893 ((M+L)QIJ)_ka’

%%—M 1Ot P — Coa fo - +8m ((,u-i—m)axj) —pL.. (1)

2. Tenepb paccMOTpPUM MATEMATHYECKYIO MOJETb TYPOYJEHTHOCTH Ha OCHOBE JIMHAMUKHI
JByx Kugkocreit. CucreMa ypaBHEHHiT /171 TypOYJIEHTHOTO [TOTOKA MMeeT cyeytormuil Bus [3:

( oV, _ 0,
ox;
v, | Y79V, 10p _ 0
br +Vaac +pd;r1 d;r [ ( )_,Ujvi}’
Ov; Ovi ov; Ovj Fy; Fi;
aUT"'Vv__UJa +ax[‘(x+axi)]+T+TLa
oT L VoL oT __ (kBT/awj—vg )
87' ’8:{: o Oz )
Bt at _ or 9 1. 0T
ar ‘/laar = Yo, Iz ; + Oz kj Oz ; Kt 5
_ VRV v
=3v+ 2’d fT)|f0m #+ J, 05 = 30+ dwv de;("“/) T
- tv
k 3k + 2|gr‘a¢]1T|’ o
| Fy = —pKv, F| = pCyrotV xv. (2)
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s pacagra ypasrenne (1) u (2) cloKHBIX (UTYD MbI H3MEHSIEM CHCTEMY KOODJIMHATHI.
Bamumem cucremy (1) u (2) B mepemenubix Museca [3| (z,r)na -(7, ), tae 7=z/L. B HoBbIX
[IepEMEHHBIX, IPOU3BOAHBIC ONPEIE/ISIOTCS 10 U3BECTHOM opMyJIe:

o _ 0o ovo
Ox ~ Ox ¢ Ox O
G _ o e
or — orof ' orog-

PesynbraTsr pacdeTosB.

[IpuBesieM HeKOTOPBIE KOHKPETHBIE TTPUMEPDI, WIIIOCTPUPYIOIIHE KPATKO OIUCAHHBIE BbIIIIE
cBoiicTBa MoJlenb eHa, W ABYX KHUIKOCTHBIN Momenb TypbOymentHocTtn. Ha puce.l mokasano
CpaBHEHUE DPe3yJIbTaTOB JIBYX TyPOYJEHTHBIX MOJIe/Iell ¢ ONbITHBIMEU JaHHbiMEU u3 |5]. Tlokaszan
pouIb N3OLITOYHON TEMITEPATYPHI Ha aBTOMOJIEILHOM YYaCTKe TeUeHUs

[ =R T =Raplr s —

*  EXpETimeE

(0]

e e TV e

La

:_':'-r_"-_lll.-h;‘t oCTROEHAE

'L

Puc 1.Ilpoduab n3dbbITOUHOM TeMIIepaTypbl Ha aBTOMOJIETBHOM yYaCTKeE.

3akJirrouenue. [Iposejieno cpaBHUTEILHOE TECTUPOBAHKIE MOJIEIb UeHa U JIBYX *KUIKOCTHO-
ro Mogiesiu. [IpoBejieHo cpaBHeHne Pe3yIbTaTOB pacdyra ¢ pe3ysibraTaMu 3KCIePUMEHTOB u3 [5).
[Tosry1ueno, 9To ABYX-2KUIKOCTHOIN MOJIe/Ib TYPOY/JIEHTHOCTHU JaeT OYeHb OJIU3KUE PAcuIeTHbIE pe-
3YJILTATHI JjIst CTPYRHBIX Tedennii. /JIByX KUJIKOCTHBIN MOJIE/Ib TYPOYJICHTHOCTU YHUBEPCATbHAS
MOJIeJIb TYPOYJIEHTHOCTH, KOTOPOE ITO3BOJISIET HAXOAUTh pelleHns 3a1ad. B mejgoM HabI01aeTces
y,I_LOBJIeTBOpI/ITe.HBHoe COBITaJeHEe PaCY€THbBIX N SKCIIEpUMEHTaJIbHBIX JTaHHbIX.
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OKCTPEMAJIbBHAYA ®YHKIINA U ITPE/ICTABJIEHUE HOPMHBI
OYHKIIMOHAJIA ITIOTPEIITHOCTU

Mamatosa H.X.!, Baxponosa H.?
Byxapckuit rocynapcrennbiii yuusepcuret, Byxapa, Y30ekucran,
Inilufar.mamatova.76@mail.ru;

[IpuBesem ompenenenne mpocrpancTBa CoboseBa Lém)(O, 1) nepumogmdeckux GyHKIMIt

[11,[2]-

Lgm)(O7 1) 10 ruB6epTOBO MPOCTPAHCTBO DYHKIHUI m-0e 0606IIeHHOe TIPOU3BOTHOE KOTO-
PBIX THTETPUPYMBI C KBQJPATOM U KazKJABIA 3JIEMEHT IIPOCTPAHCTBA Lgm)((), 1) stByIsIeTCsT KJtac-
coM (pYHKIHI OTIIMIAIONINXCS JIPYT OT JpyTra Ha mocTosdHubIN wiedn. Hopma dyukmnuit B mpo-

CTpaHCTBE L(zm)(O7 1) onpenensiercst bopmyIIoit

1 2

Jelzs 0] = | [ (o) ar

3/1eCb MBI PACCMOTPUM CJIEIYIONIYIO 33/1a9y.
Banaya 1.1. Haittu Hopmy dyHKIIMOHAJIA TOTPENTHOCTH | MHTEPIOJISIIIUOH-HOM (hOPMYJIBI

.
B npocrpancree L™ (0,1).

s mosrydeHust SIBHOTO BHJIa HOPMbBI (DYHKIIMOHAJIA IIOIPEIIHOCTH [ B IIPOCTPAHCTBE
Lém) (0,1) ucmosb3yercst TOHSITHE ee SKCTpeMasibHOil dyHKiun, kKoropoe eegaeno C.J1. Cobo-

nesbiM (1], [2]. @yaxims u(z) u3 Lém)((), 1) HasbIBaeTCS SKCTpEMAIbHON (DYHKIIUEN Jjist (DY HK-
I[IMOHAJIA TIOTPEITHOCTH [, €CJIM BBIIOJTHAETCSI PABEHCTBO

=t 0] o0

Hamomuum, 9To nmpocTpaHcTBO Lém)(O, 1) aBysiercst TUIBOEPTOBBIM U CKAJIIPHOE TPOU3BE/ICHIUE
B 9TOM IIPOCTPAHCTBE JaeTcsd (POPMYJIOif

1

(0, V)m = / ™ ()™ (2)d.

0
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[To Teopeme Pucca 10601t uHeiino HelpepbIBHBIN (DYHKITHOHAJ [ B THILOEPTOBOM ITPOCTPAHCTBE
IIPEJICTAB/ISETCS B BUJIE CKAJISIPHOIO IIPOU3BEIeHUsT

() = (Y1, ©)m

JUtst J1i0001 byHKIH 13 Lgm) (0,1). Baech ¥y — dyHKIWS U3 TPOCTPAHCTBA L;m)(O, 1), ompe/ie-
JIETCs €JIMHCTBEHHBIM 00Pa30M 110 (DYHKITMOHAJTY | U SBJISIETCS €ro SKCTPEeMAaJILHOM (PyHKITHE.
Uurerpupyst Mo 4acTsiM BbIDasKeHUs B IPaBoii dacTu paBeHCTBa (1.6) M HCIOIB3YsT EPHO/ I~
HOoCTh byHKIMH ¢(z) u (), moaydaeM paBeHCTBO

(,9) = (-1)" / @) gl

0

Takum obpazom, sKcTpeMaTbHas QyHKIWs U (x) ABiIsieTcst 000OIEHHBIM PEIlieHNeM YPABHEHNUST

d?m
dem

U (x) = (=1)"(z)

C 'PAHUYHBIME YCTIOBUSAMU z/Jl(a)(O) = wla)(l), a=0,2m—1
Teopema. fBHoe BbIpaykeHue Jist SKCTpeMaabHON dyHKImN ¢ (x) GyHKINOHAIA TOrPeli-
wocru (1.3) onpegensiercs hbopMmyIioi

wl(flf) = (—1) Bgm ZE — Z ch Bgm [L’ — l'k) + d() s

exp(—2mi
rae Boy(z) = > W siBJIsieTCsl TToJimHOMOM Beprysuin, dy — koHcranTa. [lasee, Bbranc-
p#0

ngst (1,1;) noxyanm KBajgpar HOPMbI (DYHKIIHOHAJIA [TOIPEITHOCTH.
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BBIUNCJIEHIS ITIOPAAKA ATIIIPOKCUMAIIIN YCTOMYNBOUI
KOHEYHO-PASHOCTHOI CXEMBEI [1JI5I IEPBOI KPAEBOM 3ATAYU B
MOAEJIbBHOM YPABHEHUN CMEIITAHHOTI'O TUITA

Mepaxkosa I11.B.!, Typaesa H.A.

Byxapckuit rocyaapctBennblit yuusepcuteT, byxapa, Y30ekucran
'shsharipova@mail.ru;

AnajmTnaeckoe perleHne HEeKJIACCUIeCKNX yPaBHEHWI MaTeMaTHIecKol (pU3nKd - OUYeHb
CJIOZKHBII IIPOIIECC, TO3TOMY JIJI KPAEBBIX 3a/1a9 B 3TUX YPABHEHUAX CTPOATCSA YCTONIUBBIC
PA3HOCTHLIE CXEMBI, YTO IO3BOJIAET PENIaTh PAJ KPAeBbIX 3a1a9 I/ YPABHEHNN CMEIIaHHOIO
Tuna. Pasbupast pasHOCTHBIE CXeMbI /I yPABHEHUI ¢ YaCTHBIMU IIPOU3BOIHLIMU, MbI BCEIIA
IIPOBO/INM HCCJIEIOBaHUe, pa3buBas ero Ha jiBa srama [1].

[ sram cocTouT B IpoBEpKe AITPOKCUMAIIUN.
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IT sTanm cocTouT B MPOBEPKe TaK HA3BIBAEMON yCTOWIUBOCTH.
Ecin pasHocTHBIE ypaBHEHNs alllIPOKCUMUPYIOT I depeHInaIbHble YpaBHEHUs U €CJTH UMEeET
MECTO YCTOMYMBOCTH PA3HOCTHBIX ypPaBHEHMI, TO JIEMKO JIOKA3bIBAETCsI OJM30CTH TOYHOIO U
PUOJIMKEHHOTO PEeIeHUA.
B obmactu D = {(x,t) : 0 < < I, =T < t < T} MBI paccMaTpUBaeM CJIeJLyoIlee ypaBHe-
Hue:
Lu = K(t)uy — hM(x)uge + a(x, t)us + b(z, t)u, + c(z, t)u = f(x,t) (1)

K(t), h(z), a(z,t), b(z,t), c¢(x,t) - 3amanuble GYHKIUT, YIOBIETBOPSIONIAE  CJIE/YIONIM
YCJTOBUSIM:

1) K(t) € C*([=T,T]), upu t # 0,tK(t) >0
2) h(z) € C*(|0, l]) ecm x € (0,1) u h(0) =

3) a(a.1).b(x.1) € C'(D), e(a.1) € C(D).

4) B(z )—a(x 0) — K(0) >0, z €0,1].

n K(0) =
h(l) = 0.

Kpaesas sanaga: Haittu dynknuro u(x,t), ynosiaersopsiomast B obaactu D ypasrenne (1),
a pu t = —1 ycaoBuro
u(z,=T) =0,z € [0,]]. (2)

[IpuMeHEM MeToJ KOHEeYHO-PAa3HOCTHRIX cXeM K Kpaesoil 3amade (1)-(2). B obmactn D =
{(z,t) : 0 <z <, =T <t < T} crpoum pasHocTHyIO CeTKy ¢ maramu At = A, Ax =
Ay, (T =mA, Il =nA,).

Yepes uf obosnadmmM nmpubIMKeHHOE permenne Kpaepoil 3ajaan B Touke (¥ ;). Beemem
OTIepaTophl @, ¥, T, T, £, € CIIBUTA U PASHOCTHBIE, CJIELYIONIM 00Pa30M:

k k+1 k+1 = -1,k k—1 ukfl =1 w:l:ulc — uk

pu; = u; = U =u, Y U = U == i1 — Wit1,
_ A
7—:%0—]_’T:l—@_1,€:¢—1,€:1—w_1,T:A—.

B srom ciryuae anmpokcumupyem kpaeByto 3ajaqy (1) - (2) cieyrorieit KoHeIHO-Pa3HOCTHOI
CXeMOi, YCTOIUBOCTD KOTOPOii OBLIO JOKa3aHo B [2]:

Lu= K" — mﬁ THUAE | u=ff k=—m+1,0;i=0,n,
Ltu= KkZ—hZ§£2+af£+bfA%++cl- u=fF k=1,m;i=0,n, (3)
u;, " =0,1=0,n

(2

JIj1st mccesieioBalmst AIIPOKCUMAIMN BOCIOIB30BaUCh dopmystoit Teitopa. Onpenennin
410, (3) KOHEYHO-PA3HOCTHAs cxeMa annpokcumupyer (1)-(2) 3amady mepBbIM HOPSAIKOM OTHO-
curenbHO A, A,.
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YNCJIEHHOE PEIIIEHUE YPABHEHUSA JIN®®Y3UU C JPOBHOI
IIPOM3BOJHOM 110 BPEMEHU
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B pabore paccmarpuBaercs mapadboJimieckoe ypaBHEHUE B YaCTHBIX ITPOU3BOJIHBIX C JIPOOHOM
IIPOU3BO/IHON 110 BPEMEHU:

0°U (z,t) 0?U (z,t) oU (z,t)

e G(I)W b(w)T + c(x)U(x,t) + d(z,t),

rie Uz, t) — uckomas dyuxims, a(z), b(z), c(z), d(z, t) — n3BectHble DYHKINN NN KOHCTAHTHL,
0 < a < 1 — mapamerp JpoGHOIi CTEleHN TPOU3BOJHOI 110 BPEMEHH.

Bajiaua paccMaTrpuBaeTcs Ha IpocTpaHcTBeHHOM oTpeske 0 < x < 7, BPEMEHHOM IIPOMe-
KyTke t > 0, HAUAJIbHBIE U TPAHUYHBIE YCJIOBUS ONPEJIEIISIFOTCS B BUJIE

U<Oa t) = go(t)a U(gv t) = gl(t)v U(l’, 0) = f(iL'),

rie go(t), ¢1(t), f(x) — u3BecTHBIE DYHKINN.
pobrasi mpousBoaHas Kaiyro B qaHHOM citydae 3ajgaeTcs ciaeayorei dopmysoit [1]:

0%u(x,t) 1 r Ju(x — s) o
e T 1) / 5 (t —s)"“ds.

[Toce guckperwsanun IPpOCTPAHCTBA U BPEMEHH Ha PABHOMEPHOI CeTKe U allllPOKCUMAIIIN
YpaBHEHUA C UCIIOJIb30BaHHUEM HesdIBHOI KOHe“IHO—paSHOCTHOIU/I CXEMbI (HepBOFO IIOopAJKa TOYIHO-
CTH IO BPEMEHH U BTOPOTO — IO TIPOCTPAHCTBY ), 3a/a9a CBOJIUTCS K CUCTEMe JIMHEHHBIX AJIre6-
panvecKux ypaBHEHUI ¢ TpexuaroHajbHOM MaTpureit OoJsbinoro pasmepa. s ee perrenns
B JIAHHON paboTe MCIOIb3yeTcss MOANMUIIMPOBAHHLI METOI YCKOPEHHOM BepXHeil pesakcaliun
[2,3].

AjtropuT™ peasn30BaH B BU/JIE APAJICILHON TPOrPAMMBI JIjIsi MHOTOSIJICPHBIX ITPOIIECCOPOB.
[IpoBeseHbl YuCIEHHBIE SKCIIEPUMEHTBI 110 OIeHKe (D PEKTUBHOCTU PaciapaJiie IMBaHUs.

Pa6otra BoimosHena mpu purancoBoil mojiep:xkke MunucrepeTBo obpa3oBanus u Hayku Pec-
ny6smkn Kazaxcran (mpoekr NeAP09258836).
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O TOYHOCTHU PASHOCTHBIX CXEM /1JI4d OJHOI'O YPABHEHN A
BBICOKOTI'O IIOPAJKA COCTABHOI'O TUITA

Vrebaes /1!, Hypyiaaes 2K. A.2

KapaxkaJsmmakckuit rocyapcTBeHHbIH yHUBepcuTeT uM. bepaaxa, Hykyc, Yzbekucran
ldutebaev_56@mail.ru
njusipbay@mail.ru

Bo muormx o0/acTsaX TEXHMKH U TEXHOJOTMHM BCTPEUYAIOTCS 3aJadi, MaTeMaTHICCKHEe MOJIe-
JII KOTOPBIX MPUBOJAT K PEIMIEHUIO YPABHEHWI B YACTHBIX ITPOM3BOJIHBIX COOOJIEBCKOTO THUIIA
BBICOKOTI'O TIOpsjIKa. Hampumep, Takue 3aja4qu BCTPEYAIOTCA NPH PEIIEHUN 3a/1a9 re0DU3UKHI,
oKeaHoJIoruu, (pu3uku arMocdepbl, PU3NKU MarHUTOYIOPAI0UYEHHBIX CTPYKTYP, (PU3UKHU TLIa3-
MbI, (PUBHUKH TIOJIYIIPOBOIHUKOB, B 3a/a9aX CBSI3aHHBIX C PacIpoCTpaHeHHeM BOJIH B Cpellax C
CUJIBHOIT Jucriepeneii u Muorue apyrue |1].

B pabore paccmarpuBaercsi ypaBHEHHE CIMHOBBIX BOJH B MarHerukax [1]

0? ,0*u 0*u
(g7 +%) dwu+ iy + g = Flo (o) € @r )
3

C HAYAJIBHBIMU YCJIOBUSIMU
ou _
u(z,t) = up(z, ), at(x t) =wu(x,t),t =0, € (2)

U HEKOTOPBIMU JIOKAJIbHBIMU W HEJIOKAJIbHBIMU KPaeBbIME YCJIOBUsIME. 371eCh U = u(x,t),
Q= Q+1,0= {O<l‘k<lk,k—1,2,3},QT—{($,t)..’L‘GQ,tE(O,T]}.

Ha mepBom stare ypashenue (1) ammpoKCUMEDYETCsl TOJBKO O MPOCTPAHCTBEHHBIM TI€Pe-
MEHHBIM, HAIIPUMED, METOJOM KOHEYHBIX PasHOCTEN MM METOJOM KOHEUYHBIX 3JIeMeHTOB. Jla-
Jiee JIst IUCKPEeTH3aIUK 01y YeHHOM CHCTeMbl OOBIKHOBEHHBIX AuddepeHnalbHbIX YpaBHEHNH
IPUMEHSAETCS CISAYIONAast CXeMa METO/1a KOHEUHBIX 3JIEMEHTOB YeTBEPTOr0O HOPSIKOB TOYHOCTH,
HOJIy9eHHOI ¢ TIOMOINBI0 KyOUIeCKOTro SPMUTOBOIO CIlIafiHa [2[:

Dy + Ay"® = o1, Doy — D™ = o, 4° = ug, 9° = uy. (3)
Baech y =y =y(t,), y=y", y= yln =dy(t,)/dt,n=0,1,..., y"y" € Hy,
D)\:D_/\T2A7 )\:Oé,ﬁ,”}/, Spk:/ f tn+T£)ﬁk(€>d€7 k:1727£: (t_tn)/T7

v=G-y/m  G=G-9/r YOV =G +y)/2, 57 =G +9)/2, () =1,
05(6) = 195 (6) +5205(€), 9N =7 (6~ 3).
19%2)(@ =T (53 — 352 + %f), s1 = 1808 — 40, s = 16805 — 280c, Hj, - KOHEUYHOMEPHOE IIPO-
CTPAHCTBO JIJIsI JIIOOOr0 MOMEHTa BpeMmeHu t; orneparopel D, A neiictBytor uz Hy, B Hy,.
[TapameTpsl cxeMbl Ja/id BO3MOKHOCTH TOJIYIUTH CXEMbI TOBBIIMEHHOTO MTOPSIKA TOUHOCTU
1 SKOHOMWYHBIN aJrOPUTM YUC/IeHHON peasnn3anuii. Hanpumep, nmapamerpsr o, (3, v MOTIUHSI-
IOTCS YCJIOBUIO Y€TBEPTOTO MOPsIIKA AlllIPOKCHMaIn, ecian o+ = 3+ 1/6 u mecroro mopsiika
anmpokcuMmarun, ecian 3 — 6y + 1/40 = 0. Jlokazana TeopeMa 0 CXOAUMOCTH U TOYHOCTHU CXe-
Mbl. B uwactHocTH, nostyuena onenka ||u(z,t) — y(z,t)|| < M(h® + 74). Ilpu anmpokcumanum
[IPOCTPAHCTBEHHBIX ITEPEMEHHBIX METOJIOM KOHEYHBIX PA3HOCTEN MPU JIOCTATOYHON TJIAKOCTU
peIlIeHnsT UCXOHON 3a/1a49u TI0JIyIeHa OlleHKa ¢ 0 = 4. A TIpu anmpoKCUMAINK TPOCTPAHCTBEH-
HBIX [TEPEMEHHBIX METOIOM KOHEUHBIX 9JIEMEHTOB IOJIyUIeHa OIEeHKa ¢ 0 = 3.
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Taxum obpazoM, pa3zpaboTaHbl U UCCACTOBAHBI YUCICHHBIC METOJIbI TOBBINMIEHHON TOYHOCTH
pelleHns 3a/a49u JIJIs ypPaBHEHUs CIIMHOBBIX BOJH B MarHETHKAX THUIA JIerKas MJIOCKOCTh (1).
Pazpaboranbl aaropuT™bl peasin3aliiid METOIO0B, IIPOBEIEHO TECTUPOBAHUE €ro Ha TOTHOM pe-
meHun B Buje psajia Pypbe n JaHbl pe3yJIbTaThl CPABHEHUS UX PENTeHUIA.
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V SHO‘BA: EHTIMOLLAR NAZARIYASI
VA MATEMATIK STATISTIKA

CEKIIUI Ne 5: TEOPUA BEPOSITHOCTEN
N MATEMATNYECKAZ{ CTATUCTUKA

SECTION No. 5: THEORY OF PROBABILITY
AND MATHEMATICAL STATISTICS

PANJARADAGI BIR ZARRACHALI SISTEMA ENERGIYASINING O’RTA
QIYMATI VA DISPERSIYASI

Abdullayev J.I.!, Toshturdiyev A.M.?, Mamatmurodov X.?

Samarqand davlat universiteti, Samarqand, O‘zbekiston
Liabdullaev@mail.ru, 2atoshturdiyev@mail.ru
Semamatmurodov@mail.ru

Kvant nazariyasi klassik mexanikadan farqli ravishda, bo‘lajak voqealarni aniq aytib bera
olmay, balki ularning amalga oshish ehtimolligini ko‘rsatadi. Ammo bitta zarracha bilan qayta-
qayta tajriba o‘tkazish real bo‘lmagan masaladir, chunki mikroobyekt ustida o‘tkazilgan har
bir o‘lchov uning holatini o‘zgartiradi. Shunga ko‘ra, ko‘p marta bir xil tajribalar o‘tkazish
uchun bir xil holatdagi bir-biriga bog‘liq bo‘lmagan va bir xil holat funksiyasi bilan tavsiflangan
ikki yoki undan ortiq miqdordagi aynan o‘xshash zarrachalar bo‘lishi kerak [1],[2]. Kvant
mexanikasidagi sistemaning holatlari {2 kompleks separabel Hilbert fazosining (birlik) vektorlari
bilan ifodalanadi. Bunda ikkita vektor ayni bitta holatni faqat va fagat nolmas kompleks
ko‘paytuvchiga farq gilgandagina (i va ¢ vektorlar uchun ¢ = cp, |¢| = 1) ifodalaydi. Har bir
kuzatiluvchan miqdorga €2 da chiziqli o‘z-o‘ziga qo‘shma operatorni bir giymatli mos qo‘yish
mumbkin [3].

Har ganday kvantomexanik sistemada eng muhim fizik miqgdorlardan biri bu energiya
hisoblanadi. Bizga ikki o‘lchamli panjara Z? da erkin harakatlanayotgan kvant tipidagi
zarrachaga mos sistema berilgan bo‘lsin. Zarracha energiyasining qiymati tasodifiy miqdor
bo‘lib, bu tasodifiy miqdorni h orqali, unga mos o‘z-o‘ziga qo‘shma operatorni esa H bilan
belgilaymiz. Bir zarrachali sistemaga mos energiya operatori f5(Z?) Hilbert fazosida [4]
quyidagicha aniqlanadi:

~

1 1
HO = ——Al —_
2m 2m

bu yerda m zarrachaning massasi, A; = A® I, va Ay = I @ A bo'lib, I — €5(Z?) dagi birlik
operator, A esa panjaradagi standart Laplas operatori, ya‘ni

AQ:

~

(AD)(x) = Y (P(x+ ) +(x — €)) = 20(x)), € o(Z7),

—

<

bu yerda e; = (1,0), ez = (0,1) lar Z? panjaradagi birlik vektorlar.
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Energiya operatorining koordinat tasviridan impuls tasviriga o‘tish Furye almashtirishi
orqali amalga oshiriladi:

F EQ(Zz) — LQ(TQ), T = [—7T,7T], (Ff)(p) — i Z f(n)ei(nlpl-i-nzpz).

H energiya operatorining impuls tasviri Hilbert fazosi Ly(T?) da quyidagi formula yordamida
aniglanadi [4]:

(H)(p) = (2~ cospi — cospa)f(p). f € Lu(T?).

1 1 .
Ma‘lumki [5], po(p) = 70 en(p) = %em(z’ﬁ”), n € Z vektorlar Ly(T?) fazoda

ortonormal sistema tashkil giladi.
¢, holatlarning dastlabki 2n + 1 tasining yig‘indisidan tashkil topgan quyidagi holatlar
ketma-ketligini qaraymiz:

Yn(P)+ -+ @o(p)+ -+ ¢n(pP)

Sn(p) = , N E Ly. 1
Istalgan n € Z, butun son uchun ||S,|| = 1 tenglikni bevosita tekshirib ko‘rish mumkin.

a kuzatiluvchan miqdorning ¢ holatdagi o‘rta giymati a, va dispersiyasi D(a,) uchun
quyidagi tengliklar o‘rinli (3] ga qarang)

ay = (A, ¥),  Dl(ay) = |AY —axy|”. (2)

Yuqorida keltirilgan (2) formulalardan foydalanib zarracha energiyasi i ga mos tasodifly
miqdorning S, holatdagi o‘rta qiymati hg, uchun quyidagi tasdigni isbotlash mumkin.

1-teorema. Zarracha energiyasi h ning (1) ko‘rinishda aniglangan S, holatdagi o‘rta
qiymati o ‘zgarmas bo‘lib barcha n € Z larda bir xil, yani

ga teng.

Bizga ehtimollar nazariyasi kursidan ma‘lumki tasodifiy miqdorning dispersiyasi, shu
tasodifiy miqdor giymatlarining o‘rta qiymat atrofidagi tarqoqligini ifodalovchi sonli katta-
lik hisoblanadi. Quyidagi tasdiqda zarracha energiyasi h ning S,, holatdagi dispersiyasi D(hg,) )
ning qiymati topilgan.

2-teorema. Zarracha energiyasi h ning S,, n € N holatdagi dispersiyasi

1 2n
D(hs”) - W(l * 2n + 1)

ga teng.

Foydalanilgan adabiyotlar
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ON ASSYMPTOTICS OF A PROBABILITY OF THE EVENT: EACH CELL
CONTAINS EVEN NUMBER OF PARTICLES

Abdushukurov F.A.

Yeoju Technical Institute In Tashkent, Tashkent, Uzbekistan
Institute of Mathematics named after V.I. Romanovsky of the academy of Sciences of the
Republic of Uzbekistan
fayz.abdushukurov@mail.ru

Let n, N be integer numbers. A homogeneous allocation scheme of n distinguishable particles by
N different cells is named the random variables 7, ..., 7y, with the joint distribution defined
by formula

n! 1\"
Pl = =) = et ()

where k1, ko, ... ky are nonnegative integer number such that &k + ks + - -+ + ky = n. Many
papers deal with limit theorems for allocation scheme of distinguishable particles by different
cells (see [1]) and its references).

Denote by P(n,N) the probability of the event: in allocation scheme of 2n distinguishable

particles by N different cells each cell contains even number of particles.
Observe that

Pln, N) = Z (2n)! 1

cen 2n
ki€N, 1<i<N, ki+ka+-+ky=n (2k1)1(2R)L- -+ (2hn)I N

a2kl o2k2 a2kN

. Z (2k1)! (2k2)! "7 @kn)!

- (aN)2n -
k; €N, 1<i<N, k1+ko+-+kn=n (2n)!

N a2kl a2k2 o a2kN

_ [ch(a) Z () (Zk)! ch(a)(2Ra)! ~ ch(a)(2Zhn)!
e e—oN (aN)2n ’

kieN, 1<i<N, k1+ko+--+kny=2n (277,)'

Therefore, using Stirling formula for estimation of (2n)!, for & = 22 we obtain

P(n,N) = (1+o(1))V4dmrn <#) P&+ +&v =2n),

where &1, &5, ... &y are independent random variables with the distribution

an

P(§ =2k) = 2R)ich(a)’

k=0,1,2...,
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or
14 e 2var N
T) P&+ + & =)

where £, &}, ... &) are independent random variables with the distribution

P(n,N) = (1+o0(1))virn (

of
(2k)\ch(\/ay)’
Using various local limit theorems for an estimation of P(&+4---+&yv = 2n) or P(&1 4+ -+&y =

n) we obtain various limit theorems for P(n, N).
Observe that the expectation and the variance of ¢; are

P =k) = k=0,1,2..., a;=a’

2

e(a) = ath(a), o*(a) = %@4)

+ ath(a).

Using Poisson limit theorem for an estimation of the probability
P(& + -+ + &v = 2n) we obtain the following theorem.

Theorem 1 Let n, N — oo such that the family of the numbers

N =2
2

1s bounded. Then we have
A" 1
—4n -
P(n,N) = (1+o(1))V4drne (e ol +0 (_N>) :

In the next theorem for an estimation of the probability P(& + -+ + £y = 2n) we use the
local limit theorem from [2].

Theorem 2 Let 0 < o < o’ < oco. Let n, N — oo such that o < o < «”. Then we have

1 1+ e 2\
P(n,N) = (1+0(1)) . ( ) e NC(@),
200 + th(a) 2

where )
e

) = S shia)eh(a))

In the next theorem for an estimation of the probability P (& + - -+ + &y = 2n) we use the
local limit theorems from |[3].
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SUG’URTA KOMPANIYASINING SUG’URTA MUKOFOT PULINI TO’LAY
OLMASLIK RISKI VA UNING ERKIN ZAHIRALARI

Arabboyev A. B.

Mirzo Ulug’bek nomidagi O’zbekiston Milliy universiteti, Toshkent, O’zbekiston
azimjonarabboyev1777@gmail.com

Faraz qilamiz, U-sug’urta portfelining boshlang’ich qiymati, X;-mijozlarning bog’ligsiz, bir
xil tagsimlangan sug’urta badallarining migdori (i = 1,2, ..., N) bo’lsin.

E(Xl) =m, E(Xlz) = (g

Bu yerda N-matematik kutilmasi n bilan Puasson tagsimlangan tasodifiy miqdor. Shuningdek,
P-yil boshida gabul gilingan umumiy sug’urta mukofatini va

C=Xi+Xo+ + Xy

sug’urta badalining jami miqgdori bo’lsin.
Yuqoridagi belgilashlardan quyidagi kelib chiqadi:

E(C)=nm

Puasson tagsimlangan tasodifiy migdorlarning matematik kutilmasi va dispersiyasi tengligidan
foydalanib, quyidagi natijani olamiz:

D(C) = E(N)D(X;) + D(N)[E(X;)]> = nE(X}) = nay

Ushbu portfelning mukofat riski matematik kutilma E(C) = nm ga teng va mukofat riski uchun
quyidagicha ifodani olish mumkin:
P =(14+Xnm

Bu yerda A > 0 zaruriy xavfsiz yuklama. Amaliyotda, bu aksiyadorlarning qaytib kelishini
ta’minlaydigan, odatda sof sug’urta puli miqdorining foizi sifatida ifodalanadigan va yutuqli
aksiyalar uchun mo’ljallangan qgiymatdir. Shunday qilib, sug’urta badalining sotiladigan narxi
quyidagicha:

U+ (1+X)nm

va sug’urtalovchi yil oxirida bankrotlik holatiga tushishi mumkin, agar quyidagi tengsizlik
bajarilsa:
U+(1+ANnm—-C<0

Boshqga tamondan, bu eng katta zahira jamg’arilishiga mutonasib emas. Asosiy muammo bu-
to’lov qobiliyatsizligi ehtimolligini minimallashtirish, ya’ni

P{U+(1+XNnm—-C<0}<e

Bu yerda, e-to’lov qobiliyatsizligi uchun mumkin bo’lgan eng katta ehtimollik. Ushbu
tengsizlikni quyidagicha o’zgartirishimiz mumkin:

P{C>U+(1+A)nm} <e
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Endi quyidagi standart ko'rinishga keltiramiz:

C—nm U+ nm
P > <e.
\/ Oy VA L1e%)

Agar sug'urta portfeli yetarlicha katta bo’lsa, C' ning tagsimoti Normal tagsimot qonuniga

yaqginlashadi,ya’ni
C —
P( ”m) ~1-9(...)
noy

bu yerda
U+ Anm

now

Le
yordamida belgilab, ®(z.) = 1 — € ekanligini ta’'minlaymiz. Endi quyidagini yozib olamiz:
U > x./nas — Anm

Agar biz sug’urta badali miqdori uchun Normalning quvvatini o’zgartirishdan foydalanib,
Kornish-Fisher tarqalishining birinchi qoidasidan quyidagiga ega bo’lamiz:

y(xz2 —1)
6

bu yerda, v-yuqorida ko’rilgan taqsimotning assimetriya koeffitsiyenti. Bundan erkin zahiralar
uchun quyidagiga egamiz:

Lo =T+

2_ |
U= (xe + %\/naz — Anm)
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BIR JINSLI BO'LMAGAN IMMIGRATSIYALI KRITIK TARMOQLANUVCHI
TASODIFIY JARAYONI UCHUN LIMIT TEOREMA

Azimov J. B.!, Toshmatov M.?

!Toshkent davlat transport universiteti, Toshkent, O’zbekiston,
azimovjb@mail.ru
20’zbekiston Milliy universiteti, Toshkent, O’zbekiston,

Holatga bogliq bo’lgan immigratsiyali Galton-Vatson tarmoqlanuvchi tasodifiy jarayonini
ko'rib chiqamiz. Aytaylik, u, Galton-Vatson jarayonining n- vaqt momentidagi zarralar soni
bo’lsin (n = 1,2, ..., 4o = 1). Ma’lumki, Galton-Vatson jarayonini

F(l’):zpjxj, p]:P{Ml:j}a ]:07177 |£If| Sl
7=0
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hosil qilish funksiyasi yordamida aniglash mumkin.

Agar biror musbat butun m soni uchun p, = k, 0 < k < m bo’lsa, u holda n - vaqt
momentida populyatsiyaga &, sondagi zarralar kelib qo’shiladi, qo’shilgan zarralar sonininig
evolyutsiyasi keyinchalik F'(z) hosil qilish funksiyali odatdagi Galton-Vatson jarayoni qonuniga
bo’ysunadi. Endi avlodlar soni cheksiz ko’payganda, immigratsiya intensivligi kamayadi va nolga
intiladi deb taxmin gilamiz. Shunday qilib, immigratsiya quyidagi

() = quj(n)xj, || <1, k=0,1,..,m,
=0

Gy 20, > qy(n)=1 n=012, ..
7=0

hosil qilish funksiyasi orqali aniglanadi.

Faraz qilaylik Z, yuqorida keltirilgan bir nechta holatlarga bog’liq, bir jinsli bo’lmagan
immigratsiyali tarmoqglanuvchi tasodifiy jarayonning n -vaqt momentidagi zarralar soni bo’lsin.
{Z,, m >0} jarayon m = 0 va immigratsiya bir jinsli bo’lgan holda Foster [1], Peyks [2] va
Sato [3| tomonidan o’rganilgan, ixtiyoriy m uchun bunday jarayon [4], [5] ishlarda qaralgan.
Immigratsiya bir jinsli bo’lmagan va m = 0 bo’lgan holda esa {Z,, n > 0} jarayon Mitov,
Vatutin, Yanev [6] ishida o’rganilgan. Ushbu ishda keltirilgan natija m > 0 bo’lgan hol uchun
[6] ishdagi ba’zi natijalarni umumlashtiradi.

Quyidagi belgilashlarni kiritamiz:

Pij = P(Zn-H :j/Zn :i)

Poj(n) =P (Z, =j/Zy=0)
A, =FEZ,=®,(1), B,=®;(1)

_ / . "
o = max gpn(1), B = max gi,(1).

Faraz qilaylik quyidagi shartlar bajarilgan bo’lsin:
F'(1)=1, 0<F"(1)=2b< oo,

sup o, < 0o, supf, < oo,
n n

0<a,—0, [B,—0, n— .

Shu bilan birga a,, ning nolga yaqinlashish tezligi a,, ~ n™'L(n), n — oo bo’lsin, bu yerda
L(n) cheksizlikda sekin o’zgaruvchi funksiya.
Ma’lumki [7], ushbu

L*(n):Zakw %, n — 00
k=1 k=1

funksiya ham cheksizlikda sekin o’zgaruvchi funksiya bo’ladi.
Teorema. Agar 3, = o(a,lnn) va L*(n) — oo, n — 0o bo’lsa, u holda n — oo da

A, ~L*(n), B,~2bmL"(n)
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OPSION NARXI BAHOSINING BINOMIAL MODELINI
MODELLASHTIRISH

Bozorboyeva H. Sh.

Mirzo Ulug’bek nomidagi O’zbekiston Milliy Universiteti, Toshkent, O’zbekiston,
bozorboyevahilola22@gmail.com;

Butun dunyoda muddatli opsion shartnomalari bozori-moliyaviy bozorning muhim
gismidir. Rivojlangan mamlakatlarda muddatli bozor aylanmasi bazaviy aktivlar bozoridagi
savdo hajmidan o’n barobar ko’pdir. Opsion shartnomalari bozori sarmoyani samarali
boshqarish uchun keng imkoniyatlar yaratganligi uchun eng kam xarajat evaziga ko’plab
investorlar orasida mashhurlikka erishdi. Opsion moliyaviy bozorlardagi eng muhim hosilaviy
vosita sanaladi.

Opsion (nemischa "option"so’zidan kelib chiqqan) ikki shaxs o’rtasida tuzilgan shartnoma
bo’lib, muayyan vaqt ichida ma’lum bir narxda muayyan aktivni sotib olish huquqini yoki
muayyan vaqt ichida ma’lum bir narxda ma’lum bir aktivni sotish huquqini beradi. Opsionni
sotib olgan shaxs xaridor, uni sotgan shaxs esa opsion sotuvchisi deyiladi.

Opsion tushunchasi birinchi marta qishloq xo’jaligi mahsulotlari savdosida paydo bo’ldi.
1973-yilda Chikago fond birjasida gqimmatli qog’ozlar uchun birinchi standart opsionlar paydo
bo’ldi. Undan oldin, individual opsion shartnomalari nostandart xususiyatlarga ega bo’lib,
muayyan mijozning ehtiyojlariga moslashtirilar edi.80-yillarning oxirida Amsterdam, London,
Singapur va Sidney birjalarida, keyinchalik esa Fransiya, Yaponiya, Belgiya, Shvetsiya va
yangi Zelandiyadagi birjalarda opsionlar paydo bo’ldi. Opsionlar operatsiyalar fond portfelini
sug’urtalash (portfel-qimmatli qog'ozlar to’plami) yoki kurslardagi farq bo’yicha foyda olish
uchun, ya’ni spekulyativ magsadlar uchun amalga oshiriladi. Opsionning o’ziga xos xususiyati
shundaki, uning egasi gqimmatli qog’ozning o’zini harid qgilmaydi, balki uni sotib olish yoki
sotish huquqiga ega bo’ladi. Bunda u o’zining harid qilish yoki sotish huquqidan foydalanishi
yoki undan voz kechishi ham mumkin. Opsion sotib oluvchi opsioni (opsion-koll, call-opsion)
va sotuv opsioni (opsion-put, put-option) turlariga bo’linadi. Opsion-callda egasi sotib olish
huquqiga, opsion-putda egasi sotish huquqiga ega bo’ladi.
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Opsionlarni baholash va opsionning muqobil qiymatini aniglash muhim ahamiyatga
ega bo’lib, bunda Blek-Shouls modeli eng birinchilardan ishlab chiqilgan va asosiy model
hisoblanadi. Bundan tashqari binomial model ham opsion narxining qgiymatini baholashda
ishlatiladi.

Ushbu modellar yordamida biz opsionning narxini osongina hisoblashimiz mumkin.
Blek-Shouls modeli yordamida opsion giymatini Excel va Maple dasturlari yordamida ham
hisoblashimiz va sonli natijalarni olishimiz mumkin. Maple dasturi boshqa dasturlarga nisbatan
hisob-kitoblarni yanada tez va oson bajarishga imkon beradi. Shuning uchun, opsion narxi
baholarini Blek-Shouls modeli yordamida hisoblaganda Maple dasturidan foydalanish yuqori
natijalarni olishga yordam beradi.
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INTEGRAL INTENSEVLIKLAR NISBATI FUNKSIYASINI
NOPARAMETRIK BAHOLASH

Bozorov S. B.

Guliston davlat universiteti, Guliston,O’zbekiston.
suxrobbek 8912@mail.ru

Faraz qilaylik, X, X, ... va Yy, Y5, ... ikki o’zaro bog’liq emas va har biri bog’liq bo’lmagan
tasodifiy miqdorlar ketma-ketliklari berilgan bo’lib, ular mos ravishda bir xil F va G taqgsimot
funksiyalariga ega bo’lsin. Biz amaliyotda ko’p uchrab turadigan holat, ya’'ni bizni qizigtiruvchi
X, tasodifiy migdorlar o'ng tomondan ularga xalaqit beruvchi Y; tasodifiy miqdorlar orqali
senzurlanishini ko’raylik. Bunda kuzatiladigan statistik tanlanma faqatgina X; lardan emas,
balki juftliklardan iborat bo’lgan hajmi n ga teng bo’lgan quyidagi tanlanmadan iborat bo’ladi:
C™ ={(Z;,5;),1<j<n}, buyerda
Z; = min(X;,Y;) va §; = I(X; <Y;) = I(Z; = X;)-indikator funksiyasi. Demak, C™
tanlanmada faqat 0; = 1 ( ya'ni X; < Y yoki Z; = X;) bo’lganidagina X lar kuzatiladi
va bunday X; larning umumiy soni v, = 01 + 62 + ... + 0, - tasodifiy miqdorga tengdir.
Demak, C™ tanlanma X ; larga nisbatan to’liq bo’lmagan, ya’ni senzurlangan tanlanma bo’ladi.
Tadqgiqotchini X; va Y; larning bir-biriga nisbatan qanday intensivlikda ya'ni zichlikda ekanini
solishtirish dolzarb masaladir. Bu masalani tadqiq qilish magsadida X; va Y; larning I va
G tagsimotlariga mos kelgan Ap (t) va Ag (¢)- integral intensevlik funksiyalarini kiritamiz:

t t

Dastlab bularning nisbati bosI Ulgan 7 (t) = Ag (t) /Ar (t) > 0 funksiyasini kiritamiz. Ammo
manfily bo’lmagan r (¢) funksiya yuqoridan chegaralanmaganligi uchun, [1,2] maqolalarda
kiritilgan va [3] da batafsil tadqiq etilgan R (t) = Ap (t) /Ag (t) funksiyani qaraymiz.
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Bu yerda Ay (t) = Ap(t) + Ag (¢ f — H( (u), t € (—o0;+00). C™ tanlanmadagi
Z; = min(X,,Y;) tasodifiy mlqdorlarmng H(t) = P(Zj<t) =1-P(Z;>t) = 1-—

j VERE

P (Xj >t)P(Y;>t)=1—(1—F(t)) (1 —G(t)) tagsimotiga mos kelgan integral intensevlik
funksiyasidir. Ravshanki: R(f) = 3= ((g = AF(t)i(Z)G(t) funksiya normallangandir: R (t) €
[0;1], t € (—o00;+00). C™ tanlanmadagi Z; va §; tasodifiy miqdorlarning bog’ligligini
ifodalovchi d; ning Z; ga nisbatan regressiyasini aniqlovchi P(t) = P (0, =1/Z;=1t) =

M [6;/Z; = t] funksiyani kiritamiz. Hisoblab ko’rish mumkinki Ap (t) funksiyani P (t) va Ay (%)

lar orqali quyidagicha ifodalab olish mumkin: Apg ( f P (u) dAy (u) va demak,

fP ) dAg (u)

D) , t € (—00;400).

Bu yerdan R (t) ning oxirgi ifodasini e’tiborga olgan xolda C'™ tanlanma bo’yicha qurilgan
quyidagi noparametrik bahosi xossalari keltirilgan:

AR (t
Ry (t) = f;)( ) te (—00; +00),
Ay ()
bu yerda
ALY (t f P, ( () (u) statistika Ap (£) ning bahosi;

() () _ 18N~ 1(Z;<t) " - ..
Ay’ (t) =+ ];1 W statistika Ay (¢) ning bahosi;

n

H, (t) =2 3 I(Z; < t) statistika H (t) ning bahosi va

=1
t—27;
(n?) J

>k (%
P, (1) ==
>k ()

statistika esa P (f) uchun Nadaraya-Watsonning yadroviy- silliglangan regressiya bahosini
aniqlaydi. Bu yerda k (t) biror tanlangan zichlik funksiyasi va {h (n),n > 1} manfiy bo’lmagan
va n — oo da nolga intiluvchi sonlar ketma-ketligidir. R,, (t) bahoning R (t) ga tekis kuchli
asosli baho ekanligini ko’rsatish uchun quyidagi shartlarni kiritamiz:

(C1)(F,G) e K={(F,G): NeNNg # @, P(X; <Y;) € (0;1)},

Ne={t: 0<F(t)<1}, Ng={t: 0<G(t) < 1};

(C2) a,  va v sonlar shunday tanlanadiki, « > 7y = sup{t: H (t) = 0},
B<Ty=inf{t:H(t)=1}, [a,8] # 2,7 € (0,1) vamin{H (), 1 — H(B)} > ;

(C3) PO<v,<n)=P|0< > d;<n]|=1n>1,
j=1

(C4) k(t) zichlik funksiya simmitrik, uzluksiz ikki marta differensiallanuvchi, chegarangan
variatsiyaga ega va t € [—1; 1] da aniglangan;
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(C5) t € [a, ] nugtada uzluksiz to'rt marta differensiallanuvchi ¢ (¢) = H’ (t) zichlik funksiya
mavjud bo’lib, sup ¢ (t) > 0;

a<t<p
(C6) P (t) funksiya t € [a, f] nugtada uzluksiz to’rt marta differensiallanuvchi;

(CT) n — oo da biror € > 0 uchun n'~¢ - h(n) — oo, biror A > 0 uchun >.>7, h* (n) < 0o
1/2

va h?(n) = o <(nh (n))~/? (log ﬁ) ) . Endi R, (t) bahoning R (t) uchun tekis kuchli

asosliligi haqidagi quyidagi teoremani keltiramiz.

Teorema. (C'1) — (C7) shartlar bajarilgan bo’lsin. U holda n — oo da

J2 ( sup |R. (1) — R(t)|=0 { (loi”)w + W) + (%)1/1 logn}> — 1.

a<t<p
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HAYOT SUG’URTASIDA TA’RIF STAVKALARINI HISOBLASH USULLARI

Egamova Sh. U.

Mirzo Ulug’bek nomidagi O’zbekiston Milliy Universiteti, Toshkent, O’zbekiston,
egamovashohsanam1993Q@Qgmail.com;

Hayot sug’urtasining belgilangan muddatgacha yashash turi - sug’urta hodisasi mijozining
belgilangan muddatgacha yashashidir, ya'ni jismoniy shaxs belgilangan sug’urta summasiga va
belgilangan muddatgacha sug'urtalanadi.

Bu sug’urta turida sug’urta hodisasi ro’y berishi uchun sug’urtaga olingan shaxs
ko’rsatilgan muddat oxirigacha yashagan bo’lishi kerak, shunda u shartnomada ko’rsatilgan
sug’urta summasini oladi. Agar sug'urtaga olingan shaxs (yoki benifitsar) shartnomada
belgilangan davr ichida vafot etsa, u holda summa to’lanmaydi va badal qaytarilmaydi.
Shartnoma sharti shunday.

Endi sug’urta shartnomasini tuzish vaqtidagi sug’urta to’lovining hozirgi giymatini
aniqlaymiz. Aytaylik, = yoshdagi, [, sondagi sug’urtalanuvchilar guruhi sug’urtalovchi bilan
n yil muddatga yashash sug’urta shartnomasini tuzdi. Muddat oxirigacha yashab qolgan
sug’urtalanuvchilar S miqdordagi sug’urta summasini olsin. Ravshanki, sug’urtalovchi muddat
oxirida x 4+ n yoshgacha yashab qolgan [,,, ta sondagi sug’urtalanuvchilarning har biriga
S summadan to’lasa, jami [,,, - S miqdorda sug'urta summasini to’laydi. Bu summaning
shartnoma tuzish vaqtidagi hozirgi qiymati v"-l,,,-S ga teng bo’ladi, bu yerda v = %ﬂ.- diskont
koeffitsienti, ¢ foiz stavkasi yoki yillik daromad normasi. U holda har bir sug’urtalanuvchiga

[
P:U”. I;—n'S:Un‘ ?’pr'S
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(1) migdordan to’g’ri keladi. Bu har bir sug’urtalanuvchi shartnoma tuzayotgan vaqtda to’lashi
kerak bo’lgan sug’urta badalining giymati bo’ladi. (1) formulaning o’ng tomonidagi miqdor
sug'urta summasi S ning aktuar joriy narxi yoki S ning kutilayotgan joriy narxi deyiladi.

Moliyaviy hisoblardan ma’lumki, n yildan keyin olinadigan S summaning joriy (hozirgi)
giymati v" - S ga teng. Agar mijoz v" - S mablag’ni bankka 10 foiz daromad bilan n yilga
qo’yganida muddat oxirida S qiymatni olgan bo’lar edi. Lekin, (1) formuladan ko’rinib turibdiki,
mijoz tomonidan to’lanadigan sug’urta badalining qiymati P joriy qiymat v™- S dan ,p, marta
kam (0 < ,p, < 1), ya’ni sug’urta kompaniyasining mijozi S ning joriy qiymati v"- S dan ,p,
marta kam mablag’ to’lab, shu S summani muddat oxirida oladi, qachonki u n muddatgacha
yashasa. Demak, kam mablag’ to’lab o’sha summani olishning riski bor ekan. Agar sug’'urta
kompaniyasining mijozi n muddat ichida vafot etsa, yashash sug’urtasida badal qaytarilmaydi
va bu summa yashab qolgan sug’urtalanuvchilarga tagsimlanadi. Hayot sug’urtasi bo’lmagan
riskli sug’urta turlarida barcha shartnomalarda sug’urta zararining giymati har doim sug’urta
summasining qiymatiga teng bo’lsa va sug’urta summasi muddat oxirida to’lansa, agar hayot
sug’urtasida diskontlash qo’llanilmasa, u holda ikkala tur sug’urtalarda sug’'urta badallari teng
bo’lar edi. Demak, bu holda ham hayot sug’urtasining badali diskontlash hisobiga riskli sug’'urta
badalidan kichik bo’lar ekan.

Misol. 40 yoshli erkak uchun muddati 5 yil, sug’urta summasi 10000 p.b., yillik daromad
normasi 10 foiz bo’lganda sug’urta badalining qiymatini toping.

Yechish. Yillik diskont koeffitsienti v = f(),l = 0,9091, o’'lim jadvalidan

lyo = 83344, 145 = 77387 (1) formula bo’yicha hisoblab, sug'urta badalining qiymatini
P=v". ﬁi—; -8 =10,9091° - % - 10000 = 5765 p.b. ga teng bo’lishini topamiz.

Bir birlik sug’urta summasining (S = 1) sug’urta badaliga ta'rif stavkasi yoki ta’rifi
deyiladi, ya'ni

T:v"-la}Jr" =v"" P

(2) Masalan, misol shartida ta'rif stavkasi (S = 1)

77387
83344

l
T =" -2 =0,9091° -

. =0,5765
lao

ya'ni 1 p.b. uchun ta’rif migdori 0,5765 p.b. bo’ladi. Ushbu maqolada, shartnoma shartlariga
ko’ra va daromad normasini nazarda tutgan holda belgilangan muddatgacha sof yashash
sug’'urtasida ta’rif stavkalarini hisoblash usuli o’rganilgan.
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BANKLARNING FAOLIYAT SAMARADORLIGINI BAHOLASH
MODELLARI

Hakimova D.

Mirzo Ulug’bek nomidagi O’zbekiston Milliy Universiteti, Toshkent, O’zbekiston,
olimovayasmina@gmail.com

Bank faoliyat samaradorligini baholash hozirda juda muhim ahamiyat kasb etadi.
Baholashning turli matematik modellari mavjud. Bulardan biri ko’p oo’zgaruvchili
korrelyatsion-regression tahlil oso’tkazib, natijasida ekonometrik model taklif qilishdir.
Zamonaviy dunyoda banklar bozor munosabatlari tizimining asosiy bo’g’inidir. Ular vositachilar
vazifasini bajaradilar, iqtisodiyotning barcha faol subyektlaridan mablag’larni samarali ravishda
jalb qiladilar va tagsimlaydilar. Bank tuzilmalari rolining tobora ortib borishi kredit
tashkilotlarining turli statistik ko’rsatkichlarini hisoblash va prognozlashni soddalashtirish
doirasida ekonometrik tadqiqotlarni rivojlantirish zarurligi tobora ortib bormoqda. Bank
faoliyatining o’ziga xos xususiyati shundaki, kredit va depozit operatsiyalarini muvaffaqiyatli
amalga oshirish banklar tomonidan foyda olishiga olib keladi, bu nafaqat kredit tashkilotining
0'zi, balki mamlakat iqtisodiyoti rivojlanishining ham ishonchliligi va barqarorligini oshirishga
yordam beradi. Ushbu tadqiqotlarning magsadi bank faoliyati samaradorligini va wuni
amalda qo’llash imkoniyatlarini aniglash uchun sifatli ko’p o’zgaruvchili regressiya modelini
ishlab chiqish va tahlil qilishdir. Yuqori sifatli matematik, xususan, regressiya modellarini
ishlab chiqish bank sektorida kredit berish jarayonining juda muhim qismidir va doimiy
takomillashtirishni talab qgiladi. Ko’p o’zgaruvchili regressiya modeli bu bir nechta mustaqil
o’zgaruvchilarni bitta natija bilan bog’laydigan model. Tadqiqotni o’tkazish uchun bitta
davlatni tanlab, uning eng yirik banklarining sof aktivlari qiymati to’g’risidagi ma’lumotlarga
asoslangan ekonometrik model tuziladi, bu yerda bog’liq sof foyda bog’liq o’zgaruvchiga
aylanadi. Mustaqil o’zgaruvchilar sifatida bankning asosiy ko’rsatkichlari, shu jumladan:
jismoniy shaxslarga berilgan kreditlar hajmi, jismoniy shaxslarning depozitlari hajmi va
jismoniy shaxslarning muddati o’tgan kreditorlik qarzlari olinadi. Ushbu ko’rsatkichlar bir-
biri bilan chambarchas bog’liq, chunki ularning barchasi bank muassasalari samaradorligini
baholashga xizmat qialdi, xususan, ular birinchi navbatda bankning sof foyda ko’rsatkichiga
ta’sir qgiladi. Ushbu ma’lumotlarga asoslanib, ko’p o’zgaruvchili regressiya modeli tuziladi
va tahlil qilinadi. Model tanlashda avvalo ularning korrelyatsion matritsasi hisoblanadi va
tahlil gilinadi. Bunda korrelyatsiya matritsasi tahli gilinayotgan o’zgaruvchilarning mumkin
bo’lgan barcha juftliklari uchun korrelyatsiya koeffitsientining qiymatlarini aks ettiradi.
Ko’p o’zgaruvchili regressiya tenglamasi uchun prediktorlar tanlashda quyidagi qoidaga
amal qilish muhimdir: o’zgaruvchilar bog’liq o’zgaruvchi bilan kuchli, o’zaro esa past
korrelyatsiyalangan bo’lishi kerak. Topilgan korrelyatsiya koeffitsientlari barcha o’zgaruvchilar
orasida ganday bog’lanish borligini aniqlash hamda tushuntiruvchi o’zgaruvchilar orasida
multikollinearlik muammosi bor yoki yo’qligini aniqlashda xulosa berishga yordam beradi.
Multikollinearlik muammosi bo’lsa, regressiya modeliga bog’liqlik parametrlarni baholashning
aniqgligini pasaytiradi. Bu muammodan qutulishning oson yo’li modeldan o’zaro kuchli
korrelyatsiyalangan bir yoki bir nechta prediktor chigarib tashlanadi. Model tenglamasini
tanlashda Minitab programmasidagi "Best supsets"va "Stepwise"funksiyalari yordam beradi
hamda topilgan bashorat model tenglamasi uchun tanlanmaning korrelyatsiya koeffitsienti bosh
to’plamning korrelyatsiya koeffitsientining noldan ahamiyatli farq qilish haqida xulosa chiqarish
uchun gipotezalar qo’yilishi ikki yoglama (bir yoqlama) tanlanib, "T-sinov"orqali tahlil qilingan
kos’rsatkichlar asosida chizigli bog’lanish bor yoki yo’qligi aniqlanadi. O’zgaruvchilar uchun
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"F-sinov"o’tkazamiz ya'ni tushuntiriluvchi o’zgaruvchini o’zgarishini model uchun tanlangan
tushuntiruvchi o’zgaruvchilar o’zgarishi uchun ahamiyatli gqismini tushuntirishi mumkinmi yoki
yoB’qligini tushuntirib beradi bunda ham gipotezalar qo’yiladi va F-statistika giymati va F-
kritik qiymat solishtirilib gipoteza tanlanadi. Bu tahlillarni tos’la qanoatlantirgan tenglama
model tenglamasi sifatida tanlanadi va amaliyotda qo’llaniladi. Bunda ko’p o’zgaruvchili
regressiya tenglamasi quyidagi ko'rinishga ega bo’ladi:

Y = 8o+ 51& + Boba + .o+ Br_1&k—1

Y- bog’liq o’zgaruvchi;
&1,&, ..., &g_1-tushuntiruvchi o’zgaruvchilar yoki prediktorlar;
Bo, B1, B2, ..., Br.—1- modelning bosh to’plamdagi parametrlari.

Tanlangan model tenglamasining koeffitsient giymatlariga xulosa beriladi. Koeffitsientlar
uchun interval baholar beriladi.Tushuntiriluvchi o’zgaruvchining o’zgarishini tushuntiruvchi
o’zgaruvchilarning o’zgarishi bilan necha ulushini tushuntirishini aniqlovchi giymati yani R?
(determinatsiya koeffitsienti) hamda model (S) baholashining standart xatoligi qiymati topiladi.
Ko’p o’zgaruvchili korrelyatsion-regression tahlil natijalaridan topilgan bashorat modeli uchun
umumiy xulosa beriladi ya’ni bu model iqtisodiy tajribada qo’llanilsa yaxshi natija berishi yoki
yo’qligi. Umuman olganda, ushbu model amalda bankning sof foydasiga omillarning ta’sirini
taxmin qilish va baholash uchun muvaffagiyatli qo’llanilishi mumkinmi yoki yo’qligini aniglab
beradi. Shu bilan birga, shuni takidlash kerakki, berilgan ma’lumotlar bazasi modelni tahlil
qilish uchun yetarli bo’layotgani yoki aksincha qo’shimcha ko’rsatkichlar qo’shilishi kerakligini
aniqlab beradi hamda amalga oshirilgan tahlillarni sarhisob qgilgan holda, matematik usullar va
regressiya modellaridan foydalanish tijorat banklari faoliyati muammolari uchun eng yaxshi
yechimlarni topishga imkon beradi. Shunga asoslanib bankning moliyaviy natijalari orqali
kelgusidagi istigbolli rejalar yo'nalishi tanlab olinadi.

Foydalanilgan adabiyot:

1. Oronuxuna C., VcnosmsoBanne Mojen MHOXKEHCTBEHHOW DPErpecCud B OIpEIe/IeHIH -
dexTuBHOCTH OAHKOBCKOI JesarenbHoctu. 2017, N 8, 1-13.

YURAK QON TOMIR TIZIMLARINING FRAKTAL O’LCHOVI
Jabbarov J. S.

Samarqand davlat universiteti, Samarqand, O’zbekiston.
jamoliddin.jabbarov@mail.ru

Mazkur maqola yurak qon tomir tizimlarining fraktal o’lchovini aniglashga bag’ishlangan.
Fraktallar telekommunikasyalarda, sanoat ishlab-chigarishda, kompyuter tizimlarida va
fan texnikaning boshqa ko’plab sohalarida qo’llaniladi [1]. Eng qiziqarli sohalaridan biri
bu fraktallarning tibbiyotda qo’llanilishidir. Maqolada yurak qon tomir tizimlarining fraktal
tuzilishi, fraktal o’lchovi, xususiyatlari, Mandelbrot-Richardson o’lcho-vi yordamida aniglangan
[1-3]. Aksariyat ishlarda fraktal o’lchovni faqat tabiat manzaralari va geometirik shakillarga
nisbatdan qo’llagan. Mazkur yurak qon tomir tizimlarining fraktal tuzilishi xususiyatlari
matematik formulalar asosida hisoblash uchun maxsus usullar qo’llanilgan, shuningdek, mos
sonli ekspriment natijalari jadval ko’rinishda keltirilgan.
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Yurak qon tomir tizimlarining fraktal o’lchovini aniglash chegarasi 1 dan 2 gacha bo’lgan
oralig’da bo’lib, o’lchovning qiymati ganchalik ikkiga yaqin bo’lsa qon tomir tizimlarining
joylashuvi murakkab bo’ladi.

Inson organizimining fraktal xususiyatga ega bo’lgan a’zolari barcha nafas olish yo’llari, qon
tomir tizimlari, limfa tomirlari, nerv tomirlari, o't yo’llari va asab tizimlari bo’lib [4], ularning
fraktal o’lchovlari har-xil matematik usullarda aniglanadi.

Hozirgi vaqtda dunyo miqyosida inson organizimida fraktal tuzilishga ega bo’lgan
organlarning fraktal o’lchovini aniglash, bu asosida odamlardagi har-xil kasalliklarni oldin-dan
bashorat gilish muhim hisoblanadi [5].

Inson yurak qon tomir tizimlarining fraktal o’lchovini aniqlashda, tomirlarning joylashuvini
daraxt navdalariga qiyoslangan holda o’rganildi.

Fraktal o’lchovlarni hisoblashda ko’pincha kublar usuli, qoplamalar usuli, prizma usuli va
boshqalar asosida aniglanadi. Biroq bir xil tasvirlarni turli usullar yordamida fraktal o’lchovini
aniglashda ham, natijalar ko’pincha bir-biridan farq qgiladi. Shuning uchun fraktal o’lchovlarni
amalda hisoblashda fraktal tuzilishga ega bo’lgan obyektlarning xususi-yatidan kelib chiqib
usullar tanlanishi kerak. Buning uchun tekislikni kichik katakchalarga bo’lib [2], ularning
kattaligini a bilan belgilanadi va fraktal tasvirlarni nechta katak kesib o’tishi hisoblanadi.

Insonning yurak qon tomir tizimlarining fraktal o’lchovini ham aniglash mumkin.

Insonning yurak qon tomir tizimlarining ustidan uch xil o‘lchamdagi katakchalar tortilgan.
Bundan quyidagilar aniqlandi: a katakcha kattaligi bo‘lib, shartli ravishda=48 mm, chizma
joylashgan katakchalar soni mos xolda, Ny = 6 ta, Ny = 24 ta, N3 = 116 ta. *-rasmdagi
ma’lumotlar asosida odam yurak qon tomir tizimlarining fraktal o‘lchovini quyidagicha
aniqlaymiz:

Katakchaning o‘lchovi @ | 9 16 48
Katakchalar soni N 116 24 6
y=InN 4,7536 3,1780 1,7917
r=1Ina 2,1972 2,7726 3,8712

Yuqoridagi keltirilgan ma’lumotlar asosida insonning yurak qon tomir tizimlarining fraktal
o‘lchovi katakchalar usuli yordamida hisoblandi ya’'ni,

D— Do Ti D iy Yi — D Tl
ny iz — (i xi)Q
Biroq, insonning yurak qon tomir tizimlarining fraktal o’lchovining giymati asl o’lchamga
nisbatan ko'p farq qilmaydi [3]|. Ya'ni tadqiqotlar natijasi shuni ko’rsatadiki, uning o’zgarish
sohasi 0,073 larga teng ekan.

= 1,7021.
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RIVOJLANAYOTGAN MAMLAKATLARDA TO’G’RIDAN TOG’RI XORIJIY
INVESTITSIYALAR HAJMINI STATISTIK TAHLIL ASOSIDA REGRESSION
MODELINI TUZISH

Mamadiyev F.R.

Mirzo Ulug’bek nomidagi O’zbekiston Milliy universiteti, Toshkent,Uzbekistan,
faxriddin19951021@gmail.com

To’g’ridan to’g’ri xorijiy investitsiyalar har bir mamalakat iqtisodiyotining rivojlanishi
uchun o’ziga xos axamiyatga ega. Aynigsa, bu rivojlanayotgan mamlakatlar igtisodiyotida
yana 0’z aksini topgan. Hozirgi kunda mamlakat iqtisodiyotiga kiritilayotgan To’g’ridan
to’g’ri xorijiy investitsiyani umumiy hajmini yanada oshirish maqgsadida xorijiy investorlarga
yetarlicha qulay investitsion muhit yaratib berishga bo’lgan zaruriyat yanada ortmoqda. Bu
esa xorijiy investorlarning investitsiya kiritiluvchi mamlakatlar iqtisodiy salohiyati va siyosiy
barqarorligiga, uni rivojlanish istigbollariga qiziqishi tufayli ishonchi ortishiga sabab bo’lmoqda.
Shuningdek, jahon va mintagaviy investitsiya bozorlarida raqobat kuchayib borayotganliga
mamlakatning iqtisodiy holatidan qat’i nazar, ushbu mamlakat hududida yana ham qulayroq
investitsiya muhitini yaratish, investitsion jozibadorlikni oshirishga, ishlab chigarishlarni
modernizatsiya qilish, texnik va tehnalogik bazani yangilashga qaratilgan loyihalarni amalga
oshirish uchun xorijiy investitsiyalar jalb etilishini rag’batlantirishga nisbatan alohida urg'u
berilmoqda. Ushbu tahlilda 30 ta rivojlanayotgan mamlakatlarga kirib keluvchi To’g’ridan
to’g’ri xorijiy investitsiya hajmining unga ta’sir qiluvchi omillar asosida regression modeli
tuzilgan. Bu tahlildagi foydalanilgan statistik ma’lumotlar jaxon banki ma’lumotlar bazasining
2010-2020-yillar oralig’idagi ma’lumotlaridan foydalanildi.
https: //data.worldbank.org

Tadqiqod uchun quyidagi statistik ko’rsatgichlar asos qilib olindi: Tushuntiruvchi ko’rsatgich
sifatida Y to’g’ridan to’g’ri xorijiy investitsiya (AQSH doll.) hajmi olindi. Mamlakat
igtisodiyotida tashqi investitsiya hajmiga mevosita ta’sir qiluvchi asosiy omillar sifatida
quyidagilar o’rganildi:

e X, sifatida YaIM o’sish sur’ati olindi. YalM hajmi ortishi bilan, Investiitsiya kiritilishi
ham ortadi (birligi: foiz (%)).

e X, sifatida savdo ochiqlik darajasi (eksport va import YalM ga nisbatan) olindi. Tashqi
investitsiya va savdo ochiqlik darajasi ijobiy musbat bog’lanishga ega (birligi foiz: (%)).
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e X3 sifatida yalpi mahalliy jamg’armalar (YalM ga nisbatan foiz hisobida) olndi. Asosiy
kapitalning ko’payishi, moddiy aylanma va mablag’lar zaxiralarining o’zgarishidan, hamda
boyliklarni sotib olishga sarflangan harajatlarni o’z ichiga oladi (birlidi: foiz (%)).

e X, sifatida yalpi mahalliy jamg’armalar (YalM ga nisbatan foiz hisobida) olndi. Asosiy
kapitalning ko’payishi, moddiy aylanma va mablag’lar zaxiralarining o’zgarishidan, hamda
boyliklarni sotib olishga sarflangan harajatlarni o’z ichiga oladi (birlidi: foiz (%)).

e X5 sifatida inflatsiya darajasi olindi. Inflatsiya narxlarning keskin ravishda ortib borishi
natijasida pul bahosining qadrsizlanishi (birligi: foiz %).

e X sifatida ishsizlik darajasi olindi. Bu ish bilan band bo’lmagan ishchi kuchining darajasi
(birligi: foiz (%)).

e X sifatida ishchi kuchi olindi. Bu insonning mehnat qilishga qaratilgan jismoniy va aqliy
qobilyatidir (birligi: son).

e Xj sifatida tovar va xizmatlar eksporti mamlakat tashqarisiga chiqarib sotilayotgan Tovar
va xizmatlarning YalM dagi ulushi olindi (birligi: foiz (%)).

e X, sifatida oltin - valyuta zaxiralari - mamlakat hukumatlari va markaziy banklari
ixtiyorida turuvchi moliyaviy aktivlar olindi (birligi: AQSH doll).

Yuqoridagi statistik ma’lumotlar asosida korrelyatsion va regression tahlil o’tkazilib
to’g’ridan to’g’ri tashqi investitsiyalar uchun regression model tuzildi:

Y =-9.6-10° - Xy +3.44-10° - X, + 191.1 - X7 + 0.0615 - X
Va bu model uchun T test, F test va 95 % li ishonch intervallari qurildi.
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GARCH (1,1) JARAYONLARINING KVADRATLARI UCHUN LIMIT
DISPERSIYANI BAHOLASH

Sharipov O. Sh.!, Gaipova Y. A.?
Mirzo Ulug’bek nomidagi O’zbekiston Milliy universiteti, Toshkent, O’zbekiston,
1 osharipov@yahoo.com,
2 yulduz.ashirboyevna@gmail.com

GARCH (p,q) jarayoni moliyaviy vaqt qatorlarini modellashtirishda keng qo’llaniladi.
GARCH(p,q) jarayonlari xossalari xususan, [1]-[3] maqolalarda tadqiq qilingan.
Quyidagi
X, = 0174

of =w+mZi + pior
ko’rinishdagi X;,t € Z ketma-ketlik GARCH(1,1) jarayoni deb ataladi. Bu yerda w,ay,
manfiy bo’'lmagan sonlar, Z;,t € Z matematik kutilmasi 0 ga dispersiyasi 1 ga teng bo’lgan

bog’ligsiz va bir xil tagsimlangan tasodifiy miqdorlar ketma ketligi va barcha Z;, k <t da oy
dan bog’ligsiz.
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Ma’lum bir shartlarda GARCH(1,1) jarayonlar uchun markaziy limit teorema, ya'ni quyidagi
sust yaqinlashish o’rinli

1 n
NG > (X7 - EX}?) = N(0,¢)
=1

bu yerda N (0, €?) - (0, €?) parametrli normal tagsimlangan tasodifiy migdor va

€ = BE(X] — EX])*+2) E(X] - EX})(X] - EX}).

1=2

Amalda € noma’lum bo’ladi va uni statistik baholash muhim. Biz €* ni [4] va [5] dagi
baholar yordamida baholadik. Ma'ruzada shu baholar yordamida olingan natijalar keltiriladi
va solishtiriladi.

ADABIYOTLAR

1. M.Borkoves.: Extremal behavior of the autoregressive process with ARCH(1) errors,
Stochastic Processes and their Applications 85 (2000), 189-207.

2. T.Bollerslev.: Generalized autoregressive conditional heteroskedasticity, J.Econometrics
31 (1986), 307-327.

3. O.Lee and J.Kim,: Strict stationarity and functional central limit theorem for
ARCH/GARCH model, Bull. Kor Math. Soc. 38 (2001), no.3 495-594.

4. O.Sh. Sharipov, M. Wendler.: Bootstrap for the sample mean and for U-statistics of
mixing and near-epoch dependent processes, Journal of Nonparametric Statistics, 24:2 (2012),
317-342.

5. H.Dehling, R.Fried, O.Sh.Sharipov, D.Vogel, M. Wornowizki: Estimation of the variance
of partial sums of dependent processes. Statistics and Probability Letters, 83, (2013), 141-147.

SPACING-STATISTIKALAR GINI INDEKSIGA NORMAL TAQSIMOT
ORQALI APPROKSIMATSIYA HAQIDA

Zokirjonov M.O.

Mirzo Ulug’bek nomidagi O’zbekiston Milliy universiteti, Toshkent, O’zbekiston,
zokirjonovmuhammadsidiq@gmail.com

Haqiqiy o’qda aniqglangan absolut uzliksiz tagsimotdan hosil etilgan tasodifiy tanlanma
Xy, ..., X,,_1 berilgan bo’lsin. Statistika fanining muhim

masalalaridan biri ushbu tanlanma berilgan tagsimotdan kelib chigganligi hagidag tahminni,
ya'ni asosiy tahmin Hj ni alternativ tahmin H, ga

Hy : F(x) = Fy(x); H,: F(x) # Fy(x) (6)

nisbatan tekshirish alomatini tuzishdan iboratdir, bu yerda Fj to’la-to’kis berilgan tagsimot
funksiya. Bunday alomat muvofiglik alomati deb ataladi. Adabiyotlarda muvofiglik alomat
tuzishga turlicha yondoshishlar ko’rilgan bo’lib, ulardan biri quyida ta’riflangan spacinglarga
(0’qilishi: speysinglar) orqali berilgan statistikalarga tayangan alomatlardir. Avvalam bor shuni
aytib o’tamizki umumiyatga ziyon keltirmagan holda "ehtimollik integral o’zgartirma" U =
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Fo(X) orqali yuqoridagi (1) masalada H, tahmini [0,1] oraliqda tekis tagsimot deb qarashga
keltirish mumkin. Ya'ni (1) masala o’zgartirilgan tanlanma U; = Fy(X),i = 1,...,n — 1 asosida

Hy:F(z), 0<z<1, ni H,:F(z)#z, 0<z<l1

nisbatan tekshirish masalasiga keltiriladi. Bundan buyon ushbu o’zgartirma bajarilgan deb
qaraymiz. 0 = Up,, < Uy, < ... < Up_1,, < Uy, = 1 tanlanmaga mos variasion qator bo’lsin.
Quyida berilgan ayirmalarga spacinglar deyiladi:

DZ’ == Ui,n — Uifl,na 1= 1, ., n

Spacinglarga asoslangan muvofiglik alomatlarga etibor aynigsa Greenwoodning [1]
maqolasidan keyin mutaxassislarning e’tiborini tortdi. Ushbu maqolada, keyinchali Greenwood
statistkasi deb atalmish G2 = D? + ... + D? statistikaga asoslangan alomatni biror
hodisalar, masalan biror kasallikning tarqalishi kabi hodisalar, tasodifiy ravishda ro’y berishi
tahminini tekshirish masalasiga qo’llagan. Keyinchalik yuqorida kiritilgan spacinglarning
umumlashtirmalari bo’lmish yuqori tartibli (indekslar farqi birdan katta bo’lgan variasion
qator hadlarining ayirmasi) spacinglarga asoslangan turli alomat-statistikalari bir necha
mualliflar orqali kiritilgan va ularning xossalari o’rganilgan. Bunday statistikalar nafaqat
statistik tahminlarni tekshirish alomatlarida, balki noma’lum parametrlarga baholar tuzish
masalalarida ham qo’llanilgan. Batafsil ma’lumotlar uchun [2]-[5] maqolalarga va ularda
keltirilgan adabiyotlarga murojat qilinshni maslaxat beramiz.

{D;, i=1,...,n} spacinglarning, asosiy tahmin Hj o’rinli bo’'lganda, matematik kutimalari
n~! bo’ladi, shu bilan birga ularning o’rta arifmetik qgiymati ham n~! ga teng, chunki bu
spacinglar yig'indisi 1 ga tengdir. Demak, tekis tagsimotlilik alomatlarni {D;, i = 1,...,n}
spacinglarning o’z o’rta giymati n~! dan qanchalik farqlanishini belgilovchi o’lchov kabi
statistikalar, (ya'ni spacinglarni o’rta qiymat atrofida tarqoqlik o’lchovi), orqali tuzish mantiqan
asoslidir. Masalan, quyidagi satatistika mos ravishda Greenwood va Rao statistikalaridir

V, = iU)Z -n Y va R,= i |D; —n7Y.

Bu statistikalar va mos alomatlar adabiyotlarda mukammal o’rganilgan. Shu bilan birga
yuqorida aytib o’tilgan tarqoqlik o’lchovi sifatida kuzatilgan spacinglarning Ginining indeksi
deb ataladigan statistikaga kam e’tibor berilgan. {D;, i =1,...,n} spacinglarning Gini indeksi

quyidagicha beriladi:
6= Y3 ID- D)
i=1 j=1
Spacinglar Gini indeksining (Gini index) xossalari, xususan ba’zi hollarda uning Greenwood
va Rao statiskalaridan ustunligi, yaqinda Jammalamadaka va Goria (2004) ochiglangan. Shu
yo’sinda ushbu maqolada G,, ~ N(n,n/3) natija qayd etilgan, bu erda N(n,n/3) parametrlari
n va n/3 bo’lgan normal tasodifiy miqdor, ~ esa n — oo bo’lganda asimptotik tenglikni
belgisi. Quyidagi teorema Jammalamadaka va Gorialarning natijasini aniglashtiradi.
Teorema. Agar (2) tahmin o'rinli bo’lsa, u holda
3v3 1
4

G —n 1 z 2
P2 — <y — — e~ 2dy ,
{ n/3 } V2 /oo Vn

bu yerda 0.4097 < ¢y < 0.4748, Berry-Esseenning klassik tengsizligidagi son [6].

< ¢
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M|G|1|N XIZMAT KO‘RSATISH SISTEMASI STATSIONAR NAVBAT
UZUNLIGI TAQSIMOTI UCHUN AYRIM MUNOSABATLAR HAQIDA

Qurbonov H.!, Axmatova Sh. 2

1.2 Samarqand davlat universiteti, Samarqand, O‘zbekiston
LQurbonovh1950@gmail.com, 2shakhnoza_ al@mail.ru

Bitta xizmat ko‘rsatish qurilmasidan iborat bo‘lgan sistemaga A\ parametrli Puasson talablar
oqimi kelib tushayotgan bo‘lsin. Talablarga ularning kelish tartibida xizmat ko‘rsatilsin va
xizmat ko‘rsatish vaqt uzunliklari bog‘liq bo‘lmagan hamda bir xil B(z) tagsimot funksiyasiga
ega bo‘lgan tasodifiy miqdorlarni tashkil etsin. Shuningdek, kutish joylari soni N(N > 1)
bilan chegaralangan, ya‘ni sistemada bir paytda ko‘pi bilan (qurilmadagi talab bilan birga)
N +1 ta talab bo‘lishi mumkin deb faraz qgilamiz. Qaralayotgan sistema, odatda, M|G|1|N deb
belgilanadi.

Quyidagi belgilashlarni kiritaylik:

&y — sistemaning statsionar navbat uzunligi, ya‘ni ixtiyoriy momentda sistemada mavjud

bo‘lgan talablar soni; -

¢y — sistemaning bandlik davri;

nr— bandlik davrining sistemada £ ta talab bo‘lgan qismi;

Xx— sistemaning bandlik davridan keyingi bo‘sh holatda bo‘lish davri.

Ma‘lumki, vy =m1 +nm2 + -+ + v+1.

Qaralayotgan sistemaning statsionar navbat uzunligi taqsimoti [1] ishda, B(z) = 1 —
e " 2 > 0, bo‘lgan holda esa [2]| ishda o‘rganilgan. Qaralayotgan ishda Py (k) ehtimolliklar
va X, Sy, M tasodifiy miqdorlarning o‘rta giymatlari o‘rtasidagi ayrim munosabatlar keltirib
chigariladi.

Faraz qilaylik,

! :/ zdB(z) < 00
0
bo‘lsin.

Teorema 1. Quyidagi munosabatlar o‘rinli:
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My,
M(sn + X)

Teorema 2. Quyidagi munosabatlar o ‘rinli:

PN(k'): , kzl,N—i—l

M??k == ﬁ Mgk - Mgk—l)a k= 17N7

3 (
My = >+ (1=
e = \ \ SN,
bu yerda ¢y — M|G|1|K k= 0,1,2, sistemaning bandlik davri.

Foydalanilgan adabiyotlar

1. Buckor O.B. Ucmannos A.M. Cucrema MaccoBOTO OOC/TyKUBAHUST ¢ OPTAHUIEHHON Ove-
pesbio. Mcc. o mat.cTtaT. u cjieKuble BOIPOCHI, Hayd. Tp. Taml'y, Beim. 402, 1972.
2. I'nesienko B.B., Kopasienko I.H. Beenenne B Teopuio MaccoBoro oocyKubanusi, M., 1984.

OINEHMNBAHUWE MHTETPAJIBHOT'O ®YHKIIMOHAJIA METOA0M
SOMIIMPUNYECKOTI' O ITPABAOITIOA0BUMSA 11O HEITIOJIHBIM BBIBOPKAM
Saxugos .T.

AH,ZLI/I)KaHCKI/Iﬁ UHCTUTYT CEJIbCKOI'O XO34HCTBa 1 aI‘pOTeXHOJIOI‘I/II/I,AH,ZLI/I}KaH, y36eKI/ICTaH,

[TycTh Tpebyercs MOCTPOUTD JOBEPUTEIbHBIN HHTEPBA HHTEIPAJILHOTO (PYHKIINOHATIA

_/y(t)dF(t) — EY(X),

riae V- Hekoropas maMmepuMmas yHKIms, F- dbynknusa pacupeenaenus (b.p.) ciydaiinoil Be-
mmaussl (¢.B.) X @ F (t) = P(X < t). llpeamonaraercs, ato ¢.B. X meH3ypupyercsa c.B. Y ¢
b.p G(t)=P(Y <t), rme X u Y He3aBUCHMBL. B pe3ybrare CTaTHCTHIECKOTO SKCIICPUMEHTA
HabJiolaeTes Caydaiino — nensypuposannas crpasa Beibopra S™ = {(Z;, §;), 1 < i < n},
rie Z; = min (X;,Y;) n §; = I (X; <Y;) — unnukarop, rae (X;, Y;) — He3aBucuMble pean3almm
naps! (X, Y). Herpyano Buzers, uro Z; umeror obugyio &.p H () =1— (1 — F (t)) (1 — G (1)).
B kauectBe oreHkn st d.p F UCIONIBb3yeM CIIeIyoNLyio crerneHnyo ornesky F, (t) = 1 —
(1— H, (t))™ apropa [1], tne H, (t) = LS I(Z; < t) smmmpueckas ouenka st H (t) n

Zd[ (Zi < t) {1—}1 ] {i[ (Z: < 1) {1-}[ (ZHHW}—I

— CTATUCTUKA OTHOIIEHNs nHTeHCcHuBHOCTEH. Otnenka F), (t) obsajaer MHOTME ONTHMAIbHBIMI
cpoiictBamu Ha mHTepBasta (—oo,T), tme T' < Ty = inf{t: H (t) = 1}. Ilostromy B™EcTO 0
pacemorpuM yeedennbiit pynkunonan Or (F) = E[Y (X) I (X < T)] u ero onenky

:/y(t) (t < T)dF, ( ka+0< %>

rae Vi = Uy (F, G)- He3aBUCHMBIE U OJIMHAKOBO pacipeesenusle ¢.B. ¢ EUy = Or (F).
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Tlyers Y* (2) =YV (2) [ (2 <T), Vi = Y* (Z1) AFL (Zy) , AF, (Zk) = F, (Zk) — F (Zx — 0)
u R, (07) = [[;_, npx — coorBercTBYyIOMmAas SMIIpUYecKoe oTHOLIEHHe pasionogobus (DOIT)

C OrpaHIYCHIAMI
n
E pr =1
k=1

ank (Vk — QT) :0
k=1
n JlarpaHzKnaHoM

An (7, A) =D log (npi) —ny Y pr (Vi = Or) + A (Zpk - 1) :
k=1 k=1 k=1

TOI‘,IL& pa3penrB COOTBCTETBYIONIECE YpaBHEHNE HAXOIUM

Po, = [n(1+ X\ (Vi —02) Nk =1,....n,

n

rjie A\, V/JIOBJIETBOPSAET YPaBHEHUIO

z": Vi. — Op 0
1+ X (Vi —07) '

k=1

[Iyctn

v
n—oo

02(F) = lim Dp(n™2 Y Vi) < o0. (1)

OrnpesiesiuM CTATUCTUKY
U, () = —2logR, (0r) =2 log(1+6 (Vi — 07)).
k=1
Teopewma. [Ipu cupasesymBoctu yciaosus (1) un — oo

DpVi
o2 (F)

U, () = X?,

rjle = O3HaYaeT CXOJMMOCTH 110 PACIpPEJIeJIeHIIO, Xi- C.B UMeolasd XU — KBaJpaT pacupe/ie-
JIEHUE C CTENeHbIo CBOOOIBI (v = 1.

JloKazaHHBIN Pe3y/IbTaT MOXKHO MCIOJIB30BATh JJI HOCTPOCHHA aCHMITOTHIECKOTO JIOBEPH-
TeJIbHOTO MHTepBaJia s dbyHkimonaa O (F).
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OBb OIIEHKE CKOPOCTHU CXOJANMMOCTHN KPUTNYECKOI'O
BETBAIIIETOCHA ITPOITECCE T'AJIBTOHA-BATCOHA
Kynparos X.9.!, Xycan6aes . M.?2

"Hammonanbueiit Yausepenter Ysbexkncrana, TammkenT,Y30eKncTaH,
qudratovh_83@mail.ru;
Nucruryt Maremaruku umenn B.JM.Pomanosckoro, Tamkent, Y36ekucran,
yakubjank@mail.ru

ITIycre {&k.i, kyi > 1}-COBOKYIHOCTD HE3ABUCHMBIX, OJIMHAKOBO PACIPEICJICHHBIX U IPUHAMA-
IOIINX HEOTPHUIATEIbHBIE IIeJIble 3HaUYeHHe CIyJdaiHbiX Bequndud. [lycts Zy, k > 0 BerBsiiuecs
nporecc ['anbrona-Barcona, omnpe/iesieHHBIN CJIEYIONIUMU PEKYPPEHTHBIMU COOTHOIIICHUSIMMU:

Zn—1

Zy=1, Zy=) &uj, nEN

=1
Beenem ciremyrorme 0603HaYEHNS.

f(s)=Es"r | A=f(1), B=f"(1), C=f"(1),

27,
Bn

Fo(s) = Es? | ogsgl,Sn(:v):P< <x|Zn>0> , S(@)=1—¢", 2>0

Ussectno [1], aro

Fo(s)= fu(s), n€N
rie fn(s)— n— KparHag urepaius byakmun f(s): fo(s) = s, fi(s) = f(s),
Jer1(s) = f(fr(s)), k€ N.

B 1947 roxy A.M. druom 2] npu yenosuu F™”'(1—) < 00, u3ydasi yCJIOBHOE PacIpe/ieieHne
CJIydaifHON BEJMYUHBI Z, IPU YCJIOBUU Z, > 0, MOJY<IHII CJCIYIOMUl pe3yarar: s JI0O0ro
x>0

(A): lim S,(z) = S(x)

n—o0

B nanbreiimem Kesten, Ney, Spitzer [3]| mokasamaum, 4ro 5T0oT pe3y/iabraTr CHPABE/JIUB IIPH
F"(1-) < oo. st BeTBSAIMUXCS HPOIECCOB ¢ HENPEPBIBHBIM BPEMEHEM aHAJIOI TeOpeMbl flr-
JIOMa yCTAHOBJIEH 30JI0TapeBbIM [4].

BosuukaeT ecTecTBEHHBIH BOIIPOC: KAKOBa CKOPOCTh CXOJMMOCTH B IIpeJIe/IbHO Teopeme (A)7
CkopocTh cxoauMocTh B TeopeMme fArioma (A) uccienosana B pabore Haraesa m Myxame xa-
HoBa [5| mpu ycsmosun F”(1—) < 0o moJIyUeH Caeyommuii pe3yibTrar:

Su(x) — S(z) = O (1“2 ”)

n

O/ 1HAKO 9TOT TEOPETUIECKUIT Pe3yIbTAT UMEET OIPeIe/IeHHYI0 HeyI00HOCTD IIPH PeIleHnn TpU-
KJIQIHBIX 3aJ1a4.

Hesbio namnoit paboThl ABJIAETCH MOJIydeHne OIEHKE B (A) B cilydae KOrja BeJH<IHHA &
UMeeT PeOMETPUIECKOe PaCIIPe/IeIeH e,
Teopema. IIpednorostcum, wmo

P1=0=p, pp=Pl&1=k)=1-p*»H™"', k=12
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2de p € (0,1) durcuposannoe wucno. Toeda das aobozo n € N umeem mecmo caedyrouiee
HEPABEHCMEO

41 —p)lnn  2(1 —p) 1 44/2p* V1 16(1 —p)*
W(z) — < 2 +In——— | -+ —— L
sgp|5 (x) = S(x)] < p— - + - 73 + ][13(1 el + S
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O BellleCTBEHHBIX KOPHSX ypaBHeHUs v = b(\ — \v) U CpeJHOM 3HAYE€HUU IIEPUOAA
3aHATOCTU CUCTEMbI C OTPAHUYEHHOU OYepeibio

X.Kyp6anos', V.Bazaposa’

CamapKaHJICKuil rocyjapcTBeHHbI yHuBepcuTeT, CaMapKam1, ¥Y30eKuCTaH
ogiloy.bozorova@mail.ru2

PaccmaTrprBaeTcst cncrtemMa MaccoBOrO OOCITYXKHBAHUS C OJTHUM OOCITY?KHBAIOIINM yCTPOU-
CTBOM U CO CJIEJIYIOIIUMU JIAHHBIMU: BXOJSAIIUN MTOTOK ITyaCCOHOBCKUI ¢ TTapaMeTpoM A ; JIjTu-
TEeJIbHOCTH BpeMeH OOCITyKIBaHNS He3aBUCUMBbIE, OJINHAKOBO PACIIpe/Ie/IeHHbIe CJIyUailfHble BIIe-
annbl ¢ pynknueit pacnpejenenns B(z)[B(40) = 0] u co cpeiHuM 3HaYCHUEM [~ 1; KOJIMIECTBO
MeCT JIJIsl O2KUJIAIOUX orpanndeHo duciom k(k > 1). Onucannyto cucreMmy 0603HATUM CUMBO-
aom M|G|1]k.

I[Iycts (), mepros 3aHATOCTH U p = A\~ ! 3arpysKa paccMaTpuBaeMoil cucTeMbl. 1lomozkmm

b(s) = /O e aB(a)

B Teopun maccoBoro obcsiy:KuBaHUs H3ydeHHE XapaKTEPUCTUK CUCTEM YaCTO CBA3aHO C
HCCJIeIOBAHIMEM BEIECTBEHHBIX KOPHeH (hyHKIMOHAJIBHOTO ypaBHeHus v = b(A — A\v), rue v
KOMILJICKCHAS TT€PEeMEHHA.

UsBecrHo, 4ro 910 ypasHeHue 1npu p > 1 B kpyre |v| < 1 uMeer jiBa BEIIECTBEHHBIX KOPHE]i:
v1 =1 u vy =7 ([1],cTp.62).

B namnoit pabore paccMaTpuBaeTCs BOIIPOC O CYNIECTBOBAHUYU BEIIECTBEHHBIX KOPHE ypaB-
HEHWs TPH JII0O00M (DUKCUPOBAHHOM p U UCCJIEyeTCs MPEJIeTHOE MTOBe/IeHNne KOPHsI, OTYUCHOTO
oT eauHUTLL, 1pu p — 1 . TakxKe, U3ydaroTcst aCUMIITOTUYECKIE COOTHONICHUSA, CBI3aHHBIE CO
CPEeJIHUM 3HaYEHUEM CJIyIaifHOW BEJTMIUHBI (.
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Theorem 1. Vpasuernue v = b(A — \v) B 06JacTH ONpe/IeJIeHIsT UMEET J[Ba, BEIeCTBEHHBIX
KOpHel:v; = 1 1 v9 = r, Takoit 9To
r<lp>1,

r>1lp <1,
r=1p=1;
Theorem 2.. Eciin -
o’ :/ r*dB(r) < oo,
0
TO TIpU p — 1 CIIpaBe/IMBO COOTHOIICHUE
2(1—-p)
A2g?

Teopema 3.CrupaBeyiuBbI CIETYIOIIIE COOTHOITEHNUST

r=1+ +0(1 — p).

1—rk
lim (r*M¢y — M(n_p) = ———,
L " v-t) n(p—1)
lim N (MCy — MCy_y) ol
m r — _ =
N300 N N U O = M) oy — 1]
rkp>1,
lim Mn— =
N %) M
- v La>0p<1.
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HOHEHTPAJIbBHAZ ITPEJEJIbBHASA TEOPEMA [OJI4 ACCOIIMPOBAHHBIX
CJIYYAMHBIX IIOJIE CO 3HAYEHUSAMU B ITPOCTPAHCTBE ¢,

JlazapeBa B. A.

Hanwmonabublit yauusepcurer Y30ekucrana um. Mupso Yiyroeka, Tarmkent,Y36ekucram,
1748mailbox@mail.ru

[Ipeies1 bHBIE TEOPEMBI 7SI OTPHUIATETHHO ACCOIMPOBAHHBIX CITyYaNHBIX BEJTMINH HCCJIETOBAHDBI
mHOrUMHU aBropamu( cM. Harnpumep [1] )

Iycts X (i,7), (1,7) € Z* ciaydaiiHoe mojie co 3HaYCHUAMU B IIPOCTPAHCTBE Co (IIPOCTPAHCTBO
CXOJIAIIUXCS K HYJIIO TTOCJIeioBaTeIbHOCTEl ). Pasioxkum cirydaiinoe mojie 1o crangapTHOMY Oa-
sucy X (i,7) = > o0 X*(i,5)ex , re e = (0,...,1,0,...)y KoTopoiil Bce KOMIOHEHTBI HYJIH, 3a
UCKJIIOYEHNEM i-TOi, KOTOpasi paBHA €J/INHUIIE.

CewmeiicTso ciayvaiinbix Besmaun X (i, 7), (4, 7) € I co 3HaYeHUsAME B ¢ Oy/1€M HA3BIBATH aCCOIU-
POBAHHBIM, €CJIU JJIsT KasKJI0r0 KOHETHOTO T1oiceMeiicTBa X (i1, J1), - - - X (i, Jm) U IS KaZK IO
Iapbl HOKOOPIMHATHO HeyOuBatomux GyHknmit f; : R¥ — R, i = 1, 2a1a moboro k=1, 2, 2K
BBITIOJTHEHO CJIEJTYIOIIEe yCJIOBHE:
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cov( f1(XV, X, ((x L xB)

Ing = (x1,73),y = (y1,y2) € Z% numem z < y , €CJIU 3TO HEPABEHCTBO BBIIOJIHAETCS TTOKO-
opaunarno. Oupegennm |z — y| = sup {|x; — y;| : i = 1,2} u oboznaunm 1= (1,1)

Inst n = (ny,ng) € Z?) mbl o6ozHauum depes A(n) npsMoyrobHIK

An) ={z € 2%,1 <z <n} u|n| =nn,

Hacruinyio cymmy 0003HAMHM CJleyIOMmUM 00pasoM Sy = D sy X (4:1)

Beegum oboznadenue t;; = limy_o \/K(;(N))ESI(\Z})ESJ(\?) npu ¢,7 = 1,2,
Teopema. Ilycrs X (4, 5), (i,7) € Z? ciydaiinoe moJjie co 3HAUYEHUSIMUA B Co.
[ycrs {k(N): N =1,2,} nocienosarenbrocts B Z2 Takas, ato ki(N) — oo mpn n — 00
[Ipeamonoxum, aro st Kazxkaoro N, {X,(N) :n € A(k(N))} cemeiicTBO accorupoBaHbIX CIIy-
JafHbIX BEJIUYUH U BBIIIOJHEHbI CJIEJYIOIINE YCIOBHUS:
(i) cymecTByloT KoHewHBIe KOHCTaHTHI ¢; > 0 i=12 | Taxme, ato DXW®(i j) > ¢ n
E|X® (G, ))|> < ¢y ana seex (i,5) € 22 k = 1,2,
(ii) mama dbyskmusg u : {0,1,2,...} — R rakas, aro u(r) — 0 upu r — oo u mia k = 1,2,
> viinofzr V(X B (0), XF(n)) <u(r) wis seex n € Z° ur >0
Torga npu || N|| — oo mmeer MecTo ciieyrorast cjiabasi CXOIUMOCTh

—N__ = N(0,T)

A(k(N))

riae N(0,T) rayccoBckas ciyuaiiHasi BeJMUUHA CO 3HAYEHUSIMHU B Cp, C HYJEBBIM CPEIHUM U
KoBapuaruonnoit marpueit ' = (t;;)
[Ipusenennast Teopema 06001IACT PE3yIbTAT U3 [2].

JINTEPATYPA

1.P. E. Oliveira Asymptotics for Associated Random Variablest, Springer-Verlag Berlin
Heideiberg, 2012

2. J. T. Cox and G. Grimmet, Central limit theorems for associated random variables and
percolation model, Ann. Probab., 12 (1984), 514-528.

O BBIIIYKJIBIX KOMBUHAIINAX /IBYX KBAJIPATUNYHBIX
CTOXACTHUYECKUX OIIEPATOPOB B S?
Mamypos B.2K.

Byxapckuii rocymapcTBeHHblil yHUBEpcUTeT, Byxapa, Y30eKucraH,
bmamurov.51@mail.ru

KBajiparudnblie omepaTopbl MPUBJIEKAIOT BHUMAHKE CIEIUATUCTOB B PA3IMIHBIX 00/IaCTsIX
MaTeMaTuKu U ee npusioxkenuii (eM. nanpumep,[2],] 3|). Mbl Gyjem npuepKuBaTcst Onpeiese-
Hus 1 obo3HaueHus pabote [3]. B pabore [1] na nBymeprom cumiuiekce S? u3yven KpajpaTud-
HbIe CTOXaCTUYECKUI OlleparTop:

1
% : 52 — 527%(]:173:273:3) = (xi’x%xé)

1 2 1 2 1 2
T, = 2] + 20170, Ty = x5 + 201795 X3 = X3 + 27123
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okazano, aro omeparop Vp umMeer deTsipe HenojpuzKubie Touku Mi(1,0,0); Ms(0,1,0);
Ms3(0,0,1);C(1/3,1/3,1/3). Ormernm, uro B pabore [4] aBTOpoM Ha JIByMEPHOM CHMILIEKCE
M3yUeH KBaJ[PATHIHbIE CTOXACTUIeCKuii omeparop Vi:

x1 = 1/323 4+ 1/323 + 1/323 + 22,29
vy = 1/327 +1/325 + 1/323 + 22973
vy = 1/3x7 +1/325 + 1/373 + 21173.

U JIOKA3aHO,9TO ONEepaTop V) MMeeT eJIMHCTBEHHYIO HemojaBmkuyio touky C(1/3,1/3,1/3) u
peryJisipen. B nanHoit paboTe Mbl PACCMOTPUM BBIITYKJIble KOMOMHAIIMKM oniepaTopos Vo u V)

V,\:SZ—>S2;
Vi=(1=-M)V+ AV, (0< A<,

B koopunarHOll 3ammcu onepatop V) mMeer BUJI:
ry = (1 —2X\/3)a% + \/323 + \/323 + 27172

Ty = \/3x% + (1 — 2)\/3)a3 + \/323 + 22973
ry = \/3z7 4+ \/3x3 + (1 — 2)/3) /323 + 27,73

OueBuno,oneparop V) - TakKe KBaJAPaTUIHDIA CTOXaCTUYICCKUIT OmepaTop.
okazaHo, uaro oneparop V) uMeeT eJIMHCTBEHHYIO HenojasuKuyio Touky C'(1/3,1/3,1/3).
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MAPKOBCKHUE Q-ITPOIIECCHI
Hazapos 3. A.

Hamnumonabublit yausepcurer Y30ekucrana, TanrkenT, Y 30eKUCTaH,
zuhrov13@gmail.com

[Tycts Besmuuna Z(t), t > 0, npeacTaBisieT YUCIEHHOCTD TOILYJISIIUN B MOMEHT ¢ B OJTHO-
POJIHOM MapKOBCKOM BetrBsieMcst rnporecce (MBII) ¢ HenpepbIBHBIM BpeMeHEM U TI€PEXO/THBIME
BEPOSITHOCTAMU

Py(t):=P{Z(t+71)=3j|Z(r)=1i}, 7>0,

i,j € Ng = {0} UN, rme N — MHO>KeCTBO HATypaIbHBIX YHCEJ. DTH BEPOATHOCTH DABHBI i-
KpaTHOIT cBepTKe pacupenesenus Pj;(t), Te.

Pi(t)= > Py () Pu,(t)- .- Py(t).

itiattji=
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BepositHoctu Pyj(t), B CBOIO 0OUYepe/ib, OLPEAE/ISIOTCS ¢ IIOMONIBIO JIOKAIBHBIX IUIOTHOCTENH
{a;, j € Ny} coornomennem

Pij(e) = 01 + aje +o(e), € —0,

rae 01; — 3HaK Kpomekepa, maorHOCcTH BeposTHOCTeil mepexoma a; > 0 mas j € No\{l} u
0 <ag < —ay, upuiem » iy a; = 0; em. [3, ¢ 11-12, 26].

B pa6ote [5]| ncciienoBasbl HEKOTOPbIE aCUMITOTUYECKIE CBOHCTBA Tak Ha3biBaeMoro Map-
koBckoro Q-mporiecca (MQIT) {W(t), t > 0}, onpenenennsrit kKak "gosnrozkusyuit" MBII, me-
PEXOJIHBIE BEPOSITHOCTH KOTOPOT'O

Qult) = POV (t+7) =5 | W(r) =i} = L2y ).

B pasencte (2) 1= exp {Z JeN jajqj_l} , & 9HCJIO §— BEPOSITHOCTH BhIpOxKaeHus MBII.
u

C nomomipio (1) u (2) BeposTHOCTH (Q1;(€), IPU € — 0, MOIYT OBITH IIPE/CTAB/IECHBI B BHE

Qlj(&f) = (51]' +pj€ + O(E),
C IIJIOTHOCTAMMN BepOﬂTHOCTeﬂ mepexoia
po=0, pr=ar—InB<0, p;=j¢ 'a; >0, jeN\{1}.

CrenosaresibHo, iponsBojsiast Gyuknus (I1D)

g(@) == pie’ =z [f'(qz) — ()]

JEN

nosiHocThIo onpeensger MQIT, snece f(z) ecrb nundunnresumanbraas [1D, mopox garormas MBIT
Z(t), mo ectb f(x) = Y ey, ;27 B arom obosnavenun 3 := exp {f'(q)} u f(q) = 0; em. [5].
Bsegem Tenepn B paccmorpenne [1® pacrpeesieHust cocTOSHUI

JeEN

Kak 6bu10 jokazano B [MImomos|,

252 {2521

rie O(t;x) = 3 ey, Prj(t)2) u

b(x) = L2 = pgz) - f(9).

[Tyrem muddepennuposanns B Touke x = 1 u3 (3) nomyqaaem rue D;W (t) = D [W(t) | W(0) = i]
ny = b/|Inf|.

Hawm nosBosmuT HammcaTh YpaBHEHUE

W(t+1)=[W(t)—1] -8+ W) +e(t),
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C TOTPEITHOCTRIO £(t), mMerorreit Hynesoe cpennee: Ee(t) = 0. YuurbiBas 910 ypaBHeHUe, Mpe/i-
JlaraeM CJIeJIyIONLyIo oleHKy Jyisi 3, npu ussectHom Eq W (1):

)

W(t+1)— EW(1)
O

t > 1.

pt) =

Onenka B\ (t) sByIsteTcst HecMeleHHOM 71 apameTpa (3. JleficTBuresnbHO, coryacHo dhopmyie
osiHO# BepogiTHOCTH U oropoanocTr MQIL, ¢ yaerom (4) EE (t) = B.

Cuiestyrore TeopeMbl XapaKTepusyIoT JajbHeillne cBoiicTBa oneHkn [3(t).
Teopema 1. [Tycmov b < co. FEeau f =1, mo

~ In?
;me=1+o(%;),t—wn

Teopema 2. I[Iycms b < 0o. Ecau f < 1, mo

Teopema 3. Ilycmv b < 0o u f = 1. Tozda

P{(B(t) — 1)t < 2} — L(z), t— oo,

rIe
+oo +o0
/ewmdL(x) = /xe_z“w/zdx.
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ITIOJIVIIAPAMETPNYECKUE SMIINPNYECKUNE
XAPAKTEPUCTUNYECKHNE ITPOLHECCHI 1 "X ACUMIITOTUNYECKHUE
CBOICTBA
Caiidysioena I'.C.

Hapowniickuit rocyiapcTBeHHbI e garormdeckuit nuctutyT, HaBon,Y36ekucran.,
sayfullayevagulnoz@gmail.com;

PaccmoTpuMm mostymiapaMeTpuaecKyo CTATUCTUIECKYIO MOJIENb CJIYIaifHOrO MeH3YPUPOBAHUS C
JIByX CTOPOH, B KOTOPOI HAOJII0/IaeTCsd BHIOOPKA
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rie Z; = max{L; min{X;,Y;}}, A; = (6, s, 6?), 6 = I(min(X,,Y;) < L;),

7 (2 (2

52(1) = I(L; < X; < Yy, 51.(2) = I(L; <Y, < X;) u I(A)- ungukarop cobbitus A.
Bnech {(Xg, Ly, i),k > 1}— mociaenoBaTelbHOCTh HE3aBUCHMBIX U OJMHAKOBO DACIpele/eH-
HBIX (H.0.p.) CJIydaifHBIX BEKTOPOB C B3AMMO3aBUCHMbBIMU KOMIIOHEHTAMHU ¢ COOTBETCTBY IOIAME
HenpepbBHbIMI yHKnuamu pacupenenenns (b.p.) F(r) = P(X; < z), K(z) = P(L; < z)
u G(z) = P(Y; < z). llyctb H u N— &.p. c¢.B. Z; u V; = min (X;,Y;). Torna 3amernm, aro
H(z) = K(x)N(z), N(z) =1— (1 — F(x))(1 — G(z)). 3ajada cOCTONT B OICHUBAHUK XapPaK-
repucrmieckoit yrkmmn (x.d.) C(t) = [70 e™dF(z) c.B. X; no seibopke S™ B cemyromeit
IOJIy IAPAMETPUIECKON MOJIEJIH, COIVIACHO KOTOPOii CYIECTBYIOT HOJIOXKUTEIbHbIEC HEH3BECTHBIE
ancyia § u 3 Takne, 9TO BepHBI IPEJICTABJIEHUs I Beex T € R

{ 1-G(z) =(1-F(x)),
K(z) = (N(x))”,

3rech mapamerpamu  u 6 ONpeIESIOTCS COOTBETCTBEHHO TJIYOWHBI IEH3yPUPOBaHUs C.B. X;
csieBa u cripaBa. B paborax [1-3] 6bL1r yecTaHOBIEHBI XapaKTePU3AIIMOHHOE CBOTICTBA pACCMAaTPU-
BAEMOI MOJIEJIN, COIJIACHO KOTOPOI TipejicTaByienus (77) SKBUBAJEHTHBI HE3ABUCUMOCTH C.B. X;
1 BeKTOpa A; a TakyKe ObLIa UCCJIEI0BAHA MOJIyapaMeTpudeckas omneHka s §.p. F(z) Buma

F.(r) =1—[1—(H,(x))*]m, 1t eRrne A, =1—pP un, = p;”(p&” +p512))*1 COOTBETCTBY-

IOIIE ONEHKH \ = ﬁ u Y = 15 Hocrponm onenxy s x.d. Cp(t) = ffooo e dF,(x). Ilycrn
C[T™, T®)] 6anaxoBo MPOCTPAHCTBO HENPEPLIBHBIX KOMILICKCHO3HAYHLIX (DYHKIMH HA HH-

repsasie [T, T3] ¢ cynpemym-HOPMO#t SUPy(1) < i< |.|, tae sup{z € R' : H(z) =0} = 7 <
TW < T® < Ty = inf{w € R' : H(z) = 1}. O6osnauny supp <o<re [(H(2))P” — H(x)] ™,
rae p©) = P(éi(o) =1).

Creyroniast TeopeMa yTBEPZKIaeT PABHOMEPHO CHIIbHYIO cOCTOoATesbHOCTH Ch (1) Ha KaxK-
oM Korewrom natepsase [T, TA)],

Teopema 1. IIpeamonoxum, aro p > 0. Torga mpu n — 00, SUPrw << |Cn(t)—C(t)| — 0.

Omnpenemam cybpactpenerenns {10 (x) = P(Z; < , (5§m) =1), m =0,1,2}. Cinabas
CXOJIMMOCTB IMIIMPUYECKOTrO Xapakrepucruaeckoro nponecca {,(t) = /n(C,(t) — C(t)), te€
[T TP} cocrapnger comeprKanme CIeIyIONEro yTBep K ICHI.

Teopema 2. [Ipeamnonoxum, aro p > 0 u s o > 0 mpu x — 00 :
2°T™ (—z) + 2%(1 — T (z)) = O(1), m=1,2,3.

Toryia moceI0BaTeIBHOCTD CTydaiinbx mporeccos {1, (t), t € [TW, T3]} ciabo cxomures B
C[T®M, T®] K nenTpajbHOMYy KOMILICKCHO3HAYHOMY I'ayCCOBCKOMY IIPOIECCY.
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OYHKIIMOHAJIBHBIE YPABHEHNA PEHATYPAIINN JHK-PHK IJIf
MOAEJIN N3VMHT'A C BHEIITHM ITIOJIEM

Xaramos H. M.!, Haxkxmuaaunos P. E.?

! Uncturyr maremarnkn AH PY3, Tamkent, Y36exucran,
nxatamov@mail.ru;
?HamaHrancKuii rocyapcTBennbiil yansepentet, Havanran, Y3bekucTan,
rustamjonnajmiddinov97@mail.ru

Tepmomunamuka JTHK st Mmozeseit craructudeckoit husnku usydaercs: B crarbsx [1]-[4].
B pa6ore [5| repmopunamuka penaryparn JJHK-PHK 6b11a nceseoana jijist HOBOH MOJIEIH.
B nacrosieit pabore paccmaTpuBaeTcs Mojesb V3unra u Jyis 9T0i MOJIesIn U3yvdaeTcss TeEPMO-
gunamuka penaryparun JTHK-PHK.

NzBectno, aro B JIHK kaxkmgas mapa A 4+ T’ coejunena aByMs BOJOPOJHBIME CBA3SIMU, a
kazk1as mapa C'+ G - TpemMs BOJIOPOIHBIME CBsI3aME. [[09TOMY B 9TOM pazjiesie Mbl MOJIETHPYEM
nx kKak —1 = A+T,1 = C+G. JIna pa3zopBaHHOI BOJOPOIHON CBSI3U COMOCTAB/ISIETCS 3HATEHIE
cimna 0. ITapsr ocnoBanmnit A + 7 (B JJHK) u A + U (8 PHK) cunraiorcs naenrnansivm B
nporecce penaryparmu JJHK w3 PHK (Bupyca). 9Tu mMostekysibr comep:karcst B KJIETKaX BCEX
JKUBBIX OPTaHU3MOB, a TaKzKe B HEKOTOPBIX BuUpycax (cMm.[5]).

Paccmorpum kouduryparumonnoe mpocTpancTso 2 :

Q={o=(dr)e{0,-1,1}* x {0,-1,1}” : dir; = 0,Vi € Z},
rje
d={d; € {0,-1,1} : i € Z},r ={r; € {0,-1,1} : i € Z}

U Z— MHOXKECTBO IIEJIBIX YHCEL.
Js1 kaxk 10it KoHdburypanuu o € ) onpeiesmm ee SHEPruro (raMuIbToOHHaH Mojie/n V3unra)
CJIEIYIOIIIUM 0OPa30M:

+00 +oo
H(o)=H(d,r)=—J Y (didis1 +rivign) —a Y (di+73), (1)

rie J € R - KOHCTaHTa CBA3M MEXK/Iy ITapaMHi OCHOBaHWil, & € R— BHeIIHee II0JIe.

Yepes 0, 06o3HaunM orpannderne koudurypaimii o € Q va Z, = {—n,—n+1,...,n—1,n},
a gepes (1, 0003HATNM MHOXKECTBO BceX Takux Konduryparmuii. [Iycts A C Z. O6o3nagum depe3
Q)4 TPOCTPaHCTBO KOHMUTYpaINii, ONpeIe/IEHHBIX Ha MHOXKeCTBe A.

Pacemorpum BeposiTHOCTHOE pacipeiesienne [, Ha 2, :

ptn(0n) = Z texp { —BH,(0,) + Z Pondiy v ¢ 5 (2)

me{—n,n}

rie 3 =1/T, T > 0— remueparypa, Z, ' — HOPMUDYIONIUI MHOKUTEIb, COBOKYITHOCTE
hm,i,j ER,Z,]: _170a17m:_n7n (3)

peacTaBIsseT coboit HabOp JIeHCTBUTEIbHBIX UNCEN U

+n “+n

H,(0)=—J Z (didit1 +1irizr) — Z (di + 7).

i=—n =—n
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[oBopsAT, 9TO BEPOATHOCTHOE pACIPEIETICHUE (i, COTJIACOBAHHO, €CJIN

Z fn(On-1 V wWn) = fin_1(0n-1) (4)

WneQ{—n,n}

g eeex n > 1luo,_1 € Q1.
31ech 0, 1V w, ecTb o0beauHeHNE KOHUrypalmii. B 3ToM citydae cyIiecTByer eInHCTBEH-
Has Mepa i Ha () Takasd, 9To

p{o |z,= on}) = pn(on)

Jig Becex n > 1 u 0, € (),. Takasg mepa HazbiBaeTcst mepoti [ubbca, COOTBETCTBYIONIEH TaMIThb-
ronnany (1) u sHauenusm (2).
Jl1st sicHOCTH TIPEJIIIOJIOZKIM, ITO

hfn,i,j = hn,’i,jaiaj = 07 _17 L. (5)

Crenyromas TeopeMa JaeT HeOOXOAUMBIE W JOCTATOYHbBIE YCIOBUS HA N, ; i, TIPH KOTOPBIX
BbIOJTHsIeTCsT (4).

TEOPEMA. Bepoammuocmmuoe pacnpedeaenue i, (o,),n = 1,2, ..., 6 (2) coenacosanio mo-
2da u moavko mozda, Koz2da 0is A00020 n > 1 evinoanaomea credyroujue PYHKUUOHANADHDLE

YPABHEHUA!

_ L0 0z tyn) (0~ untun)

T 140 Y@ tyn) n(unton) O

_ 14n M@ +0yn) +n(un+6~"tvn)

Yn=1 = 15T @aty) Fn(unton) (6)
147~ (0 ton+yn) +n(Ountvn)

Un-1= 1+n=t(zn+yn)+n(unton)
v _ LN (@a 0" yn) 4 (un+6vn)
n—l L0~ (@n+yn)+n(unton)

I'de
0 = exp(JB),n = exp(aB),

Tp = 6$P(hn,o,—1 - hn,o,o), Yn = €$p(hn,—1,0 - hn,0,0)7 (7)

Up = exp(hn,o,l - hn,0,0)a Up = exp(hn,l,(] - hn,0,0)-
JImtepartypa.
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EVMHCTBEHHOCTDb TPAHCJIAIIMOHHO-UHBAPNAHTHBIX MEP
I'MBBCA OJIdd MOJAEJIN HC-BJIFOMA-KAIIEJIA B CJIVUHAE "IIUKJI"HA
JEPEBE K29JIN
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Xaramos H.M.!, Dprames B. A.?
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B sToM crarhe m3ydena TpaHC/SIMOHHO-UHBAPUAHTHBIE Mepbl [ MO0ca I IUHAMAYIECKOM
mozen biroma-Kamesnss ma gepese Ko, D10 a1ByMepHBIi climHOBasI CHUCTEMa, Te OJIHA Iepe-
MEeHHasl CITUH MOYKET MPUHUMATH Tpu 3uadeHus:—1, 0, +1. [lepsonadaibino on ObLT BBEJICH I
usyuenus He? — He' dbazosbriit mepexon [2-5].

Hepeso Kamm T'* = (V, L) nopanka k > 1 310 Geckonednoe sepeso, T.e. Tpad 6€3 MuK/IOB,
13 KaxKJIOi BepIIMHBI KOTOPOTO BBIXOAUT poBHO k + 1 pebep, rie V' ecTb MHOXKECTBO BEPINUH
I'* L— ero muoxectso pedep. IlycTs i—dyHKIs THIUACHTHOCTH, COIIOCTABIIAIONIAA KK IOMY
pebpy [ € L ero kornesble Toukn &,y € V. Ecim i(l) = {z,y}, To BepumHbl & 1 y HA3BIBAIOTCS
baustcatiwumu cocedamu u obosuadarorcs depes (z,y). [lycrs d(z,y), z,y € V ecthb paccrosiame
MeZKJIy BEPINUHAMHU T, Y, T.e. KOJUIeCTBO pebep KpaTdailiuii myTn, coeuHsIonel T u y.

Pacemorpum Mogiesib, e CiivH npuHuMaeT 3Hadenus u3 maoxkecrsa ® = {—1,0,+1}. Torua
kongueypayus o Ha V' onpenensercss kak dyukius © € V. — o(x) € P; MHOKECTBO Beex
koudurypanuii copmagaer ¢ 0 = ®V. Ilyecre A C V. Ob6osznaumm 4epes )4 IPOCTPAHCTBO
KOH(UTYpaIuii, OlpeieIeHHbIX Ha MHOXKecTBe A.

Pacemorpum rpad ¢ Tpems Beprmaamu —1, 0, +1 (Ha MHOX)KecTBe 3HaUeHUiT 0 (X)), KOTOPbIi
nmeer caeyronmit Bug (em.[1], [3]):

yura:  {0,—1},{0,+1}, {—1,—1}

lamunbronman mogen Birioma-Karens onpejiesnisiercst caeaytonuM o0pa3oM:

H(o)=J Y (o(x)=a(y) (1)

(z,y),2,y€V;

roe J € R.

[Iycrs 2° € V-dukcuposannas Touka. Byuem mcarth o < 4, €c/Ii Iy Th oT 2° J10 i/ HPOXOIUT
qepes .

O6osnaumv: W, = {z € V : d(2°,2) =n}, V,={z € V :d(2° z) <n}.

Touka y HasbiBaercs "npamvim nomomkom" rouku z , ecom x < y u d(z,y) = 1.

Hns x € Gy, obosnaunm depe3 S(x)— MHOKECTBO "npamovir nomomkos” Touku x € V.

[Iycts O = {yuka}, G € O. Konduryparms o HaspBaercsas G -donycmumot kongueypa-
yuet Ha gepese Kamm (B V,, wim W,,), eciin {o(x),0(y)}-pebpo G mias smroboit Gimkaiimieit
napsl cocefieit x,y uz V' (u3 V,,). Obo3uaunm MHOXKeCTBO G-J0IyCTUMbIX KOH(MUTYparuii depes
Q40 ).

Ilycts h @ +— hy = (h_14, hog, hy1,)-BekTOp dyHKIWsS oT = € V \ {z"}. Paccmorpum
BepogTHOCTHOE pacupeaetenne ™ ma Qy,

1 (0,) = Z; eap{—BH(0,) + 3 Doy}, 2)

xe Wn

rae o, € QY | Z, = e, exp{—BH(Tn) + 3 ,cw, Mo@)a} 1 bz € R.
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ToBOpAT, 94TO BepOATHOCTHOE pacipeneenue (™ (Vn > 1) cormacoBanHO, ecJin

> 1 0ne,0™) = p D (g,00) (3)

o'(”)

ong Bcexn > 1l u o,_q € Q%_l.
B sTOM cityuae cymmecTByeT e uHCTBeHHasd Mepa i Ha 2, Takas, uro

p{o lv,=on}) = N(n)(an)v

nnga ecex n > 1u o, € Qgﬂ.

Cremytomast TeopeMa JlaeT HeOOXOJUMbIe U JOCTATOYHBIC YCIOBUA Ha N, MPU KOTOPBIX
BBINOJIHSETCS (3).

TEOPEMA 1. Ilyemv k > 2 (6 caywae "uuka"). Bepoammocmmnoe pacnpedeserue
p™(a,),n = 1,2,... B (2) coeaacosanno moada u moavko mozda, Kozda oas moboeo © € V
UMEIOM. MECTNO CALOYIOULUE:

o 1+93271,y
e = HyeS(z) 21 y+2z41,y’

_ 14603241,y
271733 - HyGS(I) Z*l,y+z+1,y7

ede 0 = exp{—JB},B =1/T, 2z, = exp(hiy — hos), i =+1,—1.
Tpancisamuonno-unsapuantisie( TU) mepst ['nb6ca coorBercrByior pemenusm (4) ¢ z; , = 2;

npu Beex x € V u i = —1,+1. Jlns ynobersa, mepenummnm z 1 = 21,21 = 2o . Loraa (4) mmeer
BHJ
1= (%)kv
f (5)
»= (25,

JIEMMA. IIycmov k > 2. Jlas mobozo 0 > 0 cucmema ypasuenut (5) umeem moavko
eduncmeentoe peuerue.

Torta BepHa cjemyromias TeopemMa.

TEOPEMA 2. Jlas modeau (1) 6 cayuae "yura"npu aobwx 0 > 0 cywecmeyem poero
odna TH mepa 'ubbea.
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CYIIECTBOBAHUE HOBbBIX TPAHCJ/IAININOHHO-NHBAPNAHTHDBIX
MEP I'MBBCA B MOJEJIN N3NHI'A MOJIEKYJIbl JIHK HA JTEPEBE
K2JIN

Xaramos H.M.!, 6parumos 1. .2

! Uncturyr matemarnkn AH PY3, Tamkent, Y36exucram,
nxatamov@mail.ru;
?Hamanranckuii rocygapcrBennblii yausepeuter, Hamanran, Ysbekucran,
islom.ibragimov.97@mail.ru

Kak m3Bectrno, kaxmnas mosekysta JJHK mpencrasisger coboit aBoitnyio crmpaJsb, oO6pa3o-
BaHHYIO JIBYMsl KOMILJIEMEHTAPHBIMU HUTAME HYKJIEOTHJIOB, KOTOPBIE YIEPKUBAIOTCI BMECTE
BOJIOPOJIHBIME CBsI3sIMU MezKty napamu ocHoBauuit C' + G (nurosus-ryannn) u A+ T (ajgeHuH-
TUMUH).

Hepeso Kamu T'* = (V, L) nopsaxa k > 1 310 Geckoneunoe jiepeso, T.e. rpad 6e3 MUKJ/IoB,
13 KayKJI0¥ BEPIITUHBI KOTOPOr0 BBIXOAUT POBHO k + 1 pebep, rje V' ecTh MHOXKECTBO BepIINH
I'* L— ero muoxxectso pedep. IlycTsb i—dyHKIHA THIIICHTHOCTH, COIOCTABIISIONIAA KasK IOMY
pebpy [ € L ero kounesble Toukn x,y € V. Ecan (1) = {z,y}, To BepumHbl £ 1 y HA3BIBAIOTCS
baustcatiwumu cocedamu u 0bo03HaYAIOTC Yepes (T, y).

[Iycrs Z = {...,—2,—1,0,1,2,...} . B pabore [3]| 6bL10 JOKa3aHO, YTO BCE BEPIIUHBI Ji€-
pesa Kan M0KHO pa3duTh Ha KJIACCHI SKBUBAJCHTHOCTH, TPOHYMEDOBAHHBIE EJIBIMU THUC/1a-
MU, U 9€pe3 KaxK/IyI0 BEPIINHY, TPUHAJIEIKAILYI0 M — My KJIACCY KBUBAJIEHTHOCTH, TPOXOIUT
eJIMHCTBEHHBIN IyTh, TAKOW YTO HOMEpa KJIACCOB 9KBUBAJEHTHOCTH, KOTOPBIM ITPUHAJIEXKAT
[IOCJIE/IOBATE/ILHBIE BEPIIUHDBI 9TOTO MYTH, 00PA3yIoT HECKOHEUHYIO B 06€ CTOPOHBI MOCIECI0BA-
TEJIbHOCTD ..., m—2, m—1,m,m+1, m+2, ... neabix unces. Ou uazwisaercs Z—nymo (Z—path).

Pacemorpum dbyHKINO 0, KoTOpas npucBanBaeT Kaxkjgomy pebpy | € L suadenue o(l) €
{=1,0,1} mak, uto —1 = A+ T ul = C+ G, a o(l) = 0 o3nagaer, aro pebpo "cBoGOIHO" .
Oyukuust 0 = {o(l),l € L} naseiBaercsa koudurypanueit. Konduryparus o = {o(l),l € L}
HasbiBaeTcst donycmumot, ecin o(l) # 0 anst Beex | € Z — path. OrpaHudenue JIOMyCTUMO
koHcuryparuu Ha Z—nymos HasbBaerca JTHK.

Mpbr paccMaTpuBaeM CISIYIONYI0 MOe/ib V3uHra sHeprun KOHMUTYPAIUN 0 HA MHOXKECTBE

JTHK [1]:
= ) o @
(L) ELXL;
riae J > 0—koHcranTa cBssu, o(l) € {—1,0,1} u ([, t) pebpa OIMKARIIIMA COCEISMU.
CrangaprasiM 06pasoM (cMm. paborst [1], [2]) mMoxkmHO cBecTn 3amady nsydenus mep ['ubbca
B MoJiesn V3uira K pelrenuio cieyonieil cucreMbl (hyHKIHOHAIBHBIX YPABHEHMIA:

14z, 142z, 14204214
201 = atalz, atalz, HtESO(l) a—l—zo,t—&-l-&-a*lzl,t’l ¢ Z — path,

o T4az a"ltaz a4z i4az
— 0 . 1, 0,t 1,t
2 = ||t€50( =t 1 ¢ Z — path, (2)

) a+o¢—1zl0 a+a—1zll 1) atzo,t+a=lz1,

-1 -1
o +04le a” 'tz oz ¢ i
2] = ata— 1Zl Ht651 0] @+Zo,t+1+a7121,t’l € Z path
Tpancasnuonno-unBapuanThbie Mepbl [ u66ca( TVMI') orseuator He 3aBucsiumM ot [, ¢ pe-
menusM z = (29, 21, %), e | ¢ Z — path,t € Z — path:

200 = u, 21y = v, Yl & Z — path; zy = w, VIl € Z — path, (3)
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3/1ech BEJIMYUHBI U, U, W TIOJOKUTEIbHBI B CUIY ypaBHEHUil (2) U yI0BIETBOPAIOT CIIE/YIO-
el cucreMe ypaBHEHUH:

_ 1+u+v k—2 14w 2
u= (a—i—u—l—a—lv) (a+a—1w) )
k—2 2
v = 1+outav 1+o2w (4)
a?+au+v a?+w ’

2, \ k1 2
w = 1+auta“v 140w
o?+autv a?tw ) -
dcro, uro v = w = 1 yIOBJIETBOPAIOT JAHHON cUCcTeMe YpaBHEHUN Jijis jodoro k > 2 u A < 1,
TOTJIa U3 MEPBOTO YPABHEHUSI CUCTEMbBI MbI TTOJTy YaeM

2 k—2 2
P S L 2\ (5)
at+al+u a+at

31ech BBegeM 0003HAYEHUN:

Torga ypasuenue (5) IpUHAT BUL

k—2
1+2x
ar = . 7
<b + x) (7)
Torma BepHa cjejyrolias TeopeMa.

TEOPEMA. Ypasnenue (7) umeem odno pewenue, ecau uau k = 3, uau b < (%)2 Ecau
k—1

k>3ub> (ﬁ)27 mo cywecmeyrom wucaa n1(b, k), ne(b, k) ¢ 0 < ny(b, k) < na(b, k), maxue,
wmo ypasuenue umeem mpu pewenus, ecau n1(b,k) < a < (b, k), u umeem dsa pewenus,

ecau aubo a = n1(b, k), aubo a = n9(b, k). Yucaa n; naxodames uz popmyao

1 ].+JIZ k2
ni(ba k) = ( ) )

2de T1, Ty ABAANOMCA PEWEHUAMU YPAEHEHUA
22+ [2—(b—1)(k—3)]z+b=0.
CootsercrBytoriue stum pererusym TUMI saBiisiiorcst HOBbIMH.
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